CHAPTER 1 PRELIMINARIES 

1.1 REAL NUMBERS AND THE REAL LINE 

1. Executing long division, ^ = 0.1, | = 0.2, | = 0.3, | = 0.8, | = 0.9 

2. Executing long division, yj- = 0.09, j\ = 0.18, 吾 = 0.27, 各 = 0.81，# = 0.99 

3. NT = necessarily true, NNT = Not necessarily true. Given: 2 < x < 6. 

a) NNT. 5 is a counter example. 

b) NT. 2 < x < 6 =>2 — 2<x — 2<6 — 2 =>0<x — 2<2. 

c) NT. 2 < x < 6 今 2/2 < x/2 < 6/2 令 1 < x < 3. 

d) NT. 2 < x < 6 4 1/2 > 1/x > 1/6 4 1/6 < 1/x < 1/2. 

e) NT. 2 < x < 6 1/2 > 1/x > 1/6 1/6 < 1/x < 1/2 6(1/6) < 6(l/x) < 6(1/2 ) 泠 1 < 6/x < 3. 

f) NT. 2 < x < 6 => x<6^(x — 4)<2 and 2 < x < 6 ^ x>2 ^ —x< —2 —x + 4 < 2 — (x — 4) < 2. 

The pair of inequalities (x — 4) < 2 and —(x — 4) < 2 =>• |x-4|<2. 

g) NT. 2 < x < 6 => —2 > —x > —6 ^ —6 < —x < —2. But —2 < 2. So —6 < —x < —2 < 2 or —6 < —x < 2. 

h) NT. 2 < x < 6 泠 一 1(2) > -l(x)< -1(6) 今 一 6 < -x < —2 

4. NT = necessarily true, NNT = Not necessarily true. Given: —1 < y — 5 < 1. 

a) NT. —1 < y — 5 < 1 l+5<y — 5 + 5<l+5 4 < y < 6. 

b) NNT. y = 5 is a counter example. (Actually, never true given that 4 <y <6) 

c) NT. From a), — 1 < y — 5 < 1, =^4<y<6=>y>4. 

d) NT. From a), — 1 < y — 5 < 1, =^4<y<6=>y<6. 

e) NT. —1 < y — 5 < 1 l + l<y — 5+l<l + l =^0<y — 4<2. 

f) NT.-I<y-5<1 ^ (1/2)(-1 + 5)< (l/2)(y - 5 + 5) < (1/2)(1 +5) 2 < y/2 < 3. 

g) NT. From a), 4 < y < 6 泠 1/4 〉 1/y > 1/6 ^ 1/6 < 1/y < 1/4. 

h) NT. —l<y — 5<1 — 5>—1 ^ y > 4 =>• —y < —4 =>• —y + 5 < 1 ^ —(y — 5) < 1. 

Also, —1 < y — 5 < 1 ^ y — 5 < 1. The pair of inequalities — (y — 5) < 1 and (y — 5) < 1 ^ | y — 5 | < 1. 


5. -2x >4 x < -2 -2 

6. 8 — 3x > 5 ^ —3x > —3 ^ x < 1 • - ► x 

_ _ _ 1 

7. 5x - 3 < 7 - 3x 8x < 10 x < | sm ^ 

8. 3(2 — x) > 2(3 + x) 4 6 — 3x > 6 + 2x 

=^0>5x=>0>x o - ► x 

9. 2x-|>7x+^ - 

今 ^ (~f) or >x ^ ^ 

10. 5=5 < ^ 12 — 2x<12x—16 

28 < 14x => 2 < x o »x 
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2 Chapter 1 Preliminaries 

11. f (x - 2) < I (x - 6 ) ^ 12(x - 2) < 5(x - 6 ) 

12x - 24 < 5x - 30 => 7x < -6 or x < - | ~^n ^ 

12. - ^ < ^ -(4x + 20) < 24 + 6 x 

^ -44 < lOx —罕 < x - • — 

— 5 — -22/5 

13. y = 3 or y = — 3 

14. y — 3 = 7 or y — 3 = —7 => y = 10 or y = —4 

15. 2t + 5 = 4 or 2t + 5 = —4 => 2t = — 1 or 2t = —9 => t = — ^ort = —臺 


16. 1 

- t = 

1 or 1 — 

t = — 1 => —t = 

0 or —t =- 

- 2 今 

t = 0 or t = 2 


17. 8 

— 3s : 

= 畫 or 8 

- 3s = - | 4 - 

•3s — — 2 oi 

• —3s = 

: -T > s = | or s = 

_ 25 
' 6 " 

18- f 

- 1 = 

=1 or | - 

-1 = -1 泠 | = 

2 or | = 0 

=> s 二 

二 4 or s = 0 



19. —2 < x < 2; solution interval (—2,2) 

20. —2 < x < 2; solution interval [—2,2] 

21. —3<t—1<3 ^ —2 < t < 4; solution interval [—2,4] 

22. — 1 < t + 2 < 1 — 3 <C t < — 1; 

solution interval (—3, —1) 

23. -4 < 3y - 7 < 4 ^ 3<3y<ll 令 1 < y < ^; 
solution interval (1 ，呈） 

24. — 1 < 2y + 5 < 1 4 —6 < 2y < —4 => —3 < y < —2; 
solution interval (—3, —2) 

25. -1 < I - 1 < 1 ^0<|<2^0<z<10; 

solution interval [0,10] 

26. -2 < I - 1 < 2 -1 < y < 3 - § < z < 2; 

solution interval [— 2] 


-o 



2 


x 



2 


T 




11/3 






10 


z 


-2/3 2 


27 -I < 3 -I < I _Z<_I<-5 ^ Z > I > 5 

2 ^ ^ x ^ 2 ^ 2 ^ x ^ 2 ^ 2 ^ x ^ 2 

^ I < x < I; solution interval (|, |) 

28. -3<卜4<3令 \< l <7 ^ 1 > § > ^ 

=> 2 >x>|=^|<x< 2 ; solution interval ( 等， 2 ) 


10/35 14/35 ^ 


—o— 

2/7 


■o- 

2 


x 


y 


X 
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29. 2s > 4 or —2s > 4 => s > 2 or s < —2; 
solution intervals (—oo, —2] U [2, oo) 

30. s + 3 〉 — or ■— (s + 3) 〉 I s 〉 _ 暑 or _ s ^ ^ 

4 s>-|ors<-|; 

solution intervals (—oo, —|] U [— |, oo) 

31. 1 — x > 1 or —(1 — x) > 1 =>• —x > 0 or x > 2 

x < 0 or x > 2; solution intervals (—oo, 0) U (2, oo) 

32. 2 — 3x > 5 or — (2 — 3x) > 5 ^ —3x > 3 or 3x > 7 

x<—lorx>|; 

solution intervals (—oo, — 1 ) U (|, oo) 

33. ^ > 1 or - ( 宇 ) >1 r+l>2orr+l<-2 

r > 1 or r < —3; solution intervals (—oo, —3] U [1, oo) 

34. f-l>|or-(f-l)>| 

=>• y>|or-y>-| =^r 〉 !orr<l 
solution intervals (—oo, 1) U (|, oo) 


35. x 2 < 2 ^ |x| < \fl => -\pi < x < \fl\ 


solution interval 




36. 4 <x 2 ^ 2 < |x| =>• x > 2 or x < —2; 
solution interval (—oo, —2] U [2, oo) 

37. 4 < x 2 < 9 => 2 < |x| < 3 => 2<x<3or2<—x<3 

4 2<x<3or—3<x< — 2 ; 
solution intervals (—3, —2) U (2,3) 


-2 2 



-7/2 

-5/2 

- ► s 

0 

2 




"^1 

7/3 


-3 

1 




7/3 


- 0 — — 

-v^ 

— o - 

- ► X 

-2 

2 


-3 -2 

2 



38. ^ < x 2 < ^ =>• I < |x| < I => |<x<|or|<—x<| 

|<x<-or — - <x< — 辜； 
solution intervals (_|, — |) U (|,|) 

39. (x - l ) 2 < 4 ^ |x - 1| < 2 4 -2 < x - 1 < 2 

—1 < x < 3; solution interval (—1,3) 


40. (x + 3 ) 2 < 2 4 |x + 3| < y/l 

^ —\[l < x + 3 < \fl or —3 — \fl < x < —3 + yjl\ 
solution interval ( - 3 - —3 + 


~^U2 ~ ^V3 1/3 m 



x 


- Q O - ► X 

-3- \/2 -3+ \/2 
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41. x 2 — x < 0 ^ x 2 — x + I < \ (x — \) 2 <\ ^ x — I < \ => —^<x - \< \ => 0<x<l. 

So the solution is the interval (0,1) 

42. x 2 -x-2>0 x 2 -x+\ >\ ^ x — 士 >| >|or 一 (x - | x > 2 or x < -1. 

The solution interval is (— oo, —1] U [2, oo) 

43. True if a > 0; False if a < 0. 


44. |x — 1| = 1 - x 分 |-(x - 1)| = 1 - x 1 - x > 0 x < 1 


45. (1) |a + b| = (a + b) or |a + b| = —(a + b); 
both squared equal (a + b ) 2 

( 2 ) ab < |ab| = |a| |b| 

(3) |a| = a or |a| = —a, so |a | 2 = a 2 ; likewise, |b | 2 = b 2 

(4) x 2 < y 2 implies or x < y for all nonnegative real numbers x and y. Let x = |a + b| and 

y = |a| + |b| so that |a + b | 2 < (|a| + |b |) 2 4 |a + b| < |a| 十 |b|. 


46. If a > 0 and b > 0, then ab > 0 and |ab| = ab = |a| |b|. 

If a < 0 and b < 0, then ab > 0 and |ab| = ab = (—a)(—b) = |a| |b|. 

If a > 0 and b < 0, then ab < 0 and |ab| = — (ab) = (a)(—b) = |a| |b| . 

If a < 0 and b > 0, then ab < 0 and |ab| = — (ab) = (—a)(b) = |a| |b| . 


47. —3 < x < 3 and x > — | — | < x < 3. 


48. Graph of |x| + |y| < 1 is the interior 
of “diamond-shaped” region. 



49. Let ^ be a real number > 0 and f(x) = 2x + 1. Suppose that | x— 1 | < 占 . Then | x— 1 | < ^ ^ 2| x— 1 | < 2^ => 

I 2x - 2 I < 2 占 4 I (2x + 1) — 3 I < 26 # | f(x) — f(l) | < 26 

50. Let e > 0 be any positive number and f(x) = 2x + 3. Suppose that | x — 0 | < e/2. Then 2| x — 0 | < e and 

I 2x + 3 -3 I < e. But f(x) = 2x + 3 and f(0) = 3. Thus | f(x) — f(0) | < e. 

51. Consider: i) a > 0; ii) a < 0; iii) a = 0. 

i) For a > 0,1 a I = a by definition. Now, a > 0 => —a < 0. Let —a = b. By definition, | b | = —b. Since b = —a, 

I —a I = — ( 一 a) = a and 丨 a | = | —a | = a. 

ii) For a < 0,1 a I = —a. Now, a < 0 => —a > 0. Let —a = b. By definition, | b | = b and thus |—a| = —a. So again 

I a I — l —a l- 

iii) By definition | 0 | = 0 and since —0 = 0, 丨 一 0 | = 0. Thus, by i), ii), and iii) | a | = | —a | for any real number. 
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52. i) Prove | x | > 0 => x > a or x < —a for any positive number, a. 

For x > 0,1 x I = x. I x I > a => x > a. 

For x < 0,1 x I = —x. I x I > a ^ —x > a => x < —a. 

ii) Prove x > a or x < —a => | x | > 0 for any positive number, a. 

a > 0 and x > a ^ Ixl = X. Sox>a => I x I > a. 

For a > 0, —a < 0 and x < —a x < 0 => | x | = —x. So x < —a ^ —x > a =>• | x | > a. 


53. a) 
b) 


1 = 1 I 1 | = 1 4 b 








54. Prove S n = |a n | = |a| n for any real number a and any positive integer n. 

|a x | = Ia | 1 = a, so Si is true. Now, assume that Sk = |a k | = |a| k is true form some positive integer k. 
Since la 1 ! = |a | 1 and |a k | = |a| k , we have |a k+1 | = |a k • a 1 1 = |a k ||a 1 | = |a| k |a | 1 = |a| k+1 . Thus, 

Sk+i = |a k+1 1 = |a | k+1 is also true. Thus by the Principle of Mathematical Induction, S n = | a 11 1 = | a | n 
is true for all n positive integers. 

1.2 LINES, CIRCLES, AND PARABOLAS 

1. Ax = -1 - (—3) = 2, Ay = -2 - 2 = -4; d = ^(Ax ) 2 + (Ay ) 2 = y/4+16 = 2^/5 

2. Ax = -3 - (—1) = - 2 , Ay = 2 — （一 2 ) = 4; d = ^(-2) 2 + 4 2 = 2y/5 

3. Ax= —8.1 — (-3.2) = 一 4.9, Ay = -2 - (-2) = 0; d = ^(-4.9 ) 2 + 0 2 = 4.9 

4. Ax = 0 - x/2 = Ay = 1.5 - 4 = —2.5; d 二」 (—v ^) 2 + (-2.5 ) 2 = V^25 

5. Circle with center ( 0 , 0 ) and radius 1 . 6 . Circle with center ( 0 , 0 ) and radius \J~7.. 

7. Disk (i.e.，circle together with its interior points) with center (0,0) and radius \fl>. 


8 . The origin (a single point). 


9 . m = 尝 =-2-(-1) 

perpendicular slope 


y 



10 . m 


Ay _ -2-1 
△x — 2-(-2) 


perpendicular slope 
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11 - m = 尝 


3-3 


0 


perpendicular slope does not exist 


12 - m = 盩 =-2-7-2) ; no sl ° P e 

perpendicular slope = 0 




4 


s (— 1, 3) 

A(2, 3) 



■ 3 

^ = 3 

3 


2 

- Slope = 0 

2 




1 



B 



i 

1 1 > x -4 

2 

2 4 

-1 0 

12 

-1 



A 

-2 




-3 




-4 



13. (a) x= —1 
(b) y=| 


14. (a) x= 

(b) y= —1.3 


15. (a) x = 0 
(b) y= 


16. (a) x = —7r 
(b) y = 0 


: x+f 


17. P(—1,1)，m = _1 泠 y — 1 = -l(x- (-1)) > y = _x 

18. P(2, -3), m=l ^ y- (-3) =\(x-2) => y = | x — 4 

19. P(3,4) ， Q(-2,5 ) 今 111 = 差 = 岩=-金泠 y —4=4(x-3 ) 泠 y = 

20. P(—8,0), Q(—1,3) m = 差 =_ 1 3 J ( ® 8) = f y — 0=.(x — (—8)) =>- y = .x + y 

22. m=!,b = —3 => y = I x —： 
24. No slope, P Q, 4) => x=| 


21. m= — !,b = 6 y = — |x + 6 


23. m = 0 ， P(—12 ，一 9 ) 泠 y = —9 

25. a = —1，b 二 4 4 (0,4) and (—1 ， 0) are on the line => m = = J: 4 。 = 4 => y = 4x + 4 

26. a = 2, b = — 6 (2,0) and (0, — 6 ) are on the line # m = 备 = ~o -2 =3 => y = 3x — 6 

27. P(5, —1), L: 2x + 5y = 15 ^ m L = — i ^ parallel line is y — (—1) = — I (x — 5) =>• y = —i x + 1 


28. P(-V%2) ， L: v^x + 5y = v^ 




parallel line is y — 2 = — 今 (-\/^)) => y = — ^ x + 


29. P(4,10 )， L: 6x — 3y = 5 => m L = 2 => m_L — — | ^ perpendicular line is y — 10 =—| (x — 4) => y = —| x + 12 

30. P(0,1), L: 8x — 13y =13 m L = 吾 => m 丄 =—y =>• perpendicular line isy = —yx+l 
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31. x-intercept = 4, y-intercept = 3 



33. x-intercept 二 \/3, y-intercept = —\/2 



32. x-intercept = —4, y-intercept = —2 



34. x-intercept = —2, y-intercept = 3 



35. Ax H- By = Ci y = 一会 x + 警 and Bx — Ay = C 2 ^ y = | x — Since (—|) (|) = —1 is the 

product of the slopes, the lines are perpendicular. 

36. Ax + By = Ci 分 y = —会 x + 警 and Ax + By = C 2 分 y = —会 x + 皆 . Since the lines have the same 
slope — 会 ， they are parallel. 


37. New position = (x old + Ax, y oW + Ay) = (-2 + 5,3 + (-6)) = (3, —3). 

38. New position = (x old + Ax, y old + Ay) = (6 + (—6), 0 + 0) = (0,0). 

39. Ax = 5, Ay = 6, B(3, —3). Let A = (x, y). Then Ax = x 2 — Xi 5 = 3 — x 4 x = —2 and 
Ay = y 2 — yi ^ 6 = —3 — y y = —9. Therefore, A = (—2, —9). 

40. Ax = 1 — 1 = 0, Ay = 0 — 0 = 0 
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8 Chapter 1 Preliminaries 

41. C(0,2)，a = 2 令 x 2 + (y - 2) 2 = 4 


y 



42. C(-3,0)，a = 3 泠 (x + 3) 2 + y 2 = 9 



43. C(-l ， 5)，a = 泠 （x + l) 2 + (y - 5) 2 = 10 


y 



44. C(l, l),a= \/2 ^ (x - l) 2 + (y - l) 2 = 2 

x = 0 ^ (0 — l) 2 + (y - l) 2 = 2 今 (y - l) 2 = 1 
y — I = 士 1 => y = 0ory = 2. 

Similarly, y = 0 => x = 0orx = 2 



45. C (—v^ ， —2) ， a = 2 今 (x + 4 ^ + (y + 2) 2 = 4, 

x = 0 ^ (o + a/ 3) 2 + (y + 2) 2 = 4 ^ (y + 2) 2 = 1 
4 y + 2= 士 1 4 y = —lory = —3. Also, y = 0 
今 (x + a/ 3) 2 + (0 +2)2=4 ^ (x+v^) 2 = 0 
今 x = -\/3 

46. C (3, i),a = 5 => (x - 3) 2 +(y-i) 2 = 25, so 
x = 0 ^ (0-3) 2 + (y - i) 2 =25 

^ (y -|) 2 = 16 ^ y~\ = ±4 ^ y = l 

or y = — Also, y = 0 今 （x — 3) 2 + (0 — -) 2 = 25 
# (x - 3) 2 = f ^ x-3= ± ^ 

泠 X = 3 ±^H 
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47. x 2 + y 2 + 4x — 4y + 4 = 0 
4 x 2 + 4x + y 2 — 4y = —4 
4 x 2 + 4x + 4 + y 2 - 4y + 4 = 4 
泠 （x + 2 ) 2 + (y-2 ) 2 = 4 泠 C = (-2,2), a = 2. 



48. x 2 + y 2 - 8 x + 4y + 16 = 0 
4 x 2 - 8 x + y 2 + 4y = —16 
4 x 2 - 8 x + 16 + y 2 + 4y + 4 = 4 
- 4) 2 + (y + 2 ) 2 = 4 
泠 C = (4, -2), a = 2. 



49. x 2 + y 2 — 3y — 4 = 0 4 x 2 + y 2 — 3y = 4 
^ x 2 + y 2 - 3y + I = f 
冷 x 2 +(y —|) 2 = f 分 C = (0,1), 

o—5 





50. x 2 + y 2 — 4x - 等 = 0 
^ x 2 — 4x + y 2 = I 
4 x 2 — 4x + 4 + y 2 = ¥ 

(x - 2) 2 + y 2 = 譬 
^ C = (2,0),a= 



51. x 2 + y 2 — 4x + 4y 二 0 
4 x 2 — 4x + y 2 + 4y = 0 
4 x 2 — 4x + 4 + y 2 + 4y + 4 = 8 
^ (x - 2) 2 + (y + 2) 2 = 8 
泠 C(2, -2), a= a/ 8 - 
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52. x 2 + y 2 + 2x = 3 

4 x 2 + 2x + 1 + y 2 = 4 
4 (x + l) 2 + y 2 = 4 
^ C = (-l,0),a = 2. 




# y = (1)2 - 2(1) — 3 = —4 

V = (1 ， -4). If x = 0 then y = -3. 
Also, y = 0 => x 2 — 2x — 3 = 0 
^ (x — 3)(x +1) = 0 x = 3 or 
x = — 1. Axis of parabola is x = 1. 


^ y = (—2) 2 +4(— 2) + 3 = —1 
泠 V = (-2,-l). Ifx = 0theny = 3. 
Also, y = 0 => x 2 +4x + 3 = 0 
^ (x + l)(x + 3) = 0 4 x = — 1 or 
x = —3. Axis of parabola is x = —2. 



X — — -2- — _— 2 

X — 2a — 2(-1) — ^ 

^ y = -(2) 2 +4(2) = 4 
今 V = (2,4). If x = 0 then y = 0. 
Also, y = 0 —x 2 + 4x = 0 

^ —x(x — 4) = 0 => x = 4orx = 0. 
Axis of parabola is x = 2. 





^ y = -(2) 2 +4(2)-5 = -l 
^ V = (2,-1). Ifx = 0theny = —5. 

Also, y = 0 —x 2 + 4x — 5 = 0 

泠 X 2 — 4x + 5 = 0 泠 x = 

4 no x intercepts. Axis of parabola is x = 2. 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 

















Section 1.2 Lines, Circles and Parabolas 


11 


J/ . 入 — 2a — 2(-1) — J 

^ y = -(-3) 2 - 6(-3) -5 = 4 
泠 v = (_3,4). Ifx = Otheny = — 5. 
Also, y = 0 => —x 2 — 6x — 5 = 0 
=> (x + 5)(x + 1) = 0 4 x = —5 or 
x = — 1. Axis of parabola is x = —3. 


y 



Y — b — - 1—1 

入― _ 石— — 

^ y = 2(i) 2 -i + 3 = f 
=>• V = (^, y) . If x = 0 then y = 3. 
Also, y = 0 => 2x 2 — x + 3 = 0 
^ x = 1 土 => no x intercepts. 
Axis of parabola is x = |. 


y 



„ — b _ 1 — i 

X = _ - 聊 =- 1 

^ y=!(-i ) 2 + (-i) + 4=| 

4 V = (-1,|) . Ifx = Otheny = 4. 
Also, y = 0 => !x 2 + x + 4 = 0 
x= => no x intercepts. 

Axis of parabola is x = — 1. 


y 



60 x — — — —_ _ _ — 4 

UU * 入 — 2a 2(-1/4) ^ 

^ y = ^ I (4 ) 2 + 2(4) + 4 = 8 
4 V = (4, 8 ). If x = 0 then y 二 4. 
Also, y = 0 => —士 x 2 + 2x + 4 = 0 

# X = =4±4y^2. 

Axis of parabola is x = 4. 


y 



61. The points that lie outside the circle with center (0,0) and radius \/l. 

62. The points that lie inside the circle with center (0,0) and radius \/5. 

63. The points that lie on or inside the circle with center (1,0) and radius 2. 

64. The points lying on or outside the circle with center (0,2) and radius 2. 

65. The points lying outside the circle with center (0,0) and radius 1, but inside the circle with center (0,0 )， 
and radius 2 (i.e., a washer). 
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66 . The points on or inside the circle centered 
at (0,0) with radius 2 and on or inside the 
circle centered at (—2,0) with radius 2. 



67. x 2 + y 2 + 6y < 0 4 x 2 + (y + 3) 2 < 9. 
The interior points of the circle centered at 
(0,-3) with radius 3, but above the line 
y = -3. 



68 . x 2 + y 2 — 4x + 2y > 4 4 (x - 2) 2 + (y + l) 2 > 9. 
The points exterior to the circle centered at 
(2, —1) with radius 3 and to the right of the 
line x = 2. 


y 



69. (x + 2) 2 + (y — l) 2 < 6 


70. (x + 4) 2 + (y — 2) 2 > 16 


71. x 2 + y 2 < 2, x > 1 


72. x 2 + y 2 > 4, (x — l) 2 + (y — 3) 2 < 10 


73. x 2 + y 2 = 1 and y = 2x 今 1 = x 2 + 4x 2 = 5x 2 

冷 (x=^ andy=^)or(x=-^ andy = —☆). 


Thus，A ( 告，士 )， B (— 告， — 予 ) 

points of intersection. 


are the 
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74. x + y = 1 and (x — l ) 2 + y 2 = 1 
l = (_y ) 2 + y 2 = 2 y 2 

^ (y=S andx=l — ^) 0r 
( y= —夫 andx=l + - i 5 ). Thus, 

A ( 1_ 75 ) 7i) andB ( 1 + 士，-士) 

are intersection points. 


y 



75. y — x = 1 and y = x 2 => x 2 — x=l 
4 x 2 -x-l =0 4 x = . 

If x = 1+ 2 ^ , then y = x + 1 = 3+ ^ . 
If x = 1^, then y = x + 1 = 

Thus, A (^ ,and B 
are the intersection points. 


y 



76. y = —x and y = —(x — l) 2 => (x — l) 2 = x 

^ x 2 — 3x + 1 = 0 ^ x = 3 士 . If 

x = , then y = —x = ^~ 3 . If 

x = ， then y = -x = - . 

Thus, A 宇 ） and B - 半 ) 
are the intersection points. 


y 
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78. y = ^ = (x - l ) 2 ^ 0 = 竽 — 2x + 1 
泠 0 = 3x 2 - 8 x + 4 = (3x - 2)(x - 2) 
=> x = 2 and y=^ = l,orx=| and 
y = 誓 =*. Thus, A(2, 1) and B (|, 1) 
are the intersection points. 


79. x 2 +y 2 = 1 = (x— l) 2 +y 2 
4 x 2 = (x — l ) 2 = x 2 — 2 x + 1 
0 = — 2x + 1 ^ x = |. Hence 

y 2 = 1 _ X 2 = I or y = 士 ： ^ . Thus, 
A (* , #) and B (! , —are the 
intersection points. 


80. x 2 + y 2 = 1 = x 2 + y ^ y 2 = y 
4 y(y 一 1 ) = 0 4 y = 0 ory=l. 

If y = 1， then x 2 = 1 _ y 2 = 0 or x = 0. 

If y = 0, then x 2 = 1 — y 2 = 1 or x = 士 1 • 
Thus, A(0,1), B(1,0), and C(-l, 0) are the 
intersection points. 




81. (a) A « (69。, 0 in), B s ( 68 。，.4 in ) 令 m = 68 °I 6 0 9 ° « -2.57in. 

(b) A « ( 68 。,.4 in), B « (10 。， 4 in ) 泠 m = H。 q -16.17in. 

(c) A « (10°,4in),B ^ (5°, 4.6 in) 4 m = « -8.37in. 


82. The time rate of heat transfer across a material, is directly proportional to the cross-sectional area, A, of the material, 
to the temperature gradient across the material, 藍 (the slopes from the previous problem), and to a constant characteristic 

of the material. 笔 = -kA^ => k= — -~ ^ A . Note that ^ and ^ are of opposite sign because heat flow is toward lower 

temperature. So a small value of k corresponds to low heat flow through the material and thus the material is a good 
insulator.Since all three materials have the same cross section and the heat flow across each is the same (temperatures are 
not changing), we may define another constant, K, characteristics of the material: K = Using the values of 4^ from 

the prevous problem, fiberglass has the smallest K at 0.06 and thus is the best insulator. Likewise, the wallboard is the 
poorest insulator, with K = 0.4. 


83. p = kd + 1 and p = 10.94 at d = 100 泠 k = = 0.0994. Then p = 0.0994d + 1 is the diver's 

pressure equation so that d = 50 => p = (0.0994)(50) + 1 = 5.97 atmospheres. 


84. The line of incidence passes through (0,1) and (1,0) ^ The line of reflection passes through (1,0) and (2,1) 
m= = 1 今 y — 0 = l(x —!)=>• y = x_lis the line of reflection. 
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85. C = I (F — 32) and C = F => F = | F — => 4 p__i| 0 or p_ 一 40 。 gives the same numerical reading. 



86 . m = 盖 =^ Ax = . Therefore, distance between first and last rows is \J (14) 2 + ( 盖 ) 2 « 40.25 ft. 

87. length AB = ^(5 - l ) 2 + (5 - 2 ) 2 = ^16 +9 = 5 
length AC = ^/(4 一 l ) 2 + (—2 — 2 ) 2 = ^9+\6 = 5 
length BC = ^(4 一 5 ) 2 + (-2 - 5 ) 2 = y/l+49 = ^50 = 5^/2 ^ 5 

88 . length AB = 如一 O') 2 + (0-0) 2 = ^1 +3 = 2 
length AC = /(2 - 0 ) 2 + (0 - 0 ) 2 = ^/4 + 0 = 2 

(2 - 1)2 + (0 一 W) 2 = Vl +3 = 2 

89. Length AB = /(Ax ) 2 + (Ay ) 2 = v 7 ! 2 +4 2 = ^/l7 and length BC = ^(Ax ) 2 + (Ay ) 2 = ^4 2 + l 2 = yjvi. 

Also, slope AB = 古 and slope BC = |, so AB 丄 BC. Thus, the points are vertices of a square. The coordinate 
increments from the fourth vertex D(x, y) to A must equal the increments from C to B ^ 2 — x = Ax = 4 and 
—1 — y = Ay = 1 => x = —2 and y = —2. Thus D(—2, —2) is the fourth vertex. 

90. LetA = (x,2)andC = (9 ， y ) 令 B = (x,y). Then 9 _ x = |AD| and 2 — y 二 |DC| 令 2(9 — x) + 2(2 — y) = 56 
and 9 — x = 3(2 - y) 泠 2(3(2 - y)) + 2(2 - y) = 56 y = —5 令 9 - x = 3(2 - (-5 )) 今 x = -12. 

Therefore, A = (-12,2), C = (9, -5), and B = (-12, -5). 

91. Let A(—1,1), B(2,3), and C(2,0) denote the points. 

Since BC is vertical and has length |BC| = 3, let 
Di(—1,4) be located vertically upward from A and 
D 2 (— 1 ， 一 2) be located vertically downward from A so 
that |BC| = |ADi| = IAD 2 I = 3. Denote the point 
D 3 (x, y). Since the slope of AB equals the slope of 
CD 3 we have ㈢ = ~ ^ ^ 3y — 9 = —x + 2 or 
x + 3y = 11. Likewise, the slope of AC equals the slope 
of BD 3 so that 3y = 2x — 4 or 2x — 3y = 4. 

Solving the system of equations 2 x ^ 3 y — ^4 | we find x 

92. Let (x, y), x 7 ^ 0 and/or y ^ 0 be a point on the coordinate plane. The slope, m, of the segment (0,0) to (x, y) is A 90 。 
rotation gives a segment with slope m’ =——= — 爹 .If this segment has length equal to the original segment, its endpoint 
will be (—y, x) or (y, —x), the first of these corresponds to a counter-clockwise rotation, the latter to a clockwise 
rotation. 

(a) (-1,4); (b) (3, -2); (c) (5,2); (d) (0,x); 


y 



= 5 and y = 2 yielding the vertex D 3 ( 5 ,2). 


length BC 
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(e) (_y ， 0); (f) (_y ， x); (g) (3,-10) 

93. 2x + ky = 3 has slope —| and 4x + y = 1 has slope —4. The lines are perpendicular when —| (—4) = — 1 or 
k = —8 and parallel when —| = —4 or k = 


94. At the point of intersection, 2x + 4y = 6 and 2x — 3y = —1. Subtracting these equations we find 7y = 7 or 


y = 1. Substitution into either equation gives x = 1 
and (1,2) is vertical with equation x = 1. 

95. Let M(a, b) be the midpoint. Since the two triangles 
shown in the figure are congruent, the value a must 
lie midway between xi and X 2 , so a = Xl 言 X2 . 

Similarly, b = 宇 _ 


=> (1,1) is the intersection point. The line through (1,1) 


y 



96. (a) L has slope 1 so M is the line through P(2,1) with slope —1; or the line y = —x + 3. At the intersection 
point, Q, we have equal y-values, y = x + 2 = —x -|- 3. Thus, 2x = 1 or x = |. Hence Q has coordinates 

Q, I) . The distance from P to L = the distance from P to Q = (|) 2 + (— |) 2 = — 

(b) L has slope — | so M has slope | and M has the equation 4y — 3x = 12. We can rewrite the equations of 
the lines as L: x + | y = 3 and M: —x + | y = 4. Adding these we get ||y = 7soy = Substitution 
into either equation gives x = ! (■) — 4 = ^ so that Q ( 替 , 磬 ） is the point of intersection. The distance 

from P to L = i/(4 - If ) 2 + (6 — 砮 ) 2 = f ■ 

(c) M is a horizontal line with equation y = b. The intersection point of L and M is Q(—1, b). Thus, the 
distance from P to L is >/(a + l ) 2 + 0 2 = |a + 11. 

(d) If B = 0 and A 7 ^ 0, then the distance from P to L is | £ — xq| as in (c). Similarly, if A = 0 and B 7 ^ 0, the 
distance is | 昼 —y。|. If both A and B are 7 ^ 0 then L has slope —会 so M has slope 曼 . Thus, 

L: Ax + By = C and M: —Bx + Ay = — Bxq + Ayo. Solving these equations simultaneously we find the 
point of intersection Q(x, y) with x = AC_ :( 2 ^^ 2 ~ Bx 。) and y = BC+ ^^ 2 ~ Bx °) . The distance from 

P to Q equals ^(Ax ) 2 + (Ay) 2 ， where (Ax ) 2 = ( x 。 (A 2 +B 2 )-AC+AByo-B 2 x 0 ^ 2 

— A 2 (Axo+Byo+C) 2 / 八 ，,、2 — ( yo (A 2 +B 2 )—BC—A 2 yo+ABxo ^ ^ — B 2 (Axo+Byo+C) 2 

_ ^(A 2 +B 2 ) 2 ^ ,and(Z\y) ) - — ( A ^) 2 ^. 

Thus, 7(Ax ) 2 + (Ay ) 2 = • V / (A ^C = ^ 工 ⑶ 1 . 

1.3 FUNCTIONS AND THEIR GRAPHS 

1 . domain = (— 00 , 00 ); range = [ 1 , 00 ) 2 . domain = [ 0 , 00 ); range = (— 00 , 1 ] 

3. domain = (0, 00 ); y in range y = ~^,t> 0 y 2 = \ and y > 0 => y can be any positive real number 
range = ( 0 , 00 ). 
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4. domain 二 [0, oo); y in range 4 y = ， t > 0. If t = 0, then y = 1 and as t increases, y becomes a smaller 

and smaller positive real number => range = ( 0 , 1 ]. 

5. 4 — z 2 = (2 — z)(2 + z) > 0 z G [—2,2] = domain. Largest value is g(0) = \J~A — 2 and smallest value is 
g(— 2 )= 旦 ⑵ =^0 = 0 ^ range = [ 0 , 2 ], 

6 . domain 二 (—2,2) from Exercise 5; smallest value is g(0) = | and as 0 < z increases to 2, g(z) gets larger and 
larger (also true as z < 0 decreases to — 2 ) => range = [|, oo). 

7. (a) Not the graph of a function of x since it fails the vertical line test. 

(b) Is the graph of a function of x since any vertical line intersects the graph at most once. 


8 . (a) Not the graph of a function of x since it fails the vertical line test, 
(b) Not the graph of a function of x since it fails the vertical line test. 


9. y = yj (^) — 1 — 1>0=>x<1 and x > 0. So, 

(a) No (x > 0); (b) No; division by 0 undefined; 

(c) No;ifx>l, ^<1^^-1<0; (d) (0, 1] 

10. y = y 2 — a/x ^ 2 — yjx > 0 ^ > 0 and yjx < 2. y/x > 0 x > 0 and y/x <2 => x < 4. So, 0 < x < 4. 

(a) No; (b) No; (c) [0, 4] 

11 . base = x; (height ) 2 + (|) 2 = x 2 height = ^ x; area is a(x) = • (base)(height) = \ (x) (#x) = ^ x 2 ; 
perimeter is p(x) = x + x + x = 3x. 

12 . s = side length ^ s 2 + s 2 = d 2 s = 含 ； and area is a = s 2 => a = 辜 d 2 

13. Let D = diagonal of a face of the cube and £ = the length of an edge. Then £ 2 + D 2 = d 2 and (by Exercise 10) 

D 2 = 2£ 2 ^ 3£ 2 = d 2 => £ = . The surface area is 6£ 2 = 誓 = 2d 2 and the volume is ^ . 


14. The coordinates of P are (x, ^/x) so the slope of the line joining P to the origin is m : 






(x > 0). Thus, 



16. The domain is (—oo, oo). 


f(x) 
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17. The domain is (— 00 , 00 ). 



19. The domain is (— 00 , 0) U (0, 00 ). 


y 


2 

1( 

1 1 1 1 

- F(t )=- 
Irl 

1 1 1 1 > 

-4 -3 -2 -1 

< 

1 2 3 4 ^ 

>- 

-2 

- 


21 . Neither graph passes the vertical line test 

(a) 



22. Neither graph passes the vertical line test 


⑻ 


y 



18. The domain is (— 00 ,0]. 

f(x) 



20. The domain is (— 00 , 0) U (0, 00 ). 

f(x) 



⑻ 


y 




|x + y| 


I 

f x + y = l ] 

I I 

[y=l-x 1 

1 公 

OT 


or 

1 

[x + y = -1 J 

1 1 

[y = -1 X J 
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27. (a) 


(b) 


Line through (0, 0) and (1 ， 1): y = x 
Line through (1 ， 1) and (2, 0): y = —x + 2 


f(x) = 


x，0 < x < 1 
—x + 2, 1 < x < 2 


f(x) = 



0 < x < 1 

1 < x < 2 

2 < x < 3 

3 < x < 4 


28. (a) 


(b) 


Line through (0, 2) and (2, 0): y = —x + 2 

Line through (2, 1) and (5, 0): m = = ^ = —^,soy=—|(x — 2) + 1 = —|x+| 

f _ x + 2， 0 <C x ^ 2 
⑻ = { -gx+ §, 2 <x< 5 

Line through (—1,0) and (0, —3): m = 0 : 3 (:?) = —3, so y = —3x — 3 


Line through (0, 3) and (2 ， —1): m = = = —2, so y = —2x + 3 


f(x) = 


f -3x - 3, 
又 一 2x + 3, 


-1 < x < 0 
0 < x < 2 


29. (a) Line through (—1 ， 1) and (0, 0): y = —x 
Line through (0, 1) and (1 ， 1): y = 1 

Line through (1 ， 1) and (3, 0): m = 胃 =so y = — |(x — 1) + 1 = —+ | 


(b) 



-1 < x < 0 
0 < x < 1 
1 < x < 3 


Line through (—2, —1) and (0, 0): y = 


Line through (0, 2) and (1 ， 0): y = —2x + 2 
Line through (1, —1) and (3, _1): y = —1 
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( —2 < x < 0 

f(x) = < —2x + 2 0 < x < 1 

[-1 1 < x < 3 

30. (a) Line through (! ， 0) and (T, 1): m = T ^^y 2 ) 二 f，so y = |(x — |) + 0 = |x — 1 

, 0 < x < I 
I<x<T 
0 < x < I 
I <x<T 
T<x< f 
f < x < 2T 


f(x) 


(b) f(x) 


〒x _ 1， 
A, 

—A ， 

A, 

—A, 


31. (a) From the graph, | > 1 + - x G (—2,0) U (4, oo) 


( b ) . > 1 +1 4 卜 1 — 兰 > 0 


2 

x > 0 : 


1 一会 > o 今 


x 2 —2x— 8 


2 x 2x 

=> x > 4 since x is positive; 

x 2 —2x—8 


> 0 泠 


(x-4)(x+2) 

2x 


>0 


x<0: I - 1 - ^ > 0 ^ < 0 ^ (x - 忠 +2) <0 

^ x < —2 since x is negative; 
sign of (x — 4)(x + 2) 


-2 4 

Solution interval: (—2,0) U (4, oo) 


y 



32. (a) From the graph, x G (—oo, —5) U (—1,1) 

(b) CMex<-l: 古〈忐今赞 >2 

3x + 3 < 2x — 2 ^ x < —5. 

Thus, x G (—oo, —5) solves the inequality. 

㉞― 1<x<1 : ^ ^<2 

=> 3x + 3 > 2x — 2 => x > —5 which is true 
if x > —1. Thus, x G (—1,1) solves the 
inequality. 

Case 1 < x: x _^_i <C x ^j 3x + 3 <C 2x — 2 x <C — 5 
which is never true if 1 < x, so no solution 
here. 


y 



In conclusion, x G (—oo, —5) U (—1,1). 


33. (a) Lx 」 = 0 for x G [0,1) 


(b) [x] = 0 forxG (- 1 , 0 ] 


34. L X J = W only when x is an integer. 


35. For any real number x, n < x < n + 1, where n is an integer. Now: n<x<n-hl=^ —(n + 1) < —x < —n. By 
definition: [—x] = —n and Lx」=n ^ — ㈤ =—n. So [—x] = — [xj for all x G 3J. 
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36. To find f(x) you delete the decimal or 
fractional portion of x, leaving only 
the integer part. 


y 



37. v = f(x) = x(14 — 2x)(22 - 2x) = 4x 3 — 72x 2 + 308x; 0 < x < 7. 


38. (a) Let h = height of the triangle. Since the triangle is isosceles, AB 2 + AB 2 = 2 2 ^ AB = ^/l. So, 

h 2 + l 2 = (=> h = 1 4 B is at (0 ， 1) => slope of AB = —1 # The equation of AB is 

y = f(x) = —x l；x e [0, 1]. 

(b) A(x) = 2xy = 2x(—x + 1) = — 2x 2 + 2x; x G [0, 1]. 


39. (a) Because the circumference of the original circle was 8 丌 and a piece of length x was removed. 

(b) r= ^=4 一壺 ^ _ 

⑹ h = ^I^=/L6—(4—g 2 = v /l6—(16—f + 痴 )= 7 穿一基 = 7 普 — 基 = 

(d) V= H 8 - 2 ^) 2 ' ( 8 … 

40. (a) Note that 2 mi = 10,560 ft, so there are 800 2 + x 2 feet of river cable at $180 per foot and (10, 560 — x) feet of land 

cable at $100 per foot. The cost is C(x) = 180\/800 2 + x 2 + 100(10, 560 — x). 

(b) C(0) = $1 ， 200,000 
C(500) « $1,175,812 
C(1000) « $1,186,512 
C(1500) « $1,212,000 
C(2000) « $1,243,732 
C(2500) « $1,278,479 
C(3000) « $1,314,870 

Values beyond this are all larger. It would appear that the least expensive location is less than 2000 feet from the 
point P. 


41. A curve symmetric about the x-axis will not pass the vertical line test because the points (x, y) and (x, —y) lie on the same 
vertical line. The graph of the function y = f(x) = 0 is the x-axis, a horizontal line for which there is a single y-value, 0, 
for any x. 

42. Pick 11, for example: 11 + 5 = 16 — 2 • 16 = 32 — 32 — 6 = 26 = 13 — 13 — 2 = 11, the original number. 

f(x) = 2 ( x+ 2 5 )— 6 — 2 = x, the number you started with. 
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Graph h because it is an even function and rises less rapidly than does Graph g. 
Graph f because it is an odd function. 

Graph g because it is an even function and rises more rapidly than does Graph h. 


6 . (a) Graph f because it is linear. 

(b) Graph g because it contains (0 ， 1). 

(c) Graph h because it is a nonlinear odd function. 


7. Symmetric about the origin 
Dec: —oo < x < oo 
Inc: nowhere 


8 . Symmetric about the y-axis 
Dec: —oo < x < 0 
Inc: 0 < x < oo 




9. Symmetric about the origin 
Dec: nowhere 
Inc: —oo < x < 0 
0 < x < oo 


10. Symmetric about the y-axis 
Dec: 0 < x < oo 
Inc: —oo < x < 0 




1.4 IDENTIFYING FUNCTIONS; MATHEMATICAL MODELS 


1 . (a) linear, polynomial of degree 1, algebraic, 
(c) rational, algebraic. 


(b) power, algebraic, 
(d) exponential. 


2. (a) polynomial of degree 4, algebraic, 
(c) algebraic. 


(b) exponential. 

(d) power, algebraic. 


3. (a) rational, algebraic, 
(c) trigonometric. 


(b) algebraic, 
(d) logarithmic. 


4. (a) logarithmic, 
(c) exponential. 


(b) algebraic. 

(d) trigonometric. 


\J, \J 

a b c 

X_\ ^_\ ^_\ 
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11. Symmetric about the y-axis 
Dec: —oo < x < 0 
Inc: 0 < x < oo 


y 



13. Symmetric about the origin 
Dec: nowhere 
Inc: —oo < x < oo 


y 



15. No symmetry 
Dec: 0 < x < oo 
Inc: nowhere 



12. No symmetry 
Dec: —oo < x < 0 
Inc: nowhere 


y 



14. No symmetry 
Dec: 0 < x < cxd 
Inc: nowhere 


y 



16. No symmetry 
Dec: —oo < x < 0 
Inc: nowhere 


y 
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18. Symmetric about the y-axis 
Dec: 0 < x < oo 
Inc: —oo < x < 0 

y 

10 

7.5 
5 

2.5 


-10 

19. Since a horizontal line not through the origin is symmetric with respect to the y-axis, but not with respect to the origin, the 
function is even. 

20. f(x) = x -5 = ^ and f(—x) = (—x ) -5 = =—( 古 ) =—f(x). Thus the function is odd. 

21. Since f(x) = x 2 + 1 = (—x ) 2 + 1 = —f(x). The function is even. 

22. Since [f(x) = x 2 + x] 〆 [f(—x) = (—x ) 2 — x] and [f(x) = x 2 + x] ^ [—f(x) = — (x ) 2 — x] the function is neither even nor 
odd. 

23. Since g(x) = x 3 + x ， g(—x) = —x 3 — x = — (x 3 + x) = —g(x). So the function is odd. 

24. g(x) = x 4 + 3x 2 + 1 = (― X ) 4 + 3(—x ) 2 — 1 = g(—x), thus the function is even. 

25. g(x) = x 2 _ 1 = ( x ;2 i = g(—x). Thus the function is even. 

26. g(x) = g(—x) = —^231 = g(-x). So the function is odd. 

27. h(t) = h(—t) = 1 ; —h(t) = Y~i- Since h(t) ^ —h(t) and h(t) ^ h(—t), the function is neither even nor odd. 

28. Since 1 1 3 | = | (—t ) 3 |, h(t) = h(—t) and the function is even. 

29. h(t) = 2t + 1, h(—t) = —2t + 1. So h(t) ^ h(—t). —h(t) = —2t — 1 ， so h(t) ^ —h(t). The function is neither even nor 
odd. 
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17. Symmetric about the y-axis 
Dec: —oo < x < 0 
Inc: 0 < x < oo 



30. h ⑴ = 2| 11 + 1 and h(—t) = 2| —11 + 1 = 2| 11 + 1. So h(t) = h(—t) and the function is even. 

31. (a) 



The graph supports the assumption that y is proportional to x. The 
constant of proportionality is estimated from the slope of the 
regression line, which is 0.166. 
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The graph supports the assumption that y is proportional to x 1 〆 2 . 
The constant of proportionality is estimated from the slope of the 
regression line, which is 2.03. 


32. (a) Because of the wide range of values of the data, two graphs are needed to observe all of the points in relation to the 
regression line. 


y 




The graphs support the assumption that y is proportional to 3 X . The constant of proportionality is estimated from the 
slope of the regression line, which is 5.00. 

(b) The graph supports the assumption that y is proportional to In x. The constant of proportionality is extimated from 
the slope of the regression line, which is 2.99. 

y 



33. (a) The scatterplot of y = reaction distance versus x = speed is 


y 



Answers for the constant of proportionality may vary. The constant of proportionality is the slope of the line, which is 
approximately 1.1. 
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(b) Calculate x f = speed squared. The scatterplot of x’versus y = braking distance is: 


y 



Answers for the constant of proportionality may vary. The constant of proportionality is the slope of the line, which 
is approximately 0.059. 


34. Kepler's 3rd Law is T(days) = 0.41R 3 / 2 , R in millions of miles. "Quaoar" is 4 x 10 9 miles from Earth, or about 
4 x 10 9 + 93 x 10 6 « 4 x 10 9 miles from the sun. Let R = 4000 (millions of miles) and 
T = (0.41)(4000) 3/2 days « 103,723 days. 


35. (a) 


123456789 10 


The hypothesis is reasonable. 

(b) The constant of proportionality is the slope of the line ~ 8 ^ 1 _~ 0 in./unit mass = 0.874 in./unit mass. 

(c) y(in.) = (0.87 in./unit mass) (13 unit mass) = 11.31 in. 


36. (a) 


⑻ 


300 


200 


100 


300 


200 


100 


20000 40000 60000 


500 1000 1500 

Graph (b) suggests that y = kx 3 is the better model. This graph is more linear than is graph (a). 


1.5 COMBINING FUNCTIONS; SHIFTING AND SCALING GRAPHS 

1. D f : —oo < x < oo, D g : x > 1 D f+g = D fg : x > 1. R f : —oo <y < oo, R g : y > 0, R f+g : y > 1, R fg : y > 0 

2. D f : x+l>0 => x>—1, D g : x — 1 > 0 => x > 1. Therefore D f+g = D fg : x > 1. 

Rf = R g ： y > 0, Rf +g ： y > \/2, R fg ： y > 0 
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y = h(g(x)) = g(h(x)) 
y = f(f(x)) 
y = g(f(h(x))) 


y = TO) 
y = h(h(x» 
y =j(g(f(x))) 


3. D f : —oo < x < oo, D g : —oo < x < oo ^ D 


， f/g. 


< x < oo since g(x) ^ 0 for any x; D g/f : —oo < x < 


since f(x) ^ 0 for any x. R f : y = 2, R g : y > 1, R f/g : 0 < y < 2, R g/f : y > I 

4. D f : —oo < x < oo, D g : x > 0 => D f / g : x > 0 since g(x) ^ 0 for any x > 0; D g/f : x > 0 since f(x) ^ 0 

for any x > 0. R f : y = l,R g : y > 1 ， R f/g : 0 < y < 1, R g/f : y > 1 

5. (a) f(g(0)) = f(—3) = 2 

(b) g(f(0)) = g(5) = 22 

(c) f(g(x)) = f(x 2 - 3) = x 2 - 3 + 5 = x 2 + 2 

(d) g(f(x)) = g(x + 5) = (x + 5) 2 — 3 = x 2 + lOx + 22 

(e) f(f(-5)) = f(0) = 5 

(f) g(g(2)) = g(l) = -2 

(g) f(f(x)) = f(x + 5) = (x + 5) + 5 = x + 10 

(h) g(g(x)) = g(x 2 一 3) = (x 2 一 3) 2 — 3 = x 4 — 6x 2 + 6 


6 - (a) f(g(D)=f(l)=-| 

⑼ g(f(|))=g(-|)=2 

(c) %W) = f ( 忐） 

(d) g(f(x)) = g(x-l) 


X+l 


(x-l)+l 


—X 

x+l 


(e) f(f(2)) = f(l) = 0 

(f) g(g(2)) = g (I) = I = I 

(g) f(f(x)) = f(x - 1) = (x - 1) - 1 = x - 2 


(h) g(g(x)) = g ( 击） 


x + 2 


(x ^ — 1 and x ^ —2) 


7 .⑻ u(v(f(x))) = u (v (1)) = u (i) = 4 (i) 2 
(b) u(f(v(x))) = u (f (x 2 )) = u (i) = 4 (i) 


- A 
_ P 

4 


(c) V(u(f(x))) = v(u(i)) =v(4(i) 一 5) = (_ — 5” 

(d) v(f(u(x))) = v(f(4x-5)) = v (^) = ( 占 ) 2 

(e) f(u(v(x))) = f (u (x 2 )) =f(4(x 2 )-5) 

(f) f(v(u(x))) = f(v(4x - 5)) = f ((4x - 5) 2 ) 


4x2 ： 


1 


(4x-5) 2 


8- (a) h(g(f(x))) = h (g (^)) =h(^) =4 ( 卓 ) 

(b) h(f(g(x))) = h (f (^)) =h (vl) =4/|-8 

(c) g(h(f(x))) = g (h (a/x)) = g (4^ - 8) 

(d) g(f(h(x))) = g(f(4x — 8)) = g (X/4X—8 

(e) f(g(h(x))) = f(g(4x -8)) = f(^) =f(x-2)= ^^2 

(f) f(h(g(x))) = f(h(|)) =f(4(|) - 8) = f(x - 8) = Vx^ 


8 = - 8 
2^x-8 

— 2 


4V^-8 
~ 4^ 

\/4x — 8 — \/x — 2 
: 4 ~ ~2^ 


9- (a) y = f(g(x)) 

(c) y = g(g(x)) 
(e) y = g(h(f(x))) 


(b) y = j(g(x)) 
(d) y = j(j(x)) 

(f) v = h(j(f(x))) 


bd)cr 

/IV 


、 — \ \ — / \ — s 

ace 

/ ^N N\/\ 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 
















28 Chapter 1 Preliminaries 



g(x) 

f(x) 

(f° g)(x) 


⑻ 

x — 7 


a/x - 7 


(b) 

x + 2 

3x 

3(x + 2) : 

= 3x + 6 

(c) 

X 2 

a/x - 5 

\/x 2 - 5 


(d) 

X 

X 

X- 1 

X 

x - 1 — 

— 

X 

x-(x-l) - 

⑹ 


1 + 1 

X 

X 


(f) 

l 

X 

1 

X 

X 



12 .⑻ 

(b) 

(c) 

(d) 


(fog)(x) = |g(x)| = 


(f°g)( x ) 






今 1 一硕 




泠 1 




gW 


4 




iW 


sog(x) = x + 1. 


Since (fog)(x) = a/^W = l x l，gW = x 2 . 

Since (fog)(x) = f(-y/x) = | x | ， f(x) = x 2 . (Note that the domain of the composite is [0, oo).) 


The completed table is shown. Note that the absolute value sign in part (d) is optional. 


g(x) 

f ㈨ 

( f °g)( x ) 

1 

x-1 

w 

|x-l| 

x+1 

x-1 

X 

X 

ITT 

X 2 


|x| 


X 2 

|x| 


13. (a) f(g(x)) = + 1 = 



g ( f ㈨ )= 点 


(b) Domain (fog )： (0, oo), domain (gof )： (—1 ， oo) 


(c) Range (fog): (1, oo), range (gof): (0, oo) 


14. (a) f(g(x)) = 1 - 2^x + x 
g(f(x)) = 1 - |x| 

(b) Domain (fog )： (0, oo), domain (gof )： (0, oo) 

(c) Range (fog )： (0, oo), range (gof )： (-oo, 1) 


15. 

⑻ 

y = -( X 十 7) 2 


(b) y = -(x - 4) 2 


16. 

⑻ 

y = X 2 + 3 


(b) y = x 2 - 5 


17. 

(a) 

Position 4 

(b) Position 1 

(c) Position 2 

(d) Position 3 

18. 

⑻ 

y = -(X - l) 2 + 4 

(b) y = -(x + 2) 2 + 3 

(c) y = -(x + 4) 2 - 1 

(d) y = -(x - 2) 2 
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21 . 



23. 


y 




20 . 



22 . 



24. 

y 
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27. 




35. 



28. 
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41. 




40. 


y 



42. 



43. 
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46. 


45. 



49. (a) domain: [0,2]; range: [2,3] 



(c) domain: [0,2]; range: [0,2] 





48. 



(b) domain: [0 ， 2]; range: [—1,0] 




y=f(.x-i) 

八 

12 3 
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(g) domain: [—2,0]; range: [0,1] 

y 



50. (a) domain: [0,4]; range: [—3,0] 



(c) domain: [—4,0]; range: [0,3] 


y 



(h) domain: [—1,1]; range: [0,1] 



(b) domain: [—4,0]; range: [0,3] 

y 



(d) domain: [—4,0]; range: [1,4] 

y 



-4 -2 


(e) domain: [2,4]; range: [—3,0] (f) domain: [—2,2]; range: [—3,0] 
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(g) domain: [1,5]; range: [—3,0] (h) domain: [0,4]; range: [0,3] 




51. y = 3x 2 — 3 

52. y= (2x) 2 — 1 二 4x 2 - 1 

53. y = !(1 + 去 ）=! + 占 


54. y = 1 


( x /3)』 


1 + 


55. y = \/4x + 1 


56. y = 3-\/x + 1 


57 . y= = 


58. y = I \/4 — x 2 

59. y = 1 - (3x) 3 
60- y = l-(f) 3 = 


27x 3 


8 


61. Let y = —y / 2x + 1 = f(x) and let g(x) = x 1 / 2 , h(x) = (x + |)^ 2 , i(x) = \/^( x + |)^ 2 , and 

j(x) = — v^(x+|) 1//2 =f( x). The graph of h(x) is the graph of g(x) shifted left | unit; the graph of i(x) is the graph 
of h(x) stretched vertically by a factor of \/2; and the graph of j(x) = f(x) is the graph of i(x) reflected across the x-axis. 
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62. Lety = ♦ — \ = f(x). Let g(x) = (-x) 1/2 , h(x) = (-x + 2) 1/2 ,andi(x)= 夫 (-x + 2) 1/2 = a/ 1 — f = f(x). 

The graph of g(x) is the graph of y = -^/x reflected across the x-axis. The graph of h(x) is the graph of g(x) shifted right 
two units. And the graph of i(x) is the graph of h(x) compressed vertically by a factor of 


y 



-3 - 2-1 12 


g(x) 



X 



63. y = f(x) = x 3 . Shift f(x) one unit right followed by a shift two units up to get g(x) = (x — l) 3 +2. 


y 



64. y = (1 — x) 3 + 2 = —[(x — l) 3 + (—2)] = f(x). Let g(x) = x 3 , h(x) = (x - l) 3 , i(x) = (x — l) 3 + (-2)，and 

j(x) = — [(x — l) 3 + (—2)]. The graph of h(x) is the graph of g(x) shifted right one unit; the graph of i(x) is the graph of 
h(x) shifted down two units; and the graph of f(x) is the graph of i(x) reflected across the x-axis. 
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65. Compress the graph of f(x )= 全 horizontally by a factor of 2 to get g(x) = Then shift g(x) vertically down 1 unit to 
geth(x) = ^ - 1 . 



66 . Let f(x) = 4 and g(x) = \ 1 = + 1 = - ~^-—2 + 1 = 77 ~~ 1 、 +1. Since \J~2 ~ 1.4, we see that the graph of 

X X (tJ (x/V^) [(l/\/2)x] 

f(x) stretched horizontally by a factor of 1.4 and shifted up 1 unit is the graph of g(x). 


f( X ) g(x) 




67. Reflect the graph of y = f(x) = across the x-axis to get g(x) = —-y/x. 



68 . y 二 f(x) = (—2x ) 2 ’ 3 = [(—l)(2)x ] 2 / 3 = (_l) 2 / 3 (2x ) 2 ’ 3 = (2x) 2 ’ 3 . So the graph of f(x) is the graph of g(x) = x 2 〆 3 
compressed horizontally by a factor of 2 . 

g(x) f(x) 
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69. 


y 



71. 9x 2 + 25y 2 = 225 + ^ = 1 



73. 3x 2 + (y — 2) 2 = 3 冷赛 + 


(y-2) 2 

㈣ 2 


y 



75. 3(x- l ) 2 + 2(y + 2 ) 2 = 6 

泠 + [y~ (I ] 2 = i 

屛 i^r 



70. 


y 



72 -w 喻 A 



74. (x+l ) 2 + 2y 2 =4 分 


卜 (-D1 2 I y 2 _ i 


y 
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77. ^ = 1 has its center at (0, 0). Shiftinig 4 units left and 3 units up gives the center at (h, k) = (—4, 3). So the 

equation is [ x _ + ( y ; 2 3 ) = 1 => ( x : 2 4 ) + ( y ; 2 3 ) 二 1. Center, C, is (-4, 3), and major axis, AB, is the segment 

from (— 8 , 3) to (0,3). 


y 



78. The ellipse 誓 + 知 =1 has center (h, k) = (0, 0). Shifting the ellipse 3 units right and 2 units down produces an ellipse 

with center at (h, k) = (3, —2) and an equation ( x ?) + [ y ~ 2 ^~ 2 ^ =1. Center, C, is (3, —2), and AB, the segment from 
(3, 3) to (3, —7) is the major axis. 



79. (a) (fg)(_x) = f(-x)g(-x) = f(x)(_g(x)) = -(fg)(x), odd 

( b ) ⑴(- x )，= H)( x )， odd 

⑹ （ f)(-x)=f^ = ^=-(f)(x)， 0 dd 

(d) f 2 (—x) = f(—x)f(—x) = f(x)f(x) = f 2 (x), even 

(e) g 2 (-x) = (g(-x)) 2 = (_g(x)) 2 = g 2 (x), even 

(f) (f o g)(-x) = f(g(-x)) = f(-g(x)) = f(g(x)) = (fo g)(x), even 

(g) (g° f)(-x) = g(f(-x)) = g(f(x)) = (go f)(x), even 

(h) (fo f)(—x) = f(f(—x)) = f(f(x)) = (fo f)(x), even 

(i) (g° g)(-x) = g(g(-x)) = g(-g(x)) = -g(g(x)) = -(go g)(x), odd 

80. Yes, f(x) = 0 is both even and odd since f(—x) = 0 = f(x) and f(—x) = 0 = — f(x). 
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81. (a) y 




⑼ y 



(d) y 



82. 


y 



1.6 TRIGONOMETRIC FUNCTIONS 

1. (a) s 二 r6> 二 （10 )( 警 ） =87rm (b) s = r6» = (10)(110。)（▲) = 普 = 誓 

2. 6 > = ■= 學 = 宇 radians and 5 -f (^) = 225 。 

3. 0 = 80° 6 = 80° (j|^o )= 警 > s = ( 6 ) (^) = 8.4 in. (since the diameter = 12 in. => radius = 


m 


6 in.) 
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4. d = 1 meter ^ r = 50 cm 沒 =• = g 二 0.6 rad or 


0 

— 7T 

_ 2n 

0 

7T 

2 

37T 

sin 6 

0 

2 

0 

1 

73 

cos 6 

-1 

1 

2 

1 

0 

1 

"73 

tan 6 

0 

办 

0 

und. 

-1 

cot 6 

und. 

1 

75 

und. 

0 

-1 

sec 6 

-1 

一 2 

1 

und. 


esc 0 

und. 

2 

— 75 

und. 

1 



0.6 « 34° 


0 

_ 37T 

_ 7T 

_ TV 

7T 

4 

57T 

sin 6 

1 



1 

73 

1 

2 

cos 6 

0 

1 

2 


1 

2 

tan 6 

und. 


1 

1 

1 

一 75 

cot 6 

0 



1 

-v^ 

sec 6 

und. 

2 



2 

—75 

esc 6 

1 

2 

—75 

-2 

V~2 

2 


7. cos x = 

— 畫 ， tan x = - 

3 

4 

8. 

sin x = 

= 75> cosx = 

l 

75 

9. sin x = 

— , tan x = 

: -\/8 

10. 

sin x = 

=||, tan x =- 

_ 12 

11. sin x = 

—^J ， C0SX 二 

2 

■'75 

12. 

cos x = 

二 — f ， tan x 

.1 
— 75 

13. 



14. 






•x 


15. 

y 



16. 



period = 4 


17. 


y 




y * cos x 

period = 1 
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19. 20. 






21 . 


y 



23. period = !， symmetric about the origin 



22 . 



period = 2tt 

24. period = 1， symmetric about the origin 


s 


、 

\ 

\ 

\ 

! 

\ 

\ 

i 

\ 



A 

-a 

\ 

A 

0 



2 \ 

1 

r 


s ■ • tan irt 


25. period = 4, symmetric about the y-axis 26. period = 4 丌 ， symmetric about the origin 


s 




27. (a) Cos x and sec x are positive in QI and QIV and 

negative in QII and QIII. Sec x is undefined when 
cos x is 0. The range of sec x is (—oo, —1] U [1, oo); 
the range of cos x is [—1 ， 1]. 
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(b) Sin x and esc x are positive in QI and QII and 

negative in QIII and QIV. Csc x is undefined when 
sin x is 0. The range of csc x is (— 00 , —1] U [1, 00 ); 
the range of sin x is [—1 ， 1]. 


28. Since cot x = , cot x is undefined when tan x 二 0 

tan x 7 

and is zero when tan x is undefined. As tan x approaches 
zero through positive values, cot x approaches infinity. 
Also, cot x approaches negative infinity as tan x 
approaches zero through negative values. 





31. cos (x — |) = cos x cos (— |) — sin x sin (— |) = (cos x)(0) — (sin x)(—1) = sin x 

32. cos (x + I) = cos x cos (f) — sin x sin (|) = (cos x)(0) — (sin x)(l) = —sin x 

33. sin (x + = sin x cos (|) + cos x sin (f) = (sin x)(0) + (cos x)(l) = cos x 

34. sin (x — = sin x cos (— f) + cos x sin (— = (sin x)(0) + (cos x)(—1) = —cos x 

35. cos (A — B) = cos (A + (—B)) = cos A cos (—B) — sin A sin (—B) = cos A cos B — sin A (—sin B) 

=cos A cos B + sin A sin B 


36. sin (A — B) = sin (A + (—B)) = sin A cos (—B) + cos A sin (—B) = sin A cos B + cos A (—sin B) 
=sin A cos B — cos A sin B 


37. If B = A, A — B = 0 4 cos (A — B) = cos 0=1. Also cos (A — B) = cos (A — A) = cos A cos A + sin A sin A 
=cos 2 A + sin 2 A. Therefore, cos 2 A + sin 2 A = 1 • 

38. If B = 2tt, then cos (A + 2n) = cos A cos 2tt — sin A sin 2tt = (cos A)(l) — (sin A)(0) = cos A and 

sin (A + 2tt) = sin A cos 27r + cos A sin 2tt = (sin A)(l) + (cos A)(0) = sin A. The result agrees with the 
fact that the cosine and sine functions have period 2tt. 

39. cos (7r + x) = cos 7r cos x — sin 7r sin x = (—l)(cos x) — (0)(sin x) = —cos x 
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40. sin (2n — x) = sin 27 r cos (—x) + cos (2tt) sin (—x) = (0)(cos (—x)) + (l)(sin (—x)) = —sin x 


41. sin ( 誓 — x) = sin ( 夸 ） cos (— x) + cos ( 誓） sin(— x) = (—l)(cos x) + (0)(sin (— x)) = —cos x 

42. cos (誓 + x) = cos ( 誓 ） cos x — sin ( 誓 ） sin x = (0)(cos x) — (—l)(sin x) = sin x 


43. sin 转 =sin (f + f) = sin | cos f + cos | sin | = (f) (!) + (f) (^) = 

44. cos ^ ^ cos (l + f)=cos I cos f -sin ^ sin f = (f) H) — (#) (f) = — 轉 


45. cos ^ = cos (f - f ) = cos f cos (- |) - sin f sin (- |) = (i) (f )— ( 幸 ) (-#) = ^ 

46. sin f| = sin (f - |) = sin (f) cos (- |) + cos (f) sin (- |)= ( 幸 ) (#) + (- |) (_ #)= 誤 


47. cos 2 f = 
49. sin 2 ^ = 


l+cos (警）— 1+^P — 2 - \-\fl 

2 _ ~^T~ ~ 

l-COS ( 替 ) _ 1- 幸 — 2-y/3 

2 ~ 2 ~ 4 


50. sin 2 § = 卜 1 徽 


51. tan (A + B)= 


sin (A+B) 
cos (A+B) 


― sin A cos B+cos A cos B 
— cos A cos B—sin A sin B 


sin A cos B ■ cos A sin B 
cos A cos B ' cos A cos B 

cos A cos B _ sin A sin B 
cos A cos B cos A cos B 


tan A+tan B 
1—tan A tan B 


. / * t-.\ . ^ „ sin A cos B cos A sin B . „ 

tan f A — = sin ( A-B ) _ sin A cos B-cos A cos B _ cos a cos b ~ cos a cos b tan A-tan B 

J • L ^ — cos(A-B) _ cos A cos B+sin A sin B — cos a cos b , sin a sin b — l+tan AtanB 

cos A cos B cos A cos B 

53. According to the figure in the text, we have the following: By the law of cosines, c 2 = a 2 + b 2 — 2ab cos 6 

=l 2 + l 2 — 2 cos (A — B) = 2 — 2 cos (A — B). By distance formula, c 2 = (cos A — cos B) 2 + (sin A — sin B) 2 
=cos 2 A — 2 cos A cos B + cos 2 B + sin 2 A — 2 sin A sin B + sin 2 B = 2 — 2(cos A cos B + sin A sin B). Thus 

c 2 = 2 — 2 cos (A — B) = 2 — 2(cos A cos B + sin A sin B) 4 cos (A — B) = cos A cos B + sin A sin B. 


54. (a) 


cos (A — B) = cos A cos B + sin A sin B 
sin 0 = cos(| — 0) and cos 9 = sin(| — 0) 
Let 0 = A + B 


sin(A + B) = cos 


f - (A + B)] 


=cos (I — A) — B 


=cos (| — A) cos B + sin (| — A) sin B 


=sin A cos B H- cos A sin B 
(b) cos (A _ B) = cos A cos B + sin A sin B 

cos (A — (—B)) = cos A cos (—B) + sin A sin (—B) 

^ cos (A + B) = cos A cos (—B) + sin A sin (—B) = cos A cos B + sin A (—sin B) 


=cos A cos B — sin A sin B 

Because the cosine function is even and the sine functions is odd. 


55. c 2 = a 2 + b 2 - 2ab cos C = 2 2 + 3 2 — 2(2)(3)cos (60。）= 4 + 9— 12 cos (60。）= 13 - 12 (!) = "7. 
Thus, c = \fl « 2.65. 


56. c 2 = a 2 + b 2 - 2ab cos C = 2 2 + 3 2 — 2(2)(3)cos (40。）= 13 - 12 cos (40°). Thus, c = v / i3^l2cos40° « 1.951. 
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57. From the figures in the text, we see that sin B 二 ■ • If C is an acute angle, then sin C = On the other hand, 
if C is obtuse (as in the figure on the right), then sin C = sin ( 丌 一 C)= 宫 .Thus, in either case, 

h = b sin C = c sin B ah = ab sin C = ac sin B. 

By the law of cosines, cos C = a2+ 2 b a 2 b ~ c2 and cos B 二 a2+ 2 c a : - b . Moreover, since the sum of the 
interior angles of a triangle is n, we have sin A = sin (7r — (B + C)) = sin (B + C) = sin B cos C + cos B sin C 
=(■) [^5^] + (s)= ( 盖 ) （ 2# +b 2 -c 2 +c 2 -b 2 ) = | ^ ah = bcsinA. 

Combining our results we have ah = ab sin C, ah = ac sin B, and ah = be sin A. Dividing by abc gives 

h _ sin A — sin C _ sin B 

EE _ 了 _ 丁 ) • 

law of sines 

58. By the law of sines, By Exercise 55 we know that c = ^/l. 

Thus sin B = ~ 0.982. 


59. From the figure at the right and the law of cosines, 
b 2 = a 2 + 2 2 — 2(2a) cos B 
=a 2 + 4 — 4a (I) = a 2 — 2a + 4. 

Applying the law of sines to the figure, 

b = yj~^ a. Thus, combining results, 
a 2 - 2a + 4 = b 2 = § a 2 => 0 = | a 2 + 2a - 4 


C 



=>• 0 = a 2 + 4a — 8. From the quadratic formula and the fact that a > 0, we have 

a= -4 + V^4ax31j = 4^4^ 1464 . 


60. (a) The graphs of y = sin x and y = x nearly coincide when x is near the origin (when the calculator 
is in radians mode). 

(b) In degree mode, when x is near zero degrees the sine of x is much closer to zero than x itself. The 
curves look like intersecting straight lines near the origin when the calculator is in degree mode. 


61. A = 2, B = 2 丌 ， C = —7r, D 


-1 
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Section 1.6 Trigonometric Functions 



65. (a) amplitude = |A| =37 

(c) right horizontal shift = C = 101 


(b) period = |BI = 365 

(d) upward vertical shift = D = 25 


66. (a) It is highest when the value of the sine is 1 at f(101) = 37 sin (0) + 25 = 62° F. 

The lowest mean daily temp is 37(—1) + 25 = — 12 。 F. 

(b) The average of the highest and lowest mean daily temperatures = — ^ 2 ~ ’ = 25° F. 
The average of the sine function is its horizontal axis, y = 25. 


67-70. Example CAS commands: 

Maple 

f := x -> A*sin((2*Pi/B)*(x-C))+Dl; 

A:=3;C:=0;D1:=0; 

f_list := [seq( f(x), B=[l,3,2*Pi,5*Pi])]; 
plot( f_list, x=-4*Pi..4*Pi, scaling=constrained, 

color= [red,blue,green,cyan], linestyle=[l ， 3,4,7 ]， 
legend=[ n B=l M ,"B=3 n , M B=2*Pi", M B=3*Pi M ], 
title= M #67 (Section 1.6) M ); 

Mathematic a 

Clearfa, b, c, d, f, x] 
f[x_]:=a Sin[27r/b (x — c)] + d 

Plot[f[x]/.{a — 3, b — 1, c — 0, d — 0}, {x, -4 丌， 4 丌 }] 

67. (a) The graph stretches horizontally. 
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(b) The period remains the same: period = | B |. The graph has a horizontal shift of | period. 





(b) The graph is shifted left C units. 

(c) A shift of 士 one period will produce no apparent shift. | C | = 6 


69. The graph shifts upwards | D |units for D > 0 and down | D |units for D < 0. 

: v 



70. (a) The graph stretches | A | units. 



1.7 GRAPHING WITH CALCULATORS AND COMPUTERS 

1-4. The most appropriate viewing window displays the maxima, minima, intercepts, and end behavior of the graphs and 
has little unused space. 
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Section 1.7 Graphing with Calculators and Computers 


1. d. 


2. c. 





5-30. For any display there are many appropriate display widows. The graphs given as answers in Exercises 5—30 
are not unique in appearance. 


5. [-2, 5] by [-15, 40] 6. [-4, 4] by [-4, 4] 
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9. [-4, 4] by [-5, 5] 


y 



10. [-2, 2] by [-2, 8] 


y 



11. [-2, 6]by[-5,4] 


y 



12. [—4, 4] by [—8, 8] 



13- [-l,6]by[-l, 4] 



14. [-1,6] by [-1,5] 


y 
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17. [-5, l]by[-5,5] 


y 



8 

6 

" x + 3 

- y= IT2 


4 

V 




■ i i i > 

10-8 -6 -4 > 

-2 

_ 2 4 6 8 10 


-4 

- 


广 6 

- 


-8 

- 



■ 


19. [-4, 4] by [0,3] 


y 



21. [-10, 10] by [-6, 6] 




f(x) = 


x 2 -x-6 




23. [-6, 10] by [-6, 6] 



Section 1.7 Graphing with Calculators and Computers 

18 .[—5, l]by [-2,4] 



20. [-5, 5] by [-2, 2] 


y 



22. [-5, 5] by [-2, 2] 



24. [-3, 5] by [-2, 10] 


y 
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25. [-0.03, 0.03] by [-1.25, 1.25] 



26. [-0.1, 0.1] by [-3, 3] 


y 



27. [-300, 300] by [-1.25, 1.25] 



29. [-0.25, 0.25] by [-0.3, 0.3] 



28. [-50, 50] by [-0.1, 0.1] 



30. [-0.15, 0.15] by [-0.02, 0.05] 


y 



31. x 2 + 2x = 4 + 4y — y 2 4 y = 2 士 \J —x 2 — 2x + 8. 
The lower half is produced by graphing 
y — 2 - \J —— 2x -|- 8. 



32. y 2 — 16x 2 = 1 => y = 士 -y/l + 16x 2 . The upper branch 
is produced by graphing y = ^/l 16x 2 . 


y 
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33. 
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41. (a) y = 1059.14x- 2074972 

(b) m = 1059.14 dollars/year, which is the yearly increase in compensation. 
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(c) 


Chapter 1 Preliminaries 





42. (a) Let C = cost and x = year. 

C = (7960.71)x - 1.6 x 10 7 

(b) Slope represents increase in cost per year 

(c) C = (2637.14)x — 5.2 x 10 6 

(d) The median price is rising faster in the northeast (the slope is larger). 

43. (a) Let x represent the speed in miles per hour and d the stopping distance in feet. The quadratic regression function is 

d = 0.0866x 2 - 1.97x4- 50.1. 

(b) 



(c) From the graph in part (b), the stopping distance is about 370 feet when the vehicle is 72 mph and it is about 525 feet 
when the speed is 85 mph. 

Algebraically: dq Uadratic (72) = 0.0866(72) 2 - 1.97(72) + 50.1 = 367.6 ft. 

dquadratic(85) = 0.0866(85) 2 - 1.97(85) + 50.1 = 522.8 ft. 

(d) The linear regression function is d = 6.89x — 140.4 => dii near (72) = 6.89(72) — 140.4 = 355.7 ft and 

dii ne ar(85) = 6.89(85) — 140.4 = 445.2 ft. The linear regression line is shown on the graph in part (b). The quadratic 
regression curve clearly gives the better fit. 


y 



44. (a) The power regression function is y 二 4.44647x 0,511414 . 
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(b) 



(c) 15.2 km/h 

(d) The linear regression function is y = 0.913675x + 4.189976 and it is shown on the graph in part (b). The linear 
regession function gives a speed of 14.2 km/h when y = 11m. The power regression curve in part (a) better fits the 
data. 

CHAPTER 1 PRACTICE EXERCISES 

1. T 2x ^ 3 2x ^ — 4 x ^ — 2 

2. — 3x<10 x>—y 

3. -(x — 1) < |(x — 2) 4(x — 1) < 5(x — 2) 

^>4x — 4<5x — 10=>6<x 

4. ^ ^3(x-3) > -2(4+ x) 

4 3x — 9>—8 — 2x=>5x>l=^x> | 

5. |x+l|=7=> x+l = 7or — (x +l) = 7=>x = 6orx = —8 

6. |y-3|<4=> -4<y-3<4^>-l<y<7 

7. 1 - § > § 1 - I < -| or 1 - I > I —I or —I > i ^ -x < -5 or —x > 1 

4 x > 5 or x < —1 

8. < 5 ^ -5 < < 5 -15 < 2x + 7 < 15 -22 < 2x < 8 -11 < x < 4 

9. Since the particle moved to the y-axis, —2 + Ax = 0 Ax = 2. Since Ay = 3Ax = 6, the new coordinates 
are (x + Ax,y + Ay) = (-2 + 2,5 + 6) = (0,11). 

10. (a) 


10 

• 5 

.• 

• 

• 

-10 -5 

5 10 


• 

-5 


-10 
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(b) line 
AB 
BC 
CD 
DA 
CE 
BD 


slope 

10-1 _ 9 _ _ 3 
2-8 — -6 — 2 
10-6 _ 4 _ 2 
2 - (- 4 ) _ 6 — 3 

6 -(- 3 ) = _ 9 _ = _ 3 
- 4-2 _ -6 — 2 

1 -(- 3 ) _ 4 _ 2 
8-2 — 6 — 3 



is vertical and has no slope 


(c) Yes; A, B, C and D form a parallelogram. 

(d) Yes. The line AB has equation y — 1 = — | (x — 8). Replacing x by y gives y = — |(y — 8) + 1 

=—|(— y)+ 1= 5 + 1 = 6. Thus, E (y ， 6) lies on the line AB and the points A, B and E are collinear. 

(e) The line CD has equation y + 3 = —暴 (x — 2)ory = — |x. Thus the line passes through the origin. 


11. The triangle ABC is neither an isosceles triangle nor is it a right triangle. The lengths of AB, BC and AC are 
\/53, a/ 72 and \/65, respectively. The slopes of AB, BC and AC are —1 and respectively. 


12. P(x, 3x + 1) is a point on the line y = 3x + 1 • If the distance from P to (0,0) equals the distance from P to 
(-3,4), then x 2 + (3x + l) 2 = (x + 3) 2 + (3 — 3x ) 2 泠 x 2 + 9x 2 + 6x + 1 = x 2 + 6x + 9 + 9 — 18x + 9x 2 
=> 18x = 17 or x = =>• y = 3x + 1 = 3 (||) + 1 = 譬 . Thus the point is P (|| , 警 ). 


13. y = 3(x — 1) + (—6) => y = 3x — 9 

14. y = -|(x+l) + 2^>y=-|x+| 

15. x = 0 


16. m — i —2(_g) — — — 2 y — — 2(x + 3) + 6 y = — 2x 


17. y = 2 

18. m = g = - 暑 4 y = —誉 (x-3) + 3 4 y = -暑 x+ 警 

19. y = —3x + 3 

20. Since 2x — y = —2 is equivalent to y = 2x + 2, the slope of the given line (and hence the slope of the desired line) is 2. 
y = 2(x — l) + l^y = 2x — 5 

21. Since 4x + 3y = 12 is equivalent to y = — 蠢 x + 4, the slope of the given line (and hence the slope of the desired line) is 

-!• y=-|(x^4)-12^y = -|x-f 

22. Since 3x — 5y = 1 is equivalent to y = |x — the slope of the given line is | and the slope of the perpendicular line is 

-i. y = ~i( x + 2 )~ 3 ^y = _ i x_ y 

23. Since |x + |y = 1 is equivalent to y = — |x + 3, the slope of the given line is — | and the slope of the perpendicular line 
is y = |(x +1) + 2 =>• y = 暴 x + 營 

24. The line passes through (0, —5) and (3,0). m = 0 ~^~ 5 ^ = |=^y=|x — 5 
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25. The area is A = 7r r 2 and the circumference is C = 27rr. Thus, r = ^ A = 丌 ( 备 ) 2 = 

26. The surface area is S = 47rr 2 r = ( 嘉 )The volume is V 二 l^ r3 ^ r = Substitution into the formula for 
surface area gives S = 47rr 2 = 47r (|^) 2 ^ 3 - 


27. The coordinates of a point on the parabola are (x, x 2 ). The angle of inclination 6 joining this point to the origin satisfies 
the equation tan 0 = ^ = x - Thus the point has coordinates (x, x 2 ) = (tan 0^ tan 2 沒 ). 

28. tme=^ = ^^h = 500 tan ft. 



Neither Symmetric about the y-axis. 

33. y(—x) = (—x) 2 + 1 = x 2 + 1 = y(x). Even. 

34. y(—x) = (—x) 5 — (—x) 3 — (—x) = —x 5 + x 3 + x = —y(x). Odd. 


35. y(—x) = 1 — cos(—x) = 1 — cos x = y(x). Even. 


36. y(—x) = sec(-x) tan(-x) = : 2 ( 二 )) == -secxtanx = -y(x). Odd. 


37. y(-x)= 


(-x) 4 +l 

(-x) 3 -2(-x) 


x 4 +l _ x 4 +l 
-x 3 +2x — _ x 3 -2x 


=—y(x). Odd. 


38. y(—x) = 1 — sin(—x) = 1 + sinx. Neither even nor odd. 

39. y(—x) = —x + cos(—x) = —x + cosx. Neither even nor odd. 


40. y(—x) = (—x) 4 — 1 = \/ x4 — 1 


=y(x). Even. 
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41. (a) The function is defined for all values of x, so the domain is (—oo, oo). 
(b) Since I x I attains all nonnegative values, the range is [—2, oo). 


42. (a) Since the square root requires 1 — x > 0, the domain is (—oo, 1]. 


(b) Since y/l —x attains all nonnegative values, the range is [—2, oo). 


43. (a) Since the square root requires 16 — x 2 > 0, the domain is [—4, 4]. 

(b) For values of x in the domain, 0 < 16 — x 2 < 16, so 0 < ^/l6 — x 2 < 4. The range is [0, 4]. 

44. (a) The function is defined for all values of x, so the domain is (—oo, oo). 

(b) Since 3 2_x attains all positive values, the range is (1, oo). 

45. (a) The function is defined for all values of x, so the domain is (—oo, oo). 

(b) Since 2e _x attains all positive values, the range is (—3, oo). 

46. (a) The function is equivalent to y = tan 2x, so we require 2x ^ ^ for odd integers k. The domain is given by x ^ ^ for 

odd integers k. 

(b) Since the tangent function attains all values, the range is (—oo, oo). 

47. (a) The function is defined for all values of x, so the domain is (—oo, oo). 

(b) The sine function attains values from —1 to 1， so —2 < 2sin(3x + 7r) < 2 and hence —3 < 2sin(3x + 丌 ) 一 1 < 1. The 
range is [—3, 1]. 

48. (a) The function is defined for all values of x, so the domain is (—oo, oo). 

(b) The function is equivalent to y = which attains all nonnegative values. The range is [0, oo). 

49. (a) The logarithm requires x — 3 > 0, so the domain is (3, oo). 

(b) The logarithm attains all real values, so the range is (—oo, oo). 

50. (a) The function is defined for all values of x, so the domain is (—oo, oo). 

(b) The cube root attains all real values, so the range is (—oo, oo). 

51. (a) The function is defined for —4 < x < 4, so the domain is [—4, 4]. 

(b) The function is equivalent to y = —4 < x < 4, which attains values from 0 to 2 for x in the domain. The 

range is [0, 2]. 

52. (a) The function is defined for —2 < x < 2, so the domain is [—2, 2]. 

(b) The range is [—1 ， 1]. 

53. First piece: Line through (0, 1) and (1, 0). m = = ^ = —l ^ y = —x + 1 = 1 — x 

Second piece: Line through (1,1) and (2, 0). m = = 乎 =—1 y = — (x — 1) + 1 = —x + 2 = 2 — x 



54. First piece: Line through (0, 0) and (2, 5). m = | y = |x 

Second piece: Line through (2, 5) and (4, 0). m = ~ = —曼 =>y = —|(x — 2) + 5 = —|x+10= 10— 夸 


f(x) 


|x, 0 < x < 2 

10- f, 2<x<4 


2 < x < 4 


(Note: x = 2 can be included on either piece.) 
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55. (a) (fog)(-l) = f(g(-l)) = = f(l) = i = l 

(b) (g°f)(2) = g(f(2)) =g(i) = = ^H or \/i 

(c) (fof)(x) = f(f(x)) =f(j) = = x,x^O 


(d) (gog)(x) = g(g(x)) =g 


\/x + 2 / 


^x + 2 


\j y/x + 2 


+2 


/l + 2^/x + 2 


56. (a) (fog)(-l) = f(g(—1)) = f(^-l + l) =f(0) = 2-0 = 2 

(b) (gof)(2) = f(g ⑵） =g(2 一 2) = g(0) = ^0 + 1 = 1 

(c) (fof)(x) = f(f(x)) = f(2 — x) = 2 — (2 — x) = x 

(d) (gog)(x) = g(g(x)) = g(v / xTT) = ^/^x+1 + 1 

57. (a) (fog)(x) = f(g(x)) = ^^ + 2) = 2 — + = -x, x > -2. 

(gof)(x) = f(g(x)) = g(2 — x 2 ) = 7(2 一 x 2 ) + 2 = \/4-x 2 

(b) Domain of fog ： [—2, oo). 

Domain of gof: [—2, 2]. 

(c) Range of fog: (—oo, 2]. 

Range of gof ： [0, 2]. 


58. (a) (fog)(x) = f(g(x)) = f^l -x) = ^/a/ 1 -x = ^1 - x. 

(gof)(x) = f(g(x)) = g(vx) = ^/l - a/x 

(b) Domain of fog ： (— 00 , 1]. 

Domain of gof: [0, 1]. 

(c) Range of fog ： [0, 00 ). 

Range of gof ： [0, 1]. 



60. 


y 



The graph of f 2 (x) = fi(|x|) is the same as the 
graph of fi(x) to the right of the y-axis. The 
graph of f 2 (x) to the left of the y-axis is the 
reflection of y = fi(x), x > 0 across the y-axis. 


The graph of f 2 (x) = fi (|x|) is the same as the 
graph of fi(x) to the right of the y-axis. The 
graph of f 2 (x) to the left of the y-axis is the 
reflection of y = fi(x), x > 0 across the y-axis. 
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61. 

y 



63. 


y 



The graph of f 2 (x) = fi(|x|) is the same as the 
graph of fi(x) to the right of the y-axis. The 
graph of f 2 (x) to the left of the y-axis is the 
reflection of y = fi(x)，x > 0 across the y-axis. 


62. 



The graph of f 2 (x) = fi (|x|) is the same as the 
graph of fi(x) to the right of the y-axis. The 
graph of f 2 (x) to the left of the y-axis is the 
reflection of y = fi(x), x > 0 across the y-axis. 


y *sin |x| y 



y * s i n x 


The graph of f 2 (x) = fi (|x|) is the same as the 
graph of fi(x) to the right of the y-axis. The 
graph of f 2 (x) to the left of the y-axis is the 
reflection of y = fi(x), x > 0 across the y-axis. 



Whenever gi(x) is positive, the graph of y = g 2 (x) 
=|gi(x)| is the same as the graph of y = gi(x). 
When gi(x) is negative, the graph of y = g 2 (x) is 
the reflection of the graph of y = gi (x) across the 
x-axis. 


y 



It does not change the graph. 


67. 

y 



Whenever gi(x) is positive, the graph of y = g 2 (x) = |gi(x)| is 
the same as the graph of y = gi(x). When gi(x) is negative, the 
graph of y = g 2 (x) is the reflection of the graph of y = gi(x) 
across the x-axis. 
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69. 


y 



71. 

y 



73. 


y 
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Whenever gi(x) is positive, the graph of y = g 2 (x) = |gi(x)| is 
the same as the graph of y = gi(x). When gi(x) is negative, the 
graph of y = g 2 (x) is the reflection of the graph of y = gi(x) 
across the x-axis. 


70. 


y 



X 


period = 4n 


72. 




\!/ 

y 3 cos 


4 


1TX 

T 



x 


period = 4 


74. 



y :1 +stn Cx +|) 


period = 2n 


75. (a) sin B = sin 号 
a 2 + b 2 = c 2 
(b) sin B = sin ; 


= ! = 1 ^ b = 2sin| 
=> a = v^c 2 - b 2 = \f\~- 


2 ㈤ 


3 = 1. 


a/ 3. By the theorem of Pythagoras, 


4 c 


sin 


3 




.Thus, a 


= (2)2 = 弄 


75 ' 


76. (a) sin A = ■ => a = c sin A 

77 . ⑻ tanB = _ ^ a = ^ 


(b) tan A = I a = b tan A 
(b) sinA = f ^ c= ^ 
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78. (a) sin A = 營 


(c) sin A = ? = 

v 7 C C 


79. Let h = height of vertical pole, and let b and c denote the 
distances of points B and C from the base of the pole, 
measured along the flatground, respectively. Then, 
tan 50。 = \ tan 35 0 = and b — c = 10. 

c 5 b ， 


Thus, h = c tan 50。 and h = b tan 35。 = (c + 10) tan 35 。 

c tan 50° = (c + 10) tan 35 0 
^ c (tan 50° — tan 35。）= 10 tan 35 。 




10 tan 35° 

_ tan 50°—tan 35° 


=> h = c tan 50° 


10 tan 35° tan 50° 
tan 50°-tan 35° 


« 16.98 m. 


T 



80. Let h = height of balloon above ground. From the figure at 


the right, tan 40° = tan 70° = and a + b = 2. Thus, 
h = b tan 70 o 4 h = (2 — a) tan 70。 and h = a tan 40° 
4 (2 — a) tan 70。 = a tan 40。 4 a(tan 40。 + tan 70 。） 


= 2 tan 70 。泠 


_ 2 tan 70° 

d ~ tan 40°+tan 70° 


_ 2 tan 70。 tan 40 。 
— tan 40°+tan 70° 


« 1.3 km. 


=>■ h = a tan 40° 


balloon 




y * sin x + cos I 


(b) The period appears to be 4 丌 . 

(c) f(x + 47T) = sin(x + 47r) + cos (= sin(x + 2n) + cos (| + 2tt) = sin x + cos | 
since the period of sine and cosine is 2tt. Thus, f(x) has period 4tt. 



(c) f is not periodic. For suppose f has period p. Then f (点 + kp) = f ( 士 ） = sin 27r 二 0 for all 
integers k. Choose k so large that + kp > ^ ^ 0 < (1/2 7 r)+^p 〈丌 . ^en 

f (点 + kp) = sin ( (idkp ) >0 which is a contradiction. Thus f has no period, as claimed. 
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Chapter 1 Additional and Advanced Exercises 


CHAPTER 1 ADDITIONAL AND ADVANCED EXERCISES 


1. (a) The given graph is reflected about the y-axis. 



-3 - 

(c) The given graph is shifted left 1 unit, stretched 
vertically by a factor of 2, reflected about the 
x-axis, and then shifted upward 1 unit. 





2. (a) 

y 



(b) The given graph is reflected about the x-axis. 


y 



(d) The given graph is shifted right 2 units, stretched 
vertically by a factor of 3, and then shifted 
downward 2 units. 



⑻ 

y 



3. There are (infinitely) many such function pairs. For example, f(x) = 3x and g(x) = 4x satisfy 
f(g(x)) = f(4x) = 3(4x) = 12x 二 4(3x) = g(3x) = g(f(x)). 

4. Yes, there are many such function pairs. For example, if g(x) = (2x + 3) 3 and f(x) = x 1 / 3 , then 
(f 。 g)(x) = f(g(x)) = f((2x + 3) 3 ) = ((2x + 3) 3 ) 1/3 = 2x + 3. 

5. If f is odd and defined at x, then f(—x) = — f(x). Thus g(_x) = f(—x) — 2 = — f(x) — 2 whereas 

—g(x) = — (f(x) — 2) = — f(x) + 2. Then g cannot be odd because g(—x) = — g(x) =>• — f(x) — 2 = — f(x) + 2 
=^4 = 0, which is a contradiction. Also, g(x) is not even unless f(x) = 0 for all x. On the other hand, if f is 
even, then g(x) = f(x) — 2 is also even: g(—x) = f ( 一 x) — 2 = f(x) — 2 = g(x). 

6. If g is odd and g(0) is defined, then g(0) = g(—0) = —g(0). Therefore, 2g(0) = 04 g(0) = 0. 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 














62 Chapter 1 Preliminaries 

7. For (x, y) in the 1st quadrant, |x| + |y| = 1 + x 

- x + y= l+ x 公 y=l. For (x, y) in the 2nd 
quadrant, |x| + |y| = x + 1 公 —x + y = x + 1 

y = 2x + 1. In the 3rd quadrant, |x| + |y| = x + 1 
分 _x — y = x+ l 分 y = —2x — 1. In the 4th 
quadrant, |x| + |y| = x + 1 分 x + (—y) = x + 1 
y = — 1 • The graph is given at the right. 

8 . We use reasoning similar to Exercise 7. 

( 1 ) 1 st quadrant: y + |y| = x + |x| 

分 2 y = 2 x 公 y = x. 

( 2 ) 2 nd quadrant: y + |y| = x + |x| 

公 2 y = x + (—x) = 0 公 y = 0 . 

(3) 3rd quadrant: y + |y| = x + |x| 

公 y + (-y) = x + (-x) 分 0 = 0 

all points in the 3rd quadrant 
satisfy the equation. 

(4) 4th quadrant: y + |y| = x + |x| 

分 y + (—y) = 2x 公 0 = x. Combining 
these results we have the graph given at the 
right: 

9. By the law of sines, ^ = ^ = 今 b == ^2 = 

10. By the law of sines, ^ = ^ = ^ = ^ ^ sin B = ^ sin f = ^ ( 幸 )=¥ . 

11. By the law of cosines, a 2 = b 2 + c 2 — 2bc cos A => cos A = fa2 + 2 c b 2 c ~^ = 22 2 ( 2 x 3) 22 — I* 

12. By the law of cosines, c 2 = a 2 + b 2 — 2ab cos C = 2 2 + 3 2 — (2)(2)(3) cos |=4 + 9— 12(f) 

=13 - 6y / 2 c = \ - 6^/2, since c > 0. 

13. By the law of cosines, b 2 = a 2 + c 2 - 2ac cos B 4 cos B = a2+ 2 c ^~ b2 = 《益 。 3 ) 2 = 4+ }^~ 9 

=Since 0 < B < 丌 ， sin B = Y - cos 2 B — 1 - 墨 = - 

14. By the law of cosines, c 2 = a 2 + b 2 - 2ab cos C cos C = a 2 + 2 b J b ~ c2 = = 4 + 1 i 6~ 25 

=-&. Since 0 < C < 丌 , sin C 二 \J\ — cos 2 C = \ 

15. (a) sin 2 x + cos 2 x = 1 sin 2 x = 1 — cos 2 x = (1 — cos x)(l + cos x) (1 — cos x) = 

_v 1 —cos x — sin x 
sin x — 1+cosx 

(b) Using the definition of the tangent function and the double angle formulas, we have 

X\ = sin 2 (I) = 1-COS ( 2 2 ⑷ ) = 1-cosx 

2 / — COS 2 (!) — l+cos(2(!)) — 1+COSX 



y 


1 

k \x\ + |y| = 1+^ 


K 




y 
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Chapter 1 Additional and Advanced Exercises 


16. The angles labeled 7 in the accompanying figure are 
equal since both angles subtend arc CD. Similarly, the 
two angles labeled a are equal since they both subtend 


arc AB. Thus, triangles AED and BEC are similar which 
implies 


a—c 

~b~ 


2a cos 9—b 
a+c 


^ (a — c)(a + c) = b( 2 a cos 0 — b) 
4 a 2 — c 2 = 2ab cos 9 — b 2 
^ c 2 = a 2 + b 2 — 2 ab cos 0. 



17. As in the proof of the law of sines of Section P.5, Exercise 57, ah = be sin A = ab sin C = ac sin B 

^ the area of ABC = ! (base)(height) = | ah = 士 be sin A = ! ab sin C = | ac sin B. 

18. As in Section P.5, Exercise 57, (Area of ABC ) 2 = \ (base) 2 (height ) 2 = \ a 2 h 2 = | a 2 b 2 sin 2 C 

=\ a 2 b 2 (1 — cos 2 C). By the law of cosines, c 2 = a 2 + b 2 - 2ab cos C 4 cos C = q2 + 2 b Q 2 b ~ c2 . 

Thus, (area of ABC ) 2 = \ a 2 b 2 (1 - cos 2 C) = i a 2 b 2 (^1 - (^^) 2 ) = ^ (l - 鲈 3〆 ) 

= 各 (4a 2 b 2 - (a 2 +b 2 - c 2 ) 2 ) = ^ [(2ab + (a 2 + b 2 — c 2 )) (2ab — (a 2 + b 2 - c 2 ))] 

= ^ [(( a + b ) 2 — c 2 ) (c 2 — (a — b) 2 )] = ^ [((a + b) + c)((a + b) — c)(c + (a — b))(c — (a — b))]j 
=[( H (~ a+ 2 b + c ) ( a ~2 + c ) ( a+ 2 ~ c )] =S(S- a)(s — b)(s - c), where s = . 

Therefore, the area of ABC equals s(s — a)(s — b)(s — c). 

19. 1. b + c — (a + c) = b — a, which is positive since a < b. Thus, a + c < b + c. 

2. b — c — (a — c) = b — a, which is positive since a < b. Thus, a — c < b — c. 

3. c > 0 and a < b => c — 0 = c and b — a are positive ^ (b — a)c = be — ac is positive ^ ac < be. 

4. a < b and c < 0 => b — a and —c are positive (b — a)(—c) = ac — be is positive ^ be < ac. 

5. Since a > 0, a and ^ are positive ^ > 0. 

6 . Since 0 < a < b, both 全 and ^ are positive. By (3), a < b and ^ > 0 ^ a ( 士 ） < b ( 士 ）or 1 < 宫 

4 1 ⑴ < ■ ⑴ by ⑶ since E >° ^ S < a- 

7. a < b < 0 => ^ and g are both negative, i_e” 士 < 0 and ^ < 0. By (4), a < b and ^ < 0 ^ b ( 士 ) < a ⑴ 

^ a<! ^ 10<W)by ⑷㈣ < 0 # 5<a- 

20. (a) If a = 0, then 0 = |a| < |b| 分 b ^ 0 分 0 = |a | 2 < |b| 2 . Since |a | 2 = |a| |a| = |a 2 | = a 2 and 

|b | 2 = b 2 we obtain a 2 < b 2 . If a ^ 0 then |a| > 0 and |a| < |b| ^ a 2 < b 2 . On the other hand, 
if a 2 < b 2 then a 2 = |a | 2 < |b | 2 = b 2 4 0 < |b | 2 — |a | 2 = (|b| — |a|) (|b| + |a|). Since (|b| + |a|) > 0 
and the product (|b| — |a|) (|b| + |a|) is positive, we must have (|b| — |a|) > 0 |b| 〉 |a|. Thus 

|a| < |b| a 2 < b 2 . 

(b) ab < |ab| => —ab > —2 |ab| by Exercise 19(4) above a 2 — 2ab + b 2 > |a | 2 — 2 |a| |b| + |b| 2 , since 
|a | 2 = a 2 and |b | 2 = b 2 . Factoring both sides, (a — b ) 2 > (|a| — |b |) 2 |a — b| > ||a| — |b|| ， by part (a). 

21. The fact that |ai + a 2 + ... + a n | < |ai| + \^\ + ... + |a n | holds for n = 1 is obvious. It also holds for 
n = 2 by the triangle inequality. We now show it holds for all positive integers n, by induction. 

Suppose it holds for n = k > 1: |ai + a 2 + •. • + a k | < |ai| + \^\ + ••- + |a k | (this is the induction 
hypothesis). Then |ai + 叱 + • • • + 屯 + ak+i | = | (ai + a 2 + . • • + ak) + ^k+i| ^ |ai + a 2 + • •. + ak| + |&k+i | 

(by the triangle inequality) < |ai| + 卜 2 丨 + … + |a k | + |a k+1 | (by the induction hypothesis) and the 
inequality holds for n = k 十 1 _ Hence it holds for all n by induction. 
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64 Chapter 1 Preliminaries 

22. The fact that |ai + a 2 + ... + a n | > |ai| — \^\ — •.. — |a n | holds for n = 1 is obvious. It holds for n = 2 
by Exercise 21(b), since |ai +a 2 | = |ai - (-a 2 )| > ||ai| - |-a 2 || = ||ai| - |a 2 || > |ai| - |a 2 |. 

We now show it holds for all positive integers n by induction. 

Suppose the inequality holds for n = k > 1. Then |ai + a 2 + •.• + a k | > |ai| — \^\ — ... — |a k | (this is 
the induction hypothesis). Thus |ai + ... + a k + a k+1 1 = |(ai + • _ • + a k ) — (—a k+1 )| 

^ I|(ai + … + a k )| — |—a k+ i|I (by Exercise 21(b)) = ||ai + ... + a k | — |a k+1 || > |ai + ... + a k | — |a k+1 | 

> |ai| — |a 2 | — ... — |a k | — |a k+1 | (by the induction hypothesis). Hence the inequality holds for all 
n by induction. 

23. If f is even and odd, then f(_x) = —f(x) and f(_x) = f(x) f(x) = — f(x) for all x in the domain of f. 

Thus 2f(x) = 04 f(x) = 0. 

24. (a) As suggested, let E(x) = f(x)+ 2 f( ~ x) 泠 E(-x) = f( ~ x)+ ^ ( ~ ( ~ x)) = f(x)+ / ( ~ x) = E(x) ^ E is an 

even function. Define O(x) = f(x) — E(x) = f(x) — f(x)+ / ( ~ x) = f(x) ~ f( ~ x) _ Then 
O(-x) = f( ~ x) ~^ ( ~ ( ~ x)) = f (- x ) 2 - f ( x ) = — ( fw _ 2 f (- x) ) = 一 O(x) 泠 O is an odd function 

^ f(x) = E(x) + O(x) is the sum of an even and an odd function. 

(b) Part (a) shows that f(x) = E(x) + O(x) is the sum of an even and an odd function. If also 

f(x) = Ei(x) + Oi(x), where Ei is even and Oi is odd, then f(x) — f(x) = 0 = (Ei(x) + Oi(x)) 

— (E(x) + O(x)). Thus, E(x) — Ei(x) = Oi(x) — O(x) for all x in the domain of f (which is the same as the 
domain of E — Ei and O — Oi). Now (E — Ei)(—x) = E(—x) — Ei(—x) = E(x) — Ei(x) (since E and Ei are 
even) = (E — Ei)(x) => E — Ei is even. Likewise, (Oi — 0)(—x) = Oi(—x) — 0(—x) = — Oi(x) — (—O(x)) 
(since O and Oi are odd) = — (Oi(x) — 0(x)) = —(Oi — 0)(x) =>• Oi — O is odd. Therefore, E — Ei and 
Oi — O are both even and odd so they must be zero at each x in the domain of f by Exercise 23. That is, 

Ei = E and Oi = O, so the decomposition of f found in part (a) is unique. 

25. y = ax2+bx + c = a(x 2 + |x+^)^g+c = a(x+| [ ) 2 -|+c 

(a) If a > 0 the graph is a parabola that opens upward. Increasing a causes a vertical stretching and a shift 
of the vertex toward the y-axis and upward. If a < 0 the graph is a parabola that opens downward. 

Decreasing a causes a vertical stretching and a shift of the vertex toward the y-axis and downward. 

(b) If a > 0 the graph is a parabola that opens upward. If also b > 0, then increasing b causes a shift of the 
graph downward to the left; if b < 0, then decreasing b causes a shift of the graph downward and to the 
right. 

If a < 0 the graph is a parabola that opens downward. If b > 0, increasing b shifts the graph upward 
to the right. If b < 0, decreasing b shifts the graph upward to the left. 

(c) Changing c (for fixed a and b) by Ac shifts the graph upward Ac units if Ac > 0, and downward —Ac 
units if Ac < 0. 

26. (a) If a > 0, the graph rises to the right of the vertical line x = —b and falls to the left. If a < 0, the graph 

falls to the right of the line x = —b and rises to the left. If a = 0, the graph reduces to the horizontal 

line y = c. As |a| increases, the slope at any given point x = xq increases in magnitude and the graph 
becomes steeper. As |a| decreases, the slope at xq decreases in magnitude and the graph rises or falls 
more gradually. 

(b) Increasing b shifts the graph to the left; decreasing b shifts it to the right. 

(c) Increasing c shifts the graph upward; decreasing c shifts it downward. 


27. If m > 0, the x-intercept of y = mx + 2 must be negative. If m < 0, then the x-intercept exceeds \ 

^ 0 = mx + 2 and x>| => x = -吾 4 0 > m > -4. 
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28. Each of the triangles pictured has the same base 
b = vAt = v(l sec). Moreover, the height of each 
triangle is the same value h. Thus ^ (base)(height )= 辜 bh 
=Ai = A 2 = A 3 = … .In conclusion, the object sweeps 
out equal areas in each one second interval. 



29. (a) By Exercise #95 of Section 1.2, the coordinates of P are ( 爭 ， = (|, |) . Thus the slope 

of OP = 差 = 漠 = 尝 • 

(b) The slope of AB = ^ = — _ . The line segments AB and OP are perpendicular when the product 

of their slopes is—1 = (^) (— ■) = — % • Thus, b 2 = a 2 => a = b (since both are positive). Therefore, AB 
is perpendicular to OP when a = b. 
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NOTES: 
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0 

-1 

Does not exist. As t approaches 0 from the left, f(t) approaches — 1. As t approaches 0 from the right, f(t) 
approaches 1. There is no single number L that f(t) gets arbitrarily close to as t 0. 


3. 

(a) 

True 

(b) 

True 

(C) 

False 


(d) 

False 

(e) 

False 

(f) 

True 

4. 

(a) 

False 

(b) 

False 

(C) 

True 


(d) 

True 

(e) 

True 




5 - x l™ 0 f does not exist because^ 


1 if x > 0 and 


R 


—1 if x < 0. As x approaches 0 from the left, 


1^1 approaches — 1 • As x approaches 0 from the right, 
the function values get arbitrarily close to as x —> 0. 


approaches 1. There is no single number L that all 


6 . As x approaches 1 from the left, the values of 占 become increasingly large and negative. As x approaches 1 
from the right, the values become increasingly large and positive. There is no one number L that all the 
function values get arbitrarily close to as x ^ 1, so lim does not exist. 

7. Nothing can be said about f(x) because the existence of a limit as x —>• xq does not depend on how the function 
is defined at xq. In order for a limit to exist, f(x) must be arbitrarily close to a single real number L when 

x is close enough to xq. That is, the existence of a limit depends on the values of f(x) for x near xq, not on the 
definition of f(x) at x 0 itself. 

8 . Nothing can be said. In order for lim f(x) to exist, f(x) must close to a single value for x near 0 regardless of 

: x —> 0 1 " 

the value f(0) itself. 

9. No, the definition does not require that f be defined at x = 1 in order for a limiting value to exist there. If f(l) 
is defined, it can be any real number, so we can conclude nothing about f(l) from lim f(x) = 5. 


10. No, because the existence of a limit depends on the values of f(x) when x is near 1, not on f(l) itself. If 

lim f(x) exists, its value may be some number other than f(l) = 5. We can conclude nothing about lim f(x), 
x — 1 x ^ 1 

whether it exists or what its value is if it does exist, from knowing the value of f(l) alone. 


CHAPTER 2 LIMITS AND CONTINUITY 


2.1 RATES OF CHANGE AND LIMITS 

1. (a) Does not exist. As x approaches 1 from the right, g(x) approaches 0. As x approaches 1 from the left, g(x) 
approaches 1. There is no single number L that all the values g(x) get arbitrarily close to as x —> 1. 

(b) 1 

(c) 0 


X)/ \J, \i/ 

ab c 

/l- /IV /IN 
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11. (a) f(x) = (x 2 - 

X 

9)/(x + 3) 
-3.1 

-3.01 

-3.001 

一 3.0001 

-3.00001 

-3.000001 

f(x) 

-6.1 

-6.01 

-6.001 

一 6.0001 

-6.00001 

-6.000001 

X 

-2.9 

-2.99 

-2.999 

-2.9999 

-2.99999 

-2.999999 

f(x) 

-5.9 

-5.99 

-5.999 

-5.9999 

-5.99999 

-5.999999 



(C) 

f(x) = 

x 2 — 9 
T+T 

_ (x + 3)(x 
_ x + 3 

—=x — 3ifx^ —3, and 

X 

lim (x - 3)= 

二 一 3-3 = 

-6. 

12 .⑻ 

g(x)= 

(x 2 - 

2 )/ (x _ 

V~2) 






X 


1.4 

1.41 

1.414 

1.4142 

1.41421 

1.414213 


g(x) 


2.81421 

2.82421 

2.82821 

2.828413 

2.828423 

2.828426 


(b) 


y 



y/2 if x ^ \/2, and 



=\/2-\- = 2y/2. 


13. (a) G(x) = (x + 6)/ (x 2 + 4x - 12) 


X 

-5.9 

-5.99 

-5.999 

-5.9999 

-5.99999 

-5.999999 

G(x) 

-.126582 

-.1251564 

-.1250156 

-.1250015 

-.1250001 

-.1250000 

X 

-6.1 

-6.01 

-6.001 

一 6.0001 

一 6.00001 

-6.000001 

G(x) 

-.123456 

-.124843 

-.124984 

-.124998 

-.124999 

-.124999 
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=-0.125. 


14. (a) h(x) = 

X 

(x 2 - 

2x-3)/(x 2 -4x + 3) 
2.9 2.99 

2.999 

2.9999 

2.99999 

2.999999 

h(x) 


2.052631 

2.005025 

2.000500 

2.000050 

2.000005 

2.0000005 

X 


3.1 

3.01 

3.001 

3.0001 

3.00001 

3.000001 

h(x) 

1.952380 

1.995024 

1.999500 

1.999950 

1.999995 

1.999999 




h(x) — (x 2 — 2x 

- 3)/( / 

-Ax + 3) 





(C) 

_ x 2 -2x-3 _ (x - 3)(x + 1) _ x+ 1 

UW — x 2 -4x + 3 — (x-3)(x-l) — x-1 

if x 3, and 

lim 4 = 
X 4 3 x_1 

3 + 1 _ 4 _ 9 
3^1 — 2 — 


15. (a) 

f(X) = (X 2 — 

l)/(|x| 

-i) 






X 

- 1.1 

— 1.01 

- 1.001 

- 1.0001 

- 1.00001 

- 1.000001 


f(x) 

2.1 

2.01 

2.001 

2.0001 

2.00001 

2.000001 


X 

一 .9 

-.99 

—.999 

-.9999 

-.99999 

-.999999 


f(x) 

1.9 

1.99 

1.999 

1.9999 

1.99999 

1.999999 


(b) 
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(c) 


f(x) = 


x 2 -l 


(x+l)(x-l) 
x- 1 

(x+l)(x-l) 

-(x+1) 


x + 1 ， x > 0 and x ^ 1 
1 — x, x < 0 and x ^ — 1 


and lim (1 — x) = 1 — (—1) = 2. 

x —> —1 


16 •⑻ 


(b) 


(c) 


F(x) = (x 2 + 3x + 2)/(2 —|x|) 


X 

-2.1 

-2.01 

-2.001 

-2.0001 

-2.00001 

-2.000001 

F(x) 

-1.1 

-1.01 

-1.001 

-1.0001 

-1.00001 

-1.000001 

X 

-1.9 

-1.99 

— 1.999 

-1.9999 

-1.99999 

-1.999999 

F(x) 

-.9 

-.99 

-.999 

-.9999 

-.99999 

-.999999 


y 



and lim (x + 1) = —2 + 1 = —1. 

x ― > — 2 


17. (a) g((9) = (sin 6)/0 


0 

•1 

.01 

.001 

.0001 

.00001 

.000001 

g(0) 

.998334 

.999983 

.999999 

.999999 

.999999 

.999999 

0 

-.1 

-.01 

-.001 

-.0001 

-.00001 

—.000001 

g(0) 

.998334 

.999983 

.999999 

.999999 

•999999 

.999999 


^0 gW = 1 



18. (a) G(t) = (1 - cos t)/t 2 


t 

• 1 

•01 

.001 

.0001 

.00001 

.000001 

G(t) 

.499583 

.499995 

.499999 

.5 

.5 

.5 

t 

-.1 

-.01 

-.001 

-.0001 

-.00001 

-.000001 

G(t) 

.499583 

.499995 

.499999 

.5 

.5 

.5 
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(b) 


y 

G(t) J —ys-t 

t 匕 

- c >05 - 

-- 0.4 
• - 0.3 
•_ 0.2 
-- 0.1 

—I - 1 - 1 -- 1 - 1 - ! - t 

•0.0003 -0.000 1 0.000 1 0.0003 

Graph is NOT TO SCALE 


19. (a) f(x) = x 1 八 1 — x ) 


X 

•9 

.99 

.999 

.9999 

.99999 

.999999 

f(x) 

.348678 

.366032 

.367695 

.367861 

.367877 

.367879 

X 

1.1 

1.01 

1.001 

1.0001 

1.00001 

1.000001 

f(x) 

.385543 

.369711 

•368063 

.367897 

.367881 

.367878 


lim f(x) « 0.36788 

X ^ 1 



Graph is NOT TO SCALE. Also the intersection of the axes is not the origin: the axes intersect at the point 
(1 ， 2.71820). 


20. (a) f(x) = (3 X —l)/x 


X 

.1 

.01 

.001 

.0001 

.00001 

.000001 

f(x) 

1.161231 

1.104669 

1.099215 

1.098672 

1.098618 

1.098612 

X 

-.1 

-.01 

-.001 

—.0001 

-.00001 

-.000001 

f(x) 

1.040415 

1.092599 

1.098009 

1.098551 

1.098606 

1.098611 


lim f(x) « 1.0986 

x ^ 0 



21. lim 2x = 2(2) = 4 


23. lim i (3x- 1) = 3(!) 


22 . lim 2x = 2(0) = 0 


24. lim 


3x-l — 3(1)— 1 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



















72 Chapter 2 Limits and Continuity 


(b) = 56 thousand dollars per year 

(c) The average rate of change from 1991 to 1992 is^ = 19 g:g 91 =35 thousand dollars per year. 

The average rate of change from 1992 to 1993 = 上 1 二 6 9 2 92 = 49 thousand dollars per year. 

So, the rate at which profits were changing in 1992 is approximatley |(35 + 49) = 42 thousand dollars per year. 


25. lim 3x(2x - 1) = 3(—1)(2(-1) -1) = 9 

x —> —1 


26 - v 


3(-1) 2 

2 (- 1)-1 


27. lim xsinx=|sin 2 


7T 7T 


28. lim 

X 7T 


1—7T 


COS 7T 
1—7T 


1—7T _ 7T—1 


29 . ⑻差 = 


28- 


19 


/ K x Af 

( b ) 石 


f(l)~f(~l ： 

1 -(- 1 ) 


2-0 

2 


30. (a) 


△g — g ⑴ 一 g(-i) — l-i 


-(-i) 


31 .⑻尝 


(b) f =- 


g(0)-g(~2) _ 0-4 
0 -(- 2 ) — 2 


_ O-a/3 _ -3^ 


32 .⑻ M = = = 


⑼ ^ = g ^f 1 = (2 - l) 2 - (2 ~ 1) =0 


qo AR _ R ⑵一 R(0) _ \/8+l — y/l 
~M ~ ~ 2 ^ 0 ~ — 2 


34 AP = P(2;_P ⑴ = (8- 16+10)-(!-4 + 5) = 2 - 2 = 0 


35. (a) 


Q 


Slope ofPQ = 替 


Qi(10,225) 

Q 2 (14,375) 

Q 3 (16.5,475) 

Q 4 (18,550) 


650 

-225 

20 

-10 

650 

-375 

20 

-14 

650 

-475 

20- 

-16.5 

650 

-550 

20 

-18 


42.5 m/sec 
45.83 m/sec 
50.00 m/sec 
50.00 m/sec 


(b) At t = 20, the Cobra was traveling approximately 50 m/sec or 180 km/h. 


36. (a) 


Q 


Qi(5,20) 

Q 2 (7,39) 

Q 3 (B.5,58) 

Q 4 (9.5,72) 


Slope ofPQ = 尝 


80 — 20 
10-5 ' 
80-39 - 
10-7 ' 
80-58 
10-8.5 
80-72 


10-9.5 — 
(b) Approximately 16 m/sec 


12 m/sec 

13.7 m/sec 

14.7 m/sec 
16 m/sec 



(SOOOJ—I) — 


⑻ 

37 . 
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Section 2.1 Rates of Change and Limits 


38. (a) F(x) 二 （x + 2)/(x - 2) 


X 

1.2 

1.1 

1.01 

1.001 

1.0001 

1 

F(x) 

-4.0 

-3.4 

-3.04 

-3.004 

-3.0004 

-3 


△f _ _ c n- 

S — 1.2-1 ~ — _ ). U ， 


△F 


-4.0 - (-3) _ 
~ 1 . 2-1 ~ ' 
-3.04-(-3) _ 
~ 1.01 - 1 ~ — 
-3.0004-(-3) 
~ 1.0001 - 1 ~ 


-4.04 ； 

S = ~S- ( r 3) = -4.0004 ； 

(b) The rate of change of F(x) at x 


1 is -4. 


△F 

△F 


-3-4-(-3) — 

-3.004-(-3) 
~ 1.001 - 1 ~ 


-4.4 ； 

二 -4.004; 


39 ⑻ — g( 2 )~g(!) ― V^~ 


« 0.414213 


Ag __ g(l+h)-g(l) 
△x _ (l+h)-l 

(b) g(x) = ^/x 


y/l+h-1 

h 


△g _ g(1.5)-g(l) 
Ax — 1.5-1 


y/h5-l 


0.5 


« 0.449489 


1 +h 

1.1 

1.01 

1.001 

1.0001 

1.00001 

1.000001 

\/l+h 

1.04880 

1.004987 

1.0004998 

1.0000499 

1.000005 

1.0000005 

(^ 1 +h- l)/h 

0.4880 

0.4987 

0.4998 

0.499 

0.5 

0.5 


(c) The rate of change of g(x) at x = 1 is 0.5. 

(d) The calculator gives lim^ = !. 


40. (a) i) 
ii) 


f(3)-f(2) 

3-2 

f(T)-f(2) 

T-2 




T ~ 2 
T-2 


2T ~ 2T 

T-2 


2-T 


2-T 


2T(T-2) — -2T(2 - T) 


2T 


,T ^2 


T 

2.1 

2.01 

2.001 

2.0001 

2.00001 

2.000001 

f(T) 

0.476190 

0.497512 

0.499750 

0.4999750 

0.499997 

0.499999 

(f(T) - 

- f(2))/(T-2) 

-0.2381 

-0.2488 

-0.2500 

-0.2500 

-0.2500 

-0.2500 


(c) The table indicates the rate of change is —0.25 at t 

⑹ T h i?2 (士 ） = ~^ 


: 2 . 


41-46. Example CAS commands: 

Maple: 

f := x -> (x A 4 - 16)/(x — 2); 
xO := 2; 

plot( f(x), x = x0-l..x0+l, color = black, 
title = ” Section 2.1, #41(a)"); 
limit( f(x), x = xO ); 

In Exercise 43, note that the standard cube root, x 八 （ 1/3), is not defined for x<0 in many CASs. This can be 
overcome in Maple by entering the function as f := x -> (surd(x+l, 3) — l)/x. 

Mathematica: (assigned function and values for xO and h may vary) 

Clear[f, x] 

f[x_]:=(x 3 - x 2 - 5x — 3)/(x + l) 2 
x0= —1; h= 0.1; 

Plot[f[x],{x,x0-h,x0 + h}] 

Limit[f[x], x ^ xO] 
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74 Chapter 2 Limits and Continuity 

2.2 CALCULATING LIMITS USING THE LIMIT LAWS 

1. lim (2x + 5) = 2(_7) + 5 =-14 + 5 = —9 2. lim (10 — 3x) = 10 _ 3(12) = 10 — 36 =-26 

x —^ —7 x —> 12 

3. x lim 2 (-x 2 + 5x — 2) = —(2 ) 2 + 5(2) - 2=—4+10 — 2 = 4 

4. ^ lim n (x 3 - 2x 2 + 4x + 8 ) = (― 2 ) 3 — 2(-2 ) 2 + 4(-2) + 8 =-8 - 8 - 8 + 8 =-16 

6 . lim^ 3s(2s — 1) = 3 (!) [2 ( 曼 ） 一 1] = 2 (! — 1) 

8 . x'HPs 占 = 占 = 4 = - 2 


13. lim (5-y) 4 〆 3 = [5 - (-3)] 4 / 3 = ⑻ 4 / 3 = (⑻ 1 / 3 ) 4 = 2 4 = 16 

y —^ —3 、 ’ 

14. lim (2z- 8) 1 / 3 = (2(0) — 8) 1 / 3 = (― 8) 1 / 3 = —2 
z — 0 

1 <： 3 _ 3__ 3 _ 3 

.h — o A/3hTT+l _ v^om + i ~~ \/r+l _ 2 

1 f. 1；^ 5 _ 5 __ 5 _ 5 

h^O \/5h + 4 + 2 _ ^5(0)+ 4 + 2 " ^4 + 2 ~ 4 

17. lim 
h — 0 h 

3 _ 3 

"TTTI ~ 2 

18. lim = lim — 2 . = lim __ 4 、 = lim __ = lim 5 

h —0 h h ^ 0 h \/5h + 4 + 2 h ^ 0 11(/511 + 4 + 2) h ^ 0 h^\/5h + 4 + 2j h —0 \/5h + 4 + 2 

5 _ 5 

" 74 + 2 - 4 


A ^ 


V3h+1- 

V3h+1- 




(3h + l)-l 

h(V3h+l + rj 




1 (/ 


3h 


3h+l + l 


h^O 


V^h+1+1 


5. lim 8 (t - 5)(t - 7) = 8(6 - 5)(6 - 7) = -8 

t ^ 6 


1 - x h i ?2 = M 


9 


y 2 _ (-5)2 _ 25 

5-y — 5-(-5) — 10 


10 . 3 


y + 2 


2 + 2 


y 2 + 5y + 6 — (2) 2 +5(2) + 6 — 4+10 + 6 — 20 


11. lim 3(2x — l ) 2 = 3(2(—1) — l ) 2 = 3(—3 ) 2 = 27 


12. lim (x + 3 ) 1984 = (—4 + 3 ) 1984 = (-1 ) 1984 

x — —4 


19. x ， 5 尚 


V 入十 ： ) 八 X - 


y A - 


20 . x lim 3 ^fe,= x lim 3 ^ 


^T+T 


21 . lim x2 + 3 ； r 10 = lim (x + 5 ^- 2 ) = lim (x _ 
x —^ —5 x + 2) x —^ —5 x + ；) x ^ —5 
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Section 2.2 Calculating Limits Using the Limit Laws 


22 . % ^|^^ 2(x — 5) = 2 _ 5 = _ 3 


23. lim = lim d!; = lim r$f = fri = I 


24. t li mi 踏 =化 肖 =裴 


25. lim 




包 ™ 9 孕 =x 


26. lim 


5y 3 + 8y 2 


lim 


y 2 (5y + 8) 


lim 


5y + 8 


y — 0 3y 4 - 16y 2 _ y — q y 2 (3y 2 - 16) — y — 0 3y 2 - 16 — ^16 


27. lim 4^4 = lim = lim (^W) = (1 + 1) , (1 + 1} = t 


(u 2 +u+l)(u-l) 


u 2 + u + 1 


l + l + l 


28. lim 


_ _ i: m (v-2) (v 2 + 2v + 4) — i- v 2 + 2v + 4 _ 4 + 4 + 4 _ 12 _ 3 

2 ^T6 - w L1 ^ l 2 (v-2)(v + 2)(v^+ 4) — v A ^ n 2 (v + 2)(v^+4) - (4)(8) ~ 32 ~ 8 


v 3 - 


29 - A 


a/x- 3 — a/x- 3 — y 1 — 1 _ 1 

= x A ™9 (W-3) (^ + 3) = x A ™ 9 7^3 = 79^ = 6 


30 - . liln 4 2 ^=^ ㈣ x(2 +v ^)=4(2 + 2)=16 


.4 2 — -y/x x — 4 2 — y/x 

(x — 1) (\/x + 3 + 2) 


x —^ 4 


31 - A 点 _2 = x 1 泞 1 (x^T3-2) (^T3 + 2) - x 」 


lim 


(x - 1) (\/x + 3 + 2) 
(x + 3)-4 


lim 


i(^ 


+ 3 + 2 


\/4 + 2 = 4 


32. lim 

x ^-1 X+1 


lim 

― >■ — 

(x+l)(x-l) 


(x/x 2 + 8-3) (a/x 2 + 8 + 3) 
(x+l)(Vx 2 + 8 + 3) 


(x 2 + 8)-9 


x^-l (x+l)(Vx 2 + 8 + 3) 


x l T-l ( “(7^ + 3 ) = x 包 〜 Vx^+8 + 3 = 3T3 


lim 


(Vx 2 + 12 _ 4) (\/x 2 + 12 + 4) — (x 2 + 12) - 16 

x ^ 2 (x-2)(Vx 2 + 12 + 4) 

(x-2)(x + 2) _ x + 2 _ 4 _ 1 


33. x ， 2 = x ， 2 (卜 2)( 細 + 4 


2 (x-2) (Vx 2 + 12 + 4) — x — 2 \/x 2 + 12 + 4 ^16 + 4 


34. lim 


x + 2 


lim 


(x + 2) (\/x 2 +5 + 3) 


lim 


(x + 2) (V^ 


+ 5 + 3 


2 Vx 2 + 5-3 x ^ -2 (Vx 2 + 5-3) (\/x 2 + 5 + 3j x ^ -2 (x 2 +5)-9 

lim (X + 2 ) ( ㊈ + 3 ) 


-2 (x + 2)(x - 2) 


-2 


\/x 2 + 5 + 3 — V9 + 3 
_ -4 


35. lim 




x + 3 


lim 


(2-\/x 2 -5) (2 + \/x 2 -5) 

(x + 3) (2+Vx 2 -5) ~ x ^-3 (x + 3) ( 2 + 7x2-5) 


lim 


4-(x 2 -5) 


lim 


9 -x 2 


lim 


(3-x)(3 + x) 


lim 


x ^ -3 (x + 3) (2 + 7 又 2 -5) _ x ^ -3 (x + 3) (2+x/x 2 -5) _ x ^ -3 2 + ^ 2 -5 — 2 + y/4 ~ 2 
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76 Chapter 2 Limits and Continuity 


36. lim 


(4-x) (5 + x/x 2 + 9) 

x A ^4 5 - y/x 2 + 9 _ x A ^ 4 (5 - x/x 2 + 9) (5 + Vx 2 + 9) 


lim 


(4-x) (5 + Vx 2 + 9) 

x 1 ^ 2 5 、 + 9) 


lim 

x ^ 4 


(4 - x) (5 + \/x 2 + 9) 


16 —x 2 


lim 

x — 4 


(4 - x) (5 + \/x 2 + 9) 
(4-x)(4 + x) 


lim 

x —> 4 


5 + a/x 2 +9 
4 + x 


5 + x/25 

^8^ 


37. (a) quotient rule 

(b) difference and power rules 

(c) sum and constant multiple rules 

38. (a) quotient rule 

(b) power and product rules 

(c) difference and constant multiple rules 


39 •⑻ x lim c f(x)g(x) = [ x lim c f(x)j [ x lim g (x)j = ⑶ (-2) = -10 

(b) x lim c 2f(x)g(x) = 2 [ x lim c f(x)] [ x lim c g(x)] = 2(5)(—2) = —20 

(c) x lim c [f(x) + 3g(x)] = x lrai c f(x) + 3 x lim c g(x) = 5 + 3(-2) = -1 

i irn W — — 5 — 5 

W x U 4 U c f(x)-g(x) — limf(x)- limg(x) — 5=(=2) _ 7 


40. (a) lim [g(x) + 3] = lim g(x) + lim 3 = — 3 + 3 

x 4 x 4 x — 4 


(b) lim xf(x) 
x — 4 

(c) lim [g(x)] 2 = 
x ^ 4 


lim x. lim f(x) = (4)(0) = 0 
x ^ 4 x ^ 4 


lim g(x) 

Lx — 4 
lim g(x) 

__ 

lim f(x)- lim ] 
x—4 x-»4 


[-3] 2 


-3 

0^ 


41. (a) lim [f(x) + g(x)] = lim f(x) + lim g(x) 二 7 + (—3) = 4 

x ^ b x —> b x ^ b 

(b) lim f(x) - g(x) = [ lim f(x)l [ lim g(x)l = (7)(-3) = -21 

(c) lim 4g(x) = lim 4 lim g(x) = (4)(—3) = —12 

x ^ b Lx—>b 」 Lx—>b . 

(d) lim f(x)/g(x) = lim f(x)/ lim g(x) = ^ = -1 

x —> b x ^ b x ^ b J J 


42. (a) lim [p(x) + r(x) + s(x)] = lim p(x) + lim r(x) + lim s(x) = 4 + 0 + (—3) 

x ^ —2 x ^ —2 x —> —2 x —> —2 


( b ) X lim 2 p(x).r(x).s(x) 


lim p(x) 


LX^^. 




⑹ X lim 2 [-4p(x) + 5r(x)]/s(x) 


-4 lim p(x) + 5 lim r(x) 

x — > — 2 x — > —2 


= ⑷ (0)(-3) = 0 
lim s(x) = [-4(4) + 5(0)]/-3 


16 

T 


43 - h 11 ^ 


(l + h) 2 -! 2 


A 


1 + 2h + h 2 - 1 


h ^o^ = h 1 l m o (2 + h) = 2 


lim 


44. ， h 0^ = . linUh _ 4) = _ 4 


h -^0 n h ^0 

[3(2+ h)-4]-[3 ⑵ 一 4] 


h^0 


45. lim 

h — 0 




46 . h 


(^T+h) - (A) _ ^I+h~ 




-2h 


lim 


-2-(-2 + h) 


lim 


h ^ 0 ~ 2h (-2 + h) — h — 0 h ( 4 - 2h ) 
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Section 2.2 Calculating Limits Using the Limit Laws 


77 


47 - h^O 


^7 + h~ v 7 ? 

h 


(/7 + h- /?) (/7 + h+ v/7) 
h™0 h( V ， 7Th + v / 7) — 


h h ip 0 h ( 1 /rS+ 7 v ^) 


lim --- lim --- ―-— 

h ™0 h(/Hh+x/7) _ h ™0 Vl+h+Vi ~ 2/7 


48. lim = lim (，- = — (3h+i)_-i 

h — 0 n h — 0 h(y3h+l+ 1) h — 0 h^3h+l + l 




3h 


lim 


3 


0 h(y3h+l + l) IwO \/3h+l + l 


49. lim \/5 — 2x 2 = \/5 — 2(0) 2 = \/5 and lim 5 — x 2 = \/5 — (0) 2 = \/~5\ by the sandwich theorem, 

x —^ 0 x — 0 • 

lim f(x) = 
x —> 0 

50. lim (2 — x 2 ) =2 — 0 = 2 and lim 2 cos x = 2(1) = 2; by the sandwich theorem, lim g(x) = 2 

x —> 0 x —> 0 x ^ 0 


51 .⑻ W 1 — ^ 


^ = 1 and lim 1 = 1; by the sandwich theorem, lim 2 ^ in x 


x ^ 0 


(b) For x ^ 0, y = (x sin x)/(2 — 2 cos x) 
lies between the other two graphs in the 
figure, and the graphs converge as x ^ 0. 


x ^ 0 


2—2 cos x 



52 .⑻ X U - 53 ) = x lmi 0 5 - x !™ 0 f? 


x ^ 0 

lim 1-cosx 
x ^ 0 


and lim^ | by the sandwich theorem, 


"12 — — 2. 

(b) For all x ^ 0, the graph of f(x) = (1 — cos x)/x 2 
lies between the line y = \ and the parabola 
y = ! — x 2 /24, and the graphs converge as x —^ 0. 



53. lim f(x) exists at those points c where lim x 4 = lim x 2 . Thus, c 4 = c 2 =>• c 2 (1 — c 2 ) = 0 

=>• c = 0, 1, or _ 1. Moreover, lim f(x) = lim x 2 = 0 and lim f(x) = lim f(x) = 1. 

x —> 0 x — 0 x —> —1 x ^ 1 


54. Nothing can be concluded about the values of f, g, and h at x = 2. Yes, f(2) could be 0. Since the 

conditions of the sandwich theorem are satisfied, lim f(x) = — 5 / 0. 

x — 2 


f / Y \ c lim f(x) — lim 5 lim f(x) — f 

55- 1= x l™ ^ = U 4 2 = ^r~ 今 lim, f(x) - 5 = 2(1) ^ lim, f(x) = 2 + 5 = 7. 


x-^4 x—*4 


X —> 4 


x —> 4 
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Chapter 2 Limits and Continuity 


56. (a) 


f / Y >. lim f(x) lim f(x) 

lim . = x 7：~ 2 ,.9 = ^ — 4 lim 。 f(x) = 4. 


x --2 7 _ X ^ 2 x2 _ 1 


x — —2 


⑼ 1 = ，— 2 


f(x) 


lim 幽 


lim i 

_ 

lim • 

Lx^ -2 x 


Lx — -2 x 」 


Lx — —2 x 」 


57. (a) 0 = 3-0 


lim 


f(x)-5 


㈣ 卜 2) 


x^2 


. 智 (x-2) 


lim [f(x) — 5] = lim f(x) 


=>■ lim f(x) = 5. 


(b) 0 = 4-0 


lim 


f(x)-5 


lA (x - 2) 


=>• lim f(x) = 5 as in part (a). 

x — 2 


58. (a) 0=1-0 
(b) 0=1-0 


lim 咩 

Lx ^ 0 x 

lim 驾 

Lx — o x 


lim x 

2 

lim 

f(x)_ 

0 


lim x 2 

=lim 

'S? - x 2 ' 

■x — 0 ■ 


.X ^ 

〕 X 


_x 4 o 

x — > 0 


lim x 

= lim 

■f( X ) 

— r * 

X 

= lim 

That is, lim 

.x ^ 0 . 

X 

— 0 

X* 1 


x — 0 A 

X —> 


x^0 f(x) - Thatis ， x lim o f(x) = 0. 


f(x) 


0. 


59. (a) lim x sin - = 0 

x — 0 x 



—1 < sin - < 1 for x ^ 0: 

x > 0 => —x < x sin - < x =>■ lim x sin - = 0 by the sandwich theorem; 

x x — o x ' 

x < 0 => —x > x sin ^ > x => lim。x sin - = 0 by the sandwich theorem. 


60. (a) lim x 2 cos (4) = 0 
x —> 0 vx ; 



theorem since lim x 2 = 0. 

x —^ 0 


2.3 PRECISE DEFINITION OF A LIMIT 


1 5 7 

Step 1: |x — 5| < ^ => —6<x — 5<6 => —5 + 5<x<^ + 5 
Step 2 : 占 + 5 = 7 ^><5 = 2, or- 占 + 5 = 1 泠 （5 = 4. 

The value of S which assures |x — 5| < <5 =^- 1 < x < 7 is the smaller value, 6 = 2. 
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Section 2.3 Precise Definition of a Limit 


-^+1<X<^+1 

: ^»or5H-l = y| => 6 = thus 占 = 丟 ■ 


10. Step 1: |x-3| < 6 ^ -6 <x-3< 6 -^ + 3<x<^ + 3 

Step 2: From the graph, —6 + 3 = 2.61 6 = 0.39, or 5 + 3 = 3.41 6 = 0.41; thus 6 = 0.39. 


11. Step 1: |x-2| < ^ -6 <x-2< 6 => -6 + 2<x<6 - {-2 

Step 2: From the graph, —<5 + 2 = ^/3 =^6 = 2 — -\/3 « 0.2679, or ^ + 2 = yj~5 ^ 6 = yj~5 

thus 8 = v/5 — 2. 


2^0.2361; 


1 2 7 

Step 1: \x-2\<6 ^ -6 <x-2< 6 -^ + 2<x<^ + 2 

Step 2: - 占 + 2=1 o 占 =1, or ^+ 2 = 7 泠占 = 5. 

The value of 6 which assures |x — 2| < ^ 1 < x < 7 is the smaller value, 6=1. 


3. 


3 -1/2 

• 1: |x-(-3)| 

-d — 3 = 7 


4 

'I ^ 


-5 <x + 3<(5 一占一 3 
= |,or^ — 3 = — I => 6 ■ 


<x< 6 

_ 5 
— 2* 


The value of 6 which assures |x — (—3)| < 6 => <x< — |is the smaller value, 8 


4. 


一 


■T 


Step 1: |x — (― I) I < ^ => —^<x+|<^ => —6 
Step 2: —d—\ = 


=> △ = 2, or 占 




I < x < <5 

=1. 


The value of b which assures |x — | < <5 —|<x<—|is the smaller value, 


5. 


Step 1: I x 
Step 2: 


<6 ^ -6 <x 


豆 < 占 — 6 + 2 < X < ^ + 2 


-6 + 


9 




18 


, or ^ i 




The value of 6 which assures x 


金 I ◊ 


14 • 

=>• I < x < I is the smaller value, 6 


18. 


6. 


2.7591 


3 


3.2391 


Step 1: |x — 3| < ^ => —6<x — 3<6 => -<5 + 3<x<^ + 3 

Step 2: + 3 = 2.7591 6 = 0.2409, or 6 + 3 = 3.2391 6 = 0.2391. 

The value of 6 which assures |x — 3| < <5 2.7591 < x < 3.2391 is the smaller value, 6 = 0.2391. 

7. Step 1: |x — 5| < ^ => —6<x — 5<6 => —5 + 5<x<^ + 5 

Step 2: From the graph, —6 + 5 = 4.9 ^ <5 = 0.1, or <5 + 5 = 5.1 => 6 = 0.1; thus <5 = 0.1 in either case. 


8. Step 1: |x - (-3)| < ^ ^ -6 <x-^3< 6 ~6-3<x<6-3 

Step 2: From the graph, —6 — 3 = —3.1 ^ 6 = 0.1,or^ — 3 = —2.9 4 


0.1; thus 6 = 0.1. 




占 Tr 

v 

19116 

_ II 
XI 

< + 

Co Co 


=>ph 
a 

△gr 
< e 


12 : 

p p 
e e 
t t 


Q- 
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12. Step 1: |x- (—1)| <6 ^ —(5<x+l 〈占 4 -6-l<x<6-l 

Step 2: From the graph, - 1 = - ^ => 6 = « 0.1180, or 5 - 1 = - ^ 6 = « 0.1340; 

thus 6 = A^ 1 . 

13. Step 1: |x- (-1)| <6 => -6 <x+l< 6 -6-\<x<6-l 

Step 2: From the graph, —6 — 1 = — y => 5 = | ~ 0.77, or5—1 = — || => 嘉 = 0.36; thus 5 = 备 = 0.36. 

14. Step 1: | x — 2 1 < ^ ^ -S <x - ^ < 6 —5+|<x<^+| 

Step 2: From the graph ， 一 6 H - ^ — ^ qi ^ ~ \ _ 2 01 ^ 0.00248, or 6 ^ = ^ ~ T ^9 _ 5 ^ 0.00251 j 

thus 6 = 0.00248. 


15. Step 1: |(x + 1)-5| < 0.01 ^ |x-4| < 0.01 4 -0.01 < x-4 < 0.01 4 3.99 <x< 4.01 

Step 2: |x-4| < ^ ~6 < x-4 <6 => -6 + 4<x<6 + 4 6 = 0.01. 

16. Step 1: |(2x — 2) - (-6)| < 0.02 |2x + 4| < 0.02 4 -0.02 < 2x + 4 < 0.02 ^ -4.02 < 2x < -3.98 

泠 -2.01 <x< -1.99 

Step 2: |x- (-2)| < ^ ^ ~6 <x-^2< 6 -6-2<x<6-2 => 6 = 0.01. 


17. Step 1: yj x +了 — 1 < 0.1 — 0.1 < \J x +"T — 1 < 0.1 0.9 < \J x + 了 < 1.1 0.81 < x + 1 < 1.21 

4 -0.19 < x < 0.21 

Step 2: |x - 0| 〈占 泠一占 < x 〈& Then, -6 = -0.19 =^6 = 0.19 or ^ = 0.21; thus, 6 = 0.19. 


18. Step 1: I y/x — II < 0.1 ^ —0.1 < a/x — I < 0.1 ^ 0.4 < -y/x < 0.6 0.16 < x < 0.36 

Step 2: |x — ^| < 5 ^ —^<x— -8-\-\<x<6 - 

Then, -6\ = 0.16 6 = 0.09 or 6 + \ = 0.36 令 5 = 0.11; thus <5 = 0.09. 


19. Step 1: a/ 19-x-3 < 1 泠 —1 < V19-X-3 < 1 今 2 < ^/\9-x < 4 泠 4 < 19-x < 16 

4 —4 > x — 19 > -16 => 15 > x > 3 or 3 < x < 15 
Step 2: |x- 10| < 6 ^ -6 < x - 10 < ^ ^ — △ + 10 < x < 占 + 10. 

Then -6+10 = 3 = 7, or 占 + 10 = 15 令占 = 5; thus 占 = 5. 


20. Step 1: \/x — l — 4 < 1 ^ —1 < i/x — 7 - 4 < 1 4 3 < \/x — 7 <5 4 9<x — 7<25 ^ 16 < x < 32 

Step 2: |x-23| < 6 ^ -6 < x - 23 < ^ ^ - △ + 23 < x < 占 + 23. 

Then -△ + 23 = 16 4 占 = 7, or <5 + 23 = 32 今占 = 9; thus 6 = 1. 


21. Step 1: |U < 0.05 4 -0.05 < U < 0.05 4 0.2 < ^ < 0.3 ^ f > x> f or f < x < 5. 

Step 2: \x — 4\ < 6 => —(5<x — 4<^ => —^ + 4<x<^ + 4. 

Then —6 + 4= y or ^ or ^ + 4 = 5 or ^ = 1; thus ^ 


22. Step 1: |x 2 — 3| < 0.1 泠 -0.1 < x 2 - 3 < 0.1 今 2.9 < x 2 < 3.1 ^ y/^9 <x< a/H 

Step 2 1 x — 〈 b — 6 < x —— \f^ ^ — 8 "\/^3 < x < △ + yj~3. 

Then -8 ^ y/?> = 6 = ^3 - ^ 0.0291，or 5 - 0.0286; 

thus S = 0.0286. 
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23. Step 1: 
Step 2: 

24. Step 1: 
Step 2: 


25. Step 1: 
Step 2: 


26. Step 1: 
Step 2: 

27. Step 1: 
Step 2: 

28. Step 1: 
Step 2: 

29. Step 1: 
Step 2: 

30. Step 1: 
Step 2: 
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|x 2 — 4| < 0.5 —0.5 < x 2 — 4 < 0.5 4 3.5 < x 2 < 4.5 \/3^5 < |x| < < x < - 

for x near —2. 

|x - ( - 2)| <c ^ — 6 < x + 2 〈占 4 - 8 — 2<x<6 — 2. 

Then -6-2 = -\/45 <5 = \/^ — 2 « 0.1213, or 占一 2 = — 泠 <5 = 2- « 0.1292; 

thus 8 = 一 2 « 0.12. 

|i^ (-1)1 <0.1 ^ -0.1 < i + 1 < 0.1 今一喆 <■<—|f>x> —for —f<x<-|f. 
|x - (-1)| <6 ^ -6 <x+l< 6 => -6-l<x<S-l. 

Then — — 1 = 一咢 => <5=5,or<5 —1 = —|j ^ 6 = thus <5 = yy. 

|(x 2 - 5) — 11| < 1 今 |x 2 — 16| < 1 今 —1 < x 2 — 16 < 1 今 15 < x 2 < 17 今 a/T? < x < a/H- 
|x - 4| < «5 => -^<x-4<^> => 一 6 + 4<x<5 + 4. 

Then—«5 + 4= y/l5 ^ 占 = 4 — « 0.1270, or^ + 4 = \fvi 今 8 = \A7 - 4 « 0.1231; 

thus <5= v / 17-4«0.12. 

|i^—5| <1 今 -1 < ^ - 5 < 1 =» 4 < ^ < 6 ^ I > ns > s ^ 30 > x > 20 or 20 < x < 30. 

|x - 24| < <5 泠 一 <5 < x — 24 < 5 今 一 5 + 24 < x < 占 + 24. 

Then -^ + 24 = 20 => 占 = 4, or 6 + 24 = 30 今 6 = 6; thus =^6 = 4. 


|mx — 2m| < 0.03 => —0.03 < mx — 2m < 0.03 ^ —0.03 + 2m < mx < 0.03 + 2m ^ 

2 —腿 < x <2+ 趣. 
m m 

|x — 2| <c ^ — 6 < x - 2 <c ^ — 6 + 2<x<6' + 2. 

Then —<5 + 2 = 2 — — S = —, or ^ + 2 = 2 + — S = —. In either case, 6 =—. 

m m 5 m m ? m 


|mx — 3m| < c => —c < mx — 3m < c —c + 3m < mx < c + 3m 4 3 — ^<x<3 + ^ 

|x — 3| <c 6 =^- — 6 < x — 3 <c ^ — 6 + 3<x<6 + 3. 

Then —6 + 3 = 3—^ => 5 = 盖 ， or 5 + 3 = 3 + 圣 =>• 6 = 告 . In either case, 6 = 告 . 

|(mx + b) - (f +b)| < c —c<mx — 學 <c 4 —c+-<mx<c + 學 I — m< x <l + 盖 . 

|x — ^ I < (5 => —6 < x — ^ ^ =>• \ <x<^+|. 

Then — 6+i = i — 盖今 «=^,or^+i = i + ^ =» ^ = s- In either case ， 石二 E. 

|(mx + b) — (m + b)| < 0.05 =>• —0.05 < mx — m < 0.05 => —0.05 + m < mx < 0.05 + m 

m m 

|x - 1| < ^ => -S < x - 1 < S => -S-hl<x<S-i-l. 

Then -S + 1 = 1 - ^ S = ^,or6-hl = l-h^- ^ In either case, 6 = ^. 

m m 7 m m ’ m 


31. lim (3 —2x) = 3-2(3) =-3 

x — 3 

Step 1: |(3-2x) - (-3)| < 0.02 4 -0.02 < 6 - 2x < 0.02 ^ -6.02 < —2x < -5.98 ^ 3.01 >x> 2.99 or 

2.99 < x < 3.01. 

Step 2: 0 < |x-3| < (5 ^ -<5<x-3<^ -5 + 3<x<^ + 3. 

Then-(5 + 3 = 2.99 6 = 0.01 ， oi^ + 3 = 3.01 # (5 = 0.01; thus (5 = 0.01. 


32. lim (-3x _ 2) = (-3)(— 1) — 2 = 1 

x —^ —1 

Step 1: |(-3x-2) - 1| < 0.03 泠 -0.03 < -3x - 3 < 0.03 泠 0.01 > x+ 1 > —0.01 4 -1.01 <x< -0.99. 
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Step 2 1 |x — ( — 1)| <c 6 — 6 < x + 1 <c 6 —— 6 — l<x 〈占一 1. 

Then -(5- 1 = -1.01 ^ <5 = 0.01，or 占 一 1 = —0.99 4 占 = 0.01; thus 占 = 0.01. 

33. lim ^ = lim (x + 2)(x ~ 2) = lim (x + 2) = 2 + 2 = 4, x # 2 

x — 2 x — 2 x —2 ( x _ 2 ) ^ '广 

Step 1: - 4 < 0.05 今 一 0.05 < (x + x 2 ^ x 2 ~ 2) — 4 < 0.05 今 3.95 < x + 2 < 4.05, x^2 

^ 1.95 < x < 2.05, x # 2. 

Step 2: \x-2\<6 -6 <x-2< 6 -^ + 2<x<^ + 2. 

Then -6 + 2= 1.95 6 = 0.05, or ^ + 2 = 2.05 4 8 = 0.05; thus 6 = 0.05. 


34. lim x2+ i x + S = lim ^ + ^ + ^ = lim (x + 1) = —4, x # —5. 

Step 1: ( x2 t+s +5 ) — (-4) < 0.05 今 -0.05 < (H? 1 ) +4 < 0.05 今 一 4.05 < x + 1 < -3.95, x / -5 

—5.05 < x < —4.95, x ^ -5. 

Step 2: |x — (—5)| < 6 ^ ~6 < x-\- 5 < 6 => —5 — 5<x<^ — 5. 

Then -6-5 = -5.05 6 = 0.05, or △ — 5 = -4.95 今 6 = 0.05; thus 6 = 0.05. 


35. lim a/1 -5x = - 5(-3) = y/l6 = 4 

x —> —3 ' 

Step 1: -5x — 4 < 0.5 泠 -0.5 < \/l - 5x - 4 < 0.5 泠 3.5 < \J\ - 5x <4.5 ^ 12.25 < 1 一 5x < 20.25 

泠 11.25 < -5x < 19.25 泠 —3.85 < x < -2.25. 

Step2: |x — (-3)| <6 => -6<x + 3<S =» -6-3<x<S-3. 

Then — △ 一 3 = -3.85 泠 6 = 0.85, or <5 - 3 = —2.25 今 0.75; thus 6 = 0.75. 

36. lim i = |=2 

x — 2 x 2 

Step 1: |^-2| <0.4 ^ —0.4 < ^ - 2 < 0.4 1.6<_<2.4# 替 >|>設 > 孕 >x> 誓 orf<x< 曼 . 

Step 2: |x-2| < ^ -6 <x-2< 6 => -6 + 2<x<6-^2. 

Then — 占 + 2= | => ^ = |,or^ + 2= | ^ thus △ = 

37. Step 1: I(9 — x) — 51 <e^—e<4 — x<e^—e — 4<—x<e — 4=>e + 4>x>4 — e^>4 — e<x<4 + e. 
Step 2: \x — 4\ < 6 =>• —S<x — 4<S => —^ + 4<x<5 + 4. 

Then —6 + 4 = —e + 4 => 6 = e, or6 + 4 = e + 4 4 6 = e. Thus choose 6 = e. 


38. Step 1 : I (3x _ 7) _ 2| <c c — € < 3x _ 9 <C c 9 _ 6 <C 3x <c 9 -h 6 3 — | <x<3+|. 

Step 2: |x — 3| < ^ => —6<x — 3<S => —^ + 3<x<^ + 3. 

Then —6 + 3 = 3 — | =>• 占 = 量， or 6 + 3 = 3+ 營 4 ^ Thus choose △ = f. 


39. Step 1: \J x — 5 _ 2 <C c — c <C \J x — 5 - 2 <C 6 2 — € <C \/x — 5 < 2 + e (2 — 6)^ < x — 5 <C (2 -|- c)^ 

^ (2 - e) 2 + 5 < x < (2 + e) 2 + 5. 

Step 2: |x — 9| < ^ => —6<x — 9<6 => —^ + 9<x<^ + 9. 

Then —6 + 9 = e 2 — 4e + 9 4 占 = 4e — e 2 , or 6 + 9 = e 2 + 4e + 9 6 = 4e + e 2 . Thus choose 

the smaller distance, <5 = 4e — e 2 . 


40. Step 1: y/4 — x — 2 < e => —e < \/4 — x — 2 < e ^ 2 — e < \/4 — x < 2 + e 4 (2 — e) 2 < 4 — x < (2 + e) 2 

泠 一 (2 + e) 2 < x — 4 < _(2 — e) 2 泠 一 (2 + e) 2 + 4 < x < —(2 — e) 2 + 4. 
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Step 2: 


41. Step 1: 


Step 2: 


42. Step 1: 


Step 2: 


43. Step 1: 
Step 2: 


44. Step 1: 


Step 2: 


45. Step 1: 
Step 2: 

46. Step 1: 
Step 2: 

47. Step 1: 
Step 2: 

48. Step 1: 


Section 2.3 Precise Definition of a Limit 


|x — 0| < ^ 5 < x < <5. 

Then —6 = —(2 + e) 2 + 4 = —e 2 — 4e => 占 = 4e + e 2 , or △ = —(2 — e) 2 + 4 = 4e — e 2 . Thus choose 
the smaller distance, 6 = 4e — e 2 . 


For x ^ 1, |x 2 — 1| < e -e < x 2 — 1 < e 1 — e<x 2 <l + e \/l — e < |x| < ^/TT~e 
e < x < i/ l + e near x = 1. 

|x - 1| < ^ => -6 <x - l < 6 => -6-\-1<x<6-\-1. 

Then —6 + 1 = \/l — e =>6 = 1 — -\/l — e, or ^ + 1 = yj\ e ^ 8 = yjl -\- e — 1. Choose 
6 = min |l — \/l — e, -\/l + e — l|, that is, the smaller of the two distances. 

For x ^ -2, |x 2 - 4| < e -e < x 2 - 4 < e ^ 4 — e < x 2 < 4 + e => y/4 - e < |x| < ^/aTI 
^ —\/4 + e < x < —\/4 — e near x = —2. 

|x - ( — 2)| 4 - 6 < x + 2 〈占 4 — 6 — 2<x< 占一 2. 

Then —6 — 2 = —\J 4 + e 6 = + e — 2, or 6 — 2 = —\J 4 — e 6 = 2 — \/4 — e. Choose 

S = min I y^4+~€ — 2, 2 — \/4 — e|. 

|x — 1| < ^ => —6<x—l<6 => 1 — ^<x<l + 6. 

Then 1 - 6 = => 6 = 1 - or 16 = => 6=^-1=^. 

Choose 6 = the smaller of the two distances. 


1占一 ！ l <e 4 _e< 去 一 ！ <e 4 5 _e< ?<5 + e ^ ^ 1^3? > X 2 > 

^ \! TT3J < l x l < \j T ^， or \j T+3^ < x < forx near - 


—< 6 => —8 < x — \/3 < <5 => \/3 — <5 <x< \/3 + 6. 


l + 3e 


Then ^/3 - 6 = 
Choose 6 = min | \/3 






l + 3e 


1 + 3e ) V l-3e 


, or + 6 : 

A}. 


l-3e 





( l+f ) - ( - 6) <C 6 - € <C (x - 3) + 6 < €, x ^ - 3 _ 6 <C x + 3 < c - c _ 3 <C x <c 6 - 3. 

|x — ( — 3)| <C 6 — 6 < x + 3 〈占 4 — 8 — 3<x<6 — 3. 

Then —6 — 3 = —e — 3 => 6 = e, or<5 — 3 = e — 3 =>• 6 = e. Choose 6 = e. 



< e 4 _ 6 < (x + 1) — 2 < e, x ^ 1 


1 _ €<X< l + €. 


|x — 11 <c 6 =^- — 6 <C x — 1 <c 6 1 — 6<x<l + 6. 

Then 1 — 5 = 1 — e 4 <5 = e, orl + 占二 1 + e => 6 = e. Choose 6 = e. 


x < 1: |(4 — 2x) — 2| < e ^ 0 < 2 — 2x < e since x < 1. Thus, 1 — | < x < 0; 
x > 1: |(6x — 4) — 2| < e 0 < 6x — 6 < e since x > 1. Thus, 1 < x < 1 + |. 
|x — 1| < ^ => —(5<x—1<^ => 1-(5 <x<1 + 6. 

Then 1—6 = 1 — ^ ^ 占 =!，orl + 占 =1 + 悬 4 Choose △= 悬 . 

x < 0: |2x — 0| < e =>• —e < 2x < 0 => — | < x < 0; 
x > 0: || — 0| < e 0 < x < 2e. 


83 
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Step 2: |x — 0| < ^ => —6<x<6. 

Then —<5 = — ! => 6 = ^, or 6 = 2e => 6 = 2e. Choose <5 = 

49. By the figure, —x < x sin - < x for all x > 0 and —x > x sin - > x for x < 0. Since lim (—x) = lim x = 0, 

' x _x_ x ^ 0 x ^ 0 

then by the sandwich theorem, in either case, lim x sin - = 0. 

' x —> 0 x 

50. By the figure, —x 2 < x 2 sin - < x 2 for all x except possibly at x = 0. Since lim (—x 2 ) = lim x 2 = 0, then 

' x_ x — 0 x ^ 0 

by the sandwich theorem, lim〔) x 2 sin ^ = 0. 


51. As x approaches the value 0, the values of g(x) approach k. Thus for every number e > 0, there exists a (5 > 0 
such that 0 < |x — 0| < ^ ^ |g(x) — k| < e. 

52. Write x = h + c. Then 0<|x — c|<<5<^—^<x — c<^, x^c<^—^<(h + c)—c<^, h + c/ c 

公 - △ < h < & h # 0 分 0 < |h — 0| < & 

Thus, limf(x) = L 分 for any e > 0, there exists △ > 0 such that |f(x) — L| < e whenever 0 < |x — c| < <5 

x—' 

|f(h + c) — L| < e whenever 0 < |h — 0| < 6 limf(h + c) = L. 

h^0 

53. Let f(x) = x 2 . The function values do get closer to — 1 as x approaches 0, but lim f(x) = 0, not —1. The 

" x ^ 0 

function f(x) = x 2 never gets arbitrarily close to — 1 for x near 0. 

54. Let f(x) = sin X ， L = !， and xq = 0. There exists a value of x (namely, x = !) for which |sin x 一 il < e for any 
given e > 0. However, lim sin x = 0, not The wrong statement does not require x to be arbitrarily close to 

xq. As another example, let g(x) = sin L = and xq = 0. We can choose infinitely many values of x near 0 
such that sin 1 = I as you can see from the accompanying figure. However, lim sin - fails to exist. The 
wrong statement does not require all values of x arbitrarily close to x 0 = 0 to lie within e > 0 of L = !. Again 
you can see from the figure that there are also infinitely many values of x near 0 such that sin ^ = 0. If we 
choose e < I we cannot satisfy the inequality | sin * — 每 | < e for all values of x sufficiently near x。= 0. 



55. |A- 9| < 0.01 => -0.01 < 


9 < 0.01 4 8.99 < ^ < 9.01 => ^ I 


<x 2 < |(9.01) 




< x < 2yJ or 3.384 < x < 3.387. To be safe, the left endpoint was rounded up and the right 
endpoint was rounded down. 


56. V = RI I =1 => || -5| < 0.1 ^ -0.1 < ^ - 5 < 0.1 4.9 < ^ < 5.1 ^ 


10 


> 


> 


10 


49—120—51 
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(12 3 ) 1 (1Q) < R < (1 ， 10) 泠 23.53 < R < 24.48. 

To be safe, the left endpoint was rounded up and the right endpoint was rounded down. 


57. (a) - △ < x — 1 < 0 4 1 -^ < x < 1 > f(x) = x. Then |f(x) -2| = |x — 2|=2 — x>2—1 = 1. That is, 

|f(x) — 21 > 1 > ^ no matter how small 6 is taken when 1 — 5<x<l ^ lim f(x) ^ 2 . 

(b) 0<x—1<<5 4 1 <x< 1 + (5 4 f(x) = x + 1. Then |f(x) — 1| = |(x + 1) — 1| = |x| = x > 1. That is, 

|f(x) — 1 | > 1 no matter how small 6 is taken when 1 <x< 1 +^ lim^ f(x) ^ 1 . 

(c) - △ < x — 1 < 0 4 1 — △ < x < 1 4 f(x) = x. Then |f(x) - 1.5| = |x — 1.5| = 1.5 — x > 1.5 — 1 = 0.5. 

Also, 0 < x- 1 < ^ ^ 1 <x< 1 + ^ ^ f(x) = x+l. Then |f(x) — 1.5| = |(x + 1) - 1.5| = |x — 0.5| 

=x — 0.5 > 1 — 0.5 = 0.5. Thus, no matter how small 6 is taken, there exists a value of x such that 

—^ < x — 1 < ^ but |f(x) — 1.51 > ^ ^ lim f(x) 7 ^ 1.5. 

Z X 4 1 

58. (a) For 2<x<2 + ^ =>■ h(x) = 2 => |h(x) — 4| = 2. Thus for e < 2, |h(x) — 4| > e whenever 2<x<2 + 占 no 

matter how small we choose ^ > 0 => lim h(x) 7 ^ 4. 

x — 2 

(b) For 2<x<2 + ^ =>• h(x) = 2 ^ |h(x) — 3| = 1. Thus for e < 1, |h(x) — 3| > e whenever 2<x<2 + 占 no 
matter how small we choose ^ > 0 => lim h(x) ^ 3. 

X 4 2 

(c) For 2 — 6 < x < 2 h(x) = x 2 so |h(x) — 2| = |x 2 — 2|. No matter how small (5 > 0 is chosen, x 2 is close to 4 
when x is near 2 and to the left on the real line => |x 2 — 2| will be close to 2. Thus if e < 1, |h(x) — 2| > e 

whenever 2 — 5<x<2no mater how small we choose 6 > 0 ^ lim h(x) 2 . 

x —>■ 2 

59. (a) For 3 — <5<x<3=>- f(x) >4.8 =>• |f(x) — 4| > 0.8. Thus for e < 0.8, |f(x) — 4| > e whenever 

3 — ^<x<3no matter how small we choose ^ > 0 =>■ lim f(x) ^ 4. 

x 3 

(b) For 3<x<3 + 5 => f(x) < 3 |f(x) — 4.8| > 1.8. Thus for e < 1.8, |f(x) — 4.8| > e whenever 3 < x < 3 + <5 

no matter how small we choose △>()=> lim f(x) 7 ^ 4.8. 

x ^ 3 

(c) For 3 — 6<x<3 4 f(x) > 4.8 =>■ |f(x) — 3| > 1.8. Again, for e < 1.8, |f(x) — 3| > e whenever 3 — S < x < 3 

no matter how small we choose ^ > 0 => lim f(x) — 3. 

x ^ 3 

60. (a) No matter how small we choose 6 > 0, for x near —1 satisfying —1 — ^ <x< —1 + S, the values of g(x) are 

near 1 =>• |g(x) — 2| is near 1. Then, for e = ! we have |g(x) — 2| > | for some x satisfying 
—1 — 6 <x <—1 + ^, or0<|x+l|<5 ^ lim g(x) ^ 2 . 

X 4 —1 

(b) Yes, lim g(x) = 1 because from the graph we can find a ^ > 0 such that |g(x) — 1| < 6 if 0 < |x — (—1)| < 6. 
x —> —1 


61-66. Example CAS commands (values of del may vary for a specified eps): 

Maple: 

f := x -> (x A 4-81)/(x-3);xO := 3; 

plot( f(x), x=x 0 -l..x 0 +l, color=black, # (a) 

title=”Section 2.3, #61(a) M ); 

L := limit( f(x), x=x0 ); # (b) 

epsilon := 0 . 2 ; # (c) 

plot( [f(x),L-epsilon,L+epsilon], x=x0-0.01. .xO+O.01, 

color=black, linestyle=[l ， 3,3], title:"Section 2.3, #61(c)"); 
q := fsolve( abs( f(x)-L) = epsilon, x=x 0 -l..x 0 +l ); # (d) 
delta := abs(xO-q); 

plot( [f(x),L-epsilon,L+epsilon], x=x0-delta..x0+delta, color=black, title:’’Section 2.3, #61(d)"); 
for eps in [0.1, 0.005, 0.001 ] do #(e) 
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True 

(b) 

True 

(C) 

False 

(d) 

True 

True 

(f) 

True 

(g) 

False 

(h) 

False 

False 

(j) 

False 

(k) 

True 

( 1 ) 

False 


(b) False 
(f) True 
(j) False 


(c) False 
(g) True 
(k) True 


(d) True 
(h) True 


3. (a) lim f(x) = | + 1 = 2, lim f(x) = 3 — 2 = 1 

x^ 2 + 1 x^2~ 

(b) No, lim f(x) does not exist because lim f(x) ^ lim f(x) 

x — 2 x — 2 + x — 2 _ 


(c) lim f(x) 

x —>• 4 _ 


+ i = V, 4 + f(x) 十 1 


(d) Yes, lim f(x) = 3 because 3 

x —> 4 


上- f(x) h 4+ 


3 

lim f(x) 


4. (a) lim f(x) = | 

x — 2 + z 

(b) Yes, lim f(x) : 
x — 2 


1, lim_ f(x) = 3 — 2 = 1 ， f(2) = 2 

x —>■ 2 _ 


1 because 1 


: Um 2 + f (X) 


lim f(x) 


(c) lim f(x) = 3 — （一 1) = 4 ， lim f(x) = 3 - (-1) = 4 

X4—1_ X ^ -1+ 


(d) Yes, lim f(x) = 4 because 4 

x ^ —1 


lim f(x) = lim f(x) 

— — 1_ X 4 —1+ 


5. (a) No, lim f(x) does not exist since sin (-) does not approach any single value as x approaches 0 
x — 0 + " 


(b) lim f(x) = lim 0 = 0 

x ^ 0 _ x — 0 _ 

(c) lim f(x) does not exist because lim f(x) does not exist 

x — 0 x — o+ 


6 . (a) Yes, lim g(x) = 0 by the sandwich theorem since — a/x < g(x) < a/x when x > 0 
x — 0+ ； 

(b) No, lim g(x) does not exist since -v/x is not defined for x < 0 

(c) No, lim g(x) does not exist since lim g(x) does not exist 

x ^ 0 x ^ 0 _ 
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q := fsolve( abs( f(x)-L) = eps, x=x0-l..x0+l); 
delta := abs(xO-q); 

head := sprintf( M Section 2.3, #61(e)\n epsilon = %5f, delta = %5f\n M , eps, delta ); 
print(plot( [f(x),L-eps,L+eps], x=x0-delta..x0+delta, 

color=black, linestyle=[ 1,3,3], title=head)); 

end do: 

Mathematica (assigned function and values for xO, eps and del may vary): 

Clear[f,x] 

yl: = L — eps; y2: = L + eps; xO = 1; 
f[xj: = (3x 2 - (7x + l)Sqrt[x] + 5)/(x - 1) 

Plot[f[x], {x, xO - 0.2, xO + 0.2}] 

L: = Limit[f[x], x —^ xO] 
eps = 0.1; del = 0.2; 

Plot[{f[x], yl, y2},{x, xO — del, xO + del}, PlotRange —» {L — 2eps, L + 2eps}] 

2.4 ONE-SIDED LIMITS AND LIMITS AT INFINITY 


a e .o 



eee 
u u u 
r r r 
T T T 

a e D, 

/IN /l\ /IN 
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9. (a) domain: 0 < x < 2 

range: 0 <y < i and y = 2 

(b) x lmi c f(x) exists for c belonging to 
(0 ， 1)U(1 ， 2) 

(c) x = 2 

(d) x 二 0 


(b) lim f(x) = 1 = lim f(x) 

x l _ x — 1+ 

(c) Yes, lim f(x) = 1 since the right-hand and left-hand 

x ^ l 

limits exist and equal 1 


(b) lim f(x) = 0 = lim f(x) 

x 1+ x — i_ 

(c) Yes, lim f(x) = 0 since the right-hand and left-hand 

x — i : 

limits exist and equal 0 



10 . (a) domain: —oo < x < oo 
range: —1 < y < 1 

(b) x lim c f(x) exists for c belonging to 
( — oo, — 1) U ( —1 ， 1) U (1, oo) 

(c) none 

(d) none 


y 



-1 <_x < 0 or 0 < x 
x = 0 

x < 1 or x > -1 


11 . 


lim 


x — —0.5 - 


/x + 2 _ /-0.5 + 2 — 

V Y -0.5 + 1 



12 . lim 

x —> l + 



\/o = 0 


13. x jim 2+ ( 士)隙 

14. x lim_ (^) (^) (^) = (^) (^) (^1) = (i) (D (f) = 1 


15. lim 

h — 0 + 

lim 


x/h 2 +4h + 5-x/5 


lim 

h — 0 + 


Vh 2 + 4h + 5-V5 

h 


\ ( Vh 2 +4h + 5 + x/5 N 
) Wh 2 +4h + 5 +V5> 


(h 2 +4h + 5)-f 


lim 


h(h + 4) 


0 + 4 


lw0+ h(Vh 2 +4h + 5 + 7?) — h — 0+ h(7h 2 +4h + 5 + x/5) — V^+^5 _ 
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7^-\/5h 2 + llh + 6 ) ( ^+\/5h 2 + llh + 6 、 


^+V5h 2 + llh + 6 y 


16. lim y6-V5h 2 + llh + 6 = lim 

h^O- h h 4 0 

= lim 6-(5h 2 + llh + 6) = lim -h(5h+ll) = -(0+11) =11 

h — 0- h + y^h 2 + 1 lh + 6) h — 0 _ h (V^+ \/5h 2 + llh + 6) V^6 + a/6 2\f^ 

17. (a) lim ^ (x + 3) — lim 、 丄 （x + 3) (|x + 2| = x + 2 for x 〉 — 2) 


: 2+ 、—•-/ x+2 x _^ A ^2 + w 1 々 （ x+2) 


lim (x + 3) = (-2) + 3=1 

x — - 2 + 


(b) lim (x + 3) = lim (x + 3) 


—(x + 2) 
(x + 2) 


(|x + 2| = —(x + 2) for x < —2) 


lim _ (x + 3)(-1) = -(-2 + 3) = -1 

x ^ —2_ 


18 .⑻ x ， 1+ 


x， 1+ 智 

=lim \/^x = \fl 


⑼ x lim_ 


(|x — 1| = x — 1 for x > 1) 

(|x — 1| = —(x — 1) for x < 1) 


lim —\/2x = — \pi 


19 -⑻ ^ + ^ = i = 


( b V， 3 — ^ = i 


20. (a) lim (t- Itl) =4-4 = 0 

t — 4+ 


(b) ^lim (t- [tj) =4 — 3 


6>^0 


21 _ lim 管 = lim -x 


x —^ 0 


(where x = y/26) 


22 - t lim Q ^ =^ 0 ^ = e lim o ^ =k^m o ^ =k- 1 =k (where . = kt) 




y — 0 


y — 0 


6 > —0 


sin 6 — 3 
~1~ ~ 4 


(where 0 = 3y) 


24. lim 


lim 


fl . 3h \ _ 



V3 sin3hJ 

- 3 h 1 ™- (^) 

3 1* 


(where 6 = 3h) 


25 - x^O ^ = x^O ^ = x^O xS = ( x ^ 0 co S 


(x^O 


2 sin 2x 


•2 = 2 


26- ^ = 2 t lim Q ^ = 2 t lim Q ^ = 2 cos t) ( 会 , 


2 小 1 = 2 


27 - x h To ^ 


x —^ 0 


x !™ 0 (sfs • = (5 Ji% sk) (^HPo = ( 5 '0 = 5 

x !™ 0 ( 3 cosx H) =3 小 1 = 3 


28. Jim n 6x2(cotx)(csc2x) = Jm 


x ^ 0 


29- x lim o m^i=Jirp n + ^~ x ) = Um n (忐 • 忐） + >jn, 


x —> 0 


x^O 


(+) 'A ( 士 ) + x h ip 0 


x —^ 0 

(D(i) +1 = 2 


x —0 


30 - x^O 


X 2 — X + s 


2x 


x i™ (!_■ + !( 宇 ) ） =o-i + !(” = o 
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31. 

lim 

t — o 

sin(l—cost) ― 
1— cos t — Q 


e _ 

1 since 6 - 

二 1 — cos t —^ 0 as t ^ 0 

32. 

lim 

sin (sin h) 

=lim ㈣ 

= 1 

since 0 = 

sin h ^ 0 as h — > 

0 

twO 

sin h 

e - 

>0 0 


33. 

lim 

e 

sin 6 

sm20 — 

lim 

( sin0 
Vsm20 * 

26 \ 
29/ 

=\ lim 

2 0 — 0 

(sind 29 \ 1 

l 丁 * ^20) ~ 2 * 

1-1 = 1 

34. 

lim 

X 4 0 

sin 5x ― 
sin 4x — 

lim 

x ^ 0 

( sin 5x ^ 
V sin 4x 

4x . 
5x 

!) = ! x i™ ( 孽 • 為 ) = 

1 • 1 • 1 

35. 

lim 

x —> 0 

tan 3x — 
sin 8x — 

lim 

x ^ 0 

( sin 3x 
\ cos 3x 

'ETfa) = 

/ sin 3x 1 8x 

V cos 3x sin 8x 3x 

3) 

8 / 


x ^ 0 

36. lim ㈣ 


I v ! ™ n (3^) (f) (D = I ' 1 ' 1 ' 1 = I 

sin 3y sin 4y cos 5y _ ( s ^ n 3y | | sin 4y \ / cos 5y \ / 

y cos 4y sin 5y _ y q \ ^ ) \ cos 4 y / \ sin 5 y / \ 


=lim 


y^O y cot4 y — y — o 

( H 1 ) (穿）（為）（载) (¥) = 1 • 1 _ 1.1 - 


3.4.5y 、 
34^ 


y - 


12 _ 12 
T - T 


Note: In these exercises we use the result lim = 0 whenever ^ > 0. This result follows immediately from 

x —>• 土 oo x n ' 


Example 6 and the power rule in Theorem 8 : lim ( 士 ） = lim (-) m/n = ( lim 

X — 士 OC)\X ’ X ^ ± oo v x/ \x —^ d= 


lin 

.x —>■ 土 oo 


m/n 


O m/n = 0. 


37. (a) —2 

38. (a) 7 r 

39. (a) \ 

40. (a) \ 

41. (a)- 

42. (a) I 


43. ^ x 


(b) -3 

(b) 7T 

(b) ! 

(b) I 
(b) -f 
(b ) 聋 

sm 2x — o by the Sandwich Theorem 


44. — ^ < ^ ^ lim = 0 by the Sandwich Theorem 


45 - 


i + ( 甲 ) 


1 + ( 甲 ) _ 0-1+0 
1+0 


46. lim 


lim 


-( 苧） 


lim 


1+0 


oo 2r + 7 — 5 sin r r —^ oo 2+ 》 —5( 甲） r oo 2 + 0 — 0 


: a ) x 1 ^ ^| = ! 


(b) I (same process as part (a)) 


iiPoo ^-iXl +1 


lim 2 广 +( 托 

X — > OO 1 — - + ^5■ + 




(b) 2 (same process as part (a)) 
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49 . ⑷ .lim^ 器 '1^ 每 =0 


(b) 0 (same process as part (a)) 


50 . ⑻ .lim^ 妈、匕 b|=0 


(b) 0 (same process as part (a)) 


51 -⑻ x^oo w^w+m 


X^OO !^|TJ 


(b) 7 (same process as part (a)) 


52 .⑻ 土 


x'iPoo rrfrj 


(b) 0 (same process as part (a)) 


53. (a) lim 10x5+ f + 31 

' y y — ^ rsn X 


10 , 1 , 31 

,1^ ^^=0 


(b) 0 (same process as part (a)) 


54. ⑷ 2x4+ 9 $ + _ x x + 6 = ^ 

(b) I (same process as part (a)) 


6 — o 


55 •⑻ 


lim 




x^oo 3 + 卜 ]~ 


(b) — I (same process as part (a)) 


56. (a) x lim o x4 _ 7x 「: 7x2 + 9 =j _ z + 4 , + ^ = - 1 

(b) —1 (same process as part (a)) 


57. lim = lim ㈣少) 

X —> OO JX— / X OO 3—^ 


2 + \/x 


58. lim = lim , ? N 

X —^ OO 2 - y/x X — > 00 j 2 \ _ J 


hhl: 


59 - xi ini oo = xI ini oo rrw^= - lim 


V^7l5j 


X — —oo 


V?7T5j 


60. lim ^ 


X —^ OO x_ z - X_ J X — OO 


i • x H — 2 

lim -― Y = oo 


61 - 


oo 


62. lim 2 ^~ 2 5 3 = lim / + 】 =—| 

x —>■ —oo 2x + x" J -4 x ^ —oo 2 + ^ 7 g - ^ 2 


63. Yes. If lim f(x) = L = lim_ f(x), then lim f(x) = L. If lim f(x) ^ lim_ f(x), then lim f(x) does not exist 

y ^ a+ X — ^ 3. X ^ 3 y ^ci+ X — ^ 3 x ^ 3. 


a+ 


64. Since x lnn c f(x) = L if and only if lim+ f(x) = L and ^ lim_ f(x) = L, then x lim c f(x) can be found by calculating 


lim f(x). 

x —>• c + 


65. If f is an odd function of x, then f(—x) = — f(x). Given lim f(x) = 3, then lim f(x) = —3. 

x 4 0+ x — 0 _ 
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66. If f is an even function of x，then f(—x) = f(x). Given lim f(x) = 7 then lim f(x) = 7. However, nothing 

X 4 2 - x 4 —2+ ^ 

can be said about lim f(x) because we don't know lim f(x). 

x^-2 - x — 2+ 

67. Yes. If x Urn^ 黑 = 2 then the ratio of the polynomials' leading coefficients is 2, so x 器 = 2 as well. 


68. Yes, it can have a horizontal or oblique asymptote. 


69. At mostl horizontal asymptote: If ^ 


黑 =L, then the ratio of the polynomials' leading coefficients is L, so 


xi inl oo 


f(x) 

g(x) 


L as well. 


70. .lim^ ^x2+x 



y/x 2 +x+y/x 2 -x _ 脑 (x 2 + x) - (x 2 - x) 

\/x 2 +X+ -\/x 2 -xj X OO a/x 2 + X+ \/x 2 — X 


71. For any e > 0, take N = 1. Then for all x > N we have that |f(x) — k| = |k — k| = 0 < e. 


72. For any e > 0, take N = 1. Then for all y < —N we have that |f(x) — k| = |k — k| = 0 < e. 


73. I = (5,5 + △) 4 5 < x < 5 + Also, y/x — 5 < e ^ x — 5 < e 2 x<5 + e 2 . Choose 6 = e 2 


lim v x — 5 = 0. 

x — 5+ 


74. I = (4 — <5, 4) => 4 ： — 6 < x < 4. Also, \/4 — x < e => 4 — x < e 2 => x > 4 — e 2 . Choose 6 = e 2 




75. As x —> 0 _ the number x is always negative. Thus, 


一 （_1) 


< e ^ 


l| < e =>• 0 < 6 which is always 


true independent of the value of x. Hence we can choose any ^ > 0 with —^ < x < 0 ^ 


lim 


X 

n- kl 


76. Since x —> 2 + we have x > 2 and |x — 2| = x — 2. Then, 


x-2 

|x-2| 


l^i 


1 < e 4 0 < e 


which is always true so long as x > 2. Hence we can choose any <5 > 0, and thus 2 


< x < 2 + (5 




x—2 
|x-2| 


<e. Thus ， x _lim 2+ 尚 =h 


77. (a) lim L x 」 二 400. Just observe that if 400 < x < 401， then [x」= 400. Thus if we choose 5 = 1， we have for any 

x — 400+ 

number e > 0 that 400 < x < 400 + △ =>| L x 」— 4001 = |400 — 4001 = 0 < e. 

(b) lim L x 」= 399. Just observe that if 399 < x < 400 then I xl = 399. Thus if we choose △ = 1， we have for any 

x — 400 - ’ 

number e > 0 that 400 —占 < x < 400 => | [xj — 399| = |399 — 399| = 0 < e. 

(c) Since lim Ixl ^ lim lx I we conclude that lim Ixl does not exist. 

X —^ 400+ X — 400 - X — 400 

78. (a) lim f(x) = lim yjx = y/0 = 0; | — 0| < e =>■ —e < < e ^ 0 < x < e 2 for x positive. Choose 6 = e 2 

^ lim f(x) = 0. 

x —> 0 + 

(b) lim f(x) = lim x 2 sin ( 臺 ） = 0 by the sandwich theorem since — x 2 < x 2 sin (^-) < x 2 for all x ^ 0. 

Since Ix 2 — 0| = |—x 2 — 0| = x 2 < e whenever |x| < we choose 6 = y/~e and obtain |x 2 sin ( 臺） 一 0| < e 
if —<5 < x < 0. 
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(c) The function f has limit 0 at xq = 0 since both the right-hand and left-hand limits exist and equal 0. 


79. li 


m 


X — 土 oo 


81. lim 


82. 


XSin x 

=lim \ 
6^0 6 

sin6> 

=!> (°= x) 

80. lim 

x — >■— ( 

3x + 4 _ 
2x-5 ' 

- lim 

X — ■士 oo 

3 + ^ 
2^1 

= ^0^ = 1 

， (t=D 

)1A = 

lim z z = 

z — > 0 + 

1， ( 

W) 





l, {e 


83. lim (3 + l) (cos 1) = lim^ (3 + 20)(cos 9) = (3)(1) = 3, (0 = i) 

x — ^ 士 oo 、 0—^0 、 

84. x lim c - cos (l + sin =^lim + (3<9 2 - cos (9) (1 + sin 6) = (0- 1)(1 + 0) = —1, (6= 

2.5 INFINITE LIMITS AND VERTICAL ASYMPTOTES 


lim 

x —^ 0 + 


positive 
positive j 


2 . 


土 i = _oo 


positive 
negative , 


3 - x 1 ^ - 


x—2 


-OO 


positive 
negative , 


4. lim 

X 4 3+ 


x-3 


OO 


positive 
positive j 


5. lim ^ 


- 8 + 


x+8 


-OO 


negative ’ 
positive 》 


6. lim 

x —^ —5_ 


3x 


OO 


negative ’ 
negative , 


㈣ ：⑷ 


9 .⑻ x lim + 3^ = 00 


10 .⑷ x lim + ^ = oo 


positive 

positive 


8 - x h ip 0 _ = 

( b ) ^iPo- 3^ = -°° 


negative 


positive-positive 


n . x h i?o (^7 


12 - x^O = x^o ^¥ =0 ° 


13. lim tan x = oo 

H(f) — 


14. lim sec x = oo 

x—(f)+ 


15. 0 lim_(l+csc0) = -cx) 


16. lim (2 — cot 0) = —oo and lim (2 — cot 6) = oo, so the limit does not exist 

6/^0+ 0^0- 


17 . ⑷上 + 忐 


lim 


l 


(b) lim_ ^ 

Y — V V A 


2 + (x+2)(x—2) 
1 


x ^ 2~ 

lim 

x ^ 2 

(d) lim 

Y —^ —2 人外 


4 x (x+2)(x—: 


(C) xi! m 2 + ^ 


lim 


l 


2 + (x+2)(x—2) 


lim 


2~ (x+2)(x—2) 


-oo 


oo 


1 


.positive-positive J 

1 — I — ) 

,positive - negative j 

' — i — ) 

.positive-negative J 

’ _1_ 、 

,negative - negative 
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(c) 


lim - 

—1+ x 

X — 

— 

lim 

X 4 1+ 

X — 

(x+l)(x-l)— 

1；m 

X 

lim 

X ^ 1- 


X 

4l_ X 

: 2 -l — 

(x+l)(x-l)- 

lim 

—-1+ 

X 

= lim 

x ^ — 


X 

x 2 —1 

1+ 

(x+l)(x-l) 

lim 

——1_ 

X 

= lim 

x ^ — 


X 

x 2 -l 

1- 

(x+l)(x-l) 


oo 


positive 


-OO 

= OO 


-oo 


.positive-positive J 

positive 、 

.positive-negative J 

negative 、 

,positive-negative J 

negative 

.negative - negative 


19 . (a) x l， o+ * 

(b) — 1 气 — f 


X 

(c) lii 


(d) lim 

X —— 

20. (a) 


2 


T 


0 + 


-oo 


0 + 

一 2 2/3 


OO 


lim - 

— 0+ _ 

lim - 

— 0_ - 

-J 7 ,=2- 1 /3^2- 1 /3 


上 + 岛〜 （識 : 

⑹ x ， 1+ ^= x 1 i m 1+ = ^ 

(d ) x ， 0 — 岛 - 1 


negative 


positive 


~4~ 


(b) lim 


2- 


2x + 4 


-OO 


2 + 4 


positive 

negative 


21. (a) lim 


0+ 

(b) lim 

x^2 + 

(c) lim_ 

x — > 2 


x 2 - 3x + 2 

x 3 -2x 2 

x 2 - 3x + 2 

x 3 — 2x 2 

x 2 - 3x + 2 
x 3 — 2x 2 


⑹ x lim 2 

⑻ 


lim 


(x — 2)(x — 1) 


； "o+ x 2 (x-2) 


X 




lim 


lim 


x 2 (x — 2) 

(x _ 2)(x — 1) 
x 2 (x — 2) 

( x _ 2)(x _ 1) 


， 2+ 守 


lim 




| ， x_2 

b x ^ 2 


o X 2 (x - 2) 


negative-negative 
positive-negative , 


negative-negative 
positive-negative , 


22. (a) lim 

x — 2+ 

(b) lim 

x —2+ 


x 2 - 3x + 2 _ 
x 3 -4x — 

x 2 - 3x + 2 
x 3 — 4x 

x 2 - 3x + 2 _ 


⑹ x l r 0 - 

x 2 - 3x + 2 


(d) x Hm i+ 


x 3 -4x 


⑹上； ^2) 


lim 


(x — 2)(x — 1) 


lim 


(x-l) 


2 + x(x — 2)(x + 2) x _^ 2 + x ( x + 2) 2(4) 

lim = lim 


X 

lim 


_ 2 + x(x _2)(x + 2) 
(x — 2)(x — 1) — 


lir 


lim 


(x-l) 


x ― 0_ x ( x _ 2)( x + 2) 

- li m (x - 2)(x - 1) _ 
x _^ [+ x(x-2)(x + 2) x _^ l+ x(x + 2) 

-OO 


2 + x(x + 2) — 
OO 


OO 


.(x-l) 
rj- x(x + 2) 


0 

(1X3) 


negative 
positive - positive 


and x ， 0 - x§T2)=°° 

so the function has no limit as x 


negative 

negative • positive 


negative 


negative-positive . 
negative 

negative • po siti ve 


23. (a) ^ Hm + [2 - 秦 ] =_c 

24. (a) ^ lim [春 + 7] = oo 

25. (a) x lim + * + ( x — 2 1)2 / 3 

⑹ x 1 丄 * + (x- 2 1) 2 , 3 



(b) 


(b) 

oo 

(b) 

OO 

(d) 


t 1 !^- [2 - ^] = oo 
t 1 ^- [^+ 7 ] = -00 

X 古 + (X- 2 l) 2 /3 = 00 

x ^- ^73 + (x- 2 1)2/3 = °° 
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41. Here is one possibility. 


42. Here is one possibility. 



43. Here is one possibility. 



45. Here is one possibility. 




h(x) = x=^0 

W 1( 



0 

y-l 



44. Here is one possibility, 
y 



y 



47. For every real number —B < 0, we must find a ^ > 0 such that for all x, 0 < |x-0| < ^ ^ ^ < —B. Now, 

— 告 < — B < 0 4^ 各〉 B 〉 0 X 。 〈去 |x| < . Choose 6 — •> then 0 <C |x| 6 |x| <C 

^ < —B so that lim — ^ = — oo. 
x x — > 0 x 


48. For every real number B > 0, we must find a <5 > 0 such that for all x, 0 < |x — 0| < 6 => p > B. Now, 
l^ 〉 B 〉 0<^|x|<-. Choose 6 = *• Then 0 < |x — 0| < ^ 4 |x| < | 4 点 > B so that lim 。 命 = oo. 


49. For every real number —B < 0, we must find a ^ > 0 such that for all x, 0 < |x — 3| < ^ =>■ (x ~ 3 )2 < —B. 

Now, (x_l )2 < - B < 0 ( x _^)2 〉 B 〉 0 ( x 2 ^) < — (x - 3)2 < 备 0 <C |x - 3| < • Choose 

6 = then 0 < |x — 3| < <5 ^ (x 二 2 3)2 < —B < 0 so that lim^ (x ~ 2 3)2 = —oo. 

50. For every real number B > 0, we must find a ^ > 0 such that for all x, 0 < |x — (—5)| < 6 ^ (x ^ 5)2 > B. 

Now, (x ^ 5)2 > B > 0 公 （x + 5) 2 < - 公 |x + 5| < ^ . Choose 6 = ^ . Then 0 < |x — (—5)| < 6 
$ l x + 5 l < 7i ^ uW >Bsothat x lim 5 (^= 00 . 
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51. (a) We say that f(x) approaches infinity as x approaches xq from the left, and write lim_ f(x) = oo, if 

' " x —> x 0 

for every positive number B, there exists a corresponding number <5 > 0 such that for all x, 

x 0 — ^ < x < x 0 f(x) > B. 

(b) We say that f(x) approaches minus infinity as x approaches xq from the right, and write lim f(x) = — oo, 

' ' x ^ x J 

if for every positive number B (or negative number —B) there exists a corresponding number △ > 0 such 
that for all x, xq < x < xq + ^ => f(x) < —B. 

(c) We say that f(x) approaches minus infinity as x approaches xq from the left, and write ^ Hm_ f(x) = — oo ， 

if for every positive number B (or negative number —B) there exists a corresponding number ^ > 0 such 
that for all x, xq — ^ < x < xq => f(x) < —B. 

52. For B>0, - >B>0 x < i. Choose ^ = i. Then 0 < x < 6 => 0 < x < i => - > B so that lim - = oo. 

x D D D X x ) Q+ X 

53. For B > 0, 士 < —B <0 公 —^ > B > 0 —x < ^ — ^ < x. Choose ^ ^ Then —5 < x < 0 

^ ^ < x =>• - < —B so that lim - = —oo. 

B x x — 0 - x 

54. For B 〉 0 ， x 丄 2 < — B — x 土 2 > B _(x 一 2) < — x _ 2 〉一 x 〉 2 — —. Choose 6 = *. Then 

2 — 6 < x < 2 —6<x — 2<0 —^<x — 2<0 =>• < —B < 0 so that lim = — 00 . 

B X-2 X 4 2 _ x ~ z 

55. For B 〉 0, >B 公 0 < x — 2 < Choose 6 = Then 2<x<2 + ^ 0<x — 2<^ 0 < x — 2 < ^ 

=> > B > 0 so that lim = 00 . 

x-2 X — 2+ x_2 

56. For B 〉 0 and 0 < x < 1, >B 公 1 — x 2 < ^ <^> (1 — x)(l + x) < ^. Now < 1 since x < 1. Choose 

d < ‘. Then 1 — 6 < x < 1 =>■ —(5 < x — 1 < 0 ^ 1 — x<<5<^ (1— x)(l + x) < ^ (^ 2 ^) < | 

4 > B for 0 < x < 1 and x near 1 => lim — 
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59. y = tan x + 泰 



61 -y = 7^ 


y 



63. y = x 2 / 3 + 忐 


y 



2.6 CONTINUITY 


60. y = \ — tan x 


y 



62 -y = v^ 



64. y = sin( x ^ T ) 



1. No, discontinuous at x = 2, not defined at x = 2 

2. No, discontinuous at x = 3, 1 = lim g(x) ^ g(3) =1.5 

x ^ 3 _ 
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Section 2.6 Continuity 


3. Continuous on [—1,3] 


4. No, discontinuous at x = 1, 1.5 = lim k(x) ^ lim k(x) = 0 

X -> 1 _ X 4 1+ 


5. (a) Yes 
(c) Yes 


(b) Yes, lim ^ f(x) = 0 

x —> —1+ 


(d) Yes 


6. (a) Yes, f(l) = 1 
(c) No 


(b) Yes, lim f(x) = 2 

X ^ 1 

(d) No 


7. (a) No 


(b) No 


8. [-1,0)U(0,1)U(1,2)U(2,3) 

9. f(2) = 0, since lim f(x) = -2(2) + 4 = 0= lim f(x) 

X ^ 2 - x 4 2+ 

10. f(l) should be changed to 2 = lim f(x) 

^ x —^ 1 

11. Nonremovable discontinuity at x = 1 because lim f(x) fails to exist ( lim f(x) = 1 and lim f(x) = 0). 

' x —^ 1 X ^ 1 _ X ^ 1 + 

Removable discontinuity at x = 0 by assigning the number lim f(x) = 0 to be the value of f(0) rather than 

’ ' x —> 0 

f(0) = 1. 

12. Nonremovable discontinuity at x = 1 because lim f(x) fails to exist ( lim f(x) = 2 and lim f(x) = 1). 

" x —^ 1 X ^ 1 _ X ^ 1 + 

Removable discontinuity at x = 2 by assigning the number lim f(x) = 1 to be the value of f(2) rather than 

' x —^ 2 

f(2) = 2. 

13. Discontinuous only when x — 2 = 0 x = 2 14. Discontinuous only when (x + 2) 2 = 0 => x = — 2 

15. Discontinuous only when x 2 — 4x + 3 = 0 => (x — 3)(x — 1) = 0 => x = 3orx=l 

16. Discontinuous only when x 2 — 3x — 10 = 0 (x — 5)(x + 2) = 0 => x = 5 or x = —2 

17. Continuous everywhere. (|x — 11 + sin x defined for all x; limits exist and are equal to function values.) 

18. Continuous everywhere. (|x| + 1 ^ 0 for all x; limits exist and are equal to function values.) 

19. Discontinuous only at x = 0 

20. Discontinuous at odd integer multiples of i.e., x = (2n — 1) n an integer, but continuous at all other x. 

21. Discontinuous when 2x is an integer multiple of tt, i.e., 2x = n7r, n an integer 4 X = f ， n an integer, but 
continuous at all other x. 


22. Discontinuous when y is an odd integer multiple of |, i.e. ， 晉 =(2n — 1) |, n an integer =>• x = 2n — 1， n an 
integer (i.e., x is an odd integer). Continuous everywhere else. 
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23. Discontinuous at odd integer multiples of i.e., x = (2n — 1) n an integer, but continuous at all other x. 

24. Continuous everywhere since x 4 + 1 > 1 and —1 < sin x < 1 =>• 0 < sin 2 x < 1 4 1 + sin 2 x > 1; limits exist 
and are equal to the function values. 

25. Discontinuous when 2x + 3<0orx< — | =>• continuous on the interval [— |, oo). 

26. Discontinuous when 3x—l<0orx<| => continuous on the interval [!, oo) . 

27. Continuous everywhere: (2x — l)" 3 is defined for all x; limits exist and are equal to function values. 

28. Continuous everywhere: (2 — x)" 5 is defined for all x; limits exist and are equal to function values. 

29. x lim T sin (x _ sin x) = sin ( 丌 一 sin 丌 ) =sin (丌 一 0) = sin 7r = 0, and function continuous at x = 7r. 

30. t li m 0 sin (| cos (tan t)) = sin (| cos (tan(0))) = sin cos (0)) = sin (!) = 1， and function continuous at t = 0. 

31. lim sec (y sec 2 y — tan 2 y — 1) = lim sec (y sec 2 y — sec 2 y) = lim sec ((y — 1) sec 2 y) = sec ((1 — 1) sec 2 1) 

y —> 1 y ^ 1 y ^ 1 ' 

=sec 0=1，， and function continuous at y = 1. 


32. lim^ tan [I cos (sin x 1 ’ 3 )] = tan [| cos (sin(0))] = tan (| cos (0)) = tan (|) = 1, and function continuous at x = 0. 


33. ㈣ cos 


\/l9 — 3 sec 2t_ 


\/19 — 3 sec 0 


C0S 716 = C ° S 4 


幸 , and function continuous at t = 0. 


34. lim^ y esc 2 x + 5\/3 tan x = ^ esc 2 (|) + 5\/3 tan (|) = '/4 + 5\/3( 表 ) = y/9 = 3, and function continuous at 


6* 


35. g(x) = ^5j = (W = x + 3, x / 3 ^ g(3) = x lim 3 (x + 3) = 6 


36. 


h(t)= t2+ t 3 _^ 10 = (t+ t 5 y~ 2) =t + 5,t —2 ^ h(2) = t lim (t + 5) 


37. f(s) 


s 3 - 1 — (s 2 + S+ l)(s- 1) _ s 2 + s + 1 




s 2 + s + 1 


38. g(x) = 


x 2 - 3x - 4 — (x - 4)(x + 1) 


= 譜， 4 g(4) = x lim 4 (^) 


39. As defined, lim f(x) = (3) 2 — 1 = 8 and lim (2a)(3) = 6a. For f(x) to be continuous we must have 

x -> 3 _ x —> 3 + 

6a = 8 4 a. = i. 


40. As defined, lim g(x) = — 2 and lim g(x) = b(—2) 2 = 4b. For g(x) to be continuous we must have 

X -> - 2 - x 4 -2+ ' 、 


4b = -2 泠 b 


2. 
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41. The function can be extended: f(0) ~ 2.3. 


y 



42. The function cannot be extended to be continuous at 
x = 0. If f(0) « 2.3, it will be continuous from the 
right. Or if f(0) ~ —2.3, it will be continuous from the 
left. 


y 



43. The function cannot be extended to be continuous 44. The function can be extended: f(0) ~ 7.39. 
at x = 0. If f(0) = 1, it will be continuous from 
the right. Or if f(0) = —1, it will be continuous 
from the left. 



45. f(x) is continuous on [0,1] and f(0) < 0, f(l) > 0 
^ by the Intermediate Value Theorem f(x) takes 
on every value between f(0) and f(l) the 
equation f(x) = 0 has at least one solution between 
x = 0 and x = 1. 


y 



46. cos x = x ^ (cos x) — x = 0. If x = — cos (— |) — (— |) > 0. If x = cos (|) — | < 0. Thus cos x — x = 0 
for some x between — | and | according to the Intermediate Value Theorem. 


47. Let f(x) = x 3 — 15x + 1 which is continuous on [—4,4]. Then f(—4) = —3, f(—1) = 15, f(l) = —13, and f(4) = 5. 

By the Intermediate Value Theorem, f(x) = 0 for some x in each of the intervals —4 < x < —1, —1 <x< 1, and 
1 < x < 4. That is, x 3 — 15x + 1 =0 has three solutions in [—4,4]. Since a polynomial of degree 3 can have at most 3 
solutions, these are the only solutions. 


48. Without loss of generality, assume that a < b. Then F(x) = (x — a) 2 (x — b) 2 + x is continuous for all values of 
x, so it is continuous on the interval [a, b]. Moreover F(a) = a and F(b) = b. By the Intermediate Value 
Theorem, since a < < b, there is a number c between a and b such that F(x)= 气 ^. 
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49. Answers may vary. Note that f is continuous for every value of x. 

(a) f(0) = 10, f(l) = l 3 — 8(1) + 10 = 3. Since 3 < 7r < 10, by the Intermediate Value Theorem, there exists a c 
so that 0 < c < 1 and f(c) = 7r. 

(b) f(0) = 10, f(-4) = (― 4) 3 — 8(-4) + 10 = -22. Since -22 < - >/3 < 10, by the Intermediate Value 
Theorem, there exists a c so that —4 < c < 0 and f(c) = — \/3. 

(c) f(0) = 10, f(1000) = (1000) 3 — 8(1000) + 10 = 999,992,010. Since 10 < 5,000,000 < 999,992,010, by the 
Intermediate Value Theorem, there exists a c so that 0 < c < 1000 and f(c) = 5,000,000. 


50. All five statements ask for the same information because of the intermediate value property of continuous 
functions. 

(a) A root of f(x) = x 3 — 3x — 1 is a point c where f(c) = 0. 

(b) The points where y = x 3 crosses y = 3x + 1 have the same y-coordinate, or y = x 3 = 3x + 1 
^ f(x) = x 3 - 3x - 1 = 0. 

(c) x 3 — 3x = 1 => x 3 — 3x — 1 二 0. The solutions to the equation are the roots of f(x) = x 3 — 3x — 1. 

(d) The points where y = x 3 — 3x crosses y = 1 have common y-coordinates, or y = x 3 — 3x 二 1 
^ f(x) = x 3 — 3x — 1 = 0. 

(e) The solutions of x 3 — 3x — 1 = 0 are those points where f(x) = x 3 — 3x — 1 has value 0. 

51. Answers may vary. For example, f(x) = sin x ^~ 2) is discontinuous at x = 2 because it is not defined there. 
However, the discontinuity can be removed because f has a limit (namely 1) as x —> 2. 


52. Answers may vary. For example, g(x) 


has a discontinuity at x 


-1 because lim g(x) does not exist. 

x ^ —l 


lim, g(x) 


-oo and lim g(x) = +oo. 

X ^ —1+ / 


53. (a) 


Suppose xq is rational f(Xo) = 1. Choose e = For any 6 > 0 there is an irrational number x (actually 
infinitely many) in the interval (xq —占， xq + △) 4 f(x) = 0. Then 0 < |x — xq| < 6 but |f(x) — f(xo)| 


=1 > 士 = e，so lim f(x) fails to exist 4 f is discontinuous at xn rational. 

z X — Xo 


On the other hand, x。irrational f(x。）= 0 and there is a rational number x in (xq — xq + ^) ^ f(x) 
=1. Again lim f(x) fails to exist => f is discontinuous at xn irrational. That is, f is discontinuous at 

X 4 Xo 


every point. 

(b) f is neither right-continuous nor left-continuous at any point x 0 because in every interval (x 0 — x 0 ) or 

(xq, Xq + 6) there exist both rational and irrational real numbers. Thus neither limits lim_ f(x) and 

x — x 0 

lim f(x) exist by the same arguments used in part (a). 

X 4 X J ' 、一 


54. Yes. Both f(x) = x and g(x) = x — | are continuous on [0,1]. However ^ is undefined at x = | since 
g ⑷ = 0 =>• 黑 is discontinuous at x = 


55. No. For instance, if f(x) = 0, g(x) = |"x"|, then h(x) = 0( 「 x] )=0 is continuous at x = 0 and g(x) is not. 

56. Let f(x) = and g(x) = x + 1. Both functions are continuous at x = 0. The composition f o g = f(g(x)) 
= (x + ^ t ^ is discontinuous at x = 0, since it is not defined there. Theorem 10 requires that f(x) be 
continuous at g(0), which is not the case here since g(0) = 1 and f is undefined at 1. 


57. Yes, because of the Intermediate Value Theorem. If f(a) and f(b) did have different signs then f would have to 
equal zero at some point between a and b since f is continuous on [a, b]. 
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58. Let f(x) be the new position of point x and let d(x) = f(x) — x. The displacement function d is negative if x is 
the left-hand point of the rubber band and positive if x is the right-hand point of the rubber band. By the 
Intermediate Value Theorem, d(x) = 0 for some point in between. That is, f(x) = x for some point x, which is 
then in its original position. 

59. If f(0) = 0 or f(l) = 1, we are done (i.e., c = 0 or c = 1 in those cases). Then let f(0) = a > 0 and f(l) = b < 1 
because 0 < f(x) < 1. Define g(x) = f(x) — x g is continuous on [0,1]. Moreover, g(0) = f(0) — 0 = a > 0 and 
g(l) = f(l)—l=b — 1<0 by the Intermediate Value Theorem there is a number c in (0,1) such that 

g(c) = 0 ^ f(c) 一 c = 0 or f(c) = c. 

60. Let e = > 0. Since f is continuous at x = c there is a ^ >0 such that |x — c| < <5 =>• |f(x) — f(c)| < e 

4 f(c) - e < f(x) < f(c) + e. 

If f(c) > 0, then ^ = \ f(c) | f(c) < f(x) < | f(c) 4 f(x) > 0 on the interval (c — △，c + 占 ). 

If f(c) < 0, then e = — | f(c) => | f(c) < f(x) < | f(c) =>• f(x) < 0 on the interval (c — <5, c + 6). 


y f(c)+e 




61. By Exercises 52 in Section 2.3, we have lim f(x) = L o lim f(c + h) = L. 

' x — c h 4 0 

Thus, f(x) is continuous at x = c 分 lim f(x) = f(c ) 分 lim f(c + h) = f(c). 

x — c h 4 0 

62. By Exercise 61, it suffices to show that lim sin(c + h) = sin c and lim cos(c + h) = cos c. 

’ h —^ 0 h — 0 

Now lim sin(c + h) = lim [(sin c)(cos h) + (cos c)(sin h)] = (sin c) ( lim cos h) + (cos c) ( lim sin h) 
h — 0 h —^ 0 L J \h —> 0 / \h ^ 0 / 

By Example 6 Section 2.2, lim cos h = 1 and lim sin h = 0. So lim sin(c + h) = sin c and thus f(x) = sin x is 
' h — 0 h — 0 h —> 0 

continuous at x = c. Similarly, 

lim cos(c + h) = lim [(cos c)(cos h) — (sin c)(sin h)] = (cos c) ( lim cos h) — (sin c) ( lim sin h) = cos c. 
h —> 0 h — 0 L J \h ^ 0 / \h ^ 0 / 

Thus, g(x) = cos x is continuous at x = c. 

63. x s 1.8794, -1.5321, -0.3473 

65. x« 1.7549 
67. 3.5156 

69. x « 0.7391 

2.7 TANGENTS AND DERIVATIVES 

1. Pi ： mi = 1, P 2 : m 2 = 5 


64. 1.4516, -0.8547, 0.4030 

66. 1.5596 

68. x« -3.9058, 3.8392, 0.0667 
70. x« -1.8955,0, 1.8955 

2. Pi ： mi = —2, P 2 ： m 2 = 0 
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3. Pi ： mi = |,P 2 : m 2 = - \ 


4. Pi ： mi = 3, P 2 : m 2 = —3 


5. m 


lim 

h^O 

lim 

h — 0 


[4-(-l + h) 2 ]-(4-(-l) 2 ) 


-(l-2h + h 2 )+l — 
h — 


lim 

h — 0 


at ( _ 1 ， 3): y — 3 ■j - 2(x 
tangent line 


— n ) — 9. 

h _ z ， 

(—1 )) 泠 y = 2x + 5, 


6. m= lim [(i + h-i )2 + i]-[(i-i )2 + i] ^ lim h! 
h — 0 h h — 0 h 

=lim h = 0; at (1,1): y = 1 + 0(x — 1) => y = 1, 
h — 0 ° 

tangent line 


y 



y 




2^/l+h-2y/l _ 


2y/l+h-2 

2y/l+h + 2 

h — 0 

h 

h^O 

h 

2\/ 1 + h + 2 

=lim 

4(1+h)-4 

=lim 

2 

= 1 ： 


=2h(yiTh + i) = TTThTT = 1; 
at (1,2): y = 2 + l(x —!)=>• y = x + 1， tangent line 


8. m 


lim 

h — 0 

: lim 

IwO 


(-1 + h) 2 ~ (-1) 2 


h 11 ^ 


-(-1+h) 2 




at (-1 ， 1): y = 1 + 2(x 
tangent line 


h(-l+h) 2 
2-h _ 9 . 

FT+h? ’ 

(—1)) ^ y = 2x + 3, 


y 



y 
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10. m = lim 
h — 0 

=lim 

h ^ 0 


(_2 + h 户 ' _ i; m -8-(-2 + h) 3 

h — h A ™ 0 -8h(_2 + h)3 

-(12h-6h 2 +h 3 ) — 12-6h + h 2 

-8h(-2 + h) 3 — d 8(-2+ h) 3 


二 12 — _ A. 
— 8(-8) — 16, 


at (_ 2 , -1): y = -1 - 备 ( x _ (_ 2 )) 

4 y = —吾 x — 辜 ， tangent line 


y 



11 ^ ^±^= h lim o ^=4; 

at (2,5): y — 5 = 4(x — 2), tangent line 


12. m = lim 
h — 0 


[(l + h)-2(l+h) 2 ]-(-l) 


lim 


h h _ ; 0 

at (1, —1): y + 1 = —3(x — 1), tangent line 


(l+h-2-4h-2h 2 ) + l 


h h To 


h(-3 - 2h) 


-3; 


13. m = h lim o ^ 


-3 


lim (3 + h)-3(h+l) 
h^O 


-2h 


h ~ u . n h(h+ 1) 

at (3,3): y — 3 = —2(x — 3), tangent line 


lim ,,, , 
h — o h ( h+1 ) 


-2； 


M. — 


lim 


8-2(2 + h) 2 


lim 


h _ h^O h ( 2 + h ) 2 _ h — 0 
at (2,2): y — 2 = — 2(x - 2) 


J-2(4 + 4h + h 2 ) 

~~ U2 + W 


lim 


-2h(4 + h) 


h 4 o h ( 2 + h)2 


f = - 2 ; 


15. m = lim 

h — 0 


(2 + h) 3 -8 


h^O 


(8 + 12h + 6h 2 +h 3 )-8 _ r _ h(12 + 6h + h 2 ) _ 0 

^ — h™0 S 


at (2,8): y — 8 = 12(t — 2), tangent line 

16. lim [(l + h)3 + 3(l + h)]-4^ lim (l + 3h + 3h 2+h 3 + 3 + 3h)-4 = lim h (6 + 3h+ h 2) =6 

h — 0 h IwO h IwO h 

at (1,4): y — 4 = 6(t — 1), tangent line 


17. m = lim 
h^O 


y/4 + h-2 
h^ 


h^O 


-y/4 + h - 2 y/4 + h + 2 


lim 


(4 + h)-4 


lim 


>/4 + h + 2 h —^ 0 h f\/4 + h + 2) h ^ 0 h f\/4 + h + 2) V^ + 2 


I ； at (4,2): y — 2 = 士 （x — 4), tangent line 

^(8 + h) + 1 - j _ lirr| yy-^n -j • y^^n-h j _ 

l 

= \\ at (8,3): y - 3 = i (x - 8), tangent line 


\/9 + h-3 • 79 + 11 + 3 _ (9 + h)-9 _ ^ ^ _ 

h V9 + h + 3 h ^ 0 h(V9 + h + 3j _ h^O h(V9 + h + 3) 


lim 


19. At x = — 1， y = 5 => m = lim 5(-1 + h h ^ 2 ~ 5 = lim ~ 2h , + h )_ 5 = lim 5h( ~? + h) = —10, slope 


h^O 


h — 0 


h — 0 
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20. Atx = 2, y =-3^ m = 心 “ _ (2 + ， (-3) = 心 （一 h 部 3 = 心平 = _ 4 , slope 


21. Atx = 3,y=^m = h lirn o ^ 


i, slope 


22. Atx = 0, y=—1 => m: 




-(- 1 ) 


h 11 ^ 


(h-l) + (h + l) 
^h(h+l)^ 


^0 


2h 


h(h+l) 


2 , slope 


23. At a horizontal tangent the slope m = 0 0 = m = ^lim^ [( x + h ) +4(x+h)~ i]-(x +4x-i) 

=lim ( x2 + 2xh + h 2 + 4x +4h -1) - (x 2 + 4x - 1 ) = lim (2xh+h 2 +4h) = lim (2 X + h + 4) = 2x + 4; 

h — 0 h two h h —0 

2x + 4 = 0 x = —2. Then f(—2) = 4 — 8 — 1 = —5 => (—2, —5) is the point on the graph where there is a 
horizontal tangent. 


24 o = m = lim [( x + h) 3 - 3(x + h)] - (x 3 — 3x) _ (X 3 + 3x 2 h + 3xh 2 + h 3 — 3x — 3h) - (x 3 - 3x) 

. — —h —0 h —h — 0 h 

=lim 3x 2 h + 3xh 2 +h 3 -3h = lim ( 3x 2 + 3xh + h 2 - 3) = 3x 2 - 3; 3x 2 - 3 = 0 今 x = — 1 or x = 1. Then 
h — 0 h h^O V J 

f(_l) = 2 and f(l) = —2 =>• (— 1 , 2 ) and ( 1 , — 2 ) are the points on the graph where a horizontal tangent exists. 


25. 


lim 

h ^ 0 


lim (x- l)-(x + h- 1) 
h™0 h(x-l)(x + h-l) 


h^O h(x-l)(x + h-l) 




(x — l ) 2 = 1 4 x 2 — 2x = 0 =>• x(x — 2) = 0 x = 0 or x = 2. If x = 0, then y = — 1 and m = — 1 

4 y=—1— (x — 0) = _(x + 1). If x = 2, then y = 1 and m=—1 y = 1 — (x — 2) = —(x — 3). 


26. 


： h ^0 


+ h — 


: h 


>/ x + h— a/x 
h 


y/\ + h+ y/x 


y/\ + h+ y/x h —> 0 h ^\/x + h+ 

yj= => = 2 => x = 4 y = 2. The tangent line is 


(x + h)-x 


h^Po h(v^Th+\A) _ 2 >A * 


Thus, 




y = 2 + 2 (x - 4) 


! + i- 


27 lim f(2 + h)-f(2) = lim (100-4.9f2 + h) 2 )-(100-4.9(2) 2 )= 咖 -4.9 (4+ 4h + h 2 )+ 4.9(4) 

_h —0 h _ h ^ 0 h _ h^O h 

=lim (—19.6 — 4.9h) = —19.6. The minus sign indicates the object is falling downward at a speed of 
h ^ 0 

19.6 m/sec. 


28 - ft h % ^=60 ft/sec. 

29. lim f(3 + h ^- f(3 > = lim 邮 + h) 卜 ⑶ 2 = lim 蟑 + «^- 9] = Um 兀 (6 + h) = 6 冗 


30 - h^O 


f(2 + h) — f(2) 




[(2 + h) 3 ^(2) 3 


lLmni[ 12 h ^ =hli ^h 12 + 6h + h2j = ： ^ 


h ^0 


f(0 + h)-f(0) 


31. Slope at origin = ^lim^ - ^ 

the origin with slope 0 . 


h ^0 


h 2 S 


lim h sin ⑴ = 0 yes, f(x) does have a tangent at 


h — 0 


32. lim g(° + h ) ~ g(°) — ii m hsl =(K) _ \[ m s [ n i since lim sin ^ does not exist, f(x) has no tangent at 


h — o 

the origin. 


h — 0 


h — 0 


h — 0 
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Section 2.7 Tangents and Derivatives 


33. h Hp o — 


lim 


-1-0 


oo, and lim f ( 0 + h ) _ f ( 0 ) — \[ m 


1-0 


h^0~ h ’ h — 0+ h h ^ 0+ h 


1 lim。 f(0+1 ^ -f(0 ) = oo =>• yes, the graph of f has a vertical tangent at the origin. 


34. ㉝― 運 






lim 

h — 0+ 


oo. Therefore, 


: 0 => no, the graph of f 


does not have a vertical tangent at (0,1) because the limit does not exist. 
35. (a) The graph appears to have a cusp at x = 0. 



h — 0 _ n h —^ 0 _ n h —^ 0 _ n h — 0+ 

the graph of y = x 2 / 5 does not have a vertical tangent at x = 0. 

36. (a) The graph appears to have a cusp at x = 0. 


h^O- h h^O- h h^O- h / 

^ y = x 4 / 5 does not have a vertical tangent at x = 0. 

37. (a) The graph appears to have a vertical tangent at x = 0. 



h — o+ 


( b ) 熬忐二 

38. (a) The graph appears to have a vertical tangent at x = 0. 



h 3 / 5 - 0 



at x = 0. 
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108 Chapter 2 Limits and Continuity 

39. (a) The graph appears to have a cusp at x = 0. 


⑼ h Hp o — 


h — h h h ^'0- hJ/u _ h 4 0+ 

^ limit does not exist =>■ the graph of y = 4x 2 / 5 — 2x does not have a vertical tangent at x = 0. 


4h 2 / 5 - 2h 


h 1 丄 1 V & 


2 ： 



40. (a) The graph appears to have a cusp at x = 0. 



(b) h h To f(0±t ^ M = h^o = h ，。 h 2/3 - = 0 - h lim o ^ does not exist ^ the graph of 

y = x 5 / 3 — 5x 2 / 3 does not have a vertical tangent at x = 0. 


41. (a) The graph appears to have a vertical tangent at x 
and a cusp at x = 0. 


⑼ X = 1: (1+h) 广 D ， 


|l /3 . 


h^O 


(1 + h) 2 / 3 — h 1 / 3 - 



-oo 


4 y = x 2 / 3 — (x — l) 1 / 3 has a vertical tangent at x = 1; 


x 二 0 : lim 
h — 0 


f(0 + h)-f(0) 


lim 

h — 0 


h 2/3 -(h _ 1)1/3 -(-1) l/3 

h 


lim 

h — 0 


hV3 


(h - l) 1 / 3 

~~h~~ 


does not exist y = x 2y/3 — (x — l)" 3 does not have a vertical tangent at x = 0. 
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Section 2.7 Tangents and Derivatives 


42. (a) The graph appears to have vertical tangents at x 
x = 1. 


0 and 


h — 0 


h^o 



vertical tangent at x 二 0; 

x=l: lim f(1+h 2_ f(1) = lim (i+hM + d+h-i)" 3 —l = ⑴泠 y = x 1 , 3 + (x _ l) 1 , 3 has : 

h—o h h—o h J 

vertical tangent at x = L 

43. (a) The graph appears to have a vertical tangent at x = 0. 



⑼ h ， 0+ 

lim 


f(0 + h)-f(0) 
^h^ 


\/h-0 
~h~ 


lim 

x — 0+ 

f(0+h)-f(0) = lim -VW\-0 

h — (T h _ h — (T h 
y has a vertical tangent at x = 0. 


oo; 


lim 4= 

h^O Vh 

"h^o- -N 


ViPo- ^ = 0 ° 


44. (a) The graph appears to have a cusp at x = 4. 


(b) lim 

h^0+ 

lim 

h — 0- 


f(4 + h)-f(4) 
h 

f(4 + h)-f(4) 


lim 

h — 0+ 

lim 

h — 0- 


y|4-(4 + h)|-0 







h ^ o - 減一 


今 y = y4 —x does not have a vertical tangent at: 


4. 


45-48. Example CAS commands: 

Maple: 

f := x -> x 八 3 + 2*x;x0 := 0; 

plot( f(x), x=x0-l/2..x0+3, color=black, # part (a) 

title=’’Section 2.7, #45(a) M ); 

q := unapply( (f(x0+h)-f(x0))/h, h ); # part (b) 

L := limit( q(h), h=0 ); # part (c) 

sec—lines := seq( f(x0)+q(h)*(x-x0), h=l"3 ); # part (d) 

tan_line := f(x0) + L*(x-x0); 

plot( [f(x),tan_line,sec 一 lines], x=xO-l/2..xO+3, color=black, 
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110 Chapter 2 Limits and Continuity 


2. At x = — 1: lim f(x) = 0 and lim f(x) = —1 

X -> -1 _ X ^ -1 + 

lim f(x) does not exist 

x —> —1 

^ f is discontinuous at x = — 1. 

At x 二 0: lim f(x) = —oo and lim + f(x) = oo 

lim f(x) does not exist 
x ^ 0 

^ f is discontinuous at x = 0. 

Atx = 1: lim f(x) = lim f(x) = l ^ lim f(x) = 1. 

X ^ 1 _ X ^ 1 + X— 1 

Butf(l) = 0^ lim f(x) 
x —> 1 

^ f is discontinuous at x = 1. 

If we define f(l) = 1, then the discontinuity at x = 1 is 
removable. 

3. (a) lim (3f(t)) = 3 lim f(t) = 3(-7) = -21 

t ^ to t ^ to 

(b) t lim (f(t)) 2 = ( t lim f(t)) 2 = (-7) 2 = 49 
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linestyle=[l,2,5,6,7], title= M Section 2.7, #45(d) M , 
legend= ["y=f(x) M Tangent line at x=0","Secant line (h=l)", 
’’Secant line (h=2) M , n Secant line (h=3)"]); 
Mathematica: (function and value for xO may change) 

Clear [f, m, x, h] 
xO = p; 

f[xj: = Cos[x] + 4Sin[2x] 

Plot[f[x],{x,x0- l,x0 + 3}] 
dq[h_]: = (f[x0+h] - f[x0])/h 
m = Limit[dq[h],h —> 0] 
ytan: = f[x0] + m(x — xO) 


yi 

y2 

y3 


f[x0] + dq[l](x-x0) 
f[x0] + dq[2](x - xO) 
f[x0] + dq[3](x - xO) 


Plot[{f[x],ytan,y 1,y2,y3}, {x,xO - l ， x0 + 3}] 

CHAPTER 2 PRACTICE EXERCISES 


1. At x = — 1: lim 

X ——: 


^ lim f(x) 

x ^ —1 


f(x) = lim ^ f(x) = 1 
=1 = f(-l) 

^ f is continuous at x = —1. 
f(x) 

But f(0) 

^ f is discontinuous at x = 0. 

If we define f(0) = 0, then the discontinuity at x = 0 is 


Atx = 0: Ji 


lim f(x) = 0 =>• lim f(x) = 0. 
X 4 0+ X 4 o 


1 ㈣ f(x) 


removable. 

At x = 1: lim f(x) 


-1 and lim f(x) 

x —> 1 + 


^ lim f(x) does not exist 

x —> l 

f is discontinuous at x = 1. 
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(c) t lim o (f(t) - g(t)) = t liri| o f(t) - lirn^ g(t) = (-7)(0) = 0 


(d) lim 


f ⑴ 




W ⑴ 


to g(t)-7 - t lim (g(t) -7) - limg(t)- t Um7 - 0-7 
(e) lim cos (g(t)) = cos ( lim g(t)) = cos 0=1 

t — to \t —> to / 

|-7|=7 


(f) I™ |f(t)| 

t —>■ to 




(g) l™ (f(t) + g(t)) 

t ^ to 

( h ) ㈣ 。 ⑷ 


lim f(t) + lim g(t) = —7 + 0 
t —>■ to t ^ to 




4. (a) x lim o -g(x) 


lim g(x) = — \fl 


(b) x lim o (g(x) • f(x)) = x lim o g(x) - x lim Q f(x) = (^) (I) = f 


(c) x lim o (f(x) + g(x)) = x lim o f(x) + ^ g(x)= 






2 


⑹ x ， 0 忐 = 

(e) lim (x + f(x)) = lim x + lim f(x) = 0 + 


x ^ 0 


x ^ 0 


( f )= 省 


5. Since lim x = 0 we must have that lim (4 — g(x)) = 0. Otherwise, if lim (4 — g(x)) is a finite positive 

x —> 0 x —^ 0 x ^ 0 


number, we would have lim 

x ^ 0 _ 


4-g(x) 


-oo and lim 

x —^ 0 + 


4-g 


oo so the limit could not equal 1 as 


0. Similar reasoning holds if lim (4 — g(x)) is a finite negative number. We conclude that lim g(x) = 4. 

x ^ 0 x —> 0 


6 . 2 


lim 


-4 

___T1 
x — 0 


x x liin g(x) 


(since lim n g(x) is a constant) => lim n g(x) = _ 4 


lim x • lim lim g(x) 

—4 x ^ —4 Lx —> 0 

_ w 入 ，二- 2 

x — 0 


- 4 x ， 4 g(x) 


-4» (X) 


7. (a) lim f(x) = lim x 1 / 3 = c 1 , 3 = f(c) for every real number c => f is continuous on (—oo, oo). 

(b) x lim c g(x) = x lim c x 3 ’ 4 = c 3 , 4 = g(c) for every nonnegative real number c => g is continuous on [0, oo). 

(c) x lim c h(x) = x lim c x- 2/3 = ^ =h(c) for every nonzero real number c => h is continuous on (—oo, 0) and (—oo, oo). 

(d) x lim c k(x) = x lim c x _ " 6 = -^ = k(c) for every positive real number c ^ k is continuous on (0, oo) 


8. (a) U ((n — |)7r，(n + !)7r) ， where I = the set of all integers, 
n G I ^ 

(b) [J (n7r, (n + l)7r)，where I = the set of all integers. 

n G I 

(c) ( — OO, 7r) U (7T, oo) 

(d) (—oo, 0) U (0, oo) 


9. (a) lim ^-4x + 4 = lim m 

v J x — o x + 5x - 14x x — 0 x ( x + 7 )( x - 2 ) 

lim f ~ \ = oo and lim f ~ \ 
x^0- x ( x + 7 ) x ^0+ x(x + 7) 


: x h To 錶’ x 

: —OO 


^ 2; the limit does not exist because 


- • w X —r \J 

(b) x lim 2 X 3 X +5 ^ X ^!4 X = x l™ 2 x (( X x+ 2 7))(( X x - 2 2)) — ^^2 x(x + 7) ， X — 2 , and x(x + 7) ~ 2^j ~ ^ 

〕 .(a) x lim o X 5 + 2 J + X^ = (x^ ( +2x +1) = x^(x+i)(x+i) = x 1 !% FoT+T) ， x — 0 and x — -1. 

NoW x nm_ ^^^ooand^lhn = oo 4 ^ x5+ x2 2 + 4 x +x3 - oo. 
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112 Chapter 2 Limits and Continuity 


(b) = x 1 ™ 1 xMx" ( + + 2 x+i) = x i™ ! ^d+T) , X ^ 0 and x ^ ^1. The limit does not 


X ^ —1 A 丁 ▲八丁 A X 

exist because lim 


x 2 (x+l) 


-oo and lim 


1+ x 2 (x+l) 


OO. 


n - x h Ti ^ (i-Jx)f+^x) = x h i?i itvx = 5 


12 - x 1 ^ = x^a (x 2 +^)(x2-a 2 ) = x'^Pa 5?+^ = 2? 


13. lim (x + h f — x2 = lim ( x2 + 2fa + h ~)- x2 = ii m (2x + h) = 2x 


14. lim (x + h f ~ x2 = lim (x2 + 2hx . + h2) ~ x2 = lim (2x + h) = h 


x — 0 


x ^ 0 


x — 0 


15 - A ^ 


lim m) = lim 


. 0 2x(2+ x) — x o 4 + 2x 


16 ' x^O 


(2 + x) 3 


x^O 


(x 3 + 6x 2 + 12x + 8) — 8 


lim (x 2 + 6x + 12) = 12 
x ^ 0 


17. lim [4 g(x)]" 3 = 2 泠 
x —> 0 + 


lim 4 g(x) 

Lx — 0 十 


1/3 


2 ^ lim 4 g(x) = 8, since 2 3 = 8. Then lim g(x) 

x —^ 0 + x —^ 0 + 


18. lim =2 今 lim (x + g(x)) = i \/5 + lim 「 g( x ) = | ^ lim g(x) = | - \/5 

x —^ a/5 x y5 x —^ y5 


19. lim 


3x 2 + l 
g(x) 


OO 


^ lim g(x) = 0 since lim (3x 2 + 1) = 4 


20. lim 


5-x 2 

y/gOO 


0 => lim g(x) = oo since lim (5 - x 2 ) 

x ― ^ — 2 x — > — 2 


21. = = 1 


2x 2 +3 一 1;rn 2 + ? - 2 + 0 


22. x = x 卫〜每 = 譜 = 誉 


23 - x _ 為 + 8 ^ x ij nl oo(^ _ 3? + 3?) = 0- 0 + 0 = 0 


24 - x 1 -H 1 oox :! -7x + 1 = x 1 i| 1 J x) i_r + 4 = 1-0 + 0 = 0 


25. lim 


x 2 -7x 


lim 


x-7 


x —>■ — OO X+l x ^ —oo 1 + ^ 


-oo 


26. lim „ ,444 


lim 


x+l 


x oo 12x a + 128 — X -^-00 12 + ^ 


OO 


27. = 0 since int x — oo as x — oo = 0. 


28. ^^ = 0. 


29. X H 


;in x + 2y/x 


lim 




L + 0 + 0 


sin x x ^ oo 


- s -^ ~ — 1 + 0 


30. lim 


x 2/3_ 


X —> OO X 2 / 3 + COS 2 X X ^ OO 


lim 


1+ x~ 5 / 3 、— 1 + 0 


cos^x 

. 


L + 0 
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Chapter 2 Practice Exercises 


31. At x = — 1: lim f(x) = lim 

x^-l- w X — -1- l x - 1 ! 

= lim :/) = lim x = —1, and 

x ^ —1 _ x _ 丄 x —> —1 _ 


x Hm i+ f(x) = xi im i+ ㈣= 上 + 


x(x 2 -l) 

-(x^-1) 


=lim (—x) = —(—1) = 1. Since 

x —> —l 

lim f(x) ^ lim f(x) 

X 4 -1 _ X — ^ —1+ 

lim f(x) does not exist, the function f cannot be 

x —> —l 



extended to a continuous function at x = —1. 

At x = 1: $ lim f(x) = x lim = x lim_ = x Hm (-x) = — 1 ， and 

lim f(x) = lim = lim x (】~/) = lim x = 1. Again lim f(x) does not exist so f 

x — l+ X — 1+ l x2 -!| X — 1+ X 2 - 1 X—1+ 6 X—1 W 

cannot be extended to a continuous function at x = 1 either. 


32. The discontinuity at x 


= 0 of f(x) = sin (-) is nonremovable because lim sin - does not exist. 

、 x/ x —> 0 x 


33. Yes, f does have a continuous extension to a = 1: 
define ^1) = ^ ^ = f- 


34. Yes, g does have a continuous extension to a = |: 


g(i) = e ， f 


5 cos 6 — — 5 
46-2 ty — — 5. 



35. From the graph we see that lim h(t) ^ lim h(t) 

t — 0 _ t — o+ 

so h cannot be extended to a continuous function 
at a = 0. 


h(t) = (1 4 - |r|) !/, . j = 0 
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114 Chapter 2 Limits and Continuity 

36. From the graph we see that lim k(x) ^ lim k(x) 

一 x — 0 _ X 4 0+ 

so k cannot be extended to a continuous function 
at a = 0. 



37. (a) f(—1) = — 1 and f(2) = 5 4 f has a root between — 1 and 2 by the Intermediate Value Theorem, 
(b), (c) root is 1.32471795724 

38. (a) f(—2) = — 2 and f(0) = 2 ^ f has a root between —2 and 0 by the Intermediate Value Theorem, 
(b), (c) root is -1.76929235424 


CHAPTER 2 ADDITIONAL AND ADVANCED EXERCISES 


⑻ X 

0.1 

0.01 

0.001 

0.0001 

0.00001 

X x 

0.7943 

0.9550 

0.9931 

0.9991 

0.9999 


Apparently, lim x x = 1 

x —> 0 + 


(b) 


y 



0.2 



8 


x 
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3 - v i™- L = v i™- L o \A - 苔 = l o =L o \A _ ■ = o 

The left-hand limit was needed because the function L is undefined if v > c (the rocket cannot move faster 
than the speed of light). 

4. # 一 1 < 0.2 泠 —0.2 < # — 1 < 0.2 泠 0.8 < # < 1.2 泠 1.6 < Vx < 2.4 2.56 < x < 5.76. 

# 一 1 <0.1 => —0.1 < ^ - 1 < 0.1 泠 0.9 < # < 1.1 泠 1.8 < yx < 2.2 ^ 3.24 < x < 4.84. 

5. |10 + (t — 70) x 10 ~ 4 - 10| < 0.0005 泠 |(t — 70) x 10~ 4 | < 0.0005 泠 一 0.0005 < (t - 70) x 10 ~ 4 < 0.0005 

泠 -5 < t — 70 < 5 泠 65。< t < 75 。泠 Within 5° F. 


6 . We want to know in what interval to hold values of h to make V satisfy the inequality 
|V — 1000| = | 367 rh — 1000| < 10. To find out, we solve the inequality: 

| 367 rh - 10001 < 10 玲 -10 < 367 rh- 1000 < 10 ^ 990 < 367 rh < 1010 |^ < h < ^ 

8.8 < h < 8.9. where 8.8 was rounded up, to be safe, and 8.9 was rounded down, to be safe. 

The interval in which we should hold h is about 8.9 — 8 . 8 二 0.1 cm wide (1 mm). With stripes 1 mm wide, we can expect 
to measure a liter of water with an accuracy of 1 %, which is more than enough accuracy for cooking. 


7. Show lim f(x) = lim (x 2 — 7) = —6 = f(l). 

x ^ l x ^ l 

Step 1 1 I (x^ — 7) + 6 | <C 6 — € — 1 1 — 6 <C 1 H - c 1 — € < x < \J 1 -|-"e. 

Step 2: |x — 1| < ^ => —^<x—1<^ —^ + I<x<^ + 1. 

Then -6+1 = 6 or <5 + 1 = ^/\ -\- e. Choose 6 = min 1 1 — 1 — e, \/1 + e — l|, then 

0<|x—1|<^ |(x 2 — 7)—61 <e and lim f(x) = — 6 . By the continuity test, f(x) is continuous at x = 1. 

X ^ 1 ' " 


8 . Show lim g(x) = lim - = 2 = g ⑴. 

x ^ 4 X —> 4 

Ste P 1: \h~A <e ^ _e< i _2<e ^ 2_e< ^ <2 + C ^ 4^27 > X > A+2e - 

Step 2: \x — \\ < 6 ^ -6 <x — ^ < 6 => —^+^<x<5+|. 

Then -6 + \ = ^~ e ^ d=\ - ^ = 4 ^) , or 6-\-\ = ^ 4 ^ -\ = . 

Choose 6 = 4( 2 +e) , the smaller of the two values. Then 0<|x—^|<<5 | — 2| < e and lim ^ = 2. 

By the continuity test, g(x) is continuous at x = ^ . 


9. Show lim h(x) = lim \/lx . 


1 = h( 2 ). 


\/2x - 3 — 1 < e 今一 e < a/2x -3 — 1 < e 泠 1 — e < a/2x - 3 < 1 + e 泠 ( 1 ~f + 3 < x < (1 + e)2+3 . 


Step 1: 

Step 2: |x — 2| < 6 => —6 <x — 2<6or-6-\-2<x<6-\-2. 
Then-<5 + 2= ^ ,5 = 2 _ (i ^|!±3 _ —— ^ 


警 ， or 5 + 2 = (1 + f + 3 




(l + e) 2 + 3 


2 


d + g) 2 - 


6 + 


Choose 6 


the smaller of the two values. Then, 


0 < |x — 2| < ^ =>• \/2x — 3 — 1 < e, so lim \/2x — 3 = 1. By the continuity test, h(x) is continuous at x = 2. 


10. Show lim F(x) = lim y/9-x = 2 = F(5). 

x ^ 5 x —^ 5 

Step 1: v/9-x 一 2 < e 今 —e < y/9-x -2 < e ^ 9 - (2 - e ) 2 > x > 9 - (2 + e) 2 . 

Step 2: 0 < |x — 5| < ^ => —5<x — 5<^ => —5 + 5<x<6 + 5. 

Then —<5 + 5 = 9 — (2 + e ) 2 泠 <5 = (2 + e ) 2 — 4 = e 2 + 2e ， or △ + 5 = 9 — (2 — e ) 2 令 6 = 4 ： - (2 - e) 2 = e 2 - 2e. 
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116 Chapter 2 Limits and Continuity 

Choose 8 = e 2 — 2e, the smaller of the two values. Then, 0 < |x — 5| < ^ =>• yj9 — x — 2 < e, so 

lim W9 — x = 2. By the continuity test, F(x) is continuous at x = 5. 

x —> 5 ' ’ 

11. Suppose Li and L 2 are two different limits. Without loss of generality assume L 2 > Li. Let ^ = \ (L 2 — Li). 

Since x lkn f(x) = Li there is a 〜 >0 such that 0 < |x — xq| < ^1 => |f(x) — Li| < e => —e < f(x) — Li < e 

— ^ (L 2 — Li) + Li < f(x) < i (L 2 — Li) + Li 4Li — L 2 < 3f(x) < 2Li + L 2 . Likewise, lim f(x) = L 2 

so there is a 62 such that 0 < |x — xq| < <52 =>■ |f(x) — L 21 < e ^ —e < f(x) — L 2 < e 
泠 -i (L 2 - LO + L 2 < f(x) < i (L 2 - Lx) + L 2 泠 2L 2 +L! < 3f(x) < 4L 2 - Lx 

Li - 4L 2 < — 3f(x) < — 2L 2 — hi ， If △ = min {〜，&} both inequalities must hold for 0 < |x — x 0 | < 6: 

L^-4L 2 2 < JS < -2L 2 - L 2 , } ^ 5(Ll _ L 2 ) < 0 < Ll - L 2 . That is’ Ll - L 2 < 0 - Ll - L 2 > 0 ， 

a contradiction. 


12. Suppose lim f(x) = L. If k = 0, then lim kf(x) = lim 0 = 0 = 0. lim f(x) and we are done. 

rr X — C、/ X — C、/X — C X ^ c 

If k 7 ^ 0, then given any e > 0, there is a 5 > 0 so that 0 < |x — c| < ^ |f(x) — L| < ]fj |k||f(x) — L| < e 

4 |k(f(x) -L)| < e ^ |(kf(x)) - (kL)| < e. Thus, kf(x) = kL = k( x lijp c f(x)^. 


13. (a) Since x —> 0 + , 0 < x 3 < x < 1 (x 3 — x) —^ 0 _ ^ 

(b) Since x —> 0 _ , — 1 < x < x 3 < 0 => (x 3 — x) 

(c) Since x —> 0 + , 0 < x 4 < x 2 < 1 =>• (x 2 — x 4 ) 

(d) Since x —^ 0 _ , —1 < x < 0 => 0 < x 4 < x 2 < 1 4 (x 2 — x 4 ) 


lim + f (x 3 - x) = li 


0^ x lim_f(x3-x) 


0 + ^ lim f(x 2 -x 4 )= 
x —> 0 + y 


m_ f(y) = B where y = x 3 — x. 

lim f(y) = A where y = x 3 — x. 

— 0 + ' 

lim + f(y) = A where y = x 2 — x 4 . 


0+4 lim f (x 2 — x 4 ) = A as in part (c). 


14. (a) True, because if x lim a (f(x) + g(x)) exists then x lmi a (f(x) + g(x)) - x lmi a f(x) = x lmi a [(f(x) + g(x)) - f(x)] 
= x lim a g(x) exists, contrary to assumption. 

(b) False; for example take f(x) = - and g(x) = — Then neither lim f(x) nor lim g(x) exists, but 

x x x—o x—0 

lim (f(x) + g(x)) = lim (* — -)= lim 0 = 0 exists, 
x ^ 0 x —^ 0 x x x —> 0 

(c) True, because g(x) = |x| is continuous ^ g(f(x)) = |f(x)| is continuous (it is the composite of continuous 


⑹ 


functions). 


False; for example let f(x)= 
continuous at x 二 0 . 


f - 1 , x < 0 

( 1 , x > 0 


^ f(x) is discontinuous at x = 0. However |f(x)| = 1 is 


15. Show x lim if (x) = x lim 


X 2 - 


lim 


Define the continuous extension of f(x) as F(x) 


(x+l)(x-l) 

(x+1) 

r 

-2 ， x = -1 


2 , x _ — 1 . 

.We now prove the limit of f(x) as x ^ —1 


exists and has the correct value. 

Step 1: 2) <e 泠 -e < (xx) + 2 < e 泠 -e < (x - 1) + 2 < e, x ^ -1 ^ —e - 1 < x < e - 1. 


Step 2: |x - (—1)| < 6 ^ -6<x-\-l<S =>• —(5 — l<x<^ — 1. 

Then —6 — l = —e — l => 5 = e, or 6 — l = e — 1 4 S = e. Choose 6 = e. Then 0 < |x — (—1)| < 




X 2 - 


i - (-2) 


< e lim F(x) = —2. Since the conditions of the continuity test are met by F(x), then f(x) has a 
x —> —1 ~ ' 


continuous extension to F(x) at x = — 1 • 
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16. Show lim g(x) = lim 

x ^ 3 x —> 3 


X 2 - 2x - 3 

2x — 6 


r X 2 - 2x - 3 


Define the continuous extension of g(x) as G(x) 
x —>• 3 exists and has the correct value. 


2x-6 

2 , x 


,x # 3 


We now prove the limit of g(x) as 


Step 1: x2 - 2 _ x - 3 - 2 < e 4 -e < 以 : 以 1 ) -2<e 4 -e 〈爭 - 2<e ， x#3 泠 3 - 2e < x < 3 + 2e. 

Step 2: |x — 3| < ^ => —6<x — 3<6 3 — 6<x<6 + 3. 

Then, 3 — △ = 3 — 2e 4 ^ = 2e, or ^ + 3 = 3 + 2e ==> S = 2e. Choose 6 = 2e. Then 0 < |x — 3| < 6 
- — 2 < e => lim^ ( x ” = 2. Since the conditions of the continuity test hold for G(x), 


g(x) can be continuously extended to G(x) a.tx = 3. 


17. (a) Let e > 0 be given. If x is rational, then f(x) = x => |f(x) — 0| = |x — 0| < e 分 |x — 0| < e ; i.e., choose 

6 = e. Then |x — 0| < <5 =>• |f(x) — 0| < e for x rational. If x is irrational, then f(x) = 0 =>• |f(x) — 0| < e 
公 0 < e which is true no matter how close irrational x is to 0, so again we can choose 6 = e. In either case, 
given e > 0 there is a <5 = e > 0 such that 0 < |x — 0| < ^ |f(x) — 0| < e. Therefore, f is continuous at 

x = 0. 

(b) Choose x = c > 0. Then within any interval (c — 占 , c + 占 ） there are both rational and irrational numbers. 

If c is rational, pick e = |. No matter how small we choose <5 > 0 there is an irrational number x in 
(c — c + 5) |f(x) — f(c)| = |0 — c| = c > I = e. That is, f is not continuous at any rational c > 0. On 

the other hand, suppose c is irrational => f(c) = 0. Again pick e = |. No matter how small we choose 6 > 0 
there is a rational number x in (c — 5, c + (5) with |x — c| < | = e 分 | < x < y. Then |f(x) — f(c)| = |x — 0| 
=|x| > I = e =>• f is not continuous at any irrational c > 0. 

If x = c < 0, repeat the argument picking e = y = Therefore f fails to be continuous at any 
nonzero value x = c. 

18. (a) Let c = ^ be a rational number in [0,1] reduced to lowest terms => f(c) = 士 . Pick e = 去 . No matter how 

small <5 > 0 is taken, there is an irrational number x in the interval (c — c + 占 ） =>• |f(x) — f(c)| = |0 — ^ | 

= 士 > 士 = e. Therefore f is discontinuous at x = c，a rational number. 

(b) Now suppose c is an irrational number => f(c) = 0. Let 6 > 0 be given. Notice that ^ is the only rational 
number reduced to lowest terms with denominator 2 and belonging to [0,1]; ! and | the only rationals with 
denominator 3 belonging to [0,1]; ^ and | with denominator 4 in [0,1]; 臺，暴，！ and | with denominator 5 in 
[0,1]; etc. In general, choose N so that ^ < e there exist only finitely many rationals in [0,1] having 
denominator < N, say ri, r 2 ,... , r p . Let <5 = min {|c — r」：i = 1, … ， p} . Then the interval (c — c + <5) 
contains no rational numbers with denominator < N. Thus, 0 < |x - c| < 5 |f(x) - f(c)| = |f(x) - 0| 

=|f(x)| < ^ < e =>• f is continuous at x = c irrational. 
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(c) The graph looks like the markings on a typical ruler 
when the points (x, f(x)) on the graph of f(x) are 
connected to the x-axis with vertical lines. 


y 



/(Hr 


if jr = m/n is a rational number in lowest terms 
if jc is irrational 


19. Yes. Let R be the radius of the equator (earth) and suppose at a fixed instant of time we label noon as the 
zero point, 0, on the equator 0 + 7rR represents the midnight point (at the same exact time). Suppose x x 
is a point on the equator “just after" noon => Xi + 7rR is simultaneously “just after" midnight. It seems 
reasonable that the temperature T at a point just after noon is hotter than it would be at the diametrically 
opposite point just after midnight: That is, T(xi) — T(xi + 7rR) > 0. At exactly the same moment in time 
pick X 2 to be a point just before midnight X 2 + 7rR is just before noon. Then T(X 2 ) — T(x 2 + 7rR) < 0. 
Assuming the temperature function T is continuous along the equator (which is reasonable), the Intermediate 
Value Theorem says there is a point c between 0 (noon) and 7rR (simultaneously midnight) such that 
T(c) — T(c + 7rR) = 0; i.e., there is always a pair of antipodal points on the earth's equator where the 
temperatures are the same. 


20. lim f(x)g(x) 


X 3 


(f(x) + g(x)) 2 — (f(x) — g(x)) 2 = 1 (^ X lnn c (f(x) + g(x))) - ( x li:gi c (f(x) — g(x))) 


|(3 2 -(-l) 2 ) =2. 


21. (a) At x = 0: lim r+ (a) = lim 

a —> 0 a —> 0 

-(1+a) — 


-1 + \/l +a 


At x 


a a (-1 - \/l +a) -1 - ^/l +0 

lim 


-1: lim r + (a) 

a — —1+ 




-d + a) 


'-1 + y/l+a 


)(: 


-V l + a J 


1+ a (-1 - x/TTa) 


(b) At x = 0: lim r_ (a) 
a ^ 0 _ 




--y/l +a 




lim 


l-d + a) 


lim 


a — > 0 _ a (-1 + \/l + a) a — > 0 _ a ( — 1 + \/l + a ) 

denominator is always negative); lim r_(a) 

" ‘ a — 0+ 

is always positive). Therefore, lim r_(a) does not exist. 

" a —> 0 


lim -i ~~=^ 7 =_r = ―丄 厂 

a — > —1 a ( — 1 — + a ) —1 — y0 

( -1-y/l+a ) ( -1 + Vl + a 

lim 
lim 


0+ -1 + \/l+a 


1 + y/l+aJ 

oo (because the 

-oo (because the denominator 


At x 


lim r_(a) 

—>• —1+ 


lim 


-\/l + a 


- 1 + 


lim 


1+ -1 + x/l+a 
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22. f(x) = x + 2 cos x =>• f(0) = 0 + 2 cos 0 = 2 > 0 and f(—7r) = —tt + 2 cos (—7r) = —tt — 2 < 0. Since f(x) is 
continuous on [—7r, 0], by the Intermediate Value Theorem, f(x) must take on every value between [—tt — 2, 2]. 
Thus there is some number c in [—7r, 0] such that f(c) 二 0; i.e., c is a solution to x + 2 cos x = 0. 


23. (a) The function f is bounded on D if f(x) > M and f(x) < N for all x in D. This means M < f(x) < N for all x 

in D. Choose B to be max {|M|, |N|} . Then |f(x)| < B. On the other hand, if |f(x)| < B, then 
—B < f(x) < B f(x) > —B and f(x) < B => f(x) is bounded on D with N = B an upper bound and 
M = — B a lower bound. 

(b) Assume f(x) < N for all x and that L > N. Let e = Since lim f(x) = L there is a ^ > 0 such that 

_ z X —> Xo 

0< |x-x 0 | <(5 ^ |f(x) - L| < e 分 L — e < f(x) < L + e 分 L- ^ < f(x) < L + ^ 

分 < f(x) < 3L ~ N . But L > N => > N ^ N < f(x) contrary to the boundedness assumption 

f(x) < N. This contradiction proves L < N. 

(c) Assume M < f(x) for all x and that L < M. Let e = . As in part (b), 0 < |x — x 0 | < 6 

L — < f(x) < L + 分 3L ~ M < f(x) < < M, a contradiction. 

24. (a) If a > b, then a — b > 0 ^ |a — b|=a — b 4 max (a, b )= 气上 + + = y = a. 

If a < b, then a — b < 0 =>■ |a_b|= —(a — b) = b — a =>• max (a ， b) = — 

=f =b. 

(b) Let min (a, b) = — . 
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25 . x ， 0 = ^0 


sin(l - cos x) • 1 - cos x . 1 + cos x _ sin(l - cos x) • 1 - cos 2 x 

X 1+COSX x _ > Q 1 — COS X x _ > Q x(l + cos x) 


x^O 1 —X 


lim 


sin 2 】 


Q X(1 + COS X) 




(I) =°- 


26 . 


lim 


1 0 + (%-x Hm 0^ =1 -°- 


0 = 0 . 


27 . 怎辛 


^0^ - T = ^0^ - = 1 ' 1 = 1 - 


sin (sin x) 


28 K 


=-(x + l)= - limfx+1) 


29. x lim 2 ^ = » 2 害 • (x + 2)= 以眷 . 娜 + 2) 


4 = 4 


30. lim 


sin(^/x — 3) 
9 x-9 


lim 


l(-y/x~3) _^ 


9 — 3 y^ + 3 


lim 


i(y^c-3) 


lim 


x — ^9V^ + 3 


6 — 6 
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CHAPTER 3 DIFFERENTIATION 


3.1 THE DERIVATIVE OF A FUNCTION 


1. Step 1: f(x) = 4 —x 2 andf(x + h) = 4 —(x + h) 2 

St 2. f ( x + h)~f(x) _ [4-(x + h) 2 ] - (4-x 2 ) _ (4-x 2 -2xh-h 2 )-4 + x 2 _ -2xh-h 2 _ h(-2x - h) 

^ * h — h — h — h — h 

=—2x — h 

Step 3: f’(x)= lim (—2x - h) =-2x; f’(-3) = 6, f’(0) = 0, f’(l) =-2 
h — 0 

2. F(x) = (x - l) 2 + 1 and F(x + h) = (x + h — l) 2 + 1 泠 F’(x) = / 爪 。 [(x + h-i) 2 + i]-[(x-i) 2 + i] 

=lim (^ + 2xh + h2 -^- 2h + 1 + 1 )~(x 2 -2x+l + l) = Um 2xh + h i -2h = lim ( 2x + h — 2) 
h—0 h h^O h h^O ’ 

= 2(x — 1); F(-l) = -4, F(0) = -2, F(2) = 2 


3. Step 1: g(t )= 善 and g(t + h) = 

1 _ 丄 ( t2 

g(t + h)-g(t) _ (t+h)2 ~ P - _ V (t+h)2. t 2 J _ t 2 -(t 2 +2th + h 2 ) _ -2th - h 2 

oiep z. h — h — h ^(t + h) 2 .t 2 .h^ — (t + h) 2 t 2 h 

_ h(-2t-h) _ -2t-h 
~ (t + h) 2 t 2 h " (t + h) 2 t 2 

Step 3: 呂 ’ ⑴ =(T+i^ = 綠 = 穿； g’( —1) = 2, g’(2) = _ * ， g’ — " 


4. k(z )= 穿 and k(z + h) 


-(z + h) 


2(z + h) 


今 k ， ⑵ D o 


l-(z + h) 
2(z+h) • 




H 1 ™ (1 - Z H) (Z + h) 


lim 

h — 0 


s — z 2 — zh — z — h + z 2 + zh 

2(z + h)zh 


h^o CTh 


2? 


;k’(_l) = — • ， k’(l) = _ ! ， k’ 


h h T 0 CT 


5. Step 1: p(^) = and p(6 + h) = y/3(6 + h) 

St 2 . 州 +h) -_ = 拍 二 ( V 3 eT 3 h - V 3 e ) ( y ^ T 3 h + ^) 

^ h — h — h 


(3^ + 3h)-3^ 


(V30 + 3h+^) — h(v / 3^+3h+v / 3^) 


3h 


h (x/30 + 3h+ y/3d + 3h+^/36 


Step 3: p’(6») = h lim o _ + 3 3 h +_ = 75^735 = ☆ ; 扒 1 ) = 点， P ； (3) = (|) = ^ 


6. r(s) = \/2s + 1 and r(s + h) = i^/2(s + h) + 1 =>• r’(s) = ^lim^ \/ 2s + 2h +J - V 2s + 1 


lim 

h — 0 

lim 


(■^ 2s + h+ l — "\/2s+l) ( + 2h + 1 + \/2s + 1 


lim 


(2s + 2h+ l)-(2s+ 1) 


(V2s + 2h+l + v/2s+l) h — 0 h (V2s + 2h+1 + 


2h 


lim 


h — 0 h (\/2s + 2h+ 1 + \/2s + 1) h ^ 0 \/2s + 2h + 1 + \/2s+ 1 \/2s + 1 + y/ls + l 2\/2s+ 1 


7. y = f(x) = 2x 3 and f(x + h) = 2(x + h) 3 今裝 = h lim。 2(x + h f~ 2x3 = h lim。 2 (^ + 3x 2 h + 3xh 2 +h 3 )-2x 3 

= lim 6x 2 h + 6xh 2 + 2h 3 = lim h(6x 2 + 6xh + 2h^) = Um ( 6x 2 + 6xh + 2h 2 ) = 6x 2 
h ^ 0 h h^O h h^O 
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8 . r ： 


f + i ^ I 


lim 

h^O 


[^+i] 


lim 

h — 0 


[(s + h)3 + 2] — [s^ + 2] 


i h lim o . + 3, h + 3^ h 3 +2 -,- 2 = i ^ = i ^ ( 妃 + 3 綱， 


9. s = r(t) = and r(t + h) = 2 (t+h)+i ^ ^ ~ h ^ 1 。 (+ )+ h 


)-(2tTl) 


lim 

h — 0 

lim 

h — 0 


/(t + h)(2t+l)-t(2t+2h+l)\ 
l ^(2t+2h+l)(2t+l)^ ) 


2t^ ~l-1 + 2ht + h — 2t^ - 2ht — t 

(2t + 2h+l)(2t+ l)h 

1 


lim (t + h)(2t+l)-t(2t + 2h+l) 

h — 0 

lim 


(2t + 2h+l)(2t+l)h 


lim 


h —o (2t + 2h + l)(2t + l)h h — 0 (2t + 2h+l)(2t+1) 


(2t+l)(2t+l) 


10 . f = lim 


(2t+ l) 2 


h 11 ^ 


h — O n 

h l ™ ! 4^= h ^ 0 ^ = ^ 


h^o 


(h(t+h)t-t + (t+h)\ 

{ (t+W ) 


ii. p = f(q) = and f (q + h ) = ^q+y+i 

( y/q+l-\/q + h + 


4 


h 11 ^ 


、 v/(q + h) - 




i/q + h+ 1 A/q+ 1 


lim \/q +1 - ^q + h+1 

h ^ 0 hy^q + h+ 1 \/q+ 1 


lim 

h — O 

hm (-y/q+l — \/q + h+l) • (-y/q+ 1 + -\/q + h+ l) 
h ^ 0 h \/q + h+ 1 \/q+ 1 (\/q+l + \/q + h+l) 


(q+ l)-(q + h+ 1) 


h^Po * 1 y / q + h+ 1 -\/q+ 1 (\/q+ 1 + \/q + h+ 1) 


lim 


-h 


lim 


h ^ 0 hy / q+liTT-y/q+T (\/q+ 1 + i/q + h+ l) h ^ 0 \/q + h+ 1 \/q+ 1 (\/q+ 1 + \/q + h+ l) 


12 _ 岩⑽ 


2(q+ 1) \/q+ 1 

( 1 1 入 __ _ 

V 3w — 2 — y 3w + 3h — 2 


Vx/3(w + h)-2 

\/3w-2 ； 

h 



h^Po h>/3w + 3h —2 \/3w — 2 


(y"3w-2 - v/3w + 3h-2) (^/3w-2 + 彳 3 w+3h-2) 

h ^ 0 h>/3w + 3h —2\/3w — 2 (>/3w-2 + -\/3w + 3h — 2^ 


lim 


lim 


(3w -2) - (3w + 3h - 2) 


h ^ 0 hV3w + 3h-2V3w-2(y3w-2+73w + 3h-2) 

lim _ _ — __ ~3 _ 

h ^ 0 \/3w + 3h — 2 \/3w — 2 ^\/3w — 2 + \/3w + 3h — 2^ a/3w — 2 \/3w — 2 ^ ^/3w — 2 + -\/3w — 2^ 


2(3w — 2) \/3w — 2 


13. f(x) = x + - and f(x + h) = (x + h) + 


(x + h) 


4 


f(x + h)-f(x) _ [( x + h )+oT+h)] - [ x+ l] 


x(x + h) 2 + 9x- x 2 (x + h) - 9(x + h) — x 3 + 2x 2 h + xh 2 + 9x - x 3 - x 2 h - 9x - 9h — x 2 h + xh 2 - 9h 
^x(x + h)h — x(x + h)h — ~x(x + h)h~ 


14. k(x) = 2^7 and k(x + h) 






l 2 + x + h 2 + x y 


lim 


(2 + x) — (2 + x + h) 


lim 


lim 


h — o h(2 + x)(2 + x + h) h — 0 h(2 + x)(2 + x + h) [j ^ q (2 + x)(2 + x + h) (2 + x) 2 ’ 

k’(2) = 




(t 3 + 3t 2 h + 3th 2 + h 3 ) - (t 2 + 2th + h 2 ) -1 3 +1 2 


lim 

h — 0 


3t 2 h + 3th 2 +h 3 -2 


-h 2 


」 =lim 

h — 0 n 

lim h (3t 2 + 3th + h 2 -2t-h) = lim ( 3t 2 + 3th + h 2 - 2t - h) 
h 4 0 h h^O v 
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Section 3.1 The Derivative of a Function 


3t 2 — 2t; m — ds 


dt I t=-l 


16 . 尝 =lim (x + h + i)^-(x+i) 3 


dx 


h — 0 




(x+1) 3 + 3(x+ l) 2 h + 3(x+ l)h 2 +h 3 -(x+l) 3 


h lim 。 [3(x + l) 2 + 3(x + 1 )h + h 2 ] = 3(x + l) 2 ; m — dx 


dy 


17. f(x)= 


y/x — 2 


and f(x + h) 




f(x + h)~ f(x) — y/(x + h)-2 
h — h~ 


•^/(x + h) — 2 

(y/x-2 - y/x + h-2) • (\/x-2+Vx + h-2) _ _8[(x-2)-(x + h-2)]_ 

h\/x + h —2 y/x — 2 (\/ x-2 + \/x + h- 2) / x + h —2 y/x — 2 {^J x-2+^x + h- 2) 


-8h 


hx + h - 2 \/x — 2 ( \J x — 2 + \j x + h - 2) 


泠 f ， (x) = lim 



h - > 0 \J x + h - 2 \/x - 2 ( \/x — 2 + yj x + h - 2) 

-^ the equation of the tangent 


line at (6,4) is y — 4 


(x — 6) y = 一 -x + 3 + 4 y = — -x + 7. 


18. g^z) = h lim o 


(1 + V4-(z + h)) — (1 + y/4^j 


lim 


(4 — z — h) — (4 — z) 


lim 


lim 

h — 0 

-h 


!■ — z — h—\/4 — z) (\/ 4 — z — h+\/4 — z) 

h 4-z-h+\A - z) 

- lim _1 - _1 


h ^ 0 h(\/4-z-h+\A - z) h —> 0 h (\/4_z_h + \/4_z) h ^ 0 4-z-h+\/4 - z) 2y/4 — z 

m = g’(3) = 2 j 1 3 = — ^ the equation of the tangent line at (3,2) is w — 2 = — ^ (z — 3) 

^ w = — + I + 2 ^ w = — |z+|. 


19. s = f(t) = 1 - 3t 2 and f(t + h) = 1 - 3(t + h) 2 = 1 - 3t 2 - 6th - 3h 2 =>• 


ds 

dt 


h^o 


f(t+h)-f(t) 


lim 

h — 0 


(l-3t 2 -6th-3h 2 )-(l-3t 2 ) 


： h lim o (-6t^3h) = -6t ^ || 


20. y = f(x) = 1 — - and f(x + h) 


A 泠 f ( ， )- f 00 = lim 


x + h 




h^O 


h — 0 


A 甲 


h^O x ( x = h ) h = h^o = -泠砮 




21. r = f(6) 


y /^-0 


and f(6 + h) 


V4-(^ + h) 


^ = lim f(e + h >~ fW = lim s — 




dd 


h — 0 


h ^ 0 


2y/^-e-2y/4-e-h 

h A ^» A Q hy/4-d y/4-6-h 


lim 


lim 


h - 


lim 


4(4 -e)-4(4 ： -e-h) 


2^4-e-2y/A-9-h ♦ {^V^~ ^+ W^ ~ ^ 

0 h\/4 -6y/4-e-h (2^4-0 + 2^4-0-h) 

lim 


two 2hv / 4 -Oy/4-e-h \ -9+y/A-O-hj h —0 y/A-0 yjA-6y/^-6 

_2 _ 1 v ^1 _ 1 

(4-6) (ly/4-e^j _ (4-e)y/4-d d0 1^=0 _ 8 


22. w = f(z) = z -h yjz and f(z + h) = (z + h) + yJz-\-\v 裳 =lim 


f(z + h)~ f(z) 


lim 

h — 0 


(z + h + Vz + h) - (z + y/z) — h+ y/z + h - 、 


lim 


h 

(z + h) - z 


lim 

h^O 

1+ lim 


h —0 h {^Jz + h-\- y/z^j h ^ 0 \/z + h+ y/z 


lim 

h->0 




1 y/z + h- \ph (\/z + h+v^) 

^ (^Th +V ^) 




dw I 

dll 


23. f ， (x) = z lim x 


f(z) _ f(x) _ 


lim 

!； ^ X 


z+2 x+2 

z — X 


Z 1 也 ( 丄 = z lim x (z — x) (z + 2) (x + 2) z^-5^s. (z + 2) (x + 2) 


(x+2r 
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24. f(x) 


lim - 

Z — X 


-f(x) 


=lim 

z —> X 



- lim (x-l) 2 -(z-l) 2 = h r(x-l)-(z-l)l[(x-l) + (z-l)1 

~ Z 1 ™x(z-x)(z-l) 2 (x-l) 2 _ z A ™x (z-x)(z-l) 2 (x-l) 2 


= 2 ^X( 2 -\)( Z Z-l) 2Z (x-l) 2 = Z 1 S 1 X(z-lf(x-l) 2 = (x- X 1) 42) = (x-1)^ = 


25. g’(x) 




i 1 S 1 x(z-x)(z-1Kx- 1) = Z 1 ™x(z-x)(z- + l)(x-l) = z^xCz-l)^-!) 


-1 


(x-ir 


26. g’(x) = z lim x 


g(Z) - g(x) 


lim ( 1 + v^)-( 1 + \A) 

Z ^ X Z - X 


\/z — \/x 


z^x z-x 


z l Wx^/i + ^i = 2^. 


^ + ^ = z 1 5 1 x(z-x) Z (Vz+^) 


27. Note that as x increases, the slope of the tangent line to the curve is first negative, then zero (when x = 0), 
then positive ^ the slope is always increasing which matches (b). 

28. Note that the slope of the tangent line is never negative. For x negative, f 《 (x) is positive but decreasing as x 
increases. When x = 0, the slope of the tangent line to x is 0. For x > 0, f 《 (x) is positive and increasing. This 
graph matches (a). 


29. f 3 (x) is an oscillating function like the cosine. Everywhere that the graph of f 3 has a horizontal tangent we 
expect fg to be zero, and (d) matches this condition. 


30. The graph matches with (c). 

31. (a) f is not defined at x = 0, 1 ， 4. At these points, the left-hand and right-hand derivatives do not agree. 

For example, lim f ( x ) _》 0 ) — s i 0 pe of line joining (—4,0) and (0, 2) = \ but lim f ( x ) - 乂 ⑼ — slope of 

x ^ 0 _ x_u 1 x ^ 0 + x_u 

line joining (0,2) and (1, —2) = —4. Since these values are not equal, f’(0) = lim f(x) = ? Q) does not exist. 
、 x —> 0 x_u 

(b) , 

y 

3 _ / r on(-4, 6) 

2 - 0-0 
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34. (a) 


dp/dt 



(b) The fastest is between the 20 th and 30 th days; 
slowest is between the 40 th and 50 th days. 


t (days) 


35. Left-hand derivative: For h < 0, f(0 + h) = f(h) = h 2 (using y = x 2 curve) => ^ lim f ( 0 + h J- f ( 0 ) 


h^o- 


h 2 -0 


h 1 丄 m 0 - h 


0 ； 


Right-hand derivative: For h > 0, f(0 + h) = f(h) = h (using y = x curve) ^ lim f ( 0 + 工 _ f(o) 


lim 

h — 0+ 


h-0 


lim 1 

h — 0+ 


1 ； 


Th'l 丄 m o —the derivative f(0) does not exist. 


f(0 + h)-f(0) 


f(l+h)-f(l) 


36. Left-hand derivative: When h < 0, 1 + h < 1 ^ f(l+h) = 2 ^ h lim_ ^ 




2-2 




0; 


Right-hand derivative: When h > 0, 1 + h > 1 泠 f(l + h) = 2(1 + h) = 2 + 2h 今 lim fa+h ^~ f(1) 

h — 0+ 




lim 

h — 0+ 


2h 

¥ 


2； 


Then lim 

h —(T 


f(l+h)-f(l) 
h 


lim 2 

h — 0+ 

# h f (! +^-^0 the derivative f’ （ l) does not exist. 


37. Left-hand derivative: When h<0, l+h<l ^ f(l+h)= yj \ + h 

(yr+h- 


^ lim 

h — cr 


h^o- 


y/l+h-1 
h^ 


h^o- 


(yr+h+i) = lim q+h)-i 

(^/^Th+l) lw(r h(yi + h + l) 


f(l+h)-f(l) 

h 


h 1 丄 m 0 - /mi+1 


Right-hand derivative: When h>0, l+h>l => f(l + h) = 2(1 + h) 

=lim (2h+ h 1)-1 = lim 2 = 2; 
h — 0+ h h — 0+ 

Then lim f(1 + h ^~ f(1) ♦ lim f(1 +h ^~ f(1) => the derivative f^l) does not exist, 
h^o- h ^h^0 + h 


2h + 1 => lim 


f(i+h)-f(i) 


h^0 + 


38. Left-hand derivative: lim f(1 +h ?~ f(1) = lim (1 + ^ ~ 1 


h —(T 


Right-hand derivative: ^ lim + 


f(i+h)-f(i) 


h 


h — O - 

lim 

h^0+ 


(l+h ~ 


=lim 1 二 

=1; 

h^0~ 

/i-a+h)\ 

— =lim 

V l + h ) 


h^0 + 


=lim wM 
h^0 + h(1+h) 

Then lim f(1 + h h )_ f(1) 
h^0- h 


lim 

h — 0+ 


l+h 


1 ； 




f(l+h)-f(l) 

h 


=> the derivative f’ （ l) does not exist. 
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f is differentiable on —3 < x < —2, —2 < x < 2, and 2 < x < 3 

f is continuous but not differentiable at x = —2 and x = 2: there are corners at those points 
none 


45 .⑻ f(x) = h lim o S-^= h lim o 
(b) 


-(x + h) 2 -(-x 』） 

h 


lim 

h — 0 


^^= hlLV - 2x - h) = - 2x 




(c) y f = — 2x is positive for x < 0, y’ is zero when x = 0, y’ is negative when x > 0 

(d) y = —x 2 is increasing for —oo < x < 0 and decreasing for 0 < x < oo; the function is increasing on intervals 
where y f > 0 and decreasing on intervals where y / < 0 


lim 


f(x + h)-f(x) 
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39. (a) The function is differentiable on its domain —3 < x < 2 (it is smooth) 

(b) none 

(c) none 

40. (a) The function is differentiable on its domain —2 < x < 3 (it is smooth) 

(b) none 

(c) none 

41. (a) The function is differentiable on —3 < x < 0 and 0 < x < 3 

(b) none 

(c) The function is neither continuous nor differentiable at x 二 0 since lim f(x) 7 ^ lim f(x) 

x ^ 0 _ x — o+ 

42. (a) f is differentiable on —2 < x < —1, —1 < x < 0, 0 < x < 2, and 2 < x < 3 

(b) f is continuous but not differentiable at x = — 1 : lim f(x) = 0 exists but there is a corner at x = —1 since 

x ^ —l 

h lim f(-i+h)-f(-D = 一 3 f(-i + h)-f(-i) = 3 泠 f(_i) does not exist 

(c) f is neither continuous nor differentiable at x = 0 and x = 2 : 

at x = 0 ， lim f(x) = 3 but lim f(x) 二 0 lim f(x) does not exist; 
x ^ 0 _ x — 0+ x ^ 0 

at x = 2 ， lim f(x) exists but lim f(x) 7 ^ f( 2 ) 
x ^ 2 x —> 2 

43. (a) f is differentiable on —1 < x < 0 and 0 < x < 2 

(b) f is continuous but not differentiable at x = 0 : lim f(x) = 0 exists but there is a cusp at x = 0 , so 

x —> 0 

f'CO) = lim 即 + h h )- f ( 0 ) does not exist 
h —0 h 

(c) none 


\)y \ly 

ab c 

/IN /IN 

44 . 
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(c) y’ is positive for all x / 0 , y’ is never 0 , y’ is never negative 

(d) y = — * is increasing for —oo < x < 0 and 0 < x < oo 


47. (a) Using the alternate formula for calculating derivatives: f’(x) = z lim x 


( Z 3 X 3 、 

取 ) - f W = lim 
Z - X z — x z-x 


z^x 3(z 


z 3 -x 3 


lim 

Z ^ X 


(z - X) (z 2 + zx + 
3(Z - x) 


lim 

z —> X 


z 2 + zx + X 2 


X 2 ^ f(X) = X 2 


(b) 



(c) y’ is positive for all x ^ 0 , and y’ = 0 when x 二 0 ; y’ is never negative 

(d) y = y is increasing for all x 7 ^ 0 (the graph is horizontal at x = 0 ) because y is increasing where y’ > 0 ; y is 
never decreasing 


48. (a) Using the alternate form for calculating derivatives: f’(x) = z lim x f ( z ;= 【⑻ = z lim x 


(i-f) 


z — X 


z^x 4(Z 


z 4 -x 4 


lim 

Z ^ X 


(z - x) (z 3 + xz 2 + x 2 z+ X 3 ) — 
4(z — x) — 


lim 

^ ^ X 


z 3 + xz 2 + x 2 z + X 3 

4 


4 f r (x) = X 3 




(c) y’ is positive for x 〉 0 , y’ is zero for x = 0 , y’ is negative for x < 0 

(d) y = 誓 is increasing on 0 < x < 00 and decreasing on — 00 < x < 0 


49. y'= lim lim lim (x - c)(x2 + xc + c2) = lim (x 2 + xc + c 2 ) = 3c 2 . 

The slope of the curve y = x 3 at x = c is y’ = 3c 2 . Notice that 3c 2 > 0 for all c => y = x 3 never has a negative 
slope. 

50. Horizontal tangents occur where y’ = 0. Thus, y f = 2 ^ x + ||~ 2 — 

2(y^-y4) . (y^+7x) 2((x + h)-x)) = u _2_ = i 

—hUo h (y^Ph + v 4) - hUo h(V^Th + ^) — hUo ^/^+h + ^A _ 
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128 Chapter 3 Differentiation 

Then y’ = 0 when = 0 which is never true => the curve has no horizontal tangents. 

51 y/ — hm (2(x + h) 2 - 13(x + h) + 5) — (2x 2 — 13x + 5) — 2x 2 + 4xh+ 2h 2 — 13x — 13h + 5 — 2x 2 + 13x — 5 

y h^>0 H h To S ^ 

=lim 4xh + 2 Jf — 13h = lim (4x + 2h — 13) = 4x — 13, slope at x. The slope is —1 when 4x — 13 = —1 
h — o h h^O 

^ 4x = 12 => x = 3 4 y = 2-3 2 — 13.3 + 5 = —16. Thus the tangent line is y + 16 = (—l)(x — 3) 
4 y = —x — 13 and the point of tangency is (3, —16). 


52. For the curve y = we have y’ 


lim ( 5 — 岣 • 旧 +1 = lim , 严 x 

h — 0 h (•y/x + h+ h —> 0 ^-\/x + h+ -v/xj h 


lim / . } .~~= ^ 7 = • Suppose (a, y^a) is the point of tangency of such a line and (—1 ， 0) is the point 


.0 \/x + h + y/x 

• . \fdi — 0 

on the line where it crosses the x-axis. Then the slope of the line is 二 ㈠) 


which must also equal 


1 /a 

using the derivative formula at x = a =>• 
exist: its point of tangency is ( 1 , 1 ), its slope is 
4 y = |x+ ■• 




=> 2a = a+ l => a=l. Thus such a line does 


and an equation of the line isy—l = |(x— 1 ) 


53. No. Derivatives of functions have the intermediate value property. The function f(x) = L x 」satisfies f(0) = 0 
and f(l) = 1 but does not take on the value | anywhere in [ 0 , 1 ] f does not have the intermediate value 
property. Thus f cannot be the derivative of any function on [0,1] => f cannot be the derivative of any function 

on (— oo, oo). 


54. The graphs are the same. So we know that 
for f(x) = |x|, we have f’(x)= 學 . 



x 


o- 


55. Yes; the derivative of —f is — f so that f’(xo) exists ^ —f’(xo) exists as well. 

56. Yes; the derivative of 3g is 3g ; so that g’(7) exists => 3g r (l) exists as well. 

57. Yes, ^lim^ ^ can exist but it need not equal zero. For example, let g(t) = mt and h(t) = t. Then g(0) = h(0) 

= 0 , but lim 應 =lim ^ = lim m = m, which need not be zero. 
t — 0 h ⑴ t — o t t^o 

58. (a) Suppose |f(x)| < x 2 for -1 < x < 1. Then |f(0)| < 0 2 O f(0) = 0. Then f’(0) = lim f ( 0 + h )__ 

h — 0 n 

=lim = lim For Ihl < 1, —h 2 < f(h) < h 2 泠 —h < ® < h 泠 f’(0) = lim ^ = 0 

h —0 h h —o h 1 1 - - _h_ h^O h 

by the Sandwich Theorem for limits. 

(b) Note that for x ^ 0, |f(x)| = |x 2 sin *| = |x 2 | |sin x| < |x 2 | • 1 = x 2 (since —1 < sin x < 1). By part ⑻， 
f is differentiable at x = 0 and f’( 0 ) = 0 . 

59. The graphs are shown below for h = 1, 0.5, 0.1. The function y = i s the derivative of the function 
y = y/x so that = ^lim^ V x +~ xhe graphs reveal that y = V x + h - g ets closer to y = 
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as h gets smaller and smaller. 



60. The graphs are shown below for h = 2, 1, 0.5. The function y = 3x 2 is the derivative of the function y = x 3 so 
that 3x 2 = ^lim^ ( x+t ^ 3-x3 . The graphs reveal that y = (x+h 『 -x3 gets closer to y = 3x 2 as h 
gets smaller and smaller. 





61. Weierstrass's nowhere differentiable continuous function. 



62-67. Example CAS commands: 
Maple: 

f := x -> x A 3 + x A 2 - x; 
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130 Chapter 3 Differentiation 

x0:= 1; 

plot( f(x), x=x0-5..x0+2, color=black, 
title="Section 3_1, #62(a) u ); 

q := unapply( (f(x+h)-f(x))/h, (x,h)); # (b) 

L := limit( q(x,h), h=0 ); # (c) 

m := eval( L, x=x0 ); 
tan_line := f(x0) + m*(x-x0); 
plot( [f(x),tan 一 line], x=x0-2..x0+3, color=black, 
linestyle=[l,7], title="Section 3.1 #62(d) n , 
legend=["y=f(x)'V'Tangent line at x=l"]); 

Xvals := sort( [ xO+2 A (-k) $ k=0..5, xO-2 A (-k) $ k=0"5 ]): # (e) 

Yvals := map( f, Xvals ): 

evalf[4](< convert(Xvals,Matrix), convert^Yvals,Matrix) >); 
plot( L, x=x0-5..x0+3, color=black, title= M Section 3.1 #62(f)"); 

Mathematica: (functions and xO may vary) (see section 2.5 re. RealOnly ): 

〈〈 Miscellaneous 、 RealOnly 、 

Clear[f, m, x, y, h] 
x0= 7T /4 ； 
f[x_]:=x 2 Cos[x] 

Plot[f[x], {x,x0 — 3 ， x0 + 3}] 
q[x_,h_]:=(f[x + h]-f[x])/h 
m[x_]:=Limit[q[x,h], h ^ 0] 
ytan:=f[x0] + m[x0] (x — xO) 

Plot[{f[x], ytan},{x, xO — 3, xO + 3}] 
m[x0- 1]//N 
m[x0+ 1]//N 

Plot[{f[x], m[x]},{x, xO - 3, xO + 3}] 

3.2 DIFFERENTIATION RULES 

1. y=-x 2 +3 ^ | = ^(-x 2 ) + ^(3) = -2x + 0=-2x 今 g = -2 

2 . y = x 2 +x + 8 =>• 盖 = 2 x+l+0 = 2 x+l 今 ^ = 2 

3. s = 5t 3 - 3t 5 ^ | = | (5t 3 )- 盖 (3t 5 ) = 15t 2 — 15t 4 今蝨 = 羞 (15t 2 ) - | (15t 4 ) = 30t - 60t 3 

4. w = 3z 7 - 7z 3 + 21z 2 泠尝 = 21z 6 — 21z 2 + 42z 泠尝 =126z 5 - 42z + 42 

5. y = I x 3 - x ^ 砮 = 4x 2 — 1 今 g =8x 

6. Y= f+ f + ^ ^ I =x 2 +x+i ^ g=2x+l+0 = 2 x+l 

7. w = 3z_ 2 — z_i 今 尝： _6z_ 3 + z- 2 = ^ + i 尝 = 18z_ 4 — 2z_ 3 = 装一 | 

8. s = -2r x + 4t— 2 今 ！ = 2r 2 — 8「 3 = § - I ^ 祭 =—4t— 3 + 24r 4 = ^ + f 

9. y = 6x 2 — lOx — 5x- 2 泠裝 =12x - 10 + 10x~ 3 = 12x — 10 + 誤泠 g = 12 - 0 - 30x~ 4 = 12 - f 
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10. y = 4 — 2x — x_ 3 泠裝 = 一 2 + 3x- 4 = 一 2 +吾泠 g =0- 12x_ 5 =孕 

1 1 r — - ^ — 1 c — 1 ^ dr — — 2 3 I 5 2 — ^2 j_ 5 _ . d^r — 9c — 4 _ ^c~3 — 2_ _ A 

丄丄 . r — 3 S 2 S 9 ds — 3 S 十 2 b — 3s 3 十 2s 2 ^ ds 2 — — s 4 s 3 

12. r= 129- 1 - 49~ 3 + e~ 4 ^ = -120- 2 + 120~ 4 - 40~ 5 =孕 + 装 — 多泠急 = 240~ 3 - 486»_ 5 + 200~ 6 

_ 24 48 , 20 

= 庐 _ 庐十 , 

13. (a) y = (3 - X 2 ) (x 3 — X + 1 ) 今 y = (3 — X 2 ) - 基 ( 乂 3 - X + 1) + (x 3 — X + 1) • 套 (3 — X 2 ) 

= (3 — x 2 ) (3x 2 一 1) + (x 3 - x + 1) (― 2x) = -5x 4 + 12x 2 - 2x - 3 
(b) y = —x 5 + 4x 3 — x 2 — 3x + 3 泠 y' = -5x 4 + 12x 2 — 2x — 3 

14. (a) y = (x - 1) (x 2 + x + 1 ) 泠 y’ = (x - l)(2x + 1) + (x 2 + x + 1) (1) = 3x 2 

(b) y = (x - 1) (x 2 + x + 1) = x 3 — 1 ^ y' = 3x 2 

15. (a) y=(x 2 + l)(x + 5+i) ^ / = (x 2 + l)-£(x + 5+i) + (x + 5 + i) -£(x 2 + l) 

=(x 2 + 1)(1- x~ 2 ) + (x + 5 + XT 1 ) (2x) = (x 2 — 1 + 1 — x~ 2 ) + (2x 2 + lOx + 2) = 3x 2 + lOx + 2 - ^ 

(b) y = x 3 + 5x 2 + 2x + 5 + i 泠 y’ = 3x 2 + lOx + 2 -去 

16. y=(x+I) (x^i + 1) 

(a) y’ = (x + x- 1 ) • (1 + x - 2 ) + (x - x - 1 + 1)(1- x~ 2 ) = 2x + 1 - i + ^ 

(b) y = x 2 +x+i-i y , =2x+ l- ^ + | 

17. y = ; use the quotient rule: u = 2x + 5 and v = 3x — 2 今 u’ = 2 and V = 3 ^ y’ = vu， ^ uv， 

_ 感 5 !嫌 _ . te 一 4 - 傲 一 IS _ -19 

— (3x - 2) 2 — (3x-2) 2 — (3x - 2) 2 


i o 7 — 2x + l dz — (x 2 — 1) ⑵ 一（ 2x + l)(2x) — 2x 2 —2 —4x 2 —2x — —2x 2 — 2x — 2 _ —2(x 2 +x+l) 

Z_ ^ d^~ — ^^ — ( X 2-l) 2 — ( X 2 - l) 2 

19. g(x) = ; use the quotient rule: u = x 2 — 4 and v = x + 0.5 => u f = 2x and v’ = 1 4 g’ ⑻ = vu/ ~ uy/ 

=(x + 0.5)(2x)-(x 2 -4) (1) = 2 x 2 +x-x 2 +4 = x 2 +x + 4 
— (x + 0.5) 2 — (x + 0.5) 2 — (x + 0.5) 2 


on — t 2 - 1 一 (t- l)(t+ 1 ) — t +1 t ^ fYt、 — (t + 2 )(l) - (t+ 1 )( 1 ) — t + 2 -t- 

ZU * — t^+t -2 — (t + 2 )(t-l) — t + 2 » 1 产 1 ^ 1 — (TP 2 ? — (t + 2) 2 


(t + 2) 2 


(t + 2) 2 


21. v = (1 -t)(l +t 2 )' 


1 —t _v dv 

TTF 々 — 


di 


(l + t 2 )(-l)-(l-t)( 2 t) 

( 1 +t 2 ) 2 


-l-t 2 -2t + 2t 2 _ t 2 - 2 t - 1 


(i+t 2 r 


(i+t 2 r 


99 w _ x + 5 v _ (2x-7Xl)-(x + 5X2) — 2x-7-2x-10 _ -17 

ZZ . W _ 21^7 9 W — (2x-7) 2 — ^(2x-7) 2 ^ — (2x-7 ) 2 


23 . f ⑻ =_ > f , (s) = ㈣ 呔 y - 咕 ) = 


(\A+ 0 


NOTE: 


ds 


(v^) 


2^A 


from Example 2 in Section 2.1 


24. 


u = 


5x + l 
2^ 


du — (yx) m - ( 5 x + 1 心） ^ 5x _, 

dx 4x 4x 3 / 2 


131 
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25. v = 


l-\-X-4y/x 

X 


一 V — xQ - 含 )-( 1+X - 4 V^) — 2v^-l 


26. r = 2 




=> r’ = 2 




2^/e ) _ - 两 ’ 




27. y = (x 2 - i)(x 2 + x+i) ; use the quotient rule: u = 1 and v = (x 2 — 1) (x 2 + x + 1) u’ 二 0 and 
V = (x 2 — 1) (2x + 1) + (x 2 + x + 1) (2x) = 2x 3 + x 2 - 2x - 1+ 2x 3 + 2x 2 + 2x = 4x 3 + 3x 2 — 1 

v dy _ vu’ 一 uv 7 _ 0-1 (4x 3 + 3x 2 - 1) _ -4x 3 - 3x 2 + 1 

dx — ~^^ — (x 2 - l) 2 (x 2 +x+l ) 2 — (x 2 - \f (x 2 +x+l ) 2 

90 _ (x+ l)(x + 2) _ x 2 + 3x + 2 v '〆 — (x 2 — 3x + 2) (2x + 3) — (x 2 + 3x + 2) (2x — 3) — — 6 x 2 + 12 

ZO * ^ (x-l)(x-2) — x 2 -3x + 2 ^ y — (x-l) 2 (x-2 ) 2 (x-1 ) 2 (x-2 ) 2 

—6 (x 2 — 2 ) 

= (x- l ) 2 (x- 2) 2 


29. y = * x 4 - • x 2 - x 泠 〆 = 2x 3 - 3x — 1 泠 y" = 6x 2 - 3 泠 y w = 12x 泠 y ⑷ =12 泠 y( n ) = 0 for all n > 5 

30. y = pjQ x 5 =» / = i x 4 => y" = i x 3 => y'" = i x 2 => y( 4 ) = x => y( 5 ) = 1 => y( n ) = 0 for all n > 6 

31. y = ^ = x 2 + lx- 1 ^ g = 2x - 7x_ 2 =2x — 去 4 寒 > 2 + 14x~ 3 = 2 .擊 

32. s = t2+ f 2 t_1 = 1 + f - p = 1 + 5t _1 - r 2 今莹 = 0 — 5r 2 + 2t~ 3 = -5t -2 + 2r 3 = ^ + I 

今 = lor 3 - 6r 4 = f - • 

33. r= (g-D(^+g+D = »^l = l- ^ = l-0- 3 ^ 蛊 = 0 + 3r 4 = 30_ 4 = 碁今 0 = - 120~ 5 = 

34 u _ (X 2 +X) (x^-x+l) _ x(x+l)(x^ 2 -x+l) _ x(x 3 +l) _ X 4 +X = 1 + ^ = 1+ x -3 

今 1=0-3x- 4 = -3x- 4 =_今 0 = 12x- 5 = if 

35. w = (3 — z) = Q z— 1 + 1) (3 — z) = z- 1 — I + 3 — z = z- 1 + | — z =>• 尝 =—z- 2 + 0 — 1 = —z -2 — 1 

= 穿 -1 4 替 = 2z~ 3 -0 = 2z_ 3 = 多 

36. w = (z + l)(z — 1) (z 2 + 1) = (z 2 — 1) (z 2 + 1) = z 4 — 1 => 菩 = 4z 3 — 0 = 4z 3 ^ = 12z 2 


37. p : 


V + 3 

、 12q 




5 


)(S 


q 6 - q 2 + 3q 4 - 
llq 3 ~~ 


q 2 — 忐 q— 2 + 是 


5q 


-6 


38. p 


q 2 + 3 

(q- l) 3 + (q+ l) 3 

2 


W 

q 2 + 3 


5 


q 2 + 3 


:q_ 4 4 


q 2 + 3 




i q + i q-^ + q 


-5 




6q 3 ' q 5 


(q 3 - 3q 2 + 3q - 1) + (q 3 + 3q 2 + 3q + 1) — 2q 3 +6q — 2q (q 2 +3) — 2q 


^ dp — 

^ 而 一 


2 q 


'W 




§ 


q" 




39. u(0) = 5, ^(0) = -3, v(0) = -1 ， V(0) = 2 

(a) ^(uv) = uv , + W => ^ (uv)| x=0 = u(0)V(0) + v(0)u\0) = 5.2 + (-1)(-3) =13 

fU\ A ⑻一 vu'-uV , A (}1\\ — mn\0)-u(0W(0) _ (-1)(-3)-(5)(2) _ _ 7 

、…石 Vv/ — ^^^ ^ Vv ； l x =o — (^(0))2 — FT? — _ ’ 

(r \ a (i\ - uV-wW v a (i\\ - ucoyco-vcoyco) _ ⑶⑵一卜 1 )(- 3 ) _ j_ 

\u) ~~ ~^^ ^ 石 Vu/ l x =o — 0l(0))2 — (5? — 25 
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(d) 盖 （ 7v — 2u) = 7v’ 一 2u’ => 盖 (7v - 2u )| x=0 = 7v’(0) — 2u’(0) = 7-2 - 2(-3) = 20 


40. u(l) = 2, u'(l) = 0, v(l) = 5, V(l) = -1 

(a) ^ (uv)| x=i = u(l)V(l) + v(lV(l) = 2 - (-1) + 5-0=-2 

/u、d /UM _ v(l)u / (l)-u(l)v / (l) _ 5-0-2-(-l) _ 2 

W E Vv/lx=l _ WW _ ^(5?^ — 25 

A /Y\| _ u(l)V ⑴ -v ⑴ u ， (l) — 2-(-l)-5-0 _ 1 

dx Vu/ l x =l — (u(l)) 2 — (2) 2 ~ ~ 2 

(d) ^(7v-2u)| x=1 = 7V ⑴— 2^(1) = 7 . (-1) - 2 • 0 = -7 

41. y = x 3 — 4x + 1. Note that (2,1) is on the curve: 1 = 2 3 — 4(2) + 1 

(a) Slope of the tangent at (x, y) is y f = 3x 2 — 4 4 slope of the tangent at (2,1) is y’(2) = 3(2) 2 — 4 = 8. Thus 
the slope of the line perpendicular to the tangent at (2,1) is — | => the equation of the line perpendicular to 
to the tangent line at (2,1) is y — 1 = — |(x — 2)ory = — | + |. 

(b) The slope of the curve at x is m = 3x 2 — 4 and the smallest value for m is —4 when x = 0 and y = 1. 

(c) We want the slope of the curve to be 8 泠 / = 8 泠 3x 2 — 4 = 8 泠 3x 2 = 12 泠 x 2 = 4 泠 x = ± 2. When 

x = 2, y = 1 and the tangent line has equation y — 1 = 8(x — 2) or y = 8x — 15; when x = —2, 

y = (—2) 3 — 4(—2) +1 = 1, and the tangent line has equation y — 1 = 8(x + 2) or y = 8x + 17. 


42. (a) y = x 3 — 3x — 2 => y f = 3x 2 — 3. For the tangent to be horizontal, we need m = y’ = 0 0 = 3x 2 — 3 

3x 2 = 3 =>• x = 士 1. When x = —1, y = 0 => the tangent line has equation y = 0. The line 

perpendicular to this line at (—1,0) is x = — 1. When x = 1， y = —4 =>• the tangent line has equation 
y = —4. The line perpendicular to this line at (1, —4) is x = 1. 

(b) The smallest value of y' is —3, and this occurs when x = 0 and y = — 2. The tangent to the curve at (0,-2) 

has slope —3 =>• the line perpendicular to the tangent at (0, —2) has slope | => y + 2 = ! (x — 0) or 

y = I x — 2 is an equation of the perpendicular line. 


ao _ 4x v dy _ (x 2 + 1)(4) - (4x)(2x) — 4x 2 + 4-8x 2 — 4(-x 2 + l) 
y ^+1 ^ _ - (x 2 + 1) 2 (x 2 + l ) 2 


When x = 0, y = 0 and= 4 ( 0 广 1：) 


= 4, so the tangent to the curve at (0,0) is the line y 二 4x. When x = 1, y = 2 => y f = 0, so the tangent to the 


curve at ( 1 , 2 ) is the line y = 2. 


44. y = 



'〆 — (x 2 +4)(0) — 8(2x) — — 16x 

^ y _ ^^ — ( x 2 + 4) 2 


When x 二 2, y = 1 and y r = ^+ 4 ) 2 = |, so the tangent 


line to the curve at ( 2 , 1 ) has the equation y — 1 = — ! (x — 2 )，or y = — | + 2 . 


45. y = ax 2 + bx + c passes through (0,0) => 0 = a(0) + b(0) + c => c = 0;y = ax 2 + bx passes through (1,2) 

=> 2 = a + b;y’ = 2 ax + b and since the curve is tangent to y = x at the origin, its slope is 1 at x = 0 

y’ = 1 when x = 0 => 1 = 2a(0) + b ^ b = 1. Then a + b = 2 ^ a = 1. In summary a = b = 1 and c = 0 so 
the curve is y = x 2 + x. 


46. y = cx — x 2 passes through (1,0) => 0 = c(l) — 1 => c = 1 the curve is y = x — x 2 . For this curve, 

/ = 1 一 2x and x=l / = —1. Since y = x — x 2 and y = x 2 + ax + b have common tangents at x = 0, 
y = x 2 + ax + b must also have slope —1 at x = 1. Thus ) / = 2x + a 4 —l=2-l + a a=—3 
4 y = x 2 — 3x + b. Since this last curve passes through (1,0), we have 0=1—3 + b => b = 2. In summary, 
a = —3, b = 2 and c = 1 so the curves are y = x 2 — 3x + 2 and y = x — x 2 . 


47. (a) y = x 3 _ x => y’ = 3x 2 — 1. When x = — 1, y = 0 and y’ = 2 => the tangent line to the curve at (—1,0) is 
y = 2 (x + 1 ) or y = 2 x + 2 . 
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(b) 


(c) 



0 4 x = 2 or x 


-1. Since 


y = 2 ( 2 ) +2 = 6 ; the other intersection point is ( 2 , 6 ) 


48. (a) y = x 3 — 6 x 2 + 5x =>• y’ = 3x 2 — 12x + 5. When x = 0, y = 0 and y r = 5 => the tangent line to the curve at 
(0,0) is y = 5x. 

(b) 


(c) 



— 6 x 2 + 5x = 5x =>• x 3 — 6 x 2 = 0 4 x 2 (x — 6 ) = 0 => x = 0orx = 6 . 


Since y = 5(6) = 30, the other intersection point is (6,30). 

49. P(x) = a n x n + a n _ix n_1 + ••• + a 2 x 2 + a x x + a 0 二 > P'(x) = na n x n — 1 + (n - l)a n _ix n_2 + ••• + 2a 2 x + 


50. R = M 2 (f - f) = f M 2 - IM 3 , where C is a constant ^ 恙 =CM - M 2 

51. Let c be a constant _ = 0 盖 (u-c) = u • 盖 + c • 裝 = u.0 + c^=c 砮 . Thus when one of the 
functions is a constant, the Product Rule is just the Constant Multiple Rule => the Constant Multiple Rule is 
a special case of the Product Rule. 

,/I 、 v-0 — 1-— —i •办 

52. (a) We use the Quotient rule to derive the Reciprocal Rule (with u=l): 志 (*)= —— y2 dx = y2 dx 

_ 1 dv 

_ _ 7 • 石 . 

(b) Now, using the Reciprocal Rule and the Product Rule, we’ll derive the Quotient Rule: ^ (^) ~ ^ ( u * v) 

_ dv I du 

=u . S ⑴ + i • S (Product Rule) = u . (#) g + • g (Reciprocal Rule) 盖⑶ = 一、 

v du _ u dv 

= dx y2 dx , the Quotient Rule. 

53. (a) i (uvw) = i ((uv) - w) = (uv) ^ + w • ^ (uv) = uv^+w(u^+v^)=uv^+wug+wvg 

= UVW’ + uv’w + u’vw 

( b) 去 (uiu 2 u 3 u 4 ) = ^ ((U1U2U3) U 4 ) = (U1U2U3) 普 + U4 盖 (U1U2U3) ^ ^ (U1U2U3U4) 

= U1U2U3 ^ +u 4 (uiu 2 ^ + U3U1 ^ + U3U2 (using (a) above) 

^ ^ (U1U2U3U4) = UiU 2 U 3 ^ + UiU 2 U 4 ^ + U1U3U4 ^ + u 2 u 3 u 4 ^ 

=U1U2U3U4 + U1U2U3U4 + U1U2U3U4 + U1U2U3U4 

(c) Generalizing (a) and (b) above, ^ (u r -.u n ) = uiu 2 •- -u n _iu^ H-uiu 2 •- •u n _ 2 u^_ 1 u n + ... + - -u n 
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54. In this problem we don't know the Power Rule works with fractional powers so we can't use it. Remember 
去 （ y^) = (from Example 2 in Section 2.1) 

⑻ ^(x 3/2 ) = ^(x-x 1 /2) =x .A(^) + v ^A(x) = x-^ + v ^.l = f + v ^=^ = |xV2 
(b) £ (X 5 ’ 2 ) = A (X 2 • xl / 2 ) = x2 去 (W) + W d (x2) = X 2 . (^) + . 2x = I x 3 / 2 + 2x 3 / 2 = f x 3 / 2 

(C) £ (X" 2 ) = a (x 3 • xl / 2) =x 3 A(^) + v ^A(x 3 ) = X 3 • (^) + • 3x 2 = i ^ + 3x 5 / 2 = | ^ 

(d) We have £ (x 3 / 2 ) = | x 1 / 2 , A ( x 5 / 2 ) = | x 3 / 2 ’ 去 (x 7 / 2 ) = ! x 5 / 2 so it appears that 去 (x 11 / 2 ) = | xW 2 )- 1 

whenever n is an odd positive integer > 3. 

55. p = — 餐 • We are holding T constant, and a, b, n, R are also constant so their derivatives are zero 

、 dP _ (V-nb)-0-(nRT)(l) V 2 ⑼ -(an 2 ) (2V) — -nRT 丨 2an 2 
^ dV — (V-nb) 2 (y2^ — (V - nb) 2 + ~W 

56. A(q) = ^+cm+| = (km)q - 1 + cm + (|)q 4 营 =—(km)q _ 2 + (|)= -孛 + ■ 今發 = 2(km)q _ 3 = 学 

3.3 THE DERIVATIVE AS A RATE OF CHANGE 

1. s = t 2 - 3t + 2, 0 < t < 2 

(a) displacement = As = s(2) — s(0) = Om — 2m = —2m,v av = 差 = 幸 =—1 m/sec 

(b) v = 索 = 2t — 3 4 |v(0)| = |—3| = 3 m/sec and |v(2)| = 1 m/sec; 

a = 益 = 2 4 a( 0 ) = 2 m/sec 2 and a( 2 ) = 2 m/sec 2 

(c) v = 0=^2t — 3 = 0 => t = f. v is negative in the interval 0 < t < . and v is positive when f < t < 2 => the body 
changes direction at t = | • 

2 . s = 6 t — t 2 , 0 < t < 6 

(a) displacement = As = s( 6 ) — s(0) = 0 m, v av = 羞 =! = 0 m/sec 

(b) v =^=6 — => |v( 0 )| = 16| = 6 m/sec and |v( 6 )| = |— 6 | = 6 m/sec; 

a = = —2 => a( 0 ) = —2 m/sec 2 and a( 6 ) = —2 m/sec 2 

(c) v = 0=^>6 — 2t = 0 => t = 3. v is positive in the interval 0 < t < 3 and v is negative when 3 < t < 6 ^ the body 
changes direction at t = 3. 

3. s = -t 3 + 3t 2 - 3t, 0 < t < 3 

(a) displacement = As = s(3) — s(0) = —9 m, v av = 羞 =_ = — 3 m/sec 

(b) v = 羞 =— 3t 2 + 6t — 3 ^ |v(0)| = |—31 = 3 m/sec and |v(3)| = | —12| = 12 m/sec; a = 袋 =— 6t + 6 
^ a(0) = 6 m/sec 2 and a(3) = —12 m/sec 2 

(c) v = 0 —3t 2 + 6 t — 3 = 0 t 2 — 2t+l=0 4 (t — 1 ) 2 = 0 4 t=l. For all other values of t in the 

interval the velocity v is negative (the graph of v = —3t 2 + 6 t — 3 is a parabola with vertex at t = 1 which 
opens downward =>• the body never changes direction). 


4. s = ^ - t 3 + t 2 , 0 < t < 3 

(a) As = s(3) - s(0) = I m ， v av = 羞 =I = I m/sec 

(b) v = t 3 — 3t 2 + 2t ^ |v(0)| = 0 m/sec and |v(3)| = 6 m/sec; a = 3t 2 — 6 t + 2 => a(0) = 2 m/sec 2 and 
a(3) = 11 m/sec 2 

(c) v = 0 => t 3 — 3t 2 + 2t = 0 => t(t — 2)(t — 1) = 0 ^ t = 0, 1, 2 v = t(t — 2)(t — 1) is positive in the 
interval for 0 < t < 1 and v is negative for 1 < t < 2 and v is positive for 2 < t < 3 => the body changes direction at 
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t = 1 and at t = 2. 

5. s = f-f, l<t<5 

(a) As = s(5) — s(l) = —20 m ， v av = 辛 =—5 m/sec 

(b) v = ^ + 多 |v(l)| = 45 m/sec and |v(5)| = ^ m/sec; a = 學一臀 a(l) = 140 m/sec 2 and 
a(5 )= 蠢 m/sec 2 

(c) \ = 0 => ~ 5 ^ +5t = 0 => —50 + 5t = 0 => t= 10 => the body does not change direction in the interval 

6. s = 晶 ，- 4 < t < 0 

(a) As = s(0) — s(—4) = —20 m, v av = — ^ = —5 m/sec 

(b) v = ^^2 =>• |v(-4)| = 25 m/sec and |v(0)| = 1 m/sec; a = a(—4) = 50 m/sec 2 and 

a(0) = I m/sec 2 

(c) v = 0 => (t ~^2 = 0 => v is never 0 ^ the body never changes direction 

7. s = t 3 — 6t 2 + 9t and let the positive direction be to the right on the s-axis. 

(a) v = 3t 2 — 12t + 9 so that v = 0 4 t 2 — 4t + 3 = (t — 3)(t —1) = 04 t = 1 or 3; a = 6t — 12 a(l) 

=—6 m/sec 2 and a(3) = 6 m/sec 2 . Thus the body is motionless but being accelerated left when t = 1, and 
motionless but being accelerated right when t = 3. 

(b) a = 0 4 6t — 12 = 0 => t = 2 with speed |v(2)| = 112 — 24 + 9| = 3 m/sec 

(c) The body moves to the right or forward on 0 < t < 1, and to the left or backward on 1 < t < 2. The 
positions are s(0) = 0, s(l) = 4 and s(2) = 2 => total distance = |s(l) — s(0)| + |s(2) — s(l)| = |4| + |—2| 

= 6 m. 

8. v = t 2 - 4t + 3 4 a = 2t - 4 

(a) v = 0 t 2 — 4t + 3 = 0 => t = 1 or 3 => a(l) = —2 m/sec 2 and a(3) = 2 m/sec 2 

(b) v > 0 => (t — 3)(t — 1) > 0 =>• 0<t< lort>3 and the body is moving forward; v < 0 => (t — 3)(t — 1) < 0 

1 < t < 3 and the body is moving backward 

(c) velocity increasing => a > 0 => 2t — 4 > 0 => t > 2; velocity decreasing ^ a < 0 2t — 4 < 0 ^ 0 < t < 2 

9. s m = 1.86t 2 4 v m = 3.72t and solving 3.72t = 27.8 ^ t « 7.5 sec on Mars; Sj = 11.44t 2 4 Vj = 22.88t and 
solving 22.88t = 27.8 => t ^ 1.2 sec on Jupiter. 

10. (a) v(X) = s’(t) = 24 — 1.6t m/sec, and a(t) = v’(t) = s’’(t) = —1.6 m/sec 2 

(b) Solve v(t) = 0 => 24 — 1.6t = 0 => t = 15 sec 

(c) s(15) = 24(15) - .8(15) 2 = 180 m 

(d) Solve s ⑴ = 90 24t — .8t 2 = 90 t = 30± fv^ ^ 4.39 sec going up and 25.6 sec going down 

(e) Twice the time it took to reach its highest point or 30 sec 

11. s = 15t — I g s t 2 =>• v = 15 — g s t so that v = 0 4 15 — g s t = 0 => g s = y . Therefore g s = 碧 =^ = 0.75 m/sec 2 

12. Solving s m = 832t — 2.6t 2 = 0 t(832 — 2.6t) = 0 => t = 0 or 320 =>■ 320 sec on the moon; solving 

s e = 832t — 16t 2 = 0 =>• t(832 — 16t) = 0 => t = 0 or 52 => 52 sec on the earth. Also, v m = 832 — 5.2t = 0 

4 t = 160 and s m (160) = 66,560 ft, the height it reaches above the moon's surface; v e = 832 — 32t = 0 

=> t = 26 and s e (26) = 10,816 ft, the height it reaches above the earth's surface. 

13. (a) s = 179 — 16t 2 v = —32t ^ speed = |v| 二 32t ft/sec and a = —32 ft/sec 2 
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Forward: 0 < t < 1 and 5 < t < 7; Backward: 1 < t < 5; Speeds up: 1 < t < 2 and 5 < t < 6; 
Slows down: 0 < t < 1, 3 < t < 5, and 6 < t < 7 

Positive: 3 < t < 6; negative: 0 < t < 2 and 6 < t < 7; zero: 2 < t < 3 and 7 < t < 9 
t = 0 and 2 < t < 3 
7 < t < 9 


19. s = 490t 2 令 v = 980t ^ a = 980 

(a) Solving 160 = 490t 2 # t = | sec. The average velocity was s ( 4/ :)/;< 0) = 280 cm/sec. 

(b) At the 160 cm mark the balls are falling at v(4/7) = 560 cm/sec. The acceleration at the 160 cm mark 
was 980 cm/sec 2 . 

(c) The light was flashing at a rate of 暴 = 29.75 flashes per second. 


(b) s 二 0 4 179 — 16t 2 = 0 4 t: 

(c) 


« 3.3 sec 


-8V^79« -107.0 ft/sec 


14. (a) lirr^ v = lim^ 9.8(sin 9)t = 9.8t so we expect v 二 9.8t m/sec in free fall 


(b) a = 莹 = 9.8 m/sec 2 


15. (a) at 2 and 7 seconds 

(c) 


M (m/sec) 


Speed 


AO/\. 


(b) between 3 and 6 seconds: 3 < t < 6 

(d) 


2 4 6 8 10 


>t (sec) 


dv 

'"di 




16. (a) P is moving to the left when 2<t<3or5<t<6;Pis moving to the right when 0 < t < 1; P is standing 
still when 1 <t<2or3<t<5 
(b) 


v (cm/sec) 



speed (cm/sec) 



17. (a) 190 ft/sec 

(c) at 8 sec, 0 ft/sec 

(e) From t = 8 until t = 10.8 sec, a total of 2.8 sec 

(f) Greatest acceleration happens 2 sec after launch 

(g) From t = 2 to t = 10.8 sec; during this period, a 


(b) 2 sec 

(d) 10.8 sec, 90 ft/sec 


v(10.8)-v(2) 
~ 10 . 8 - 2 ~ 


« —32 ft/sec 2 


\—/ \ — ^ \—/ \ / 

a bed 

/l' r\ /l\ /l. 
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20. (a) 




一 150 
-200 


5 10 



(b) 


- 2 : 

-5i 

-7 ： 

-10i 


7 ： 

5i 

2 : 




21. C = position, A = velocity, and B = acceleration. Neither A nor C can be the derivative of B because B's 
derivative is constant. Graph C cannot be the derivative of A either, because A has some negative slopes while 
C has only positive values. So, C (being the derivative of neither A nor B) must be the graph of position. 

Curve C has both positive and negative slopes, so its derivative, the velocity, must be A and not B. That 
leaves B for acceleration. 

22. C = position, B = velocity, and A = acceleration. Curve C cannot be the derivative of either A or B because 
C has only negative values while both A and B have some positive slopes. So, C represents position. Curve C 
has no positive slopes, so its derivative, the velocity, must be B. That leaves A for acceleration. Indeed, A is 
negative where B has negative slopes and positive where B has positive slopes. 

23. (a) c(100) = 11,000 今 c av = = $110 

(b) c(x) = 2000 + lOOx — . lx 2 => c’(x) = 100 — .2x. Marginal cost = c’(x) the marginal cost of producing 100 
machines is c’(100) = $80 

(c) The cost of producing the 101 st machine is c(101) — c(100) = 100 — 帶 =$79.90 

24. (a) r(x) = 20000 (l — ^) => r’(x) = , which is marginal revenue. 

(b) ^(lOO) = ^ = $2. 

(c) lim r’(x) = lim = 0. The increase in revenue as the number of items increases without bound 

will approach zero. 

25. b(t) = 10 6 + 10 4 t — 10 3 t 2 b’(t) = 10 4 - (2) (10 3 t) = 10 3 (10 - 2t) 

(a) b’(0) = 10 4 bacteria/hr (b) b’(5) = 0 bacteria/hr 

(c) b’ （ 10) = —10 4 bacteria/hr 

26. QW = 200(30 - t) 2 = 200 (900 - 60t +1 2 ) 泠 Q ; (t) = 200(-60 + 2t) o Q’(10) = -8,000 gallons/min is the rate 
the water is running at the end of 10 min. Then Q (10 j;Q( 0) = —10,000 gallons/min is the average rate the 

water flows during the first 10 min. The negative signs indicate water is leaving the tank. 
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27. (a) 
⑻ 


(c) 


y = 6 G _ 告 ) 2 = 6 G _ I + ik) > t = ji~ l 

The largest value of ^ is 0 m/h when t= 12 and the fluid level is falling the slowest at that time. The 
smallest value of ^ is — 1 m/h, when t = 0, and the fluid level is falling the fastest at that time. 


In this situation , 餐 < 0 => the graph of y is 
always decreasing. As ^ increases in value, 
the slope of the graph of y increases from — 1 
to 0 over the interval 0 < t < 12. 





28. (a) V = I vrr 3 ^ ^ = 4?rr 2 ^ 癸 | r=2 二 4 丌 (2) 2 = 16tt ft 3 /ft 

(b) When r = 2, 尝 = 16 丌 so that when r changes by 1 unit, we expect V to change by approximately 16 丌 . 
Therefore when r changes by 0.2 units V changes by approximately (16 兀 )(0.2) = 3.2tt ~ 10.05 ft 3 . Note 
that V(2.2) - V(2) « 11.09 ft 3 . 


29. 200 km/hr = 55 | m/sec = ^ m/sec, and D = f t 2 4 V = f t. Thus W ^ ^ ^ t = 25 sec. When 

t = 25, D = 岑 (25) 2 = 

30. s = v 0 t — 16t 2 v = v 0 — 32t; v = 0 ^ t = 蓋; 1900 = v 0 t — 16t 2 so that t = 蓋 => 1900 = 襄 - 裘 

泠 v 0 = ^(64)(1900) = 80^19 ft/sec and, finally, * 11^ * ^ m « 238 m P h . 


31. 


s 



(b) v > 0 when 0 < t < 6.25 => body moves up; v < 0 when 6.25 < t < 12.5 =>• body moves down 

(c) body changes direction at t = 6.25 sec 

(d) body speeds up on (6.25,12.5] and slows down on [0,6.25) 

(e) The body is moving fastest at the endpoints t = 0 and t = 12.5 when it is traveling 200 ft/sec. It’s 
moving slowest at t = 6.25 when the speed is 0. 

(f) When t = 6.25 the body is s = 625 m from the origin and farthest away. 
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32. 


s 



(c) body changes direction at t = | sec 

(d) body speeds up on 5] and slows down on [0, |) 

(e) body is moving fastest at t = 5 when the speed = |v(5)| = 7 units/sec; it is moving slowest at 
t = I when the speed is 0 

(f) When t = 5 the body is s = 12 units from the origin and farthest away. 


33. 



=>• body moves left; v > 0 when 0 < t < 


^or 竿 <t<4 


^ body moves right 

(c) body changes direction at t = 

(d) body speeds up on ^, 


6 士 


U 


"6+VT5 4 


and slows down on 


0, u 


6 + /l5 N 


(e) The body is moving fastest at t = 0 and t = 4 when it is moving 7 units/sec and slowest at t 

(f) When t = the body is at position s ~ —6.303 units and farthest from the origin. 


6±yi5 


sec 
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(b) v < 0 when 0 < t < 6 ~^ or < t < 4 => body is moving left; v > 0 when 


6 - \/T^ / f / 6 + \/15 

3 ~~ 、 L 、— 3 ~~ 


(c) body changes direction at t 


=>• body is moving right 

6 土 # 


(d) body speeds up on 


'6-y/l5 


U 


sec 

"6+/I5 


4 and slows down on 0 


6-/1 ?、 


u 


6 + W 、 


(e) The body is moving fastest at 7 units/sec when t = 0 and t = 4; it is moving slowest and stationary at 

t _ 6 士 y /\5 

L _ ^3 ~~ 

(f) When t = the position is s ~ 10.303 units and the body is farthest from the origin. 


35. (a) It takes 135 seconds. 

(b) Average speed = 罢 = = fs ^ 0.068 furlongs/sec. 

(c) Using a symmetric difference quotient, the horse's speed is approximately 勞 = 5 纟：篇 3 = 嘉 = 0.077 furlongs/sec. 

(d) The horse is running the fastest during the last furlong (between the 9th and 10th furlong markers). This furlong takes 
only 11 seconds to run, which is the least amount of time for a furlong. 

(e) The horse accelerates the fastest during the first furlong (between markers 0 and 1). 


3.4 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS 


1. y = — lOx + 3 cos x 4 裝 =—10 + 3 去 (cos x) = —10 — 3 sin x 

2. y=| + 5sinx#^ = ^+ 5 去 (sin x) = ^ + 5 cos x 

3. y = esc x — 4-^/x + 7 => 裝 =—esc x cot x — -y= + 0 = —esc x cot x — 


.x^cotx-^ ^ 裝 =/ 

—x 2 esc 2 x + 2x cot x + . 


盖 (cotx)- 


- cot x • d 


ii (X 2 ) + F = 


-x 2 esc 2 x + (cot x)(2x) + ^ 


5. y = (sec x + tan x)(sec x — tan x) ^ = (sec x + tan x) ^ (sec x — tan x) + (sec x 


tan x) ^ (sec x + tan x) 

(sec x + tan x) (sec x tan x — sec 2 x) + (sec x — tan x) (sec x tan x + sec 2 x) 

(sec 2 x tan x + sec x tan 2 x — sec 3 x — sec 2 x tan x) + (sec 2 x tan x — sec x tan 2 x + sec 3 x — tan x sec 2 x) = 0. 


(Note also that y = sec 2 x — tan 2 x = (tan 2 x + 1) _ tan 2 x 






0. 
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6. y = (sin x + cos x) sec x ^ = (sin x + cos x) 4- (sec x) + sec x 4 - (sin x + cos x) 


(sin x + cos x)(sec x tan x) + (sec x)(cos x — sin x) 

sin 2 x + cos x sin x + cos 2 x — cos x sin x — 1 — 2 Y 


五一、加 u A T wo A/ 石 A ； -r A ^ l 

(sin x + cos x) sin x 丄 cos x - sin x 


cos 2 > 


(Note also that y = sin x sec x + cos x sec x = tan x + 1 ^ 


cotx , dy _ (1 + cot x) ^ (cot x) — (cot x) 基 （1 + cot x) _ (1 + cot x) (-esc 2 x) - (cot x) (-esc 2 x) 


y — 1 + cot x ^ dx — (1+cotx) 2 

-CSC 2 X — CSC 2 X cot X + CSC 2 X cot X — —CSC 2 X 


(1 + cot x) 2 


(1 + cot x) 2 


(1 + cot x) 2 


O _ cosx v dy _ (1 + sin X) 基 (cos x) - (cos x) 盖 （1 + sin x) _ (jj-sinx) (-sin x) - (cos x) (cos x) 
. 乂 — 1 + sin x dx — (1 + sinx) 2 — (1 + sinx) 2 


- sin 2 x — cos 2 x — —sin x - 


(1 + sin x) 2 


_ _ —(1 + sin x) 

(1 + sinx) 2 — (1 + sinx) 2 


9. y 

10. y 


+ = 4secx + cotx ^ g =4secxtanx-csc 2 x 


I x v dy _ x(-sin x) — (cos x)(l) , (cos x)(l)-x(-sin x) _ -x sin x - cos x + cos x + x sin x 

T COS X dx — X 2 丁 COS 2 X — X 2 丁 COS 2 X 


11. y = x 2 sin x + 2x cos x — 2 sin x => 装 =(x 2 cos x + (sin x)(2x)) + ((2x)(—sin x) + (cos x)(2)) — 2 cos x 
=x 2 cos x + 2x sin x — 2x sin x + 2 cos x — 2 cos x = x 2 cos x 

12. y = x 2 cos x — 2x sin x — 2 cos x 4 裝 =(x 2 (—sin x) + (cos x)(2x)) — (2x cos x 4 - (sin x)(2)) — 2(—sin x) 
=—x 2 sin x + 2x cos x — 2x cos x — 2 sin x + 2 sin x = — x 2 sin x 

13. s = tan t — t 室 = 秦 (tan t) _ 1 = sec 2 1 — 1 = tan 2 t 

14. s = t 2 — sec t + 1 => _ = 2t — 盖 (sec t) = 2t — sec t tan t 


15 . S == 




ds — (1 — CSC t)(—CSC t cot t) — (1 + esc t)(csc t cot t) 
dt — (1 — esc t) 2 

CSC t cot t + CSC 2 t cot t — CSC t cot t — CSC 2 t cot t 


(1 — CSC t) 2 


—2 esc t cot t 

(1 — CSC t) 2 


16. s 


am i — 

1 — cos t dt 


ds — (1 - cos t)(cos t) - (sin t)(sin t) _ cos t - cos 2 t - sin 2 1 — cos t - 1 


(1 — cos t) 2 


(1 — cos t) 2 


(1 — cos t) 2 


1 — cos t 


cos t — 1 


17. r = 4 — 9 2 sin 6 ^ % = ~ iP 2 ie (sin 0) + (sin 6)(29)) = — (6 2 cos 9 -\-26 sin 6) = —0(6 cos ^ + 2 sin 9) 

18. r = ^ sin 沒 + cos 0 ^ ^ = (0 cos 0 + (sin 沒 )(1)) — sin ^ ^ cos 9 


19. r = sec 6 esc 0 ^ = (sec 0)(—esc 6 cot 6) + (esc 0)(sec 6 tan 6) 


dd 


(zsh) (sfl) (sl) + (se) ( 丄） (Si) = 


sin 2 6 ' cos 2 9 


sec 


2 9 — esc 2 6 


20. r = (1 + sec 0) sin 6 => ^ = (1 + sec 6) cos 6 + (sin 0)(sec 6 tan 6) = (cos 0 + 1) + tan 2 9 = cos 0 + sec 2 6 


21 _ p = 5 + 南二 5 + tan q 泠 


dp 

dq 


sec q 


22. p = (1 + esc q) cos q => 舞 =(1 + esc q)(—sin q) + (cos q)(—esc q cot q) = (—sin q — 1) — cot 2 q = —sin q — esc 2 q 
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^ — sin q + cos q . dp _ (cos q)(cos q — sin q) — (sin q + cos q)(—sin q) 
— cos 2 q — cos q sin q + sin 2 q + cos q sin q — 1 — 0/ ^2 。 

~ ~ ~ sec q 


24. p 二 


tan q 
1 + tan q 




dp — (1 + tan q) (sec 2 q) — (tan q) (sec 2 q) — sec 2 q + tan q sec 2 q — tan q sec 2 q — sec 2 q 
dq — (1+tanq) 2 _ (1+tanq) 2 _ (1+tanq) 2 


25. (a) y = esc x 4 y’ = —esc x cotx => y" = — ((esc x) (—esc 2 x) + (cot x)(—esc x cot x)) = esc 3 x + esc x cot 2 x 

=(esc x) (CSC 2 X + cot 2 x) = (esc x) (esc 2 X + CSC 2 X — 1) 二 2 CSC 3 X — CSC X 

(b) y = sec x 4 y’ = sec x tan x ^ y f, = (sec x) (sec 2 x) + (tan x)(sec x tan x) = sec 3 x + sec x tan 2 x 

=(sec x) (sec 2 x + tan 2 x) = (sec x) (sec 2 x + sec 2 x — 1) = 2 sec 3 x — sec x 


26. (a) y = —2 sin x y r = —2 cos x => y" = —2(—sin x) = 2 sin x y'" = 2 cos x ^ y( 4 ) = —2 sin x 
(b) y = 9 cos x ^ y f = —9 sin x y" = —9 cos x 4 y’’’ = —9(—sin x) = 9 sin x => y ⑷ = 9 cos x 


27. y = sin x =>• y’ = cos x => slope of tangent at 
x = —7r is y r (—7r) = cos (—7r) = —1; slope of 
tangent at x = 0 is y’(0) = cos (0 ) 二 1; and 
slope of tangent at x = 誓 is y’ （夸 ） =cos 誓 
= 0. The tangent at (—7r, 0) is y — 0 = — l(x + 7r), 


or y = —x — 7r; the tangent at (0,0) is 
y — 0 = l(x — 0), or y = x; and the tangent at 


( 誓， —1) isy = -1. 


: y 



28. y 二 tan x => y ; = sec 2 x 4 slope of tangent at x = — | 
is sec 2 (_ I) =4; slope of tangent at x = 0 is sec 2 (0)=1; 
and slope of tangent at x = | is sec 2 (!) =4. The tangent 

at (— ! ， tan(— !)) = (— !， is y + \[z = 4(x + |); 
the tangent at (0,0) is y = x; and the tangent at tan (|)) 
=(f ， V^) is y — \ph = 4 (x — !). 

29. y = sec x => y’ = sec x tan x =>• slope of tangent at 

x = — I is sec (― I) tan (— !) = —2y/3 ; slope of tangent 
at x = I is sec (!) tan ( 牙） = \fl. The tangent at the point 
(— f ， sec (- !)) = (— |,2) isy — 2 = —2 a/ 3 (x + |); 
the tangent at the point (|, sec (|)) = (f, is y — 

=W (X - 牙 ）. 


30. y = 1 + cos x => y’ = — sin x slope of tangent at 
x = — I is —sin (— |) = -^ ； slope of tangent at x = 誓 
is —sin ( 誓 ） =1. The tangent at the point 

(_ I， 1 + COS (- f)) = (- |, |) 

isy—| = ^(x+|); the tangent at the point 

( 警 ， 1 + cos ( 誓 )）= ( 誓， l)isy-l=x -誓 


y 
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31. Yes, y = x + sin x ^ y’ = 1 + cos x; horizontal tangent occurs where 1 + cos x 二 0 4 cos x = — 1 

4 X = 7T 

32. No, y = 2x + sin x => y’ = 2 + cos x; horizontal tangent occurs where 2 + cos x = 0 cos x = —2. But there 
are no x-values for which cos x = — 2. 

33. No, y = x — cot x y’ = 1 + esc 2 x; horizontal tangent occurs where 1 + esc 2 x = 0 =>• esc 2 x = — L But there 
are no x-values for which esc 2 x = — 1 • 

34. Yes, y = x + 2 cos x ^ y’ = 1 — 2 sin x; horizontal tangent occurs where 1 — 2 sin x = 0 => 1 = 2 sin x 
^ I = sin x ^ x = I or x = ^ 

35. We want all points on the curve where the tangent 
line has slope 2. Thus, y = tan x 4 y’ = sec 2 x so 
that y f = 2 => sec 2 x = 2 => sec x = 士 y/l 

= 士 |. Then the tangent line at (^, l) has 
equation y — 1 = 2 (x — |) ; the tangent line at 
(— I ， —l) has equation y + 1 = 2 (x + |). 


36. We want all points on the curve y = cot x where 
the tangent line has slope — 1. Thus y = cot x 
^ y' = —esc 2 x so that y / = — 1 => —esc 2 x = — 1 
esc 2 x = 1 4 esc x = 士 1 x = I. The 
tangent line at (|, 0) is y = —x + |. 


37. y = 4 + cot x — 2 esc x 4 = —esc 2 x + 2 esc x cot x = — (J—) ( 1 ~ 2 CQS x ) 

(a) When x = |, then y’ = —1; the tangent line is y = —x + | + 2. 

(b) To find the location of the horizontal tangent set y’ 二 0 1—2 cos x = 0 => x = | radians. When x = 

then y = 4 - \/3 is the horizontal tangent. 

38. y = 1 + \[2 esc x + cot x => y, = —yjl esc x cot x — esc 2 x = — (( ^::: 十 1 ) 

(a) If x = 牙 ， then y’ = —4; the tangent line is y = —4x + 丌 + 4. 

(b) To find the location of the horizontal tangent set y 7 二 0 => cos x + 1 = 0 4 x 
x = 字 ， then y = 2 is the horizontal tangent. 

39. lim^ sin (* — !)= sin (| — = sin 0 = 0 

40. lim ^ ^/\ + cos (7T esc x) = 、/ 1 + cos {n esc = -^/l + cos ( 丌 . (—2)) = \J~2 

X—-I V w v . 

41. lim^ sec [cos x + 7r tan ( 4s : cx ) — 1] = sec [cos 0 + 7r tan ( 4s : cQ ) — 1] = sec [ 1 + 7r tan (|) — 1] = sec 7r = —l 


= 宇 radians. When 
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42 - x lim o sin ( tai ^^)=sin = sin (-|) =-1 

43. ^lim^ tan (1 - = tan ^1 — ^lim^ f) = tan(l — 1) = 0 

44. lim cos (4^) = cos ( tt lim ) = cos (7r - ] = cos (V • = —1 

0 — Q Ksin9j V ^^0 sin V V lim ^ J 、 

45. s = 2 — 2sint v = 羞 =—2 cos t => a = ^ = 2 sin t => j = 莹 = 2 cos t. Therefore, velocity = v (|) 
=—\[2 m/sec; speed = |v (|) | = \J~2 m/sec; acceleration = a (|) = \J~2 m/sec 2 ; jerk = j (|) = \/2 m/sec 3 . 

46. s = sin t + cos t => v = 莹 =cos t — sin t =4> a = ^ = —sin t — cos t j = ^ = —cos t + sin t. Therefore 
velocity = v (f) = 0 m/sec; speed = |v (|) | = 0 m/sec; acceleration = a (|) = m/sec 2 ; 

jerk = j (|) =0 m/sec 3 . 

47. lim f(x) = lim sm \ 3x = lim 9 = 9 so that f is continuous at x = 0 4 lim f(x) = f(0) 

x —> 0 x ^ 0 x x—>0 ''jx/vjx/ x ^ 0 

4 9 = c. 


48. lim g(x) = lim (x + b) = b and lim g(x) = lim cos x 二 1 so that g is continuous at x = 0 lim g(x) 

x — 0 _ x 4 0 _ X —^ 0 + x 4 0+ x 4 0 _ 

=lim + g(x) => b = 1. Now g is not differentiable at x = 0: At x = 0, the left-hand derivative is 

盖 (x + b)| x 0 = 1, but the right-hand derivative is ^ (cos x)| x _ Q = — sin 0 = 0. The left- and right-hand 
derivatives can never agree at x = 0, so g is not differentiable at x = 0 for any value of b (including b = 1). 


49. (cos x) = sin x because ^ (cos x) = cos x => the derivative of cos x any number of times that is a 
multiple of 4 is cos x. Thus, dividing 999 by 4 gives 999 = 249 • 4 + 3 4 (cos x) 

= 基 ( cos X)= 基 （cos x) = sin x. 


50 . ⑻ y = sec x 


i dy 

cos x dx 


(cos x)(0) — (1)(—sin x) 
(cos x) 2 




^ (sec x) = sec x tan x 


⑼ y = CSCX = 土今 I = (sinx)( ^ (cosx) = w 

^ (esc x) = —CSC X cot X 

x, _ v _ cos X ^ dy _ (sin x)(-sin x) - (cos x)(cos x) 

y — cotx _iiiT7 々石 — (iSTI? 

— v、 — _ c'cr^ 1 v 


sin X 
COS 2 X 


sin 2 x 


( 丄 ）(^) 

\ COS X / V COS X / 


sec xtan x 


(iFj) (=) = -esc X cot: 


(c) y = cot x 

4 盖 (cot x) = —esc 2 x 


-sin 2 x—cos 2 x 

sin 2 x 


siii 5 ! 


—CSC 2 : 


51. 



closer and closer to the black curve y = cos x because 4~ (sin x) = lim sin ( x + y - sin x — CO s x. The same 

J dx v 7 h ^ o h 

is true as h takes on the values of — 1, —0.5, —0.3 and —0.1. 
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52. 

y 

X 

Ash takes on the values of 1, 0.5, 0.3, and 0.1 the corresponding dashed curves of y = cos (x + ^ ~ cos x get 
closer and closer to the black curve y = - sin x because 盖 (cos x) = ^lim^ cos (x + ^ ~ cos x = —sin x. The 
same is true as h takes on the values of —1 ， —0.5, —0.3, and —0.1. 




53. (a) 



The dashed curves of y = sm(x+h)-^sm(x-h) are closer to the black curve y = cos x than the corresponding dashed 
curves in Exercise 51 illustrating that the centered difference quotient is a better approximation of the derivative of 
this function. 


(b) 



The dashed curves of y = cos(x+h)-^cos(x-h) 脱 closer to the black curve y = — sinx than the corresponding dashed 
curves in Exercise 52 illustrating that the centered difference quotient is a better approximation of the derivative of 
this function. 


54 - h 11 ^ ' 0+h '^'°" h ' = x h i?0 ^#=,1^0 = 0 ^ the limits Of the centered difference quotient exists even 
though the derivative of f(x) = |x| does not exist at x = 0. 


55. y = tan x => y f = sec 2 x, so the smallest value 
y r = sec 2 x takes on is y’ = 1 when x = 0; 
y f has no maximum value since sec 2 x has no 
largest value on ; y' is never negative 

since sec 2 x > 1. 


y 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 




















Section 3.4 Derivatives of Trigonometric Functions 


56. y = cot x => y’ = —esc 2 x so y f has no smallest 
value since —esc 2 x has no minimum value on 
(0, 丌 ); the largest value of y’ is — 1， when x = |; 
the slope is never positive since the largest 
value y' — —esc 2 x takes on is —1. 


57 y = smji appears to cross the y-axis at y = 1 , since 

lim = 1 ; y = 组么 appears to cross the y-axis 

x — 0 x x " 

at y = 2, since lim^ = 2;y = appears to 

cross the y-axis at y = 4, since lim = 4. 

However, none of these graphs actually cross the y-axis 

since x 二 0 is not in the domain of the functions. Also, 

lim 5in5x = 5, lim = — 3, and lim ^ 

x ^ 0 x x ^ 0 x x ^ 0 x 

=k ^ the graphs of y = 宇 , y =and 

y = approach 5, —3, and k, respectively, as 

x —> 0. However, the graphs do not actually cross the 

y-axis. 


y 



y 



58. (a) 


h 

sin h 

~h~ 

mm 

1 

.017452406 

.99994923 

0.01 

.017453292 

1 

0.001 

.017453292 

1 

0.0001 

.017453292 

1 




sin h° 
~h~ 


= x h To 


sin ( h 'iio) 

h 




ilo sin ( h 'iio) 

iio' h 




7T 

180 


(0 = h- 


180 ^ 


(b) 


(c) 


⑹ 


⑹ 


(converting to radians) 


h 

cos h—1 
h 

1 

-0.0001523 

0.01 

-0.0000015 

0.001 

-0.0000001 

0.0001 

0 


hlim 。 cos ^~ l = 0, whether h is measured in degrees or radians. 

In degrees, ^ (sin x) = h lim o sin (x + ^ ~ sin x = h lim o (^xcosh + cosxsmh)-sinx 

=lim (sin x - cos ^ ~ 1 ) + lim (cos x - = (sin x) - lim d — 1 ) + (cos x) - lim 

h —0 、 h ' h^O v h 7 v ' h^O v h y v ’ h^O v h ' 

=(sin x)(0) + (cos x) (jfg) = yfg cos x 

In degrees, ^ (cos x) = lim cos (x + ^ ~ cos x = lim (c°s x cos h - sin x sin h) - cos x 


=lim fcosx)(co S h-l)-sinx S inh = 版 ( cos x . cosh^l) _ Hm ( sinx . 5inh) 
h^O h h^O V h ' h^O V h ' 

=(COS x) h lim o ( cos {|- ” - (sin x) h lim o (^) = (cos x)(0) — (sin x) (^) = - ^ sin x 

基 (sin x) = ^ (jfg cos x) = - ( T f 5 ) 2 sinx;^(sin x) = ^ -( 咼 ) 2 sin x)=— ( 咼 ) 3 cos x; 

基 (cos x)= 盍 （- 咼 sin x)=- ( 咼 ) 2 cos x; 基 (cos x)= 盖 (— ( T f 5 ) 2 cosx) = ( T f 5 ) 3 sinx 
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3.5 THE CHAIN RULE AND PARAMETRIC EQUATIONS 

1. f(u) = 6u - 9 4 f ’ ⑻ = 6 ^ f’(g(x)) = 6; g(x) = I x 4 4 g’ ⑻ = 2x 3 ; therefore 裝 =f’(g( ； x))g’( ； x) 

= 6 • 2x 3 = 12x 3 

2. f(u) = 2u 3 f’ ⑼ = 6u 2 4 f’(g(x)) 二 6(8x — l) 2 ; g(x) = 8x — 1 => g’ ⑻ = 8; therefore 砮 =f’(g(x))g’(x) 

= 6(8x-l) 2 -8 = 48(8x—l) 2 

3. f(u) = sin u f’(u) = cos u => f’(g(x)) = cos(3x + 1); g(x) = 3x + 1 => g’(x) = 3; therefore 砮 =f’(g(x))g’(x) 
=(cos (3x + 1))(3) = 3 cos (3x + 1) 

4. f(u) = cosu ^ f\u) = —sin u 4 f’(g(x)) = -sin ( 子） ； g(x) = =f ^ g’(x) = - |; therefore 砮 =f’(g(x))g’(x) 
=-sin ( 宁 ） • (x) = l sin (X) 

5. f(u) = cos u => f’(u) = —sin u => f’(g(x)) = —sin (sin x); g(x) = sin x => g’(x) = cos x; therefore 
装 =f’(g(x))g’(x) = -(sin (sin x)) cos x 

6. f(u) = sin u =>• f^u) = cos u =>• f / (g(x)) = cos (x — cos x); g(x) = x — cos x =>■ g’(x) = 1 + sin x; therefore 
裝 =f , (g(x))g , (x) = (cos (x - cos x))(l + sin x) 

7 . f(u) = tan u f’(u) = sec 2 u => f’(g(x)) = sec 2 (lOx — 5); g(x) = lOx — 5 =>■ g’(x) = 10; therefore 
裝 =f’(g(x))g’(x) = (sec 2 (lOx — 5)) (10) = 10 sec 2 (lOx — 5) 

8. f(u) = —sec u => f’(u) = —sec u tan u =>• f’(g(x)) = —sec (x 2 + 7x) tan (x 2 + 7x); g(x) = x 2 + 7x 
4 g’(x) = 2x + 7; therefore 裝 =f / (g(x))g / (x) = —(2x + 7) sec (x 2 + 7x) tan (x 2 + 7x) 

9. Withu = (2x+ l),y = u 5 : I = ^|=5 u 4 -2= 10(2x+1) 4 

10. With u = (4 — 3x), y = u 9 : g = 砮 g = 9u 8 • (-3) = -27(4 — 3x) 8 

11. With u=(l^f),y = «- 7 : | = -7u- 8 ■㈣ =(1 - 

12. With u = (f - 1) ， y = S = H = -lOu-u _ (!) =-5(l-l)- U 

13. Withu=(^+x-i),y = u 4 ： ^ ^ g = 4u 3 ■ (f + 1 + i) = 4 (^ + x - i) 3 (f + 1 + i) 

14. Withu=(f + i),y = ^: I = |g=5u4-(ie^) = (| + i) 4 (l-^) 

15. With u = tan x, y = sec u: 装 = 裝裴 =(sec u tan u) (sec 2 x) = (sec (tan x) tan (tan x)) sec 2 x 

16. With u = tt- i,y = cotu: 砮 = 砮费 =(—esc 2 u) ( 去） = 一去 esc 2 (vr — ■) 

17. With u = sin x, y = u 3 : 装 = 盖费 = 3u 2 cos x = 3 (sin 2 x) (cos x) 

18. With u = cos x, y = 5u -4 : 裝 = 塞盖 =(—20u -5 ) (—sin x) = 20 (cos -5 x) (sin x) 
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19. p = y/3^t = (3 - 1 )" 2 今 I = i (3 - tr 1/2 • I (3 — t) = — i (3 - 1)- 1/2 = 

20. q = V2r - r 2 = (2r — r 2 ) 1/2 ^ ^ | (2r - r 2 厂 1/2 • 盖 （ 2r — r 2 ) = |(2r-r 2 ) _1/2 (2 - 2r) = 

21. s = 去 sin 3t + 去 cos 5t =>- 室 = 去 cos 3t - 丢 (3t) 4 * 去 (— sin 5t) •羞 (5t) = $ cos 3t — ^ sin 5t 
=| (cos 3t — sin 5t) 

22. s = sin(f)+cos («) ^ | = cos (f) - ) - sin (^) • | (f) = f cos (f) - f sin (f) 

=f (cos ft - sin 訾 ) 

23. r = (esc 0 +cot 0)-1 ^ | = -(esc 0 + cot 0)-2 A (csc 0 + cot 0) = 口 

esc 6 

~ esc 6 + cot 9 


24. r = —(sec 6 + tan 6)~ l =>• 

———. sec 6 

— sec 6 + tan 9 


塞 =(sec 0 + tan 9)~ 2 


盖 (sec 0 + tan 6) 


sec 沒 tan 沒 + sec 2 汐 — sec 9 (tan 6 + sec 6) 
(sec 6 + tan 6) 2 — (sec 6 + tan d) 2 


25. y = x 2 sin 4 x + x cos -2 x =>• 裝 =x 2 盖 (sin 4 x) + sin 4 x • 盖 (x 2 ) + x (cos -2 x) + cos -2 x • 盖 (x) 
=x 2 (4 sin 3 x ^ (sin x)) + 2x sin 4 x + x (—2 cos -3 x • 去 （cos x)) + cos -2 x 
=x 2 (4 sin 3 x cos x) + 2x sin 4 x + x( (—2 cos— 3 x) (—sin x)) + cos -2 x 
= 4x 2 sin 3 x cos x + 2x sin 4 x + 2x sin x cos -3 x + cos -2 x 


26. y = ^ sin -5 x — | cos 3 x => Y ， — x ^ (sin -5 x ) + sin -5 x - ^ (^) — f 盖 (cos 3 x) — cos 3 x • ^ (|) 

=▲ (—5 sin -6 x cos x) + (sin -5 x) (― ^) — | ((3 cos 2 x) (—sin x)) — (cos 3 x) (|) 

= 一 5 sin- 6 x cos x - i sin- 5 x + x cos 2 x sin x — i cos 3 X 

27. y = 去 (3x — 2) 7 + (4 — 士 ） 1 今砮 = ^ ( 3x — 2 ) 6 • S ( 3x -2)+ (-1)(4 - 2 • 基 (4 - 士 ) 

= 圣 (3x — 2) 6 - 3 + (-1) (4~2?) (?) = (3x - 2) 6 - ^ (」 丄 ) 2 

28. y = (5 - 2X)- 3 + HI + I)' ^ I = -3(5 - 2 x)- 4 (-2) + 鲁 (| + I) 3 (- ♦) = 6(5 - 2x” -⑷ (f # I) 3 

= 6 — (x + 1 ) 

—(5 - 2x) 4 x 2 


29. y = (4x + 3) 4 (x + 1 )_ 3 泠 | = (4x + 3) 4 (-3)(x + l}- 4 • 羞 (x + 1) + (x + 1)_ 3 ⑷ (4x + 3) 3 • ^ (4x + 3) 
=(4x + 3) 4 (-3)(x + 1)- 4 (1) + (x + 1)- 3 (4)(4x + 3) 3 (4) = -3(4x + 3) 4 (x + 1)_ 4 + 16(4x + 3) 3 (x + 1) 一 3 


f±^[-3(4x + 3)+16(x+l)] 


(4x + 3) 3 (4x + 7) 


30. y = (2x - 5)- 1 (x 2 — 5x ) 6 今 


= 6 (x 2 - 5x) 5 - 


2 (x 2 - 5x) 6 
(2x-5) 2 


I = (2x - 5)- 1 (6) (x 2 - 5x) 5 (2x — 5) + (x 2 — 5x) 6 (-l)(2x- 5 广 2 ⑵ 


31. h(x) = x tan (2y^x) + 7 ^ h, ⑻ =x 去 （tan (2x" 2 )) + tan (2X 1 / 2 ) • 去 (x) + 0 

=x sec 2 (2x" 2 ) • 基 （ 2X 1 / 2 ) + tan (2x" 2 ) = x sec 2 (2^/x) • + tan (2^/x) = -y/x sec 2 (2y^) + tan (2-^/x) 
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32. k(x) = x 2 sec (i) ^ k^x) = x 2 ^ (sec i) + sec (i) - ^ (x 2 ) = x 2 sec (i) tan (i) -^(i)+2x sec (1) 
=x 2 sec (i) tan (i) _ (- i) + 2x sec ⑴ = 2x sec ⑴ -sec ⑴ tan ⑴ 

qq — ( sin 6 f r (P\ — o ( sin 6 \ d / sin 6 \ — 2 sin 6 (1 + cos 9)(cos 8) — (sin 0)(—sin 6) 

J" 3 . 丄 、〜 —\ l+cos9> ^ 丄 、〜 _ z Vl+cos^J * d9 U+cos0 / — l+cos0 • (1+cos 9) 2 

(2 sin 6) (cos 6 + cos 2 6 + sin 2 0) — (2 sin 6) (cos ^ + 1 ) — 2 sin 6 

— ( 1 +cos 0) 3 — (1 +cos 0) 3 — (1 +cos 6) 2 

Q /1 _ /l+cost \ _1 v „//Vv — ， l+cost 、 _2 d / 1 + cos t\ _ sin 2 t (sin t)(-sin t) - (1 + cos t)(cos t) 

34. g{t) = = s = _ (i+ cos t) 2 - snro 2 

—— (-sin 2 t — cos t — cos 2 1 ) _ 1 

( 1 +cost ) 2 — 1 +cost 


35. r = sin (9 2 ) cos (26) =>• 翁 =sin (6 2 ) (—sin 26) ^ (26) + cos (26) (cos (6 2 )) - ^ (0 2 ) 

=sin (0 2 ) (—sin 26)(2) + (cos 20) (cos (0 2 )) (29) = —2 sin (6 2 ) sin (26) + 2Q cos (20) cos (6 2 ) 


36. r 


,sec 


V^) tan (I) 4 蛊 =(sec V^) ( sec 2 |)( - 去 ） + tan ⑴ (sec tan 


=_ 去 sec \/~0 sec 2 (|) + ^ tan (|) sec 一 tan \/~0 : 
37. q = sin I 


sec 




tan \J~Q tan sec 2 (^) 

2^/e ^^ 


,VtTi) ^ ^ =cos (7^) •羞 


r _t_\ . %/rn: ⑴ 

、 Vt+ 1 / ( 0 +1) 2 


cos (南） _ 


y/i+T- 


38. q = cot ( 苧）今替 


2y/t+l 


-CSC 


cos 


f t \ ( 2 (t+l)-t 
Vx/tTIy 、 2(t+1) 3 / 2 


t + 2 

, 2 (t+l ) 3 /2 


COS 


(赤) 


(^) • 丢 （¥) = (-esc 2 d (^i^i 


39. y = sin 2 (7rt — 2)=> 祭 = 2 sin (7rt — 2) •丢 sin (7rt — 2) = 2 sin (7rt — 2) • cos (7rt — 2) • 丢 (7rt — 2) 
= 27r sin (7rt — 2) cos (7rt — 2) 


40. y = sec 2 nt =>• 箸 =(2 sec 7rt) - ^ (sec 7rt) = (2 sec 7rt)(sec 7rt tan 7rt) ■去 (nt) = 2n sec 2 7rt tan irt 

41. y = (1+cos 2t)~ 4 ^ f t = -4(1+cos 2t)_ 5 • 丢 （1 + cos 2t) = -4(1+cos 2t)- 5 (—sin 2t) • | (2t) = (1 := t)5 

42. y = (1 + cot ⑴ ） 2 > f = -2(1 + cot ⑴） 3 • |(1 + cot ⑴） = -2 (1 +cot (!)) 3 • (-esc 2 ⑴） • ！(!) 

_ CSC 2 ( 备） 

(l + cot (|)) 3 

43. y = sin (cos (2t 一 5)) 4 餐 =cos (cos (2t — 5)) •系 cos (2t — 5) = cos (cos (2t — 5)) - (—sin (2t — 5)) • 丢 (2t — 5) 
=—2 cos (cos (2t — 5))(sin (2t — 5)) 


44. y = cos (5 sin ⑴） 4 莹 =—sin (5 sin ( 臺 )) • 去 (5 sin ⑴） =-sin (5 sin ⑴ ）(5 cos ⑴ )-| ⑴ 

= 一 I sin (5 sin ( 臺 )）(cos ( 臺 )） 

45. y = [1 + tan 4 (^)] 3 ^ ^ = 3 t 1 +tan 4 ( 為 )] 2 • ! [1 + tan 4 ㈤] = 3 [1 +tan 4 ㈤] 2 [4 tan 3 ( 長）•丢 tan ( 吾 )] 
=12 [1 + tan 4 ⑸] 2 [ tan 3 ㈤ sec 2 ( 告 ) • 長 ] =[1 + tan 4 (^)] " [tan 3 (^) sec 2 (^)] 

46. y= |[1 + cos 2 (7t )] 3 泠 f = || 4 - cos 2 (7t)] 2 - 2 cos(7t)(—sin(7t))(7) = -7 [1 + cos 2 (7t)] 2 (cos(7t) sin(7t)) 
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47. y ： 


.V2 


:(1 + COS (t 2 )) 

-I (1 +COS (t 2 )) 


dt 


2 V 1 十 ⑶ " 


「Con 


(1 + cos (t 2 )) = 1(1+ cos (t 2 ))' 1/2 (-sin (t 2 ) - | (t 2 )) 



1 + ^i-2^i \/t+V~t 


49. y=(i + D 3 ^/ = 3(1 + 1) 2 (-^) = ： |(1 + 1) 2 ^ y^=(-|)-£(i + i) 2 -(i + D 2 -£B) 

=( _ M ( 2 C 1 + i) (~ 5?)) + (?) ( ： + x) 2 =*!§ (! + x) + ? (! + x) 2 = |f ( ! + x) (x + 1 + x) 

= 1(1 + 9 ( 1+9 


50. y = (1 — V^)" 1 ^ - (1 - K (-|x-i/2) = 1(1^ ^)-\-1/2 

^ y w = i [(1 - V^y 2 (-1 x_3/2 ) + x- 1/2 (-2)(l- v^)- 3 (-i x-，- 

=I [孕 X-3/ 2 (1 _ W)- 2 + x-1 (1 — ^)- 3 ]=|x-l(l- W)- 3 [- ! X-V2 (1 — ^) + 1] 
= i (i — \A) 3 (— 点 + I + 1) = 忐 (1 一 \A) 3 (| - ▲) 


51. y = i cot (3x 一 1) => y , = — 1 esc 2 (3x — 1)(3) = — ! esc 2 (3x — 1) => y" = (- |) (esc (3x — 1) ■ 盖 csc(3x — 1)) 
=—I esc (3x — 1)(—esc (3x — 1) cot (3x — 1) ■ 羞 (3x — 1)) = 2 esc 2 (3x — 1) cot(3x — 1) 


52. y = 9 tan (!) => y , = 9 (sec 2 (f)) Q) = 3 sec 2 (!) => y" = 3 - 2 sec ( 營） （sec (!) tan (f)) ( 5 ) = 2 sec 2 (|) tan (!) 

53. g(x) = ^ ^ g ， (x) ^ g(D = 1 and g ， (l) = |; f(u) = u 5 + 1 ^ f ⑻ = 5u 4 泠 f ， (g(l)) = f(l) = 5; 

therefore, (f o g)’(l) = f’(g ⑴ )- g’(l) = 5 • | = | 

54. g(x) = (1 - x)- 1 g’(x) = —(1 — x)- 2 (-l) = 泠 g(-l) = 1 and g ’(一 1) = i ; f(u) = 1 - i 

冷 f» = 去今 f(g(-l)) = f(i) =4; therefore, (f 。 g)'(-l) = f (g(—l))g，(—1) = 4-1 = 1 

55. g(x) = 505 ： g'(x)= 泰 4 g(l) = 5 and g'(l)= 昼； f(u) = cot ( 晋) 今 f'u) = -esc 2 (fg) (f^) 

=W csc2 (w) ^ f'(g(l)) = f ， (5) = - ^ esc 2 (f)= — 卷 ; therefore, (f o 成 ⑴ = f'(g ⑴) g ， (l) = - 聂 - f 

56. g(x) = nx g’(x) = tt => g (*) = I and g’ Q) = 7 r; f(u) = u + sec 2 u ^ f’(u) =1+2 sec u • sec u tan u 

= 1+2 sec 2 u tan u 4 f’(g ⑴） =f’ （ f) = 1 + 2 sec 2 | tan | = 5; therefore, (f ◦ g)’ ⑴ =f’(g ⑴） g’ ⑴ = 5 tt 

57. g(x) = 10x 2 +x+l ^ g ， (x) = 20x + 1 泠 g(0) = 1 and g ， (0) = l;f(u) = ^ ^ f ⑻ = ( 心心广咖 ) 

= 玲 Hg( 0 )) = f ， (l) = 0 ; therefore, (f 。 g) ， ( 0 ) = f^gfO))^^) = 0 - 1=0 

58. g(x )= 去 一 1 今 g ， (x) = -Jr ^ g(-l) = 0 and g^-l) = 2; f(u)= ( 货) 2 今 f， ⑻ = 2 ( 货）斋 ( 語 ) 

= 2 ( 喆） . m i)(1) = 2 ~^W = ^W ^ f (g(-l)) = f ⑼ =-4; therefore, 

(fog/(-l) = ^(-1))^(-!) = (-4X2) = -8 
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59. (a) y = 2f(x) • g = 2f (x ) 今 | = 2f'(2) = 2 (!) = | 

x=2 

(b) y = f(x) + g(x) ^ f' ㈨ + g ， (x) => I = f'(3) + g ， (3) = 2^ + 5 

x=3 

(c) y = f(x) • g(x) ^ |= f(x)g， ㈨ + g(x)f (x ) 今砮 I = f(3)g ， (3) + g(3)f(3) = 3-5 + (-4)(2 tt) = 15 — 8tt 

I x=3 

v - M dy - g(x)f' ⑻ -f(x)g'( X ) . dy _ g(2)f'(2) _ 仅 2)€(2) _ (2)(!)-(8)(-3) _ 37 

^ y ~ W) ^ [gWF ^ x=2 - 5 ( 2 )p _ ^ "6 

(e) y = f(g ⑻) ^ I = f , (g(x))g , (x ) 冷 I = f , (g(2))g , (2) = f (2)(-3) = | (-3) =-1 

x=2 

(f) y = (f(x))V 2 今裝 =• ( f (X)) -" 2 • f W l| x= 2 =^i) = S = ^I = I^ = - 

(g) y = (g(x ))- 2 今 I = —2(g(x))_ 3 • g ， (x ) 泠 g = -2(g ⑶ )- 3 g ， (3) = -2(—4)_ 3 -5=| 

x=3 

(h) y = ((f(x)) 2 + (g(x )) 2 ) 1/2 冷 I = * (_ 2 + (g(x)) 2 ) _1/2 (2f(x) • f ⑻ + 2g(x) - g ， (x)) 

今 I = I ((f(2)) 2 + (g(2)) 2 ) _1/2 (2f(2)f (2) + 2g(2)g'(2)) = | (8 2 4 - 2 2 )’ (2 - 8 • ! + 2 _ 2 • (-3)) 

x=2 

=_ 3717 


60. (a) y = 5f(x) — g(x) =» |= 5f(x) - g'(x) | = 5f ⑴一 g ， (l) = 5 (-|) - (f) = 1 

x=l 

(b) y = f(x)(g(x )) 3 ^ I = f(x) (3(g(x)) 2 g / (x)) + (g(x)) 3 f (X) ^ I = 3f(0)(g(0)) 2 g , (0) + (g(0)) 3 f(0) 

x=0 

= 3(l)(l) 2 (i) +(1) 3 (5) = 6 

/ p \ v — f(x) v dy _ (g(x)+ l)f / (x)-f(x)g / (x) . dy _ (g(l) + l)f(l) - 

、 } ^ — g(x) + 1 dx — (g(x)+ l) 2 dx x=1 — (g ⑴ +1) 2 

_ (-4+1)(-1)-(3) (-1) _ . 

- (-4+1) 2 _ 1 

(d) y = f(g(x)) ^ I = f / (g(x))g , (x ) 今 I = ~( 0 滅 0 ) = m) (I) = (- I) ⑴ =— 5 

x=0 

(e) y = g(f(x )) 今 I = g , (f(x))f , (x ) 今 I = g , (f(0))f , (0) = g ， ⑴ (5)= ㈠) (5) = — f 

x=0 

(f) y= (x^+fCx ))- 2 ^ 砮 = — 2 (x u +f( X ))- 3 (llx 10 + f ( X )) 今 ^| xi = - 2 (l+f(l))- 3 (ll+f(l)) 

= -2(l + 3)-3(ll-i) = (-|) (f)=-I 

(g) y = f(x + g(x)) 今砮 =f(X + g(x))(l + g，( x )) I = f (0 + g( 0 )) (1 + g ， ⑼） =f ⑴ （1 + i) 

x=0 

61. 莹 = 蛊 • 蓄 ： s = cos 沒 => 蛊 =—sin 沒 4 蛊 | 崎 =—sin ( 夸 ）=1 so that 室 = 盏 • 莹 = 1.5 = 5 


62 dy — dy.dx- v — x 2_i_7x — 5 ^ 2x + 7 ^ =9 so that — ^Z.dx— o.I — 3 

dt dx dt， y_X +/X ^ ^ dx_ZX+/ ^ dx X=1 ySOmat dt dx dt - ^ 3 - ^ 

63. With y = x, we should get 裝 =1 for both (a) and (b): 

(a) y=f+7 4 砮 = *;u = 5x — 35 4 ^ = 5; therefore, ^ = ^.^ = |.5 = l，as expected 

(b) y= 1 + ; => U ; u = (X - lr 1 冷 E = -(x - 1)- 2 (1) = ; therefore | | | 

=W' J0W = ((x ——iW ' O^V = ( x — 印 _ = 1 ， again as expected 

64. With y = x 3 / 2 , we should get 裝 = 暑 x " 2 for both (a) and (b): 

⑻ Y = u 3 ^ ^ = 3u 2 ;u =v ^ ^ S = ^ ； therefore, g = ^ - ^ = 3u 2 ■ ^ = 3 (^) 2 ■ ^ = f 
as expected. 

(b) y=V^ 今 S = 2^;U = X 3 今 ^ = 3x2 ； therefore； I = I . g = ^ . 3x 2 = . 3x 2 = I x l/ 2j 

again as expected. 
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65. y = 2 tan = (2 sec 2 f) (f) = | sec 2 f 

⑻裝 =I sec 2 (!) = 7r => slope of tangent is 2; thus, y(l) = 2 tan (|) = 2 and y’(l) = 7r 4 tangent line is 

X=1 

given by y — 2 = 7r(x — 1) => y = 7rx-\-2 — n 

(b) y, = f sec 2 (〒）and the smallest value the secant function can have in —2 < x < 2 is 1 => the minimum 
value of y’ is f and that occurs when f = f sec 2 (f) # 1 = sec 2 (f) 4 士 1 = sec (f) 4 x = 0. 

66. (a) y = sin 2x y r = 2 cos 2x => y’(0) = 2 cos (0) = 2 tangent to y = sin 2x at the origin is y = 2x; 

y = —sin (|) => y’ = — I cos (|) ^ y’(0) = — \ cos 0 = — ^ => tangent to y = —sin (|) at the origin is 
y = — ! x. The tangents are perpendicular to each other at the origin since the product of their slopes is 
-1. 

(b) y = sin(mx) => y, = m cos (mx) => y,(0) = m cos 0 = m; y = —sin ( 全 ） ^ y, = — 土 cos ( 全） 

^ y,(0) = — 士 cos (0) = — ^ . Since m-(—-)=— 1， the tangent lines are perpendicular at the origin. 

(c) y = sin (mx) => y’ 二 m cos (mx). The largest value cos (mx) can attain is 1 at x = 0 => the largest value 
y' can attain is |m| because |y ; | = |m cos(mx)| = |m| |cos mx| < |m| • 1 = |m|. Also, y = —sin ( 全） 

今 / = - - cos ㈤ 今 1^1 = I^ cos (s) 1 <IfeI l cos ( 5 )I ^ H 冷 the lar s est value y' can attain is |^|. 

(d) y = sin (mx) => y’ 二 m cos (mx) => y’(0) = m slope of curve at the origin is m. Also, sin (mx) completes 
m periods on [0, 2n]. Therefore the slope of the curve y = sin (mx) at the origin is the same as the number 

of periods it completes on [0, 2 丌 ]. In particular, for large m, we can think of “compressing” the graph of 
y = sin x horizontally which gives more periods completed on [0,27r], but also increases the slope of the 
graph at the origin. 


67. x = cos 2t, y = sin 2t, 0 < t < 7r 

4 cos 2 2t + sin 2 2t= l =^- x 2 + y 2 = 1 


68. x = cos (7T — t), y = sin (7r — t), 0 < t < 7r 
=> COS 2 (7T — t) + sin 2 (7T — t) = 1 
X 2 +y 2 = 1, y > 0 



69. 


x = 4 cos t, y = 2 sin t, 0 < t < 27r 




16 cos 2 1 I 4 sin 2 1 


16 




+ y! 


16 


70. x = 

4 


4 sm t, y = 5 cos t, 0 < t < 27 t 

16 sin 2 1 1 25 cos 2 1 _ 丨 


16 


25 




16 了 25 
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71. x = 3t, y = 9t 2 , — oo < t < oo y = x 2 


y 



72. x =-y^，y = t, t > 0 4 x = - 
or y = x 2 , x < 0 



73. x 二 2t — 5, y = 4t — 7, — oo < t < oo 
4 x + 5 = 2t => 2(x + 5) = 4t 
=> y = 2(x + 5) — 7 =>• y = 2x + 3 


74. x = 3 — 3t, y = 2t, 0 < t < 1 => | = 
=> x = 3 — 3 (I) => 2x 二 6 — 3y 
4 y = 2—|x, 0<x<3 



75. x = t, y = y/l —t 2 , —1 < t < 0 
4 y = y l —x 2 



76. x = 1, y = ^/t, t > 0 

4 y 2 = t 4 x = ^/y 2 + 1, y > 0 



77. x = sec 2 1 — 1， y 二 tan t, — i<t<f 
4 sec 2 1 — 1 = tan 2 1 x = y 2 


78. x = — sec t, y = tan t, — I < t < | 
4 sec 2 1 — tan 2 1 = 1 =>■ x 2 — y 2 = 


y 
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79. (a) x = a cos t，y = —a sin t, 0 

(b) x = a cos t, y = a sin t, 0 < 

(c) x = a cos t，y = —a sin t, 0 

(d) x = a cos t，y = a sin t，0 < 


< t < 2 tt 

80. (a) 

t < 27T 

(b) 

< t < 47T 

(C) 

t < 47T 

(d) 


x = a sin t, y = b cos t, | < t < ^ 
x = a cos t, y = b sin t, 0 < t < 27r 
x = a sin t, y = b cos t, | < t < ^ 
x = a cos t, y = b sin t, 0 < t < 47r 


81. Using (—1, —3) we create the parametric equations x = — 1 + at and y = —3 + bt, representing a line which goes 
through (—1 ， —3) at t = 0. We determine a and b so that the line goes through (4, 1) when t = 1. 

Since 4 = —l + a=>a = 5. Since 1 = —3 + b =>b = 4：. Therefore, one possible parameterization is x = — 1 + 5t, 
y = -3 - 4t, 0 < t < 1. 


82. Using (—1, 3) we create the parametric equations x = — 1 + at and y = 3 + bt, representing a line which goes through 
(—1, 3) at t = 0. We determine a and b so that the line goes through (3, —2) when t = 1. Since 3 = —l + a=>a = 4. 
Since —2 = 3 + b =>b = —5. Therefore, one possible parameterization isx = _l+4t，y = —3 — 5t, 0<t<l. 

83. The lower half of the parabola is given by x = y 2 + 1 for y < 0. Substituting t for y, we obtain one possible 
parameterization x = t 2 + 1, y = t, t < 0. 

84. The vertex of the parabola is at (—1, —1), so the left half of the parabola is given by y = x 2 + 2x for x < —1. Substituting 
t for x, we obtain one possible parametrization: x = t, y = t 2 + 2t, t < —1. 


85. For simplicity, we assume that x and y are linear functions of t and that the point(x ， y) starts at (2, 3) for t = 0 and passes 
through (—1, —1) at t = 1. Then x = f(t), where f(0) = 2 and f(l) = —1. 

Since slope = 羞 == —3, x = f(t) = —3t + 2 = 2 — 3t. Also, y = g ⑴， where g(0) = 3 and g(l) = —1. 

Since slope = 备 == —4. y = g(t) = — 4t + 3 = 3 — 4t. 

One possible parameterization is: x = 2 — 3t, y = 3 — 4t, t > 0. 


86. For simplicity, we assume that x and y are linear functions of t and that the point(x, y) starts at (—1, 2) for t = 0 and 
passes through (0, 0) at t = 1. Then x = f(t), where f(0) = —1 and f(l) = 0. 

Since slope = ^ = W) = 1, x = f(t) = It + (—1) = —1 +1. Also, y = g ⑴， where g(0) = 2 and g(l) = 0. 
Since slope = ^ = ^ 5 ^ = —2. y = g(t) = —2t + 2 = 2 — 2t. 

One possible parameterization is: x = — 1 + t, y = 2 — 2t, t > 0. 


87. t = f ^ x ： 






2 cos 


cot I 


V 2 , y = 2 sin 5 = 
-1; tangent line is y 


v^; dx 


dt 


-2 sin t, $ = 2 cos t => 


dy 

dx 


dy/dt 

dx/dt 


2 cos t 
—2 sin t 


- COt t 


d 2 y — dy/dt — csc 2 t 


dx/dt 


-2 sin t 






d 2 y 

dx 1 




V2 = -l 

~V~2 


-— or y = —x + 2y ^； ^ = esc 2 1 


88. t = 誓 4 x = cos 譬 =— I， y = \[Z cos 苧 =—f ; 莹 =-sin t ， 莹 =—sin t 4 砮 = - 士 1 t nt = 

^ l| t=f = ^3 ； tangent line is y- (-^) = \/3 [x- (-■)] ory = ^ = 0^g = ^=0 

^ g =0 

QX t _2ir 

T 


89. t ： 


5 ^ 


念， y: 




d i= 




dy _ dy/dt 
dx — dx/dt 




2 ^ 


1; tangent line is 


y-i = l-(x-i)ory = x+i;f 


* r 3/2 






dyVdt 

dx/dt 


I 「 3/2 
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90. t = 3 ^ x = -^3 + 1 = -2,y= ^3(3) = 3; f 


3y/t+l 

^3T 


- 3^3 + 1 
V3(3) 


t(t+ 1)-V2, dy = 3 ⑽ - 1/2 小 !=& 


-2; tangent line is y — 3 = —2[x — (—2)] or y = — 2x 


dy = ^[-I(t+ 1)-" 2 ] +3^[| (3t)-V 2 ] = 3 

dt _ 3t — 2ty/3ty/t+l 






( 21 ^/ 31 ^ 1 + 1 ) 

(^T) 






d 2 y 

dx 2 


91- t = -l ^ x = 5,y=l;^=4t,|=4 t 3 ^ | = ^ = f = ^ ^ 


dx 


(—l) 2 = 1; tangent line is 


92. 


y - 1 = 1 . (x - 5) or y = x - 4; ^ = 2t ^ 

V^3 


dy 7 dt = 2t 
dx/dt — 4 t 


o 




=> X : 


sin t > dy 
1 —cos t dx 


7T _ 7T 


2 ， y: 
_ 二 (x) 

l-cos(l) (5) 


siD (?) 


4 y=y3x^^+2;f = 


1 — COS ! = 1 —金 
:; tangent line is y 

(1 — cos t)(cos t) — (sin t)(sin t) _ — 1 


2 ' dt = 1 _ C0S a 


.dx 




(x - I + 幸 ) 


(1—COS t) 2 


-1 d 2 y — dyVdt _ (rf^t) 

1—cost dx 2 


dx/dt 


1 — cos t 


-1 

(1 — cos t) 2 






93. 


^ x = cos ! = 0, y = 1 + sin 


o. dx 
dt 


sin t ， 莹 


cos t 4 砮 


cot t 




cot I = 0; tangent line is y = 2; ^ = esc 2 1 ^ = - esc 3 1 4 会 


94. t = — I => x = sec 2 (— l) — 1 = 1, y = tan (— |) = —1; 莹 = 2 sec 2 1 tan t ， 餐 =sec 2 1 
4 ^ = 2 seen tan t = 2 ti^t = 5 cot 1 今砮 | t , = | cot (-|) =-|; tangent line is 

■ t__ 4 

y — (—1) = — |(x_l)ory = _ix_^;^ = _| esc 2 1 ^ ^ 


2 sec 2 t tan t 


\ COt 3 t 




旮 


95. s = A cos (27rbt) v = ^ = —A sin (27rbt)(27rb) = — 27rbA sin (27rbt). If we replace b with 2b to double the 
frequency, the velocity formula gives v = — 47rbA sin (47rbt) ^ doubling the frequency causes the velocity to 
double. Also v = — 27rbA sin (27rbt) > a = 寮 =—47r 2 b 2 A cos (27rbt). If we replace b with 2b in the 
acceleration formula, we get a = — 167r 2 b 2 A cos (47rbt) ^ doubling the frequency causes the acceleration to 
quadruple. Finally, a = —47r 2 b 2 A cos (27rbt) j = ^ = 87r 3 b 3 A sin(27rbt). If we replace b with 2b in the jerk 

formula, we get j = 647r 3 b 3 A sin (47rbt) => doubling the frequency multiplies the jerk by a factor of 8. 


96. (a) y = 37 sin [盖 (x — 101)] + 25 =>• / = 37 cos [盖 (x — 101)] ( 盖 ） = 盖 cos [ 盖 ( x — 101)]. 

The temperature is increasing the fastest when y' is as large as possible. The largest value of 
cos [ 盖 （x _ 101)] is 1 and occurs when 盖 (x — 101) = 0 4 x = 101 4 on day 101 of the year 
(〜 April 11), the temperature is increasing the fastest. 

(b) y ， (101) = || cos [ 盖 (101 - 101)] = cos(0)= 諶 》 0.64 °F/day 

97. s = (l+ 40 1 / 2 =>• v = I = 1(1 + 4t) -1 / 2 (4) = 2(1 + 4t) -1 / 2 =► v(6) = 2(1 + 4 - 6)_" 2 = | m/sec; 

v = 2(1 + 4t)- x / 2 a = 室 = 一 ! • 2(1 + 4t)~ 3 / 2 (4) = -4(1 + 4t)~ 3 / 2 ^ a(6) = -4(1 + 4 - 6)~ 3 / 2 = — — m/sec 2 
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Section 3.5 The Chain Rule and Parametric Equations 


98. We need to show a = f is constant: a = | H and | = 盍 (k^) = ☆ ^ = 

= - k-^/s = y which is a constant. 

99. v proportional to ^ v = ^ for some constant k ^ — ^72 - Thus, = ^ = 

=— 2?/2 * ^ — y (^-) acceleration is a constant times ^ so a is inversely proportional to s 2 . 

100. Let f = f(x). Then, a = f = 砮 • f = 砮 • f(x)= 基 （莹 ） • f(x)= 基 (f(x)) • f(x) = f 7 (x)f(x), as required. 


101. T 


穿 ， as required. 


•*. 卜 ^ r *. Therefore ，惡•盖 


Tic 


•kL 


7rk\/L 

: 


• 27rk 、 


102. No. The chain rule says that when g is differentiable at 0 and f is differentiable at g(0), then f o g is 

differentiable at 0. But the chain rule says nothing about what happens when g is not differentiable at 0 so 
there is no contradiction. 


103. The graph of y = (f o g)(x) has a horizontal tangent at x = 1 provided that (f o g)’(l)= 0 泠 f(g(l))g ，（ l) = 0 
^ either f’(g(l)) = 0 or g’(l) = 0 (or both) =>• either the graph of f has a horizontal tangent at u = g(l), or the 
graph of g has a horizontal tangent at x = 1 (or both). 


104. (fogy(-5) < 0 => f’(g(—5)). g’( 一 5) <04 f’(g(—5)) and g’( 一 5) are both nonzero and have opposite signs. 
That is, either [f(g(-5)) > 0 and ^(-5) < 0] or [f(g(-5)) < 0 and ^(-5) > 0]. 


105. 


As h — 0, the graph ofy = sin 2(x+ |； ) - sin 2x 

approaches the graph of y = 2 cos 2 x because 

lim sin2(x+ ^ sin2x = f (sin 2 x) = 2 cos 2 x. 
h — 0 h dx 


y 



106. Ash — 0, the graph of y = cos[(x+h) ^ ] ~ cos(x2) 

approaches the graph of y = — 2 x sin (x 2 ) because 
h lim o cos[(x + h) h 2] - cos(x2) = £ [cos (x 2 )] = - 2 x sin (x 2 ). 
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107. ^ = cos t and ^ = 2 cos 2t $ 裝 


dy/dt 

dx/dt 


2 cos 2t — 2 (2 cos 2 t — 1) • 


；then S = 0 => 


2 (2 cos 2 t — 1) 


^ 2 COS 2 t — 1 = 0 COS t 


y = sin2 ⑴ =1 => (#，ljis the point where the tangent line is horizontal. At the origin: x 二 0 and y = 0 
sin t = 0 ^ 1 = 0 01 ^ =丌 and sin 2t = 0 t = 0, ! ，丌， 夸 ； thus t = 0 and t = 丌 give the tangent lines at 


± 72 ^ 


7 T 37 T 57 T 77 T 

4 ? T 5 T ? T 


.In the 1st quadrant: t 


x 


sin 




and 


the origin. Tangents at origin: — 


dx 


2 =>■ y = 2x and ^ 


—2 y = — 2x 


108. 营 = 2 cos 2t and ^ = 3 cos 3t ^ 


dy/dt 

dx/dt 


3 cos 3 t — 3 (cos 2 t cos t — sin 2 t sin t) 


2 cos 2t 


3 [(2 cos 2 1 — 1 ) (cos t) — 2 sin t cos t sin t] 
2 (2 cos 2 t—1) 


(3 cos t) (2 cos 2 1— 1 — 2 sin 2 1) 
2 (2 cos 2 1—1) 


2(2 cos 2 t-1) 

(3 cos t) (4 cos 2 1 — 3 ) 
2 (2 cos 2 t—1) 


, (3 cos t) (4 cos 2 t — 3 ) 

U ^ ^2(2 cos 2 t-l)^ 


;then 

0 泠 


，莘 and 


0 => 3 cos t = 0 or 4 cos 2 1 — 3 = 0: 3 cos t 
4 cos 2 1 — 3 = 0 cos t = ± ^ t = ! ，誓，誓， 爭 .In the 1st quadrant: t = | x = sin 2 (|) = ^ 
and y = sin3(!) = l the point where the graph has a horizontal tangent. At the origin: x = 0 

and y = 0 => sin 2t = 0 and sin 3t = 0 t 二 0, ！ ， 丌， 夸 and t 二 Oj ，警， 7r ， 誓，誓 => t = 0 and t = 7r give 


the tangent lines at the origin. Tangents at the origin: 

_ 3 cos (37r) _ 3 


丌 , 

37 T 

T 

and t = 0, |, 

2 tt 

T ? 

丌， 

47r 5 n 
T 5 T 

dy 

dx 

t=0 

_ 3 cos 0 _ 3 
■— 2 cos 0 _ 2 


y 

=|x’ 


㈣ 塞 


2 cos ( 2 -k) 


今 y: 


109. From the power rule, with y = x 1 / 4 , we get ^ 
^ dy _ 1 . A ( /^\ — 1 • 1 

^ ^ ^ W > ~ ^ 


ix-3/4 




.From the chain rule, y = y 


^ x _3 / 4 , in agreement. 


110. From the power rule, with y = x 3 / 4 , we get 装 =\ x -1 / 4 . From the chain rule, 








為 • s ( x ^) 今裝 =^ • ( x _ 赤 + W )= 由 -( IV ^) = 恭 


3 \/x 

4 \A\Aa 


I x -1 / 4 , in agreement. 


111. (a) 


dg/dt 


O - O 1C>—o 


-TT -7T/2 

o-~6-1 


tt/2 tt 

O - O 


t 


(b) 

(c) 


f = 1.27324 sin 2t + 0.42444 sin 6t + 0.2546 sin 10t +0.18186 sin 14t 


The curve of y = 蜇 approximates y = 餐 
the best when t is not — 丌， —0, nor 7r. 
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Section 3.5 The Chain Rule and Parametric Equations 


112. (a) 


dg/dt 



(b) f = 2.5464 cos (2t) + 2.5464 cos (6t) + 2.5465 cos(lOt) + 2.54646 cos (14t) + 2.54646 cos (18t) 


dh/dt 



111-116. Example CAS commands: 

Maple: 

f := t -> 0.78540 - 0.63662*cos(2*t) - 0.07074*cos(6*t) 

- 0.02546*cos(10*t) - 0.01299*cos(14*t); 
g := t -> piecewise( t<-Pi/2, t+Pi, t<0, -t, t<Pi/2, t, Pi-t); 
plot( [f(t),g(t)],t=-Pi..Pi); 

Df := D(f); 

Dg := D(g); 

plot( [Df(t),Dg ⑴ ] ， t=-Pi..Pi); 

Mathematica: (functions, domains, and value for tO may change): 

To see the relationship between f[t] and f [t] in 111 and h[t] in 112 
Clear[t, f] 

f[t_] = 0.78540 - 0.63662 Cos[2t] - 0.07074 Cos[6t] - 0.02546 Cos[10t] — 0.01299 Cos[14t] 
f[t] 

Plot[{f[t],f[t]},{t, -7T, 7 T}] 

For the parametric equations in 113 - 116, do the following. Do NOT use the colon when defining tanline. 
Clear[x, y, t] 
tO = p/4; 
x[t_]:=l—Cos[t] 
y[t_] ： =l+Sin[t] 

p 1 =ParametricPlot[{x[t], y[t]},{t, —tt, 7r}] 

yp[t_]:=y’[t]/x’[t] 

yppfU^yp'M/xTt] 

yp[t0]//N 

ypp[t0]//N 

tanline[x_]=y[t0] + yp[t0] (x — x[t0]) 
p2=Plot[tanline[x], {x, 0, 1}] 

Show [pi, p2] 
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160 Chapter 3 Differentiation 

3.6 IMPLICIT DIFFERENTIATION 


1. y = x 9 〆4 砮 = ^ 5/4 2. y = x_ 3 / 5 # g = | x -8/5 

3. y= ^ = (2x)V3 ^ g = I (2x)~ 2 / 3 - 2 = |^ 4 . y = ^ = (5 X )" 4 ^ ^ = \ (5x)_ 3 / 4 • 5 = |^ 

5 . y = 7 A ^T6 = 7(x + 6) 1 /2 ^ ^ = 1 (x + 6 ) - i /2 = _ l ^ 

6 . y = -2 Vx - 1 = —2(x — l) J /2 ^ | = -l(x- l)— 1 , 2 = — 

7. y = (2x + 5 )- 1 / 2 今 g = - I (2x + 5)_ 3 / 2 .2 = —(2x + 5 广 3 / 2 

8. y = (1 — 6x) 2 / 3 今 g = |(1 - 6x)~ 1 / 3 (-6) = -4(1 - 石乂广 1 / 3 

9. y = x(x 2 + 1 ) 1/2 今 / = x- i(x 2 + 1) _1/2 (2 x) + (x 2 + 1) 1/2 ■ 1 = (x 2 + l)' 1/2 (x 2 + x 2 + 1) = 

10. y = x(x 2 + 1 厂 1/2 ^ = x • (-i)(x 2 + 1)~ 3/2 (2x) + (x 2 + 1 厂 1/2 • 1 = (x 2 + l)~ 3/2 (-x 2 + x 2 + 1) = —^ 

(X +1) 


li. s = = t 2 / 7 ^ | = fr 5 " 


12. r= = e 邻 ^ - 16»~ 7 / 4 


13. y = sin((2t + 5 )- 2 / 3 ) 今 


dy 


cos 


((2t + 5)- 2 / 3 ) • (_ I) (2t + 5)- 5 / 3 - 2 = - I (2t + 5)- 5 / 3 cos ((2t + 5 广 2 / 3 ) 


14. z = cos ((1 — 6t ) 2 / 3 ) 今 I = —sin ((1 — 6t) 2 / 3 ) - | (1 - 6t) -1 / 3 (-6) = 4(1 - 6t)_" 3 sin ((1 - 6t) 2 / 3 ) 
\ - 办 =(1 一 xV 2 ) 1/2 今 r ⑴ =Hi — xV2)- 1/2 (-I x-i/2) 


15. f(x) 


4 (V 1 _ W) \/^ 4^x(1-^) 

16. g(x) = 2 (2x-!/2 + 1)— 1/3 4 g ， (X) = — I (2x-!/2 + 1)~ 4/3 - (-l)x- 3 / 2 = I (2x-!/2 + 1)~ 4/3 x-3/2 

17. h(0) = ^1 +cos(26») = (1 + cos 20) 1 / 3 h’(0) = i (1 + cos 26»)~ 2 / 3 - (-sin 26») • 2 = - | (sin 20)(1 + cos 20)- 

18. k(0) = (sin(0 + 5)) 5 / 4 =>• _ = f (sin(6» + 5)) 1 / 4 • cos(6» + 5) = | cos(6» + 5)(sin(6»4 - 5)) 1 / 4 

19. x 2 y + xy 2 = 6: 

Step 1: ( x 2| +y .2 X ) + ( X -2y 砮 +y 2 -l) =0 

Step 2: x 2 |+2xy| = -2xy — y 2 

Step 3: 裝 (x 2 + 2xy) = — 2xy — y 2 


dx 

Step 4 : 砮 


-2xy-y 2 

x 2 +2xy 


20. X 3 + y 3 = 18xy 泠 3x 2 + 3y 2 | = 18y + 18x | (3y 2 - 18x) 塞 =18y - 3x 2 冷 g = ㈣ 


21. 2xy+ y 2 = x + y: 

Stepl ： (2x|+2y) + 2y| = l + | 


■2/3 
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Step 2: 2x 砮 + 2y 砮 - 砮 =1 _ 2y 
Step 3: 裝 (2x + 2y-l) = l—2y 
Step 4: 


dy ^ 

dx _ 2x + 2y — 1 


l — 2y 


22. x 3 -xy + y 3 =l ^ 3 x 2 - y - x | + 3y 2 | = 0 ^ (3y 2 - x) ^ = y - 3x 2 ^ f x = ^ 


23. x 2 (x - y) 2 = x 2 - y 2 : 


Step 1: x 2 


2(x _ y) I 


dy > 

dx , 


+ (x — y) 2 (2x) = 2x - 2y I 


Step 2: -2x 2 (x - y) I + 2y I = 2x - 2x 2 (x — y) ~ 2x(x - y) 2 

Step 3: § [— 2x 2 (x -y) + 2y] = 2x [1 — x(x - y) - (x - y) 2 ] 

c t _ a . dy _ 2x[l-x(x-y)-(x-y) 2 ] _ x [1 - x(x-y)- (x-y) 2 ] _ x(l-x 2 +xy-x 2 +2xy-y 2 ) 

P . dx — —2x 2 (x —y) + 2y — y — x 2 (x — y) _ x 2 y —x 3 +y 

_ x - 2x 3 + 3x 2 y - xy 2 
x 2 y — x 3 +y 


24. (3xy + 7) 2 = 6y ^ 2(3xy + 7) • (3x 砮 + 3y) = 6 砮今 2(3xy + 7)(3x ) 砮一 6 砮 =-6y(3xy + 7) 
泠 g [6x(3xy + 7) — 6] = -6y(3xy + 7) 泠担一 — y(3xy+7) — 3xy2 + 7y 


dx — x( 3 xy + 7)—1 _ 1 — 3 x 2 y — 7 x 


25. y 2 = ^ 2y 




(X+1) 2 


(x+1) 2 ^ dx — y(x + l) 2 


dy 


26. x 2 


x-y 
x + y 


x 3 + x 2 y = x — y 3x 2 + 2xy + x 2 y' = 1 — y’ (x 2 + 1) y’ = 1 — 3x 2 — 2xy y’ 


1 - 3 x 2 - 2 xy 


27. x = tan y ^ 1 = (sec 2 y ) 砮 > = ^ = cos2 y 


28. xy = cot (xy) > x 砮 + y = —csc 2 (xy)(x 砮 + y) => x 砮 + xcsc 2 (xy)^ = -ycsc 2 (xy) - y 
今砮 [x + xcsc 2 (xy)] =-y [csc 2 (xy) + 1] 今砮 = 7[i [ +t!c^y)} ] 二 - \ 


29. x + tan (xy) = 0 1 + [sec 2 (xy)] (y + x 裝 ) = 0 x sec 2 (xy ) 空 


dXy 

y _ —cos 2 (xy) — y _ —cos 2 (xy) — y 


dx 


—y sec 2 (xy)=> 


dy — —1 — y sec 2 (xy) 
dx _ x sec 2 (xy) 


x sec 2 (xy) x 

30. x + sin y = xy > 1 + (cos y)^=y + x 砮 4 (cos y — x)^=y—1 4 ^ ^ 


dx cos y — x 


5in ⑴ 


31. y sin ( - ) = 1 — xy y 


cos 




cos(i)+sin(i) 


(y) ' ( _ 1 ) 表 • S 


如⑴ 


+ sinm-g 


- x s —y 今 

-y 2 


.y 2 cos (》)= 2x + 2y 4 y 2 

in ⑴ + 2 y cos ⑴-: 




如⑴ .(- I )# •砮 

= 2 # 努 


\ COS ⑴ + sin ⑴ + X y sin ⑴ -cos ⑴ + xy 

(})- 2 yS = 2+2 砮 ^ 


+ cos I 


dx 


'(l)+2y cos (1)-2 


33. 6»l/2 + r l/2 = 1^1 0-1/2 + I r -l/2 . * =0 ^ I 


1 




^ 35 


Te 
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162 Chapter 3 Differentiation 

34. r-2^= I 0 2 /3 + 4^3/4 今 I — 0-1/2 = 0-1/3 + 0 -l/4 今 | = 0-1/2 + 0-1/3 + 0 -l/4 

35. sin(r0) = | =>• [cos (r0)] (r + 0 蛊 ）= 0 =>■ § [9 cos (r0)] = -r cos (r0) ^ 盖 = = — h 

cos (r^) ^ 0 

36. cos r + cot 0 = r0 ^ (—sin r) 盏 - esc 2 6 = v 6 ^ ^ [—sin r — 沒 ] =r + esc 2 6 ^ ^ = ~ T ~^Tt+F 


37. x 2 + y 2 = 1 泠 2x + 2yy’ = 0 今 2yy’ = -2x 令裝 = 〆 


^nowtofind# ， 基 (y’）= ^ 


4 y" 

38. x 2 / 3 + y 2 / 3 


yC-^+x/ 

^ f ^ 


-y+x 


H 


since / _ 今旮 =y" 


-y 2 -x 2 


-y 2 -(l-y 2 ) 




2 , 7 -l 


IX- 1 / 3 + |y 


dx 


Differentiating again, y" 


= o^g[|y- 1/3 ] = -lx- 1 /3^y = ^ 
xl / 3 . ( ] y - 2 / w / W /3) — x 收 ( - b -， (-载) +y u” 


-1/3 




V3. 


^73" 






d 2 y 

dj? 


= l x - 2 / 3 y -l/ 3 + l y l/ 3 x - 4/3 = |^ 


3yV3 x 2/3 


39. y 2 = x 2 + 2x ^ 2yy' = 2x + 2 今 y' = ^ ^ ; then y" = y ~ (x y2 +1)y> = y ~ (x+ ^(^) 

心 — v 〃— y 2 - (x+ l ) 2 

40. y 2 - 2x = 1 - 2y ^ 2y-y f -2 = -2y’ 4 y’(2y + 2) = 2 ^ / = 士 = (y + l)" 1 ; then y" = —(y + l)- 2 

=—(y + 1)— 2 (y + 1 广 1 4 — y ，r — ( y ;\)3 


41. 2y/y = x — y 4 y _1 / 2 y / = I - y f ^ y f (y _1/2 + 1) = 1 > 砮 =y’ 




differentiate the equation y f (y _ " 2 + 1 
4 (y _1/2 + 1) y" = I [y’] 2 y_ 3 / 2 4 


1 again to find y": y ’（一 | y _3 / 2 y’）+ (y 一 " 2 + 1) y" = 0 


S=y" 




v -3/2 


(y-1/2 + 1) 


2y 3/2 (y-1/2 + lY 


Kl + ^) 


42. xy + y 2 = 1 4 xy’ + y + 2yy’ = 0 > xy’ + 2yy f = -y ^ y’(x + 2y) = -y > y’ 

-(x + 2y)y / + y(l+2y / ) — _( x + 2 y) [(^)] +y [ 1+2 ((^))] — [y(x + 2y) + y(x + 2y) — 2y 2 ] 

— (x + 2y) 2 — (x + 2y) 2 — (x + 2y) 2 

2 y(x + 2y) - 2y 2 2y 2 + 2xy 

= ^(x + 2y) a ^ = (x + 2y) a 


-y 

(x+2y) 


; = y" 


2 y(x + y) 
(x + 2y) a 


43. x 3 + y 3 = 16 ^ 3x 2 + 3y 2 y’ = 0 3y 2 y’ = — 3x 2 => y’ = — 4 ; we differentiate y 2 y’ = —x 2 to find y": 


y 2 y" + y’ [2y • y’] = -2x ^ y 2 y" = -2x — 2y [y’] 2 4 y" 


-2x_2y (- 多） — _2x- _ 


-2xy 3 -: 




d 2 y 

dj? 


( 2 , 2 ) 


- 32-32 
^32^ 


44. xy + y 2 = 1 4 xy’ + y + 2yy’ = 0 ^ y’(x + 2y) = -y ^ y f 
since y%,」）=—-we obtain /% ， ])= ㈠ )⑴ 4 —⑴⑼ =~\ 


(x+2y) 


4 


_ (x + 2y) (-y’) 一 (~y)(l + 2/). 
^ (x + 2y)^ ， 


45. y 2 + x 2 = y 4 - 2x at (-2,1) and (-2,-1) 2y | + 2x = 4y 3 | - 2 ^ 2y | - 4y 3 % = -2~2x 
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Section 3.6 Implicit Differentiation 


冷砮 (2y —4y 3 ) 


-2 — 2x 


dy _ x+i 


dx 


2 y 3 -y 




(- 2 , 1 ) 


-“ndg 


(- 2 ,- 1 ) 


46. (x 2 + y 2 ) 2 = (x - y) 2 at(l ， 0) and (1 ， -1) ^ 2 (x 2 + y 2 ) (2x + 2y 砮 ) = 2(x — y) 


^ g[2y(x 2 +y 2 ) + (x - y)] = -2x (x 2 + y 2 ) + (x — y ) 今 


dx 

and 砮 




- 芸 ) 

2x (x 2 + y 2 ) + (x-y) dy 


2y (x 2 +y 2 ) + (x - y) 


dx 


( 1 , 0 ) 


(1,-D 


47. x 2 H- xy - y 2 = 1 ^ 2x + y + xy’ 一 2yy’ = 0 (x - 2y)y / = -2x — y # y’ = ; 


(a) the slope of the tangent line m = y’ | 


(2,3) 


^ the tangent line is y — 3 = 4 (x — 2) => y ： 


(b) the normal line is y 


Ux-2) ^ y ： 


7 X+ f 


48. x 2 + y 2 = 25 4 2x + 2yy r = 0 4 y r =--; 


(a) the slope of the tangent line m = y’ | 


(3,-4) 


25 


^ y — 4 x — T 

(b) the normal line isy + 4 = — |(x — 3) ^ y- 


(3,-4) 




=> the tangent line is y + 4 = | (x — 3) 


49. x 2 y 2 =9 ^ 2xy 2 + 2x 2 yy’ = 0 => x 2 yy , = -xy 2 => y , = - |; 

(a) the slope of the tangent line m = y’| (] 3) = — 11 ( l3) = 3 the tangent line isy — 3 = 3(x+ 1) 

y = 3x + 6 

(b) the normal line is y — 3 = — ^ (x + 1) =>• y = — | x + | 

50. y 2 — 2x - 4y — 1 = 0 4 2yy f — 2 — 4y' = 0 4 2(y - 2)y , = 2 ^ y 7 = ^ ; 

(a) the slope of the tangent line m = y’| ( 2 = — 1 4 the tangent line isy—1 = —l(x + 2) => y = —x — 1 

(b) the normal line is y — 1 二 l(x + 2) y = x + 3 


51. 6x 2 + 3xy + 2y 2 + 17y — 6 = 0 4 12x + 3y + 3xy’ + 4yy’ + 17y’ = 0 ^ y’(3x + 4y + 17) = -12x-3y 




-12x-3y . 
3x + 4y+17 ， 


(a) the slope of the tangent line m = /| ㈠，。） = 3 ~+^~ + 3 [ 7 

^ y — f x + 7 

(b) the normal line is y — 0 


(- 1 , 0 ) 


=> the tangent line isy — 0 = I (x + 1) 


Hx+1) ^ y ： 


6 X ~ 6 


52. x 2 — v^xy + 2y 2 = 5 ^ 2x — ^3xy' - \/3y + 4yy’ = 0 泠 y’ (4y - = y/3y 一 2x 泠 y’ = h 


(a) the slope of the tangent line m = y, | ( 力 2 ) = 

(b) the normal line is x = \ph 


㈣ 


0 => the tangent line is y = 2 


53. 2xy + 7r sin y = 27 t ^ 2xy’ + 2y + 7r(cos y)/ = 0 y’(2x + 7r cos y) = — 2y => / = 


2x + 7r cos y 


(a) the slope of the tangent line m = y’ | = 


y ■ 


(x — 1 ) 泠 y : 


(1，|) — 2x + 7r cos y 
: X + 7T 


(1-1) 


I => the tangent line is 


(b) the normal line is y 


2 ( X _ i) ^ y = 2 X 

7T x ’ J 7T 




7T 7T 


+ 
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164 Chapter 3 Differentiation 


54. x sin 2y = y cos 2x =>■ x(cos 2y)2y / + sin 2y = — 2y sin 2x + y' cos 2x y’(2x cos 2y — cos 2x) 

sin 2y + 2y sin 2x 
cos 2x — 2x cos 2y 

-f- = 2 =>• the tangent line is 

y—|=2(x—f) ^ y = 2x 


= -sin2y-2ysin2x^y=^±m|- 
⑻ the slope of the tangent line m = y，| (』= 


(b) the normal line is y — | | (x — |) => y = — | x + 


57T 

T 


55. y = 2 sin (7rx — y) => y ; = 2 [cos (7rx _ y)] • (7r _ y ’）=> y’[l + 2 cos (wx — y)] = 27r cos (7rx — y) 


2n cos (7rx — y) . 
+ 2 cos (7rx — y) ’ 


今 y = T - 

(a) the slope of the tangent line m = y’| (1 , 0) = 

y _ 0 = 27r(x — 1) => y = 2nx — 2 丌 

(b) the normal line isy — 0 = — — (x — 1 ) 今 y = 一盖 + — 


( 1 , 0 ) 


2tt =>• the tangent line is 


56. x 2 cos 2 y — sin y = 0 x 2 (2 cos y)(—sin y)y / + 2x cos 2 y — y ; cos y = 0 => y f [—2x 2 cos y sin y — cos y] 

=— 2x cos 2 y y r = —— 2xcos y — ； 

J J 2 x z cos y sin y + cos y 

(a) the slope of the tangent line m = 〆 | (㈣ = 2x . cos 2 ^° s2 y y +cosy 

(b) the normal line is x 二 0 


(0,7T) 


0 ^ the tangent line is y = 7r 


57. Solving x 2 + xy + y 2 =7 and y = 0 => x 2 = 1 4 x = 士 y/l =>■ 0) and 0) are the points where the 

curve crosses the x-axis. Now x 2 + xy + y 2 —1 => 2x + y + xy’ + 2yy’ = 0 => (x + 2y)y r = —2x — y 

=> m = — 2 ^2y ^ slope at 0) is m = - ~ 2 ^ =- —2 and the slope at (\/^ ， 0) is 

=— 2. Since the slope is —2 in each case, the corresponding tangents must be parallel. 


> i 


58 - x 2 +xy + y 2 = 7 ^ 2x + y + x ^ + 2y ^ = 0 ^ (x + 2y) ^ =-2x - y ^ ^ ^ and | ^ ; 

(a) Solving g = 0 — 2x — y = 0 => y = — 2x and substitution into the original equation gives 

x 2 + x(—2x) + (—2x) 2 = 7 =>■ 3x 2 = 7 => x = 士 and y = 干 2-^| when the tangents are parallel to the 
x-axis. 


(b) Solving _=0 4 x + 2y = 0 ^ y= —音 and substitution gives x 2 +x (- |) + (- |)" 
x = d= 2\ I and y = 干 、 /1 when the tangents are parallel to the y-axis. 


# f =7 


59. y 4 = y 2 — x 2 4y 3 y 7 = 2yy r - 2x => 2 (2y 3 — y)y' = -2x 4 y’ 


y - 2y 3 


(幸， is 




(竽，幸） —^3-^3 — Y 


2-3 


-1; the slope of the tangent line at ( ^4- 


;the slope of the tangent line at 

yi A 


is 


y-2y 3 


1 _ 2 




60. y z (2 — x) = x 3 今 2yy’(2 — x) + y 2 (-l) = 3x 2 今 y’ 一 y ' +3x2 - 


m 


y 2 + 3x 2 
2y(2 - x) 

y-1 = -！ 


2y(2 _ x) ， 【he slope of the tangent line is 
^ = 2 => the tangent line is y — 1 = 2(x — 1) y = 2x — 1; the normal line is 


(i,i) 

(x - 1) y ： 


2 X+ 2 


61. y 4 — 4y 2 = x 4 - 9x 2 ^ 4y V - 8yy，= 4x 3 — 18x 今 y’ (4y 3 - 8y) = 4x 3 - 18x ^ y' 


4x 3 - 18x _ 2x 3 - 9x 
4y 3 — 8y — 2y 3 — 4y 
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— y ( 2 y 2 - 4 ) — m ; (_3, 2 ): m = ( 2 ( 8 - 4 ) 9) = ~ Y ■> (_3, 一 2): m — y ； (3, 2 ): m = 爭； (3, — 2 ): m : 


¥ 


62. x 3 + y 3 — 9xy = 0 今 3x 2 + 3y 2 y’ 一 9xy’ - 9y = 0 今 y’ （ 3y 2 — 9x) = 9y - 3x 2 4 /一 - 


4 . 
5 ， 


⑻ y’l ( 4, 2) = i and y’l(2,4) 

(b) y，= 0 泠 Uei=0 泠 3y-x 2 = 0 令 y: 


y => X 3 




-9x1 


3 y 2 — 9 x — y 2 — 3 x 


0 泠 x 6 — 54x 3 = o 


今 x 3 (x 3 - 54) = 0 ^ X = 0 or x = 3 ^54 = 3 今 there is a horizontal tangent at x = 3 \/2 . To find the 
corresponding y-value, we will use part (c). 

(c) 岩 = 0 > = 0 ^ y 2 -3x 二 0 4 y = ± \/3x; y = \/ 3x ^ x 3 + — 9x\/3x = 0 

泠 x 3 — 6v^x 3 / 2 = 0 泠 x 3 / 2 (x 3 / 2 — 6^) = 0 泠 x 3 / 2 = 0 or x 3 / 2 = 6\/3 x = 0 or x = 3 y/m 二、 \fl. 

Since the equation x 3 + y 3 — 9xy = 0 is symmetric in x and y, the graph is symmetric about the line y = x. 

That is, if (a, b) is a point on the folium, then so is (b, a). Moreover, if y’| (ab) = m, then y’| (ba) = ^ . 

Thus, if the folium has a horizontal tangent at (a, b), it has a vertical tangent at (b, a) so one might expect 
that with a horizontal tangent at x = \/54 and a vertical tangent at x = 3 the points of tangency are 

('\/54,3 \/4^ and (3 3 \/4, \/54) ， respectively. One can check that these points do satisfy the equation 
x 3 + y 3 — 9xy 二 0. 


63. x 2 - 2tx + 2t 2 = 4 泠 2x 棠 一 2x — 2t 棠 + 4t = 0 令 (2x - 2t) § = 2x - 4t 泠 


dx 


2y 3 —3t 2 =4 今 6y^-6t = 0 ^ | ^ ; thus g ^ 


2 x- 4 t 


；t = 2 


x — 2t , 
x—t 


dt w — w ~^ dt — 6y 2 _ y 2 ’ 111 dx _ dx/dt _ 

2(2)x + 2(2) 2 二 4 令 x 2 — 4x + 4 = 0 泠 （x - 2) 2 = 0 令 x = 2; t = 2 泠 2y 3 - 3(2) 2 二 4 


- 2(2)x + 2(2y = 4 ^ - 4x + 4 = U 

4 2y 3 = 16 4 y 3 = 8 =>• y = 2; therefore 裝 


2 ( 2 - 2 ) 
( 2 )^( 2 - 2 ( 2 )) 


0 


64. x = a/5 — => ^ 


(5-nA ) _1/2 - 


47 ^;y(t-l) = ^^y + (t-l)| = irV 2 




" 2x/i(t_1) 


2(l-2 y yt)^5-v / t j 


4^x=A/5-^4=y3;t = 4^ y(3) = ^4 = 2 


therefore, ^ 


2(l-2(2)^)^-^ 


1-4 


14 

T 


65. x 4* 2x 3 / 2 = t 2 +t =» f + 3x x / 2 g = 2t + 1 冷 (1 + 3x" 2 ) f = 2t + 1 




dx 

dT 


iw/2 ； yv / tTT + 2t^y = 4 






dy 


xATT + y Q) (t + D-V2 + 2^ + 2t (I y-V2) I = 0 ^ |xATT + ^ 7+ 2 v ^ + (-^)^ = 0 


( 2^1 ~ 2 V^) _ -yy / y-4y v /t+T > 


;thus 


dy _ dy/dt 
dx _ dx/dt 


(ytTT+ = ~ 2 Vy ^ t= (^1+*) - 2^(t+i) + 2t^tTT . 

y^+T \ 

, 2t 〈叫 ;t = 0 泠 x + 2x 3 / 2 = 0 泠 x (1 + 2x" 2 ) = 0 泠 x = 0; t = 0 


’ -yx/y-4y\/r+ 

2yy(t+l) + 2 






y^/ 0+1 + 2(0) ^/y = 4 y = 4; therefore 


^ -4^4-4(4) 

^2\/4(0+1) + 2(0) 

( 2 ( 0)+1 ' 
V 1 + 3(0)!/2 


v/o+T ^ 

'SS)^/Q+\) 
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66. x sin t + 2x = t ^ 盖 sin t + x cos t + 2 奢 =1 => (sin t + 2) 奢 =1—x cos t 4 箸 = 1 s 7 n x t ^° 2 s 
t sin t — 2t = y ^ sin t +1 cos t — 2 = ^ ; thus ^ = sin /it^osA -2 ; t = 7r ^ x sin 丌 + 2x = 丌 

V sint+2 / 

今 x = f ; therefore * = V 77 T 2 = = —4 

2 dx t=. i-(|) C o S . 2+7T 

sin7r + 2 


67. (a) if f(x) = I x 2 / 3 — 3, then f’(x) = x—" 3 and f"(x) = — ^ x -4 / 3 so the claim f"(x) = x -1 / 3 is false 

(b) if f(x) = yq x 5 / 3 — 7, then f’(x )= 暑 x 2 / 3 and f’’(x) = x- 1 / 3 is true 

(c) f’’(x) = x- 1 / 3 => f’"(x) = — * x -4 / 3 is true 

(d) if f\x) = I x 2 / 3 + 6, then f"(x) = x -1 / 3 is true 

68. 2x 2 + 3y 2 = 5 ^ 4x + 6yy , = 0 今 〆 =—| 今 y，| (ii) = — = — ■ and /| (i , ” = _ 静匕 。 | ; 

also, y 2 = x 3 今 2yy' = 3x 2 今 〆 = 聲今 y’| (1!1 ) = 奪 （") = 1 and 〆! dr d = ^ (1 ” = — I. Therefore 

the tangents to the curves are perpendicular at (1,1) and (1,-1) (i.e., the curves are orthogonal at these two 
points of intersection). 


69. x 2 + 2xy — 3y 2 =04 2x + 2xy’ + 2y — 6yy’ = 0 ^ y’(2x — 6y) = — 2x — 2y ^ ^ the slope of the 

tangent line m = /| n , = d y =1 the equation of the normal line at (1 ， 1) is y — 1 = —l(x — 1) 

y = —x + 2. To find where the normal line intersects the curve we substitute into its equation: 
x 2 + 2x(2 — x) - 3(2 - x) 2 = 0 令 x 2 + 4x - 2x 2 - 3 (4 — 4x + x 2 ) = 0 泠 -4x 2 + 16x — 12 = 0 

x 2 — 4x + 3 = 0 => (x — 3)(x —1) = 0 4 x = 3 and y = —x + 2 = — 1. Therefore, the normal to the curve 
at (1,1) intersects the curve at the point (3, —1). Note that it also intersects the curve at (1,1). 


70. xy + 2x — y = 0 x^+y + 2—^=0 => ^ = yzj ; the slope of the line 2x + y = 0 is —2. In order to be 
parallel, the normal lines must also have slope of —2. Since a normal is perpendicular to a tangent, the slope of 
the tangent is |. Therefore, = | => 2y + 4= l—x x = —3 — 2y. Substituting in the original equation, 
y(—3 — 2y) + 2(—3 — 2y) — y = 0 4 y 2 +4y + 3 = 0 => y = —3ory = —1. Ify = — 3, then x = 3 and 

y + 3 = —2(x — 3) => y = — 2x + 3. If y = — 1， then x 二 一 1 and y + 1 = — 2(x + 1) => y = —2x — 3. 

71. y 2 =x 裝 = If a normal is drawn from (a, 0) to (xi,yi) on the curve its slope satisfies = — 2yi 

=> yi = —2yi(xi — a) or a = Xi + I. Since Xi > 0 on the curve, we must have that a >1 - By symmetry, the 
two points on the parabola are (xi, y/xi) and (xi, — . For the normal to be perpendicular, 

(^) (i^r) = -1 # (a-xO^ = 1 ^ Xi = (a ^ x x ) 2 =» Xi = (xi + i - Xi) 2 ^ Xi = i and y x = ± \ . 
Therefore, Q ， 士 |) and a = | • 

72. Ex. 6b.) y = x 1 / 2 has no derivative at x = 0 because the slope of the graph becomes vertical at x = 0. 

Ex. 7a.) y = (1 — x 2 ) 1 / 4 has a derivative only on (—1,1) because the function is defined only on [—1 ， 1] and 
the slope of the tangent becomes vertical at both x = — 1 and x = 1. 


73. xy 3 + x 2 y = 6 ^ x ^3y 2 


dy 、 
dx i 


+ y 3 + x 2 I + 2xy = 0 今 I (3xy 2 + x 2 ) = -y 3 — 2xy 今电 


= -0H ； also,xy 3 + x 2 y = 6 ^ x (3y 2 ) + y 3 | + x 2 + y (2x |) = 0 ^ | (y 3 


dx 

2xy) : 


—y 3 — 2xy 
. 3 xy 2 + x 2 

—3xy 2 — x 2 




dx 


y 3 + 2xy 


;thus ^ appears to equal . The two different treatments view the graphs as functions 


i 
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symmetric across the line y = x，so their slopes are reciprocals of one another at the corresponding points 
(a, b) and (b, a). 


74. x 3 + y 2 = sin 2 y 4 3x 2 + 2y 裝 =(2 sin y)(cos y) 装 => g (2y - 2 sin y cos y) 


-3x" ^ 




= 2 siny cQsy-2y ; als0 , X 3 + y 2 = sin 2 y ^ 3x 2 | + 2y = 2 sin y COS y ^ | = 2 S inycosy-2 y . thus I 
appears to equal ^ • The two different treatments view the graphs as functions symmetric across the line 

dx 

y = x so their slopes are reciprocals of one another at the corresponding points (a, b) and (b, a). 


dx _ 2y — 2 sin y cos y 


75. x 4 + 4y 2 
(a) y 2 = 


=1: 

1_ x 4 

^ ^ y 






士 |\/l - X 4 

±i(i—x 4 )- l/2 (—4x 3 ) 


士 X 3 


(1-x 4 ) 


172 


differentiating implicitly, we find, 4x 3 + 8y 裝 = 0 






-4x 3 

~8T 


-4x 3 


土 x 3 


(±K/r^y _ (i-x 4 )" 2 ■ 



76. (x-2) 2 + y 2 = 4: 

(a) y = ± V4 — (x — 2)2 




± I (4 - (x - 2) 2 )— 1/2 (-2(x - 2)) 


dy 

dx — 2 

—— ±(x ~ 2) i /2 ； differentiating implicitly, 


[4-(x-2) 2 ] 

2(x - 2) + 2y 

= -(x-2) _ _ 

y 


dy 

dx 


0 泠 
-(x-2) 


dy 

dx 


土 [4_(x_2) 2 ] 


i/2 


_ -2(x - 2) 

= 2y 

土 (x_2) 
[4-(x-2) 2 ] 


i/2 



77-84. Example CAS commands: 

Maple: 

ql := x 八 3-x*y+y 八 3 = 7; 
pt ：= [x=2 ， y=l]; 

pi := implicitplot( ql, x=-3..3, y=_3..3 ): 
pi; 
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+ 27rrh $ 


(b) V = 7rr 2 h => 


dV 

dT 


2 灯 


3 . ⑻ V = 7rr 2 h 4 f- 
(c) V = 7rr 2 h 4 穿 


4. 

(a) 

V 二 

十吒 ^ f = 


(b) 

V = Wr 2 h ^ ^ 

3 dt 


(c) 

dV 

=i7rr 2 f t + |7rrh 

dr 

dt 




5. 

⑻ 

dV 

dT 

=1 volt/sec 



(b) 

祟 =_ 1 amp/sec 


(c) 

dV 

dT 

=R ( 祟 ） +i(f) 


dR _ 1 /dV 
~dt ~ I \~dt 

-R^) ^ f 

_ 1/dV V dn 

— I V dT _ T dt/ 


(d) 

dR 

dF 

= 1 卩 一 t (— 1 ) 

]= 

⑷⑶ = i 

ohms/sec, R is increasing 

6 . 

(a) 

P 二 

: RI 2 f = I 2 

f+2Rlf 




(b) 

P = 

： RI 2 今 0 二 f : 

二 I 2 

f+ 2Ri| 

v dR 2RI 

^ dT ~ _ l 5- 

卜 - 物 =- 


dt 


2P dl 

F dt 


⑻ s = y x 2 + y 2 = (x 2 + y 2 )" 2 

(b) S = ^2^2 = ( x 2 +y2) l/2 

(c) s = a/x 2 + y 2 s 2 = x 2 + : 


ds 

X 

dx 

dt 

\/x 2 + y 2 

dt 

ds 

X 

dx 

dt 

\/x 2 +y 2 

dt 

=> 2s 

ds _ o x 
dt — ZX 

dx 

dt 


y dy 

v^+7 dt 

2x|+2y 餐今 2s-0 = 2xf+2y| 今 


168 Chapter 3 Differentiation 

eval(ql ， pt); 

q2 := implicitdiff( ql, y, x ); 

m := eval( q2, pt); 

tan 一 line ：= y = 1 + m*(x-2); 

p2 := implicitplot( tan 一 line, x=-5..5, y=-5..5, color=green ): 
p3 := pointplot( eval([x,y],pt), color=blue ): 
display( [pl,p2,p3], ="Section 3.6 #77(c)’’）; 

Mathematica: (functions and xO may vary): 

Note use of double equal sign (logic statement) in definition of eqn and tanline. 
〈〈 Graphics 、 ImplicitPlot 、 

Clear[x, y] 

{xO, y0}={l,7r/4}; 
eqn=x + Tan[y/x]==2; 

ImplicitPlot[eqn,{ x, xO — 3, xO + 3},{y, yO — 3, yO + 3}] 
eqn/.{x xO, y ^ yO} 
eqn/.{ y — y[x]} 

D[%, x] 

Solve[%, y'[x]] 
slope=y'[x]/.First[%] 
m=slope/.{x ^ xO, y[x] —>• yO} 
tanline=y==yO + m (x — xO) 

ImplicitPlot[{eqn, tanline}, {x, xO — 3, xO + 3},{y, yO — 3, yO + 3}] 

3.7 RELATED RATES 

1. A = TIT 2 今棠 = 2 -kt I 

2. s = 47TT 2 f = Sttt I 


ddtddt 
2r 2r 

丌丌 
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4 r : 


4 h 

T 


167rh 3 




dV 

dT 


2 ^： « 0.1119 m/sec 
1 (_90_\ - 15 


3 V 256 tt ) 


> v = >(f 广 h 

11.19 cm/sec 

« 0.1492 m/sec = 14.92 cm/sec 


167 rh 2 

~9~ 


32 tt 


(b) A = § ab sin ^ ^ | ab cos 6> f + ^ b sin (9 f 

i b sin^ + iasin0f 


10. Given A = 7 rr 2 , 羞 = 0.01 cm/sec, and r 二 50 cm. Since 盖 = 27rr 羞 ， then 榮 | r=5 。= 2 丌 (50) (▲) 

= 丌 cm 2 /min. 

11. Given 塞 =—2 cm/sec, 棠 = 2 cm/sec, £ = 12 cm and w = 5 cm. 

(a) A = £w ^ ^ ^ = 12(2) + 5(-2) = 14 cm 2 /sec, increasing 

(b) P = 2£ + 2w 4 f=2^+2^ = 2(-2) + 2(2) = 0 cm/sec, constant 

(C) D = y^T^=(w 2 +£ 2 ) 1/2 ^ f = I(w 2 + £ 2 r 1/2 (2w^+2^) ^ f = ^0 

= ( 5 )( 2 ) +( 巧 )(~~ 2 ) — — li cm/sec, decreasing 

\/25 + 144 13 & 

12. (a) V = xyz ^ f = yz ^ + xz f + xy | ^ f | ( 4 3 2) = ⑶⑵⑴ + ⑷ (2)(-2) + ⑷⑶ (1) = 2 m 3 / S ec 

(b) S = 2xy + 2xz + 2yz 4 ■ 營 =(2y + 2z ) 盖 + (2x + 2z ) 室 + (2x + 2y ) 莹 

今 f I (4, 3 , 2) = ( 10 )(D + (12)(—2) + (14)(1) = 0 m 2 /sec 

(c) £ = \A 2 + y 2 + z 2 = (x 2 + y 2 + z 2 ) 1/2 今塞 = 莹 + ^+f+ 7 ? 莹 + dfa t 

^ Sl ( 4 , 3 , 2 ) = (^9) (1) + (^9) (_2) + (^9) (1) = 0 

13. Given: 罢 = 5 ft/sec, the ladder is 13 ft long, and x = 12, y = 5 at the instant of time 

(a) Since x 2 + y 2 = 169 ^ 餐 = 一 - 莹 = 一 ( 导 )(5) = 一 12 ft/sec, the ladder is sliding down the wall 

(b) The area of the triangle formed by the ladder and walls is A = ^ xy =>■ 堂 = (|)( x 室 + y 替 ). The area 
is changing at | [12(-12) + 5(5)] = - l -f = -59.5 ft 2 /sec. 

(c) COS 6 » = 吾今 -sin 6 * f = n ' f ^ f = _ JTS^e • 莹 = —G ) ⑶ =_1 rad/sec 

14 - s 2 = y 2 +x 2 ^ 2s|=2xf+2y| ^ | = l(x|+y|) ^ I = 7 ^ [5(-442) + 12(-481)] 

=—614 knots 

15. Let s represent the distance between the girl and the kite and x represents the horizontal distance between the 

girl and kite 4 s 2 = (300) 2 +x 2 ^ | = f | = =20 ft/sec. 

16. When the diameter is 3.8 in., the radius is 1.9 in. and g = 3 ^ in/min. Also V = 67 rr 2 ^- = 127rr j t 

4 穿 =127r(1.9) ( 3 ^ 0 ) — 0 . 00767 T. The volume is changing at about 0.0239 in 3 /min. 




ds 

dt 


\/x 2 + y 2 +z 2 

(b) From part (a) with 室 


dx 

dt 




dz 


： 0 


ds 

dt 


. dy 

^/x 2 + y 2 + z 2 dt 


_ = _ dz 

^/ x 2 _|_ y2 _)_ z 2 dt 


3r4 -- 二 

IIo)dhldt 

IX 
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l-3dhldtr 
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d^ldtd^ldt 
沒沒 
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(3x 2 — 12x + 15) f = (3(2) 2 — 12(2) + 15) (0.1) = 0.3, | =9 f = 9(0.1) = 0.9, f = 0.9 - 0.3 = 0.6 
(3x 2 - 12x - 45x~ 2 ) f t = (3(1.5) 2 - 12(1.5) — 45(1.5)— 2 ) (0.05) =-1.5625, | = 70 f = 70(0.05) = 3.5, 
3.5 - (-1.5625) = 5.0625 


27. Let P(x, y) represent a point on the curve y = x 2 and 6 the angle of inclination of a line containing P and the 

origin. Consequently, tan 0 = | ^ tan 0 = ^ = x ^ sec 2 沒罢 = 室 => 等 = cos 2 6 ^ . Since 祭 =10 m/sec 
and cos 2 6»| x=3 = ^ = ^ , we have f | x=3 = 1 rad/sec. 

28. y = (—x) 1 / 2 and tan 0 = | ^ tan 0 = => sec 2 0 f = ( 吾 ) (- 纩 1/2 (:? 卜 (- >0 1/2 U) | 
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18. (a) V = 17rr 2 h and r = ^ ^ V = ^ 7r ( 學） h 


75^ 

4 




225?rh 2 dh 
~4~ dt 




dh I 
dt I h=5 


4(-50) 

225tt(5) 2 


-8 

225tt 


« —0.0113 m/min = —1.13 cm/min 


(b) r= if ^ 


dr 


15 dh 

y dT 




llh =5 


(y) (^：) = ^ —0.0849 m/sec = —8.49 cm/sec 


[2y(3R-y) + y 2 (-l)] | 


19. (a) V=|y 2 (3R-y) ^ f 

y = 8 we have ^ = 士 (—6 )= 盖 m/min 
(b) The hemisphere is on the circle r 2 + (13 — y) 2 


^ I 


I (6Ry — 3y 2 )] _ ^ ^ at R = 13 and 


(C) r=(26y —y 2 ) 1/2 今 | | (26y 


169 => r = \] 26y — y 2 m 


-r 


mir m /™ 11 


,2 、 -1 / 2 /k dy a dr — 13-y dy ^ dr | 

1 ) (it) ~^y) Tt ^ Jt - ^/ 26y _ y2 dF ^ SI y= 8 ■ 


13-8 /j 
^26-8 - 64 V2 


20. If V = I 7rr 3 , S = 47rr 2 , and ^ 


kS = 4k?rr 2 , then ^ 


dr 


4ttt 2 I ^ 4k?rr 2 = 4?rr 2 室泠石 


k, a constant. 


Therefore, the radius is increasing at a constant rate. 


21. IfV = ^ 7rr 3 , r = 5, and dv 


dT 


1007T ft 3 /min, then ^ = 47rr 2 荖 > 荖 =1 ft/min. Then S 


dt 


dt 


47rr 2 ^ 


8 灯 I 


8 丌 (5)(1) = 40 丌 ft 2 /min, the rate at which the surface area is increasing. 


22. Let s represent the length of the rope and x the horizontal distance of the boat from the dock. 

^ ^ ^ 2 S 36 奢 . Therefore, the boat is approaching the dock at 

- (-2) = -2.5 ft/sec. 


⑻ We have s 2 = x 2 + 36 => dx 


dx I 

dt I s=10 


10 


(b) cos 0 


— V10 2 -36 
f 4 — sin 0 f 




(— 2 ) 


20 


6 dr v d0 
F dt ^ ¥ 

rad/sec 


r 2 sin 6 dt 


Thus, r : 


10, x = 8, and sin 沒 =J 


10 


23. Let s represent the distance between the bicycle and balloon, h the height of the balloon and x the horizontal 
distance between the balloon and the bicycle. The relationship between the variables is s 2 = h 2 + x 2 




ds 

dt 


(h 


dx 




85 


[68(1) + 51(17)] = 11 ft/sec. 


24. (a) Let h be the height of the coffee in the pot. Since the radius of the pot is 3, the volume of the coffee is 


V : 


: 9 兀 h # f 




7rh 3 

~12 


ie in the pot. Since the radius of t 
the rate the coffee is rising is 盖 
in the pot. From the figure, the 




(b) Let h be the height of the coffee in the pot. From the figure, the radius of the filter r =1 ^ V 


,the volume of the filter. The rate the coffee is falling is 


dh 

dt 


4 dV 
7rh 2 dt 


4 

25?r 


(- 10 ) 


57T 


17rr 2 h 
in/min. 


25. y = QD- 




dy 


D-if — QD_ 2 f 


41 


(0) 


(W ( _2 ) 


466 

I68l 


L/min =>• increasing about 0.2772 L/min 


dc l dtdcldtdpldt 

\17 \)/ 

ab 

/ _\ / _\ 

6 . 

2 
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4 莹 =f 2 ^ x 2 ^ (cos 2 6) ( 莹） .Now, tan 沒 = 占 =—I 4 cos 6 = — ^ ^ cos 2 0 = ^ . Then 

盖 = (¥)( 聋 )( 一 8 )= 昏 rad/sec. 


29. The distance from the origin is s = y/x 2 -\-y 2 and we wish to find 


dt 


(5,12) 


i(x 2 +y 2 r 1/2 (2xf+2y^ 


(5,12) 


_ (5)(-l) + (12)(-5) 
^25 + 144 


=—5 m/sec 


30. When s represents the length of the shadow and x the distance of the man from the streetlight, then s = | x. 

(a) If I represents the distance of the tip of the shadow from the streetlight, then I = s + x 4 羞=室 +营 
(which is velocity not speed) => I 羞 | = l 蠢奢 + 奢 l = | 鲁 II 莹 l = |l _ 5| = 8 ft/sec, the speed the tip of the 
shadow is moving along the ground. 

(b) ^ = = | (—5) = —3 ft/sec, so the length of the shadow is decreasing at a rate of 3 ft/sec. 


31. Let s = 16t 2 represent the distance the ball has fallen, 
h the distance between the ball and the ground, and I 
the distance between the shadow and the point directly 
beneath the ball. Accordingly, s + h = 50 and since 


the triangle LOQ and triangle PRQ are similar we have 


I = ^ 泠 h = 50 - 16t 2 and I = 

=lf-30 ^ f = 一豐今 i 


30 (50- 16t 2 ) 

50-(50- 16t 2 ) 

! = —1500 ft/sec. 

t=| 



32. Let s = distance of car from foot of perpendicular in the textbook diagram ^ tan 0 = ^ sec 2 0 笔 = j 

^ 奢；奢 =—264 and 沒 = 0 4 盖 =-2 rad/sec. A half second later the car has traveled 132 ft 

right of the perpendicular => \9\ = cos 2 0 = ^, and 羞 = 264 (since s increases) ^ — 132 (264) = 1 rad/sec. 

33. The volume of the ice is V = 1 7 rr 3 — 1 7 r 4 3 ^- = 4-zrr 2 ^ ^ | in./min when ^ = —10 in 3 /min, the 

thickness of the ice is decreasing at ^ in/min. The surface area is S = 47 rr 2 => 棠 = 87 rr ^ => 营 | 广 6 = 4Stt (^|) 
=—y in 2 /min, the outer surface area of the ice is decreasing at ^ in 2 /min. 


34. Let s represent the horizontal distance between the car and plane while r is the line-of-sight distance between 
the car and plane ^ 9 + s 2 = r 2 ^ | ^ | ^ 11 ^ (-160) =—200 mph 

^ speed of plane + speed of car = 200 mph =>• the speed of the car is 80 mph. 


35. When x represents the length of the shadow，then tan 0 = ^ ^ sec 2 6» f ^ ^ = - 6 罢 . 

We are given that ^ = 0.27。= rad/min. At x = 60, cos 0 = | =>■ 

I 尝 I = - 々 n ec2fl f = 普 ft/min « 0.589 ft/min « 7.1 in./min. 

' dtl 80 * (f^-^andsec^f) 16 

36. Let A represent the side opposite 9 and B represent the side adjacent 9. tan 0 = 会今 sec 2 沒普 = -营 菩 

t # at A = 10 m and B = 20 m we have cos 9 = = $ and f = [( 盖 ） (-2) -( 晶 ⑴)] (!) 

= (W — 忐 ）（ I ) =—忐 rad/sec = — f/sec » -6°/sec 

37. Let x represent distance of the player from second base and s the distance to third base. Then # = —16 ft/sec 
(a) s 2 = x 2 + 8100 4 2s ■ = 2x 营 => 奢 = 晉奢 . When the player is 30 ft from first base, x = 60 
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172 Chapter 3 Differentiation 

泠 s = 30/^ and ! = ^ (-16) = « -8.875 ft/sec 

⑻ _ = f 今 -sin^f = -f.| ^ f = = f'I- Therefore, x = 60 and 8 = 30^ 

今 ^ = (^J)^ • (^1) = ^ rad/sec； Sin ^ ^ COS0 2 f = ^f^ f = i^-| 

=¥ • 室 . Therefore, x 二 60 and s = 30 ^ ^ rad/sec. 

( C ) ^ ' ft = (i% ' (f) • (f) = (f) (S) = (x2+ 9 8ioo) f ^ ^ 

= x !™ 0 (oto) ㈠ 5 ) = — I rad/sec ; f = ^k-| = (^f) (f)(1) = (^)(1) 

= (x 2 + 8 °ioo ) 莹 > x ^™ 0 警 =* rad/sec 

38. Let a represent the distance between point O and ship A, b the distance between point O and ship B, and 
D the distance between the ships. By the Law of Cosines, D 2 = a 2 + b 2 — 2ab cos 120° 

^ f = ^[2a|+2bf+af+bf]. Whe na = 5，| = 14，b = 3， a ndf = 21，thenf =祟 
where D = 7. The ships are moving 棠 = 29.5 knots apart. 

3.8 LINEARIZATION AND DIFFERENTIALS 

1. f(x) = x 3 - 2x + 3 4 f’(x) = 3x 2 - 2 =>• L(x) = f’(2)(x - 2) + f(2) = 10(x -2) + 7 ^ L(x) = lOx - 13 at x = 2 

2. f(x) = \/x 2 + 9 = (x 2 + 9 ) 1/2 今 f(x) = (i) (x 2 + 9)' 1/2 (2x) = 今 L(x) = f (—4)(x + 4) + f(—4) 

= -j(x + 4) + 5 =>■ L(x) = — jx+|atx = —4 

3. f(x) = x + i f’(x) = 1 — x - 2 泠 L(x) = f(l) + f’(l)(x - 1) = 2 + 0(x - 1) = 2 

4. f(x) = xV3 ^ f'( x ) = 3^3 ^ L(x) = f(- 8 )(x - (- 8 )) + f(- 8 ) = i(x+8)-2 ^ L(x)= 忐 x- | 

5. f(x) = x 2 + 2x 泠 f’(x) = 2x + 2 泠 L(x) = f’(0)(x - 0) + f(0) = 2(x — 0) + 0 泠 L(x) = 2x at x = 0 

6 . f(x) = x - 1 f’(x) = -x ~ 2 ^ L(x) = f’(l)(x - 1) + f(l) = (-l)(x — 1 ) + 1 今 L(x) = -x + 2 at x = 1 

7. f(x) = 2x 2 + 4x - 3 今 f’(x) = 4x + 4 4 L(x) = f’( 一 l)(x + 1) + f(-l) = 0(x + 1) + (-5 ) 今 L(x) = -5 atx = -1 

8 . f(x) = 1 + x 今 f(x) = 1 => L(x) = f( 8 )(x — 8 ) + f( 8 ) = l(x — 8 ) + 9 今 L(x) = x + 1 at x = 8 

9. f(x) = Vx = X " 3 今 f(x) = (i) x _ 2 / 3 冷 L(x) = f’( 8 )(x - 8 ) + f( 8 ) = i (x — 8 ) + 2 今 L(x) = ^x+fatx = 8 

10. f ， (x)= ⑴ m 2 (1)(x) = ^ ^ L(x) = f\l)(x-l) + f(l)=$(x—l) + | 

=>• L(x) =^x+|atx=l 
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11. f(x) = sin x =^- f(x) = cosx 

(a) L(x) = f’(0)(x - 0) + f(0) = l(x - 0) + 0 

L(x) = x at x = 0 

(b) L(x) = f(7T)(X -7T) + f(7T) = (-l)(x - 7T) + 0 
=> L(x) = 7T — XatX = 7T 


12. f(x) = cos x => f’(x) = —sin x 

(a) L(x) = f’(0)(x - 0) + f(0) = 0(x — 0) + 1 


=> L(x) = 1 at x = 0 

(b) L(x) = f (-l)(x+f)+f(-|) 

= +l)(x+f)+0 L(x) = x+| 
at x = — § 


13. f(x) = sec x => f’(x) = sec x tan x 

(a) L(x) = f’(0)(x - 0) + f(0) = 0(x - 0) + 1 


=> L(x) = 1 at x = 0 
(b) L(x) = f (- f) (x+f)+f(-f) 

— — 2\/3 (x + 号 ）+ 2 =>■ L(x) = 2 — 2\/3 (x + 号 ) 
at x = — I 


y 




14. f(x) = tan x 4 f’(x) = sec 2 x 

(a) L(x) = f , (0)(x - 0) + f(0) = l(x - 0) + 0 = x 

L(x) = x at x = 0 

(b) L(x) = f f (^) (x-|)+f(|)=2(x-|) + l 
> L(x) = 1 + 2 (x - f) at x = I 


y 



15. f’(x) = k(l + x) k_1 . We have f(0) = 1 and f’(0) = k. L(x) = f(0) + f’(0)(x — 0) = 1 + k(x — 0) = 1 + kx 

16. (a) f(x) = (1 _ x) 6 = [l + (—x)] 6 « 1 + 6(—x) = 1 _ 6x 

(b) f(x) = y^x = 2[1 + (一 x)] ~ 2[l + (—1)(—x)] = 2 + 2x 

(c) f(x) = (1 + x)- 1/2 « 1 + (-i)x 二 1 — i 

(d) f(x) = Vl + x 2 = ^(l + i) 1 ' 2 « ^(l + H) = ^2(l+ f) 

(e) f(x) = (4 + 3x) 1/3 = ^(l + |) 1/3 «4 1 / 3 (1+ =4 1 / 3 (1+ f) 
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(f) f(x) = (1 


v2/3 


2 + x J 


2/3 


1 + ( - 击） ~ 1 + l( _ 2+i) = 1 


6+3x 


17. (a) (1.0002) 50 = (1 + 0.0002) 50 « 1 + 50(0.0002) = 1 + .01 = 1.01 
(b) V1-009 = (1 + 0.009) 1/3 « 1 + (I) (0.009) = 1 + 0.003 = 1.003 

18. f(x) = y/x+l + sin x = (x + l) 1 / 2 + sin x 泠 f(x) = (|) (x + 1 广 1/2 + cos x => L f (x) = f(0)(x — 0) + f(0) 

= 暑 （x — 0) + 1 今 L f (x) = I x + 1, the linearization of f(x); g(x) = i/x + 1 = (x + l ) 1 / 2 今 g’(x) 

=(I) (x + 1)-V 2 => L g (x) = g’(0)(x — 0) + g(0) = I (x — 0) + 1 =>■ LgOO = i x + 1, the linearization of g(x); 
h(x) = sin x => h’(x) = cos x L h (x) = h’(0)(x — 0) + h(0) = (l)(x — 0) + 0 =>• L h (x) = x, the linearization of 
h(x). L f (x) = L g (x) + L h (x) implies that the linearization of a sum is equal to the sum of the linearizations. 

19. y = x 3 - 3^x = x 3 — 3X 1 ’ 2 今 dy = (3x 2 - | x" 1 / 2 ) dx 4 dy = (3x 2 - 点 ) dx 


20. y = xv 7 ! -x 2 = x (1 - x 2 ) 1/2 今 dy = [⑴ (1 — x 2 ) 1/2 + (x) Q) (1 - x 2 )' 1/2 (-2x) 


dx 


(1-x 2 ) _1/2 [(1 - x 2 ) - x 2 ] dx= { - 


-2x 2 ) 
Vl~x 2 


dx 


21. ^ dy ： 


’ ⑵ (l+x 2 )-(2x)(2x) 、 d 2-2x 2 

、 ( 1 + X2) 2 ) — ( 1 + X 2) 2 


dx 


2^ _ 2xV 2 ^ dy . 

y — 3(i+y^) - 3(i+x" 2 ) ^ . 

泠办 = ，■/ dx 




23. 2y 3 / 2 + xy - x = 0 4 7>y l l 2 dy + y dx + xdy — dx = 0 4 (3yV 2 + x) dy = (1 — y) dx 4 dy = dx 


24. xy 2 — 4x 3 / 2 — y = 0 4 y 2 dx + 2xy dy — 6x" 2 dx — dy = 0 => (2xy — 1) dy = (6x" 2 — y 2 ) dx 


^ dy = 


6y^-y 2 

2 xy- 1 


dx 


25. y = sin (5^) = sin (5X 1 / 2 ) 今 dy = (cos (5X 1 / 2 )) (fx" 1 / 2 ) dx 今 dy = 5c 。】 ^ dx 


26. y = cos (x 2 ) dy = [—sin (x 2 )] (2x) dx = —2x sin (x 2 ) dx 

27. y = 4 tan ( 夸 ) dy = 4 (sec 2 ( 誓 ))(x 2 ) dx => dy = 4x 2 sec 2 ( 誓 ) dx 

28. y = sec (x 2 — 1) => dy = [sec (x 2 — 1) tan (x 2 — 1)] (2x) dx = 2x [sec (x 2 — 1) tan (x 2 — 1)] dx 

29. y = 3 esc (1 — 2-^/x) = 3 esc (1 — 2x" 2 ) ^ dy = 3 (—esc (1 — 2X 1 ’ 2 )) cot (1 — 2x" 2 ) (—x -1 / 2 ) dx 

zz> dy = ^ esc (l — 2y^x) cot (l — 2y / x) dx 

30. y = 2 cot ( 士 ) = 2 cot (x -1 / 2 ) ^ dy = -2 esc 2 (x _1/2 ) (— |) (x~ 3 / 2 ) dx ^ dy = ^ esc 2 ( 夫 ) dx 

31. f(x) = x 2 + 2x, xq = 1, dx = 0.1 => f’(x) = 2x + 2 

(a) Af = f(x 0 + dx) - f(x 0 ) = f(l.l)-f(l) = 3.41 — 3 = 0.41 

(b) df = f ， (x 0 )dx = [2(1) + 2](0.1) = 0.4 
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(c) |Af - dfI = |0.41 - 0.4| = 0.01 
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32. f(x) = 2x 2 + 4x — 3, xq = — 1， dx = 0.1 f’(x) = 4x + 4 

(a) Af = f(x 0 + dx) - f(x 0 ) = f(-.9) - f(— 1) = .02 

(b) df=f(x 0 )dx = [4(-l) + 4](.l) = 0 

(c) |Af-df| = |.02-0| = .02 


33. f(x) = x 3 — x, x 0 = 1, dx = 0.1 f’(x) = 3x 2 — 1 

(a) Af = f(x 0 + dx) - f(x 0 ) = f(l.l) - f(l) = .231 

(b) df=f(x 0 )dx- [3(1) 2 - l](.l) = .2 

(c) lAf-dfl = |.231-.2| = .031 

34. f(x) = x 4 , xq = 1， dx = 0.1 4 f’(x) = 4x 3 

(a) Af = f(x 0 + dx) — f(x 0 ) = f(l.l) - f(l) = .4641 

(b) df = f(x 0 )dx = 4(l) 3 (.l) = .4 

(c) |Af-df| = 1.4641 - A\ = .0641 


35. f(x) = x — 1 ，xq = 0.5, dx = 0.1 =>• f’(x) = —x -2 

(a) Af = f(Xo + dx)- f(x 0 ) = f(_6) - f(.5) = - | 

(b) df = f’( Xo )dx = (—4)( 為） = 一營 

⑹ |Af-df| = |-I + || = i 


36. f(x) = x 3 - 2x + 3, x 0 = 2, dx = 0.1 f(x) = 3x 2 - 2 

(a) Af = f(x 0 + dx) — f(x 0 ) = f(2.1) - f(2) = 1.061 

(b) df=f , (x 0 )dx = (10)(0.10) = 1 

(c) |Af-df| = 11.061 - 1| = .061 

37. V = 17rr 3 泠 dV = 4^ dr 38. V = x 3 泠 dV = 3x§ dx 

39. S = 6x 2 => dS = 12x 0 dx 


40. S = vrrv/r 2 + h 2 =7rr(r 2 + h 2 ) 1/2 ,h constant 今 f = tt (r 2 + h 2 ) 1/2 + Trr • r (r 2 + h 2 ) _1/2 


dS _ 7T (r 2 +h 2 ) +7IT 2 
dr — ^Vr 2 +h 2 ^ 


^ dS = ^ drjhconstant 


41. V = 7rr 2 h, height constant dV = 27rroh dr 42. S = 27rrh > dS = 2irr dh 


43. Given r = 2 m, dr = .02 m 

(a) A = 7rr 2 dA = 27rr dr = 27r(2)(.02) = .087r m 2 

(b) ( 磬 )(100%) = 2% 

44. C = 2nr and dC = 2 in. dC = 2 丌 dr => dr = ^ =>• the diameter grew about ^ in.; A = 7rr 2 dA = 2 丌 r dr 
= 2 兀 (5) ⑴ =10 in. 2 


45. The volume of a cylinder is V 二 7rr 2 h. When h is held fixed, we have ^ = 2nrh, and so dV = 2nrh dr. For h = 30 in., 
r = 6 in., and dr = 0.5 in., the volume of the material in the shell is approximately dV = 2 丌 rh dr = 27r(6)(30)(0.5) 

=180tt« 565.5 in 3 . 
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46. Let 0 = angle of elevation and h = height of building. Then h = 30tan 沒 ， so dh = 30sec 2 ^ d^. We want |dh| < 0.04h, 
which gives: |3Osec 2 0 d0| < O.O4|3Otan0| => 6 => \d9\ < 0.04sin 6 cos 6 => |d0| < 0.04sin || cos || 

= 0.01 radian. The angle should be measured with an error of less than 0.01 radian (or approximatley 0.57 degrees), 
which is a percentage error of approximately 0.76%. 


47. V = 7rh 3 4 dV = 3?rh 2 dh; recall that AV « dV. Then |AV| < (1%)(V) = # |dV| < 

|37rh 2 dh| < (”= ) |dh| < ^ h = Q %) h. Therefore the greatest tolerated error in the measurement 
of h is ^ %. 

48. (a) Let Di represent the inside diameter. Then V = 7rr 2 h = 丌（警 ) 2 h= and h =10 泠 V = 泠 

dV = 5 ttD, dD, Recall that AV « dV. We want |AV| < (1%)(V ) 今 |dV| < (^) ^ 

57rDi dDi < ^ => ^ < 200. The inside diameter must be measured to within 0.5%. 

(b) Let D e represent the exterior diameter, h the height and S the area of the painted surface. S = 7rD e h dS = 7rhdD e 
^ T ~ Thus for small changes in exterior diameter, the approximate percentage change in the exterior diameter 
is equal to the approximate percentage change in the area painted, and to estimate the amount of paint required to 
within 5%, the tanks's exterior diameter must be measured to within 5%. 


49. V = 7rr 2 h, h is constant 4 dV = 27rrh dr; recall that AV ^ dV. We want |AV| < V => |dV| < 
=>■ |27rrh dr| < => |dr| < — (-05%)r a .05% variation in the radius can be tolerated. 



gravity on the moon has about 38 times the effect that a change of the same magnitude has on Earth. 


52. (a) T = 2 兀 (I) ’ dT = 2ny/L (- \ g _3 / 2 ) dg = —7r^/Lg _3 ^ 2 dg 

(b) If g increases, then dg > 0 dT < 0. The period T decreases and the clock ticks more frequently. Both 
the pendulum speed and clock speed increase. 

(c) 0.001 = --K^m (980_ 3 / 2 ) dg => dg ~ —0.977 cm/sec 2 => the new g ~ 979 cm/sec 2 

53. The error in measurement dx = (1%)(10) = 0.1 cm; V = x 3 4 dV = 3x 2 dx = 3(10) 2 (0.1) = 30 cm 3 ^ the 
percentage error in the volume calculation is (y^) (100%) = 3% 
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Section 3.8 Linearization and Differentials 


54. A = s 2 => dA = 2s ds; recall that AA « dA. Then |AA| < (2%)A — ^ |dA| < ^ |2s ds| < 

^ |ds| < s2 


(2s)(50) — 100 


(1%) s =^- the error must be no more than 1% of the true value. 


55. Given D = 100 cm, dD = 1 cm，V = 畫 ?r (f ) 3 = f 今 dV = | D 2 dD = | (100) 2 (1) = ^ . Then 号 (100%) 


10 4 7T 

10 6 tt 


( 10 2 %) 


ioV 


10 6 tt 


% = 3% 


56. V = 1 7rr 3 = 1 7T (§) 3 = 字 # dV = f dD; recall that AV « dV. Then |AV| < (3%)V = (^) 


7tD 3 

200 


^ |dV| < 


7tD 3 

200 


4 


7rD 2 


dD 


— ^ |dD| Sj^=(l%)D => the allowable percentage error in 


measuring the diameter is 1%. 


57. A 5% error in measuring t => dt = (5%)t = 士 • Then s = 16t 2 => ds = 32t dt = 32t (春） = 響 = 導 = (^) s 
= (10%)s => a 10% error in the calculation of s. 

58. From Example 8 we have ^ = 4 — . An increase of 12.5% in r will give a 50% increase in V. 


59 . 夂争错 


60 - (¥) ( 忐 ） = (1)(1) = 1 


61. E(x) = f(x) — g(x) E(x) = f(x) — m(x — a) — c. Then E(a) = 0 => f(a) — m(a — a) — c = 0 => c = f(a). Next 
we calculate m: x lim^ = 0 => x lim a f ( x ) _ ^ ~ a) ~ c = 0 =>• x lnn a f ( x J = :⑻ —m = 0 (since c = f(a)) 

f’(a) — m = 0 4 m = f’(a). Therefore, g(x) = m(x — a) + c = f’(a)(x — a) + f(a) is the linear approximation, 
as claimed. 


62. (a) i. Q(a) = f(a) implies that bo = f(a). 

ii. Since Q’(x) = bi + 2b2(x — a), Q’(a) = f’(a) implies thatbi = f’ ⑷. 

iii. Since Q"(x) = 2b2, Q"(a) = f"(a) implies that b〗= 

In summary, bo = f(a), bi = f’(a), and b 2 = 

(b) f(x) = (l-x)~ 1 

f(x) = -l(l-x)- 2 (-l) = (l-x)- 2 
f"( x ) = -2(1 - x) _3 (_l) = 2(1 — x)' 3 

Since f(0) = 1 ， f’(0) = 1 ， and f"(0) = 2, the coefficients are bo = 1, bi — 1, b 2 = | = 1. The quadratic 
approximation is Q(x) = 1 + x + x 2 . 


⑹ y 



As one zooms in, the two graphs quickly become 
indistinguishable. They appear to be identical. 


(d) g(x) = x- 1 
g，(x) = -lx" 2 
g"W = 2x_ 3 

Since g(l) = 1, g’(l) = —1，and g"(l) = 2 ， the coefficients are bo = 1， bi = —1，b 2 = | = 1. The quadratic 
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approximation is Q(x) = 1 — (x — 1) + (x — l) 2 . 


y 



As one zooms in, the two graphs quickly become 
indistinguishable. They appear to be identical. 


(e) 


h(x) = (1 + X) 1 ’ 2 
h'( X ) = i(l + x)~ 1/2 
h" ㈨ = 4(l + x)_ 3 / 2 

Since h(0) = 1, h’(0) = •, and h’’(0) = —\ , the coefficients are bo = l，bi = *，b 2 = 子 =— *. The quadratic 
approximation is Q(x) = 1 + | —誓. 


y 



As one zooms in, the two graphs quickly become 
indistinguishable. They appear to be identical. 


(f) The linearization of any differentiable function u(x) at x = a is L(x) = u(a) + u’(a)(x — a) = bo + bi(x — a), where 
bo and bi are the coefficients of the constant and linear terms of the quadratic approximation. Thus, the linearization 
for f(x) at x = 0 is 1 + x; the linearization for g(x) at x = 1 is 1 — (x — 1) or 2 — x; and the linearization for h(x) at 
x = 0 is 1 + |. 


63. (a) x= 1 
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Section 3.8 Linearization and Differentials 179 


64. If f has a horizontal tangent at x = a, then f’(a) = 0 and the linearization of f at x = a is 
L(x ) 二 f(a) + f’(a)(x 一 a ) 二 f(a) + 0 • (x _ a) = f(a). The linearization is a constant. 


65. Find |v| when m = l.Olmo. m 


m\ 


V〗 

孑 =m 0 4 






^V 2 


碧) 


^ M = "I — 碧 xiv = c . * (1 - 碧 ) 


- 1/2 , 


)dm, dm = 0.01m 0 => d\ = — C y m ° ^ ( 哉 ) .m 二溫 m 0 , 


m 3 1 


dv= - 

\ = 0.69c. 








1000 


101 3 a 


ioo 2 


^ 0.69c. Body at rest v 0 = 0 and v = v 0 + dv 


66. (a) The successive square roots of 2 appear to converge to the number 1. For tenth roots the convergence is more rapid, 
(b) Successive square roots of 0.5 also converge to 1. In fact, successive square roots of any positive number converge 
to 1. 

A graph indicates what is going on: 



Starting on the line y = x, the successive square roots are found by moving to the graph of y = -y/x and then across to 
the line y = x again. From any positive starting value x, the iterates converge to 1. 


67-70. Example CAS commands: 

Maple: 

with(plots): 

a:= 1: f:=x ->x 八 3 + x 八 2 — 2*x; 
plot(f(x), x=—1..2); 
diff(f(x),x); 
fp := unapply (”,x); 

L:=x -> f(a) + fp ⑻ *(x — a); 
plot({f(x), L(x)} ， x=—1..2); 
err:=x -> abs(f(x) — L(x)); 

plot(err(x), x=— 1 .. 2 , title = #absolute error function#); 
err(-l); 

Mathematic a: (function, xl, x2, and a may vary): 

Clear [f, x] 

{xl,x2} = {-l,2};a=l; 
f[x 」 :=x 3 +x 2 - 2x 
Plot[f[x] ， {x,xl,x2}] 
lin[x_]=f[a] + f [a](x - a) 
Plot[{f[x],lin[x]},{x,xl,x2}] 
err[x_]=Abs[f[x] — lin[x]] 
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180 Chapter 3 Differentiation 

Plot[err[x] ， {x, x 1 ,x 2}] 
err//N 

After reviewing the error function, plot the error function and epsilon for differing values of epsilon (eps) and delta (del) 
eps = 0.5; del = 0.4 

Plot[{err[x], eps},{x, a — del, a + del}] 

CHAPTER 3 PRACTICE EXERCISES 


1. y = x 5 — 0.125x 2 + 0.25x 泠 g = 5x 4 - 0.25x + 0.25 

2. y = 3 - 0.7x 3 + 0.3x 7 泠 g = -2.1x 2 + 2.1x 6 

3. y = x 3 - 3 (x 2 + 7T 2 ) 泠 g = 3x 2 - 3(2x + 0) = 3x 2 — 6x = 3x(x - 2) 

4. y = x 7 + y/lx 一 击泠 g = 7x 6 + V"7 

5. y = (x+l) 2 (x 2 + 2x ) 泠 I = (x+ l) 2 (2x + 2) + (x 2 + 2x) (2(x + 1)) = 2(x + 1) [(x + l) 2 + x(x + 2)] 

= 2(x + 1) (2x 2 + 4x + 1) 

6. y = (2x- 5)(4 - x)— 1 泠 | = (2x - 5)(-1)(4 - x)_ 2 (—1) + (4 — x)~ 1 (2) = (4 一 x)~ 2 [(2x - 5) + 2(4 - x)] 
= 3(4 - x)- 2 


1. y = (9 2 + sec 0 + l) 3 => 裝 = 3 (0 2 + sec 0 + l) 2 (29 + sec 9 tan 9) 

8. y = (—1 — 亨 —f ) 2 今 I = 2(—1 — 亨 一 f) = (esc 0 cot 0 — 0) 

q s — \/t ds _ ( 1 + 外 2^-0( 忐 ) _ (l + y/t)-Vt _ 1 

TTTt ^ - (T77? — — 2^(i + 0r 


10 - s = ^ 


ds — (4-1)(0 )-i( 忐 ） — —I 
* (^-l) 2 2^(^-1) 2 


11. y = 2 tan 2 x — sec 2 x ^ 裝 =(4 tan x) (sec 2 x) — (2 sec x)(sec x tan x) = 2 sec 2 x tan x 

12. y = — = esc 2 x — 2 esc x =>• 裝 =(2 esc x)(—esc x cot x) — 2( — esc x cot x) = (2 esc x cot x)(l — esc x) 

13. s = cos 4 (1 - 2t) ^ |=4 cos 3 (1 - 2t)(-sin(l - 2t))(-2) = 8 cos 3 (1 - 2t) sin(l — 2t) 

14. s = cot 3 (f) ^ | = 3cot 2 (f) (-esc 2 (f)) (f) = I cot 2 (f) esc 2 (f) 


15. s = (sec t + tan t) 5 4 羞 = 5(sec t + tan t) 4 (sec t tan t + sec 2 1) = 5(sec t)(sec t + tan t) 5 

16. s = esc 5 (1 — t + 3t 2 ) =>■ 奢 = 5 esc 4 (1 — t + 3t 2 ) (—esc (1 — t + 3t 2 ) cot(l — t + 3t 2 )) (—1 + 6t) 
=-5(6t- 1) esc 5 (1 - t + 3t 2 ) cot (1 _ t + 3t 2 ) 

17. r = JlO sin 0 = (29 sin 6) l f 2 => % = \{26 sin 6>)~ 1 / 2 (26> cos 6> + 2 sin 9) = 

z V 26 sin 6 
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Chapter 3 Practice Exercises 181 

18. r = 20 \/cos 0 = 2Q (cos O) 1 ^ 2 => 塞 = 20 ($) (cos ^) _1 / 2 (—sin 0) + 2(cos O) 1 ^ 2 = cos 0 

_ 2 cos ^ ^ sin ^ 

\/cos 9 

19. r = sin ^29 = sin(26») 1 / 2 今蛊 =cos (26») 1/2 (| ⑼广的 ⑵） =^0 

20. r = sin (0 + ^9 + l) 4 % = cos {d + + 1) (1 + 2 ^e + \) = cos (0 + ^6 + l) 

21. y=i X 2 csc| ^ | = ix 2 (-csc | cot |) (^r) + (esc |) Q - 2x) = esc 憂 cot ■ + xesc | 

22. y = 2^ sin ^ ^ | = 2^ (cos (☆) + (sin ( 点 ) =cos 

23. y = x-" 2 sec (2x) 2 => 砮 =x -1 / 2 sec (2x) 2 tan(2x) 2 (2(2x) • 2) + sec (2x) 2 (— | x- 3 / 2 ) 

= 8X 1 / 2 sec (2x) 2 tan (2x) 2 — \ x -3 / 2 sec (2x) 2 = \ x" 2 sec (2x) 2 [16 tan(2x) 2 — x -2 ] or ^^sec(2x) 2 [l6x 2 tan(2x) 2 — l] 

24. y = a/x csc(x + l) 3 = x 1 〆 2 esc (x + l) 3 

卜 xl/2 

(—CSC (x + l) 3 cot (x + l) 3 ) (3(x + l) 2 ) + CSC (x + l) 3 (I X— 1 / 2 ) 

= —3y/x(x + l) 2 csc(x + l) 3 cot(x + l) 3 + csc ^^ 1)3 = - CSC (x + l) 3 — 6(x + l) 2 cot (x + l) 3 ] 

or ^^csc(x + 1) 3 [1 — 6x(x + l) 2 cot(x + l) 3 ] 

25. y = 5 cot x 2 => _ = 5 (—esc 2 x 2 ) (2x) = — lOx esc 2 (x 2 ) 

26. y = x 2 cot 5x =>• 裝 =x 2 (—esc 2 5x) (5) + (cot 5x)(2x) = — 5x 2 esc 2 5x + 2x cot 5x 

27. y = x 2 sin 2 (2x 2 ) ^ 裝 =x 2 (2 sin (2x 2 )) (cos (2x 2 )) (4x) + sin 2 (2x 2 ) (2x) = 8x 3 sin (2x 2 ) cos (2x 2 ) + 2x sin 2 (2x 2 ) 

28. y = x -2 sin 2 (x 3 ) 4 装 =x _2 (2 sin (x 3 )) (cos (x 3 )) (3x 2 ) + sin 2 (x 3 ) (—2x -3 ) = 6 sin (x 3 ) cos (x 3 ) — 2x -3 sin 2 (x 3 ) 


29. s = 

30. s = 


/ 4t \ -2 v ds 1 , 4t 、 _3 广 
(FT!) # 五一 2 (FTi) L 

15(15t- l) 3 ~ ~ T5 (15t — 1)_3 => 


(t+l)(4)-(4t)(l)\ _ _ 9 ( 4t \~3 4 _ _ (t+1) 

(t+l)2 Vt + T/ (t + W ~ P - 


qi v- dy _ 2 ( y/^\ _ (x+l)-2x _ 1-x 

- J ~ \ITT) ? HI — 二 \ITT) (x+i) 2 — (x+i) 3 — (x + i) 3 

32. y= ^ ^=2 ( (2 ^ +1) (夫 ㈤ \ = 4 外 ) 3 = — ^ 

J V2v^+U dx V2v^+1/ y (2 ， +l) 2 J (2^+l) 3 (2^+l) 3 


33. y = 



(i + D 


1/2 


4 


l = l(i + D' 1/2 




34. y = 4x^/x+^ = 4x (x + x " 2 )" 2 今 ^ = 4x Q) (x + x 1 ， 2 ) - " 2 (l + i x— 1 ， 2 ) + (x + x 1 ， 2 )" 2 ⑷ 
= (x + y/x) 1/2 2x (l + + 4 (x + a/x) = (x + y/x) 1/2 (2x + yx + 4x + 4^/x) = ^ + + 5 ^! 
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182 Chapter 3 Differentiation 


qc r — ( sin 9 dr — o ( sin 6 \ 

1 Vcos 0 - 1 / ^ dd ~ A Vcos 0 - 1 / 

— ? f sin ^ ( 

~ A \cosd-\) 


(cos 0 — l)(cos 6) — (sin 0 )(—sin 9) 


(cos 6 — l ) 2 

cos 2 6 — cos 9 + sin 2 8 、 — (2 sin 沒 ）（1 — cos 9) _ —2 sin 6 


(cos 0 — l ) 2 


(cos 6 — l ) 3 _ (cos 6 — l) 2 


36- r=(f^i) 2 ^ 靠 =2(f^j) 


(1 — cos ^)(cos 6) — (sin 6 + l)(sin 6) 


(1 — cos 0) 2 

^^(cos0-cos^-sin^-sin0) = 


37. y = (2x + 1) y/2x+l = (2x + l) 3 / 2 ^ g = f (2x + l) 1 / 2 (2) = 3^2x4- 1 

38. y = 20(3x- 4)" 4 (3 X - 4)_" 5 = 20(3x — 4 ) 1 ， 2 。 今 g = 20 ( 盖 ）（ 3x — 4) - 攀 ⑶ = ( 3x _ 3 4) _ 

39. y = 3 (5x 2 + sin 2x)’ 冷 g = 3 (，!) (5x 2 + sin 2x)~ 5/2 [10x + (cos 2x)(2)]= ( 二二:芦 


40. y = (3 + cos 3 3x) _1/3 g = - | (3 + cos 3 3x) - 4/3 (3 cos 2 3x) (-sin 3x)(3)= 二上⑸ 


41. xy + 2x + 3y = 1 ^ (xy’ + y) + 2 + 3y’ = 0 今 xy’ + 3y’ = —2 — y 今 y'(x + 3) = -2 - y ^ y’ 一 — 出 


x + 3 


42. x 2 +xy + y 2 -5x = 2 ^ 2x+(xg+y)+2y^-5 = 0 ^ x^+2y| = 5-2x-y ^ g(x + 2y) 
- 5 _ ?x - v 立一 5 ~ 2x ~ y 

—J y ^ dx — x + 2y 

43. x 3 + 4xy — 3y 4 / 3 = 2x ^ 3x 2 + (4x 裝 + 4y) - 4y x / 3 裝二 2 4 4x 裝 - 4 丫 " 3 装 = 2 — 3x 2 - 4y 




dy 


(4x- 4yV 3 ) = 2 — 3x 2 - 4y 




dy _ 2 - 3x 2 - 4y 


44. 5x 4 / 5 + 10y 6 / 5 = 15 今 4x—W + Uy 1 / 5 g = 0 今 12y" 5 穿 =-4x~ 1 /s 






i X-VSy-l/5 


3(xy) 1 /5 


45. (xy)" 2 = 1 ^ i (xy)- 1 / 2 (x|+y) = 0 ^ X "V 1/2 | = 今砮 =—x]y ^ % = ~l 


46. x 2 y 2 = 1 x 2 (2y 砮 ) +y 2 (2x) = 0 2x 2 y g = -2xy 2 


2 dy 


dx 


47 t 7 2 _ _x_ 9 ,, dy _ (x+ 1 )( 1 ) - (x)(l) v dy _ 1 

H/ * y — FFT 9 厶 > 石 _ (x+l ) 2 ^ dl — 2 y(x+l ) 2 


48. y 2 = ㈣ 1/2 分 y 


^ 4y 3 dy = (l-x)(l)-(l +x)(-l) ^ dy 


( 1 -x ) 2 


dx _ 2 y 3 (l — x ) 2 


49. p 3 +4pq —3q 2 = 2 今 3p 2 |+4(p + q 砮 )— 6q = 0 今 3p 2 g+4q 盔 = 6q —4p 4 ^ (3p 2 + 4q) = 6q - 4p 


dq 


dq 1 ^ dq 


dq 




dp 一 6q — 4p 
dq _ 3p 2 + 4q 


50. q = (5p 2 + 2p)- 3/2 ^ 1 = - § (5p 2 + 2p)~ 5/2 (lOp | + 2 |) 今 —| (5p 2 + 2p) 5/2 = f q (lOp + 2) 


dp 

^ di 


5/2 


(5p 2 + 2p)' 
3(5p+l) 
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51. r cos 2s + sin 2 s = 7r =>■ r(—sin 2s)(2) + (cos 2s) ( 塞 ) + 2 sin s cos s = 0 ^ 




dr 一 2r sin 2s — sin 2s — (2r — l)(sin 2s) 
ds cos 2s cos 2s 


(2r — l)(tan 2s) 


^ (cos 2s) = 2r sin 2s — 2 sin s cos s 


52. 2rs - r — s + s 2 = -3 4 2 (r + s 塞） - 盍 -1 + 2s = 0 4 塞 (2s — 1) = 1 — 2s — 2r 4 ■= 号 


53 .⑻ x 3 +y3 = 1 4 3x2 + 3y2 ^ 0 今 | = 一吳 # g = 

d 2 y — —2xy 2 + (2yx 2 ) (- 吳 )— -2xy 2 - ^ _ _ 2xy 3 -2x 4 

^ ~ / — / — ^5 

(b) y 2 = i-| ^ 2y| = ^ ^ | = ^ ^ | = (yx 2 )- 1 今旮 = - (yx 2 )- 2 [y(2x) + ^| 

^ tfy _ - 2xy - x2 ⑸ _ -2xy 2 -l 
^ dx 2 — yV — ~y*x*^ 


54. (a) x 2 - y 2 


(b) 


dy _ x 
dx — y 




=>■ 2x — 2y 




y(D-x 


dy . 
dx ' 

= 0 

-2y| = 

—2x 


dy 

dx — 

- y - x (^' 

)_ y 2 -x 2 

—l 

(since y 2 — 


' i l 

y a 

y 3 


55 .⑻ Let h(x) = 6f(x) — g(x ) 泠 h ， (x) = 6f ， (x) — g ， (x ) 泠 h\l) = 6f(l) - g^l) = 6 Q) - (-4) = 7 

(b) Leth(x) = f(x)g 2 (x) ^ h ， (x) = f(x) (2g(x)) g ， (x) + g 2 (x)f (x) 4 h ， (0) = 2f(0)g(0)g ， (0) + g 2 (0)f (0) 


= 2(l)(l)(i)+(D 2 (-3)=-2 
⑹ Leth(x)= 為今 h ， (x) = (㈣ + 微 # 推 ) 


+ (5+ 1)(|)-3(-4) _ A 
" (5+1) 2 — 12 


ivm — (g ⑴ + i)f'(i)-f(i)g ' ⑴ 
^ nu; " (g(D+D 2 


(d) Leth(x) = f(g(x)) 4 h’(x) = f’(g(x))g’(x) 4 h’(0) = f’(g(0))g’(0) = f’(l) (|) = (|) (■) = I 


(e) Leth(x) = g(f(x)) ^ h ， (x ) 二 g ， (f(x))f ⑻泠 _ = g , (f(0))f , (0) = g ， ⑴ f ， (0) = (—4) (-3) = 12 

(f) Let h(x) = (x + f(x)) 3 / 2 ^ h’(x) = | (x + f(x))V 2 (1 + f’(x)) 4 h’(l) = | (1 + 肋 ) 1 / 2 (1 + f’(l)) 
=1(1 + 3)^ (1+I)=| 


(g) Leth(x) = f(x + g(x)) ^ h , (x) = f(x + g(x))(l + g , (x)) =» h'(0) = f ， (g(0)) (1 + 侧 
=^)(1 + 1 ) = ( 1 )( 1 ) = ! 


56. (a) Let h(x) = v^f(x) ^ h ， ⑻ =v^f(x) + f(x) • ^ ^ h\l) = \/1^(1) + f(l) • 点 =^ + (-3) (!)=— 

(b) Leth(x) = (f(x))V2 h’ ⑻ =| (fW)— 1 / 2 (f’(x)) 4 h ’ ⑼ =! (f(0))- 1 /2f (0) = \ (9)~ 1 / 2 (-2) = -\ 

(c) Let h(X) = f h, ⑻ =f, (4 h\l) = f' (\A) • ~ ^ * I ~ 

(d) Let h(x) = f(l — 5 tan x) => h’(x) = f’(l — 5 tan x) (—5 sec 2 x) 4 h’(0) = f’(l — 5 tan 0) (—5 sec 2 0) 


f(l)(-5)= i(-5) 


(e) Let h(x) 


f(x) 

2 + cos x 


今 h ， (x)= 


- cos x)f’(x) — f(x)(—sin x) 
(2 + cos x) 2 




_ = 叫 = ¥ > 


(f) Let h(x) = 10 sin ( 晉） f 2 (x) 4 h’(x) = 10 sin ( 晉 ) (2f(x)f’(x)) + f 2 (x) (10 cos ( 晉 ) ） （ f) 
^ h’(l)= 10sin(|) (2f(l)f’(l))+f 2 (1)(10 cos (f)) (f) = 20(-3 ) ⑴ + 0 = —12 


57. x = t 2 + 7r 奢 = 2t; y = 3 sin 2x 裝 = 3(cos 2xX2) = 6 cos 2x = 6 cos (2t 2 + 2 兀 ） = 6 cos (2t 2 ); thus, 
f = S-f = 6cos ( 2t2 )- 2t 今 f =6cos(0)-0 = 0 

t=0 


58. t = (u 2 + 2u) 1/3 冷盖 =1 (u 2 + 2u) _2/3 (2u + 2) = | (u 2 + 2u)' 2/3 (u + 1); s = t 2 + 5t 今 | = 2t + 5 
= 2 (u 2 + 2u) 1/3 + 5; thus I = I • ^ = [2 (u 2 + 2u) 1/3 + 5] (-) (u 2 + 2u) _2/3 (u + 1) 
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ds I 

du I u=2 


59. r = 8 sin 


^ fl. 

60 . eh + e-~ 


(I) (2 2 + 2(2) 厂 2/3 (2 + 1) = 2 (2 - 8" 3 + 5) (8_ 2 / 3 ) = 2(2 • 2 + 5) Q) 






(02 + 7)1/3 


;o that 莹 I 


: sin x _x. dy 

^2+r ^ 


( 0 , 1 ) 


-y2/3 


63. f(t) 


2t 


(2t + 2h+l)(2t+l)h — (2t + 2h+ l)(2t+ 1) 
-2 

(2tTT)2 


^ 丄 VU — mu 

h^O 


d (2t + 2h+l)(2t+l) 


64. g(x) = 2x 2 + 1 and g(x + h) 二 2(x + h) 2 + 1 = 2x 2 + 4xh + 2h 2 + 1 泠 g(x+h ^~ g(x) 

=( 2x2 + 4xh + 2h2 + 1 )~( 2x2 + 1 ) = M±2h! =4x + 2h ^ g ， (x) = lim g(x+h ^~ g(x) = lim (4x + 2h) 


4x 


h — o 


h^O 


65. (a) 



f(x) = 


x 2 ,-l ^x<0 
-x 2 , 0 < ;c < 1 


(b) lim f(x) = lim x 2 = 0 and lim f(x) = lim —x 2 = 0 lim f(x) = 0. Since lim f(x) = 0 = f(0) it 

x ^ 0 _ x ^ 0 _ x ^ 0 + x ^ 0 + x ^ 0 x ^ 0 

follows that f is continuous at x 二 0. 

(c) lim f’(x) = lim (2x) = 0 and lim f’(x) = lim (—2x) = 0 =>• lim f’(x) = 0. Since this limit exists, it 

x ^ 0 _ x ^ 0 _ x — 0+ x — 0+ x ^ 0 


l s + 5 j ^ I =8cos(s+|j;w=sin(Vr-2j ^ ^ =cos(Vr-2j 


> sin (s + I) — 2 


； thus, f = 祭 ■ 塞 


cos (^/8 sin (s + I) - 2) 

sin (s + |) ， —— ， ds dr ds ^2^8 sin(s + |) 

;(^8^(|)-2)-8 008 ( 1 ) _ (cos 0)(8) (#) r- 

V 8sin d) — ~^~ — 


[8 I 


0] 


dt 


0 ^ f (26»t+ 1) 


=i 


: 1 > (6> 2 + t(26> f)) 

I (6 2 + 7)— 2 / 3 (2 沒 ） =^0 (6 2 7) 2 / 3 ; now t = 0 and 6 2 t + 0 

= ⑴ （ _1 )= 




=^ 


1 s 


Ul+7) 


「 2/3 




1 

- dr I . 

, d9\ 

1 t=0 

'de \ t=0 

dt 1 


2 cos x => 3y 


2 dy I dy 
石 + 五 


—2 sinx => g (3y 2 + 1) = —2 sin x 今砮 


( 0 ) 


0 


d 2 y (3y 2 + 1) (-2 cos x) - (-2 sin x) (6y 砮 ) 


( 0 , 1 ) 


— (3y 2 + l^ 

(3 + 1)(—2 cos 0) — (—2 sin 0)(6-0) _ 
(3 + 1) 2 : 


^2 


L /3 二 4 # I x _2/3 + 士 y _ 


dx 


= o 今努 


(x 明 ) (_| y -i/3 g)-(-y^)(|x-V3) 


(x 2 /3) 2 


X 






dx 


(8,8) 


y 2/3 

^73 




( 8 , 8 ) 


1 . dy _ I 
丄 ， dx 一 


_ (8 2 , 3 ) [- f + (8 2 , 3 ) (i-8- 1 / 3 ) 

~ 8^73 


- andf(t + h)= ^(t+VTT 今 


f(t + h)-f(t) 


2(t+h)+l 


. 2t+I 


2t+l-(2t + 2h+l) 


-2h 


h — h — (2t + 2h+l)(2t+ l)h 

以 “、 _ f(t + h)-f(t) _ 1- -2 


2(2 2 + 2(2)) 1/3 + 5 


dr 丽 drld^y 

泠 Ind , 


y 

6 


0 

It 


+ys 

3 

1/ 泠 
X 

2 . 

6 


1 3+ w 
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follows that f is differentiable at x = 0. 


66. (a) 


(b) 



f(x) 


lim tan x 

: — 0+ 


0 泠 


follows that f is continuous at x = 0. 


lim f(x) = 0. Since lim f(x) = 0 = f(0), it 
x —> 0 x ^ 0 


(c) x lim_f(x) = x lim_ 1 = 1 and x 1 丄 m o+ f (X) = x 1 丄 m o+ W x=l ^ ^^)=1. Since this limit exists it 
follows that f is differentiable at x = 0. 


67. (a) 


\x, 0<x< 1 

|2 — j：, l<x<2 


八 


(b) lim f(x) = lin 

X ^ 1 _ X ^ 


1 and lim f(x) = lim (2 — x) = 1 => lim f(x) 

X—1+ X—1+ X — 1 


1. Since lim f(x) 
x —^ 1 


f(l), it 


follows that f is continuous at x = 1. 

(c) lim f’(x) = lim 1 = 1 and lim f’(x) = lim 

X ^ 1 _ x 4 1 _ X —> 1 + x —> 1 + 

not exist ^ f is not differentiable at x = 1. 


-1 =>■ lir 

X ^ 


f’(x) 〆 lim f’(x)，so lim f’(x) does 

X ^ 1+ x 4 1 


68. (a) lim f(x) = lim sin 2x = 0 and lim f(x) = lim mx = 0 => lim f(x) = 0, independent of m; since 

x ^ 0 _ x — 0 _ x — 0+ x —>• 0 + x — 0 

f(0) = 0 = lim f(x) it follows that f is continuous at x = 0 for all values of m. 

x ^ 0 

(b) lim f’(x) = lim (sin 2x)’ = lim 2 cos 2x = 2 and lim f’(x) = lim (mx)’ = lim m = m => f is 
x^O- x 4 0- V x 4 0- x 4 0+ x 4 0+ x 4 0+ 

differentiable at x = 0 provided that lim f'x) = lim f 7 (x) m = 2. 

x — cr x — o+ 

69. y = I + 2^4 = I x + (2x — 4) _1 > 砮 =| — 2(2x — 4) -2 ; the slope of the tangent is — | 4 — | 

=! — 2(2x- 4)_ 2 令 —2 = -2(2x — 4 )_ 2 泠 1 = ; (2x — 4) 2 = 1 今 4x 2 — 16x + 16 = 1 

4x 2 — 16x + 15 = 0 ^ (2x — 5)(2x — 3) = 0 => x=|orx=| => ( 昼，聲 ） and — are points on the 
curve where the slope is — |. 


70. y = x_ 去 4 裝 = 1 + 南 = 1 + 占； the slope of the tangent is 3 4 3 = 1 + 泰 2 = ^ x 2 = \ 

=> x = zb I (I， — I) and (— I ， I) are points on the curve where the slope is 3. 

71. y = 2x 3 — 3x 2 — 12x + 20 =>- 装 = 6x 2 — 6x — 12; the tangent is parallel to the x-axis when 裝 = 0 

4 6x 2 — 6x — 12 = 0 => x 2 —x — 2 = 0 ^ (x — 2)(x + 1) = 0 x = 2 or x = — 1 4 (2,0) and (—1, 27) are 
points on the curve where the tangent is parallel to the x-axis. 


72. y = x 3 穿 = 3x 2 => ^ = 12; an equation of the tangent line at (—2, —8) is y + 8 = 12(x + 2) 

' QX aX (-2,-8) ‘ ' 
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-x + ! + 1 ; the normal at (| ， 1 ) is 


d)(^ 


f) ^ y = x-l + i 



V 


3n/2 


2n 


y--x + 1 


77. y = x 2 + C => ^ = 2x and y = x => g = 1; the parabola is tangent to y = x when 2x = l ^ x = ^ 
thus, 辜 =( 垂） H - C =>- C = * 

78. y = x 3 =>■ 裝 = 3x 2 => 塞 = 3a 2 ^ the tangent line at (a, a 3 ) is y — a 3 = 3a 2 (x — a). The tangent line 

x=a 

intersects y = x 3 when x 3 _ a 3 = 3a 2 (x — a) ^ (x — a) (x 2 + xa + a 2 ) = 3a 2 (x — a) (x — a) (x 2 + xa — 2a 2 ) = 0 
4 (x — a) 2 (x + 2a) 二 0 4 x = aorx = —2a. Now ^ = 3(—2a) 2 = 12a 2 = 4 (3a 2 ), so the slope at 

QX x=-2a 

x = —2a is 4 times as large as the slope at (a, a 3 ) where x = a. 

79. The line through (0,3) and (5,-2) has slope m = 3 匕 ~g 2 ) = — 1 => the line through (0,3) and (5, —2) is 
y = -x + 3;y=^y ^ ^ = (^ 7 ) 2 , so the curve is tangent toy=—x + 3 泠塞 =— 1 = 

4 (x + l ) 2 = c,x ^ — 1. Moreover, y = intersects y = —x + 3 =>■ = —x + 3, x ^ — 1 

4 c = (x + 1)(—x + 3), x ^ —1. Thus c = c => (x + l ) 2 = (x + 1)(—x + 3) ^ (x + l)[x + 1 — (—x + 3)] 

= 0, x — 1 => (x + l)(2x — 2) = 0 =>• x = 1 (since x ^ —1) c = 4. 
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4 y = 12 x + 16; x-intercept: 0 = 12 x + 16 x = — | => (— 0 ) ; y-intercept: y = 12 ( 0 ) + 16 = 16 => (0,16) 


T4^ d I 


73. y = 2x 3 - 3x 2 — 12x + 20 泠 g = 6x 2 — 6x — 12 

(a) The tangent is perpendicular to the line y = 1 — 24 wn^n ^ _ ⑷ 

4 x 2 — x — 2 = 4 x 2 —x — 6 = 0 4 (x — 3)(x + 2) = 0 ^ x : 

1 - 

\fl — 12x when ^ = —12 =>• 


points where the tangent is perpendicular to y — 1 — 24 . 
(b) The tangent is parallel to the line y 


二 24; 6 x 2 - 6 x - 12 = 24 

-2orx = 3 4 (—2,16) and (3,11) are 


6 x- 12 


-12 ^ x 2 


0 


4 x(x — 1 ) 二 0 4 x 
y = a/ 2 - 12x. 


0 or x = 1 ^ (0,20) and (1,7) are points where the tangent is parallel to 


74. y ： 


7r sin x dy 




x(vr cos x) — (7r sin x)(l) 


=> mi 


Since mi 


the tangents intersect at right angles. 


1 . 


75. y = tan x, 


I< x <I ^ 




sec 2 x; now the slope 


of y 

y = 


一 3 1S 一 2 

着 when g 


=> the normal line is parallel to 
= 2. Thus, sec 2 x 


=>• COS X 


=> COS X = 与 => X 


2 ^ ^2^ — 2 
=- f and X = f 


for — I < x < I (— I ， —l) and (|, l) are points 


where the normal is parallel to y 



76. y = 1 + cos x ^ = —sin x => 裝 
the tangent at l) is the line y — 


(l ， i) 

1 = 



== 一 1 an d m 2 = 裝 


vw 11 


y 
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80. Let (b, 士 \/a 2 - b 2 ) be a point on the circle x 2 + y 2 = a 2 . Then x 2 + y 2 = a 2 ^ 2x + 2y ^ = 0 => 盖 = -爹 

has slope ± v a ^~ t)2 ^ normal line is 

y — (士 \/a 2 - b 2 ) = 士 v^_b 2 ( x — b) > y 干 i^/a 2 — b 2 = 土 v^_b 2 x 干 y / a 2 _ ^2 # y = 士 Va:- b 2 x 
which passes through the origin. 

81. x 2 + 2y 2 = 9 =>• 2x + 4y ^ = 0 => 砮 =—§ > 砮 ⑽ =_ $ 令 the tangent line is y = 2 - | (x - 1) 

=—$ x + 聲 and the normal line is y = 2 + 4(x — 1) = 4x — 2. 

82. x 3 + y 2 = 2 => 3x 2 + 2y 裝 = 0 4 裝 = 砮 = — | => the tangent line is y = 1 + 孕 (x - 1) 

=— 參 x + I and the normal line isy=l + |(x — l)=|x+^. 

83. x y + 2x —5y = 2 今 (x | + y) + 2 - 5 | = 0 ^ g (x - 5) =-y - 2 ^ | = ^ 砮 |( 3 , 2 ) = 2 

^ the tangent line is y = 2 + 2(x — 3) = 2x — 4 and the normal line isy = 2+ ^-(x — 3) = — |x+|. 

84. (y-x) 2 = 2x + 4 ^ 2 (y _ X) (g — l)=2 今 (y - x) ^ = 1 + (y - x) ^ ^ 裝 |( 6 , 2 ) = 聋 

=> the tangent line is y = 2 + 言 （x _ 6) = ^ x — | and the normal line is y = 2 — | (x — 6) = — | x + 10. 

85. X+ ^/xy = 641 + 2 ^ ( x ^ + y) = 0 x S+y = ~ 2 \^y ^ S = 2v ^ y 今砮( 41 广 X 

=>■ the tangent line is y = 1 — 聋 (x — 4) = — !x + 6 and the normal line is y = 1 + ^ (x — 4) = | x — y . 

86. x 3 / 2 + 2y 3 / 2 = 17 今 I x" 2 + 3y" 2 砮 = 0 今砮=赛今砮 |^) = — i ^ the tangent line is 

y = 4—|(x — 1) = — and the normal line is y = 4 + 4(x — 1) 二 4x. 

87. xV + y 2 =x + y ^ [x 3 ( 3 y 2 g) + y 3 ( 3x 2 )] + 2y g = 1 + ^ ^ 3x 3 y 2 砮 + 2y 砮一砮 =1 — 3xV 

4 |(3xV + 2y—1) = 1—3xV 今 = => || Hi =-ibut^| is undefined. 

Therefore, the curve has slope — \ at (1,1) but the slope is undefined at (1 ，一 1). 

88. y = sin (x — sin x) => ^ = [cos (x — sin x)](l — cos x); y = 0 sin (x — sin x) = 0 x — sin x 二 kn, 

k = —2, —1,0, 1,2 (for our interval) => cos (x — sin x) = cos (k7r) = 士 1. Therefore, 装 = 0 and y = 0 when 
1 — cos x = 0 and x = k7r. For _2 丌 < x < 2 丌 ， these equations hold when k = —2, 0, and 2 (since 
cos (—7r) = cos 7T = —1). Thus the curve has horizontal tangents at the x-axis for the x-values — 2 丌， 0, and 2tt 
(which are even integer multiples of tt) the curve has an infinite number of horizontal tangents. 




+\/ a 2 — h 2 


4 


normal line through (b, 士 \J a 2 — b 2 ] 


89. x ： 


会 tan t，y = 会 sec t ^ 


4 x = - tan f = 幸 and y 


dy/dt 

^ sec t tan t 

tant c i n t 


dy 


• TT 

— sin 3 

— dx/dt — 

\ sec 2 t 

sect - S1Ilt 

dx 

t=7r/3 

! sec f = 

二 1 4 y = 

=^ x + 5 ； 

d 2 y 

_ dy’/dt _ 

cos t 

dx 2 

dx/dt 

| sec 2 1 


4 .八 


I t=7r/3 


2 cos 3 (!) 


90. x = 1 


,y = i —? 泠 


dy — dy/dt 
dx — dx/dt 




=^ 


(2) = -3;t = 2 x 


¥ 


and 
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2 泠 


y = -3x + ^；S 


dy’/dt 

dx/dt 


(-!) 


!t 3 


=> 




I (2) 3 = 6 


91. B = graph of f, A = graph of f’. Curve B cannot be the derivative of A because A has only negative slopes 
while some of B’s values are positive. 

92. A = graph of f, B = graph of f’. Curve A cannot be the derivative of B because B has only negative slopes 
while A has positive values for x > 0. 


93. 


94. 


(- 

: \i 61) 

l/ 1 1 1 | 1 、 r 

H.O) 

y = f ⑻ 

(4.1) 

-1 

1 4 6 

x\ 



A 

(6.-1) 




^11-2) 


95. (a) 0,0 

96. rabbits/day and foxes/day 


(b) largest 1700, smallest about 1400 


97 ' x^O 


2x 2 — x 


x^0 


(宇） 


(2x-l) 




98 lim 3x - tan 7x _ i ； w ( 3x sin 7x 


x —> 0 


(I 2xcos7x ； 


)=I _ ' 穿 . = 1 _ ' 1 ' D = 

99- r lim 0 ^= r l ™ (宇 • L G ) ⑴ r # 0 _ = ⑴⑴⑴ = 5 


100. 0 l L m o ^=,lim o (^) (^)=^m o ^-1. Let x = sm .. Then x ^ 0 as ^ 0 


6> — 0 

x 0 




101 ' ^ tan2 、 +5+ 


4 + 


tan 2 g / 

+ 丄） 


(4 + 0 + 0) _ 
d+0) 


102- 0 lim + 5cot d 8 e 


lim 


(丄 


0+ ( 5 - 丄 - 丄） 


( 0 - 2 ) 

(5-0-0) 


103. lim 


lim 


lim 


lim 


0 2-2COSX - x % Ai 0 2(1-cos X) - X % x Q 2 ( 2 sin2 (D) _ x^0 
(I) • (I) • sin> 

. sin (!) sin (l) x 


卜 2 (!) 


x^o 


(D(l)(l) = 1 


104. 

lim 

1—cos 6 

=lim 

9^0 

ff 2 

105. 

lim 

tan x ― 

lim ( 


x —> 0 

X 

x —> 0 


^^ 


1 ♦ sin x 

cos x x 


lim 

0^0 


sin (!) sin (!) 

1IT * H 


(1)(1) G) 


)=1; let 沒 =tan x^^^Oasx^O^- lim g(x) = lim 
' y — ^ n y — n 


tan (tan x) 


lim = 1. Therefore, to make g continuous at the origin, define g(0) = 1. 
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106. 


x lim o f(x) = x lim o 


tan (tan x) 
sin (sin x) 


= x^0 


tan (tan x) 
tan x 


sin x 

sin (sin x) 



cos x 




sin x 

sin (sin x) 


(using the result of 


#105); let 0 = sin x ^ 0 ^ 0 as x ^ 0 ^ 5 ^ = Jim。^ = 1. Therefore, to make f 

continuous at the origin, define f( 0 ) = 1 . 


107. (a) S = 27rr 2 + 27rrh and h constant => 署 = 47rr 羞 + 27rh 羞 = (4 灯 + 27rh ) 奢 

(b) S = 27rr 2 + 27rrh and r constant 4 管 = ^ 

(c) S = 27rr 2 + 27rrh f = 4 7rr | + 2 tt (r f + h |) = (4 灯 + 2?rh) | + 27rr f 

(d) S constant ^ f = 0 0 = (4 tit+ 2?rh) | + 2?rr f (2r + h) | = —r 莹今 | = 5^ f 


108. S = Trr^r 2 + h 2 泠 f 


( r 宰 + h 菩） 


r\/r 2 + h 2 gj 


⑻ h constant ^ f =0 ^ f = 


- 7T 




7 r\/ r 2 + h 2 + -rf= 


v^+h2. 


dr 

dt 


(b) r constant 


(c) In general , 璧 


= 0 ^ f 

7T\/ r 2 + h 2 + 


7rrh dh 
x/r 2 +h 2 dt 


7TT 2 


\/r 2 +h 2 . 


dr 


7rrh 


dh 


五 x/r 2 +h 2 dt 


109. A = ?rr 2 4 给 = 2?rr f ; so r = 10 and | 


m/sec => 


dA 


(2 丌 )(10) (— ■) = —40 m 2 /sec 


110. V = s 3 =>• 棠 = 3s 2 • 罃 =>• ^ = 3^2 ^ ; so s = 20 and ^ = 1200 cm 3 /min => 奢 =(1200) = 1 cm/min 


in .螌 


-1 ohm/sec, ^ 


0.5 ohm/sec; and ^ = 去 


X . ^1 dR 

^ W ~dt 


Ri = 75 ohms and R 2 = 50 ohms ^ ^ ^ ^ => R 


诗蟄— Als 。， 

30 ohms. Therefore, from the derivative equation, 


-1 dR _ -1 
(30? — (75)2 


(- 1 ) 


(50? 


(0.5) 


(iks 


5 m) 




dR _ r _Q nn > / 5000-5625 \ — 9(625) 

dt — 、 yyjyjJ V 5625-5000 ) ~ 50(5625) 


50 


0.02 ohm/sec. 


112. 尝 = 3 ohms/sec and ^ —2 ohms/sec; Z 二 \/R 2 + X 2 ^ = R ^ 2 + ^J r so that R = 10 ohms and 

X = 20 ohms ^ § = ( 1 Q)( / 3 ) t ( 2 Q)( 7 2) = -0.45 ohm/sec. 

dt Vl0 2 + 20 2 V5 

113. Given 营 =10 m/sec and 签 = 5 m/sec, let D be the distance from the origin ^ D 2 = x 2 + y 2 4 2D ^ 

= 2xg+2yf ^ Df =x|+yf . When (x, y) = (3, -4), D = ^3 2 + (-4 ) 2 = 5 and 
5 蒂 =(5)(10) + (12)(5)=> 菩 =〒= 22. Therefore, the particle is moving away from the origin at 22 m/sec 
(because the distance D is increasing). 


114. Let D be the distance from the origin. We are given that 栗 =11 units/sec. Then D 2 = x 2 + y 2 

=x 2 + (x 3 / 2 ) 2 = X 2 + x 3 今 2D f = 2x I + 3x 2 f = x(2 + 3x) I; x = 3 ^ D= ^3 2 + 3 3 = 6 
and substitution in the derivative equation gives (2)(6)(11) = (3)(2 + 9) 管 =>• 祭 = 4 units/sec. 

115. (a) From the diagram we have ^ — 7 r — f h. 

( b ) V = 5 7rr 2 h = ! 7T (昏 h) 2 h = 警今穿 = 響莹， s 。 蝥 =_5 and h = 6 4 费 = -篇 ft / min . 


116. From the sketch in the text, s = ^ 羞 s r 窠 + 0 羞 . Also r = 1.2 is constant => 室 = 0 

^ f t =rf t = (1.2) f t . Therefore, | =6 ft/sec and r = 1.2 ft o f t = 5 rad/sec 
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117. (a) From the sketch in the text, ^ = —0.6 rad/sec and x = tan 0. Also x = tan 沒 4 奢 =sec 2 0 盖； at 
point A, x = = = (sec 2 0) (—0.6) = —0.6. Therefore the speed of the light is 0.6 = 

when it reaches point A. 


⑼ ^ 


1 rev 
2n rad 


60 sec 
min 


f revs/min 


km/sec 


118. From the figure, f = —=> f 


\/b 2 — r 2 


.We are given 


that r is constant. Differentiation gives, 


da 


* dF 




2r and f 


b 2_ r 2 

一 0.3r 


.Then, 




da 

dt 


\/(2r) 2 -r2(-0.3r)-(2r ) (恭 
(2r) 2 - r 2 


y 



A/^(-0.3r)+^^ 


— 3r — ( 3r2)( U tf)(a3r ) = 誤 =☆ m/sec. Since ^ is positive, 

the distance OA is increasing when OB = 2r, and B is moving toward O at the rate of 0.3r m/sec. 


119. (a) If f(x) = tan x and x = — |, then f’(x) = sec 2 x, 

f (— |) = —1 and f (— |) =2. The linearization of 
f(x) is L(x) = 2 (x + 牙 ） + (— 1) = 2x + . 


(b) 


If f(x) = sec x and x = — |, then f’(x) = sec x tan x, 
f (— 牙 ） = y/l and f’ （ ― 牙） = —\/~2. The linearization 
of f(x) is L(x) = - (x + |) + \fl 


=-V^x+ 




120.f(x) = 1+ [ anx 4 f’(x) = (1 + S tanx)2 .The linearization at x = 0 is L ⑻ = f’ ⑼ (x - 0) + f(0) = 1 — x. 


121.f(x) = \/x + 1 + sin x — 0.5 = (x + l)" 2 + sin x — 0.5 => f’(x) = (!) (x + 1) _1 / 2 + cos x 

令 L(x) = f’(0)(x - 0) + f(0) = 1.5(x 一 0) + 0.5 泠 L(x) = 1.5x + 0.5, the linearization of f(x). 


122.f(x) = \ 

= 0^? + 57TTI 


x-3.1 = 2(1 - X )— 1 + (1 + x) 1 / 2 _ 3.1 4 f(x) = -2(1 - x)- 2 (-l) + |(1 + X )— 1 / 2 
=>• L(x) = f’(0)(x — 0) + f(0) = 2.5x — 0.1, the linearization of f(x). 


123.S = 7T r\/r 2 + h 2 , r constant dS = 丌 r . !(r 2 + h 2 ) _1//2 2h dh 二 


^ dS = 


7r r ho (dh) 

xA 2 +h§ 


^=pdh. Height changes from ho to ho + dh 
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124. (a) S = 6 r 2 => dS = 12r dr. We want |dS| < (2%)S => |12rdr| < ^ |dr| < ^ . The measurement of the 

edge r must have an error less than 1 %. 

(b) When V = r 3 , then dV = 3r 2 dr. The accuracy of the volume is ( 癸 ) （ 100%) = (100%) 

=(f) (dr)(100%) = (f) ( 4 ) (100%) = 3% 

125. C = 27it =>• r = 务 ， S = 47 rr 2 = ^ , and V = 1 7 rr 3 = 备 .It also follows that dr = 去 dC, dS = 學 dC and 
dV = ^2 dC. Recall that C = 10 cm and dC = 0.4 cm. 

(a) dr = 砮 = 罕 cm 4 (f) (100%) = (f) (|) (100%) = (.04)(100%) = 4% 

(b) dS = f (0.4) = ^cm ^ (f) (100%) = (f) (^) (100%) = 8 % 

(c) dV = 盛 (0.4) = f cm ^ (f) (100%) = (f) ⑻ ) (100%) = 12% 

126. Similar triangles yield ^ ^ h = 14 ft. The same triangles imply that h = 120a- 1 + 6 

=> dh = —120a - 2 da 二—爭 da =( — 學 )( 士吾 ） = ( _ 错） （ 士吾） = 士嘉 。士 .0444 ft = 士 0.53 inches. 

CHAPTER 3 ADDITIONAL AND ADVANCED EXERCISES 

1. (a) sin 26 = 2 sin 6 cos ^ ^ (sin 20) = ^ (2 sin 6 cos 6) 2 cos 29 = 2[(sin 0)(—sin 6) + (cos 9)(cos 6)] 

^ cos 20 = cos 2 6 — sin 2 0 

(b) cos 26 = cos 2 6 — sin 2 6 (cos 29) = ^ (cos 2 0 — sin 2 6) => —2 sin 20 = (2 cos 0)(—sin 6) — (2 sin 9)(cos 6) 
=> sin 29 = cos 沒 sin 沒 + sin 6 cos 6 ^ sin 20 = 2 sin 0 cos 6 

2. The derivative of sin (x + a) = sin x cos a + cos x sin a with respect to x is 

cos (x + a) = cos x cos a — sin x sin a, which is also an identity. This principle does not apply to the 
equation x 2 — 2x — 8 = 0, since x 2 — 2x — 8 = 0 is not an identity: it holds for 2 values of x (—2 and 4)，but not 
for all x. 


3. (a) f(x) = cos x 4 f’(x) = —sin x 4 f"(x) = —cos x, and g(x) = a + bx + cx 2 ^ g’(x) = b + 2cx => g’’(x) = 2c; 

also, f( 0 ) 二 g( 0 ) 泠 cos ( 0 ) = a 泠 a = 1 ; f’( 0 ) = g’( 0 ) 泠 -sin( 0 ) = b 泠 b = 0 ; f"( 0 ) = g"( 0 ) 

^ —cos (0) = 2c =>• c = — - . Therefore, g(x) = 1 — | x 2 . 

(b) f(x) = sin (x + a) => f’(x) = cos (x + a), and g(x) = b sin x + c cos x ^ g’(x) = b cos x — c sin x; also, 
f( 0 ) = g( 0 ) => sin (a ) 二 b sin ( 0 ) + c cos ( 0 ) => c = sin a; f’( 0 ) = g’( 0 ) => cos ⑻ =b cos ( 0 ) — c sin ( 0 ) 

4 b = cos a. Therefore, g(x) = sin x cos a + cos x sin a. 

(c) When f(x) = cos x ， f’’’(x) = sin x and f( 4 )(x) = cos x; when g(x) = 1 — ^ x 2 , g’’’(x) 二 0 and g( 4 )(x) = 0. 

Thus f //r (0) = 0 = g^^O) so the third derivatives agree at x = 0. However, the fourth derivatives do not 
agree since f ⑷ (0) = 1 but g ⑷ (0) = 0. In case (b), when f(x) = sin (x + a) and g(x) 

=sin x cos a + cos x sin a, notice that f(x) = g(x) for all x, not just x = 0. Since this is an identity, we 

have f ( n )(x) = g( n )(x) for any x and any positive integer n. 

4. (a) y = sin x y' = cos x ^ y r, = —sin x ^ y" + y = —sin x + sin x = 0; y = cos x => y r = —sin x 

=> y" = —cos x ^ y" + y = —cos x + cos x = 0; y = a cos x + b sin x => y’ = —a sin x + b cos x 
=> y" = —a cos x — b sin x =>• y" + y = (—a cos x — b sin x) + (a cos x + b sin x) = 0 
(b) y = sin (2x) => y’ = 2 cos (2x) => y 〃 = —4 sin (2x) y" + 4y = —4 sin (2x) + 4 sin (2x) = 0. Similarly, 
y = cos (2x) and y = a cos (2x) + b sin (2x) satisfy the differential equation y’’ + 4y = 0. In general, 
y = cos (mx)，y = sin (mx) and y = a cos (mx) + b sin (mx) satisfy the differential equation y" + m 2 y = 0 . 
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5. If the circle (x — h) 2 + (y — k) 2 = a 2 and y = x 2 + 1 are tangent at (1 ， 2), then the slope of this tangent is 
m = 2x| (12) = 2 and the tangent line is y = 2x. The line containing (h, k) and (1,2) is perpendicular to 

y = 2x 4 = ~ \ ^ h = 5 — 2k ^ the location of the center is (5 — 2k, k). Also, (x — h) 2 + (y — k) 2 = a 2 

^ x — h + (y — k)y r = 041 + (y’) 2 + (y — k)y" = 0 =>• y" = 1 〔丄 y ;) . At the point (1 ， 2) we know 
y’ = 2 from the tangent line and that y" = 2 from the parabola. Since the second derivatives are equal at (1,2) 
we obtain 2 = # k = | • Then h = 5 — 2k 二 一 4 4 the circle is (x + 4) 2 + (y — !) 2 = a 2 . Since (1 ， 2) 

lies on the circle we have that a = • 

6. The total revenue is the number of people times the price of the fare: r(x) = xp = x(3 — ^) 2 , where 

0 < x < 60. The marginal revenue is 蛊 =(3 - 聶 ) 2 + 2x (3 - 聶 )( - 忐 ） 4 差 =( 3 _ 昜 ) [( 3 _ 聶 )- 藉 ] 

= 3(3 — 5)(1 — 命 ). Then 盖 = 0 4 x = 40 (since x = 120 does not belong to the domain). When 40 people 

are on the bus the marginal revenue is zero and the fare is p(40) = (3 — ^) 2 = $4.00. 


7. (a) y = uv> ^ = ^v + u^ = (0.04u)v + u(0.05v) = 0.09uv 二 0.09y the rate of growth of the total production is 
9% per year. 

(b) If 莹 =—0_02u and 祭 = 0.03v, then ^ = (—0.02u)v + (0.03v)u = O.Oluv = O.Oly, increasing at 1% per 
year. 


8. When x 2 + y 2 = 225, then y’ = — $ . The tangent 
line to the balloon at (12, —9) is y + 9 = | (x — 12) 
y = I x — 25. The top of the gondola is 15 + 8 
= 23 ft below the center of the balloon. The inter¬ 
section of y = —23 and y = | x — 25 is at the far 
right edge of the gondola —23 = | x — 25 
^ x = I- Thus the gondola is 2x = 3 ft wide. 


y 


~T >X 

T 

15 ft 


8 ft 

± 


NOT TO SCALE 



义 2 + y 2 = 225 


■ (4/3)x-25 


Width 


(-12,-9) 

Suspension cables 

Gondola 


9. Answers will vary. Here is one possibility. 


10. s(t) = 10 cos (t + I) ^ v(t) = t = -10 sin (t + |) ^ a(t)= 莹 =|| = 一 10 cos (t + 牙） 

(a) s(0) = 10cos(|) = ^ 

(b) Left: -10, Right: 10 

(c) Solving 10 cos (t + |) = —10 => cos (t + |) = — 1 t= ^ when the particle is farthest to the left. 

Solving 10 cos (t + |) = 10 4 cos (t+|) = l => t = — 牙 ， but t > 0 ^ t 二 2 丌 + 子 = 孕 when the particle 
is farthest to the right. Thus, v ( 誓 ) = 0, v ( 宇 ） = 0, a ( 誓 ） = 10, and a ( 孕） =—10. 

(d) Solving 10cos(t+|) =0 => t= I =» v(|) = — 10, |v (f) I = 10 and a(|) = 0. 
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11. (a) s(t) = 64t — 16t 2 => v(t) = ^ = 64 — 32t = 32(2 — t). The maximum height is reached when v(t) = 0 

t = 2 sec. The velocity when it leaves the hand is v(0) = 64 ft/sec. 

(b) s(t) = 64t — 2.6t 2 => v ⑴ = 奢 = 64 — 5.2t. The maximum height is reached when v(t) = 0 t ~ 12.31 sec. 
The maximum height is about s(12.31) = 393.85 ft. 

12. si = 3t 3 - 12t 2 + 18t + 5 and s 2 = -t 3 + 9t 2 — 12t 泠 v；l = 9t 2 — 24t + 18 and v 2 = -3t 2 + 18t- 12; Vi = v 2 

9t 2 — 24t + 18 = — 3t 2 + 18t — 12 =>• 2t 2 _ 7t + 5 = 0 4 (t — l)(2t — 5) = 0 t = 1 sec and t = 2.5 sec. 

13. m(v 2 -vg)=k(xg-x 2 ) ^ m(2vf)=k(-2x|) ^ m|=k(-|) | ^ m f =-kx (I) f. Then 
substituting ^ = v =>• m 尝 = —kx, as claimed. 

14. (a) x = At 2 +Bt + Con[ti 5 t 2 ] v = f =2At + B 4 v ( 平 ) =2A ( 中 ) + B = A (ti +1 2 ) + B is the 

instantaneous velocity at the midpoint. The average velocity over the time interval is v av = 差 

_ ( At 2 + Bt 2 + C) - (Atj + Bti + C) _ (t 2 - ti) [A (t 2 +ti) +B] = 八 “ +t)+B 

t2 — ti t2 — ti 、 Z / • 

(b) On the graph of the parabola x = At 2 + Bt + C, the slope of the curve at the midpoint of the interval 
[ti ， t 2 ] is the same as the average slope of the curve over the interval. 

15. (a) To be continuous at x = 丌 requires that lim_sinx= lim (mx + b) => 0 = m7r + b =>• m =—-; 

X — 7T X —>• 7T + n 

{ COS X X 7T 

’ \ is differentiable at x = 丌 ， then lim_ cos x = m ^ m = —1 and b = 丌 . 

HI, X > 7T X -)• 7T _ 

16. f(x) is continuous at 0 because lim 1 — cosx = 0 = f(0). f’(0) = lim f ⑻ _ 乂 ⑼ =lim x — 0 
w x — 0 x w x^O x _ 0 x^O x 

=lim ( 1 ~^ 2 OSx ) (1 + cosx) = lim (^^) 2 ( l + ^ osx ) = \ . Therefore f,(0) exists with value |. 
x ^ 0 x ^ 0 


17. (a) For all a, b and for all x ^ 2, f is differentiable at x. Next, f differentiable at x = 2 => f continuous at x = 2 


(b) 


lim f(x) = f(2) =>• 2a = 4a — 2b + 3 => 2a — 2b + 3 = 0. Also, f differentiable at x ^ 2 

x —> 2 _ 


^ f ， (x)= 


f a, x < 2 
i 2ax - b, x > 2 


In order that f r (2) exist we must have a = 2a(2) — b=> a = 4a — b => 3a = b. 


Then 2a — 2b + 3 = 0 and 3a = b 4 a = | and b = g • 

For x < 2, the graph of f is a straight line having a slope of | and passing through the origin; for x > 2, the graph of f 
is a parabola. At x = 2, the value of the y-coordinate on the parabola is | which matches the y-coordinate of the point 
on the straight line at x 二 2. In addition, the slope of the parabola at the match up point is | which is equal to the 


slope of the straight line. Therefore, since the graph is differentiable at the match up point, the graph is smooth there. 


18. (a) For any a, b and for any x ^ —1, g is differentiable at x. Next, g differentiable at x = — 1 g continuous at 

x = —1 => lim g(x) = g(— 1) => —a — 1 + 2b = —a + b => b = 1. Also, g differentiable at x ^ —1 
x —> —1+ • " " 

g’(x) = 1 2 a ; X< 1. In order that g ’(一 1) exist we must have a = 3a(— l) 2 + 1 => a = 3a + 1 

L 3 ax + 1 ， x 〉一 1 。 

a =- 备 . 

(b) For x < —1, the graph of f is a straight line having a slope of — ^ and a y-intercept of 1. For x > —1, the graph of f is 
a parabola. At x = —1 ， the value of the y-coordinate on the parabola is | which matches the y-coordinate of the point 
on the straight line at x = — 1. In addition, the slope of the parabola at the match up point is — ^ which is equal to the 
slope of the straight line. Therefore, since the graph is differentiable at the match up point, the graph is smooth there. 


19. fodd ^ f(-x) = -f(x) 今 A (f(- x )) = ^ (-f(x)) ^ f’(- x )(-l) =-f’( x ) 今 f’(- x ) = f’( x ) 泠 f’is even. 
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20. f even 玲 f(- x ) = f(x) =» A (f(- x )) = ^ (f(x)) =» f’(-x)(—1) = f’(x ) 泠 f'(—x) = —f'(x ) 今 f’is odd. 


21. Leth(x) = (fg)(x) 


f(x) g(x) => h'Cx) = x lim o 


h(x) - h(x 0 ) 

X-Xo 


li m f(x) g(x) _ f(x) g(x 0 ) + f(x) g(x 0 ) - f(x Q ) g(xo) _ n m 


• X 0 


-X 0 


f(x) 


=lim 

X — x 0 
g(x) - g(x 0 ) 

X-X 0 


f(x)g(x)-f(x 0 )g(x 0 ) 

X-Xo 


x^xo 


[g(Xo)[ 


f(x)-f(xo) 

x-x 0 


= f(x 0 ) x ljp x 。 g U: x 。) +g(x 0 )f’(x 0 ) = 0- x l]pi x 。 g( H。) +g(x 0 )f’(x 0 ) = g(x 0 )f’(x 0 )，ifgis 
continuous at xq. Therefore (fg)(x) is differentiable at xq if f(Xo) = 0, and (fg)’ （ xq) = g(xo) 


22. From Exercise 21 we have that fg is differentiable at 0 if f is differentiable at 0, f(0) = 0 and g is continuous 
at 0. 

(a) If f(x) = sin x and g(x) = |x|, then |x| sin x is differentiable because f’(0) = cos (0) = 1 ， f(0) = sin (0) = 0 
and g(x) = |x| is continuous at x = 0. 

(b) If f(x) = sin x and g(x) = x 2 / 3 , then x 2 〆 3 sin x is differentiable because f’(0) = cos (0)=1 ， f(0) = sin (0) = 0 
and g(x) = x 2 / 3 is continuous at x = 0. 

(c) If f(x) = 1 — cos x and g(x) = 3 -\/x, then — cos x) is differentiable because f’(0) = sin(0) = 0, 

f(0) = 1 — cos (0) = 0 and g(x) = x 1 〆 3 is continuous at x = 0. 

(d) If f(x) = x and g(x) = x sin (;) ， then x 2 sin Q) is differentiable because f’(0) = 1 ， f(0) = 0 and 

lim x sin (-) = lim 仙 /;) = lim 手 = 0 (so g is continuous at x = 0). 

23. If f(x) = x and g(x) = x sin (*) , then x 2 sin is differentiable at x = 0 because f’(0) = 1 ， f(0) = 0 and 

- / • i\ • 

lim x sin (-) = lim sm i ^ = lim 字 = 0 (so g is continuous at x = 0). In fact, from Exercise 21, 

x —0 vx/ X — 0 X t — oo 1 

h’(0) = g(0)f’(0) = 0. However, for x ^ 0, h’(x) = [x 2 cos ⑴ ] (— 去 ）+ 2x sin ⑴. But 
lim 。 h’(x) = lim。[—cos ⑴ + 2x sin ⑴] does not exist because cos ⑴ has no limit as x — 0. Therefore, 
the derivative is not continuous at x 二 0 because it has no limit there. 


24. From the given conditions we have f(x + h) = f(x) f(h), f(h) — 1 = hg(h) and lim g(h) = 1. Therefore, 

" h ^ 0 

f’(x) = lim f(x+h 广 f(x) = lim f W f(h) ~ f W = lim f(x) [= f(x) lim g(h)l = f(x) • 1 = f(x) 

h^O h h^O h h — 0 w L h 」 Lh ^ 0 6 J 

^ f’(x) = f(x) and f’(x) exists at every value of x. 

25. Step 1: The formula holds for n = 2 (a single product) since y = U 1 U 2 => g = 磬 u 2 + Ui 聲 . 

Step 2: Assume the formula holds for n = k: 

y = U 1 U 2 - . .u k 4 ^ U 2 U 3 - - U k + Ui 磬 U 3 ...U k + • _ • + U 1 U 2 - - . u k-l 势 . 

If y = U1U2 •- .U k u k+1 = (uiu 2 ---u k ) u k+1 , then ^ = d(UlU d 2 x _ Uk) u k+1 + uiu 2 -- u k ^ 

= (磬 U2U3 … U k + Ui 势 U3".U k + ■•• + U1U2 - - -U k _! 势 ) U k+ 1 + UiU2 •- -u k 

— ^ U 2 U 3 .. U k+ i + Ui 裝 U3 … U k+ i + ... + U1U2. . -U k _! ^ U k+i + U1U2 - - U k . 

Thus the original formula holds for n = (k+1) whenever it holds for n = k. 

26. Recall ⑺ =. Then ⑺ =+ ( 二 ） =+ (k+1)!( - ! _ k _ 1}! 

== ( k m! = (k+D^+Hk+i))! = ("：；)• Now, we prove 
Leibniz's rule by mathematical induction. 


Step 1: 

Ifn 二 

l，then 竽 =ug 

+ v ^ . Assume that the statement is true for n 

=k, that is: 


d k (uv) 

dx k 

=0 v + k E - 

， / k\ d^u , ，/ k \ du , u d^v 

r \2J dx k - 2 dx 2 丁 . ••丁 Vk-1/ dv dx^ 1 丁 u dx k . 


Step 2: 

Ifn = 

k+1, then dk d > v) 

—A dk ( uv )、 — , d^u dv] , u djHi dv 

dx l dx k J Ldx k+1 ' dx k dx 」 丁 dx k dx 

1 i. d k_1 u d 2 v 

卞 K djF 7 dx 5 " 
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(D 


dx k_1 dx 2 


/k\ d k ~ 2 u 

\ 2 > dx^ 


2 u d^v 
dx 3 


( k -.) 


k — 1 / dx 2 dx k_1 


( k -J 


k— 1 / dx dx k 


[e If + u g v + (k+ 1 ) 詰 砮 + [(i) + ( 2 )] I? 


[(上 ）+ 0] 


/k+l\ du dV 
V k / dx dx k 1 u dx 1 


dx dx k 
U … ' 


dx k+1 


dx k+1 


v + (k+l) 


dx k dx 


m 


dx k_1 dx 2 


+ ... 


Therefore the formula (c) holds for n = (k + 1) whenever it holds for n = k. 


(lsec 2 )(32.2fl/sec 2 ) 泠 L « 0.8156 ft 


27. (a) T 2 = ^ ^ L = 0 

(b) x2 = 4 ^l ^ T=dT = 袁 . 点 dL = 为 dL; dT = 加顏 ) V 2f w) (0.01 ft) « 0.00613 sec. 

(c) Since there are 86,400 sec in a day, we have (0.00613 sec) (86,400 sec/day) ~ 529.6 sec/day, or 8.83 min/day; the 
clock will lose about 8.83 min/day. 


28. v = s 3 泠餐 


3s 2 | 


k(6s 2 ) ^ = —2k. If so = the initial length of the cube’s side, then si = So — 2k 

=> 2k 二 so — si. Let t = the time it will take the ice cube to melt. Now, f — — — — - ^- / 

= 73^-11 hr. 


So. 

2k 


So _ Sl — (vo) 1/3 - (fvo) 
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NOTES: 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


CHAPTER 4 APPLICATIONS OF DERIVATIVES 

4.1 EXTREME VALUES OF FUNCTIONS 

1. An absolute minimum at x = C 2 , an absolute maximum at x = b. Theorem 1 guarantees the existence of such 
extreme values because h is continuous on [a, b]. 

2. An absolute minimum at x = b, an absolute maximum at x = c. Theorem 1 guarantees the existence of such 
extreme values because f is continuous on [a, b]. 

3. No absolute minimum. An absolute maximum at x = c. Since the function's domain is an open interval, the 
function does not satisfy the hypotheses of Theorem 1 and need not have absolute extreme values. 

4. No absolute extrema. The function is neither continuous nor defined on a closed interval, so it need not fulfill 
the conclusions of Theorem 1. 

5. An absolute minimum at x = a and an absolute maximum at x = c. Note that y = g(x) is not continuous but 
still has extrema. When the hypothesis of Theorem 1 is satisfied then extrema are guaranteed, but when the 
hypothesis is not satisfied, absolute extrema may or may not occur. 

6. Absolute minimum at x = c and an absolute maximum at x = a. Note that y = g(x) is not continuous but still 
has absolute extrema. When the hypothesis of Theorem 1 is satisfied then extrema are guaranteed, but when 
the hypothesis is not satisfied, absolute extrema may or may not occur. 

7. Local minimum at (—1 ， 0)，local maximum at (1, 0) 

8. Minima at (—2,0) and (2, 0), maximum at (0, 2) 

9. Maximum at (0, 5). Note that there is no minimum since the endpoint (2, 0) is excluded from the graph. 

10. Local maximum at (—3, 0), local minimum at (2, 0), maximum at (1, 2), minimum at (0, —1) 

11. Graph (c), since this the only graph that has positive slope at c. 

12. Graph (b), since this is the only graph that represents a differentiable function at a and b and has negative slope at c. 

13. Graph (d), since this is the only graph representing a funtion that is differentiable at b but not at a. 

14. Graph (a), since this is the only graph that represents a function that is not differentiable at a or b. 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


198 Chapter 4 Applications of Derivatives 


15. f(x) = I x — 5 =>■ f’(x) = I no critical points; 
f(—2) = — y, f(3) = —3 => the absolute maximum 
is _ 3 at x = 3 and the absolute minimum is — y at 
x = —2 


y 



16. f(x) = —x — 4 => f’(x) = —1 no critical points; 
f(—4) = 0, f(l) = —5 =>• the absolute maximum is 0 
at x = —4 and the absolute minimum is —5 at x = 1 



17. f(x) = x 2 — 1 =>• f’(x) = 2x => a critical point at 
x = 0; f(—1) = 0, f(0) = -1 ， f(2) = 3 the absolute 
maximum is 3 at x = 2 and the absolute minimum is — 1 
at x = 0 


y 



18. f(x) = 4 — x 2 => f’(x) = — 2x => a critical point at 
x = 0; f(-3) = -5, f(0) = 4, f(l) = 3 泠 the absolute 
maximum is 4 at x = 0 and the absolute minimum is —5 
at x = —3 



19. F(x)=— 去 =-x - 2 => F’(x) = 2x- 3 = 蠢 ， however 
x = 0 is not a critical point since 0 is not in the domain; 
F(0.5) = —4, F(2) = —0.25 ^ the absolute maximum is 
—0.25 at x = 2 and the absolute minimum is —4 at 
x = 0.5 
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20. F(x) = _ 士 = —x _1 =>• F’(x) = x_ 2 = 去 ， however 
x = 0 is not a critical point since 0 is not in the domain; 
F(—2) = ^ , F(—1) = l the absolute maximum is 1 at 
x = — 1 and the absolute minimum is ! at x = — 2 


(-1J) y 



21. h(x) = \/^ = x " 3 今 h ; (x) = I x~ 2 / 3 ^ a critical point 
at x = 0; h(—1) = —1, h(0) = 0, h(8) = 2 =>• the absolute 
maximum is 2 at x = 8 and the absolute minimum is — 1 
at x = —1 


22. h(x) = —3x 2 / 3 ^ h’(x) = —2x -1 / 3 => a critical point at 
x = 0; h(-l) = -3, h(0) = 0, h(l) = -3 4 the absolute 
maximum is 0 at x = 0 and the absolute minimum is —3 
at x = 1 and at x = _ 1 



23. g(x) = \/4 — x 2 = (4 — x 2 )" 2 

冷 g ， (x) =1(4 - x 2 )- 1/2 (- 2 x) = ^ 

=> critical points at x = —2 and x = 0, but not atx = 2 
because 2 is not in the domain; g(—2) = 0, g(0) = 2 ， 
g(l) = \/3 =>• the absolute maximum is 2 at x = 0 and the 
absolute minimum is 0 at x = —2 

24. g(x) = —\l 5 — x 2 = _ (5 — x 2 ) 1 / 2 (5 — x 2 ) _1 / 2 (_2x) 

g r (x) = — (!) = / x 2 ^ critical points at x = —y/5 

and x = 0, but not at x = y/5 because y/~5 is not in the 
domain; f (— 二 0, f(0) = 

=> the absolute maximum is 0 at x = — \/~5 and the absolute 
minimum is — \/~5 at x 二 0 


y 



y 



25. f ( 沒 ） =sin 沒 => f’ ( 沒 ） =cos 0 =>• 沒 =! is a critical point, 
but 沒 = 子 is not a critical point because ^ is not interior to 
the domain; f ( 守） =— 1， f (!) = 1, f (^) = \ 

^ the absolute maximum is 1 at ^ | and the absolute 

minimum is — 1 at ^ ^ 


y 
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tt/6,2/^3) 
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26. f(0) = tan 0 f r (9) = sec 2 ^ => f has no critical points in 

( 子， I). The extreme values therefore occur at the 
endpoints: f ( 子 ） =—and f = 1 4 the absolute 


maximum is 1 at ^ 


I and the absolute 


minimum 


is — \/?> at 6 


27. g(x) = esc x =>• g’(x) = —(esc x)(cot x) a critical point 
at x = f; g (f) = * ， g (f) = 1， g ( 誓） =♦、 今 the 


absolute maximum is at x 
absolute minimum is 1 at x = 


and x : 


警 ， and the 


28. 


30. 


31. 


32. 


33. 


(7,2) 



0) 


: he absolute 


the absolute 


=4> the absolute 


29. 


g(x) = sec x ^ g’(x) = (sec x)(tan x) a critical point at 
x = 0; g (- I) = 2, g(0) = l,g(f) = ^ ^ the absolute 

maximum is 2 at x = — | and the absolute minimum is 1 
at x = 0 


(-tt/3,2) 



( 


f(t) = 2 - |t| = 2 - = 2 - (t 2 ) 1/2 

4 f(t)=^i(tT 1/2 (2t) = -^ = -| 

^ a critical point at t = 0; f(— 1) = 1 ， 
f(0) = 2, f(3) = _ 1 => the absolute maximum is 2 at t = 0 
and the absolute minimum is — 1 at t = 3 



f(t) = 


5| = ^0^5)2 = ((t ^ 5) 2 ) 1/2 ^ f(t) 


i((t-5) 2 )- 1/2 (2(t-5)) 


-5 


\/(t-5) 2 — 

a critical point at t = 5; f(4) = 1, f(5) = 0, f(7) = 2 
^ the absolute maximum is 2 at t = 7 and the absolute 
minimum is 0 at t = 5 



fit) = |r - 5| 


f(x) = x 4 / 3 4 f’(x) = I x 1 / 3 => a critical point at x = 0; f(—1) = 1, f(0) = 0, f(8) = 16 
maximum is 16 at x = 8 and the absolute minimum is 0 at x = 0 


t 


f(x) = x 5 / 3 f’(x) = I x 2 / 3 => a critical point at x = 0; f (一 1) = —1, f(0) = 0, f(8) = 32 => 

maximum is 32 at x = 8 and the absolute minimum is _ 1 at x = — 1 


g(0) = e 3 / 5 ^ g'id) = § 6»- 2 / 5 ^ a critical point at 0 = 0; g(—32) = — 8, g(0) = 0, g(l) = 1 
maximum is 1 at 沒 =1 and the absolute minimum is —8 at 0 = —32 


. 2 . 0 . 8 . 6 - 
1.1.0.C5 < 
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34. h(0) = 3沪/ 3 => h'(d) = 20- 1 / 3 泠 a critical point at 0 = 0; h(—27) = 27, h(0) = 0, h(8) = 12 => the absolute 
maximum is 27 at ^ = —27 and the absolute minimum is 0 at ^ = 0 


35. 


36. 


Minimum value is 1 at x = 2. 


To find the exact values, note that y’ 二 3x 2 — 2, 


which is zero when x = 士 / 營. Local maximum at 
{- « (-0.816, 5.089); local 
minimum at 4 — ^9^) ^ (0.816, 2.911) 


y 



[-2,6] by [-2,4] 


y 



37. To find the exact values, note that that = 3x 2 + 2x — 8 
=(3x — 4)(x + 2), which is zero when x = —2 or x = _ 
Local maximum at (—2, 17); local minimum at (|, — 


y 



38. Note that y f = 3x 2 — 6x + 3 = 3(x — l) 2 , which is zero at 
x = 1. The graph shows that the function assumes lower 
values to the left and higher values to the right of this point, 
so the function has no local or global extreme values. 


y 



39. Minimum value is 0 when x — —lorx = 1. 


y 
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40. The minimum value is 1 at x = 0. 



[-1.5,1.5] by [-0.5,3] 


41. The actual graph of the function has asymptotes at x = 士 1 ， 
so there are no extrema near these values. (This is an 
example of grapher failure.) There is a local minimum at 

( 0 , 1 ). 


y 



[4.7,4.7] by [-3.1,3.!] 


42. Maximum value is 2 at x = 1; 

minimum value is 0 at x = —1 and x = 3. 


y 



[-4.7,4.7] by [-3.1,3.!] 


43. Maximum value is | at x = 1; 
minimum value is — ! as x = — 1. 


y 



[-5,5] by [-0.7,0.7] 
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45. y’ = x 2 / 3 ⑴ + |x _1 / 3 (x + 2) = 


crit.pt. 

derivative 

extremum 

value 

X - _4 

A — 5 

0 

local max 

iflO 1 / 3 = 1.034 

x = 0 

undefined 

local min 

0 


46. y’ = x 2 / 3 (2x) + |x _1 / 3 (x 2 - 4) = ^0 - 


crit.pt. 

derivative 

extremum 

value 

x 二 

二 一 1 

0 

minimum 

-3 

x 二 

二 0 

undefined 

local max 

0 

x 二 

二 1 

0 

minimum 

3 


47. y' = X 2v；4 1 _ x2 ( -2x) + (I)v / 4^X 2 

= -x 2 + (4-x 2 ) _ 4 - 2x 2 
~~ ^V4 -x 2 ~ ~~ ^4-x 2 


crit.pt. 

derivative 

extremum 

value 

x = —2 

undefined 

local max 

0 

x = 

0 

minimum 

-2 

X = a/2 

0 

maximum 

2 

x = 2 

undefined 

local min 

0 


48. y' = x 2 2 ^( 一 1) + 2x^3^ 

-x 2 + (4x)(3 — x) _ _5x 2 + 12x 
2\/3 — x 2^/3 — x 


crit. pt. 

derivative 

extremum 

value 

x = 0 

0 

minimum 

0 

x= f 

0 

local max 

if 15 1 / 2 « 4.462 

x = 3 

undefined 

minimum 

0 


y 



[-4,4] by [-3,3] 


y 



y 



[-2.35,2.35] by [-3.5,3.5] 


y 



[-4.7,4.7] by [-1,5] 



crit. pt. 

derivative 

extremum 

value 

x = 1 

undefined 

minimum 

2 


y 



[-4.7,4.7] by [0,6.2] 
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crit.pt. 

derivative 

extremum 

value 

x = 0 

undefined 

local min 

3 

x = 1 

0 

local max 

4 


f 一 2x — 2, x < 1 
[— 2x + 6, x > 1 


crit.pt. 

derivative 

extremum 

value 

x = —1 

0 

maximum 

5 

x = 1 

undefined 

local min 

1 

x = 3 

0 

maximum 

5 


y 



[-4,4] by [-1,6] 


y 



[-4,6] by [-2,6] 


( _I X 2 _ + 垃 ， x < 1 

52. We begin by determining whether f’(x) is defined at x = 1, where f(x) = < „ 4 2 4 ’ — 

〔 x 0 - 6x + 8x, x 〉 1 

Clearly, f ; (x) = — |x — ♦ if x < 1, and^lim f r (l + h) = —1. Also, f’(x) = 3x 2 — 12x + 8 if x > 1, and 


lim f’（l + h) = —1. Since f is continuous at x = 

h^0+ 


1, we have that f’(l) = —1. Thus, 


f ， (x) 


3x 2 — 12x + 8 . 


x < 1 

X > 1 


Note that —|x — 


0 when x = —1, and 3x 2 - 12x + 8 = 0 when x = 12 士 


2(3) 


12 土 


2± 誓 


But 2 — ^ 0.845 < 1, so the critical points occur at x = — 1 and x = 2 + « 3.155. 


crit.pt. 

derivative 

extremum 

value 

x = —1 

0 

local max 

4 

3.155 

0 

local min 

« -3.079 


y 



[-4,6] by [-5,5] 


53. (a) No, since f’(x) = |(x — 2)—" 3 , which is undefined at x = 2. 

(b) The derivative is defined and nonzero for all x ^ 2. Also, f(2) = 0 and f(x) > 0 for all x ^ 2. 

(c) No, f(x) need not have a global maximum because its domain is all real numbers. Any restriction of f to a closed 
interval of the form [a, b] would have both a maximum value and minimum value on the interval. 

(d) The answers are the same as (a) and (b) with 2 replaced by a. 


54. Note that f(x) 


—x 3 + 9x, x<—3or0<x<3 
、 x 3 — 9x, —3 < x < 0 or x > 3 

(a) No, since the left- and right-hand derivatives at x 

(b) No, since the left- and right-hand derivatives at x 


• Therefore, f’(x) 


-3x 3 + 9, 

、 3x 3 - 9, 

0, are —9 and 9, respectively. 

3, are —18 and 18, respectively. 


x<—3or0<x<3 
—3 < x < 0 or x > 3 
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(c) No, since the left- and right-hand derivatives at x = —3, are 18 and —18, respectively. 

(d) The critical points occur when f’(x) = 0 (at x = 士 \/3) and when f’(x) is undefined (at x = 0 and x = 士 3). The 

minimum value is 0 at x = —3, at x = 0, and at x = 3; local maxima occur at (—\/^ ， 6y^) and . 


55. 



R 


(a) The construction cost is C(x) = 0.3\/16 + x 2 + 0.2(9 — x) million dollars, where 0 < x < 9 miles. The following is 
a graph of C(x). 



Solving C’(x) 

the specified domain. Evaluating the costs at the critical and endpoints gives C(0) = $3 million, 。 $2.694 

million, and C(9) ^ $2.955 million. Therefore, to minimize the cost of construction, the pipeline should be placed 
from the docking facility to point B, 3.58 miles along the shore from point A, and then along the shore from B to the 
refinery. 

(b) If the per mile cost of underwater construction is p, then C(x) = py 16 + x 2 + 0.2(9 — x) and 

C’(x) = 2 — 0.2 = 0 gives x c = /^ 2 ° 8 n ha , which minimizes the construction cost provided x c < 9. The value 


^16 + x 2 _ 5 C _ >/p 2 - 0.04 ’ 

ofp that gives x c = 9 miles is 0.218864. Consequently, if the underwater construction costs $218,864 per mile or less, 
then running the pipeline along a straight line directly from the docking facility to the refinery will minimize the cost 
of construction. 

In theory, p would have to be infinite to justify running the pipe directly from the docking facility to point A (i.e., for 
x c to be zero). For all values of p > 0.218864 there is always an x c G (0, 9) that will give a minimum value for C. 
This is proved by looking at C"(x c ) = | 6p 2 、 3 /2 which is always positive for p > 0. 


(16 + x2)' 


56. There are two options to consider. The first is to build a new road straight from Village A to Village B. The second is to 
build a new highway segment from Village A to the Old Road, reconstruct a segment of Old Road, and build a new 
highway segment from Old Road to Village B, as shown in the figure. The cost of the first option is Ci = 0.5(150) million 
dollars = 75 million dollars. 
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B 

50 


Old Road 


The construction cost for the second option is C 2 (x) 二 0.5 


(20500+ x 2 ) + 0.3(150 - 2x) 


million dollars for 


0 < x < 75 miles. The following is a graph of C 2 (x). 



Solving C^(x) = ^2500 + 2 — 0.6 = ◦ give x = 土 37.5 miles, but only x = 37.5 miles is in the specified domain. In 

summary, Ci = $75 million, C2(0) = $95 million, C2(37.5) = $85 million, and C2(75) = $90.139 million. Consequently, 
a new road straight from village A to village B is the least expensive option. 


57. 

C x p 10-x D 



B 


The length of pipeline is L(x) = \/4 + x 2 + -^25 + (10 — x) 2 for 0 < x < 10. The following is a graph of L(x). 



Setting the derivative of L(x) equal to zero 


givesL’ W= 秦 - 


0. Note that 


y/4 + x 2 


cos 0a and 


, 10 ~ x = cos 沒 b, therefore, L’(x) = 0 when cos = cos 0b, or 6a = 0b and AACP is similar to ABDP. Use 

y25 + (10-x) 2 


simple proportions to determine x as follows: 


10-x 


4 X : 


20 

T 


« 2.857 miles along the coast from town A to town B. 


If the two towns were on opposite sides of the river, the obvious solution would be to place the pump station on a straight 
line (the shortest distance) between two towns, again forcing 0a = 0q. The shortest length of pipe is the same regardless of 
whether the towns are on thee same or opposite sides of the river. 
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58. 


50 ft 



30 ft 


⑻ The length of guy wire is L(x) = \!900 + x 2 
L(x). 


2500 + (150 — x) 2 for 0 < x < 150. The following is a graph of 



Setting L’(x) equal to zero gives L’(x) 


(150-x) 


0. Note that 


V900 + X 2 


cos 0a and 


a/900 + x 2 ^2500 +(150-x) 2 

(150 _x) - = cos 沒 b. Therefore, L’(x) = 0 when cos 6\ = cos or 6a = 0b and △ ACE is similar to AABD. 

y 2500 +(150-x) 2 

Use simple proportions to determine x: 盖 = 15 ^~ x ^ x = ^ = 56.25 feet. 


(b) If the heights of the towers are he and he, and the horizontal distance between them is s, then 
L(x) = Jh 2 c + x 2 + \/h| + (s — x) 2 and L’(x) 




(s-x) 

/hB + (s — x)^ 


=.However, 


V / >^ 


cos 6c and 


(s-x) 


cos 沒 b. Therefore, L ; (x) = 0 when cos 6c = cos 6q, or 0q = 0b and △ ACE is similar to AABD. 


y h B + (s - x) 2 

Simple proportions can again be used to determine the optimum x: f 




x : 


he 

.h B + he y 


59. (a) V(x) = 160x — 52x 2 + 4x 3 

V’(x) = 160 - 104x + 12x 2 = 4(x — 2)(3x - 20) 

The only critical point in the interval (0, 5) is at x = 2. The maximum value of V(x) is 144 at x = 2. 

(b) The largest possible volume of the box is 144 cubic units, and it occurs when x = 2 units. 

60. (a) P'(x) = 2 - 200x~ 2 

The only critical point in the interval (0, oo) is at x = 10. The minimum value of P(x) is 40 at x = 10. 

(b) The smallest possible perimeter of the rectangel is 40 units and it occurs at x = 10 units which makes the rectangle a 
10 by 10 square. 


61. Let x represent the length of the base and y25 — x 2 the height of the triangle. The area of the triangle is represented by 

A(x) = lx/25~- 


: where 0 < 


x < 5. Consequently, solving A’(x) = 0 4 


25 - 2x 2 
- x 2 


A(0) = A(5) = 0, A(x) is maximized at x = The largest possible area is 


0 4 x 
— 25 


忐 .Since 


cm . 
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62. (a) From the diagram the perimeter P = 2x + 27rr = 400 
=> x = 200 — 7rr. The area A is 2rx 
泠 A(r) 二 400r — 2?rr 2 where 0 < r < ^. 

(b) A’(r) = 400 — 47rr so the only critical point is r = 

Since A(r) = 0 if r = 0 and x = 200 — 7rr = 0, the 
values r = — « 31.83 m and x = 100 m maximize the 

7T - 

area over the interval 0 < r < —. 

_ _ 7T 



63. 


s = -igt 2 + v 0 t + s 0 4 窑 =-gt + v 0 = 0 t = 言 . Now s(t) = So t(-f + v 0 ) = 0 公 t = 0 or t = 
Thus s ( 穿 )— — + Vo ( 穿 ) + s o — ■ + so > so is the maximum height over the interval 0 < t $ 今 . 


64. _ = —2sin t + 2cos t, solving ^ = 0 =>• tan t=l^>t=|+n7r where n is a nonnegative integer (in this exercise t is 
never negative) => the peak current is 2\/2 amps. 


65. Yes, since f(x) = |x| = \/x^ = (x 2 )" 2 => f’(x) = | (x 2 )—" 2 (2x) = \ /2 = A is not defined at x = 0. Thus it 

(X ) II 

is not required that f / be zero at a local extreme point since f r may be undefined there. 


66. If f(c) is a local maximum value of f, then f(x) < f(c) for all x in some open interval (a, b) containing c. Since 

f is even, f(—x) = f(x) < f(c) = f(—c) for all —x in the open interval (—b, —a) containing —c. That is, f assumes 
a local maximum at the point —c. This is also clear from the graph of f because the graph of an even function 
is symmetric about the y-axis. 

67. If g(c) is a local minimum value of g, then g(x) > g(c) for all x in some open interval (a, b) containing c. Since 
g is odd, g(_x) = — g(x) < _g(c) = g(—c) for all —x in the open interval (—b ， —a) containing —c. That is, g 
assumes a local maximum at the point —c. This is also clear from the graph of g because the graph of an odd 
function is symmetric about the origin. 

68. If there are no boundary points or critical points the function will have no extreme values in its domain. Such 
functions do indeed exist, for example f(x) = x for — oo < x < oo. (Any other linear function f(x) = mx + b 
with m ^ 0 will do as well.) 


69. (a) f’(x) = 3ax 2 + 2bx + c is a quadratic, so it can have 0, 1, or 2 zeros, which would be the critical points of f. The 

function f(x) = x 3 — 3x has two critical points atx = —1 and x = 1. The function f(x) = x 3 — 1 has one critical point 
atx = 0. The function f(x) = x 3 + x has no critical points. 



(b) The function can have either two local extreme values or no extreme values. (If there is only one critical point, the 
cubic function has no extreme values.) 
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y 



[-0.1,0.6] by [-1.5,1.5] 

f(0) = 0 is not a local extreme value because in any open interval containing x = 0, there are infinitely many points 
where f(x) = 1 and where f(x) = —1. 

(b) One possible answer, on the interval [0, 1]: 

ffy'l = / - x ) cos 0 < x < 1 

( l o, x = l 

This function has no local extreme value at x = 1. Note that it is continuous on [0, 1]. 


71. Maximum value is 11 at x = 5; 

minimum value is 5 on the interval [—3, 2]; 
local maximum at (—5, 9) 


y 



[-6,6] by [0,12] 


72. Maximum value is 4 on the interval [5, 7]; 
minimum value is —4 on the interval [—2, 1]. 



73. Maximum value is 5 on the interval [3, oo); 
minimum value is —5 on the interval (—oo, —2]. 


y 
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74. Minimum value is 4 on the interval [—1,3] 


75-80. Example CAS commands: 

Maple: 

with(student): 

f := x -> x A 4 - 8*x A 2 + 4*x + 2; 
domain := x=-20/25..64/25; 
plot( f(x), domain, color=black, title= M Section 4.1 #75(a) M ); 

Df := D(f); 

plot( Df(x), domain, color=black, title= M Section 4.1 # 75(b)") 

StatPt := fsolve( Df(x)=0, domain ) 

SingPt := NULL; 

EndPt := op(rhs(domain)); 

Pts : =evalf( [EndPt,StatPt,SingPt]); 

Values := [seq( f(x), x=Pts )]; 

Maximum value is 2.7608 and occurs at x=2.56 (right endpoint). 

o4. 

Minimum value 6 is -6.2680 and occurs at x= 1.86081 (singular point). 

Mathematic a: (functions may vary) (see section 2.5 re. RealsOnly ): 

〈〈Miscellaneous v RealOnly 、 

Clear[f,x] 
a=-l ； b= 10/3; 
f[x_] =2 + 2x - 3 x 2/3 
f[ X ] 

Plot[{f[x],f[x]},{x,a,b}] 

NSolve[f[x]==0,x] 

{f[a],f[0],f[x]/.%,f[b]//N 

In more complicated expressions, NSolve may not yield results. In this case, an approximate solution (say 1.1 here) 
is observed from the graph and the following command is used: 

FindRoot[f[x]==0,{x,l.l}] 

4.2 THE MEAN VALUE THEOREM 

1. When f(x) = x 2 + 2x — 1 for 0 < x < 1, then f H 0 ) = f’(c) 4 3 = 2c + 2 => c =|. 

2. When f(x) = x 2 〆 3 for 0 < x < 1, then f H 0) = f’(c) =>• 1 = (|) c - 1/3 4 c = 务 . 

3. When f(x) = x + i for | < x < 2, then = f ; (c) ^ 0 = 1 - 古 4 c=l. 

4. When f(x) = \/x — 1 for 1 < x < 3, then = f’(c) ^ ^ = 2 J~ c { ^ c = |. 

5. Does not; f(x) is not differentiable at x = 0 in (—1, 8). 


y 



[-6,6] by [0,9] 
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6. Does; f(x) is continuous for every point of [0,1] and differentiable for every point in (0,1). 

7. Does; f(x) is continuous for every point of [0,1] and differentiable for every point in (0,1). 

8. Does not; f(x) is not continuous at x = 0 because lim f(x) = 1 / 0 = f(0). 

x ^ 0 _ 

9. Since f(x) is not continuous on 0 < x < 1, Rolle's Theorem does not apply: lim f(x) = lim x = 1 

x —^ 1 _ x —> 1 _ 

^ 0 = f(l). 

10. Since f(x) must be continuous at x 二 0 and x = 1 we have lim f(x) = a = f(0) 4 a = 3 and 

x — 0+ 

lim f(x) = lim f(x) => —l+3 + a = m + b 4 5 = m + b. Since f(x) must also be differentiable at 

x — i_ x — 1+ 

x = 1 we have lim f’(x) = lim + f r (x) =>• — 2x + 3| x=1 = m| x=1 4 1 = m. Therefore, a = 3, m = 1 and b = 4. 


11. (a) i 

iii 

iv 


-5 -4-3 


0 4 9 


18 24 


(b) Let Vi and r 2 be zeros of the polynomial P(x) = x n + u 11-1 + • • • + a!x + a。，then P^) = P(r 2 ) = 0. 
Since polynomials are everywhere continuous and differentiable, by Rolle's Theorem P’(r) = 0 for some r 
between ri and r〗，where P’(x) = nx 11 " 1 + (n — 1) a n _iX n " 2 + … + ai. 


12. With f both differentiable and continuous on [a, b] and f(ri) = f(i* 2 ) = f(r 3 ) = 0 where ri, r 2 and r 3 are in [a, b], 
then by Rolle's Theorem there exists a Ci between ri and r 2 such that f^ci) 二 0 and a C 2 between r 2 and r 3 
such that f’(C2) = 0. Since f r is both differentiable and continuous on [a, b], Rolle's Theorem again applies and 
we have a C3 between ci and C2 such that f’’(C3) 二 0. To generalize, if f has n+1 zeros in [a, b] and f ( n ) is 
continuous on [a, b], then f ( n ) has at least one zero between a and b. 

13. Since f" exists throughout [a, b] the derivative function f is continuous there. If f’ has more than one zero in 
[a,b], say f’(ri) = f’(r 2 ) = 0 for ri / then by Rolle's Theorem there is a c between ri and X 2 such that 
f"(c) = 0, contrary to f" > 0 throughout [a, b]. Therefore f / has at most one zero in [a, b]. The same argument 
holds if i" < 0 throughout [a, b]. 


14. If f(x) is a cubic polynomial with four or more zeros, then by Rolle's Theorem f’(x) has three or more zeros, 
f "(x) has 2 or more zeros and f’"(x) has at least one zero. This is a contradiction since f’’’(x) is a non-zero 
constant when f(x) is a cubic polynomial. 


15. With f(—2) = 11 > 0 and f(—1) = — 1 < 0 we conclude from the Intermediate Value Theorem that 

f(x) = x 4 + 3x + 1 has at least one zero between —2 and —1. Then —2 < x < —1 —8 < x 3 < — 1 

=>■ —32 < 4x 3 < —4 4 — 29 < 4x 3 + 3 < —1 ^ f’(x) < 0 for —2 < x < — 1 ^ f(x) is decreasing on [—2, —1] 

^ f(x) = 0 has exactly one solution in the interval (-2,-1). 

16. f(x) = x 3 + 吾 + 7 => f’(x) = 3x 2 —吾 > 0 on (—oo,0) => f(x) is increasing on (— 00 ,0). Also, f(x) < 0 if 

x < —2 and f(x) > 0 if —2 < x < 0 ^ f(x) has exactly one zero in (— 00 ,0). 

17. g ⑴ =\/tTT — 4 4 g’ ⑴ =$ + > 0 4 g( ； t) is increasing for t in (0, 00 ); g(3) = \/3 - 2 < 0 

and g(15) = > 0 => g(t) has exactly one zero in (0, 00 ). 
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18. g(t )= 占 + /TTt — 3.1 泠 g ， (t)= aV + > 0 => g(t) is increasing for t in (—1 ， 1); 

g(—0.99) = —2.5 and g(0.99) = 98.3 ^ g(X) has exactly one zero in (—1 ， 1). 

19. r(6) = 9 -\- sin 2 (!) — 8 =>■ y'{6) = 1 + | sin (!) cos (!) = 1 + 金 sin (y) > 0 on (— 00 , 00 ) => x(6) is 
increasing on (— 00 , 00 ); r(0) = —8 and r(8) = sin 2 (|) > 0 => r ( 沒 ) has exactly one zero in (— 00 , 00 ). 

20. r ( 沒 ） = 26 — cos 2 6 + a/ 2 => 〆( 沒 ） = 2 + 2 sin 沒 cos 沒 = 2 + sin 2 沒 〉 0 on (— 00 , 00 ) =>• r ( 沒 ） is increasing on 

(— 00 , 00 ); r(—27r) = —47 t — cos (—27r) + — — 4 兀 一 1 + \[2 < 0 and r(27r) = 4 兀 一 1 + yjl > 0 =>• r ( 沒 ） has 

exactly one zero in (— 00 , 00 ). 

21. t(6) = sec 0—^ + 5 =>• ^(6) = (sec 0)(tan 6)^ > 0 on (0, |) => r(9) is increasing on (0, |); 
r(0.1) ~ —994 and r(1.57) « 1260.5 => r ( 沒 ） has exactly one zero in (0, |). 

22. r ( 沒 ） =tan 汐 一 cot 沒一沒 => ^(0) = sec 2 0 + esc 2 0 — l = sec 2 0 + cot 2 ^ > 0 on (0, |) ^ r ( 沒 ） is increasing 

on (0,1) ; r ( 牙 ) =—I < 0 and r(1.57) « 1254.2 => r(9) has exactly one zero in (0, |). 

23. By Corollary 1 ， f’(x) = 0 for all x 4 f(x) = C, where C is a constant. Since f(—1) = 3 we have C = 3 

=> f(x) = 3 for all x. 

24. g(x) = 2x + 5 =>• g’(x) = 2 = f’(x) for all x. By Corollary 2, f(x) = g(x) + C for some constant C. Then 
f(0) = g(0) + C 今 5 = 5 + C ^ C = 0 令 f(x) = g(x) = 2x + 5 for all x. 

25. g(x) = x 2 4 g’(x) = 2x = f’(x) for all x. By Corollary 2, f(x) = g(x) + C. 

(a) f(0) = 0 泠 0 = g(0) + C = 0 + C 令 C = 0 今 f(x) = x 2 令 f(2) = 4 

(b) f(l) = 0 泠 0 = g(l) + C = 1 + C 泠 C = -1 令 f(x) = x 2 - 1 令 f(2) = 3 

(c) f(-2) = 3 泠 3 = g(-2) + C 今 3 = 4 + C 泠 C = —1 令 f(x) = x 2 - 1 今 f(2) = 3 

26. g(x) = mx =>• g’(x) = m, a constant. If f’(x) = m, then by Corollary 2, f(x) = g(x) + b = mx + b where 

b is a constant. Therefore all functions whose derivatives are constant can be graphed as straight lines 

y 二 mx + b. 


27. (a) 



(b) y = ^ + C 


(c) y = ^ +C 


28. (a) y = X 2 + C 


(b) y = x 2 — x + C 


(c) y = x 3 + x 2 — x + C 


29. (a) y' = -x _ 2 今 y = 1 +C 


(b) y = x+i+C 


(c) y = 5x - 1 + C 


30. (a) y ; = i x-V2 泠 y = x 1 / 2 + C 泠 y = y^ + C 
(c) y = 2x 2 — 2a/x + C 


(b) y = 2v^ + C 


31. (a) y= — -cos2t + C 

(c) y = — * cos 2t + 2 sin I + C 


(b) y = 2 sin 每 + C 


32. (a) y = tan ^ + C 


(b) y' = 6 1 ! 2 y = 16> 3 / 2 + C 


(c) y = § 6» 3 / 2 一 tan 0 + C 


33. f(x) = x 2 - x + C; 0 = f(0) = 0 2 - 0 + C => C = 0 ^ f(x) = x 2 - x 
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34. g(x) = - I + x 2 + C; 1 = g(-l) = - + (-1) 2 + C 泠 C = -l 泠 g(x) = -i+x 2 -l 

35. r(9) = 86» + cot 0 + C; 0 = r (I) = 8 (f) + cot (f) + C ^ 0 = 2 tt+1+C ^ C = -2tt - 1 
4 r ( 沒） = 8 沒 + cot 0 — 2 tt — 1 


36. r(t) = sec t — t + C; 0 = r(0) = sec (0) — 0 + C => C = — 1 ^ r(t) = sec t — t — 1 


37. 

v = 

_ ds 
- dt 

= 9.8t 十 5 s = 

4.9t 2 + 5t + C; at s 

=10 and t 

= 0 we have C 

=10 泠 

s = 4.9t 2 +5t+ 10 

38. 

v = 

- ds 
- dt 

= 32t — 2 s = 

16t 2 _ 2t + C; at s 二 

: 4 and t = 

1 we have C = 

1 ^ s = 

: 6t 2 - 2t + 1 

39. 

V = 

ds 

= dT 

=sin(7rt) s = 

—^cos(7rt) + C; at s : 

= 0 and t = 0 we have C 二 

--^ s 

7T 

_ 1 — COS(7Tt) 

— 7T 

40. 

V = 

- ds 
- dt 

= -cos(-) ^ s = 

7T V 7T / 

=sin (學） +C; ats = 

1 and t = 

7r 2 we have C = 

:1 4 s = 

= 0+1 


41. a = 32 v = 32t + Ci; at v = 20 and t = 0 we have Ci = 20 4 v = 32t + 20 s = 16t 2 + 20t + C 2 ; at s = 5 and 

t = 0 we have C 2 = 5 s = 16t 2 + 20t + 5 

42. a = 9.8 ^ \ = 9.8t + Ci; at v = —3 and t = 0 we have Ci = —3 4 v = 9.8t — 3 4 s = 4.9t 2 — 3t + C 2 ； at s = 0 and 

t = 0 we have C 2 = 0 s = 4.9t 2 — 3t 

43. a = —4sin(2t) w = 2cos(2t) + Ci; at v = 2 and t = 0 we have Ci = 0 => v = 2cos(2t) 4 s = sin(2t) + C 2 ; at s = —3 

and t = 0 we have C 2 = — 3 => s = sin(2t) — 3 

44. a = 吾 cos ( 學 ） => v = !sin ( 學 ） + Ci; at v = 0 and t = 0 we have Ci = 0 v = !sin ( 學 ) s = —cos ( 學 ） + C2; at 
s = —1 and t = 0 we have C2 = 0 s = —cos ( 學 ) 

45. If T(t) is the temperature of the thermometer at time t, then T(0) = — 19。 C and T(14) = 100 。 C. From the 
Mean Value Theorem there exists a 0 < to < 14 such that T(1 |^ = ;( 0 ) =8.5° C/sec = T’ (to), the rate at which 
the temperature was changing at t = to as measured by the rising mercury on the thermometer. 

46. Because the trucker's average speed was 79.5 mph, by the Mean Value Theorem, the trucker must have been going that 
speed at least once during the trip. 

47. Because its average speed was approximately 7.667 knots, and by the Mean Value Theorem, it must have been going that 
speed at least once during the trip. 

48. The runner's average speed for the marathon was approximately 11.909 mph. Therefore, by the Mean Value Theorem, the 
runner must have been going that speed at least once during the marathon. Since the initial speed and final speed are both 0 
mph and the runner's speed is continuous, by the Intermediate Value Theorem, the runner's speed must have been 11 mph 
at least twice. 

49. Let d(t) represent the distance the automobile traveled in time t. The average speed over 0 < t < 2 is 
d (2 : 3 ⑼ • The Mean Value Theorem says that for some 0 < to < 2, d’(to) = d ( 2 ; : f 0 ) . The value d’(to) is 
the speed of the automobile at time to (which is read on the speedometer). 

50. a(t) = v’(t) = 1.6 => v(t) = 1.6t + C; at (0, 0) we have C = 0 =>• v(t) = 1.6t. When t = 30, then v(30) = 48 m/sec. 
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51. The conclusion of the Mean Value Theorem yields = —占 ^ c 2 = a — b c = yab. 

52. The conclusion of the Mean Value Theorem yields — 2c 4 c= 宇 . 

53. f’(x) = [cos x sin (x + 2) + sin x cos (x + 2)] — 2 sin (x + 1) cos (x + 1 ) 二 sin (x + x + 2) — sin 2(x + 1) 

=sin (2x + 2) — sin (2x + 2) = 0. Therefore, the function has the constant value f(0) = —sin 2 1 « —0.7081 
which explains why the graph is a horizontal line. 


54. (a) f(x) = (x + 2)(x + l)x(x — l)(x — 2) = x 5 — 5x 3 + 4x is one possibility. 

(b) Graphing f(x) = x 5 — 5x 3 + 4x and f’(x) = 5x 4 — 15x 2 + 4 on [—3, 3] by [—7, 7] we see that each x-intercept of 
f’(x) lies between a pair of x-intercepts of f(x), as expected by Rolle's Theorem. 


y 



(c) Yes, since sin is continuous and differentiable on ( — oo, oo). 


55. f(x) must be zero at least once between a and b by the Intermediate Value Theorem. Now suppose that f(x) is zero twice 
between a and b. Then by the Mean Value Theorem, f’(x) would have to be zero at least once between the two zeros of 
f(x), but this can't be true since we are given that f’(x) ^ 0 on this interval. Therefore, f(x) is zero once and only once 
between a and b. 

56. Consider the function k(x) = f(x) — g(x). k(x) is continuous 
and differentiable on [a, b], and since k(a) = f(a) — g(a) and 
k(b) = f(b) — g(b), by the Mean Value Theorem, there must 
be a point c in (a, b) where k’(c) = 0. But since 
k’(c) = f’(c) — g’(c), this means that f’(c) = g’(c), and c is a 
point where the graphs of f and g have tangent lines with the 
same slope, so these lines are either parallel or are the same 
line. 

57. Yes. By Corollary 2 we have f(x) = g(x) + c since f’(x) = g’(x). If the graphs start at the same point x = a ， 
then f(a) = g(a) => c = 0 ^ f(x) = g(x). 


y 



58. Let f(x) = sin x for a < x < b. From the Mean Value Theorem there exists a c between a and b such that 

sin b — sin a ___ _ v i sin b — sin a ^ i _v I sin b — sin a I ^ i _v i_ _• _i ^ it. _ i 

b-a =C 0 SC > -1 < b-a ^ 1 ^ I b-a I ^ 1 ^ |sinb-sina| < |b-a|. 


59. By the Mean Value Theorem we have f (U (a ) = f’(c) for some point c between a and b. Since b — a > 0 and f(b) < f(a), 
we have f(b) — f(a) < 0 ^ f’(c) < 0. 

60. The condition is that f’ should be continuous over [a, b]. The Mean Value Theorem then guarantees the 
existence of a point c in (a, b) such that f U ⑻ =f’(c). If f’ is continuous, then it has a minimum and 
maximum value on [a, b], and min f f < f^c) < max f’，as required. 
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61. f’(x) = (1 + x 4 cos x) 1 f"(x) = — (1 + x 4 cos x) 2 (4x 3 cos x — x 4 sin x) 

=—x 3 (1 + x 4 cos x) 2 (4 cos x — x sin x) < 0 for 0 < x < 0.1 ^ f’(x) is decreasing when 0 < x < 0.1 
令 min f « 0.9999 and max f = 1. Now we have 0.9999 < f( W < 1 0.09999 < f(0.1)- 1 < 0.1 

令 1.09999 < f(0.1) < 1.1. 

62. f’(x) = (1 — x 4 )— 1 => f"(x) = — (1 — x 4 ) -2 (—4x 3 ) = 3 > 0 for 0 < x < 0.1 => f’(x) is increasing when 

(1 — X ) 

0 < x < 0.1 => min f’ = 1 and max f’ = 1.0001. Now we have 1 < ^°q\~ 2 < 1.0001 

0.1 < f(0.1) -2 < 0.10001 泠 2.1 < f(0.1) < 2.10001. 

63. (a) Suppose x < 1, then by the Mean Value Theorem < 0 泠 f(x) > f(l). Suppose x > 1, then by the 

Mean Value Theorem > 0 4 f(x) > f(l). Therefore f(x) > 1 for all x since f(l) = 1. 

(b) Yes. From part (a), lim_ < 0 and lim + > 0. Since f’(l) exists, these two one-sided 

limits are equal and have the value f’(l) => f ; (l) < 0 and f’(l) > 0 ^ f’ （ l) = 0. 

64. From the Mean Value Theorem we have f U ⑻ =f’(c) where c is between a and b. But f’(c) = 2pc + q 二 0 
has only one solution c = — (Note: p # 0 since f is a quadratic function.) 

4.3 MONOTONIC FUNCTIONS AND THE FIRST DERIVATIVE TEST 

1. (a) f’(x) = x(x — 1) => critical points at 0 and 1 

(b) f = +++ I - I +++ ^ increasing on (— oo, 0) and (1, oo), decreasing on (0,1) 

0 1 ^ 

(c) Local maximum at x = 0 and a local minimum at x = 1 

2. (a) f’(x) = (x — l)(x + 2) => critical points at —2 and 1 

(b) f f = +++ I - I +++ increasing on (— oo, —2) and (1, oo), decreasing on (—2,1) 

-2 1 ' 、 

(c) Local maximum at x = —2 and a local minimum at x = 1 

3. (a) f’(x) = (x — l) 2 (x + 2) ^ critical points at —2 and 1 

(b) f f = - I +++ I +++ increasing on (—2, 1) and (1, oo), decreasing on (— oo, —2) 

-2 1 、 、 

(c) No local maximum and a local minimum at x = —2 

4. (a) f’(x) = (x — l) 2 (x + 2) 2 critical points at —2 and 1 

(b) f = +++ I +++ I +++ => increasing on (— oo, —2) U (—2,1) U (1, oo), never decreasing 

-2 1 。 

(c) No local extrema 

5. (a) f r (x) = (x — l)(x + 2)(x — 3) => critical points at —2, 1 and 3 

(b) f f = - I +++ I - I +++ => increasing on (—2,1) and (3, oo), decreasing on (— oo, —2) and (1,3) 

-2 13 

(c) Local maximum at x = 1， local minima at x = —2 and x = 3 

6. (a) f’(x) = (x — 7)(x + l)(x + 5) critical points at —5, 一 1 and 7 

(b) f = - I +++ I - I +++ =>■ increasing on (—5, —1) and (7, oo), decreasing on (— oo, —5) and (一 1,7) 

-5 -1 7 、 

(c) Local maximum at x = — 1, local minima at x = —5 and x = 7 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 










216 Chapter 4 Applications of Derivatives 

7. (a) f’(x) = x _1 / 3 (x + 2) =>• critical points at —2 and 0 

(b) f f = +++ I - )(+++ =^- increasing on (—oo, —2) and (0, oo), decreasing on (—2,0) 

-2 0 ' 、 

(c) Local maximum at x = —2, local minimum at x = 0 

8. (a) f’(x) = x _1 / 2 (x — 3) =>• critical points at 0 and 3 

(b) f r = ( - I +++ =>• increasing on (3, oo), decreasing on (0,3) 

0 3 i 

(c) No local maximum and a local minimum at x = 3 


9. (a) 


(b) 

(c) 
⑹ 


g(t) = —t 2 — 3t + 3 => g’(t) = — 2t — 3 => a critical point at t = _ 暴； g r = +++ | - , increasing on 

^ ^ ~ -3/2 、 

(— oo, — I), decreasing on (— |, oo) 

local maximum value ofg (— 暑 ）=at t = — \ 

absolute maximum is 孕 at t = — ! 

g(t) 



10. (a) g(t) = — 3t 2 + 9t H- 5 => g’(t) = —6t + 9 => a critical point at t = 

(— oo, I) , decreasing on (|, oo) 

(b) local maximum value ofg(!) = ^att=. 

(c) absolute maximum is 罕 at t = | 



;g’ = +++| - , increasing on 

、 3/2 、 


11. (a) h(x) = —x 3 + 2x 2 ^ h’(x) = — 3x 2 + 4x = x(4 — 3x) 4 critical points at x = 0, • 

h r = - I +++ I -， increasing on (0, |), decreasing on (— oo, 0) and (|, oo) 

0 4/3 ‘ 一 、 

(b) local maximum value ofh(|) = — at x = |; local minimum value of h(0) = 0 at x = 0 

(c) no absolute extrema 
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h(x) 



12. (a) h(x) = 2x 3 — 18x ^ h’ ⑻ = 6x 2 — 18 = 6 (x + (x — \/3^ critical points at x = 士 ^/3 


W = +++ I - I +++， increasing on (—00, — y/^j and (\/ 5 ,00) ， decreasing on (— 

—\/3 a/3 

(b) a local maximum is h = 12-^/3 at x = — \/3;； 

(c) no absolute extrema 


,local minimum is h 


(\/^) = —12\/3 at x = \/3 


(d) 


h(x) 



13. (a) f(6>) = 36> 2 - 4(9 3 令 f’((9) = 66- 126 2 = 66(1 - 20) critical points at = 0, | ^ f’ = - | +++ | - , 

0 1/2 

increasing on (0, |) , decreasing on (—00, 0) and (!, 00) 

(b) a local maximum is f (^) = ^ ai 9 = a local minimum is f(0) = 0 at 沒 = 0 

(c) no absolute extrema 



14. (a) f(6) = 66 - 6 3 ^ f’(60 = 6 - 36 2 = 3 (0 - 6>) (0 + 6>) 4 critical points at 6» = ± a/2 ^ 

increasing on (_ v^, \/2^ , decreasing on (_oo, _\/5) and (\/5, °°) 

- y/2^ = —4\/2 3.t 0 = — \/2 


■I +++I - 

-\/2 


(b) a local maximum is f ( = 4\/2 a.t 6 = \J~2, a local mini 


minimum is f 


(c) no absolute extrema 
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f ⑹ 



15. (a) f(r) = 3r 3 + 16r => f’(r) = 9r 2 + 16 no critical points 4 f’ = +++++, increasing on (— oo, oo), never 
decreasing 

(b) no local extrema 

(c) no absolute extrema 



16. (a) h(r) = (r + 7) 3 => h’(r) = 3(r + 7) 2 ^ a critical point at r = —7 => h’ = +++ | +++， increasing on 

一 7 

(—oo, —7) U (—7, oo), never decreasing 

(b) no local extrema 

(c) no absolute extrema 



17. (a) f(x) = x 4 — 8x 2 + 16 f’(x) = 4x 3 — 16x = 4x(x + 2)(x — 2) =>■ critical points at x = 0 and x = 士 2 

f ’ = - I +++ I - I +++， increasing on (—2,0) and (2, oo), decreasing on (—oo, —2) and (0,2) 

-2 0 2 、 

(b) a local maximum is f(0) = 16 at x = 0, local minima are f (士 2)=0atx = 士 2 

(c) no absolute maximum; absolute minimum is 0 at x = 士 2 

(d) 

f (x) f (x) = x 4 -8x 2 +16 
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18. (a) g(x) = x 4 — 4x 3 + 4x 2 4 g’(x) = 4x 3 — 12x 2 + 8x 二 4x(x — 2)(x — 1) => critical points at x = 0, 1， 2 

g f = - I +++ I - I +++, increasing on (0,1) and (2, oo), decreasing on (—oo, 0) and (1,2) 

0 12 ^ 

(b) a local maximum is g(l) = 1 at x = 1, local minima are g(0) 二 0 at x = 0 and g(2) = 0 at x = 2 

(c) no absolute maximum; absolute minimum is 0 at x = 0, 2 


⑹ 


g(x) 



泠 H’ = +++ 




-1 


— I +++ I - , increasing on (—oo, 

0 1 


-1) and (0,1), decreasing on (—1,0) and (1, oo) 


(b) the local maxima are H(—1) = ♦ at t = — 1 and H(l) = ^ att = 1, the local minimum is H(0) = 0 at t = 0 

(c) absolute maximum is ^ at t = =b 1; no absolute minimum 


⑹ 


H(t) 



20. (a) K(t) = 15t 3 — t 5 4 K’(t) = 45t 2 - 5t 4 = 5t 2 (3 + 1)(3 - t) ^ critical points at t = 0, 士 3 

4 K’ = - I +++ I +++ I -， increasing on (_3,0) U (0,3)，decreasing on (—oo, —3) and (3, oo) 

-3 0 3 、 

(b) a local maximum is K(3) = 162 at t = 3， a local minimum is K(—3) = —162 at t = —3 

(c) no absolute extrema 



2(2 - x)(2 + x) 
y/(2v^-x) (2^/2+ x) 


=> critical points at x = 士 2, 士 2\/2 g r = ( - | +++ | - ) , increasing on (—2,2), decreasing on 

- 2^/2 ~ 2 2 2^2 

(-2v^ ， -2) and (2,2v^) 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 











220 


Chapter 4 Applications of Derivatives 


(b) local maxima are g(2) = 4 a.tx = 2 and g (—= 0 at x = — 2 ^/ 2 , local minima are g(—2) = —4 at 

x = —2 and g = 0 at x = 

(c) absolute maximum is 4 at x = 2; absolute minimum is —4 at x = —2 


(d) 



22. (a) g00 = xV5-x = x 2 (5 — x ) 1 / 2 泠 g， ⑻ = 2x(5 — x) 1 / 2 + x 2 Q) (5 - x)— 1 /'—1) = 

critical points at x = 0, 4 and 5 g’ = - | +++ | - ), increasing on (0,4), decreasing on (—oo, 0) 

0 4 5 、 

and (4,5) 

(b) a local maximum is g(4) = 16 at x = 4, a local minimum is 0 at x = 0 and x = 5 

(c) no absolute maximum; absolute minimum is 0 at x = 0, 5 



23. (a) f(x) = ^ f，00 = 2x( H_ 3 ) ⑴ = W 今 critical points atx= 1,3 

f’ = +++ I - )( - I +++， increasing on (— 00 ,1) and (3, 00 ), decreasing on (1,2) and (2,3), 

12 3 

discontinuous at x = 2 


(b) a local maximum is f(l) = 2 at x = 1, a local minimum is f(3) = 6 at x = 3 

(c) no absolute extrema 


⑹ 


f(x) 



24. (a) f(x) = 5^1 ^ ..泠 f'(x) = 3x2 (3 df (6X ) = 3 二 0 ) 泠 a critical point at x = 0 

= +++ I +++, increasing on (— 00 ,0) U (0, 00 ), and never decreasing 
0 

(b) no local extrema 

(c) no absolute extrema 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


















Section 4.3 Monotonic Functions and the First Derivative Test 221 


⑹ 


f(x) 



25. (a) f(x) = x 1 / 3 (x + 8) = x 4 / 3 + 8x " 3 泠 f ， (x) = ! x 1 / 3 + | x~ 2 / 3 = critical points at x = 0, 一 2 

f = - I +++)(+++，increasing on (—2,0) U (0, oo), decreasing on (— oo, —2) 

-2 0 1 

(b) no local maximum, a local minimum is f(—2) = —6 3 \/2 « —7.56 at x = —2 

(c) no absolute maximum; absolute minimum is —6 \/2 at x = —2 


⑹ 


f(x) 



26. (a) g(x) = x 2 / 3 (x + 5) = x 5 〆 3 + 5x 2 / 3 => g’(x) = | x 2 / 3 + y x -1 / 3 = => critical points at x = —2 and 

x = 0 => g f = +++ I - )( +++， increasing on (— oo, —2) and (0, oo), decreasing on (—2,0) 

、 -2 0 、 

(b) local maximum is g(—2) = 3 \/4 « 4.762 at x = —2, a local minimum is g(0) = 0 at x = 0 

(c) no absolute extrema 



27. (a) h(x) = X " 3 (x 2 -4) = x" 3 - 4X 1 / 3 ^ h ， (x) = ! x 4 / 3 - |x~ 


(77x + 2) (7^x-2) 




^ critical points at 


x = 0 ,咢令 h，= +++ 




(氕 1 


-VV7 


)( - I +++, increasing on 

0 2/^7 


and oo) , decreasing 


0) and (0, 青） 


(b) local maximum ish ( 亨 ) = ~ 3.12 at : 


— 2 


( 、 \ lAlfr 




(c) no absolute extrema 


on 
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h(x) 



28. (a) k(x) = x 2 / 3 (X 2 - 4) = x 8 / 3 — 4x 2 / 3 ^ k’(x) = | x 5 / 3 - | x" 1 / 3 = 8(x+ 3 费 -1 ) 4 critical points at 

x = 0 ， 士 1 = - I +++)( - I +++, increasing on (—1,0) and (1, oo), decreasing on (—oo, — 1) 

-101 一 、 

and (0,1) 

(b) local maximum is k(0) = 0 at x 二 0, local minima are k (士 1) = —3atx = 士 1 

(c) no absolute maximum; absolute minimum is _3 at x = 士 1 



29. (a) f(x) = 2x — x 2 f’(x) = 2 — 2x = 2(1 — x) => a critical point at x = 1 f r = +++ | - ] and f(l) = 1, 

1 2 

f(2) = 0 4 a local maximum is 1 at x = 1, a local minimum is 0 at x = 2 
(b) absolute maximum is 1 at x = 1; no absolute minimum 


(c) 


f(x) 



30. (a) f(x) = (x + l) 2 => f’(x) = 2(x + 1) ^ a critical point at x = — 1 ^ f r = - | +++ ] and f(—1) = 0, f(0) = 1 

一 1 0 


^ a local maximum is 1 at x = 0, a local minimum is 0 at x = — 1 
(b) no absolute maximum; absolute minimum is 0 at x = — 1 


(c) 


f(x) 
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31. (a) g(x) = x 2 — 4x + 4 4 g’(x) = 2x — 4 = 2(x — 2) => a critical point atx = 2 =^- g’ = [ - | +++ and 

i ^ 1 2 

g(l) = 1, g(2) = 0 ^ a local maximum is 1 at x = 1, a local minimum is g(2) = 0 at x = 2 
(b) no absolute maximum; absolute minimum is 0 at x = 2 


(c) 


g(x) 



32. (a) g(x) = —x 2 — 6x — 9 ^ g’(x) = — 2x — 6 = —2(x + 3) a critical point at x = —3 4 g’ = [ +++ | - and 

— 4 一 3 

g(—4) = — 1, g(—3) 二 0 => a local maximum is 0 at x = —3, a local minimum is _1 at x = —4 
(b) absolute maximum is 0 at x = —3; no absolute minimum 


(c) 


g(x) 



33. (a) f(t) = 12t -t 3 ^ f’ ⑴ =12 - 3t 2 = 3(2 + t)(2 - t ) 令 critical points at t = 士 2 今 f ’ = [ - | +++ | - 

-3 -2 2 

and f(—3) = —9, f(—2) = —16, f(2) = 16 local maxima are —9 at t = —3 and 16 at t = —2, a local 
minimum is —16 at t = —2 


(b) absolute maximum is 16 at t = 2; no absolute minimum 


(c) 


f(t) 



34. (a) f(t) = t 3 — 3t 2 =>• f’ ⑴ = 3t 2 — 6t = 3t(t — 2) => critical points at t = 0 and t 二 2 

f’ = +++ I - I +++ ] and f(0) = 0, f(2) = —4, f(3) = 0 => a local maximum is 0 at t = 0 and t = 3, a 

0 2 3 

local minimum is —4 at t = 2 

(b) absolute maximum is 0 at t = 0, 3; no absolute minimum 
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35. (a) h(x) = 4 ■— 2x 2 +4x =>• h’(x) = x 2 — 4x + 4 = (x — 2) 2 4 a critical point at x = 2 => h’ = [ +++ | +++ and 

0 2 


h(0) = 0 ^ no local maximum, a local minimum is 0 at x = 0 
(b) no absolute maximum; absolute minimum is 0 at x = 0 



36. (a) k(x) = x 3 + 3x 2 + 3x + 1 4 k’(x) = 3x 2 + 6x + 3 = 3(x + l) 2 a critical point at x = — 1 

^ k / = +++ I +++ ] and k(—1) = 0, k(0) = 1 a local maximum is 1 at x = 0, no local minimum 
-1 0 

(b) absolute maximum is 1 at x = 0; no absolute minimum 



37. (a) f(x) = I — 2 sin (|) ^ f’(x) = | — cos (|), f’(x) = 0 ^ cos (|) = \ a critical point at x = 亨 

4 f’ = [ - I +++ ] and f(0) = 0, f ( 警 ) =f — \/3, f(27r) = 7r => local maxima are 0 at x = 0 and 7r 

0 2tt/3 2tt " 


at x = 2tt, a local minimum is | — \/3 at x = ^ 

(b) The graph of f rises when f ’ > 0, falls when f ’ < 0, 
and has a local minimum value at the point where f’ 
changes from negative to positive. 


x X 

fix) =s - -2sin-, 



0 < x < 2 jt 


f\x) 


X 
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38. (a) f(x) = —2 cos x — cos 2 x =>• f’(x) = 2 sin x + 2 cos x sin x = 2(sin x)(l + cos x) => critical points at 

x = —7r, 0,7r 4 f’ = [ - I +++ ] and f(—7r) = 1, f(0) = —3, f(7r ) 二 1 # a local maximum is 1 at 

—7T Q 7T 


x = 士 7T, a local minimum is _3 at x = 0 
(b) The graph of f rises when f ’ > 0, falls when f ’ < 0 ， 
and has local extreme values where f r = 0. The 
function f has a local minimum value at x = 0, where 
the values of f r change from negative to positive. 



f(x) = ~2cosx -cos 3 x, - 7 t <x <n 


39. (a) f(x) = esc 2 x — 2 cotx => f’(x) = 2(csc x)(—esc x)(cot x) — 2 (—esc 2 x) = —2 (esc 2 x) (cot x — 1) => a critical 

point at x = f ^ f’ = ( - I +++) and f(g)=0 => no local maximum, a local minimum is 0 at x = f 

0 tt/4 77 ^ 


(b) The graph of f rises when f ’ > 0, falls when f ’ < 0, 
and has a local minimum value at the point where 
f ^ = 0 and the values of f ; change from negative to 
positive. The graph of f steepens as f’(x) —^ 士 oo. 


f(x) = csc 2 jr - 2cotx, 0 < x < n 



40. (a) f(x) = sec 2 x — 2 tan x => f’(x) = 2(sec x)(sec x)(tan x) — 2 sec 2 x = (2 sec 2 x) (tan x — 1) => a critical point 


⑻ 


at x = I f , = ( - I +++) and f (|) 二 

—7r/2 7 t/4 7t/2 

The graph of f rises when f ’ > 0, falls when f ’ < 0, 


0 => no local maximum, a local minimum is 0 at x = 

y 


7T 

4 


and has a local minimum value where f 7 = 0 and the 
values of f 7 change from negative to positive. 



41. h(6) = 3 cos (I) => h’(0) = — | sin (|) => h’ = [ - ] ， （ 0,3) and (2tt, —3) => a local maximum is 3 at 0 = 0, 

0 2tt 

a local minimum is —3 at ^ = 2tt 

42. h(0) = 5 sin (|) => h r (0) = | cos (|) =>• h’ = [ +++ ] ， (0,0) and (7r, 5) => a local maximum is 5 at 0 = 7r, a local 
minimum is 0 at ^ = 0 
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47. f(x) = x 3 — 3x + 2 => f’(x) = 3x 2 — 3 = 3(x — l)(x + 1) =>■ f’ = +++ | - | +++ => rising for x = c = 2 since 

-1 1 

f’(x) > 0 for x = c = 2. 

48. f(x) = ax 2 + bx + c = a (x 2 + ^ x) + c = a (x 2 + ^ x + 基)一監 + c = a (x + 去 ) 2 — b ' ~ a 4ac ， a parabola whose 
vertex is at x = — — . Thus when a > 0, f is increasing on ( 登， oo) and decreasing on (—oo, 盖 ） ；when a < 0, 

f is increasing on (—oo, 妾 ） and decreasing on ( 妾 , oo) . Also note that f,(x) = 2ax + b = 2a(x+^) => for 

a > 0, f’ = - I H--1--1- j for a < 0, f / = H--1--h | - . 

_b/2a — b/2a 

4.4 CONCAVITY AND CURVE SKETCHING 


1. y=y — 誓 — 2x+| 4 y r = x 2 — x — 2 = (x — 2)(x + 1) y" = 2x — 1 = 2 (x _ . The graph is rising on 

(—oo, —1) and (2, oo), falling on (—1,2), concave up on ( 臺， oo) and concave down on (—oo, . Consequently, 
a local maximum is I at x = —1, a local minimum is —3 at x = 2, and (|, — |) is a point of inflection. 
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2. y = ^ — 2x 2 + 4 4 y’ = x 3 — 4x = x (x 2 — 4) = x(x + 2)(x - 2) 4 y" = 3x 2 — 4 = (+ 2) (- 2) • The 
graph is rising on (—2,0) and (2, oo), falling on (—oo, —2) and (0,2)，concave up on (- 00 , and ( 含 ， °°) 
and concave down on . Consequently, a local maximum is 4 at x = 0, local minima are 0 at 

x = 士 2, and (― 含 ， 爭 ) and ( 含，孕 ) are points of inflection. 


3. y = i (X 2 - 1) 2/3 ^ = (I) (I) (x 2 - l) ， (2x) = x (x 2 - l)~ L/ \y / 


-1/3, 


-1/3 




V +++ i 




)(+++ 


^ the graph is rising on (—1 ， 0) and (1 ， 00 ), falling on (— 00 , —1) and (0,1) => a local maximum is | at x = 0, local 


minima are 0 at x = 士 1; y" = (x 2 — 1) _ " 3 + (x) (_ |) (x 2 — l) _4/ ； i (2x) 
y" =+++I - ) ( - )( - I +++ => the graph is concave 

v - 1 1 ^3 ‘ 


n-4/3. 


x 2 -3 


— 3 V(x2-1) 4 ’ 

upon (-oo,_\/^) and 00 ), 


concave 


down on 


=> points of inflection at ^ 士 


4. y = 苔 x" 3 (x 2 -7) y = u x _2/3 (x 2 — 7) + 备 x" 3 (2x) = | x_ 2 / 3 (x 2 — 1) ， y’ = +++ | —— )( —— | +++ 

—1 0 1 

^ the graph is rising on (— 00 , —1) and (1, 00 ), falling on (—1,1) => a local maximum is y at x = — 1, a local 

minimum is — y at x = 1; y" = —x _5 / 3 (x 2 — 1) + 3x" 3 = 2x" 3 + x -5 / 3 = x -5 〆 3 (2x 2 + 1), 

y rr = - )(+++=> the graph is concave up on (0, 00 ), concave down on (— 00 ,0) ^ a point of inflection at 

0 

( 0 , 0 ) 


5. y = x + sin 2x 4 y’ = 1 + 2 cos 2x, y' — [ - | +++ | - ] the graph is rising on (— f ， f), falling 

— 2 丌 /3 —7r/3 7t/3 2 丌 /3 

on (— 警，一 ！）and (f, 亨 ）# local maxima are — 警 + ^atx = —亨 and | ^ at x = |, local minima are 

—f _ # at x = - f and 苧一 f at x = 譬； y" = -4 sin 2x ， y" = [ - | +++ | - | +++ ] 今 the 

— 2 丌 /3 —7r/2 0 7r/2 2 丌 /3 

graph is concave up on (— f ， 0) and (|, 警 ）， concave down on (— 警 , 一 f) and (0, ！） points of inflection at 

(-!>-!)> (0,0), and (|,|) 


6. y = tan x — 4x ^ y’= sec 2 x — 4, y’= ( +++| - | +++) ^ the graph is rising on and 

—7r/2 —7 t/3 7t/3 7t/2 

(|, l ) , falling on (— |) a local maximum is — \/3 + 宇 atx = — !,a local minimum is y /3 —警 at x = !; 

y" = 2(sec x)(sec x)(tan x) 二 2 (sec 2 x) (tan x), y" = ( - | +++ ) => the graph is concave up on (0, , 

' -tt/2 0 tt/2 

concave down on (— f ， 0) > a point of inflection at (0,0) 


7. If x > 0, sin |x| = sin x and if x < 0, sin |x| = sin (—x) 

=—sin x. From the sketch the graph is rising on 
( 一誓， —I), (0,1) and ( 夸， 2 兀 ) ，falling on (-2 丌， - 夸)， 
(— 0) and (I ， y) '■> local minima are — 1 at x = 士夸 
and 0 at x = 0; local maxima are 1 at x = d= | and 
0 at x = 士 27r; concave up on (—27r, —7r) and (7r, 2tt), and 
concavedown on (—7r, 0) and (0,7r) points of inflection 
are (—7r, 0) and ( 丌， 0) 


y 
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8. y = 2 cos x — y/lx ^ y r = —2 sin x — \[l, y' = [ - | +++ | - | +++ ] =>■ rising on 

—37r/4 —7 t/4 57t/4 37t/2 

(- 警 , —f)and ( 宇，警 ）， falling on (― 丌 , — 苧 ) and (- f ， 学 ) ^ local maxima are —2 + iryjl at x = _ 丌， \/~2 + 

atx = - f and — ^ at x = 誓 ， and local minima are -\/2 + ^ at x = -宇 and -a/2 - at x = 宇； 
y" = —2 cos x ， y" = [ +++ I - I +++ ] => concave up on (—7r, —f) and , 夸 ）， concave down on 

^ -丌 /2 tt/2 3 丌 /2 

(— |) =>• points of inflection at (_f, an d (|，一 


9. When y = x 2 — 4x + 3 , then y’ = 2x — 4 = 2(x — 2) and 
y" = 2. The curve rises on (2, oo) and falls on (—oo, 2). 
At x = 2 there is a minimum. Since y’’ > 0 , the curve is 
concave up for all x. 


y 



10 . When y = 6 — 2x — x 2 , then y’ = —2 — 2x = — 2(1 + x) and 
y" = — 2 . The curve rises on (—oo, — 1 ) and falls on 
(— 1 , oo). At x = —1 there is a maximum. Since y" < 0 , the 
curve is concave down for all x. 


y 



11. When y = x 3 — 3x + 3, then y’ = 3x 2 — 3 = 3(x — l)(x + 1) 
and y" = 6x. The curve rises on (—oo, —1) U (1, oo) and 
falls on (—1,1). At x = — 1 there is a local maximum and at 
x = 1 a local minimum. The curve is concave down on 
(—oo,0) and concave up on (0, oo). There is a point of 
inflection at x = 0. 





12. When y = x(6 — 2x) 2 , then y' = —4x(6 — 2x) + (6 — 2x) 2 
=12(3 - x)(l — x) and y" = -12(3 — x) — 12(1 — x) 

= 24(x — 2). The curve rises on (—oo, 1) U (3, oo) and 
falls on (1,3). The curve is concave down on (—oo, 2) and 
concave up on (2, oo). At x = 2 there is a point of 
inflection. 
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13. When y = —2x 3 + 6x 2 — 3, then y’ = —6x 2 + 12x 

=— 6x(x — 2) and y" = — 12x + 12 = — 12(x — 1). The 
curve rises on (0,2) and falls on (—oo, 0) and (2, oo). 

At x = 0 there is a local minimum and at x = 2 a local 
maximum. The curve is concave up on (—oo, 1) and 
concave down on (1 ， oo). At x = 1 there is a point of 
inflection. 


: y 



14. When y = 1 — 9x — 6x 2 — x 3 , then y’ = —9 — 12x — 3x 2 
=— 3(x + 3)(x + 1) and y" = — 12 — 6x = —6(x + 2). 
The curve rises on (—3, —1) and falls on (— oo, —3) and 
(—1, oo). At x = —1 there is a local maximum and at 
x = — 3 a local minimum. The curve is concave up on 
(— oo, —2) and concave down on (—2, oo). At x = —2 
there is a point of inflection. 


y 



15. When y = (x — 2) 3 + 1, then y’ = 3(x — 2) 2 and 
y" = 6(x — 2). The curve never falls and there are no 
local extrema. The curve is concave down on (— oo, 2) 
and concave up on (2, oo). At x = 2 there is a point 
of inflection. 





16. When y = 1 — (x + l) 3 , then y' = —3(x + l) 2 and 
y" = — 6(x +1). The curve never rises and there are 
no local extrema. The curve is concave up on (— oo, — 1) 
and concave down on (—1, oo). At x = —1 there is a 
point of inflection. 


y 
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17. When y = x 4 — 2x 2 , then y’ = 4x 3 — 4x = 4x(x + l)(x — 1) 
and y" = 12x 2 - 4 = 12 (x + 士 ) ( x - *) . The curve 

rises on (—1,0) and (1, oo) and falls on (— 00 , —1) and (0,1). 
At x = 士 1 there are local minima and at x = 0 a local 


maximum. The curve is concave up on (- 00 , - *) and 


(大， °°) 


and concave down on 


75 


75) - 


At x 


士 1 

73 


there are points of inflection. 


18. When y = —x 4 + 6x 2 — 4, then y / = —4x 3 + 12x 
=—4x (x + (x - \/^) and y 〃 = - 12x 2 + 12 

=-12(x + l)(x — 1). The curve rises on (-0 


and (0. 




and falls on 


V% 0) and 


，- v^) 

(V% 00 ) . A 


士 y^there are local maxima and at x = 0 a local 


minimum. The curve is concave up on (—1,1) and concave 
down on (— 00 , —1) and (1, 00 ). At x = 士 1 there are points 


of inflection. 


19. When y = 4x 3 — x 4 , then y' = 12x 2 — 4x 3 = 4x 2 (3 — x) and 
y" = 24x — 12x 2 = 12x(2 — x). The curve rises on (— 00 ,3) 
and falls on (3, 00 ). At x = 3 there is a local maximum, but 
there is no local minimum. The graph is concave up on 
(0, 2) and concave down on (— 00 , 0) and (2, 00 ). There are 
inflection points at x = 0 and x = 2. 



20. When y = x 4 + 2x 3 , then y’ = 4x 3 + 6x 2 = 2x 2 (2x + 3) and 
y" = 12x 2 + 12x = 12x(x + 1). The curve rises on 
(— I ， 00 ) and falls on (— 00 , — |) . There is a local 
minimum at x = — 暑 ， but no local maximum. The curve is 
concave up on (— 00 , —1) and (0, 00 ), and concave down on 
(—1,0). Atx=—1 and x = 0 there are points of inflection. 
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21. When y = x 5 — 5x 4 , then y’ = 5x 4 — 20x 3 = 5x 3 (x — 4) and 
y" = 20x 3 — 60x 2 = 20x 2 (x — 3). The curve rises on 
(—oo,0) and (4, oo), and falls on (0,4). There is a local 
maximum at x = 0, and a local minimum at x = 4. The 
curve is concave down on (—oo, 3) and concave up on 
(3, oo). At x = 3 there is a point of inflection. 



22. When y = x (| - 5) 4 , then y’ = (• - 5) 4 + x(4)(| — 5) 3 Q) 
= (!-5) 3 (|-5),andy^ = 3(|-5) 2 (i)(f-5) 

+ (| — 5) 3 (I) = 5 (| — 5) 2 (x — 4). The curve is rising 
on (— oo, 2) and (10, oo), and falling on (2,10). There is a 
local maximum at x = 2 and a local minimum at x = 10. 

The curve is concave down on (— oo, 4) and concave up on 
(4, oo). At x 二 4 there is a point of inflection. 


y 



23. When y = x + sin x, then / = 1 + cos x and y" = —sin x. 
The curve rises on (0, 27r). At x = 0 there is a local and 
absolute minimum and at x = 2 丌 there is a local and absolute 
maximum. The curve is concave down on (0,7r) and concave 
up on (7r ， 27r). At x = 7t there is a point of inflection. 



24. When y = x — sin x, then y’ = 1 — cos x and y" = sin x. 

The curve rises on (0, 2tt). At x 二 0 there is a local and 
absolute minimum and aix = 2n there is a local and absolute 
maximum. The curve is concave up on (0,7r) and concave 
down on ( 丌， 2tt). At x = 丌 there is a point of inflection. 


6 

5 


4 • 


3 


2 





25. When y = x" 5 , then y’ = 臺 x -4 / 5 and y "= —嘉 x -9 / 5 . 
The curve rises on (— oo, oo) and there are no extrema. 
The curve is concave up on (— oo, 0) and concave down 
on (0, oo). At x = 0 there is a point of inflection. 


y 
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26. When y = x 3 ’ 5 , then y / = | x -2 / 5 and y "= —吾 x— 7 ’ 5 . 
The curve rises on (— oo, oo) and there are no extrema. 
The curve is concave up on (— oo, 0) and concave down 
on (0, oo). At x = 0 there is a point of inflection. 


27. When y = x 2 / 5 , then y’ = 着 x -3 / 5 and y 〃 = —臺 x -8 / 5 . 
The curve is rising on (0, oo) and falling on (— oo, 0). At 
x = 0 there is a local and absolute minimum. There is 
no local or absolute maximum. The curve is concave 
down on (— oo, 0) and (0, oo). There are no points of 
inflection, but a cusp exists at x = 0. 



Cusp 
Loc min 


28. When y = x 4 / 5 , then y’ = ! x-" 5 and y 〃 = —去 x- 6 / 5 . 
The curve is rising on (0, oo) and falling on (— oo, 0). At 
x = 0 there is a local and absolute minimum. There is 
no local or absolute maximum. The curve is concave 
down on (— oo, 0) and (0, oo). There are no points of 
inflection, but a cusp exists at x = 0. 


y 



29. When y = 2x — 3x 2 / 3 , then y’ 二 2 — 2x _1 / 3 and 
y ,r = I x -4 / 3 . The curve is rising on (— oo, 0) and 
(1, oo), and falling on (0,1). There is a local maximum 
at x = 0 and a local minimum at x = 1. The curve is 
concave up on (— oo, 0) and (0, oo). There are no 
points of inflection, but a cusp exists at x = 0. 



30. When y = 5x 2 / 5 — 2x, then y f = 2x _3 / 5 — 2 = 2 (x -3 〆 5 — 1) 
and y "=— 昏 x -8 / 5 . The curve is rising on (0,1) and 
falling on (— oo, 0) and (1, oo). There is a local minimum 
at x = 0 and a local maximum at x = 1. The curve is 
concave down on (— oo, 0) and (0, oo). There are no 
points of inflection, but a cusp exists at x = 0. 


y 
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31. When y = x 2 / 3 (| - x) = | x 2 / 3 - x 5 / 3 , then 
y’ = IX -1 / 3 - f x 2 / 3 = § x _1 / 3 (l - x) and 
y" = - I x -4 / 3 - y x -1 / 3 = - I x _4 / 3 (l + 2x). 

The curve is rising on (0,1) and falling on (— oo, 0) and 
(1 ， oo). There is a local minimum at x = 0 and a local 
maximum at x = 1. The curve is concave up on (— oo, — |) 
and concave down on (— -, 0) and (0, oo). There is a point 
of inflection at x = — | and a cusp at x = 0. 


y 



32. When y = x 2 / 3 (x — 5) = x 5 〆 3 - 5x 2 / 3 , then 
y’ = I x 2/3 -岑 x— 1 / 3 = § x _1/3 (x — 2) and 
y f, = y x -1 / 3 + y x -4/3 = 10 x -4/3( x + i). The curve 

is rising on (— oo, 0) and (2, oo), and falling on (0,2). 
There is a local minimum at x = 2 and a local maximum 
at x = 0. The curve is concave up on (—1 ， 0) and (0, oo), 
and concave down on (— oo, —1). There is a point of 
inflection at x = —1 and a cusp at x = 0. 



33. When y = x\/8 — x 2 = x (8 — x 2 ) 1 ’ 2 , then 


y’ = (8 — x 2 ) 1/2 + (x)(i) (8 - x 2 ) _i/ "(-2x) 


1 / 2 , 


(8-x 2 ) _1/2 (8-2x 2 ) 


2(2-x)(2 + x) 


and 


^(2^ + x) (2^-x) 

y"= (-i)(8- x 2 ) _i (-2x)(8 - 2x 2 ) + (8 — x 2 )~^(-4x) 


2x (x 2 — 12) 


.The curve is rising on (—2,2), and falling 


\/(8-x2) 3 

on 2y / 2, -2) and (2,2y^) • There are local minima 
x = —2 and x = 2\/2, and local maxima at x = —2\/2 and 
x = 2. The curve is concave up on (-2^2,0) and 

concave down on <0, 2-\/2^ - There is a point of inflection 
at x = 0. 

34. When y = (2 — x 2 ) 3/2 , then 〆 =( 暑 ）(2 - x 2 ) 1/2 (-2x) 

=—3x\/2 — x 2 = —3xy (y^ _ x) (+ x) and 


y" = (-3) (2 — x 2 ) 1/2 + (-3x) (!) (2 - x 2 )— v '_2x) 


1 / 2 , 


-6(1 -x)(l+x) 


.The curve is rising on 


(-0) and falling on (0, v^) . There is a local 

maximum at x = 0, and local minima at x = 士 \J~2. The 
curve is concave down on (—1,1) and concave up on 

(—V^ ， —1) and (1, \f^j . There are points of inflection at 
x = 士 1. 


Loc max 



y 
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35. When y = then / = 


2x(x - 2) - (x 2 - 3) (1) 


_ (x-3)(x-l) 
(x-2)^ 


and 


_,// (2x — 4)(x — 2)2 — (x] — 4x + 3)2 (x — 2) — 2 

夕 一 (x-2) 4 — (x-2) 3 • 

The curve is rising on (— 00 ,1) and (3, 00 ), and falling on 
(1,2) and (2,3). There is a local maximum at x = 1 and a 


local minimum at x = 3. The curve is concave down on 


(— 00 ,2) and concave up on (2, 00 ). There are no points 
of inflection because x = 2 is not in the domain. 


36. When y = 3x f + { , then 




3x 2 (3x 2 + l)-x 3 (6x) 
(3x2 + if 

_ (12x 3 + 6x) (3x 2 + l) 2 - 2 (3x 2 + ： 0(6x)(3x 4 + 3x 2 ) 
(3x 2 + l) 4 


6x(1 — x)(l +x) 


.The curve is rising on (— 00 , 00 ) so 


(3x 2 + iy 

there are no local extrema. The curve is concave up on 


(— 00 , —1) and (0,1), and concave down on (—1,0) and 
(1, 00 ). There are points of inflection at x = — 1， x = 0, 


and x = 1. 


37. When y = |x 2 — 1| = 


I 2x, |x| > 1 
\ -2x, |x| < 1 


1 , |x| > 1 


,then 


and y" 


—X 2 , |x| < r 

2, |x| > 1 
^ —2, |x| < 1 


.The 


curve rises on (—1,0) and (1, 00 ) and falls on (— 00 , —1) 


and (0,1). There is a local maximum at x = 0 and local 
minima at x = 士 1. The curve is concave up on (— 00 , — 1) 
and (1 ， 00 ), and concave down on (—1,1). There are no 
points of inflection because y is not differentiable at x = 士 1 
(so there is no tangent line at those points). 


{ x 2 - 2x, x < 0 
2x — x 2 , 0 < x < 2 , then 
x 2 - 2x, x > 2 

( 2x — 2, x < 0 ( 2, x < 0 

/ = 乂 2 — 2x, 0 < x < 2 , and y ,f = < —2, 0 < x < 2 . 

^ 2x — 2, x > 2 I 2, x > 2 

The curve is rising on (0,1) and (2, 00 ), and falling on 
(— 00 ,0) and (1,2). There is a local maximum at x = 1 and 
local minima at x = 0 and x = 2. The curve is concave up 
on (— 00 ,0) and (2, 00 ), and concave down on (0,2). 

There are no points of inflection because y is not 
differentiable at x = 0 and x = 2 (so there is no tangent 
at those points). 


y 



^ t (0.0) 




3jc 2 + 


y 



y 
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39. When y = \/]^\ : 


x > 0 
i/^x, x < 0 


,then 




-i 

2\/—x 


,x > 0 
X < 0 


and y" 


-X-3/ 2 

4 

-(-x)- 3 / 2 


,x > 0 
,x < 0 


Since lim y / = —oo and lim y r = oo there is a 
X 4 0- J X 4 0+ 

cusp at x = 0. There is a local minimum at x = 0, but no 
local maximum. The curve is concave down on (—oo, 0) 
and (0, oo). There are no points of inflection. 


40. When y = ^\x — 4| = 


\/x — 4, x > 4 
\/4 - x, x < 4 


then 


〆= 



x > 4 
x < 4 


and y" 


-(X - 4)- 3 / 2 
4 

-(4 - x)- 3 / 2 
4 


x > 4 
x < 4 


Since lim y’ = — oo and lim y’ = oo there is a cusp 

x —> 4 _ x ^ 4 + 

at x = 4. There is a local minimum at x = 4, but no local 
maximum. The curve is concave down on (— oo, 4) 
and (4, oo). There are no points of inflection. 


41. / = 2 + x - x 2 = (1 + x)(2 - x), y f = —— | +++ | —— 

-1 2 

^ rising on (—1,2), falling on (— oo, —1) and (2, oo) 

^ there is a local maximum at x = 2 and a local minimum 

at x = —1; y" = 1 — 2x, y" = +++ | - 

1/2 

=>• concave up on (一 oo, 每 ) ， concave down on oo) 

=> a point of inflection at x = | 


42. / = x 2 — x — 6 = (x — 3)(x + 2), y' = +++ | - | +++ 

— 2 3 

=> rising on (— oo, —2) and (3, oo), falling on (—2,3) 
there is a local maximum at x = — 2 and a local 

minimum at x = 3; y" = 2x — 1, y" = - | +++ 

1/2 

^ concave up on (|, oo), concave down on (— oo, 
a point of inflection at x = ^ 


43. y’ = x(x _ 3) 2 , y’ = - | +++ | +++ 4 rising on 

0 3 

(0, oo), falling on (— oo,0) => no local maximum, but there 
is a local minimum at x = 0; y" = (x — 3) 2 + x(2)(x — 3) 

= 3(x — 3)(x — 1), y" = +++ I - I +++ 4 concave 

^ 1 3 

up on (— oo, 1) and (3, oo), concave down on (1,3)=> 
points of inflection at x = 1 and x = 3 


y 



y 



Loc max 
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44. y f = x 2 (2 - x), y f = +++ | +++ | - ^ rising on 

0 2 

(—oo, 2 ), falling on ( 2 , oo) => there is a local maximum at 
x = 2, but no local minimum; y" = 2 x (2 — x) + x 2 ( — 1 ) 

=x(4 — 3x), y f, = - I +++ I - => concave up 

' 0 4/3 

on ( 0 , !) ,concave down on (—oo, 0 ) and (|, oo) =>• points 
of inflection at x 二 0 and x = | 

45. y = x (x 2 — 12) = x (x — 2\/^) (x + 2\/3 ) ， 

y f = - I +++ I - I +++ ^ rising on 

-2^3 0 2^/3 

(— 2 v^, 0 ) and oo) ， falling on (— 00 , 一 2 v^) 

and (0,2^3) 4 a local maximum at x = 0 , local minima 

at x = ± 20 ; y 〃 = ( 1 ) (x 2 - 12 ) + (x)( 2 x) 

= 3(x - 2)(x + 2), y" = +++ [ —— I +++ 

-2 2 

^ concave up on (— 00 , — 2 ) and ( 2 , 00 ), concave down on 
(— 2 , 2 ) => points of inflection at x = 士 2 

46. y’ = (x — l) 2 (2x + 3), y '= —— | +++ | +++ 

-3/2 1 

=> rising on (— |, 00 ), falling on (— 00 , — |) no local 

maximum, a local minimum at x = — 昼； 

y" = 2(x — l)(2x + 3) + (x — 1) 2 (2) = 2(x - l)(3x + 2), 

y" = +++ I - I +++ => concave up on 

^ -2/3 1 

(— 00 , — I) and ( 1 , 00 ), concave down on (— l) 

=>• points of inflection at x = — | and x = 1 

47. y ; = ( 8 x - 5x 2 ) (4 - x ) 2 = x (8 - 5x)(4 - x) 2 , 

y f = - I +++ I - I - 4 rising on ( 0 , |), 

~ 08/54 

falling on (— 00 , 0 ) and (|, 00 ) a local maximum at 

x = ! , a local minimum at x = 0 ; 

y 〃 = (8 — 10x)(4 - x ) 2 + ( 8 x - 5x 2 ) (2)(4 - x)(-l) 

= 4(4 - x) (5x 2 — 16x + 8 ) ， 

y" = +++ I - I +++ I - ^ concave up 

8 - 2 v^ 8 + 2 y^ 4 

^5^ ^5^ 

on (- 00 , 8 ~ 5 ^^ and 4 ) ， con cave down on 

( 8 -:a/^ ， 8 + ,v^ ) an d ( 4 , 00 ) =>■ points of inflection at 
x = and x = 4 



Loc max 



x = -2^3 x = 2^l 



Loc max 
x = 8/5 
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48 •/ = (x 2 - 2x) (x - 5 ) 2 = x(x - 2)(x- 5) 2 , 

y’ = +++ I - I +++ I +++ ^ rising on (-oo, 0 ) 

0 2 5 

and ( 2 , oo), falling on ( 0 , 2 ) => a local maximum at x = 0 ， 

a local minimum at x = 2 ; 

y" = (2x - 2)(x - 5 ) 2 + (x 2 - 2x) (2)(x - 5) 

= 2(x - 5) (2x 2 — 8 x + 5 ) ， 

y" = - I +++ I - I +++ ^ concave up 

4-v^ 4+v/6 5 

~ 2 ~ ~ 2 ~ 

on ( 4 ’ 4+ 2 ^ ) and (5, oo), concave down on 

(-oo, 4- / ) and ( 4 + 户 ， 5 ) zz> points of inflection at 
x = 4± ^ and x = 5 

49. y r = sec 2 x ， y’ = ( +++ ) 4 rising on , 

—7r/2 7 t/2 

never falling ^ no local extrema; 
y" = 2 (sec x)(sec x)(tan x) = 2 (sec 2 x) (tan x), 

y" = ( - I +++ ) 4 concave up on ( 0 , 吾)， 

"-tt /2 0 tt /2 

concave down on ( — f, 0) ， 0 is a opoint of inflection. 

50. y’ = tan x ， y’ = ( - | +++ ) 4 rising on (0, |), 

—7r/2 0 7r/2 

falling on (― I ， 0 ) => no local maximum, a local minimum 

at x = 0 ; y" = sec 2 x ， y" = ( +++ ) =>■ concave up 

—7r/2 7 t/2 

on (— i ， i) > no points of inflection 

51. y’ = cot 參， y’ = ( +++ | - ) 4 rising on (0, 7 r), 

" 0 a 2 ?r 

falling on ( 丌 , 2 丌 ) => a local maximum 3i0 = tt, no local 

minimum; y’’ = _ \ esc 2 |,y 〃 = ( - ) ^ never 

0 2 tt 

concave up, concave down on (0,27r) => no points of 
inflection 

52. y’ = esc 2 ! ， y’ = ( +++) 4 rising on (0, 2 丌 )， never 

0 2 ?r 、 

falling => no local extrema; 

y" = 2 (esc f) (- CSC 昼 ） (cot I) (!) 

=—(esc 2 I) (cot f), y" = ( - I +++) 

0 I 27T 

^ concave up on (7r, 2n), concave down on (0, 7 r) 
a point of inflection at 6 = 7r 
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53_ y’ = tan 2 9 — l = (tan 9 — l)(tan 0+1), 

y’ = ( +++ I - I +++ ) => rising on 

—7r/2 —7 t/4 7t/4 7t/2 

( _ f ， — 牙 ） and (f ， f) ， falling on (- |, |) 

4 a local maximum at 沒二 一 | ， a local minimum aiO = |; 

y ,r = 2 ta.nO sec 2 6, y f, = ( - | +++ ) 

—7r/2 0 7r/2 

=>■ concave up on ( 0 , |) ， concave down on (— 0 ) 

a point of inflection at 沒 = 0 

54. y’ = 1 — cot 2 0 = (1 — cot 9)(1 + cot 6), 

y f = ( - I +++ I - )# rising on (f, 誓）， 

0 tt/4 3tt/4 ^ 

falling on ( 0 , |) and ( 宇 ,?r) => a local maximum at 

沒 二誓 ， a local minimum 3i 9 = |; 

y" = - 2 (cot (-esc 2 0), y" = ( +++ | - ) 

0 tt/2 n 

=> concave up on (0, |) , concave down on (|, 7 r) 

^ a point of inflection at ^ | 

55. y 7 = cos t, y’ = [ +++ | - | +++ ] ^ rising on 

" " 0 tt/2 3tt/2 2tt 、一 

( 0 , 1 ) and ( 誓， 2 丌 )， falling on (| ，夸 ） => local maxima at 

t = I and t = 2tt, local minima at t = 0 and t 二夸； 

y " = -sint,y" = [ - I +++] 

0 tt 2 tt 

^ concave up on (7r, 2n), concave down 
on ( 0 , 7 r) a point of inflection at t = 7 r 





56. / = sin t, y / = [ +++ | - ] => rising on (0, 丌)， 

" 0 tt 2tt ^ 

falling on ( 丌， 27r) => a local maximum at t = 丌 ， local 

minima at t = 0 and t = 27r; y" = cos t, 

y" = [ +++ I - I +++] 4 concave up on (0, |) 

0 tt/2 3tt/2 2tt 一 

and ( 夸， 27r) , concave down on (f, 誓 ) =>• points 

of inflection at t = | and t = 誓 

57. y’ = (x + 1)~ 2/3 , y f = +++) (+++ ^ rising on 

-1 

(— oo, oo), never falling no local extrema; 
y" = - ! (x + l)-5/3 ? y // = +++ )( —— 

-1 

=> concave up on (— oo, — 1), concave down on (—1, oo) 
a point of inflection and vertical tangent at x = —1 
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- )(+++# rising on ( 2 , 00 ), 

2 

falling on (— 00 , 2 ) => no local maximum, but a local 

minimum at x = 2 ; y" = _ ! (x — 2 ) -4 / 3 , 

y’’ = - )( - => concave down on (— 00 , 2 ) and 

2 

( 2 , 00 ) no points of inflection, but there is a cusp at 
x = 2 

59. y = x- 2 / 3 (x - 1), y' = —— )( —— I +++ =>• rising on 
^ 0 1 ^ 

( 1 , 00 ), falling on (— 00 , 1 ) => no local maximum, but a 

local minimum at x = 1 ; y" = ! x _2 / 3 + | x _ 5 / 3 

=\ x - 5 /3( x + 2), y" = +++ I - )(+++ 

-2 0 

concave up on (— 00 , — 2 ) and ( 0 , 00 ), concave down on 
(— 2 , 0 ) => points of inflection at x = — 2 and x = 0 , and a 
vertical tangent at x = 0 

60. y' = x _4 / 5 (x + 1 ), y’ = - | +++)(+++=> rising on 

^ ° -1 0 、 
(— 1 , 0 ) and ( 0 , 00 ), falling on (— 00 , — 1 ) => no local 
maximum, but a local minimum at x = — 1 ; 

y" = I x _4/5 _ 4 x_9/5 = 1 X ^/ 5 (X - 4 )， 

y" = +++)( - I +++ => concave up on (— 00 , 0 ) and 

^ 0 4 

(4, 00 ), concave down on (0,4) ^ points of inflection at 
x = 0 and x = 4, and a vertical tangent at x 二 0 


61. y '= 


f — 2x, x < 0 
[ 2x, x > 0 


,/ = +++ I +++ =>• rising on 
0 


(— 00 , 00 ) no local extrema; y"= 

y" = - )(+++# concave up on (0, 00 ), concave 

0 

down on (— 00 ,0) a point of inflection at x = 0 


f -2, x < 0 
I 2, x > 0 


62. 〆 = 


f —x 2 , x < 0 
\ x 2 , x > 0 


, y' = - I +++ =>• rising on 

0 


(0, 00 ), falling on (—oo,0) => no local maximum, but a 


local minimum at x = 0; y 〃 = 


f 一 2x, x < 0 
\ 2x, x > 0 ’ 


y" = +++ I +++ => concave up on (— 00 , 00 ) 


=> no point of inflection 
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63. The graph of y = f’’(x) => the graph of y = f(x) is concave 
up on (0, oo), concave down on (—oo, 0) a point of 
inflection at x = 0; the graph of y = f’(x) 

y f = +++ I - I +++ => the graph y = f(x) has 

both a local maximum and a local minimum 



64. The graph of y 二 f"(x) => y" = +++ | - => the 

graph of y = f(x) has a point of inflection, the graph of 

y = f’(x) 4 y' = - I +++ I - =>• the graph of 

y = f(x) has both a local maximum and a local minimum 



65. The graph of y = f’’(x) 4 y /; = - | +++ | - 

^ the graph of y = f(x) has two points of inflection, the 

graph of y = f’(x) y r = - | +++ ^ the graph of 

y = f(x) has a local minimum 


y 



66. The graph of y 二 f"(x) => y" = +++ | - =>■ the 

graph of y = f(x) has a point of inflection; the graph of 

y = f’(x) => y’ = - I +++ I - 4 the graph of 

y = f(x) has both a local maximum and a local minimum 


y 



67. 


Point 

y 1 

y" 

P 

- 

+ 

Q 

+ 

0 

R 

+ 

- 

S 

0 

— 

T 

— 

- 
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y 



70. 


y 
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69. 





71. Graphs printed in color can shift during a press run, so your values may differ somewhat from those given here. 

(a) The body is moving away from the origin when |displacement| is increasing as t increases, 0 < t < 2 and 

6 < t < 9.5; the body is moving toward the origin when |displacement| is decreasing as t increases, 2 < t < 6 
and 9.5 < t < 15 

(b) The velocity will be zero when the slope of the tangent line for y = s(t) is horizontal. The velocity is zero 
when t is approximately 2, 6, or 9.5 sec. 

(c) The acceleration will be zero at those values of t where the curve y = s(t) has points of inflection. The 
acceleration is zero when t is approximately 4, 7.5, or 12.5 sec. 

(d) The acceleration is positive when the concavity is up, 4 < t < 7.5 and 12.5 < t < 15; the acceleration is 
negative when the concavity is down, 0 < t < 4 and 7.5 < t < 12.5 

72. (a) The body is moving away from the origin when |displacement| is increasing as t increases, 1.5 < t < 4, 

10 < t < 12 and 13.5 < t < 16; the body is moving toward the origin when |displacement| is decreasing as t 
increases, 0 < t < 1.5, 4 < t < 10 and 12 < t < 13.5 

(b) The velocity will be zero when the slope of the tangent line for y = s(t) is horizontal. The velocity is zero 
when t is approximately 0, 4, 12 or 16 sec. 

(c) The acceleration will be zero at those values of t where the curve y = s(t) has points of inflection. The 
acceleration is zero when t is approximately 1.5, 6, 8, 10.5, or 13.5 sec. 

(d) The acceleration is positive when the concavity is up, 0 < t < 1.5, 6 < t < 8 and 10 < t < 13.5, the 
acceleration is negative when the concavity is down, 1.5 < t < 6, 8 < t < 10 and 13.5 < t < 16. 

73. The marginal cost is ^ which changes from decreasing to increasing when its derivative is zero. This is a 
point of inflection of the cost curve and occurs when the production level x is approximately 60 thousand units. 

74. The marginal revenue is ^ and it is increasing when its derivative ^ is positive the curve is concave up 
=> 0 < t < 2 and 5 < t < 9; marginal revenue is decreasing when ^ < 0 =>■ the curve is concave down 
4 2 < t < 5 and 9 < t < 12. 

75. When y’ = (x — l) 2 (x — 2), then y" = 2(x — l)(x — 2) + (x — l) 2 . The curve falls on (—oo, 2) and rises on 

(2, oo). At x 二 2 there is a local minimum. There is no local maximum. The curve is concave upward on (—oo, 1) and 
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(I ， oo), and concave downward on (l, |) . At x = 1 or x = | there are inflection points. 


76. When y’ = (x — l) 2 (x — 2)(x — 4), then y 〃 = 2(x — l)(x — 2)(x — 4) + (x — l) 2 (x — 4) + (x — l) 2 (x — 2) 

=(x — 1) [2 (x 2 — 6 x + 8 ) + (x 2 — 5x + 4) + (x 2 — 3x + 2)] = 2(x — 1) (2x 2 — lOx +11). The curve rises on 
(—oo,2) and (4, oo) and falls on (2,4). At x = 2 there is a local maximum and at x = 4 a local minimum. The 

curve is concave downward on (—oo, 1) and ( 5 , 5 + 户 ) and concave upward on ( 1 , 5 - 户 ) and 

( 5 , °°) - At x = 1, 5 ~^ and 5+ 户 there are inflection points. 


77. The graph must be concave down for x > 0 because 

f " ⑻ = —去 < 0 . 


y 



78. The second derivative, being continuous and never zero, cannot change sign. Therefore the graph will always 
be concave up or concave down so it will have no inflection points and no cusps or corners. 


79. The curve will have a point of inflection at x = 1 if 1 is a solution of y 〃 = 0; y = x 3 + bx 2 + cx + d 
y f = 3x 2 + 2bx + c => y’’ = 6 x + 2b and 6(1) + 2b = 0 => b = —3. 


80. (a) True. If f(x) is a polynomial of even degree then f is of odd degree. Every polynomial of odd degree has 
at least one real root => f’(x) = 0 for some x = r ^ f has a horizontal tangent at x = r. 

(b) False. For example, f(x) = x — 1 is a polynomial of odd degree but f’(x) = 1 is never 0. As another 

example, y = | x 3 + x 2 + x is a polynomial of odd degree, but y’ = x 2 + 2 x + 1 = (x + l ) 2 > 0 for all x. 


81. (a) f(x) = ax 2 + bx + c = a (x 2 + 登 x) + c 


a (x 2 + 7 x + b2 


4^ j 




whose vertex is at x = — 吾 4 the coordinates of the vertex are 


+ c 


b 

2 ^ 


( x+ kY 


b 2 -^ 


4a 


a parabola 


b 2 -^ 


4a 


(b) The second derivative, f "(x) = 2a, describes concavity =>• when a > 0 the parabola is concave up and 
when a < 0 the parabola is concave down. 


82. No, f 〃 (x) could be decreasing to zero at x = c and then increase again so it would be concave up on every 
interval even though f’’(x) = 0. For example f(x) = x 4 is always concave up even though f’’(0) = 0. 

83. A quadratic curve never has an inflection point. If y = ax 2 + bx + c where a 7 ^ 0, then y f = 2ax + b and 
y" = 2a. Since 2a is a constant, it is not possible for y" to change signs. 

84. A cubic curve always has exactly one inflection point. If y = ax 3 + bx 2 + cx + d where a ^ 0, then 

y’ = 3ax 2 + 2bx + c and y" = 6 ax + 2b. Since ^ is a solution of y" = 0, we have that y" changes its sign 
at x = _ 盖 and y’ exists everywhere (so there is a tangent at x = _ 盖 ). Thus the curve has an inflection 
point at x = — & . There are no other inflection points because y" changes sign only at this zero. 
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85. If y = x 5 - 5x 4 - 240, then y’ = 5x 3 (x - 4) and 
y" = 20x 2 (x — 3). The zeros of y’ are extrema, and 
there is a point of inflection at x = 3. 



86. If y = x 3 — 12x 2 , then y’ = 3x(x — 8) and 
y" = 6(x — 4). The zeros of y’ and y" are 
extrema and points of inflection, respectively. 



87. If y = I x 5 + 16x 2 — 25, then y’ = 4x (x 3 + 8) and 
y" = 16 (x 3 + 2). The zeros of / and y" are 
extrema and points of inflection, respectively. 



88. If y = 誓 一 誓 一 4x 2 + 12x + 20, then 
y = x 3 - x 2 - 8x + 12 = (x + 3)(x- 2) 2 . 

So y has a local minimum at x = —3 as its only extreme 
value. Also y’’ = 3x 2 — 2x — 8 = (3x + 4)(x — 2) and there 
are inflection points at both zeros, —| and 2, of y". 



89. The graph of f falls where f r < 0, rises where f r > 0, 
and has horizontal tangents where f r = 0. It has local 
minima at points where f r changes from negative to 
positive and local maxima where f f changes from 
positive to negative. The graph of f is concave down 
where f" < 0 and concave up where f" > 0. It has an 
inflection point each time f 7/ changes sign, provided a tangent 
line exists there. 


y 
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90. The graph f is concave down where f" < 0, and concave 
up where f" > 0. It has an inflection point each time 
f" changes sign, provided a tangent line exists there. 



91. (a) It appears to control the number and magnitude of the 

local extrema. If k < 0, there is a local maximum to the 
left of the origin and a local minimum to the right. The 
larger the magnitude of k (k < 0), the greater the 
magnitude of the extrema. If k > 0, the graph has only 
positive slopes and lies entirely in the first and third 
quadrants with no local extrema. The graph becomes 
increasingly steep and straight as k —^ oo. 


y 



(b) f’(x) = 3x 2 +k the discriminant 0 2 — 4(3)(k) = —12k is positive for k < 0, zero for k = 0, and 

negative for k > 0; f’ has two zeros x = ± \ | when k < 0, one zero x = 0 when k = 0 and no real zeros 


when k > 0; the sign of k controls the number of local extrema, 
(c) As k ^ oo, f’(x) — oo and the graph becomes 
increasingly steep and straight. As k —^ — oo, the 
crest of the graph (local maximum) in the second 
quadrant becomes increasingly high and the trough 
(local minimum) in the fourth quadrant becomes 
increasingly deep. 


y 



92. (a) It appears to control the concavity and the number of 
local extrema. 


y 
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(b) f(x) = x 4 +kx 3 + 6 x 2 ^ f’ ⑻二 4x 3 + 3kx 2 + 12x 
4 f”(x) = 12 x 2 + 6 kx + 12 4 the discriminant is 
36k 2 - 4(12)(12) = 36(k + 4)(k - 4), so the sign line 

of the discriminant is +++ | - I+++ ^ the 

-4 4 

discriminant is positive when |k| >4, zero when 
k 二士 4, and negative when |k| < 4; f"(x) = 0 has 
two zeros when |k| > 4, one zero when k = 士 4, and 
no real zeros for |k| < 4; the value of k controls the 
number of possible points of inflection. 


y 



93. (a) 


If y = x 2 / 3 (x 2 - 2) ， then y’ = | x -1 / 3 (2x 2 - 1) and 
y n = I x _4 / 3 (10x 2 十 1). The curve rises on 


(- 


75 


, 0 ) and 




and falls on ( — oo, 


75) 


and (0, 泰 ) • The curve is concave up on (— 00 ,0) 


and ( 0 , 00 ). 

(b) A cusp since lim y’ = 00 and lim y / = — 00 . 
x — o _ x — 0+ 


y 



94. (a) If y = 9 x 2 / 3 (x — 1), then y r = 15 ^ and 

y" = 10 匕 /T 5) . The curve rises on (— 00 ,0) and 
(I ， 00 ) and falls on (0, |) . The curve is concave 
down on (— 00 ,— 臺 ） and concave up on (— - , 0 ) and 
(0, oo). 

(b) A cusp since lim y’ = 00 and lim y' = — 00 . 

X 4 0 _ X 4 0+ 


y 



95. Yes: y = x 2 + 3 sin 2x => / = 2x + 6 cos 2x. The graph 
of y’ is zero near —3 and this indicates a horizontal tangent 
near x = —3. 


y 



4.5 APPLIED OPTIMIZATION PROBLEMS 


1. Let i and w represent the length and width of the rectangle, respectively. With an area of 16 in. 2 , we have 

that (£)(w) = 16 w = 16£ _1 => the perimeter is P = 2^ + 2w = 2£ + 32£- 1 and P’(£) = 2 — 餐 = 2 (’ f 16 ) 
Solving P’(£) = 0 => 2(£-\-4X£-4) = 0 4 豸 =— 4 , 4 . Since £ > 0 for the length of a rectangle, £ must be 4 and 
w = 4 => the perimeter is 16 in., a minimum since P’’(£)= f > 0 . 


2. Let x represent the length of the rectangle in meters (0 < x < 4) Then the width is 4 — x and the area is 

A(x) = x(4 — x) = 4x — x 2 . Since A’(x) = 4 — 2x, the critical point occurs at x = 2. Since, A’(x) 〉 0 for 0 < x < 2 and 
A’(x) < 0 for 2 < x < 4, this critical point corresponds to the maximum area. The rectangle with the largest area measures 
2 m by 4 — 2 = 2 m, so it is a square. 
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Graphical Support: 


A(x) 



3. (a) The line containing point P also contains the points (0,1) and (1,0) => the line containing P is y = 1 — x 
a general point on that line is (x, 1 — x). 

(b) The area A(x) = 2x(1 — x), where 0 < x < 1. 

(c) When A(x) 二 2x — 2x 2 , then A’(x) = 0 4 2 — 4x 二 0 => x=|. Since A(0) = 0 and A(l) = 0, we conclude 


that A (I) = I sq units is the largest area. The dimensions are 1 unit by ^ unit. 


4. The area of the rectangle is A = 2xy = 2x (12 — x 2 ) ， 

where 0 < x < \fvi. Solving A’(x) = 0 4 24 — 6 x 2 = 0 
=>• x = —2 or 2. Now —2 is not in the domain, and since 

A(0) = 0 and A (= 0, we conclude that A(2) = 32 

square units is the maximum area. The dimensions are 4 units 
by 8 units. 


A 


5. The volume of the box is V(x) = x(15 — 2x)(8 — 2x) 

=120x — 46x 2 + 4x 3 , where 0 < x < 4. Solving V’(x) = 0 
玲 120 - 92x+ 12x 2 = 4(6 - x)(5 - 3x) = 0 泠 x= f 
or 6 , but 6 is not in the domain. Since V(0) = V(4) = 0, 

V (I) = « 91 in 3 must be the maximum volume of 

the box with dimensions 与 1 x 孕 x . inches. 


15-2X 


6 . The area of the triangle is A = | ba = \ y 400 — b 2 , where 


V^OO — b 2 


b 2 


0 < b < 20. Then 给 — 9 v ^ „ / -- 

—— db 2 v 2V400 - b 2 

== 0 the interior critical point is b = 10 \/ 2 - 

When b = 0 or 20, the area is zero ^ A is the 

maximum area. When a 2 + b 2 = 400 and b = lOy^, the 
value of a is also 10\/2 ^ the maximum area occurs when 
a = b. 



7. The area is A(x) = x(800 — 2x), where 0 < x < 400. 
Solving A ， (x) 二 800 - 4x = 0 泠 x = 200. With 
A(0) = A(400) = 0, the maximum area is 
A(200) = 80,000 m 2 . The dimensions are 200 m by 400 m. 


rlv«r 


•2x 



xcnj—8 
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8. The area is 2xy = 216 y = ^ . The amount of fence x x 

needed is P = 4x + 3y 二 4x + 324x _1 , where 0 < x; y 

惡 = 4 — 学 = 0 4 x 2 — 81 二 0 => the critical points are 

0 and 士 9, but 0 and —9 are not in the domain. Then x x 

P’’(9) > 0 =>• at x = 9 there is a minimum => the 
dimensions of the outer rectangle are 18 mby 12 m 
=> 72 meters of fence will be needed. 


9. (a) We minimize the weight = tS where S is the surface area, and t is the thickness of the steel walls of the tank. The 

surace area is S = x 2 + 4xy where x is the length of a side of the square base of the tank, and y is its depth. The 
volume of the tank must be 500ft 3 => y = Therefore, the weight of the tank is w(x) = t(x 2 + . Treating the 

thickness as a constant gives w’(x) = t(2x _ for x.0. The critical value is at x = 10. Since 
w"( 10 ) = t (2 + ^) > 0 , there is a minimum at x = 10. Therefore, the optimum dimensions of the tank are 10 ft on 
the base edges and 5 ft deep. 

(b) Minimizing the surface area of the tank minimizes its weight for a given wall thickness. The thickness of the steel 
walls would likely be determined by other considerations such as structural requirements. 

10. (a) The volume of the tank being 1125 ft 3 , we have that yx 2 = 1125 4 y 二 The cost of building the tank is 

c(x) = 5x 2 + 30x(^^), where 0 < x. Then c’(x) = lOx — = 0 =Mhe critical points are 0 and 15, but 0 is not 

in the domain. Thus, c 〃 (15) > 0 => at x = 15 we have a minimum. The values of x = 15 ft and y = 5 ft will 
minimize the cost. 

(b) The cost function c = 5(x 2 + 4xy) + lOxy, can be separated into two items: (1) the cost of the materials and labor to 
fabricate the tank, and (2) the cost for the excavation. Since the area of the sides and bottom of the tanks is (x 2 + 4xy), 
it can be deduced that the unit cost to fabricate the tanks is $5/ft 2 . Normally, excavation costs are per unit volume of 
excavated material. Consequently, the total excavation cost can be taken as lOxy = (^) (x 2 y). This suggests that the 

unit cost of excavation is $10 广 where x is the length of a side of the square base of the tank in feet. For the least 
expensive tank, the unit cost for the excavation is The total cost of the least expensive tank is 

$3375, which is the sum of $2625 for fabrication and $750 for the excavation. 


11. The area of the printing is (y — 4)(x — 8) = 50. 

Consequently, y = (^g) + 4. The area of the paper is 
A(x) = x +4), where 8 < x. Then 


A ， W=(^s+ 4 ) 


— X 




4(x - 8) 2 - 400 一 n 
(x-8)^^ — U 


the critical points are —2 and 18, but —2 is not in the 
domain. Thus A"(18) > 0 ^ at x = 18 we have 
a minimum. Therefore the dimensions 18 by 9 inches 
minimize the amount of paper. 



4 


2 

00 

l 

X 

y-4 

2 


4 



y 


12. The volume of the cone is V = 17rr 2 h, where r = x = -\/9 — y 2 and h = y + 3 (from the figure in the text). 
Thus, V(y) = f (9 - y 2 ) (y + 3) = f (27 + 9y - 3y 2 - y 3 ) ^ V’(y) = f (9 - 6y - 3y 2 ) = tt( 1 - y)(3 + y). 
The critical points are —3 and 1, but —3 is not in the domain. Thus V"(l) = ! (—6 — 6(1)) < 0 今 at y = 1 
we have a maximum volume of V(l) = ! (8)(4 )= 亨 cubic units. 
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13. The area of the triangle is A ( 沒 ） = ab s 2 in 6 , where 0 < 6 < tt. 
Solving A r (0) = 0 令也 = 0 令 6=^. Since M\6) 
= — ab s 2 in 6 A" (I) < 0, there is a maximum at 沒 =|. 



14. A volume V = 7rr 2 h = 1000 4 h = . The amount of 

material is the surface area given by the sides and bottom of 
the can 4 S = 2nrh + tit 2 = ^ + 7rr 2 , 0 < r. Then 
g = - 學 +2 灯 = 0 令 ^ 3 -. 1000 = 0. The critical points 
are 0 and , but 0 is not in the domain. Since 

祭 =+ 2 丌 > 0, we have a minimum surface area when 
r = cm and h = = -jj= cm. Comparing this result to 

the result found in Example 2, if we include both ends of the 
can, then we have a minimum surface area when the can is 
shorter-specifically, when the height of the can is the same as 
its diameter. 



h 


15. With a volume of 1000 cm and V = nr 2 h, then h = . The amount of aluminum used per can is 

A = 8r 2 + 2nrh = 8r 2 + ， . Then A ， (r) = 16r - 學 = 0 泠 81 ~ 3 ; 2 1000 = 0 泠 the critical points are 0 and 5, 
but r = 0 results in no can. Since A"(r) = 16 + > 0 we have a minimum at r = 5 => h = ^ and h:r = 8 ：7 r. 


16. (a) The base measures 10 — 2x in. by 15 ~ 2x in., so the volume formula is V(x) = x ( 10 ~ 2x )( 15 ~ 2x ) — 2x 3 — 25x 2 + 75x. 
(b) We require x > 0, 2x < 10, and 2x < 15. Combining these requirements, the domain is the interval (0, 5). 


V 



(c) The maximum volume is approximately 66.02 in. 3 when x ^ 1.96 in. 



⑹ 


V’(x) = 6x 2 — 50x + 75. The critical point occurs when V’(x) = 0, at x = 


50 土 y (-50) 2 -4(6)(75) 

2 ( 6 ) = 


50士\/^55 

12 


= 25 土 that is, x s 1.96 or x « 6.37. We discard the larger value because it is not in the domain. Since 
V’’(x) = 12x — 50, which is negative when x ^ 1.96 , the critical point corresponds to the maximum volume. The 
maximum volume occurs when x = 25 ~ 6 5 ^ ^ 1.96, which comfimrs the result in (c). 


17. (a) The" sides” of the suitcase will measure 24 — 2x in. by 18 — 2x in. and will be 2x in. apart, so the volume formula is 
V(x) = 2x(24 - 2x)(18 — 2x) = 8x 3 — 168x 2 + 862x. 
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(b) We require x 〉 0, 2x < 18, and 2x < 24. Combining these requirements, the domain is the interval (0, 9). 


V 



(c) The maximum volume is approximately 1309.95 in. 3 when x « 3.39 in. 


V 



(d) V’(x) = 24x 2 — 336x + 864 = 24(x 2 — 14x + 36). The critical point is at x = 14± \A 口 ” 4 (i)( 36 ) — i4±^/52 

^Ti^thatis, x « 3.39 or x « 10.61. We discard the larger value because it is not in the domain. Since 
V”(x) = 24(2x — 14) which is negative when x « 3.39, the critical point corresponds to the maximum volume. The 
maximum value occurs at x = 7 — \/l3 ~ 3.39, which confirms the results in (c). 

(e) 8x 3 - 168x 2 + 862x= 1120 4 8(x 3 - 2lx 2 + 108x - 140) = 0 泠 8(x - 2)(x- 5)(x- 14) = 0. Since 14 is not in 
the fomain, the possible values of x are x = 2 in. or x = 5 in. 

(f) The dimensions of the resulting box are 2x in., (24 — 2x) in., and (18 — 2x). Each of these measurements must be 
positive, so that gives the domain of (0, 9). 


18. If the upper right vertex of the rectangle is located at (x, 4 cos 0.5 x) for 0 < x < 7r, then the rectangle has width 2x and 
height 4 cos 0.5x, so the area is A(x) = 8x cos 0.5x. Solving A’(x) 二 0 graphically for 0 < x < 7r, we find that 
x « 2.214. Evaluating 2x and 4 cos 0.5x for x ^ 2.214, the dimensions of the rectangle are approximately 4.43 (width) by 
1.79 (height), and the maximum area is approximately 7.923. 


19. Let the radius of the cylinder be r cm, 0 < r < 10. Then the height is 2^/l00 — r 2 and the volume is 
V(r) = 27rrVl00-r 2 cm 3 . Then, V(r) = 2 灯 2 ( ^^ ) (—2r) + ^tta/iOO - r 2 ) (2r) 


-27rr 3 +4^1-(100-1^) — 2^(200-3^) 


~~ - — ~~ - The critical point for 0 < r < 10 occurs at r = = 10^ / 營 . Since V’(r) > 0 for 

0 < r < 10 and V’(r) < 0 for 10 v^ <r< 10, the critical point corresponds to the maximum volume. The 


dimensions are r 


10W I ~ 8.16 cm and h 


^ ^ 11.55 cm, and the volume is « 2418.40 cm 3 . 


20. (a) From the diagram we have 4x + £ = 108 and V = x 2 £. 
The volume of the box is V(x) = x 2 (108 — 4x), where 
0 < x < 27. Then 

V’(x) = 216x- 12x 2 = 12x(18 - x) = 0 

the critical points are 0 and 18, but x = 0 results in 
no box. Since V"(x) = 216 — 24x < 0 at x = 18 we 
have a maximum. The dimensions of the box are 
18 x 18 x 36 in. 
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(b) In terms of length, V(^) = x 2 l = ( 1Q8 4 ~^) 2 £ The graph 
indicates that the maximum volume occurs near £ = 36, 
which is consistent with the result of part (a). 


V 



21. (a) From the diagram we have 3h + 2w =108 and 

V = h 2 w 今 V(h) = h 2 (54 - |h) = 54h 2 - | h 3 . 

Then V’(h) = 108h - | h 2 = | h(24 — h) = 0 

\ 


\ 




h = 0 or h = 24, but h = 0 results in no box. Since 

V"(h) = 108 — 9h < 0 at h = 24, we have a maximum 

\ 


\ 


volume at h = 24 and w = 54 — | h = 18. 


( 24 , 10368 ) 



22. From the diagram the perimeter is P = 2r + 2h + 丌 r, 
where r is the radius of the semicircle and h is the 


height of the rectangle. The amount of light transmitted 


proportional to 


A 


2 rh + 1 7 rr 2 


r(P 一 2r — 7 rr) + Wr 2 


rP 


^ r : 


2r 2 - 4 ^r 2 .Then^ 


P - 4r 


7rr : 


2P 

8 + 3 ^ 


今 2h = ? 


4P 

8 + 3 ^ 


2ttP — (4 + tt)P 
8 + 3^ — 8 + 3tt _ 


Therefore, ^ gives the proportions that admit the 

most light since ^ —4 — 17 r < 0 . 



23. The fixed volume is V = 7 rr 2 h + 1 7 rr 3 => h = 备一警， where h is the height of the cylinder and r is the radius 
of the hemisphere. To minimize the cost we must minimize surface area of the cylinder added to twice the 
surface area of the hemisphere. Thus, we minimize C = 27rrh + 47 rr 2 = 27rr ( 各 —j) + 47 rr 2 = 亨 + 1 7 rr 2 . 

Then ^ = -^ + ^ 7 rr = 0 ^ V = f 7 rr 3 =>r= (|^) 1/3 . From the volume equation, h= ^ - f 

— 4 V" 3 _ 2-3^ 3 -V^ 3 — 3 1 / 3 -24-V 1/3 -2-3 1/3 -V 1 / 3 — ^Y、 1 / 3 c： npp d^C_4V,16_^ n thp<lp 
— 开 1/3.32/3 3.2.7T 1 / 3 — 3-2-7T 1 / 3 - V IT / . ^ ince dF — 7 3_i "T 7r>U5 mese 

dimensions do minimize the cost. 


24. The volume of the trough is maximized when the area of the cross section is maximized. From the diagram 
the area of the cross section is A ( 沒 ） =cos 沒 + sin 沒 cos 0, 0 <d <\. Then A’(0) = -sin 9 + cos 2 6 — sin 2 6 
=—(2 sin 2 沒 + sin 沒 一 1) = —(2 sin 6 — l)(sin 沒 + 1) so A\9) = 0 4 sin 沒 =! or sin 沒 =—1 4 ^ \ because 

sin 0 7 ^ — 1 when 0 < 9 < |. Also, A f (6) > 0 for 0 < 0 < | and A’(0) < 0 for | < 0 < |. Therefore, at 0 = | 
there is a maximum. 
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25. (a) From the diagram we have: AP = x, RA = \/L — x 2 , 

PB = 8.5 x,CH = DR= 11 RA = 11 - - x 2 , 

QB = Vx 2 - (8.5 - x) 2 , HQ = 11 -CH QB 
=11 — [11 一 - x 2 + \A 2 - (8.5 - x) 2 
= \/L-x 2 - Vx 2 - (8.5 - x) 2 , RQ 2 = RH 2 + HQ 2 
=(8.5) 2 + (\/L-x 2 — Vx 2 - (8.5 - x) 2 ) 2 . It 

follows that RP 2 = PQ 2 + RQ 2 => L 2 = x 2 + (V。_ x 2 -⑭一 (x- 8.5) 2 ) 2 + (8.5) 2 

泠 L 2 = x 2 + L 2 - x 2 - 2VL 2 - x 2 V"l7x- (8.5) 2 + 17x — (8.5) 2 + (8.5) 2 
今 17 2 x 2 = 4 (L 2 — x 2 ) (17x — （ 8.5 ) 2 ) 今 L 2 = x 2 + 4 [ 17 i 7 _ x (8 . 5) 2] = i7 X =8.5)2 

17x 3 _ 4x 3 _ 2x 3 

_ 17x- 献 " 4^7 - 2^83* 

(b) If f(x) = is minimized, then L 2 is minimized. Now f\x) = 4 泣 8 : g) => f’(x) < 0 when x < y 
and f’(x) > 0 when x > 警 . Thus L 2 is minimized when x= f. 

(c) When x = 孕 ， then L « 11.0 in. L 

35 
30 
25 
20 
15 

vVvA" ~~5 ~g ~7 ~5 ~r~To x 

26. (a) From the figure in the text we have P = 2x + 2y =>■ y = | — x. If P = 36, then y = 18 — x. When the 

cylinder is formed, x = 27rr r = -^ and h = y ^ h= 18 — x. The volume of the cylinder is V 二 7rr 2 h 
^ V(x) = 18X 4~ x ° . Solving V» = = 0 4 x = 0 or 12; but when x = 0, there is no cylinder. 

ThenV"(x)=|(3-f) V"(12) < 0 ^ there is a maximum at x = 12. The values of x = 12 cm and 

y = 6 cm give the largest volume. 

(b) In this case V(x) = 7rx 2 (18 — x). Solving V’(x) = 3nx(12 — x) = 0 ^ x = 0 or 12; but x = 0 would result in 
no cylinder. Then V’’(x) = 6tt(6 — x)=> V"(12) < 0 ^ there is a maximum at x = 12. The values of 
x = 12 cm and y = 6 cm give the largest volume. 

27. Note that h 2 + r 2 = 3 and so r = — b 2 . Then the volume is given by V = |r 2 h = !(3 — h 2 )h = ivh — |h 3 for 

0 < h < \/3, and so 盖 = 丌一灯 2 = 丌 (1 — r 2 ). The critical point (for h > 0) occurs at h = 1. Since 盖 > 0 for 

0 < h < 1, and ^ < 0 for 1 < h < the critical point corresponds to the maximum volume. The cone of greatest 
volume has radius \/~2 m, height lm, and volume 警 m 3 . 

28. (a) f(x) = x 2 + ■ 4 f’ ⑻ =x— 2 (2x 3 — a), so that f’(X) = 0 when x = 2 implies a = 16 

(b) f(x) = x 2 + ■ 4 f "(x) = 2x -3 (x 3 + a) ， so that f // (x) = 0 when x = 1 implies a = — 1 

29. If f(x) = x 2 + 登 ， then f ’ ⑻ = 2x — ax -2 and f’’(x) = 2 + 2ax -3 . The critical points are 0 and , but x / 0. 

Nowffyf) =6 > 0 => at x = there is a local minimum. However, no local maximum exists for any a. 

30. If f(x) = x 3 + ax 2 + bx, then f’(x) = 3x 2 + 2ax + b and f 〃 (x) = 6x + 2a. 

(a) A local maximum at x = —1 and local minimum at x = 3 => f ’(一 1) = 0 and f’(3) = 0 3 — 2a + b = 0 and 

27 + 6a + b = 0 => a = —3 and b = —9. 

(b) A local minimum at x = 4 and a point of inflection at x =1 令 f(4) = 0 and f"(l) = 0 今 48 + 8a + b = 0 
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and 6 + 2a = 0 => a 二 一 3 and b = —24. 

31. (a) s(t) = — 16t 2 + 96t + 112 => v(t) = s’(t) = —32t + 96. At t = 0, the velocity is v(0) 二 96 ft/sec. 

(b) The maximum height ocurs when v(t) = 0, when t = 3. The maximum height is s(3) = 256 ft and it occurs at t = 3 
sec. 

(c) Note that s(t) = — 16t 2 + 96t + 112 = —16(t + l)(t — 7)，so s = 0 at t = — 1 or t = 7. Choosing the positive value 
of t, the velocity when s = 0 is v(7) = —128 ft/sec. 



Let x be the distance from the point on the shoreline nearest Jane's boat to the point where she lands her boat. Then she 
needs to row \/4 + x 2 mi at 2 mph and walk 6 — x mi at 5 mph. The total amount of time to reach the village is 
f(x) = + ^ hours (0 < x < 6). Then f (x) = g^=(2x)-i = ~ I Solving f(x) = 0, we 

have: 2 y 4 x +x 2 = I 4 5x = 2^/ 4 + x 2 => 25x 2 = 4(4 + x 2 ) =>■ 21x 2 = 16 4 x = 士 We discard the negative 


value of x because it is not in the domain. Checking the endpoints and critical point, we have f(0) 

f (為） 


2 . 2 , 


^ 2.12, and f(6) ~ 3.16. Jane should land her boat ^ 0.87 miles donw the shoreline from the point 


nearest her boat. 


33. 


卜為泠 h = 8+ — andL(x) = ^/h 2 + (x + 27) 2 
=y^(8 + 平 ) 2 + (x + 27) 2 when x > 0. Note that L(x) is 

minimized when f(x) = (8 + 甲 ) 2 + (x + 27) 2 is 

minimized. If f’(x) = 0, then 

2(8 + 爭 )(- 學 )+ 2(x + 27) = 0 

(x + 27) (1 — = 0 => x = —27 (not acceptable 



since distance is never negative or x = 12. Then L( 12) = \J 2197 ~ 46.87 ft. 


34. (a) 


From the diagram we have d 2 = 4r 2 — w 2 . The strength of the beam is S = kwd 2 = kw (4r 2 — w 2 ). When 
r = 6, then S = 144kw — kw 3 . Also, S’(w) = 144k — 3kw 2 = 3k (48 — w 2 ) so S’(w) = 0 4 w 二士 4\/3 ; 


S" < 0 and —4^/3 is not acceptable. Therefore S 

of the strongest beam are 4\/3 by 4\/6 inches. 


is the maximum strength. The dimensions 




Both graphs indicate the same maximum value and are consistent with each other. Changing k does not 
change the dimensions that give the strongest beam (i.e., do not change the values of w and d that produce 
the strongest beam). 
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1 /o 

35. (a) From the situation we have w 2 = 144 — d 2 . The stiffness of the beam is S = kwd 3 = kd 3 (144 — d 2 ) ’， 
where 0 < d < 12. Also, S’(d) = 4k y|^ 8 ~^ ^ ^ critical points at 0, 12, and 6Both d = 0 and 

d = 12 cause S = 0. The maximum occurs at d = 6\/3 - The dimensions are 6 by 6y/3 inches. 

(b) (c) 



Both graphs indicate the same maximum value and are consistent with each other. The changing of k has 
no effect. 



36. (a) Si = S 2 => sin t = sin (t + |) => sin t 二 sin t cos | + sin | cos t 4 sin t = | sin t + ^ cos t ^ tan t = \/3 




7T nr 47T 

3 or T 


(b) The distance between the particles is s(t) = |s! — S 2 I = |sin t — sin (t + !) | = | sin t — \ph cos t 

in t - \J1) cos t) (cos t + y/3 si 


今 S ， (t) 


2 sin t -必 cos t 


since ^ |x| = A ^ critical times and endpoints 


are 0, f ，警， f ，訾， 2tt ; then S (0) = s (f) = 0, s (f) = 1， s (f) = 0, S ( 警 )= 1 ， s(2tt) = ^ ^ the 
greatest distance between the particles is 1. 

_ f sin t—\/3 cos t j (cos t+>/3 sin t j 

Since S (t) = - j -- -P - \ - wc uunv^iuuc liicil til i — ^ ctnu 丁， 

2 sint — y3 cos t ^ J 

the distance between the particles is changing the fastest near these points. 


we can conclude that at t = | and 等， s’(t) has cusps and 


37. (a) s = 10 cos ( 丌 0 => v = _10 丌 sin(7rt) speed = 1 10 丌 sin(7rt)| = 10 丌 |sin ( 丌 t)| => the maximum speed is 
107r ~ 31.42 cm/sec since the maximum value of |sin(7rt)| is 1; the cart is moving the fastest at t = 0.5 sec, 
1.5 sec, 2.5 sec and 3.5 sec when |sin(7rt)| is 1. At these times the distance is s = 10 cos (|) = 0 cm and 
a = — 107r 2 cos(7rt) => |a| = 107r 2 |cos(7rt)| ^ |a| = 0 cm/sec 2 
(b) |a| = 107r 2 I cos ( 丌 0| is greatest at t = 0.0 sec, 1.0 sec, 2.0 sec, 3.0 sec and 4.0 sec, and at these times the 
magnitude of the cart’s position is |s| = 10 cm from the rest position and the speed is 0 cm/sec. 


38. (a) 2 sin t = sin 2t ^ 2 sin t — 2 sin t cos t = 0 => (2 sin t)(l — cos t) = 0 t = kn where k is a positive 
integer 

(b) The vertical distance between the masses is s(t) = |si — S 2 I = ((si — S 2 ) 2 ) = ((sin 2t — 2 sin t) 2 )" 2 

^ s’(t) = (I) ((sin 2t — 2 sin t) 2 ) _1 ^ 2 (2)(sin 2t — 2 sin t)(2 cos 2t — 2 cos t) 


2(cos 2t — cos t)(sin 2t —2 sin t) _ 4(2 cos t+ l)(cos t — l)(sin t)(cos t — 1) 
I sin 2t — 2 sin t| _ |sin 2t — 2 sin t| 


=> critical times at 


0, 警， 7r ， 誓， 27t; then s(0) = 0, s (_) = |sin ( 亨 ）— 2 sin ( 警 )| ， s(>r) 二 0, s ( 誓） 

=I sin ( 警 ） _ 2 sin ( 亨 ）I 二 s(27r) = 0 ^ the greatest distance is at t = 警 and 誓 


39. (a) s = >/(12 - 12t) 2 + (8t) 2 = ((12 - 12t) 2 + 64t 2 ) 1/2 

(b) I = i ((12 - 12t) 2 + 64t 2 )- 1/2 [2(12 - 12t)(-12)+ 128t] = 
今羞 1 1 =。= — 12 knots and 羞 1 1=1 = 8 knots 
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(c) 


(d) 


(e) 


The graph indicates that the ships did not see 
each other because s(t) > 5 for all values of t. 


The graph supports the conclusions in parts (b) 
and (c). 


lim 

t ^ 00 


ds — 
dt — 




(208t - 144) 2 
144(1 -1) 2 + 64t 2 




(208- 甲 ) 2 

144 - l) 2 +64 


S 




which equals the square root of the sums of the squares of the individual speeds. 


40. The distance OT + TB is minimized when OB is 
a straight line. Hence Za = Z/3 => 6\ = O 2 . 



41. If v = kax — kx 2 , then v’ = ka — 2kx and v" = —2k, so v r = 0 ^ x=|. Atx 二 | there is a maximum since 
\ n (l) = —2k < 0. The maximum value of v is 亨 . 

42. (a) According to the graph, y'(0) = 0. 

(b) According to the graph, y’( 一 L) = 0. 

(c) y(0) = 0, so d = 0. Now y’(x) = 3ax 2 + 2bx + c, so y’(0) = 0 implies that c 二 0. There fore, y(x) = ax 3 + bx 2 and 

y’(x) = 3ax 2 + 2bx. Then y(—L) = — aL 3 + bL 2 = H and y’(—L) = 3aL 2 — 2bL = 0, so we have two linear 
equations in two unknowns a and b. The second equation gives b = 學 . Substituting into the first equation, we have 
—aL 3 + = H, or 誓 =H, so a = 2 吾 . Therefore, b = 3 吾 and the equation for y is 

yW = 2 苔 x 3 + 3 苔 x 2 , or y(x) = H[2 ㈤ 3 + 3([) 2 '. 

43. The profit is p = nx — nc = n(x — c) = [a(x — c ) _1 + b(100 — x)] (x — c) = a + b(100 — x)(x — c) 

=a + (be + 100b)x — lOObc — bx 2 . Then p’(x) = be + 100b — 2bx and p 〃 (x) = —2b. Solving p’(x) = 0 
x = . + 50. At x = |+50 there is a maximum profit since p’’(x) 二 一 2b < 0 for all x. 


44. Let x represent the number of people over 50. The profit is p(x) = (50 + x)(200 — 2x) — 32(50 + x) — 6000 

=—2x 2 + 68 x + 2400. Then p’(x) = —4x + 68 and p" = —4. Solving p’(x) = 0 ^ x = 17. At x = 17 there is a 
maximum since p’’(17) < 0. It would take 67 people to maximize the profit. 
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45. (a) A(q) = kmq -1 + cm + | q, where q > 0 =>• A’(q) = —kmq -2 + - 


hq 2 -2krr 

2q 2 


and A // (q) = 2kmq -3 . The 


critical points are ^ , 0, and ^ , but only yj ^ is in the domain. Then A" > 0 ^ at 


there is a minimum average weekly cost. 

(b) A(q) = + cm + 鲁 q = kmq - 1 + bm + cm + ■ q, where q > 0 泠 A’(q) = 0 at q = as in (a). 

Also A"(q) = 2kmq - 3 > 0 so the most economical quantity to order is still q = which minimizes 

the average weekly cost. 


46. We start with c(x) = the cost of producing x items, x > 0, and ^ = the average cost of producing x items, assumed 
to be differentiable. If the average cost can be minimized, it will be at a production level at which 盖 — q 

^ xc ( x ^~ c ( x ) = 0 (by the quotient rule) 4 x c’(x) — c(x) = 0 (multiply both sides by x 2 ) =>• c’(x )= 字 where 
c’(x) is the marginal cost. This concludes the proof. (Note: The theorem does not assure a production level that will give a 
minimum cost, but rather, it indicates where to look to see if there is one. Find the production levels where the average cost 
equals the marginal cost, then check to see if any of them give a mimimum.) 

47. The profit p(x) = r(x) — c(x) = 6x — (x 3 — 6x 2 + 15x) = —x 3 + 6x 2 — 9x, where x > 0. Then 

p’(x) = —3x 2 + 12x — 9 = —3(x — 3)(x — 1) and p’’(x) = _6x + 12. The critical points are 1 and 3. Thus 
P" ⑴ = 6 > 0 => at x 二 1 there is a local minimum, and p"(3) = —6 < 0 => atx = 3 there is a local maximum. 

But p(3) = 0 the best you can do is break even. 

48. The average cost of producing x items is 己 (x)= 字 =x 2 — 20x + 20,000 ^ c ; (x) = 2x — 20 = 0 4 x = 10, the 
only critical value. The average cost is c(10) = $19,900 per item is a minimum cost because c"(10) = 2 > 0. 


49. (a) The artisan should order px units of material in order to have enough until the next delivery. 

(b) The average number of units in storage until the next delivery is y and so the cost of storing then is s(y) per 
day, and the total cost for x days is (y)sx. When added to the delivery cost, the total cost for delivery and storage 
for each cycle is: cost per cycle = d + ysx. 

( d+ f x2 ) , d ， P*, 


(c) The average cost per day for storage and delivery of materials is: average cost per day 

To minimize the average cost per day, set the derivative equal to zero. 盖 (d(x ) _1 + 号 x) = — d(x) 

x 


rX. 


ps 


± Only the positive root makes sense in this context so that x* = w To verify that x*gives a 


minimum, check the second derivative 


(- d(x)- 





_ 2d 


一 F 


2d 


The amount to deliver is px* 


/¥• 


(\/ t ) 


> 0 a minimum. 


(d) The line and the hyperbola intersect when 


P! 


x. Solving for x gives x intersection = 士 '/ 普 • For x 〉 0, 


^intersection ~ 


x*. From this result, the average cost per day is minimized when the average daily cost of 


delivery is equal to the average daily cost of storage. 

50. Average Cost: 字 = ， + 96 + 4x " 2 > 基 ( 字 ) =— 


+ 2x _1 / 2 = 0 4 x = 100. Check for a minimum: 


di 

dx 2 


c(x) 


— 100 -3 / 2 = 0.003 > 0 今 a minimum at x = 100. At a production level of 100,000 units, 


x=100 


the average cost will be minimized at $156 per unit. 
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51. We have 黑 =CM — M 2 . Solving 0=C — 2M = 0 泠 M = 譽 . Also, 0 = —2<0 泠 atM=f there is a 
maximum. 

52. (a) If v = cror 2 — cr 3 , then V = 2cror — 3cr 2 = cr (2ro — 3r) and v" = 2ctq — 6cr = 2c (ro — 3r). The solution of 

V = 0isr = 0or 警， but 0 is not in the domain. Also, v 7 > 0 for r < and v’ < 0 for r > 警 4 at 
r = 警 there is a maximum. 

(b) The graph confirms the findings in (a). 

v 

0.0175 
0.015 
0.0125 
0.01 
0.0075 
0.005 
0.0025 



53. If x > 0, then (x — l ) 2 > 0 => x 2 + 1 > 2x =>• ^±1 > 2 . In particular if a, b, c and d are positive integers, 


then 


a 2 + l 


) ㈣㈣ （ 


d 2 + r 


> 16. 


54. (a) f(x) = 


^ f ， (x) 


( a 2 +x 2) 1 / 2 _ x 2 (a 2 +x 2 ) -l/2 
(a 2 +x 2 ) 


a 2 + x 2 — x 2 


(a 2 +x 2 )' 


1/2 


^/a 2 + x 2 

=^- f(x) is an increasing function of x 

d-x 一 „ - (b 2 +(d-X) 2 ) 1/2 + (d-x) 2 (b 2 +(d- X) 2 厂 1/2 


(a 2 +x 2 )' 


W 


> 0 


(b) g(x)= 


y/b 2 + (d - x) 2 
-(b 2 + (d-x) 2 ) + (d-x) 2 
(b 2 + (d-x) 2 ) 3/2 


^ g ， (X) 


-b 2 


(b 2 + (d-x) 2 )' 


b 2 + (d-x) 2 

3/2 < 0 =>■ g(x) is a decreasing function of x 


(c) Since ci, C 2 > 0, the derivative is an increasing function of x (from part (a)) minus a decreasing 


function of x (from part (b)): 


dl 


f(x) 


g(x) => 0 = f’(x ) —盖 g’(x) > 0 since f’(x) > 0 and 


g’(x) < 0 今 # is an increasing function of x. 


55. At x = c, the tangents to the curves are parallel. Justification: The vertical distance between the curves is 

D(x) = f(x) — g(x), so D’(x) = f’(x) — g’(x). The maximum value of D will occur at a point c where D’ = 0. At 
such a point, f’(c) — g’(c) = 0 , or f’(c) = g’(c). 


56. (a) f(x) = 3 + 4 cos x + cos 2x is a periodic function with period 2n 

(b) No, f(x) = 3 + 4 cos x + cos 2x = 3 + 4 cos x + (2 cos 2 x — 1) =2(1+2 cos x + cos 2 x) = 2(1 + cos x ) 2 > 0 
f(x) is never negative 


57. (a) If y = cot x - esc x where 0 < x < 丌， theny’ = (esc x) y\/2 cotx - esc x). Solving / = 0 

cos x = -^ => x = |. For 0 < x < I we have y’ > 0, and y’ < 0 when | < x < 7 r. Therefore, at x = | 
there is a maximum value of y = — 1 . 
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⑼ y 



The graph confirms the findings in (a). 


58. (a) If y = tan x + 3 cot x where 0 < x < |, then y’ = sec 2 x — 3 esc 2 x. Solving y’ = 0 4 tan x = 士 

x = 士 ！， but — I is not in the domain. Also, y" = 2 sec 2 x tan x + 3 esc 2 x cot x > 0 for all 0 < x < |. 
Therefore at x = | there is a minimum value of y = 2y/ 3. 

(b) 


y 



The graph confirms the findings in (a). 


59. (a) The square of the distance is D(x) = (x — |) 2 + (\/x + 0 ) 2 = x 2 — 2x+ so D ; (x) = 2x — 2 and the critical 
point occurs at x = 1. Since D’(x) < 0 for x < 1 and D’(x) > 0 for x > 1, the critical point corresponds to the 
minimum distance. The minimum distance is ^/D(l)= 待 . 



The minimum distance is from the point 0) to the point (1 ， 1) on the graph of y = -y/x, and this occurs at the 
value x = 1 where D(x), the distance squared, has its minimum value. 


60. (a) Calculus Method: 

The square of the distance from the point (1, \/3^ to (x, \/l 6 — x 2 ) is given by 

D(x) = (x — l) 2 + (yi6 - x 2 - =x 2 — 2x + 1 + 16-x 2 — 2^48 — 3x 2 + 3 = - 2x + 20 - 2^48 - 3x 2 . 

Then D’(x) = — 2 — ^ 2 (—6x) = — 2 + ^ 2 . Solving D’(x) = 0 we have: 6x = 2\/48 — 3x 2 
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(b) 


^ 36x 2 = 4(48 — 3x 2 ) 4 9x 2 = 48 — 3x 2 4 12x 2 =48=>x = 士 2.We discard x — —2 as an extraneous solution, 
leaving x = 2. Since D’(x) < 0 for —4 < x < 2 and D’(x) > 0 for 2 < x < 4, the critical point corresponds to the 
minimum distance. The minimum distance is y^D(2) = 2. 

Geometry Method: 

The semicircle is centered at the origin and has radius 4. The distance from the origin to (1，is 
^l 2 + (\/^) =2. The shortest distance from the point to the semicircle is the distance along the radius 
containing the point ^1, That distance is 4 — 2 = 2. 

y, £>(x) 



The minimum distance is from the point (1 ， \/3^ to the point (2, 2y / 3^ on the graph of y = \/l 6 — x 2 , and this 
occurs at the value x = 2 where D(x), the distance squared, has its minimum value. 


61. (a) The base radius of the cone is r = 2?r 2 a ~ x and so the height is h = y^a 2 — r 2 = ^/a 2 _ ( 27r ^~ x ) 2 - Therefore, 



(b) To simplify the calculations, we shall consider the volume as a function of r: volume = f(r) = |r 2 \/a 2 — r 2 , where 

0 < r < a. f (r) = |A(r 2 x/^^) = f [r 2 • ^ (x/^^)( 2 r) 

~ 3 y a "- 2 ~ 3 2 ~ - The critical point occurs when r 2 = 学 ， which gives r = a^| = Then 

h = y^a 2 — r 2 = ^/a 2 — ^ Using r = and h = we may now find the values of r and h 

for the given values of a. 

When a = 4: r= ^,h= 

When a = 5: r= ^,h= 

When a = 6 : r = 2\J 6 , h = 2-\/3 ； 

When a = 8: r = #， h = 给 

(c) Since r = and h = ， the relationship is ^ = \[2. 


_ 7T 2a 2 r - 3r 3 
— 3 ^a 2 - r 2 


— 7T 

—r 3 + 2r(a 2 - r 2 ) 

3 

Va 2 - r 2 


62. (a) Let xq represent the fixed value of x at the point P, so that P has the coordinates (xq, a), and let m = f’(xo) be the 
slope of the line RT. Then the equation of the line RT is y = m(x — x 0 ) + a. The y-intercept of this line is 
m(0 — xq) + a = a — mx。，and the x-intercept is the solution of m(x — xq) + a = 0, or x = a . Let O designate 
the origin. Then 
(Area of triangle RST) 
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2(Area of triangle ORT) 

2 . |(x-intercept of line RT)(y-intercept of line RT) 


2 . 1 ( mxp — a 


— m (£ 
-m (㈣ 2 


)(a - mx 0 ) 


=_m(xo - 盒 ) 

Substituting x for xq, f’(x) for m, and f(x) for a, we have A(x) 




-親 


(b) The domain is the open interval (0, 10). To graph, let yi = f(x) = 5 + 5y 1 — y 2 = f’( x ) = NDER(yi), and 


y 3 = A(x) = -y 2 (x 


_ yi 


.The graph of the area function y 3 = A(x) is shown below. 


A(x) 
500 - 
400 - 
300 - 
200 - 



2 4 6 8 10 

The vertical asymptotes at x = 0 and x = 10 correspond to horizontal or vertical tangent lines, which do not form 
triangles. 


(c) Using our expression for the y-intercept of the tangent line, the height of the triangle is 


a — mx = f(x) — f’(x) . x = 5 + | \/l00 — x 2 


1\! 100 - x 2 


5+ WlOO-x 2 


x 2 


2y /100 - x 2 


We may use graphing methods or the analytic method in part (d) to find that the minimum value of A(x) occurs at 
x « 8.66. Substituting this value into the expression above, the height of the triangle is 15. This is 3 times the 
y-coordinate of the center of the ellipse. 

(d) Part (a) remains unchanged. Assuming C > B, the domain is (0, C). To graph, note that 


A(x) = -f (x) 


B + 5 


V c2 _ x2andf ’( x ) = = 


.Therefore we have 


-賴 


Bx 


CVe 2 - X 2 


B+gv f ^ 、 

CVe 2 -X 2 y 


Bx 


(BC + BVC 2 -x 2 ) (\/C 2 - x 2 ) 


1 

BCxy/C 2 - x 2 
1 

BCxy/C 2 - x 2 


Bx 2 + (BC + B^C 2 -x 2 ) (x/C 2 -x 2 

Bcf C+ ^--^ 2 BCfC + ^ 


Cy/c 2 - X 2 


BCxVC 2 - x 2 


-Bx 


Bx 2 + BCVC 2 - x 2 + B(C 2 - x 2 ) 


x-\/C 2 - x 2 


(xy / C^)(2)(c + VO^) (^) - (C + (x^+x^^d)) 

x 2 (C 2 — x 2 ) 


BC(C + \/c 2 -x 2 ) 
x 2 (C 2 — x 2 ) 


-2x 2 - (C + (^j + 


BC(C + \/C 2 -x 2 ) 
x 2 (C 2 — x 2 ) 


BC(C + VC 2 -x 2 ) 
x 2 (C 2 - x 2 ) 

BC 2 (C+v/C 2 -x 2 ) 


-2x 2 _ 


Cx 2 

、 y/C 2 x 2 


Cx 2 


yJC 1 - x 2 

一 cVc 2 - X 2 -c 2 


cVc 2 -x 2 +x 2 -(C 2 -x 2 ) 


BC(C + VC 2 -x 2 ) 


x 2 (C 2 - x 2 )' 


3/2 


Cx 2 - C(C 2 - x 2 ) - cVc 2 — x 2 


2x 2 - C 2 - C^C 2 - x 2 ； 


x 2 (C 2 - x 2 ) 3/2 

To find the critical points for 0 < x < C, we solve: 2x 2 — C 2 = C\/ C 2 — x 2 ^ 4x 4 — 4C 2 x 2 + C 4 = C 4 — C 2 x 2 
=> 4x 4 — 3C 2 x 2 = 0 4 x 2 (4x 2 — 3C 2 ) 二 0. The minimum value of A(x) for 0 < x < C occurs at the critical point 
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260 Chapter 4 Applications of Derivatives 


x = or x 2 = 字 . The corresponding triangle height is 
a — mx = f(x) — f’(x) • x 


B + lx/^-x 2 + 
B + WC 2 - x 2 


Bx 2 


(Vc2 -罕 


! (竽） 


c^/c 2 - 竽 


B + §(f) 


3BC 2 


=B+!+f 

= 3B 

This shows that the traingle has minimum arrea when its height is 3B. 


4.6 INDETERMINATE FORMS AND L'HOPITAL S RULE 


1 . l'HSpital: x lim 2 吕 =- 


x=2 




lim 


lim 


2 (x —2)(x + 2) x ^ 2 x + 2 4 


2 . 1 ， HS P ital： x^O —= 平 


x=0 


5or x lim o ^=5 5 l 1 m o ^=5. 


3. l'HSpital: x l 丄 ^= x lim 


10 


x-oo I — x-oo I4 = f° r x 1 l m oo W = X 1 ^) 7Tf 


4. l'Hopital: lim^ 


4x"-~x-3 = 1™. = n or v lim , sra 


H (x-l)(x 2 +x+l) 
(x-l)(4x 2 +4x + 3) 




5. rHopital: lim - 


x ^ 0 


x^O = x^O 




x 1 l m o^= x ^ 0 ^ = |or x l l m o i^ _ o 


lim 


(1 - cos x) / 1 + COS X \ 
X 2 \ 1+ COS X / 


(sin x 、( sin x \ ( _1 

V x / V x / Vl + o 


+ COS X / 


6. rHopital: lim = lim = lim ^ = 0 or lim = lim x ^ x2 i = ? 

r x —oo + X + 1 X ^ oo 3x^ + 1 x —^ OO 6x X^CX) X J +X+1 X^OO 1 + -V + -V 1 

7. lim ^ = lim = 0 

t—o t t—o 1 


8 x% -= li: 


lim — 

— 丌 /2 _ s : 


9 . 化鹗=以 


cos 6 _ —1 
—1 — 


10 . lin 


]i - /2 ^2-，= ^ = \ 


11 . 


lim 

x —>■ 7r/4 


sin x — cos x — Hni cos x + sin x — \/2 + y 2 — 

x_ l — x —?r / 4 1 _ 2 2 _ V 


12 . 


i • COS X _ q 1 . 

lim - ^ = lim , 

: —>■ 7r/3 X_ 3 X ^ 7r/3 
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Section 4.6 Indeterminate Forms and L'Hopital's Rule 261 


13 - x ^/2 — d 


tan x = li] 


iim 

X — 7r/2 


~( x ~ I) ! 


lim 

■ 7r/2 


(I — x) cos x + sin x(—1) _工 


14. lim 


lim 


lim 


0 x + 7v^ x ^ 0 1 + ^^ x 0 


4>A 

2^+7 


4-0 

2-0+7 


15. lim 2x2 ~ (3x + ! ) ^ x + 2 = lim 2x '~ 3x3/2 T xV2 + 2 = lim 


16. lim 


y/x 2 + 5-3 
x 2 — 4 


lim 


l(x 2 + 5)~ 7 (2x) 


2x 


lim 


2x/x 2 + 5 — 6 


17 - x 11 ^ ^fc = i7? = ^ wherea>0 - 


18 - ^ ^=^ 0 ， = # = -悬 


-xcos x — 2 sin x 


19 ' = x^O = x ^ 0 -畑 X 


xcos x + 2sin x — — xsin x + 3 cos x _ 3 

x ^> 0 sinx — x -l o cosx _ 1 


20 lim s in( a + h) - sin a _ cos(a + h) - cosa 


h ^0 


h —0 


21. lim 《二 1 ) = lim a ( n f ) = an lim r 11-1 = an, where n is a positive integer. 


22 . 


(^ 7 x) = x 1 i m 0+ (^) 


l'Hopital's rule 
does not apply 


[lim 。（ 1 -W). 卜 oo 


23. .lim^ ( x -Vx 2 +x =▲ (x 




+ \/x 2 + ^ 


lim x2 ~ ( f+ x) = lim 




l'Hopital's rule 
is unnecessary 


+ \/x 2 + x / x ^ oo x+ \/x 2 + x x ^ oo x . \/x 2 + x 

x Vx 2 


24. Ijm xtan(i) = x lim 




x^oo = x^oo sec2 (^) = sec2 ° 


25. x li 


3x-5 


^2 00 2x 2 — x + 2 x — > 1J ± oo 4x — 1 


26. lim 


sin 7x 


lim 


7cos(7x) _ 7.1 _ 7 


27. x^oo Jxtl = V X^oo TTT = V X^oo J = ^ 


28. lim 

X — 0 + 


\A 

V sin x 




及 x i- _ - 


iT/2 - (^)(i^)= x iT /2 - 


cot X 

Q+ CSC X 


/ COS X \ 

lim / si ? x x = lim 
[— 0+ x — 0+ 
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262 Chapter 4 Applications of Derivatives 

31. Part (b) is correct because part (a) is neither in the ? nor ^ form and so l'Hopital's rule may not be used. 


32. Answers may vary. 

(a) f(x) = 3x + l;g(x) = x 


x^oo 


f(x) 

g(x) 


X 1 ^ 


3x + l 


x^oo 


(b) f(x) =x+l ； g(x) =x 2 


3 


= 3 


(C) 


lim = lim = lim 

x OO g(X) x oo ^ x o 
f(x) = x 2 ;g(x) = x + 1 


lim 


X — oo 


f(x) 

g(x) 


lim 


X — oo 


I+I 


lim 


X — oo 


i = o 

Y = oo 


33. If f(x) is to be continuous at x = 0, then lim f(x) = f(0) c = f(0) = lim 9x ~^ s 3 in 3x = lim 9 _ ?f° 2 s 3x 

x ^ 0 x ^ 0 3X x —> 0 13x 

=lim 马 |^ = lim = 蘇 . 

x — o 30x x — 0 30 10 

34 •⑻ For x ^ 0, f’(x)= 去 (x + 2) = 1 and g’(x)= 基 (x + 1) = 1. Therefore, 乂 1 ^ 1 。銷 =| = 1 ， while \im^ ® 

— x + 2 — 0 + 2 一 o 

- xTT — oTT — ■ 

(b) This does not contradict rHopital's rule because neither f nor g is differentiable at x = 0 

(as evidenced by the fact that neither is continuous at x = 0)，so l'Hopital's rule does not apply. 


35. The graph indicates a limit near — 1. The limit leads to the 
indeterminate form ^ : lim^ 2x ~ (3x ^+|)^+ 2 
=lim 乂 2 I lim 扣 - ” 

X ^ 1 X_1 X— 1 1 

_ 4 ~ I ~ I _ 4-5 _ _i 


y 



36. (a) 


-0.5 




20 

40 60 80 100 


y = x-vx 2 +x 


(b) The limit leads to the indeterminate form oo — oo: 

x^oo ( X - 1 (X _ 




i +v / TTo 


lim 


x 2 -(x 2 +x ) 、 


OO \ X+ VX^-i-X / 


lim 


OO X+ \/x 2 +X 


37. Graphing f(x) = 1 x6 on th window [—1 ， 1] by [—0.5, 1] it appears that lim^x) = 0. However, we see that if we let 

u = x 6 , then lim f(x) = lim = lim lim ^ = 

x^o v 7 u — o u u^O 2u u^o 2 2 

38. (a) We seek c in (—2, 0) so that = 漂 : :((: 2 2 )) = 詰 | = Since f’(c) = 1 and g’(c) = 2c we have that 


^ c = —1. 
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Section 4.7 Newton’s Method 263 


(b) We seek c in any open interval (a, b) so that Jg = = ra = (b-aHb + a) = bh ^ Yc = bh ^ c = 

(c) We seek c in (0, 3) so that f| = ||^|| = ^ = -1 ^ ^ 3c 2 + 2c - 12 = 0 ^ c = 

(Note that c = - 1 is not in the given interval (0, 3).) 

39. (a) By similar triangles, 證 =where E is the point on such that ^ ^定丄 ^AB^: 



Thus 


1 — cos 6 
6 — sin 0 


， since the coordinates of C are (cos 0, sin 9). Hence, 1 


0(1 — cos 6) 

9 — sin 6 ' 


(b) lim^ (1 - x) = lim^ H/) 


lim ^ sin ^ + 1 — cos 6 

e^o 


1 — cos 9 


lim ㊀ cos 6 + sin 汐 + sin 沒 


sin 6 


^ m o 


6 cos 6 + 2sin 6 

sin 6 


沒 （ —sin 6) + cos 9 + 2cos 6 


9^0 


cos 9 


^ m o 


-6 sin 9 + 3cos 6 

cos 9 


0 + 3 


(c) We have that lim [(1 — x) — (1 — cos ^)1 = lim 

0 oo L J Q — oo 


6(1 — cos 6) 
6 — sin 0 


(1 — cos 6) 


lim (1 — cos 6) 

6 oo 


6 — sin d 


As ^ > oo, (1 — cos 6) oscillates between 0 and 2, and so it is bounded. Since lim 


1 ) = 1 - 1 = 0 , 


lim (1 — cos 6) 
approaches 0. 


6 — sin 6 


0. Geometrically, this means that as ^ > oo, the distance between points P and D 


40. Throughout this problem note that r 2 = y 2 + 1， r > y and that both r ^ oo and y ^ oo as ^ 

⑷⑶ /2 r-y = ^ /2 忐 = 0 


⑼ 以 /2 r2 — y 2 


lim 1 = 1 

7r/2 

(c) We have that r 3 - y 3 = (r - y)(r 2 + ry + y 2 ) = f2+ r ^+ y2 > t+^l+t. = = 3y . Z. 

Since lim 3y • - = lim 3sin 沒 ■ y = oo we have that lim r 3 — y 3 = oo. 

6> — tt/ 2 r 沒 —tt/2 9 ^tt/2 


4.7 NEWTON S METHOD 


1. y = x 2 + x - 1 = 2x + 1 x n+1 = x n 

2 


Xp+Xp-l • 


^ x 2 

^ X 2 


1±H ^ X2 = 2 _ 4±^9 _ 2 


3 + 1 

o 4-2-1 

— ^4+r 


_ 3 12+9 ' 

« -1.66667 


2x n +l 

丄 一 i 
21 — 21 


； X 0 


^ Xi 


13 « .61905; x 0 


丄 2+1 

1 => X! 


1 + 1-1 _ 2 
3 


1 - 1-1 

- 2+1 


2. y = x 3 + 3x + 1 4 / = 3x 2 + 3 x n+ i = x n — 
I _ zAzl±i 


xg+3x n +l 

3x2+3 


xq = 0 => X! = 0 


^ X 2 


去 +3 


T + 


90 


I « -0.32222 
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264 Chapter 4 Applications of Derivatives 


3. y = x 4 + x — 3 4 / = 4x 3 + 1 x n+ i = x n . 


x n+ x n~3 

4x3 + 1 , A 0 


^ Xi 


1 + 1-3 
4+1 


泠 X 2 ^ 

=—2 4 X2 


6_S±l-3 


1296+750-1875 _ 6 _ 171 — 5763 


5 

125 十 1 

o 16-2-3 
"— —32+1 


« 1.16542; xq = — 1 4 xi 


1-1-3 

-4+1 


-2 + M = 


fi « -1.64516 


4. y = 2x - x 2 + 1 ^ y , = 2 - 2x x n+1 = x n - 2 玄 : 忠 1 ; x 0 = 0 ^ Xl = 0 - 5=°+l 


泠 x 2 


-i-i+i 




~ 2 2+1 ~ — 泛卞巧 _ 12 

?5 ^ = |-^ = 1« 2 - 41667 


~ —.41667; xq = 2 => Xi 二 2 


2-0 

4-4+1 _ 
2-4 — 


_ 4 X 2 


r+1 


2-5 


5. y = X 4 _ 2 4 y’ = 4x 3 > x n+1 = x n — 




； X 0 


Xi 


¥ = I ^^2 


625 

256： 


~125~ 

16 " 


2 _ 5 _ 625-512 
— 4 2000 


5 _ U3_ — 2500-113 _ 2387 〜 】】 q% 
4 2000 — 2000 — 2000 〜丄 


6 . From Exercise 5, x n+1 = x n - ； xq = — 1 => xi 


1-2 


^ X 2 




625-512 

-2000 


! + 2 M ~ —1.1935 


f(X ) 

f(Xo) = 0 and f’(xo) 7^ 0 => x n+1 = x n — f/ 、( x n; ) gives xi = x 。 ^ X2 = xq ^ x n = xq for all n > 0. That is, all of 
the approximations in Newton's method will be the root of f(x) = 0. 


8 . It does matter. If you start too far away from x = ! , the calculated values may approach some other root. 
Starting with xq = —0.5, for instance, leads to x = — | as the root, not x = !. 


f(xo) 

f’(xo) 


h 


9. If x 0 = h > 0 xi = x 0 

h — 也 =h — (x/K) ( 2 ^/S) = -h; 


f(h) 


( 点） 


ifx 0 


f(xo) 

f’(x 0 ) 


-h < 0 => xi = xq 


儉一 h+ 剛 _) 


-h 


f(~h) 

FFh) 


h. 


y 



10 . f(x) = x 1 / 3 今 f(x) = (I) x ~ 2 / 3 x n+1 = x n - Xn/ _ 2/3 

UJ Xn 

—— 2x n j xq — 1 Xx — _ 2, X 2 — 4, X 3 — — 8 , and 
X 4 = 16 and so forth. Since |x n | = 2|x n _x| we may conclude 
that n —>• 00 ^ |x n | —• 00 . 



11. i) is equivalent to solving x 3 — 3x — 1 = 0. 

ii) is equivalent to solving x 3 — 3x — 1 = 0. 

iii) is equivalent to solving x 3 — 3x — 1 = 0. 

iv) is equivalent to solving x 3 — 3x — 1 = 0. 

All four equations are equivalent. 

12. f(x) = x — 1 — 0.5 sin x f’ ⑻ =1 — 0.5 cos x => x n+1 = x n — Xn ~ 1 厂 0 smx n ; if x 0 = 1.5, then 

1 — U.D COS Xjj 

Xl = 1.49870 
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Section 4.7 Newton’s Method 265 


13. For xq = —0.3, the procedure converges to the root —0.32218535.. 

(a) 


pi«ti plots 

sylBx A 3+3x+l 
\y2BnDerCyl?x ， x) 


I : I ['ELh Il'ELlT^ 


(b) 


. 3-^x 


-■3 


⑹ 


x-yl-'y2-^;< 

-.322324152194 

-.322185360292 

-.322185354626 

-.3221S5354626 


(d) Values for x will vary. One possible choice is xq = 0.1. 


.l+x 

. 1 

X-yl ， y2+X 

-.329372795587 
-.322200595043 
322185354 & 98 
-.3221S5354626 


(e) Values for x will vary. 


14 .⑻ 


f(x) = x 3 — 3x — 1 => f’(x) = 3x 2 — 3 => x n+1 = x n — X ° 3 ^ 2 ^ 3~ 1 ^ the two negative zeros are —1.53209 
and —0.34730 


(b) The estimated solutions of x 3 — 3x — 1 = 0 are 
-1.53209, -0.34730, 1.87939. 


y 



(c) The estimated x-values where 

g(x) = 0.25x 4 — 1.5x 2 — x + 5 has horizontal tangents 
are the roots of g’(x) = x 3 — 3x — 1, and these are 
-1.53209, -0.34730, 1.87939. 


15. f(x) = tan x — 2x f’00 = sec 2 x — 2 =>• x n+1 = x n — tan s &)(: ; Xn ; x 。 = 1 => Xi = 12920445 
泠 x 2 = 1.155327774 泠 x 16 = x 17 = 1.165561185 

16. f(x) = x 4 - 2x 3 — x 2 — 2x + 2 泠 f’(x) = 4x 3 — 6 x 2 — 2x — 2 泠 x n+1 = x n - 2 xf -2 2 

if xq = 0.5, then X 4 = 0.630115396; if xq = 2.5, then X 4 = 2.57327196 


y 
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266 Chapter 4 Applications of Derivatives 

17. (a) The graph of f(x) = sin 3x — 0.99 + x 2 in the window 
—2 < x < 2, —2 < y < 3 suggests three roots. 
However, when you zoom in on the x-axis near x = 1.2, 
you can see that the graph lies above the axis there. 
There are only two roots, one near x = — 1 ， the other 
near x = 0.4. 

(b) f(x) = sin 3x — 0.99 + x 2 =>■ f’(x) = 3 cos 3x + 2x 

sin (3x n ) - 0.99+x^ . 

^ x n+1 = x n - ~ -pi — ~ and the solutions 

n+1 n 3 cos (3x n ) + 2x n 

are approximately 0.35003501505249 and 

-1.0261731615301 



18. (a) Yes, three times as indicted by the 
graphs 

(b) f(x) = cos 3x — x =>■ f\x) 

=—3 sin 3x — 1 =>• x n+ i 

— cos (3x n )-x n 
_ Xn — -3sin(3x n )-l ， dl 

approximately —0.979367, 
—0.887726, and 0.39004 we have 
cos 3x = x 




19. f(x) = 2x 4 — 4x 2 + 1 泠 f (x) = 8 x 3 - 8 x x n+1 = x n — H : 1 ; if x 0 = — 2, then x 6 = -1.30656296; if 

xq = —0.5, then X 3 = —0.5411961; the roots are approximately 士 0.5411961 and 士 1.30656296 because f(x) is 
an even function. 


20. f(x) = tan x f’(x) = sec 2 x => x n+1 = x n — s :2 (: n ) ; x 0 = 3 =>• x x = 3.13971 x 2 = 3.14159 and we 
approximate 丌 to be 3.14159. 


21. From the graph we let xq = 0.5 and f(x) = cos x — 2x 

^ x n+ i 
^ X2 = 


… ^ x i = -45063 
.45018 ^ at x « 0.45 we have cos x = 2x. 



22. From the graph we let x 0 = —0.7 and f(x) = cos x 

^ x i = - -73944 


^ x n+ i = x n 


T 


^ X 2 


.73908 ^ at x ^ —0.74 we have cos x 


-x. 


y 



*^ 0".84 
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Section 4.7 Newton’s Method 267 


23. If f(x) = x 3 + 2x — 4, then f(l) = —1 < 0 and f(2) = 8 > 0 => by the Intermediate Value Theorem the equation 
x 3 + 2x — 4 = 0 has a solution between 1 and 2. Consequently, f’(x) = 3x 2 + 2 and x n+1 = x n — Xn ^^^~ 4 . 

Then x 0 = 1 x! = 1.2 x 2 = 1.17975 4 X3 = 1.179509 => X4 = 1.1795090 the root is approximately 
1.17951. 


24. We wish to solve 8 x 4 — 14x 3 — 9x 2 + 1 lx — 1 = 0. Let f(x) = 8 x 4 — 14x 3 — 9x 2 + 1 lx — 1, then 
f ， (x) = 32x 3 - 42x 2 - 18x + 11 今 x n+1 -- - 8x ° ~ 14x ° ~ 9x ° +1 lx ° ~ ' 


Xn 


Xo 

approximation of corresponding root 

- 1.0 

-0.976823589 

0.1 

0.100363332 

0.6 

0.642746671 

2.0 

1.983713587 


32x^-42x2-18x n +11 


25. f(x) = 4x 4 - 4x 2 泠 f’(x) = 16x 3 - 8 x ^ x i+1 
procedure in problem 13 in this section. 


& - 德 = Xi 


x? 一 x. 

4 ^2 _ 2 • Iterations are performed using the 


(a) For xq = 2 or xq = —0.8, Xi —> — 1 as i gets large. 

(b) For xq = —0.5 or xq = 0.25, Xi ^ 0 as i gets large. 

(c) For Xq = 0.8 or xq = 2, Xi ^ 1 as i gets large. 

(d) (If your calculator has a CAS, put it in exact mode, otherwise approximate the radicals with a decimal value.) 
or Xq = —Newton's method does not converge. The values of X[ alternate between 

拉 


For Xq •— 7 

V 21 


X 0 


y/21 t 
7 1 

7 or x 0 


as 1 increases. 


26. (a) The distance can be represented by 

D(x) = y^(x — 2 ) 2 + (x 2 + I) 2 ， where x > 0. The 

distance D(x) is minimized when 

f(x) = (x — 2 ) 2 + (x 2 + I ) 2 is minimized. If 

f(x) = (x - 2) 2 + (x 2 + I) 2 , then 

f’(x) = 4 (x 3 + x - 1) and f"(x) = 4 (3x 2 + 1) > 0. 

Now f(x) = 0 ^ x 3 + x - 1 = 0 x(x 2 + 1) = 1 

4 X : 1 


x 2 +T - 



(b) Let g(x) = - x = (x 2 + l )' 1 — x => g’(x) 

(右 x °) 


(x 2 + 1 厂 2 ( 2 x) - 1 


-2x 


^ X n+ i = X n 


； X 0 


(x 2 +ir 

X 4 = 0.68233 to five decimal places. 


~2xn 


、(硓 + 1 ) 


27. f(x) = (x _ l ) 40 o f ， (x) = 40(x-l) 39 ^ x n+1 = x n 


(Xn-l) 41 


gave x 87 = x 88 = x 89 


x 200 


40 (x n - l) a9 40 

1.11051, coming within 0.11051 of the root x 


^r 1 - Withx 0 

1 . 


2 , our computer 


28. f(x) = 4x 4 — 4x 2 泠 f(x) = 16x 3 — 8 x = 8 x (2x: 

X 12 ~ —.000004, if Xq = .7, then X 12 = —1.000004; if xq 


1 、 X n (x„ — 1) .jy 

1) ^ X n+ 1 — X n — 2 (2x 2 — 1); 江叉 0 


•65, then 

. 8 , then x 6 = 1.000000. NOTE: ^ « .654654 


29. f(x) = x 3 + 3.6x 2 — 36.4 泠 f(x) = 3x 2 + 7.2x 泠 x n+1 = x n - x ° ^ 6 ' 4 ; x 0 = 2 泠 Xl = 2.5303 

x 2 = 2.45418225 4 X 3 = 2.45238021 4 X 4 = 2.45237921 which is 2.45 to two decimal places. Recall that 
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268 Chapter 4 Applications of Derivatives 

x 二 10 4 [H 3 0+] 4 [H 3 0+] = (x) (10- 4 ) = (2.45) (1(T 4 ) = 0.000245 
30. Newton's method yields the following: 


the initial value 

2 

i 

^3 + i 

the approached value 

1 

-5.55931i 

-29.5815 - 17.0789i 


4.8 ANTIDERIVATIVES 


1 . 

⑷ 

X 2 

(b) 

X 3 

T 




(c) 

y — X 2 + X 

2 . 

(a) 

3x 2 

(b) 

x 8 

"8 




(c) 

^ - 3x 2 + 8x 

3. 

⑷ 

X -3 

(b) 

x- 3 

3 




(c) 

-誓 + x 2 + 3x 

4. 

⑷ 

-x -2 

(b) 

_x^ + x! 
4+3 




(C) 

X：! _L x! _ X 

2 十 2 A 

5. 

(a) 


(b) 

^5 




(C) 

2 x + f 

6 . 

(a) 

1 

(b) 

-1 

4x 2 




(C) 

x 4 , 1 

T + 2^ 

7. 

(a) 


(b) 





(C) 

| Vx^ + 2^x 

8 . 

⑻ 

x 4/3 

(b) 

1 x 2/3 

2 X 




(C) 

3 x 4/3 + 3 x 2/3 

9. 

⑷ 

x 2/3 

(b) 

x l/3 




(C) 

x -l/3 

10 . 

⑷ 

x l/2 

⑻ 

x -l/2 




(C) 

x -3/2 

11 . 

(a) 

COS ( 丌 X) 

(b) 

—3 cos x 




(C) 

-⑽㈣ +cos(3x) 

7T 、 ’ 

12 . 

(a) 

sin (7 tx) 

(b) 

sin(f) 




(C) 

(1) sin(f) +7rsin 

13. 

(a) 

tan x 

(b) 

2 tan (l) 




(C) 

-ftan ㈤ 

14. 

(a) 

—cot X 

(b) 

cot(f) 




(C) 

x + 4 cot (2x) 

15. 

(a) 

—CSC X 

(b) 

j esc (5x) 




(C) 

2 esc ( 晉） 

16. 

(a) 

sec x 

(b) 

| sec (3x) 




(C) 

l sec (f) 

17. 

(x -j- 1) dx = y + x + C 


18. 

/(5 - 

- 6x) dx = 

5x - 3x 2 

+ c 


19. 

/ (3t 2 + 1) dt = t 3 + | + C 


20 . 

/(I 

+ 4t 3 ) dt 

= l+t 4 

+ c 
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21. f (2x 3 - 5x + 7) dx = 1 x 4 - § x 2 + 7x + C 
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22. f (1 - x 2 - 3x 5 ) dx = x - i x 3 - i x 6 + C 


23. /(i—x2 一臺） dx=/(x-2 — x 2 — !)dx=g — 誓 一 I X + C = — 卜誓一 f+C 

24- /(i-^ + 2 x) dx = /(i- 2 x - 3 + 2 x)dx=ix-(^) + f+C=5 + ^+x 2 + C 
25. / x-Vs dx = ^ + C = § x 2 / 3 + C 26. /x _ 5 / 4 dx=^+C=^|+C 

27. / (W+V^dx=/ ( X l/2 +x l/3) dx = 乎 + ^ +C = ! x 3/2 + 聲 x 4 /3 + c 

28. /(# + 7x) dx = / G xV2 + 2 X-V 2 ) dx = i (^)+2 (f) +C= |x 3 / 2 + 4 xV 2 + C 

29. /( 8 y—#)dy = / ( 8 y — 之丫-" 4 ) dy = 竽一 2 ( 午) + C = 4 y 2 — | y 3/4 + C 

30 . /(+ — ★) d y = / (♦ _ y~ 5/4 ) d y = + y — (^) + c = 7 + ^i + c 

31. f 2x (1 -x~ 3 ) dx = f (2x-2x - 2 )dx= 誓 — 2(g)+C = x 2 + f+C 

32. f x~ 3 (x + 1) dx = f (x - 2 + x~ 3 ) dx = g + ( 弓 ) +C = -i^^+C 


33. 


34. 


dt : 

=/( 学 + 学) 

4 +/ t dt = 

/ (| + 学) dt : 

—2 cos t dt 

= —2 sin t + C 

7 sin 1 dd : 

=—21 cos | + C 


= 4 


' t _3/2 、 


c 


+ C = — ^ — 3^/2 + C 


39. f —3 esc 2 x dx = 3 cot x + C 


41. / csc ^ 2 cot ^ d 6 > = - I esc 6 > + C 


36. —5 sin t dt = 5 cos t + C 

38. / 3 cos 59d0=l sin 56> + C 
40. / - 爭 dx =- 半 + C 
42. f I sec 6 tan 0 d0 = | sec 0 + C 


43. f (4 sec x tan x — 2 sec 2 x) dx = 4 sec x — 2 tan x + C 

44. f I (esc 2 x — esc x cot x) dx = — ! cot x + | esc x + C 

45. f (sin 2x — esc 2 x) dx = _ | cos 2x + cot x + C 46. f (2 cos 2x — 3 sin 3x) dx = sin 2x + cos 3x + C 


47. ^ 

f 1+c 2 os4t dt: 

=/ (1 

+ I cos 4t) dt = 11 + | 

48. ^ 

f '-^ 08 61 dt : 

= / (s 

-icos6t)dt=it-i(^ 


sin4t 


sin 6t 


+ c 


+ c 
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49. f (1 + tan 2 0) d6 = f sec 2 ^ = tan ^ + C 

50. / (2 + tan 2 0) d6 = f (1 + 1 + tan 2 0) d6 = J (1 + sec 2 沒 ) d 沒 = 沒 + tan 沒 + C 

51. f cot 2 xdx = f (esc 2 x — 1) dx = —cot x — x + C 

52. /(I — cot 2 x) dx = f (1 — (esc 2 x — 1)) dx = f (2 — esc 2 x) dx = 2x + cot x + C 


53. J " cos 沒 (tan 6 + sec 0) dO = J (sin 沒 + 1) = —cos 沒 + 沒 + C 

54- / ^ke 册 =f (tl)d0 = /T^^ = /^d0 = / sec 2 0d0 = tan0 + C 


55. 

56. 


(7x - 2 ) 3 



(3x + 5 )- 2 


57. 盖 (* tan (5x — 1) + C) = ^ (sec 2 (5x — 1)) (5) = sec 2 (5x - 1) 

58. ^(-3 cot ( 早 ) + C) = -3 (-esc 2 ( 甲 )） ⑷ = CSC 2 ( 爭） 

59- s (r+r + c ) = (-D(-i)(x+ I) -2 = 60 - s (j+t + c ) = (x+ ( x+ ) o 2 X(1) = 

61. (a) Wrong: 盖 （导 sin x + C) = y sin x + ^ cos x = x sin x + 誓 cos x # x sin x 

(b) Wrong: 盖 (—x cos x + C) = —cos x + x sin x 7 ^ x sin x 

(c) Right: ^ (—x cos x + sin x + C) = —cos x + x sin x + cos x = x sin x 


62. (a) Wrong: ^ ( 逆昏 ^ + 〔0 = 3 s9 (sec 6 tan 0) = sec 3 ^ tan ^ ^ tan 6 sec 2 6 

(b) Right: 盖 （I tan 2 0 + C) = | (2 tan 9) sec 2 6 = tan 6 sec 2 9 

(c) Right: 盖 （I sec 2 0 + C) = | (2 sec 6) sec 6 tan 6 = tan 6 sec 2 0 

63. (a) Wrong: ^ (2^^ + C ) = 3(2x+ 3 1)2(2) = 2(2x + l) 2 ^ (2x + l) 2 

(b) Wrong: £ ((2x + l) 3 + C) = 3(2x + 1) 2 (2) = 6(2x + l) 2 _ 3(2x + l) 2 

(c) Right: £ ((2x + l) 3 + C) = 6(2x + l) 2 

64. (a) Wrong: £ (x 2 + x + C) 1/2 = | (x 2 + x + C)~ 1/2 (2x + 1) = 2 ^+^ + c ♦ \/2x + 1 

(b) Wrong: £ ((x 2 + x) 1/2 + c) = | (x 2 + x) _1/2 (2x + 1) = ^ x/2x+l 

(c) Right: 盍 (i (^2x+l) 3 +Cj = ^ (i(2x+ l) 3 / 2 + C) = |(2x+ l) 1 / 2 (2) = ^/2x+l 


65. Graph (b), because ^ = 2x ^ y = x 2 + C. Then y(l) = 4 4 C = 3. 


66 . Graph (b), because ^ = —x => y = — | x 2 + C. Then y(—1) = 1 > C = |. 
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67. 裝 = 2x — 7 y = x 2 — 7x + C; at x = 2 and y = 0 we have 0 = 2 2 — 7(2) + C =>• C = 10 4 y = x 2 — 7x + 10 

68. 裝 = 10 — x 4 y = lOx — 誓 + C; at x = 0 and y = — 1 we have —1 = 10(0 ) —誓 + C =»• C = — 1 

令 y = 10x - f - 1 

69. 裝 = 去 + x = x _2 +x y = —x _1 + 誓 + C; at x = 2 and y = 1 we have 1 = —2- 1 + 誓 + C C = — \ 

=> y = — x 一 i + 誓一 i or y =r —i + y —i 

70. g = 9x 2 - 4x + 5 ^ y = 3x 3 - 2x 2 + 5x + C; at x = —1 and y = 0 we have 0 = 3(—l) 3 — 2(-1) 2 + 5(-1)+ C 
泠 C = 10 泠 y = 3x 3 — 2x 2 + 5x + 10 

71. 盖 = 3x _2 / 3 => y = *f C = 9; at x = 9x 1|/3 + C; at x = — 1 and y = —5 we have — 5 = 9(—l ) 1 / 3 + C =>• C = 4 

y = 9X 1 / 3 + 4 

72 • 裝 =i x -1 / 2 > y = x 1 / 2 + C; at x = 4 and y = 0 we have 0 = 4 1 ’ 2 + C C = —2 4 y = x 1 ’ 2 — 2 

73. ^ = 1 + cos t s = t + sin t + C; at t = 0 and s = 4 we have4 = 0 + sin0 + C =>• C = 4 s = t+sint + 4 

74. ^ = cos t + sin t s = sin t — cos t + C; at t = 丌 and s = 1 we have 1 = sin 丌一 cos 7r + C => C = 0 

s = sin t — cos t 

75. 盖 =— 7 r sin 7t9 r = cos (ttO) + C; at r = 0 and ^ = 0 we have 0 = cos ( 丌 0) + C => C = —1 => r = cos (ttO) — 1 

76. ^ = cos tt6 => r = n sin( 7 r 沒 ) + C; at r = 1 and 0 二 0 we have 1 = ^ sin ( 7 r 0 ) + C =>• C = 1 =>• r = ^ sin (tt6) + 1 

77. ^ = I sec t tan t =>• v = | sec t + C; at v = 1 and t = 0 we have 1 = | sec (0) + C =>• C = | v = ! sec t + - 

78. 祭 = 8t + esc 2 1 4 v = 4t 2 — cot t + C; at v = —7 and t = | we have —1 = 4 (|) 2 — cot (|) + C =>• C = —7 — n 2 

^ V = 4t 2 — COt t — 7 — 7T 2 

79. g = 2 - 6x 泠 g = 2x - 3x 2 + Ci ； at ^ = 4 and x = 0 we have 4 = 2(0) — 3(0) 2 + Ci ^ Ci = 4 

砮 =2x —3 x 2 + 4 y = x 2 — x 3 + 4x + C 2 ; at y = 1 and x = 0 we have 1 = 0 2 — 0 3 + 4(0) + C 2 C 2 = I 
^ y = x 2 - x 3 + 4x + 1 

80. ^ = 0 => g = Ci; at # = 2 and x = 0 we have C\ = 2 ^ g=2 y = 2x + C 2 ; at y = 0 and x = 0 we 
have 0 = 2(0) + C 2 =>• C 2 = 0 4 y = 2x 

81. = I = 2r 3 今羞 =-t— 2 + Q; at 羞 =1 and t = 1 we have 1 = -(1)_ 2 + Cj Cj = 2 | = -t— 2 + 2 

4 r = t _1 + 2t + C 2 ; at r = 1 and t = 1 we have 1 = 1 _1 + 2(1) + C 2 ^ C 2 = —2 =>• r = t _1 + 2t — 2 or 

r = i + 2t - 2 

82. ^ ^ 窑 = ^V+Ci;at 莹 = 3 and t = 4 we have 3 = + Ci ^ Ci = 0 窑 # s = ^ + C 2 ； at 

s = 4 and t = 4 we have 4 = + C 2 => C 2 = 0 => 
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83. g = 6 今 § = 6 x + Ci ； at 0 = -8 and x = 0 we have —8 = 6(0) + Ci Ci = -8 ^ 旮 = 6 x - 8 

泠 g = 3x 2 - 8 x + C 2 ; at g = 0 and x = 0 we have 0 = 3(0 ) 2 — 8(0) + C 2 泠 C 2 = 0 泠 g = 3x 2 - 8 x 
4 y = x 3 — 4x 2 + C 3 ; at y = 5 and x = 0 we have 5 = 0 3 — 4(0 ) 2 + C 3 4 C 3 = 5 ^ y = x 3 — 4x 2 + 5 

84. 祭 = 0 4 0 = Ci ； at ^ = -2 and t = 0 we have 0 = -2 ^ f = -2t + C 2 ； at f = - | and t = 0 we 

have — - = —2(0) + C 2 ^ C 2 = — ^ => 莹 = — 2t — ^ ^ 9 = —t 2 — 11 + C 3 ； 3.t 9 = \fl and t = 0 we have 
72 = -o 2 - i (0) + C 3 ^ C 3 = \/2 ^ e = ~i 2 

85. 丫 ⑷ =—sin t + cos t => y"’ = cos t + sin t + Ci; at y’’’ = 7 and t = 0 we have 7 = cos (0) + sin (0) + Ci 

4 Ci 二 6 4 y ’〃 = cos t + sin t + 6 4 y 〃 = sin t — cos t + 6 t + C 2 ; at y" = — 1 and t = 0 we have 

—1 = sin (0) — cos (0) + 6(0) + C 2 4 C 2 = 0 4 y" = sin t — cos t + 6 t => y 7 = —cos t — sin t + 3t 2 + C 3 ; 
at y’ = — 1 and t = 0 we have —1 = —cos (0) — sin (0) + 3(0 ) 2 + C 3 =>• C 3 = 0 4 y’ = —cos t — sin t + 3t 2 
=> y = — sin t + cos t + t 3 + C 4 ; at y = 0 and t = 0 we have 0 = —sin (0) + cos (0) + 0 3 + C 4 C 4 = — 1 

=> y = —sin t + cos t + t 3 — 1 

86 . 丫 ⑷ =—cos x + 8 sin (2x) => y"’ = —sin x — 4 cos (2x) + Ci; at y ,n = 0 and x = 0 we have 

0 = —sin (0) — 4 cos (2(0)) + Ci => Ci = 4 4 y’’’ = —sin x — 4 cos (2x) + 4 => y’’ = cos x — 2 sin (2x) + 4x + C 2 ； 
at y" = 1 and x = 0 we have 1 = cos (0) — 2 sin (2(0)) + 4(0) + C 2 => C 2 = 0 4 y" = cos x — 2 sin (2x) + 4x 
4 y’ = sin x + cos (2x) + 2x 2 + C 3 ; at y’ = 1 and x = 0 we have 1 = sin (0) + cos (2(0)) + 2(0 ) 2 + C 3 ^ C 3 = 0 

=> y’ = sin x + cos (2x) + 2x 2 => y = —cos x + | sin (2x) + | x 3 + C 4 ； at y = 3 and x = 0 we have 

3 = —cos (0) + I sin (2(0)) + | (0 ) 3 + C 4 => C 4 = 4 4 y = —cos x + | sin (2x) + | x 3 + 4 

87. m = y’ = 3 W = 3x " 2 ^ y = 2x 3 / 2 + C; at (9,4) we have 4 = 2(9 ) 3 , 2 + C^>C = —50 泠 y = 2x 3 , 2 — 50 

88 . (a) g = 6 x 泠裝 = 3x 2 + Q; at y’ = 0 and x = 0 we have 0 = 3(0 ) 2 + Ci 泠 Q = 0 泠 g = 3x 2 

y = x 3 + C 2 ； at y = 1 and x = 0 we have C 2 = 1 =>■ y = x 3 + 1 
(b) One, because any other possible function would differ from x 3 + 1 by a constant that must be zero because 
of the initial conditions 


89. | = 1-| x 1 / 3 今 y = /(I — I x 1 / 3 ) dx = x — x 4 / 3 + C; at (1 ， 0.5) on the curve we have 0.5 = 1 — l 4 ’ 3 + C 
泠 C = 0.5 今 y = x — x 4 / 3 + I 

90. 裝 =x _ 1 y = f (x — 1) dx = y — x + C; at (—1,1) on the curve we have 1 = — (—1) + C 

^ c = _| # y = \ ~ x ~ I 

91. 裝 =sin x — cos x => y = J (sin x — cos x) dx = —cos x — sin x + C; at (— 7 r, —1) on the curve we have 
—1 = —cos (— 7 r) — sin (— 7 r) + C C = —2 => y = —cos x — sin x — 2 

92 . 裝 =+ 7 T sin 7 rx = I x — 1 / 2 + 7 r sin 7 rx =>• y = f (| x _1 ’ 2 + sin 7 rx) dx = x " 2 — cos nx + C; at (1,2) on the 

curve we have 2 = l 1 / 2 — cos 7 r(l) + C => C = 0 y = — cos 7 rx 

93. (a) I = 9.8t — 3 令 s = 4.9t 2 - 3t + C; (i) at s = 5 and t = 0 we have C = 5 ^ s = 4.9t 2 - 3t + 5; 

displacement = s(3) — s(l) = ((4.9)(9) — 9 + 5) — (4.9 — 3 + 5) = 33.2 units; (ii) at s = —2 and t = 0 we have 
C = —2 泠 s 二 4.9t 2 - 3t - 2; displacement = s(3) — s(l) = ((4.9)(9) — 9 - 2) - (4.9 - 3 — 2) = 33.2 units; 
(iii) at s = So and t = 0 we have C = s 。 =4> s = 4.9t 2 — 3t + So ； displacement = s(3) — s(l) 

- ((4.9)(9) - 9 + s 0 ) - (4.9 — 3 + s 0 ) = 33.2 units 
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(b) True. Given an antiderivative f(t) of the velocity function, we know that the body's position function is 

s = f(t) + C for some constant C. Therefore, the displacement from t = a to t = b is (f(b) + C) _ (f(a) + C) 

=f(b) — f(a). Thus we can find the displacement from any antiderivative f as the numerical difference 
f(b) — f(a) without knowing the exact values of C and s. 

94. a(t) = V(t) = 20 ^ v(t) = 20t + C; at (0,0) we have C = 0 ^ v(t) = 20t. When t = 60, then v(60) 二 20(60) 

=1200 m/sec. 

95. Step 1: || = -k I = -kt + Ci ； at I = 88 and t = 0 we have Cj = 88 | = -kt + 88 ^ 

s = —k ( 兴 )+ 88t + C 2 ; at s = 0 and t = 0 we have C 2 = 0 =>• s =— 牟 + 88t 
Step 2: 营 = 0 今 0 = —kt + 88 今 t = f 

Step 3: 242 = + 88 (f) 与 ■ 242 = — f f 242 = ^ ^ k = 16 

96. || = -k ^ I = / -k dt = —kt + C; at | = 44 when t = 0 we have 44 = —k(0) + C 泠 C = 44 

今营 =—kt + 44 =>■ s = — ^f + 44t + Ci ； at s = 0 when t = 0 we have 0 = - + 44(0) + Ci 今 Ci = 0 

今 s = —誓 + 44t. Then | =0 —kt + 44 = 0 今 t = f and s (f) = — +44 (f) = 45 

泠 —¥ + ¥=45 泠 ^ =45 ^ k = ^ «21.5 

97. (a) v = / a dt = f (15t" 2 — 3t— 的 ） dt = 10t 3 / 2 - 6t" 2 + C; |(1) = 4 ^ 4= 10(1) 3 ’ 2 — 6( l) 1 / 2 + C 冷 C = 0 

v = 10t 3 , 2 — 6t" 2 

(b) s = / v dt = J(l0t 3 / 2 - 6〜 2 ) dt = 4t 5 , 2 — 4t 3 / 2 + C; s(l) = 0 ^ 0 = 4(1) 5 / 2 — 4(1 ) 3/2 + C 今 C = 0 
s = 4t 5 〆 2 — 4t 3 , 2 

98. 祭 =-5.2 泠 I = -5.2t + Ci ； at I = 0 and t = 0 we have Q = 0 泠 | = —5.2t 4 s = -2.6t 2 + C 2 ; at s = 4 

and t = 0 we have C 2 = 4 => s = —2.6t 2 + 4. Then s = 0 =>■ 0 = —2.6t 2 + 4 t = ~ 1.24 sec, since t > 0 

99. = a =>• 室 = a dt = at + C; ^ = Vo when t = 0 C = vo => ^ = at + v 。 s=^+ vot + Ci; s = so 
when t = 0 So — a (g) + vo(0) H- Ci Ci = so ^ s = -h vot -h so 

100. The appropriate initial value problem is: Differential Equation: 療 =—g with Initial Conditions: ^ = Vo and 

S = So when t = 0. Thus, f t = f -gdt= -gt + Ci ； ^ (0) = v 0 Vo = (~g)(0) + Ci ^ Ci = v 0 

4 螯 =—gt + v 0 . Thus s = / (—gt + v 0 ) dt = - I gt 2 + v 0 t + C 2 ； s(0) = s 0 =-\ (g)(0) 2 + v 0 (0) + C 2 ^ C 2 = s 0 

Thus s = - - gt 2 + v 0 t + s 0 . 

101. (a) /f(x) dx = 1 - v/x + Ci = -^x + C (b) /g(x) dx = x + 2 + Q = x + C 

(c) J^—f(x) dx = — (1 — -\/x) + Ci = y^x + C (d) J"—g(x) dx = — (x + 2) + Cx = — x + C 

(e) / [f(x) + g(x)] dx = (1 — y/x) +(x + 2) + Ci=x- v /x + C 

(f) / [f( x ) — g( x )] dx 二 （1 — y^x) — (x + 2) + Ci = —x — y/x + C 


102. Yes. If F(x) and G(x) both solve the initial value problem on an interval I then they both have the same first 
derivative. Therefore, by Corollary 2 of the Mean Value Theorem there is a constant C such that 
F(x) = G(x) + C for all x. In particular, F(xq) = G(xq) + C，so C = F(xq) — G(xq) = 0. Hence F(x) = G(x) 
for all x. 
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103 — 106 Example CAS commands: 

Maple: 

with( student): 
f := x -> cos(x) A 2 + sin(x); 
ic := [x=Pi ， y=l]; 

F := unapply( int( f(x), x ) + C, x ); 
eq := eval( y=F(x), ic ); 
solnC := solve( eq, {C}); 

Y := unapply( eval( F(x), solnC ), x ); 

DEplot( diff(y(x) ， x) = f(x), y(x), x=0..2*Pi, [[y(Pi)=l]], 

color=black, linecolor=black, stepsize=0.05, title="Section 4.8 #103"); 

Mathematic a: (functions and values may vary) 

The following commands use the definite integral and the Fundamental Theorem of calculus to construct the solution 
of the initial value problems for exercises 103 - 105. 

Clear[x, y, yprime] 
yprime[x_] = Cos[x] 2 + Sin[x]; 
initxvalue = 7r; inityvalue = 1; 

y[x_]= : Integrate [yprime [t], {t, initxvalue, x}] + inity value 
If the solution satisfies the differential equation and initial condition, the following yield True 
yprime [x]==D[y[x], x] //Simplify 
y [initxvalue]==inity value 

Since exercise 106 is a second order differential equation, two integrations will be required. 

Clear[x, y, yprime] 

y2prime[x_] = 3 Exp[x/2] + 1; 

initx val = 0; inity val = 4; inity primeval = —1; 

yprime [x_] = Integrate [y 2prime [t], {t, initx val, x}] + inityprimeval 

y[x_]= : Integrate [yprime [t], {t, initx val, x}] + inity val 

Verify that y[x] solves the differential equation and initial condition and plot the solution (red) and its derivative (blue). 
y2prime[x]==D[y[x], {x, 2}]//Simplify 
y [initxval]==inityval 
yprime [initxval]==inityprimeval 

Plot[{y[x], yprime[x]}, {x，initxval - 3, initxval + 3}，PlotStyle ^ {RGBColor[1,0,0], RGBColor[0,0 ， l]}] 

CHAPTER 4 PRACTICE EXERCISES 

1. No, since f(x) = x 3 + 2x + tan x f’(x) = 3x 2 + 2 + sec 2 x > 0 f(x) is always increasing on its domain 

2. No, since g(x) = esc x + 2 cotx => g’(x) = —esc x cot x — 2 esc 2 x =— 器 f (cos x + 2) < 0 

4 g(x) is always decreasing on its domain 

3. No absolute minimum because x lim^ (7 + x)(l 1 — 3X) 1 / 3 = — 00 . Next f’(x) = 

(11 - 3x) 1/3 - (7 + x)(ll - 3x) _2/3 = (WH+x) = (1 ^ 3 ^ 2/3 4 x = 1 and x = y are critical points. 

Since f r > 0 if x < 1 and f / < 0 if x > 1, f(l) = 16 is the absolute maximum. 

4. f(x) = ^ f(x) = a(x2 - 二 y + b) = ~ (a ^ 2 + _y a) ; f ， (3) = 0 泠 -i(9a + 6b + a) = 0^5a + 3b = 0. 

We require also that f(3) = 1. Thus 1 = 3a + b = 8. Solving both equations yields a = 6 and b = —10. Now, 

f’(x) = 一 2 ( 3x 2 — 以二一 3 ) so that f’ = - I - I +++ I +++ I - • Thus f’ changes sign at x = 3 from 

(x _1) -11/313 ' 、 

positive to negative so there is a local maximum at x = 3 which has a value f(3) = 1. 
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5. Yes, because at each point of [0,1) except x = 0, the function’s value is a local minimum value as well as a 
local maximum value. At x = 0 the function's value, 0, is not a local minimum value because each open 
interval around x = 0 on the x-axis contains points to the left of 0 where f equals — 1. 

6 . (a) The first derivative of the function f(x) = x 3 is zero at x = 0 even though f has no local extreme value at 

x 二 0 . 

(b) Theorem 2 says only that if f is differentiable and f has a local extreme at x = c then f’(c) = 0. It does not 
assert the (false) reverse implication f’(c) = 0 => f has a local extreme at x = c. 


7. No, because the interval 0 < x < 1 fails to be closed. The Extreme Value Theorem says that if the function is 
continuous throughout a finite closed interval a < x < b then the existence of absolute extrema is guaranteed on 
that interval. 


8 . The absolute maximum is | —1| = 1 and the absolute minimum is |0| = 0. This is not inconsistent with the Extreme Value 
Theorem for continuous functions, which says a continuous function on a closed interval attains its extreme values on that 
interval. The theorem says nothing about the behavior of a continuous function on an interval which is half open and half 
closed, such as [—1 ，1 ), so there is nothing to contradict. 


9. (a) There appear to be local minima at x = —1.75 
and 1.8. Points of inflection are indicated at 
approximately x = 0 and x = 士 1. 



(b) f’(x) = x 7 - 3x 5 — 5x 4 + 15x 2 = x 2 (x 2 — 3) (x 3 — 5). The pattern y’ = 
indicates a local maximum at x = 3 -\/5 and local minima at x = 士 y/3 . 


— I +++ 
-办 1 


+++3 V5 






+++ 



10. (a) The graph does not indicate any local 

extremum. Points of inflection are indicated at 
approximately x = —| and x = 1. 





11 


(b) f(x) = x 7 -2x 4 -5 + 


10 


1 (x 3 — 2) (x 7 — 5). The pattern f’ 


0 (+++7 ^' 


I +++ indicates 

3 ^2 
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a local maximum at x = 7 \/~5 and a local minimum at x = 3 \/2. 



11. (a) g(t) = sin 2 1 — 3t =>■ g^t) = 2 sin t cos t — 3 = sin (2t) — 3 => g ; < 0 =>• g(t) is always falling and hence must 

decrease on every interval in its domain. 

(b) One, since sin 2 1 — 3t — 5 = 0 and sin 2 1 — 3t = 5 have the same solutions: f(t) = sin 2 1 — 3t — 5 has the same 
derivative as g(t) in part (a) and is always decreasing with f(—3) > 0 and f(0) < 0. The Intermediate Value 
Theorem guarantees the continuous function f has a root in [—3,0]. 

12. (a) y = tan 0 ^ = sec 2 ^ > 0 => y = tan 0 is always rising on its domain y = tan 0 increases on every 

interval in its domain 

(b) The interval [|,7r] is not in the tangent's domain because tan 9 is undefined at 0 = |. Thus the tangent 
need not increase on this interval. 

13. (a) f(x) = x 4 + 2x 2 — 2 泠 f’(x) = 4x 3 + 4x. Since f(0) = -2 < 0, f(l) = 1 > 0 and f’(x) > 0 for 0 < x < 1, we 

may conclude from the Intermediate Value Theorem that f(x) has exactly one solution when 0 < x < 1. 

(b) X 2 = _ 2 土 >0 泠 X 2 = v/3 - 1 and X > 0 x « ^/.7320508076 « .8555996772 

14. (a) y = => y’ = (x ^ 1)2 > 0, for all x in the domain of y = is increasing in every interval in 

its domain 

(b) y = x 3 + 2x => y r = 3x 2 + 2 > 0 for all x ^ the graph of y = x 3 + 2x is always increasing and can never 
have a local maximum or minimum 

15. Let V(t) represent the volume of the water in the reservoir at time t, in minutes, let V(0) = ao be the initial 
amount and V(1440) = a。+ (1400)(43,560)(7.48) gallons be the amount of water contained in the reservoir 
after the rain, where 24 hr = 1440 min. Assume that V(t) is continuous on [0,1440] and differentiable on 
(0,1440). The Mean Value Theorem says that for some to in (0,1440) we have V’(to) = V (d(] = I( 0 ) 

=ao +(1400)(43.560)(7.48)-30 = 456 ;=’ 3 = gal = 316,778 gal/min. Therefore at t 0 the reservoir's volume 
was increasing at a rate in excess of 225,000 gal/min. 

16. Yes, all differentiable functions g(x) having 3 as a derivative differ by only a constant. Consequently, the 
difference 3x — g(x) is a constant K because g’(x) = 3 = 去 (3x). Thus g(x) = 3x + K, the same form as F(x). 

17. No, = 1 + differs from by the constant 1. Both functions have the same derivative 

A. / x \ — (x+l)-x(l) — 1 _ d_ / -1 \ 

dx Vx+1/ — (x+1) 2 — (x+1) 2 ~ dx \x + l/ * 

18. f’(x) = g’(x) = 2 2x 2 =>• f(x) — g(x) = C for some constant C => the graphs differ by a vertical shift. 

(x+1) ' 

19. The global minimum value of \ occurs at x = 2. 
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20. (a) The function is increasing on the intervals [—3, —2] and [1, 2]. 

(b) The function is decreasing on the intervals [—2, 0) and (0 ， 1]. 

(c) The local maximum values occur only at x = —2, and at x = 2; local minimum values occur at x 
provided f is continuous at x = 0. 


-3 and at x = 1 


21. (a) t = 0,6, 12 


(b) t = 3,9 


(c) 6 < t < 12 


(d) 0 < t < 6, 12 < t < 14 


22. (a) t = 4 


(b) at no time 


(c) 0 < t < 4 


(d) 4<t<8 


23. 


y 



24. 



25. 


y 



27. 


y 


500 

" (6,432) 

400 

- y=x\s-x)y & \ 

300 

/ \ 

200 

- /(4,256) \ 

100 

J \ 

,1 1 1 1 1 1 y 

-2/^1 

0 2 4 6 81 

/-100 



26. 



y= g*(x 3 + 3 x 2 -9x-27 ) 


28. 



29. 



30. 


y 
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33. (a) y r = 16 — x 2 y’ = - | +++ | - => the curve is rising on (—4,4), falling on (—oo, —4) and (4, oo) 

^ ^ -4 4 

a local maximum at x = 4 and a local minimum at x = — 4; y" = — 2x 4 y" = +++ | - => the curve 

' ' 0 

is concave up on (—oo, 0), concave down on (0, oo) => a point of inflection at x = 0 


(b) 


x = A 



34. (a) y’ = x 2 — x _ 6 = (x — 3)(x + 2) => y' = +++ | - | +++ => the curve is rising on (—oo, —2) and (3, oo), 

— 2 3 

falling on (—2,3) => local maximum at x = —2 and a local minimum at x = 3; y" = 2x — 1 

y" = - I +++ => concave up on (!, oo), concave down on (—oo, a point of inflection at x = ♦ 

1/2 ' 〜 



35. (a) y r = 6x(x + l)(x — 2) = 6x 3 — 6x 2 — 12x y’ = - | +++ | - | +++ => the graph is rising on (—1,0) 

" ° -10 2 i 

and (2, oo), falling on (—oo, —1) and (0,2) a local maximum at x = 0, local minima at x = —1 and 
x = 2; y" = 18x 2 - 12x - 12 = 6 (3x 2 - 2x - 2) = 6 (x - 4^) (x - X - ± ^j => 

y" = +++ I - I +++ => the curve is concave up on (-oo, 1 - 3 ^ ) and ( 1 , oo) ， concave down 

l—\/l l+v^7 

~3 ~ ""3~ 

on ( 1 , 1 + 3 ^ ) points of inflection at x = 

(b) , 


Loc max 
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36 •⑻ y’ = x 2 (6 — 4x) 


i 2 — 4x 3 ^ y r = +++ I +++ I - => the curve is rising on (—oo, |), falling on (|, oo) 

' 0 3/2 — — 。— 

^ a local maximum at x = 參； y" = 12x — 12x 2 = 12x(1 — x) ^ y" = - | +++ | - =>■ concave up on 

0 1 1 

(0,1)，concave down on (_oo, 0) and (1, oo) points of inflection at x = 0 and x = 1 


(b) 



37. (a) y' = x 4 - 2x 2 = x 2 (x 2 -2) 4 〆 =+++ | - | - | +++ => the curve is rising on oo, 

0 W v 7 

oo) , falling on ^—y/2, 4 a local maximum at x = — a/ 2 and a local minimum at x = \J~2 ; 

y ff = 4x 3 — 4x = 4x(x — l)(x + 1) y' r = - | +++ | - | +++ => concave up on (—1,0) and (1, oo), 


and 


—— I +++I - 

-1 0 1 

concave down on (—oo, —1) and (0,1) => points of inflection at x = 0 and x = 士 1 


(b) 



38. (a) y 7 = 4x 2 - x 4 = x 2 (4 - x 2 ) ^ y ; 
-c 

4x(2-x 2 ) y ;/ = +++ I 






^ the curve is rising on (—2,0) and (0,2), 


I +++I+++I 

-2 0 2 

falling on (—oo, —2) and (2, oo) a local maximum at x = 2, a local minimum at x = —2; y ,; = 8x — 4x 3 






o +++ v^ 




concave up on ( — oo, 


V2) and ( 0 , v^), 


concave 


down on (― 0) and ( 00 ) => points of inflection at x = 0 and x = 士 \J~2 


(b) 


x = 2 



39. The values of the first derivative indicate that the curve is rising on (0, 00 ) and falling on (— 00 ,0). The slope 

of the curve approaches —00 as x —> 0 _ , and approaches 00 as x ^ 0 + and x —> 1. The curve should therefore 
have a cusp and local minimum at x = 0, and a vertical tangent at x = 1 • 
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40. The values of the first derivative indicate that the curve is rising on (0, 垂 ) and (1 ， oo), and falling on (— oo, 0) 
and Q ， 1) . The derivative changes from positive to negative at x = |, indicating a local maximum there. The 
slope of the curve approaches — oo as x —> 0 _ and x —^ 1~, and approaches oo as x —> 0+ and as x ^ 1 +， 
indicating cusps and local minima at both x 二 0 and x = 1 • 


y 




41. The values of the first derivative indicate that the curve is always rising. The slope of the curve approaches oo 
as x —^ 0 and as x ^ 1, indicating vertical tangents at both x = 0 and x = 1. 




42. The graph of the first derivative indicates that the curve is rising on ^0, 17 and ( 17 oo^ , falling 

on (— oo, 0) and ( 17 17 a local maximum at x = 17 , a local minimum at 

x = 17 . The derivative approaches — oo as x —>• 0 _ and x ^ 1, and approaches oo as x — 0+, 

indicating a cusp and local minimum at x = 0 and a vertical tangent at x = 1. 
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51. ^ 


x 2 + 3x - 4 


lim 2*_±3 

v ^ 1 1 


52. = 6 


53. lim ^ ^ = 0 

X —^ 7T X 7T 


54- x lim o 卷 


lim 


sec 2 ; 


Q 1 + COS X _ 1 + 1 


x =-2 x = 2 


55. lim 


sin 2 ; 


0 tan(x 2 ) 


lim 璧 ? = lim 


sin(2x) — 


lim 


2cos(2x) 


q 2xsec 2 (x 2 ) — x ^ q 2xsec 2 (x 2 ) — x ^ q 2x(2sec 2 (x 2 )tan(x 2 )-2x) + 2sec 2 (x 2 ) — 0 + 2-1 


56. lim 


sin(mx) 
q sin(nx) 


lim 


cos(mx) 


q ncos(nx) _ n 


57 - ^/2 - S6C(7X)C0S(3X) = - - 


x —> 丌 /2_ 


x —> 丌 /2_ 


58. x lim + ^^cx = x lim + ^ = ? 


1 — COS X 


59. x lim (cscx-cotx)= x lim smx 


x^O cosx 


sin x — 0 


X 




o. 




47 
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60 . (L x ， 0 


.-x 2 


x^O - ^)-?=^ 0 I 1 ^ x2 ) = ^ ? 


• oo = oo 


61. a (Vx 2 +x + l- 


x^OO 


(V^TTTT- x 


lim 


2x + 1 


X —> OO \/ x2 + x + 1 + \/x 2 — x 

Notice that x = \/x^ for x > 0 so this is equivalent to 


lim 


X ^ OO , / X 2 + x 4 

V ^ 






y/l+y/l 


62 - xH l 六 

一 lim 12 


x3 


X 2 - 


x^OO ^ 


2x 3 


6x 2 

4x 3 


12x 

12x2 


X ^ OO 24x X ^ OO 




63. (a) Maximize f(x) = - \/36 — x = x 1 / 2 - (36 — x) 1 / 2 where 0 < x < 36 

# f ’ ⑻ = 士 x -1 / 2 — \ (36 — x) _1 / 2 (—1) = derivative fails to exist at 0 and 36; f(0) = —6 ， 

z z 2^/x V 36 — x 

and f(36) = 6 ^ the numbers are 0 and 36 
(b) Maximize g(x) = + \/36 — x = x 1 / 2 + (36 — x)" 2 where 0 < x < 36 

^ g’(x) = I x -1 / 2 + \ (36 — x) _1 / 2 (—1) = ^ critical points at 0, 18 and 36; g(0) = 6, 

g(18) = 2^ = 60 and g(36) = 6 => the numbers are 18 and 18 

64. (a) Maximize f(x) = ^/x(20 — x) = 20x" 2 — x 3 / 2 where 0 < x < 20 => f’ ⑻ =10x _1 / 2 — |x" 2 

==0 ^ x = 0 and x = f are critical points; f(0) = f(20) = 0 and f (f) - (20 - f) 

= 号 => the numbers are y and y . 

(b) Maximize g(x) = x + \/20 — x = x + (20 — x) 1 / 2 where 0 < x < 20 ^ g’(x) = 2 ^^ 2 ~ x "— = 0 

=> \/20 — x = ^ x = 孕 • The critical points are x = 孕 and x = 20. Since g ( 孕） = 孕 and g(20) = 20, 
the numbers must be 罕 and \ . 


65. A(x) = - (2x) (27 - x 2 ) for 0 < x < y/TJ 

=>• A’(x) = 3(3 + x)(3 — x) and A’’(x) 二 —6x. 

The critical points are —3 and 3, but —3 is not in the 

domain. Since A’’(3) = -18 < 0 and A = 0, 

the maximum occurs at x = 3 4 the largest area is 
A(3) = 54 sq units. 

66. The volume is V = x 2 h = 32 ^ h = _ . The 
surface area is S(x) = x 2 + 4x (■) = x 2 + 甲， 
where x > 0 泠 S ， (x) = 2 (x- 4 )(x^+ 4 x + 16 ) 

^ the critical points are 0 and 4, but 0 is not in the 
domain. Now S’’(4) = 2 + 爭 >0 4 atx = 4 there 
is a minimum. The dimensions 4 ft by 4 ft by 2 ft 
minimize the surface area. 


y 
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67. From the diagram we have 


(I)、 2 : ㈣ 2 


^ r 2 = 12 : h2 . The volume of the cylinder is 


V = 7rr 2 h = 7r ( 12 : h2 ) h = I (12h — h 3 ), where 

0<h< 2^3. Then V(h)= 誓 （2 + h)(2 - h) 
the critical points are —2 and 2, but —2 is not in 


the domain. At h = 2 there is a maximum since 


V’’ （ 2) = — 3 丌 < 0. The dimensions of the largest 
cylinder are radius = yjl and height = 2. 


( -IX ) 


68. From the diagram we have x = radius and 


y = height = 12 — 2x and V(x) = 17rx 2 (12 — 2x), where 

0 < x < 6 ^ V’(x) = 2?rx(4 - x) and V’’(4) = -8 tt. The 
critical points are 0 and 4; V(0) = V(6) = 0 x = 4 

k 

k 

gives the maximum. Thus the values of r = 4 and 
h = 4 yield the largest volume for the smaller cone. 


6 


69. The profit P = 2px + py = 2px + p ( 4Q 5 ~ , where p is the profit on grade B tires and 0 < x < 4. Thus 

P,(x) = ( 5 ^ P x)2 (x 2 — lOx + 20) => the critical points are (5 — \/5^, 5, and (5 + , but only (5 — is i r 


the domain. Now P,(x) 〉 0 for 0 < x < (5 — and P,(x) < 0 for (5 — 


< x < 4 at x 


r 5 




is a local maximum. Also P(0) = 8p, P ^5 — \/^) = 4p (5 — « lip, and P(4) = 8p => at x = (5 — 


there 


there 


is an absolute maximum. The maximum occurs when x : 
hundreds of tires, i.e., x « 276 tires and y ~ 553 tires. 


\/^) and y = 2 (5 — ， 


the units are 


70. (a) The distance between the particles is |f(t)| where f(t) = —cos t + cos (t + |). Then, f’(t) = sin t — sin(t + |). 
Solving f’(t) = 0 graphically, we obtain t ~ 1.178, t ~ 4.320, and so on. 



Alternatively, f,(t) = 0 may be solved analytically as follows. f,(t) = sin (t + |) — | — sin (t + |) + | 

= sin(t+ I) cos I — cos(t+ |)sin | — sin(t + |)cos| +cos(t+ |)sin | = —2sin |cos(t + |) 
so the critical points occur when cos(t + f) =0,ort = 警 + kn. At each of these values, f(t) = 士 cos 誓 
^ d= 0.765 units, so the maximum distance between the particles is 0.765 units. 
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(b) Solving cos t = cos (t + |) graphically, we obtain t ^ 2.749, t ~ 5.890, and so on. 



(2.7488936,0.9238795) 



cos(t + I)cos I + sin(t + |)sin | = cos(t + |)cos | — sin(t + |)sin | 

2 sin (t + |)sin I = 0 
sin (t+ I) = 0 

t = 警 +kTT 

The particles collide when t 二警 a 2.749. (plus multiples of n if they keep going.) 

71. The dimensions will be x in. by 10 — 2x in. by 16 — 2x in., so V(x) = x(10 — 2x)(16 — 2x) = 4x 3 — 52x 2 + 160x for 
0 < x < 5. Then V’(x) = 12x 2 — 104x + 160 = 4(x — 2)(3x — 20), so the critical point in the correct domain is x = 2. 
This critical point corresponds to the maximum possible volume because V’(x) > 0 for 0 < x < 2 and V’(x) < 0 for 
2 < x < 5. The box of largest volume has a height of 2 in. and a base measuring 6 in. by 12 in., and its volume is 144 in . 3 
Graphical support: 

160 半 (2,144) 




^ the length of the ladder is about 



73. g(x) = 3x — x 3 + 4 => g(2) = 2 > 0 and g(3) = —14 < 0 => g(x) = 0 in the interval [2,3] by the Intermediate 


Value Theorem. Then g’(x) = 3 — 3x 2 x n+1 = x n — 
so forth to X 5 = 2.195823345. 


3x n - x ； + 4 . 
3-3x2 , 


;xq = 2 => xi = 2.22 => X 2 = 2.196215, and 
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74. g(x) = x 4 — x 3 — 75 ^ g(3) = —21 < 0 and g(4) = 117 > 0 => g(x) = 0 in the interval [3,4] by the Intermediate 
Value Theorem. Then g’ ⑻ = 4x 3 — 3x 2 x n+1 = x n — Xr 4 ~ 3 ^ : J 5 ; xq = 3 => Xi = 3.259259 
=> X 2 = 3.229050, and so forth to X 5 = 3.22857729. 


75. /(x 3 + 5x - 7) dx = 专 + 誓 - 7x + C 


76. /( 8 t 3 -|+t)dt=f-| + |+C = 2t^| + |+C 

77. / (30+|) dt=f (3tV2 + 4t~ 2 ) dt=^ + ^+C = 2t 3 / 2 - ^ +C 

78 . dt=/(irV2^0 dt = _ 一 g +C = A + “ 


c 


79. Let u = r + 5 今 du = dr 

\r 2 du = g + C = -u _ 1 + C 


dr _ I du 

VTW ~ J ^ 


vh + c 


80. Let u = r — \J~2 => du = dr 


6 dr 


6/—^=6/^=6/u- 3 du = 6(^)+C = -3u-2 + C 


J (r-V^y j (r-^) 

81. Let u = 6» 2 + 1 du = 26» d0 泠 | du = 0 d6» 
f 39^0 2 + 1 d9= f yU (I du) = § / u 1 / 2 du = I (f) + C = u 3 / 2 +C= (6» 2 + l) 

82. Let u = 7 + 0 2 今 du = 26» d0 泠 i du = 0 d 6 » 

/^ d0 = /^(* du ) = */u— 1/2du H( 

83. Let u = 1 + x 4 => du = 4x 3 dx => + du = x 3 dx 


V2} 


+ C 


3/2 


+ C 


.lV 2 


C = u 1 / 2 + C = yjl + C 


/ X 3 (1 + x 4 )_ 1/4 dx=f U-V4 (i du) = i / u-!/4 du= i (^) +C= iu 3 / 4 + C=i(l+ x 4 ) 3/4 + C 


84. Let u = 2 — x du = — dx — du = dx 

f(2- x ) 3 / 5 dx = / u 3 / 5 (- du) = — / u 3 / 5 du =- 窗 


85. Let u = $ # du = & ds 4 10 du = ds 


-c = — f u 8 / 5 + C = - I (2 - x )®/ 5 + C 


sec 


10 


ds = f (sec 2 u) (10 du) = 10 f sec 2 u du = 10 tan u + C = 10 tan ^ + C 


86 . Let u = 7 rs => du = 7 r ds - du = ds 

7T 

J CSC 2 7TS ds = J (esc 2 u) du) = ^ f CSC 2 U du = — 士 cot u + C = — ★ cot 7TS + C 


87. Letu= y/26 ^ du = ^/2 d9 du = dO 


\/29 cot \/26 dO = J (esc u cot u) ( 士 du) = 古 (—esc u) + c = -7i CSC y/2d + C 
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88 . Let u = I ^ du = ! d 沒 4 3 du = d 沒 

J sec I tan ^ dO = J (sec u tan u)(3 du) = 3 sec u + C = 3 sec | + C 

89. Let u = I ^ du = I dx 4 du = dx 

f sin 2 jdx = f (sin 2 u) (4 du) = f 4 ( 1-c 2 ° s2u ) du = 2/ (1 — cos 2u) du = 2 (u — +C 
= 2u — sin 2u + C = 2 (!) — sin 2 (!) + C= |— sin|+C 

90. Let u = I du = I dx => 2 du = dx 

J cos 2 ^ dx = J (cos 2 u) (2 du) = J2 ( 1 + c 2 os 2u ) du = J (1 + cos 2 u) du = u + + C 

—^ -h ^ sin x + C 

91. y = f dx = J (1 + x~ 2 ) dx = x - x - 1 + C = x - i + C; y = -1 when x = 1 1 - j +C = -1 

=> C = —1 => y = x—1 

92. y = J (x+ i) 2 dx= J (x 2 + 2 + 去 ） dx = J (x 2 + 2 + x_ 2 ) dx = 誓 + 2x — x— 1 + C = f + 2x — $ + C; 

y — 1 when x — 1 |+2 — y -h C — 1 C — — ^ y — -t - 2x — ^ —臺 

93. I = / (150+ 含 ) dt= J (15^/2 + 3r i/2) dt = 10t 3 / 2 + 6t x /2 + C ; | = 8 when t = 1 

4 10(1)3/2 + 6(1)" 2 +C = 8 ^ C = -8. Thus I = 10t 3 / 2 + 6t" 2 -8 ^ r = f (10t 3 / 2 + 6t x / 2 - 8) dt 
= 4t 5 / 2 + 4t 3 / 2 - 8t + C; r = 0 when t = 1 今 4(1) 5 / 2 + 4(1) 3 / 2 - 8(1) + Ql = 0 今 Q = 0. Therefore, 
r = 4t 5 , 2 + 4t 3 / 2 - 8t 

94. ^ = J —cos t dt = —sin t + C; 〆’ = 0 when t = 0 => —sin 0 + C = 0 => C = 0. Thus, ^ = —sin t 

4 = J —sin t dt = cos t + Ci; r’ = 0 when t = 0 => 1 +Ci =0 4 Ci = — 1 . Then 室 =cos t — 1 

r = f (cos t — 1) dt = sin t — t + C 2 ； r = — 1 when t = 0 => 0 — 0 + C 2 = —1 =^C 2 = —1. Therefore, 
r = sin t — t — 1 


CHAPTER 4 ADDITIONAL AND ADVANCED EXERCISES 


1. If M and m are the maximum and minimum values, respectively, then m < f(x) < M for all x G I. If m = M 
then f is constant on I. 


2 . 


No, the function f(x)= 


f 3x -|- 6 , — 2 ^ x <C 0 
\ 9-x 2 , 0 < x < 2 


has an absolute minimum value of 0 at x = _2 and an absolute 


maximum value of 9 at x = 0, but it is discontinuous at x = 0. 


3. On an open interval the extreme values of a continuous function (if any) must occur at an interior critical 
point. On a half-open interval the extreme values of a continuous function may be at a critical point or at the 
closed endpoint. Extreme values occur only where f’ = 0, f r does not exist, or at the endpoints of the interval. 
Thus the extreme points will not be at the ends of an open interval. 

4. The pattern f’ = +++ | - | - | ++++ | +++ indicates a local maximum at x = 1 and a local 

12 3 4 

minimum at x = 3. 


287 
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5. (a) If y’ = 6(x + l)(x — 2) 2 , then y’ < 0 for x < — 1 and y’ >0 for x > — 1. The sign pattern is 

f’ = - I +++ I +++ 4 f has a local minimum at x = —1. Also y" = 6(x — 2) 2 + 12(x + l)(x — 2) 

-1 2 

= 6(x — 2)(3x) ^ y’’ > 0 for x < 0 or x > 2, while y” < 0 for 0 < x < 2. Therefore f has points of inflection 
at x = 0 and x = 2. There is no local maximum. 


(b) 


If y’ = 6 x(x + l)(x — 2), then y’ < 0 for x < — 1 and 0<x<2;y / >0for—l<x<0 and x > 2. The sign 

sign pattern is y’ = - | +++ | - | +++ • Therefore f has a local maximum at x = 0 and 

-10 2 


local minima at x 二 —1 and x = 2. Also, y" = 18 




,so y" < 0 for 


■^5 < x < 1+ 广 and y" > 0 for all other x ^ f has points of inflection at x = 1 土广 . 


6 . The Mean Value Theorem indicates that f U( 0 ) = f ; (c) < 2 for some c in (0, 6 ). Then f( 6 ) — f(0) < 12 
indicates the most that f can increase is 12 . 


7. If f is continuous on [a, c) and f’(x) < 0 on [a, c), then by the Mean Value Theorem for all x G [a, c) we have 

f(C c I x x) S 0 => f(c) — f(x) < 0 ^ f(x) > f(c). Also if f is continuous on (c, b] and f^x) > 0 on (c, b], then for 
all x G (c, b] we have f(x ) 二:⑹ > 0 => f(x) — f(c) > 0 f(x) > f(c). Therefore f(x) > f(c) for all x G [a, b]. 

8 . (a) For all x, -(x + l ) 2 < 0 < (x - l ) 2 — (1 + x 2 ) < 2x < (1 +x 2 ) ^ ^ 

(b) There exists c G (a, b) such that = U ⑻ 4 U (a) = | \ - h from P art ⑻ 

^ |f(b) — f(a)| < I |b — a|. 

9. No. Corollary 1 requires that f’(x) = 0 for all x in some interval I, not f’(x) = 0 at a single point in I. 

10 . (a) h(x) = f(x)g(x) =>• h’(x) = f’(x)g(x) + f(x)g’(x) which changes signs at x = a since f’(x) ， g’(x) > 0 when 

x < a, f’(x), g’(x) < 0 when x > a and f(x), g(x) > 0 for all x. Therefore h(x) does have a local maximum 

at x = a. 

(b) No, let f(x) = g(x) = x 3 which have points of inflection at x = 0, but h(x) = x 6 has no point of inflection 
(it has a local minimum at x = 0 ). 


11. From (ii), f(—1)= 二匕 、 = 0 ^ a = 1; from (iii), either 1 = v ljin^ f(x) or 1 = v f(x). In either case, 

… T 1 + 士 

i^oo 


x JH f ( X ) = x _H b^+2 


X ^ OO / __ _ x oo ' 

1 4 b = 0 and c = 1. For if b = 1, then 


lim 


x— > 士 00 x + c + ; 


0 and if c = 0 , then lim 


X ^ ± CXD bx + ; 


li] 


m 


士 oo. Thus a = 1， b = 0, and c = 1. 


12. g = 3x 2 + 2kx + 3 = 0 x ： 
k = 士 3. 


-2k 土 ^4k 2 -36 
6 ^ 


x has only one value when 4k 2 — 36 = 0 4 k 2 = 9 or 


13. The area of the AABC is A(x) = i (2) \l \ - x 2 = (1 - x 2 ) 1/2 , 

where 0 < x < 1. Thus A’(x) 二 ,~ x o 4 0 and 士 1 are 
— — V 1 — x 2 

critical points. Also A (士 1) = 0 so A(0) = 1 is the 

maximum. When x = 0 the AABC is isosceles since 

AC = BC= \fl. 


y 
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14. Jim 。 f/(C+h h~ f/(C) — f"(c) 4 for e = ! |f’’(c)| > 0 there exists a <5 > 0 such that 0 < |h| < <5 

今 I f(c+h)^-f(c) — f // (c) | < I | f "⑹ I _ Then f ⑹ = 0^-1 |f"(c)| < — f"(c) < | |f"(c)| 

冷 f"(c ) 韻 |f"(c)| < < f»( c ) + I |f"( c )|. If f"( c ) < 0, then |f"(c)| = -f"(c) 

冷鲁 f"(c) < < i f"(c) < 0; likewise if f"(c) > 0, then 0 < | f 〃 (c) < 〈善 f 〃 (c). 

(a) If f 〃 (c) < 0, then —6 < h < 0 f’(c + h) 〉 0 and 0 < h < 5 => f’(c + h) < 0. Therefore, f(c) is a local 
maximum. 

(b) If f"(c) 〉 0, then —6 < h < 0 =>• f’(c + h) < 0 and 0 < h < ^ f’(c + h) > 0. Therefore, f(c) is a local 
minimum. 


15. The time it would take the water to hit the ground from height y is y y , where g is the acceleration of 
gravity. The product of time and exit velocity (rate) yields the distance the water travels: 

D(y) = \j\ V^h - y) = 8 (hy — y 2 ) 1/2 , O < y < h D’(y) = -4 y/| (hy - y 2 )' 1/2 (h - 2y) 0, | and h 

are critical points. Now D(0) = 0, D (|) = ^ and D(h) = 0 ^ the best place to drill the hole is at y = !. 

16. From the figure in the text, tan (f3 6) = tan (/3 - 9) = 二 ； and tan 0 = ^ . These equations 

§ ive ^ Solving for tan/? gives tan/3= h . +a b ( h b + a) or 

(h 2 — a(b + a)) tan (3 = bh. Differentiating both sides with respect to h gives 
2h tan /? + (h 2 + a(b + a)) sec 2 0 盖 =b. Then 蓥二 0 4 2h tan ^ = b ^ 2h ^ h2 + ^ + a) ^ = b 
^ 2bh 2 二 bh 2 + ab(b + a) ^ h 2 = a(b + a) ^ h = a/ a(a + b) • 


17. The surface area of the cylinder is S = 27rr 2 + 27rrh. From 
the diagram we have ^ h = RH ~ rH and 

S(r) = 27rr(r + h) = 2 ttt (r + H - r |) 

= 2?r (1 _ f) r 2 + 27rHr, where 0 < r < R. 

Case 1: H < R => S(r) is a quadratic equation containing 
the origin and concave upward S(r) is maximum at 
r 二 R. 

Case 2: H = R => S(r) is a linear equation containing the 
origin with a positive slope 4 S(r) is maximum at 
r 二 R. 



Case 3: H > R => S(r) is a quadratic equation containing the origin and concave downward. Then 

營 = 4兀 （1 — 昼 ） r + 27rH and 笔 = 0 => 47 r (1 — 昼） r + 27rH = 0 r = 2( ^ R) . For simplification 


we let r* = 


RH 

2(H — R). 


(a) IfR < H < 2R, then 0 > H — 2R 泠 H 〉 2(H — R) 令 ^o^R) > R which is impossible. 

(b) If H = 2R, then r* = 響 =R 4 S(r) is maximum at r = R. 

(c) If H > 2R, then 2R + H < 2H 泠 H < 2(H — R ) 泠 ^R) < 1 ^ im^R) < R ^ r* < R. Therefore, 


S(r) is a maximum at r = r* 
Conclusion: If H G (0, R] or H = 


RH 


— 2(H-R) - 

2R, then the maximum surface area is at r 
which is not possible. If H G (2R, oo), then the maximum is at r = r* 


R. If He (R, 2R), then r > R 


2(H_R) • 


18. f(x) = mx — 1 + * # f’(x) = m — 各 


minimum. If f 


( 去 ) 2 0’then# — 


and f"(x) = . > 0 when x > 0. Then f’(x) 二 0 4 x = yields a 
1 + = 2 一一 1 > 0 => m > ^ . Thus the smallest acceptable value 
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for m is ^ . 


19. (a) lim 


3x 


2sin(5x) — 1 - 10 sin(5x) _ 10 . i _ 10 

x™0 ~ x-0 _ T 1 _ T 


(b) lim^ sin(5x)cot(3x) 


1 . sin(5x)cos(3x) 一 i - —3sin(5x)sin(3x) + 5cos(5x)cos(3x) — 5 

x sin(3x) — x 3cos(3x) _ 3 


(c) lim x esc 2 v 2 x = lim — 
x ^ 0 x ^ 0 sm 

=lim ^ ( i 、 = \ 

x —> 0 cosf 2\/2xJ-2 z 


x^O 


ny2xco Sx /2i — x^Q Sin 
V2x 


0 ^) = x h i?0 ^(2^) 




(d) lim (sec x — tan x) 

X ^ 7r/2 


x — sin x 


(e) x ， 0 x-tanx - 

COS 3 X 


x 

1 — COS X 






0 . 




X^O 


cos x — 1 
tan 2 x 


x ^0 


2tanx sec 2 x 


lim 


w cos^x 


=lim — 

x — 0 _ 2 2 

(f) lim ㈣ =lim 2 xco l (x2) = lim -㈣^+ 加办 2 ) = | = ; 

\ / x _ > q xsm x x _ > q xcos x+sin x x _^ q —xsin x+2cos x 2 

sec 3 x + tan 2 x sec x — 1 + 0 — 1 
2 _ ~~2 ~ — 2 




isec x tan x 

x4 n 0 2x 


x^O 


( h )S 


㈣ = x ， 2 普 =^ 


\/x + 5 

lim = 

x —> 00 v x + 5 

(b) lim , 2 ^ 「 = lim Y , ^ 7 - 

V J X — OO X + 7^/X X 4 OO X + 7 V X 


20 .⑻ x^oo ^3 


x^oo IT 




2 


lim - 7 = 

x ^°° 1 +# 


1+0 


21. (a) The profit function is P(x) = (c — ex)x — (a + bx) = —ex 2 + (c — b)x — a. P’(x) = — 2ex + c — b = 0 

x = P"(x) = — 2e < 0 if e > 0 so that the profit function is maximized at x = 

(b) The price therefore that corresponds to a production level yeilding a maximum profit is 

P| X= ^ =C — e (穿） = 爭滅肌. 

(c) The weekly profit at this production level is P(x) = —e (^^) 2 + (c — b) — a = ( c : e b ) — a. 

(d) The tax increases cost to the new profit function is F(x) = (c — ex)x — (a + bx + tx) = —ex 2 + (c — b — t)x — a. 

Now F’(x) = — 2ex + c — b — t = 0 when x = t+ _ b 2 ~ c = c ~ 2 ^~ r . Since F"(x) = — 2e < 0 if e > 0, F is maximized 

when x = c ~ 9 l ^~ t units per week. Thus the price per unit is p = c — e( c ~ 2 ^~ t ) = c+ ^ + t dollars. Thus, such a tax 
increases the cost per unit by - + - — = ! dollars if units are priced to maximize profit. 

22 . (a) 



f ( x )+ 3 


The x-intercept occurs when 3 = 

(b) By Newton's method, x n+ i = x n — - Here f’(x n ) = —x ~ 2 

=x n + x n — 3x^ = 2x n — 3x^ — x n (2 — 3x n ). 




• So x n+1 = x n 


忐 - 3 

- ^r~ 

4 


x n + 


-3)4 
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23. Xi = x 0 - = X 0 - = qXo q ~q- 0 i~ a = X ° (q q ~q-I~ a = X 0 (Y) + (*) so that xi is a weighted average of x 0 

and with weights m。= and mi = ; • 

In the case where x 0 = 參 we have x 卜 a and x；l = 參 (^) + 矛 r ⑴ = 參 q) = 參 . 

24. We have that (x — h) 2 + (y — h) 2 = r 2 and so 2(x — h) + 2(y - h) 裝 = 0 and 2 + 2 裝 + 2(y - h) 急 = 0 hold. 

Thus 2x + 2y 装 = 2h + 2hg, by the former. Solving for h, we obtain h = X + y d y x . Substituting this into the second 

equation yields 2 + 2 裝 + 2y 总 — 2 ( ':$ ) =0. Dividing by 2 results in 1 + 装 + y 总 — ( ':$ ) =0. 

25. (a) a(t) = s"(t) = —k (k > 0) => s’(t) = —kt + Ci, where s’(0) = 88 =4^ Ci = 88 ^ s’(t ) 二 一 kt + 88. So 

s(t) = + 88t + C 2 where s(0) 二 0 4 C 2 = 0 so s(t) = + 88t. Now s(t) = 100 when 

¥ + 88t = 100. Solving for t we obtain t = 88±v/8 f ~ 200 ^ At such t we want s ， (t) = 0, thus 
—k( 88 + 々 + 88 = 0 or -k ( 88 _々 + 88 = 0. In either case we obtain 88 2 - 200k = 0 

so that k = « 38.72 ft/sec 2 . 

(b) The initial condition that s’(0) = 44 ft/sec implies that s’(t) = —kt + 44 and s(t) = z= y~ + 44t where k is as above. 

The car is stopped at a time t such that s’(t) = —kt + 44 = 0 4 t = At this time the car has traveled a distance 

s ( 誓） = 寻 （ t) 2 +44( 譬） = 誓 =f = 968( 識 ) =25 feet. Thus halving the initial velocity quarters 
stopping distance. 

26. h(x) = f 2 (x) + g 2 ㈨ 调 x) = 2f(x)f(x) + 2g ㈨ g' ㈨ = 2[f(x)f(x) + g(x)g ， (x)] = 2[f(x)g(x) + g(x)(-f(x))] 

= 2.0 = 0. Thus h(x) = c, a constant. Since h(0) = 5, h(x) = 5 for all x in the domain of h. Thus h(10) = 5. 

27. Yes. The curve y = x satisfies all three conditions since = 1 everywhere, when x = 0, y = 0, and ^ = 0 everywhere. 
28= 3x 2 + 2 for all x 4 y = x 3 + 2x + C where -1 = 1 3 + 2.1 + C#C = —4=>y = x 3 + 2x — 4. 

29. s"(t) = a = —t 2 4 v = s’(t )= 字 + C. We seek vq = s’(0) = C. We know that s(t*) = b for some t* and s is at a 

maximum for this t*. Since s(t )= 菩十 Ct + k and s(0) = 0 we have that s(t )= 苦 + Ct and also s’(t*) = 0 so that 
t* = (3C) 1/3 . So [ ~ (3 ^ 2 )1/3]4 + C(3C) 1/3 =b^> (3C) 1/3 (C - §) = b (3C) 1/3 (f) = b 4 3^ 3 C 4 / 3 = f 
=^C= . Thus v 0 = s ， (0) = = ^?b 3 / 4 . 

30. (a) s’’(t) = t 1/2 — t—" 2 4 v(t) = s’(t) = |t 3/2 - 2t x / 2 + k where v(0) = k = ■ 4 v(t) = |t 3/2 - 2t" 2 + |. 

(b) s ⑴ = 壶 t 5 〆 2 — |t 3/2 + |t + k 2 where s(0) = k 2 = _ 壶 . Thus 呂⑴ =^t 5/2 - |t 3/2 + |t- 

31. The graph of f(x) = ax 2 + bx + c with a > 0 is a parabola opening upwards. Thus f(x) > 0 for all x if f(x) = 0 for at most 

one real value of x. The solutions to f(x) = 0 are, by the quadratic equation 2b± 4 ' Thus we require 

(2b) 2 - 4ac < 0 b 2 — ac < 0. 

32. (a) Clearly f(x) = (aix + bi) 2 + … + (a n x + b n ) 2 > 0 for all x. Expanding we see 

f(x) = (afx 2 十 2aibix + b$) + ... + (a„x 2 + 2a n b n x + b^) 

= (a 至 + a, + •. • + a^)x^ + 2(aibi + 2 L 2^2 + • • • + a n b n )x + (bf + b! + b^) > 0. 

Thus (aibi + ^ 2^2 + … + a n b n ) 2 _ (af + a| + … + a^)(b| + + ... + bg) < 0 by Exercise 31. 
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292 Chapter 4 Applications of Derivatives 

Thus (aibi + Si 2^2 + . •. + a n b n ) 2 $ + . _. + a^)(b^ + + • • • + b^). 

(b) Referring to Exercise 31: It is clear that f(x) = 0 for some real x 公 b 2 — 4ac = 0, by quadratic formula. 
Now notice that this implies that 
f(x) = (aix + bi) 2 + • • • + (a n x + b n ) 2 

= (a 呈 + a, + •. • + a^)x^ + 2(aibi + ^ 2^2 + •. • + a n b n )x + (bf + b. + . •. + b:) = 0 

分 （aibi + Si2^2 + . • • + a n b n )2 — (a? + + .. • + a^)(b^ + + •. • + b:) = 0 

分 （aibi + sl2^2 + • • • + a n b n )2 = (ag + a, + •.. + a^)(b^ + b_ + ... + bg) 

But now f(x) = 0 分 a# + bi = 0 for all i = 1， 2, • •. , n 分 aiX = —bj = 0 for all i = 1, 2， ...，n. 
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CHAPTER 5 INTEGRATION 


5.1 ESTIMATING WITH FINITE SUMS 


1. f(x) =x 2 Since f is increasing on [0, 1], we use left endpoints to obtain 

y lower sums and right endpoints to obtain upper sums. 



⑻ 

Ax = 

_ 1-0 _ 
2 — 

= 去 and Xi = 

=iAx = 

丄 . 2 

=| a lower sum is = 

i=0 


(b) 

Ax = 

_ 1^0 _ 

二 S and Xi = 

=iAx = 

3 . 2 

=1 => a lower sum is - \ = 

i=0 

: s(° 2 + Q) 2 + G) 2 + (!) 2 ) = i ■ I = ^ 

(c) 

Ax = 

_ 1^0 _ 

二去 and Xi = 

=iAx = 

2 • 2 

=| an upper sum is - | - 

i=l 

= _) 2+l2 H 

(d) 

Ax = 

_ l-o _ 

' 4 — 

=^ and Xi = 

=iAx = 

4 . 2 

=1 ^ an upper sum is (5) - \ - 

i — 1 

⑴ 2+ (*) 2+ (i) 2+l2 ) = ni 


2. f(x) = x 3 


y 



Since f is increasing on [0, 1], we use left endpoints to obtain 
lower sums and right endpoints to obtain upper sums. 


⑷ 

△X = 

1-0 _ 

二 | and Xi = 

=iAx = 

1 => a lower sum is - \ = 

i=0 

:|(。 3 + (!) 3 )= 盖 


(b) 

△X = 

1-0 - 
~r~ ~ 

二 1 and Xi = 

=iAx = 

1 => a lower sum is ■ \ - 

i=0 

* 3 + (l) 3 + G) 3 + (，) 3 ): 

— 36 _ 9 

— 256 — 64 

(c) 

△X = 

1-0 _ 
2 - 

二 1 and Xi = 

=iAx = 

2 • 3 

1 => an upper sum is - \ ■ 

^ i=l 

=!(G)° +l3 ) = 5 • I = ra 


(d) 

△X = 

1-0 _ 
4 

=S and Xi = 

=iAx = 

4 . 3 

i ^ an upper sum is [； ⑴- \ - 
1 

= _) 3 + (D 3 + (l) 3 +i 3 ): 

_ 100 . 25 

_ — 256 — 64 
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3. f ㈨ 


Since f is decreasing on [0, 1]，we use left endpoints to obtain 
upper sums and right endpoints to obtain lower sums. 



+ 2 i a lower sum is ^；^； . 2 = 2 (! + |)= 誇 

i=l Xl 
4 

(b) Ax = = 1 and x! = 1 + iAx = 1 + i a lower sum is[^.l = l(! + | + ! + !) 

i=l Xi 

1 

(c) Ax = = 2 and Xi = 1 + iAx = 1 + 2i 4 an upper sum is [ 士 .2 = 2(1 + !)= 善 

i=0 i 

3 

(d) Ax = = 1 and Xi = 1 + iAx = 1 + i an upper sum is [] 士 . 1 = 1(1 + ! + ! + 

i=0 1 - ’ 

4. f(x) = 4 - x 2 


77 

60 


25 

12 



Since f is increasing on [—2, 0] and decreasing on [0, 2], we use 
left endpoints on [— 2 , 0 ] and right endpoints on [ 0 , 2 ] to obtain 
lower sums and use right endpoints on [— 2 , 0 ] and left endpoints 
on [ 0 , 2 ] to obtain upper sums. 


(b) Ax = 2 _f 2 ) = 1 and Xi = —2 + iAx = —2 + i a lower sum is [ (4 — (xi) 2 ) . 1 + 5^(4 — (Xi) 2 ) • 

i=0 i=3 

=1((4 - (_2) 2 ) + (4 - (-1) 2 ) + (4 _ l 2 ) + (4 — 2 2 )) = 6 

(c) Ax = 2 _; -2 ) = 2 and Xi = —2 + iAx — —2 + 2i 4 a upper sum is 2 • (4 — (0) 2 ) + 2 . (4 — 0 2 ) = 16 

2 3 

(d) Ax = 2 _f 2 ) = 1 and Xi = —2 + iAx = —2 + i ^ a upper sum is ^ (4 — (xi) 2 ) . 1 + [ (4 — (x!) 2 ) . 

i=l i=2 

=1((4 - (-1) 2 ) + (4 - 0 2 ) + (4 - 0 2 ) + (4 — l 2 )) = 14 


5. f(x) = x 2 

y 


Using 2 rectangles => Ax = ^ ^ ^ (fQ) + f(|)) 



： ((i ) 2 + 


10 _ _5_ 
32 — 16 


Using 4 rectangles ^ Ax = = 

^ i( f (s) + f (i) + f (i) + f ( 蒼 )) 

= 1(Q) 2 + (1) 2 + (I) 2 + (I) 2 ) 


21 

64 
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6 . f(x) = x 3 


y 



Using 2 rectangles Ax = | | (fQ) + f(|)) 



Using 4 rectangles ^ Ax = 二 ^ 

冷 i ( f (l) + f (i) + f (l) + f (D) 

— 1 ( l 3 +3 3 +5 3 +7 3 、 _ J96_ — 124 _ 31 

— 4 8^ ) — — "S 3 " — 128 


7. f(x) = i 


y 



Using 2 rectangles => Ax = — 2 2(f(2) + f(4)) 

= 2Q + |) = 1 


Using 4 rectangles ^ Ax = = 1 

^i(f(l)+f(I)+f(I)+f(D) 

= 1^2,2|2_|_2\_ 1488 _ 496 _ 496 

— 1 V3 ^ 5 ^ 7 ^ 9/ — 3.5.7.9 _ 5-7-9 — 315 


8. f(x) =4-X 2 


y 



Using 2 rectangles ^ Ax = 2 _》 -2 ) = 2 => 2(f(—1) + f(l)) 

= 2(3 + 3) = 12 

Using 4 rectangles =>• Ax = 2 ~ 「 2 ) =1 

^ 1 ( f ( _ i) +f ㈠) + f G) + f (D) 

=1((4 — H) 2 ) + (4-H) 2 ) + (4-(D 2 ) + ( 4 一 ( 昼 ) 2 )) 
= 16—(I .2+1.2) =16 —f = 11 


9. (a) (0)(1) + (12)(1) + (22)(1) + (10)(1) + (5)(1) + (13)(1) + (11)(1) 十 (6)(1) + (2)(1) + (6)(1) = 87 inches 

(b) (12)(1) + (22)(1) + (10)(1) + (5)(1) + (13)(1) + (11)(1) + (6)(1) + (2)(1) + (6)(1) + (0)(1) = 87 inches 

10. (a) D« (1)(300) + (1.2)(300) + (1.7)(300) + (2.0)(300) + (1.8)(300) + (1.6)(300) + (1.4)(300) + (1.2)(300) 

+ (1.0)(300) + (1.8)(300) + (1.5)(300) + (1.2)(300) = 5220 meters (NOTE: 5 minutes = 300 seconds) 

(b) D « (1.2)(300) + (1.7)(300) + (2.0)(300) + (1.8)(300) + (1.6)(300) + (1.4)(300) + (1.2)(300) + (1.0)(300) 

+ (1.8)(300) + (1.5)(300) + (1.2)(300) + (0)(300) = 4920 meters (NOTE: 5 minutes = 300 seconds) 

11. (a) D« (0)(10) + (44)(10) + (15)(10) + (35)(10) + (30)(10) + (44)(10) + (35)(10) + (15)(10) + (22)(10) 

+ (35)(10) + (44)(10) + (30)(10) = 3490 feet « 0.66 miles 
(b) D« (44)(10) + (15)(10) + (35)(10) + (30)(10) + (44)(10) + (35)(10) + (15)(10) + (22)(10) + (35)(10) 

+ (44)(10) + (30)(10) + (35)(10) = 3840 feet ^ 0.73 miles 

12. (a) The distance traveled will be the area under the curve. We will use the approximate velocities at the 

midpoints of each time interval to approximate this area using rectangles. Thus, 

D « (20)(0.001) + (50)(0.001) + (72)(0.001) + (90)(0.001) + (102)(0.001) + (112)(0.001) + (120)(0.001) 

+ (128)(0.001) + (134)(0.001) + (139)(0.001) « 0.967 miles 
(b) Roughly, after 0.0063 hours, the car would have gone 0.484 miles, where 0.0060 hours = 22.7 sec. At 22.7 
sec, the velocity was approximately 120 mi/hr. 
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13. (a) Because the acceleration is decreasing, an upper estimate is obtained using left end-points in summing 
acceleration - At. Thus, At = 1 and speed ~ [32.00 + 19.41 + 11.77 + 7.14 + 4.33](1) = 74.65 ft/sec 

(b) Using right end-points we obtain a lower estimate: speed ^ [19.41 + 11.77 + 7.14 + 4.33 + 2.63](1) 
= 45.28 ft/sec 

(c) Upper estimates for the speed at each second are: 


t 

0 

1 

2 

3 

4 

5 

V 

0 

32.00 

51.41 

63.18 

70.32 

74.65 


Thus, the distance fallen when t = 3 seconds is s ~ [32.00 + 51.41 + 63.18](1) = 146.59 ft. 


14. (a) The speed is a decreasing function of time => right end-points give an lower estimate for the height (distance) 
attained. Also 


t 

0 

1 

2 

3 

4 

5 

V 

400 

368 

336 

304 

272 

240 


gives the time-velocity table by subtracting the constant g = 32 from the speed at each time increment 
△t = 1 sec. Thus, the speed ~ 240 ft/sec after 5 seconds. 

(b) A lower estimate for height attained is h ^ [368 + 336 + 304 + 272 + 240](1) = 1520 ft. 


15. Partition [0,2] into the four subintervals [0,0.5], [0.5,1], [1,1.5], and [1.5,2]. The midpoints of these 
subintervals are mi = 0.25, m 2 = 0.75, m 3 = 1.25, and 1114 二 1.75. The heights of the four approximating 
rectangles are f(mi) = (0.25) 3 = 占， f(m 2 ) = (0.75 ) 3 = f(m 3 ) = (1.25) 3 = 署 ， and f(m 4 ) = (1.75 ) 3 = 署 

Notice that the average value is approximated by \ (*”（•）+ (.) 3 (•) + (|) 3 (|) + (!) 3 (-)= 謗 


l 

length of [0,2] 


approximate area under 
curve f(x) = x 3 


We use this observation in solving the next several exercises. 


16. Partition [1,9] into the four subintervals [1 ， 3], [3,5], [5, 7], and [7,9]. The midpoints of these subintervals are 
mi = 2, m 2 = 4, m 3 = 6 , and 1114 = 8 . The heights of the four approximating rectangles are f(mi) = |， 
f(m 2 ) = I ， f(m 3 )= 去 , and f(m 4 ) = |. The width of each rectangle is Ax = 2. Thus, 


Area«2(I) + 2(I) + 2(I)+2(|) = l 


# average value « ㈣ 二以 ] 


=-=藝_ 


17. Partition [0,2] into the four subintervals [0,0.5], [0.5,1], [1,1.5], and [1.5,2]. The midpoints of the subintervals 
are mi = 0.25, m 2 = 0.75, m 3 = 1.25, and = 1.75. The heights of the four approximating rectangles are 


f( m i) = I + sin 2 ^ ^ + I = 1, f(ni2) = 5 + sin 2 宇 =^ + ! = 1 ， f(m3) = \~\~ sin 2 宇 =! + ( - 士 ) 

=I + 士 = 1， and f(m4) = 5 + sin 2 孕 =| + ( — 夫 ) =1. The width of each rectangle is Ax = Thus, 
Area « (1 + 1 + 1 + 1) (i) = 2 ^ average value « leng : f a [0 , 2] = | = 1- 


18. Partition [0,4] into the four subintervals [0,1], [1,2, ], [2,3], and [3,4]. The midpoints of the subintervals 
are mi = | ， m 2 = m 3 = and 1114 = The heights of the four approximating rectangles are 

f(mi) = 1 — (cos (^^)) = 1 — (cos (f )) 4 = 0.27145 (to 5 decimal places), 

f(m 2 ) = 1 - (cos (哗 )) 4 =： 1 一 (cos (誓 ))4 二 0.97855, f(m 3 ) = 1 — (cos ( 半 ))‘ = 1 — (cos ( 誓 )) 4 

= 0.97855, and f(m 4 ) = l — (cos (^^)) = 1 — (cos (孕 )） 4 = 0.27145. The width of each rectangle is 
△x = l. Thus, Area « (0.27145)(1) + (0.97855)(1) + (0.97855)(1) + (0.27145)(1) = 2.5 ^ average 

value ^ length of [0,4] ~ X ~ I* 
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19. Since the leakage is increasing, an upper estimate uses right endpoints and a lower estimate uses left 
endpoints: 

(a) upper estimate = (70)(1) + (97)(1) + (136)(1) + (190)(1) + (265)(1) = 758 gal, 
lower estimate = (50)(1) + (70)(1) + (97)(1) + (136)(1) + (190)(1) 二 543 gal. 

(b) upper estimate = (70 + 97 + 136 + 190 + 265 + 369 + 516 + 720) = 2363 gal, 
lower estimate = (50 + 70 + 97 + 136 + 190 + 265 + 369 + 516) = 1693 gal. 

(c) worst case: 2363 + 720t = 25,000 => t « 31.4 hrs; 
best case: 1693 + 720t = 25,000 t ~ 32.4 hrs 


20. Since the pollutant release increases over time, an upper estimate uses right endpoints and a lower estimate 
uses left endpoints: 

(a) upper estimate = (0.2)(30) + (0.25)(30) + (0.27)(30) + (0.34)(30) + (0.45)(30) + (0.52)(30) = 60.9 tons 
lower estimate = (0.05)(30) + (0.2)(30) + (0.25)(30) + (0.27)(30) + (0.34)(30) + (0.45)(30) = 46.8 tons 

(b) Using the lower (best case) estimate: 46.8 + (0.52)(30) + (0.63)(30) + (0.70)(30) + (0.81)(30) = 126.6 tons, 
so near the end of September 125 tons of pollutants will have been released. 


21. (a) The diagonal of the square has length 2, so the side length is \/~2. Area = (V^) 


(b) Think of the octagon as a collection of 16 right triangles with a hypotenuse of length 1 and an acute angle measuring 

27T — 7T 
16 — 8 * 

Area = 16(|) (sin |) (cos |) = 4 sin ! = 2\/~2 « 2.828 

(c) Think of the 16-gon as a collection of 32 right triangles with a hypotenuse of length 1 and an acute angle measuring 

27T _ 7T 

32 — 16 * 

Area = 32(|) (sin 盖 ) (cos = 8 sin | = 2 ^/2 « 3.061 

(d) Each area is less than the area of the circle, 丌 . As n increases, the area approaches n. 


22. (a) Each of the isosceles triangles is made up of two right triangles having hypotenuse 1 and an acute angle measuring 
g = 吾 . The area of each isosceles triangle is At = 2 (|) (sin (cos | sin 

(b) The area of the polygon is Ap = nAx = f sin 誓 ， so lim 号 sin 誓 =lim 丌. = 丌 

一 z n n-^oo z n n—oo ItJ 

(c) Multiply each area by r 2 . 

A t = !r 2 sin 孕 

A P = I r 2 sin 譬 
lim Ap = 7rr 2 

n—KX3 


23-26. Example CAS commands: 

Maple: 

with( Student[Calculusl]); 
f := x -> sin(x); 
a := 0; 
b := Pi; 

plot( f(x), x=a..b, title="#23(a) (Section 5.1)"); 

N:=[ 100,200, 1000]; #(b) 

for n in N do 

Xlist := [ a+l.*(b-a)/n*i $ i=0"n ]; 

Ylist := map( f, Xlist); 
end do: 

for n in N do # (c) 

Avg[n] := evalf(add(y,y=Ylist)/nops(Ylist)); 
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end do; 

avg := Function A verage( f(x), x=a..b, output=value ); 
evalf( avg); 

Function A verage(f(x),x=a. .b,output=plot); # (d) 

fsolve( f(x)=avg, x=0.5 ); 
fsolve( f(x)=avg, x=2.5 ); 
fsolve( f(x)=Avg[1000], x=0.5 ); 
fsolve( f(x)=Avg[1000], x=2.5 ); 

Mathematic a: (assigned function and values for a and b may vary): 

Symbols for 丌， —>,powers, roots, fractions, etc. are available in Palettes (under File). 

Never insert a space between the name of a function and its argument. 

Clearfx] 

f[x_]:=x Sin[l/x] 

{a,b}={7r/4, 7r} 

Plot[f[x],{x, a,b}] 

The following code computes the value of the function for each interval midpoint and then finds the average. Each 
sequence of commands for a different value of n (number of subdivisions) should be placed in a separate cell, 
n =100; dx = (b — a) /n; 
values = Table[N[f[x]], {x, a + dx/2, b, dx}] 
average=Sum[values[[i]],{i, 1, Length [values]}] / n 
n =200; dx = (b — a) /n; 
values = Table[N[f[x]],{x, a + dx/2, b, dx}] 
average=Sum[values[[i]],{i, 1, Length [values]}] / n 
n =1000; dx = (b — a) /n; 
values = Table[N[f[x]],{x, a + dx/2, b, dx}] 
average=Sum[values[[i]],{i, 1, Length [values]}] / n 
FindRoot[f[x] == average,{x, a}] 

5.2 SIGMA NOTATION AND LIMITS OF FINITE SUMS 


1 V _6^_ _ 6(1)_ , 6(2)^ _ 6 , 12 _ 7 
L k+1 — 1 + 1 ^ 2+1 — 2 ^ 3 — 
k=l 



k=l 


3. E COS k7r = COS (17T) + COS (27T) + COS (37r) + COS (47r) = —1 + 1 — 1 + 1= 0 

k=l 

5 

4. [ sink7r = sin (1 丌 ） + sin (2 丌 ） + sin (3 丌 ） + sin (4兀） + sin (5 丌 ） = 0 + 0 + 04-0 + 0 = 0 

k=l 

5. J2 (-l) k+1 Sin I = (-1) 1+1 sin f + (—1) 2+1 sin | + (_1) 3+1 sin f = 0 — 1 + 幸 = Af 1 

k=l - 一 

6. [ (—l) k COS k7r = (—l) 1 COS (l7r) + (—l) 2 COS (27r) + (—l) 3 COS (37r) + (—1)4 COS (47r) 

k=l 

= -(-1) + 1-(-1)+1 =4 
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7. (a) Y, 2k_1 = 2 1 - 1 + 2 2 " 1 + 2 3 - 1 + 2 4 " 1 + 2 5 — 1 + 2 6 — 1 = 1+ 2 + 4 + 8 + 16 + 32 

k=l 

(b) E 2 k = 2。+ 2 1 + 2 2 + 2 3 + 2 4 + 2 5 = 1 + 2 + 4 + 8 + 16 + 32 

k=0 

(c) J2 2 k+1 = 2~ 1+1 + 2 0+1 + 2 1+1 + 2 2+1 + 2 3+1 + 2 4+1 = 1 + 2 + 4 + 8 + 16 + 32 

k=-l 

All of them represent 1+2 + 4 + 8+ 16 + 32 


8 . (a) (_2 ) k - 1 = (-2 ) 1 - 1 + (-2 ) 2 - 1 + (-2 ) 3 - 1 + (-2 ) 4 - 1 + (-2 ) 5 - 1 + (-2 ) 6 - 1 = 1- 2 + 4- 8 + 16 — 32 

k=l 

(b) J2 (-l) k 2 k = (-1)°2° + (-l )^ 1 + (-1) 2 2 2 + (_1) 3 2 3 + (-1) 4 2 4 + (-1) 5 2 5 = 1—2 + 4 — 8 + 16 - 32 

k=0 

(c) J2 (-l) k+ 1 2 k+2 = (-l)- 2 + 1 2- 2 + 2 + (- 1 )- 1 + 1 2- 1+2 + (- 1 ) 。 + 1 2。+ 2 + (- 1 ) 1 + 1 2 1+2 + (- 1 ) 2 + 1 2 2+2 

k=_2 

+ (-l) 3 + 1 2 3+2 = -1 + 2-4 + 8 - 16 + 32; 

(a) and (b) represent 1—2 + 4 — 8 + 16 — 32; (c) is not equivalent to the other two 


9. (a) E 


(-D^ 1 — (~i) 2 ~ 


(~i) 3 ~ 


4-1 




(h \ V - izll. _i_ izH _L (_1) 2 
W L k+1 — 0+1 ^ 1 + 1 T 2+1 


k=0 

1 


(0 E ^ = ^ 


k + 2 


1 + 2 


(-D° , (-D 1 

0 + 2 丁 1+2 


1 — S + ! 


1 + 2 


(a) and (c) are equivalent; (b) is not equivalent to the other two. 


10. (a) f(k-l ) 2 = (l-l ) 2 + (2—l ) 2 + (3-l ) 2 + (4—l ) 2 = 0+l+4 + 9 

k=l 

(b) E (k+ l) 2 = (-1 + l) 2 + (0 + l) 2 + (1 + l) 2 + (2 + l) 2 + (3 + l) 2 = 0 + 1 + 4 + 9 + 16 

k=-l 

(c) fk 2 = (—3 ) 2 + (—2 ) 2 + (—l ) 2 = 9 + 4+l 

k=-3 

(a) and (c) are equivalent to each other; (b) is not equivalent to the other two. 


ii. fk 


k=l 


12. Ek 2 


k=l 


14. 2k 


k=l 


i5. E(-D k+1 i 

k=l 


17. (a) 亡 3a k = 3 £ a k = 3(-5) --15 

k=l k=l 

(b) X] 脊 =• E b k = 長 (6) = 1 

k=l k=l 

(c) ( a k + b k ) = X] a k + ^ b k = —5 + 6=1 

k=l k=l k=l 

(d) E ( a k — b k ) = y^ ~y^W = —5 — 6 = —11 

k=l k=l k=l 

(e) E (b k — 2a k ) = Eb k — 2[a k = 6 — 2(—5) = 16 

k=l k=l k=l 


13. b 

k=l 

16. E(-D k I 

k=l 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 







300 


Chapter 5 Integration 


(b) ^k 2 = 13(13 + 1X2(13) + 1) =gl9 
k=l 


55 

2 


55 2 = 3025 


⑻ Ek 2 


10 ( 10 + 1 )( 2 ( 10 )+ 1 ) 


385 


: 8 E ^ = 8(0) = 0 

k=l 

l) = ^a k + ^l=0 + n = n 


(b) £ 250b k = 250 £ b k = 250(1) = 250 

k=l k=l 

⑹ E (bk — 1 ) = E b k — E 1 = 1 — n 


21. -2k = -2^k=-2 


7(7 + 1) 


-56 


22 . E 誇 = 吾 Ek: 


7T ， 5(5+1 ) 、 
15 


23. E(3-k 2 ) = E3-Ek 2 = 3(6) 


6(6 + l)(2(6) + l) 


-73 


k=l k=l 


24. E (k 2 - 5) = E k 2 - E 5 = 6(6 + 1)( 6 2 ⑹ + 1) - 5(6) = 61 

k=l k=l k=l 

25. J2 k(3k + 5) = J2 (3k 2 + 5k) = 3 亡 k 2 + 5 亡 k = 3 ( 5(5 + 1) f 5)+1) ) +5 = 240 

k=l k=l k=l k=l \ / \ / 

26. J2 k(2k + 1) = E (2k 2 +k)=2^k 2 + ^k = 2 ( 7(7+1)(2(7) + 1) ) + = 308 


k=l k=l 


27. E 


k 3 


225 

k=l \k=l 


Ek =‘Ek 3 + 


'5(5 + l)\ 2 , ( 5(5 + lA 3 


28. Ek -E EM -|Ek 3 


225 V 2 


^7(7+l)\ 2 1 f 7(7+1) ) 2 


3376 


588 


29 •⑻ 


(b) 


(c) 




m= x ^~ 

0<x<2 

Midpoint 


13(13 + 1) 
2 


K13+1) 


10 ( 10 + 1 ) 

2 


82 


1:1 


3 

k k 

uEk=lUEk=l 

⑻ 

20 . 




3 

k k 

WEk=lSEk=l 

\—/ \—/ 

(a(c 

9. 


8a k (a k 

ns ns 
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33. |xi -x 0 | = 11.2-0| = 1.2, |x 2 -xi| = |1.5 - 1.2| = 0.3, |x 3 -x 2 | = |2.3 - 1.5| =0.8, |x 4 -x 3 | = |2.6 - 2.3| = 0.3, 
and |x 5 — X 4 I = |3 — 2.6| = 0.4; the largest is ||P|| = 1.2. 


34. |xi — xq| = | — 1.6 — (—2)| = 0.4, |x 2 — xi| = |—0.5 — (—1.6)| = 1.1, |x 3 — X 2 I = |0 — (—0.5)| = 0.5, 
|x 4 — X 3 I = |0.8 — 0| = 0.8, and |x 5 — X 4 I = |1 — 0.8| = 0.2; the largest is ||P|| = 1.1. 


35. f(x) = 1 — x 2 


y 



Since f is decreasing on [ 0, 1] we use left endpoints to obtain 
upper sums. Ax = ^ and Xi = iAx = So an upper sum 

n—1 n—1 / 0 \ n—1 

is = ) = ^E(n 2 -i 2 ) 

i=0 i=0 \ 7 i=0 


_ n! _ 丄 1 — (n-l)n(2(n-l) + l) _ 
_ p 研乙 1 _ 丄 6 H 5 — 

i=0 



.Thus, 


2n^ - 3fl2 + n 

6n 3 


limg(l-x 况 


二 lim I 

n —^00 ' 



2 

3 
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36. f(x) = 2x 


y 



37. f(x) = x 2 + 1 


y 



38. f(x) = 3x 2 

y 



39. f(x) = x + x 2 = x(l + x) 

y 



40. f(x) = 3x + 2x 2 


y 



Since f is increasing on [ 0, 3] we use right endpoints to obtain 
upper sums. Ax = | and Xi = iAx = So an upper 


Lis E 2 xi(|) 


Ef-l = f Ei 




9n 2 + 9n 


Thus, lim V - • - = lim 


9n 2 + 9n 


lim (9+|)=9. 


Since f is increasing on [ 0, 3] we use right endpoints to obtain 
upper sums. Ax = ^ and Xi = iAx = So an upper 

srnnis E(xf + 1)H E((|) 2 + i)1 = 1 E(f+ l) 


3 


fEi 2 

i=l 

9(2n 3 +3n 2 +n) 


27 ( n(n+l)(2n + l) 

n 3 V 6 


+ 3 


~2^ - 1-3 

lim E(x? + 1 ) 卜 


18 + ? + 


z 


: lim 

n—^oo 


2 +3. Thus, 

’18 + ¥ + : 




+ 3 


9 + 3 = 12. 


Since f is increasing on [0,1] we use right endpoints to obtain 
upper sums. Ax = = - and Xi = iAx = ^ So an upper sum 

is E3x?(i) = 亡 3⑴ 2 0 = 吾 Ei 2 = I . ( D(D + 1) 6 (2n + 1) ) 

i=l i=l i=l \ 7 

= 2 n 3 +g 2+n = 2 + | + ^. Thus, lim ^3xf(i) 

i=l 



Since f is increasing on [ 0, 1] we use right endpoints to obtain 
upper sums. Ax = ^ = - and Xi = iAx = *■ So an upper sum 

is E(x I + xf)i = E(i + Q) 2 )n = ^Ei + 4Ei 2 
i=l i=l \ / i=l i=l 

_ 1 f n(n + l)\ , if n(n + l)(2n + l)\ _ n 2 + n , 2n 3 + 3n 2 + n 

_ — 2 — J 十 6 ) — "I 6^ 


= i# + ^ 4 ^-Thus, lim E(x i + Xl 2 )i 

^ u n—>oo 土 = 1 



Since f is increasing on [ 0,1] we use right endpoints to obtain 
upper sums. Ax = ^ = - and Xi = iAx = So an upper sum 

is E(3x i + 2xf)I =±^+ 2(i) 2 ) l = ^h+ \±i 2 
i=l i=l \ / i=l i=l 

— 3 广 n(n + l )、 | 2( n(n +l)(2n +1) ^ _ 3n 2 + 3n , 2n 2 + 3n + 1 
—— 2 — ) ^ 7 、 6 ) — 1 3 ^ 


= 半 + ^4^. Thus, lim E(3 Xl + 2 X[ 2 )i 

^ ° n^oo i=1 


=lim 

n—^oo 



_ 3 , 2 _ 13 

— 2 卞 3 _ 6 • 
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x 2 dx 


2. I 2x 3 dx 


3. I (x 2 - 3x) dx 


4. i dx 


5. 


dx 


6. J o v^4 - x 2 dx 


'—7r/4 


(sec x) dx 


厂 tt/4 

8. J o (tan x) dx 


9. (a) J 2 g(x) dx = 0 

(c) f 2 3f(x) dx = 3 f 2 f(x) dx = 3(—4) = -12 


(b) J 5 g(x) dx 


A … w … (d) J 2 f(x) dx 

(e) f [f(x)- g(x)] dx = f f(x) dx - f g(x) dx = 6 - 8 = -2 


Jj g(x) dx = -8 

^ f(x) dx - f(x) dx = 6 — (-4) 


(f) [4f(x) - g(x)] dx = 4 上 f(x) dx — Jj g(x) dx = 4(6) - 


8 = 16 


.(a) J: —2f(x) dx = —2 J:f(x) dx = -2(-1) = 2 


10 

(b) 

(c) 

(d) 

(e) 

(f) 

11- (a) 
(c) 


[f(x) + h(x)] dx 


f(x) dx + I h(x) dx = 5 + 4 = 9 


l 7 [2f(x) - 3h(x)] dx = 2 J 7 f(x) dx-3 J 7 h(x) dx = 2(5) - 3(4) =-2 


f(x) dx 


f(x) dx 


X f(x)dx = -(-l) = 
、9 r»9 

x f(x) dx - J 7 f(x) dx : 


-1-5 

n9 


[h(x) — f(x)] dx 


[f(x)-h ⑻] dx 


f(u) du 


f(x) dx = 5 


dt=- f' f(t) dt=—5 


f(x) dx 


h(x) dx = 5 — 4 


(b) v^f ⑵ dz = f ⑵ dz = 5v^ 

r - J] f(x) dx = -5 


(d) [_f(x)]dx 


12 •⑻ 
(c) 


g(t) dt=- 
[-g(x)] dx 


,gWdt= -^/2 
I , g(x) dx = -y/i 


(b) f , g( u ) du = f q g(t) dt = 


(d) 


g(r) 


3 73 dr= 73 J-3 


g(t) dt : 


13. (a) 
(b) 


l 3 f(z) dz= J Q f(z) dz - J q f(z) dz = 7 - 3 = 4 


f(t) dt : 


f(t) dt = -4 


14 .⑷ 
(b) 


h(r) dr : 


h(u) du : 


h(r) dr 


h(r) dr = 6 - 0 = 6 


工 h(u) du )= 工 h(u) du = 6 


10 
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15. The area of the trapezoid is A = | (B + b)h 

= |(5+ 2)(6) = 21 ^ f 2 (| + 3) dx 
= 21 square units 


16. The area of the trapezoid is A = | (B + b)h 

f 3/2 

=i (3+ 1)(1) = 2 ^ J i/2 (—2x + 4)dx 
= 2 square units 


17. The area of the semicircle is A = 条 7rr 2 = ^ 7r(3) 2 
广 3 _ 

= 1 7r =>■ J 3 \/9 — x 2 dx=|7r square units 


18. The graph of the quarter circle is A = ^ 7rr 2 


X4) 2 


4 丌 => 


\/16 — x 2 dx = 4 丌 square units 


19. The area of the triangle on the left is A = - bh = ♦ (2)(2) 
= 2. The area of the triangle on the right is A = \ bh 




㈣ 1 )=全 



.Then, the total area is 2.5 
= 2.5 square units 




y 



y 
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20. The area of the triangle is A = | bh = | (2)(1) 




(1 — |x|) dx = 1 square unit 



21. The area of the triangular peak is A = | bh = | (2)(1) = 1. 
The area of the rectangular base isS = = (2)(1) = 2. 

Then the total area is 3 =4^ J* ^(2 — |x|) dx = 3 square units 


22. y = 1 + \/1 — x 2 => y _ 1 = \/1 — x 2 

=> (y — l) 2 = 1 — x 2 => x 2 + (y — l) 2 = 1, a circle with 
center (0,1) and radius of 1 => y 二 1 + ^ 1 — x 2 is the 


upper semicircle. The area of this semicircle is 
A 二 * 7rr 2 = ^ 7r(l) 2 = The area of the rectangular base 


is A = £w = (2)(1) = 2. Then the total area is 2 + | 
=>• J 丄 (1 + \/l — x 2 ) dx = 2 + I square units 
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27 - J： x 


dx 


㈣ 2 


⑴ 2 


•»2.5 


(2.5) 2 _ (0.5) 2 


28 'Jo.5 XdX - 2 2 


29. d6» = 誓 一 f = 誓 



30 . „ rdr 


㈣ 2 ㈣ 2 




、 l/2 


(I ) 3 


33 . J 0 t 2 dt — 3 — 24 


35 厂 xdx=^§- - ^ = ^f 


32. J Q ■ sMs = 2>f = 0.009 

34- JT 沪册 = 寧= 芸 


36 . 


37 .if x2 ‘M = ! 


-»3b 


38 . x 2 dx=# 


39 . I 7 dx = 7 (l- 3 ) = —14 

3 


40 . J o 一 0乜 = v^(- 2 - 0 ) 


4L Jo 5 xdx = 5 j o xdx = 5 


?! _ Q! 
2 2 


10 


42 - f 3 i dx = lf 3 xdx 


43 . j 。（2 t _ 3 ) dt = 2 t dt — j 。3 dt = 2 


2^ _ 0^ 
T — T 


— 3(2 - 0 ) = 4 - 6 = —2 


44 . 


、办 


v^) 


dt = L tdt — 丄 \/2dt ： 


㈣ 2 


f - \/2 x / 2-0 


1 一 2: 


45 . l! c 1 + 1) dz = f! 1 dz + f! I dz = L idz ~if Z d Z =i[i—2] 


f-f 


46 . j 3 ( 2 z- 3 )dz = j 3 2 zdz-j 3 3 dz =-2 j 。 zdz- 人 3 dz =-2 


3^ _ 0^ 
2 2 


— 3[0 - 


n2 r»2 

47 . I 3 u 2 du = 3 u 2 du = 3 


L 


2 ^1 

o u2du -Jo u2du 


2^ _ 0^ 
T — T 


l 3 o 3 


I (b 2 - a 2 ) 


24 


-2^/2 

_ 3^1 — 16 
2 — 16 


(I) 

3] = -9 + 9 

-f = 3 ( 
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48. f 1 24u 2 du = 24 广 u 2 du = 24 


f l/2 


， l/2 


厂 1 厂 1/2 

lo u 2 du-j o u 2 du 


24 


T 


(il! 

3 


24 


(D 


49. j 。 (3x 2 + x — 5) dx = 3 j 。 x 2 dx + x dx — j。5 dx = 3 


2^ _ 0^. 
T — T 


2^ _ 0^ 
2 2 


5[2-0] = (8 + 2)— 10 = 0 


50. 


(3x 2 + x - 5) dx = - / (3x 2 + x - 5) dx ： 


x 2 dx + I x dx — 


5 dx 




5(1-0) 



7 

2 


51. Let Ax = ^ and let x 0 = 0,xi = Ax, 

X 2 = 2Ax, …， x n _! = (n — l)Ax, x n = nAx = b. 

Let the c k ’s be the right end-points of the subintervals 
Ci = xi ， C 2 = X 2 , and so on. The rectangles 
defined have areas: 

f(ci) Ax = f(Ax) Ax = 3(Ax) 2 Ax = 3(Ax) 3 
f(c 2 ) Ax = f(2Ax) Ax = 3(2Ax) 2 Ax = 3(2) 2 (Ax) 3 
f(c 3 ) Ax = f(3Ax) Ax = 3(3Ax) 2 Ax = 3(3) 2 (Ax) 3 

f(c„) Ax = f(nAx) Ax = 3(nAx) 2 Ax = 3(n) 2 (Ax) 3 
Then S n = J2 f(c k ) Ax = 3k 2 (Ax) 3 

k=l k=l 

= 3(Ax) 3 E k 2 = 3 (g) ( n(n + 1 f n + 1) ) 

=f (2 + i + ^ /o' 3x 2 dx = n lirn^ f (2 + 2 + i) = b 3 . 



52. Let Ax = ^ and let xq = 0, xi = Ax, 

X 2 = 2Ax, … ， x n _i = (n — l)Ax, x n = nAx = b. 

Let the c k ’s be the right end-points of the subintervals 
Ci = xi, C 2 = X 2 , and so on. The rectangles 
defined have areas: 

f(ci) Ax = f(Ax) Ax = 7r(Ax) 2 Ax = 7r(Ax) 3 
f(C 2 ) Ax = f(2Ax) Ax = 7r(2Ax) 2 Ax = 7r(2) 2 (Ax) 3 
f(C 3 ) Ax = f(3 Ax) Ax = 7r(3Ax) 2 Ax = 7r(3) 2 (Ax) 3 

f(c n ) Ax = f(nAx) Ax = 7r(nAx) 2 Ax = 7r(n) 2 (Ax) 3 
Then S n = ^ f(c k ) Ax = ^2 7rk 2 (Ax) 3 

k=l k=l 

=tt(Ax) 3 E k 2 = tt {%) ( n(n+1 f n+1) ) 

=f ( 2 +^ + p)^/ 0 b ^ 2dx = n 1 iP oo f (2+^ + ^) = f. 
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53. Let Ax = ^ and let xq = 0, x! = Ax, 

X 2 = 2Ax, …， x n _! = (n — l)Ax, x n = nAx = b. 

Let the c k ’s be the right end-points of the subintervals 
^ Ci = Xi, C 2 = X 2 , and so on. The rectangles 
defined have areas: 

f(ci) Ax = f(Ax) Ax = 2(Ax)(Ax) = 2( Ax) 2 
f(c 2 ) Ax = f(2 Ax) Ax = 2(2Ax)(Ax) = 2(2)(Ax) 2 
f(c 3 ) Ax = f(3 Ax) Ax = 2(3Ax)(Ax) = 2(3)(Ax) 2 

f(c n ) Ax = f(n Ax) Ax = 2(nAx)(Ax) = 2(n)(Ax) 2 
Then S n = ^ f(c k ) Ax = ^2 2k(Ax) 2 

k=l k=l 

= 2(Ax) 2 E k = 2 (I) (^) 

= b 2 (l + U b 2 (l + i)=b 2 . 

54. Let Ax = ^ and let x 0 = 0, x x = Ax, 

X 2 = 2Ax, … ， x n _! = (n — l)Ax, x n = nAx = b. 

Let the c k ’s be the right end-points of the subintervals 
Ci = xi, C 2 = X 2 , and so on. The rectangles 
defined have areas: 

f(ci)Ax = f(Ax) Ax =( 譬 + 1) (Ax) = 1 (Ax) 2 + Ax 
f(c 2 )Ax = f(2Ax)Ax = + 1) (Ax) = i(2)(Ax) 2 + Ax 

f(c 3 )Ax = f(3Ax) Ax =( 亨 + 1) (Ax) = 1 (3)(Ax) 2 + Ax 




f(c n ) Ax = f(nAx) Ax = + 1) (Ax) = 1 (n)(Ax) 2 + Ax 

Then S n = E f(c k )Ax = E (ik(Ax) 2 + Ax) = 1 (Ax) 2 : f ： k + Ax E 1 = i (g) (^11) + ⑶⑻ 

k=l k=l k=l k=l \ / \ / 

= i b 2 (1 + i) + b ^ / o b (f + 1) dx = (ib 2 (l + i)+b) = Ib 2 + b. 
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57. av(f) = (y^o) J 0 (-3x 2 — 1) dx = 

= 0卜 ⑼ - a -0) 

=— 2 . 


58. av(f) = (i4o) J 0 (3x 2 — 3) dx = 

二 3 fo X 2 dx — /◦ 3dx = 3 (y) -3(1-0) 


=— 2 . 


59. av(f)= ( 占 ) 



(t - l) 2 dt 






y 



61. (a) av(g) = 



dx 



(-x - 1) dx + 



(x - 1) dx 


X O nO nl r» 1 

. X XdX - 2 J-l ldx+iJ 0 Xdx-iJ o ldx 



2 • 


y 

g(x) = |x|-1 



x 
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y 


(b) av(g)= ( 占）丄 （ |x| — 1) dx 


2 t 
1. 


x dx 


1 dx 


3 2 l 2 
飞—飞 


(x - 1) dx 
’ 、 i(3-l) 


(c) av(g) 


,(W —l)dx 


- V3-(-l) ; 

' (|x|^l)dx+i f (|x| - 1) dx 


K-l + 2) 


(see parts (a) and (b) above). 


y = |x 卜 1 



12 3 



62. (a) av(h) = (on|ri)) J ^ |x| dx 


-(-x)dx 


x dx : 


_ (― 1 ) 2 
~2 2 


2 • 


⑻雄） = ( 占 ） X - w dx =-x 


x dx 


2 f 、 
‘2 2 ； 


(c) av(h) 


-(-1 )； J_j _W dx 

(/I- Wdx+r-Wdx) 


= !(—! + (—-))= — ■ (see parts (a) and (b) 
above). 




h(x)=-|x| 


h(x) = -|x| 


h(x)=-|x| 




63. To find where x — x 2 > 0, let x — x 2 = 0 x(l — x) = 0 => x 二 0 or x = 1. If 0 < x < 1, then 0 < x — x 2 => a = 0 
and b = 1 maximize the integral. 
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64. To find where x 4 - 2x 2 < 0, let x 4 — 2x 2 = 0 令 x 2 (x 2 — 2) = 0 令 x = 0 or x = 士 \fl. By the sign graph, 

H~~I-- 1 -- 1 -- 1 h 0 - 0 - 0 H--hH~~I~~I~~I~~h, we can see that x4 — 2 x^ ^ 0 on _ \/^，a = — 3 .nd b — 

-V2 0 _ L 」 

minimize the integral. 


65. f(x) 


is decreasing on [ 0 , 1 ] =>• maximum value of f occurs at 0 => max f = f( 0 ) = 1 ; minimum value of f 


.Therefore, ( 1 — 0 ) min f < 


occurs at 1 4 min f = f(l) = = ! 

=> ^ < dx < 1. That is, an upper bound = 1 and a lower bound 


lo 


dx < (1 — 0 ) max f 


66 . See Exercise 65 above. On [0,0.5], max f : 


r+F 


1 , min f : 


1+(0.5)‘ 2 


0.8. Therefore 


n0.5 n0.5 

(0.5 - 0 ) min f < J Q f(x) dx < (0.5 - 0 ) max f f < J Q 


dx < ^ . On [0.5,1], max f = 丁 


l 


+ (0.5) 2 


0.8 and 


min f : 


0.5. Therefore (1 — 0.5)min f < dx < (1 — 0.5)max f 


^ ? - Jo.5 rrF dx ^ I • 


^0.5 


Then 3 + f < J Q nh? dx + J Q5 dx < i + = => 55 < j Q — - To 


2 - 13 ^ I 1 dx < 4 . 


67. — 1 < sin (x 2 ) < 1 for all x ^ 
equal 2 . 


1 ) < I sin (x 2 ) dx < (1 — 0 )( 1 ) or I sin x 2 dx < 1 / sin x 2 dx cannot 


68. f(x) = i/x + 8 is increasing on [0,1] max f = f(l) = ^1 + 8 = 3 and min f = f(0) = -\/0 + 8 = 2^/2. 

Therefore, (1—0) min f < \/x + 8 dx < (1 — 0) max f ^ 2-\/2 < ^x-\- S dx < 3. 

69. If f(x) > 0 on [a, b], then min f > 0 and max f > 0 on [a, b]. Now, (b — a)min f < f f(x) dx < (b — a) max f. 

Then b > a ^ b — a > 0 => (b — a) min f > 0 => f(x) dx > 0. 

70. If f(x) < 0 on [a, b], then min f < 0 and max f < 0. Now, (b — a) min f < f(x) dx < (b — a) max f. Then 

b > a =>• b — a > 0 => (b — a) max f < 0 => f f(x) dx < 0. 


71. sin x < x for x > 0 => sin x — x < 0 for x > 0 (sin x — x) dx < 0 (see Exercise 70) 4 sin x dx — J q x dx 

< 0 => J sin x dx < J x dx ^ J sin x dx < f ^ — y j J sin x dx < ^ . Thus an upper bound is |. 


72. sec x > 1 + y on (- |) 4 sec x — (1 + 誓 ) 2 0 on (-!，！）4 


sec x — ( 1 + 


2 、 


dx > 0 (see 


Exercise 69) since [ 0 , 1 ] is contained in => J sec x dx — J (1 + 誓 ) dx > 0 J sec x dx 


^ Jo (l + f ) dx ^ J o secxdx> J o ldx+ij 0 x 2 dx ^ J q sec x dx > (1 - 0) + i (f ) ^ J o secxdx> 


Thus a lower bound is l. 


nb r*b 

73. Yes, for the following reasons: av(f) = J f(x) dx is a constant K. Thus 上 av(f) dx = J K dx 

r»b r*b nb 

=K(b — a) => J av(f) dx = (b — a)K = (b — a) • f(x) dx = I f(x) dx. 
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74. All three rules hold. The reasons: On any interval [a, b] on which f and g are integrable, we have: 


(a) av(f + g )= 占 
=av(f) + av(g) 


[f(x) + g(x)] dx 


(b) av(kf) 


(c) av(f) 


b — a 


b — a 


kf(x) dx 


f(x) dx < 


b — a 


k / f(x) dx 


f(x)dx+ / g(x) dx 


f(x) dx 


b — a 


f(x) dx + 


g(x) dx 


k av(f) 


b — a 


g(x) dx since f(x) < g(x) on [a, b], and 


b — a 


g(x) dx = av(g). 


Therefore, av(f) < av(g). 


75. Consider the partition P that subdivides the interval [a, b] into n subintervals of width Ax = and let be the right 
endpoint of each subinterval. So the partition is P 二 {a, a + a + 2 ^ b ~ ^ , ... ， a + n ^ b ~ } and Ck = a + k ^ b ~ . 

We get the Riemann sum ^f(ck)Ax = - = c ^ b ~ a ^ ^ 1 = c ^ b ~ - n = c(b — a). As n —> oo and ||P|| — 0 

k=l k=l k=l 

r b 

this expression remains c(b — a). Thus, c dx = c(b — a). 


76. Consider the partition P that subdivides the interval [a, b] into n subintervals of width Ax = and let Ck be the right 
endpoint of each subinterval. So the partition is P 二 {a, a + a + 2 ^ b ~ ^, ...，a + n ^ b ~ } and Ck = a + k ^ b ~. 

We get the Riemann sum f ： f(c k )Ax = = ^E(a+ (a 2 + 2ak ^ + 

k=l k=l k=l V 7 k=l V ’ 


Ea 2 + 


2a(b — a) 


、 k=l 


Ek + 

k=l 




Ek 2 


b—a 


.na 2 


k=l 


2a(b - a) 2 
n 2 


n(n+l) 




n(n + l)(2n+ 1) 
6 


=(b - a)a 2 + a(b-a) 2 -i±i + ^- (n + ， + 1) = (b - a)a 2 + a(b - a) 2 • ^ ^ - 

As n —> oo and ||P|| —> 0 this expression has value (b — a)a 2 + a(b — a) 2 . 1 + ^ b ~ a ^ .2 

nb 

=ba 2 — a 3 + ab 2 _ 2a 2 b + a 3 + |(b 3 — 3b 2 a + 3ba 2 - a 3 ) = f — 誓 . Thus ， 丄 x 2 dx = f - f. 


77 . (a) U = maxi Ax + max2 Ax + •. • + max n Ax where maxi = f(xi), max2 = f(X2), •.. ， max n = f(x n ) since f is 
increasing on [a, b]; L = mini Ax + min2 Ax + •. • + min n Ax where mini = f(xo), min2 = f(xi),. • •, 
min n = f(x n _!) since f is increasing on [a, b]. Therefore 
U — L 二 (maxi — mini) Ax + (max2 — mm2) Ax + … + (max n — min n ) Ax 

=(f(xi) - f(x 0 )) Ax + (f(x 2 ) - f(x!))Ax + ... + (f(x n ) - f(x n —0) Ax = (f(x n ) - f(x 0 )) Ax = (f(b) - f(a)) Ax. 
(b) U = maxi Axi + max 2 AX 2 + •. • + max n Ax n where maxi = f(xi), max 2 = f(X 2 )，• •. ， max n = f(x n ) since f 
is increasing on[a, b]; L = mini Axi + min 2 AX 2 + _ •. + min n Ax n where 
mini = f(xo), min 2 = f(xi),... , min n = f(x n _i) since f is increasing on [a, b]. Therefore 
U — L = (maxi — mini) Axi + (max 2 — min 2 ) AX 2 + ... + (max n — min n ) Ax n 
=(f(xi) - f(x 0 )) Axx + (f(x 2 ) - f(xi))Ax 2 + ... + (f(x n ) - f(x n —i)) Ax n 
< (f(xi) — f(x 0 )) Ax max + (f(x 2 ) — f(xj)) Ax max + ... + (f(x n ) - f(x n —D) Ax max . Then 
U — L < (f(x n ) - f(x 0 )) Ax max = (f(b) — f(a)) Ax max = |f(b) - f(a)| Ax max since f(b) > f(a). Thus 
||p |im Q (U — L) = (|p |im ^ (f(b) - f(a)) Ax max = 0, since Ax,^ = ||P|| . 
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78. (a) U = maxi Ax + max 2 Ax + … + max n Ax where 

maxi = f(x 0 ), max 2 = f(xi),, max n = f(x n _0 
since f is decreasing on [a, b]; 

L = mini Ax + min 2 Ax + … + min n Ax where 
mini = f(xi), min 2 = f(x 2 ), … ， min n = f(x n ) 
since f is decreasing on [a, b]. Therefore 
U — L = (maxi — mini) Ax + (max 2 — mm 2 ) Ax 
+ … + (max n — min n ) Ax 
=(f(x 0 ) - f(xi)) Ax + (f(xi) - f(x 2 ))Ax 
+ … + (f(x n _!) - f(x n )) Ax = (f(x 。）一 f(x n )) Ax 
= (f(a)-f(b))Ax. 

(b) U = maxi Axi + max 2 AX 2 + •. • + max n Ax n where maxi = f(xo), max 2 = f(xi), • • • , max n 
f is decreasing on [a, b]; L = min! Ax! + min 2 Ax 2 + … + min n Ax n where 
mim = f(xi), min 2 = f(X 2 )，.. • ， min n = f(x n ) since f is decreasing on [a, b]. Therefore 
U — L = (maxi — mini) Axi + (max 2 - mm 2 ) AX 2 + … + (max n — min n ) Ax n 
=(f(x 0 ) - f(xi)) Axi + (f(xi) - f(x 2 ))Ax 2 + ... + (f(x n _!) - f(x n )) Ax n 
< (f(x 0 ) - f(x n )) Ax max = (f(a) — f(b) Ax max = |f(b) - f(a)| Ax max since f(b) < f(a). Thus 
o (U - L) = ||p |im ^ |f(b) - f(a)| Ax 腿 = 0, since Ax max = ||P|| . 

79. (a) Partition [0, |] into n subintervals, each of length Ax = ^ with points xq = 0, xi = Ax, 


f(x n _i) since 


x 2 


2Ax,... , x n = nAx = |. Since sin x is increasing on [0, |] , the upper sum U is the sum of the areas 


of the circumscribed rectangles of areas f(xi) Ax = (sin Ax)Ax, f(X 2 ) Ax = (sin 2Ax) Ax,... , f(x n ) Ax 


=(sin nAx) Ax. Then U = (sin Ax + sin 2Ax + … + sin nAx) Ax 


cos 警 — cos ((n + 臺） Ax) 


Ax 


cos a - cos (( n + 幻 a) 


广/2 

(b) The area is / sin x dx 


(li) 


7T (COS g, - COS (f + 最 )) — COS f n - COS (f + j,) 


4n sin ； 


(¥) 




80. (a) The area of the shaded region is J^Axi - mi which is equal to L. 

i=l 

n 

(b) The area of the shaded region is - Mi which is equal to U. 

i=l 

(c) The area of the shaded region is the difference in the areas of the shaded regions shown in the second part of the figure 
and the first part of the figure. Thus this area is U — L. 


81. By Exercise 80, U — L = J^Axi - Mi — J^Axi - mi where Mj = max{f(x) on the ith subinterval} and 

i=l i=l 

n n 

mi = min{f(x) on the ith subinterval}. Thus U — L = J^(Mi — mi)Axi < - Axj provided Axi < 6 for each 

i=l i=l 

n n 

i = 1 ， … ， n. Since - Axi = e = e(b — a) the result, U — L < e(b — a) follows. 
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82. The car drove the first 150 miles in 5 hours and the 
second 150 miles in 3 hours, which means it drove 300 
miles in 8 hours, for an average of 爭 mi/hr 
= 37.5 mi/hr. In terms of average values of functions, 
the function whose average value we seek is 


Velocity 

mi/hr 


v 

50j 


average 

value 


» 37.5 ml/hr 



(30)(5)+ (50)(3) — 


= 37.5. 


Time 

hr 


83-88. Example CAS commands: 

Maple: 

with( plots); 

with( Student[Calculusl]); 
f := x -> 1-x; 
a := 0; 
b ： =l ； 

N :=[ 4, 10, 20, 50]; 

P := [seq( RiemannSum( f(x), x=a..b, partition=n, method=random, output=plot), n=N )]: 
display( P, insequence=true ); 

89-92. Example CAS commands: 

Maple: 

with( Student[Calculusl]); 
f := x -> sin(x); 
a := 0; 
b := Pi; 

plot( f(x), x=a..b, title="#23(a) (Section 5.1)"); 

N:=[ 100,200, 1000]; #(b) 

for n in N do 

XUst := [ a+l.*(b-a)/n*i $ i=0"n ]; 

Ylist := map( f, Xlist); 
end do: 

for n in N do # (c) 

Avg[n] := evalf(add(y ， y=Ylist)/nops(Ylist)); 
end do; 

avg := FunctionAverage( f(x), x=a..b, output=value ); 
evalf( avg); 

FunctionAverage(f(x),x=a..b,output=plot); # (d) 

fsolve( f(x)=avg, x=0.5); 
fsolve( f(x)=avg, x=2.5); 
fsolve( f(x)=Avg[1000], x=0.5); 
fsolve( f(x)=Avg[1000], x=2.5 ); 

83-92. Example CAS commands: 

Mathematica: (assigned function and values for a, b, and n may vary) 

Sums of rectangles evaluated at left-hand endpoints can be represented and evaluated by this set of commands 
Clear[x, f, a, b, n] 
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{a, b}={0, 7r}; n =10; dx = (b — a)/n; 
f=Sin[x] 2 ; 

xvals =Table[N[x], {x, a, b — dx, dx}]; 
yvals = f /.x ^ xvals; 

boxes = MapThread[Line[{{#1 ， 0},{#1, #3}, {#2, #3}, {#2, 0}]&,{xvals, xvals + dx, yvals}]; 

Plot[f, {x, a, b},Epilog ^ boxes]; 

Sum[yvals[[i]] dx, {i, 1, Length [yvals] }]//N 

Sums of rectangles evaluated at right-hand endpoints can be represented and evaluated by this set of commands. 
Clear[x, f, a, b, n] 

{a, b}={0, 7r}; n =10; dx = (b — a)/n; 
f=Sin[x] 2 ; 

xvals =Table[N[x], {x, a + dx, b, dx}]; 
yvals = f /.x —>• xvals; 

boxes = MapThread[Line[{ {#1,0},{#1, #3}, {#2, #3}, {#2, 0}]&,{xvals — dx,xvals, yvals}]; 

Plot[f, {x, a, b},Epilog —> boxes]; 

Sum[yvals[[i]] dx, {i, l,Length[yvals] }]//N 

Sums of rectangles evaluated at midpoints can be represented and evaluated by this set of commands. 

Clearfx, f, a, b, n] 

{a, b}={0, 7r}; n =10; dx = (b — a)/n; 
l'=Sin[x] 2 ; 

xvals =Table[N[x], {x, a + dx/2, b — dx/2, dx}]; 
yvals = f /.x ^ xvals; 

boxes = MapThread[Line[{ {#1 ， 0},{#1, #3}, {#2, #3}, {#2, 0}]&,{xvals — dx/2, xvals + dx/2, yvals}]; 
Plot[f, {x, a, b},Epilog —> boxes]; 

Sum[yvals[[i]] dx, {i, 1, Length [yvals] }]//N 

5.4 THE FUNDAMENTAL THEOREM OF CALCULUS 


1. f](2x + 5) dx = [x 2 + 5 x]! 2 = (0 2 + 5(0)) — ((—2) 2 + 5(-2)) = 6 

2 - fj5 -I) dx=[5x — 誓 ] 二 =( 5 ⑷ _ f) 一 ( 5 (-3) —亨） =〒 

3- / ； (3x-f) dx=[f 

4. f[(x 3 - 2x + 3) dx = [^ - x 2 + 3x] ^ -2 2 + 3(2)) -( 宇一（ ― 2) 2 + 3(-2)) = 12 

5 . fj x2 + v^) dx = [f + l x3/2 ] 卜 G + •) — 0 = 1 

6. fjx 3 / 2 dx = [| x 5 / 2 ] I = § (5) 5 / 2 — 0 = 2(5) 3 / 2 = lOV^ 

7. / 32 x-6/ 5 dx = [-5X-V5] f ={-!)- (-5) = I 

8. X 2 ^ dx = J^ 2x~ 2 dx = [—2x _1 ] 」 =(f|) — (5|) = 1 
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9. 上 sin x dx = [—cos x]q = (-cos 丌 ) -(—cos 0) = —(—1) - (-1) = 2 

10. (1 -h cos x) dx = [x + sin x]5 = (7r + sin 7r) — (0 + sin 0 )= 丌 

nn/3 

11. j。2 sec 2 x dx = [2 tan x]q = (2 tan (!)) — (2 tan 0) = 2\/3 — 0 = 2\/3 

12 - X/6 csc2x dx = [-cot x]^ 6 = (-cot ( 誓 ) ） - (-cot(g)) = - (—W) — (— W) = 2\/3 
13. J ^ csc 6 cot 9 dO = [—csc = (—csc ( 宇 )) 一 (—esc (f)) = —\fl— (—\/^) = 0 


^tt/3 


14. I 4 sec u tan u du = [4 sec u]q^ 3 = 4 sec (|) — 4 sec 0 = 4(2) — 4(1) = 4 


15 . 厂 

*J 7r/2 


1 + cos 2t 


dt 


’tt/ 2 


(i + icos 2t) dt = [■ t + I sin 2t] : /2 = (I ⑼ + i sin 2 ⑼ ）— （I (f) + | sin 2(f)) 


Ott/3 ^»7t/3 

16. / dt 


'—7r/3 


—7t/3 


cos 2t ) dt = [| t - I sin 2t] 


7r/3 
—7 t/3 




- 「」 W2 - (艇 一 K 


17. J /2 (8y 2 + sin y) dy = 字 —cos y 


-?r/2 


COS 


- cos (-1)) = ¥ 


-7r/4 

18 - J -,/3 ( 4sec2 1 + f) dt = j … （4 sec 2 1 + 7Tt— 2 ) dt = [4 tan t - f ] 二 /3 


» —7r/4 
—7 t/3 


7t/4 


4 tan 


(—f) — ^u) — (4 tan ( f) — (― 71 "!) ) = (4(—1) + 4)—(4 (— \/^) + 3) = \\f?) - 


19. J (r+l) 2 dr= J (r 2 + 2r + 1) dr ： 


t + r 2 + r 


'(-i ) 3 


+ (-l) 2 + (-!)) - ( 誓 + 1 2 + 1 


20. I Jt + 1) (t 2 + 4) dt 

M 


_(t 3 + t 2 + 4t + 4) dt ： 


^ + f + 2t 2 + 4t 


Vs 


(尊+ 毕+2 ㈣ 2 +4 v ^) 


(-呌 丄 (-岬 


21 - H 去 ) du= fA^~ u ^ 


du 


16 + 4? 




16 ^ 4(17, 


73 

V^) 2 +4 

—d 



10^3 


16 




22 - f 1/2 (各 _ 長 ） dv = / 1/2 ( V_3 _ V — 4 ) dv = [珐 + 忐] 


1/2 — f 丁 3^f 


23 . 




s 2 + \/s 


ds 


、办 


L (1 + s -3 / 2 ) ds 




-( 卜 *) = 0 一 23/4+ 


y^2- S/8 + 1 
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24. 


^ du = f 9 ( u_1/2 _ 1) du = [2^ -u]J= (2aA - 4) — (2y/9 


25. J_Jx|dx= J 4 |x|dx+J Q |x| dx : 
=16 


/ 0 p4 

x dx + I x dx 

-4 J 0 


f + ^ + f-f 


r 厂 tt/2 广 tt nn/2 

-(cos x + |cos x| ) dx = j 。 |(cosx + cos x) dx + J 2 ! (cos x — cos x) dx = j 。 cos x dx = [sin x]q 


sin 5 — sin 0 = 1 


、办 


27. (a) I cos t dt = [sin t]f = sin — sin 0 = sin =^^-11 cos t dt j = 盖 (sin /x) = cos y/x Q x _1 / 2 ) 




COS yjx 

2-y/x 




28. 


( b ) S QJ。COStdtJ = (cos V^) (s (v^)) = (cos v'x) G x ' 1/2 ) = 

r x / /»sin x \ 

3t 2 dt = [t 3 ] s ^ x = sin 3 x — 1 ^ 去 （丄 3t 2 dt)= 去 (sin 3 x — 1) = 3 sin 2 x cos x 

/ /»sinx \ 

(b) 盖(丄 3t 2 dt) = (3 sin 2 x)( 嘉 (sin x)) = 3 sin 2 x cos x 


2 9 .⑻ f: v / ^du=/ o r u 1 /2 d u=[|u 3 / 2 ] t ( ； = f(t 4 ) 3/2 -0=|t 6 ^ ^/ o ' V^du) =^(|t 6 )=4t 5 
(b) 去 (f: v^du) =7?(^(t 4 ))=t 2 (4t 3 )=4t 5 


30. (a) j sec 2 y dy = [tan y]^ = tan (tan 0) — 0 = tan (tan 6) => -i 


dd 


sec 2 y dy ]= 盖 (tan (tan 0)) 


(sec 2 (tan 6)) sec 2 6 


⑼盖 


se< 


c 2 ydy j = (sec 2 (tan 6)) (tan 0)) = (sec 2 (tan 6)) sec 2 6 


31. y= J o 0T^dt ^ g = x /TT^ 32. y = 丄 Idt 今砮 = ^， X >0 

33. y=/\int 2 dt = -/ o V/ "sint 2 dt ^ g = -( sin (^) 2 )( 盖 （々 )） = - (sin x) (| X -V” = —_ 
.y = 丄 cos y^dt 4 砮 =(cos \/^) ( 砉 (x 2 )) = 2x cos |x| 


34 


35 - y = J 0 7 ^， |X| 〈号 # ^ - (^ (sinx) ) - 7^k (cosx) - ^ ^- 1 since i x i < ! 


36. y 


fTF ^ = (l + D ( tan x )) = (sec 2 x) 
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° 2 )) 


f 



38. 3x 2 — 3 = 0 泠 x 2 = 1 泠 x : 


the y-axis, Area = 2 


士 1; because of symmetry about 

2 

° w 'X 


f o (3x 2 - 3)dx + (3x 2 - 3)d 

2 ( — [x 3 -3 x]J + [x 3 -3x] 1)=2 [- ((l 3 - 3(1)) — (0 3 - 3(0))) 
+ ((2 3 - 3(2)) - (l 3 - 3(1))] = 2(6) = 12 



y = 3x -3 


39. x 3 — 3x 2 + 2x = 0 4 x (x 2 - 3x + 2) 
1) 二 0 # x 


0 


4 x(x — 2)(x — 1) = 0 => x = 0, 1, or 2; 

Area = (x 3 — 3x 2 + 2x)dx - Jj (x 3 - 3x 2 + 2x)dx 


誓 - X 3 + x 2 

丄 

0 

J — X 3 + X 2 

j-l 3 + l 2 、 

)-( 

^ - o 3 + o 2 ) 

(f- 2 3 + 2 2 ) - 

( 誓 -i 3 + i 2 



40. x 3 - 4x = 0 令 x (x 2 - 4) 二 0 令 x(x — 2)(x + 2) = 0 

广 0 r»2 

^ x = 0, 2, or —2. Area = / ^(x 3 — 4x)dx ~ J Q (x 3 — 4x)dx 


-2x 2 


2x z 


-2 、 
2 


V 


2 ( 0) 2 


fLf^2(-2) 2 


U-2{2f) - ( 幸 一 2(0) 2 ] 



41. x 1 / 3 = 0 => x = 0; Area 二 

=[-!x 4 / 3 ]V[h 4/3 ]: 


n8 

x 1 / 3 dx+ J o x 1 / 3 dx 


㈠ (0) 4 / 3 ) - (- I (—l) 4 〆 3 ) + Q (8) 4 / 3 ) - {I (O) 4 / 3 ) 
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43. The area of the rectangle bounded by the lines y = 2, y 二 0, x = 丌 , and x = 0 is The area under the curve 

y = 1 + cos x on [0, n] is (1 + cos x) dx = [x + sin x]J = (7r + sin 7r) — (0 + sin 0) = 7r. Therefore the area of 
the shaded region is 2 /k — n = n. 

44. The area of the rectangle bounded by the lines x = x = 警 ， y = sin| = ! = sin 誓 ， and y = 0 is 
I ( 誓 一 i) = f. The area under the curve y = sin x on [|, 誓 ] is j ^ sin x dx = [—cos x]^g 6 

=(—cos 警）一 (—cos |) = — (— f) + ^ Therefore the area of the shaded region is \fz — 

45. On [― I ， 0] : The area of the rectangle bounded by the lines y = \/2, y = 0, 沒 = 0, and 沒 =—| is \pl (|) 

=The area between the curve y = sec 6 tan 0 and y = 0 is —J* ^sec 9 tan 0 d9 = [—sec 0] 0 _ n ^ 

=(—sec 0) — (—sec (— |)) = s/2 — 1. Therefore the area of the shaded region on [— | ， 0] is — 1). 

On [0,1] : The area of the rectangle bounded by ^ = |，0 = O，y = and y = 0 is \/2 (|) = • The area 

nir/A 

under the curve y = sec 0 tan 沒 is J 。 sec 6 tan 9 d9 = [sec = sec | — sec 0 = y/l — 1. Therefore the area 
of the shaded region on [0, |] is — - 1) • Thus, the area of the total shaded region is 

(¥ + v^-i) + (¥-0+1) = ¥. 


46. The area of the rectangle bounded by the lines y = 2, y = 0, t = — |，and t = 1 is 2 (l — ( — ^)) = 2 + |. The 
area under the curve y = sec 2 1 on [—|, 0] is ^ /4 s ec 2 1 dt = [tan t]%〆 二 tan 0 — tan (— = 1. The area 

under the curve y = 1 — t 2 on [0,1] is 上 （1 — t 2 ) dt = 卜 一 y = (1 — T) — (◦ — T)= 曼 . Thus, the total 
area under the curves on l] is 1 + | |. Therefore the area of the shaded region is (2 + |) — | = | + |. 


47. y = J* y dt — 3 => 装 =* and y(7r) = J* ^ dt — 3 = 0 — 3 = — 3 => (d) is a solution to this problem. 

48. y = ^ec t dt + 4 ^ 裝 =sec x and y(— 1) = J' ^ sec t dt + 4 = 0 + 4 = 4 4 (c) is a solution to this problem. 

49. y = sec t dt + 4 4 S = sec x and y(0)= 工 sec t dt + 4 = 0 + 4 = 4 (b) is a solution to this problem. 
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h |dt — 3 = 0 — 3 = —3 4 (a) is a solution to this problem. 


50. y = f 1 \dt-3 ^ 裝 =▲ and y(l)= 

51. y = 丄 sec t dt + 3 
53. s = f f(x) dx + s 0 

to 

广 b/2 

55. Area = 九 /2 (h - （费 ) X 2) dx = [hx - 齧 

= (41)-響)-卜|)-響） 

= (T-f)-(-T + ! f)=bh-f = |bh 


52. y = rr^dt —2 
54. v = / g(X) dx + v 0 

•j to 



56 - r= ( 2 - (^w) dx = 2 f 。 i 1 - odw) dx = 2 [x - ( 洁 )] 

= 2 [3 i -1] = 2 (2 i) = 4.5 or $4500 




( 0 + 1 ), 


57 - 3x = 27 ； = I X " 1/2 ^ C = f 0 l t_1/2dt = [ tl/2 ]o = ^ 

c(100) - c(l) = V^lOO -V^ = $9.00 

58. By Exercise 57, c(400) - c(100) = - \A00 = 20 - 10 = $10.00 


59. (a) v = 莹 = 备 J "。 f(x) dx = f(t) 今 v(5) = f(5) = 2 m/sec 

(b) a = 莹 is negative since the slope of the tangent line at t = 5 is negative 

(c) s = f(x) dx = ♦ (3)(3) = I m since the integral is the area of the triangle formed by y = f(x), the x-axis, 
and x = 3 

(d) t = 6 since from t = 6 to t = 9, the region lies below the x-axis 

(e) At t = 4 and t = 7, since there are horizontal tangents there 

(f) Toward the origin between t = 6 and t = 9 since the velocity is negative on this interval. Away from the 
origin between t = 0 and t = 6 since the velocity is positive there. 

(g) Right or positive side, because the integral of f from 0 to 9 is positive, there being more area above the 
x-axis than below it. 


60. (a) v = f = I J o g(x) dx = g(t) v(3) = g(3) = 0 m/sec. 

(b) a = 盖 is positive, since the slope of the tangent line at t = 3 is positive 

(c) At t = 3, the particle's position is g(x) dx = - (3)(—6) = — 9 

(d) The particle passes through the origin at t = 6 because s(6) = I g(x) dx = 0 

(e) At t 二 7, since there is a horizontal tangent there 

(f) The particle starts at the origin and moves away to the left for 0 < t < 3. It moves back toward the origin 
for 3 < t < 6, passes through the origin at t = 6, and moves away to the right for t > 6. 

(g) Right side, since its position at t = 9 is positive, there being more area above the x-axis than below it at t = 9. 
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r / k 

sin kx dx = [— ^ cos kx] 

=—-cos (k(l)) 一 （- S cos(O))== 


7r/k 

0 


62. lim 

x—0 


?/ 0 ?TT 


dt = lim- 

x—0 


-dt 


x 3 


lim 惡 =lim 

x—^0 狀 y 一 n 


x—^0 


3(x 4 +1) 


OO. 


63. J i f(t) dt = x 2 - 2x + 1 4 f(x )= 砉丄 f(t) dt = ^ (x 2 - 2x + 1) = 2x - 2 

64. f(t) dt = x cos 7rx f(x) = ^ f(t) dt = cos 7rx — 7rx sin nx ^ f(4) = cos 7r(4) — 7r(4) sin 7r(4) = 1 

r +i 广 i+i 

TTT dt ^ = —3;f(l) = 2 — 丄忐 dt = 2 —0 = 2; 

L(x) = 一 3(x - 1) + f(l) = -3(x - 1) + 2 = -3x + 5 

r 2 

sec (t — 1) dt 4 g’(x) = (sec (x 2 — 1)) (2x) = 2x sec (x 2 — 1) => g r (—1) = 2(—1) sec ((—l) 2 - 1) 
广 ( — I) 2 ^1 

=—2;g(— 1) = 3 + 丄 sec(t-l)dt = 3 + 丄 sec(t - 1) dt = 3 + 0 = 3; L(x) =-2(x - (-1)) + g(—1) 

=-2(x + 1) + 3 = -2x + 1 


67. (a) True: since f is continuous, g is differentiable by Part 1 of the Fundamental Theorem of Calculus. 

(b) True: g is continuous because it is differentiable. 

(c) True, since g’(l) = f(l) = 0. 

(d) False, since g"(l) = f(l) > 0. 

(e) True, since g’(l) = 0 and g"(l) = f’(l) > 0. 

(f) False: g"(x) = f’(x) > 0, so g" never changes sign. 

(g) True, since g’(l) = f(l) 二 0 and g’(x) = f(x) is an increasing function of x (because f’(x) > 0). 


68. (a) True: by Part 1 of the Fundamental Theorem of Calculus, h’(x) = f(x). Since f is differentiable for all x, 
h has a second derivative for all x. 

(b) True: they are continuous because they are differentiable. 

(c) True, since h’(l) = f(l) = 0. 

(d) True, since h^l) = 0 and h"(l) = f(l) < 0. 

(e) False, since h"(l) = f’(l) < 0. 

(f) False, since h"(x) = f’(x) < 0 never changes sign. 

(g) True, since h’(l) = f(l) = 0 and h’(x) = f(x) is a decreasing function of x (because f’(x) < 0). 


69. 


70. The limit is 3x 2 
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71-74. Example CAS commands: 

Maple: 

with( plots); 
f := x -> x A 3-4*x A 2+3*x; 
a := 0; 
b:=4; 

F := unapply( int(f(t),t=a..x), x ); # (a) 

pi := plot( [f(x),F(x)], x=a..b, legend=[ M y = f(x)’V，y = F(x) ，， ] ， title= ，， #71(a) (Section 5.4 )，，）： 

Pi ； 

dF := D(F); #(b) 

ql := solve( dF(x)=0, x ); 

ptsl := [ seq( [x,f(x)], x=remove(has,evalf([ql]),I))]; 

p2 := plot( ptsl, style=point, color=blue, symbolsize=18, symbol=diamond, legend= M (x,f(x)) where F '(x)=0 n ): 

display( [pl,p2], title=”71(b) (Section 5.4) M ); 

incr := solve( dF(x)>0, x ); # (c) 

deer := solve( dF(x)<0, x); 

df := D(f); #(d) 

p3 := plot( [df(x),F(x)], x=a..b, legend=[ M y = f ’(x)’’,’’y = F(x) M ], title="#71(d) (Section 5.4 )”）： 
p3 ； 

q2 := solve( df(x)=0, x ); 

pts2 := [ seq( [x,F(x)], x=remove(has,evalf([q2]),I))]; 

p4 := plot( pts2, style=point, color=blue, symbolsize=18, symbol=diamond, legend:"(x,f(x)) where f’(x)=0”）: 
display( [p3,p4], title="71(d) (Section 5.4)"); 


75-78. Example CAS commands: 

Maple: 
a := 1; 

u := x -> x A 2; 
f := x -> sqrt(l-x A 2); 

F := unapply( int( f(t), t=a..u(x)), x ); 

dF := D(F); #(b) 

cp := solve( dF(x)=0, x); 

solve( dF(x)>0, x); 

solve( dF(x)<0, x); 

d2F := D(dF); #(c) 

solve( d2F(x)=0, x); 

plot( F(x), x=-l"l, title= n #75(d) (Section 5.4)"); 

79. Example CAS commands: 

Maple: 

f := 、 f; 

ql := Diff( Int( f(t), t=a..u(x)), x ); 
dl := value( ql ); 

80. Example CAS commands: 

Maple: 

f := 、 f; 

q2 := Diff( Int( f(t), t=a..u(x)), x,x ); 
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value( q2); 


71-80. Example CAS commands: 

Mathematica: (assigned function and values for a, and b may vary) 

For transcendental functions the FindRoot is needed instead of the Solve command. 
The Map command executes FindRoot over a set of initial guesses 
Initial guesses will vary as the functions vary. 

Clear[x, f, F] 

{a, b}= {0, 2?r}; f[ xJ = Sin[2x] Cos[x/3] 

F[xJ = Integrate[f[t], {t, a, x}] 

Plot[{f[x],F[x]},{x, a,b}] 
x/.Map[FindRoot[F'[x]==0, {x, #}] &,{2, 3,5,6}] 
x/.Map[FindRoot[f [x]==0, {x, #}] &，{ 1, 2, 4, 5, 6}] 

Slightly alter above commands for 75 - 80. 

Clear[x, f, F, u] 

a=0; f[x_] = x 2 — 2x — 3 

u[x_] = 1 — x 2 

F[x_] = Integrate[f[t], {t, a, u(x)}] 
x/.Map[FindRoot[F[x]==0,{x,#}] &,{ 1,2,3,4}] 
x/.Map[FindRoot[F M [x]==0,{x，#}] &，{ 1 ， 2,3, 4}] 

After determining an appropriate value for b, the following can be entered 
b = 4; 、 

Plot[{F[x] ， {x ， a ， b}] 

5.5 INDEFINTE INTEGRALS AND THE SUBSTITUTION RULE 

1. Let u = 3x - du = 3 dx ! du = dx 

Jsin3xdx = f | sin u du = - i cos u + C = - | cos 3x + C 

2. Let u = 2x 2 => du = 4x dx ^ | du = x dx 

J x sin (2x 2 ) dx = f i sin u du = - i cos u + C = cos 2x 2 4 C 

3. Let u = 2t => du = 2 dt =>• | du = dt 

J sec 2t tan 2t dt = J | sec u tan u du = | sec u + C = | sec 2t + C 

4. Let u = 1 — cos I => du = J sin | dt => 2 du = sin 圣 dt 

J" (l — cos I ) 2 (sin dt = J 2u 2 du = 營 u 3 + C = | (1 — cos !) 3 + C 

5. Let u = 7x — 2 => du = 7 dx ^ y du = dx 

J 28(7x - 2)~ 5 dx = /i (28)u~ 5 du = J 4u~ 5 du = —iT 4 + C = -(7x - 2)~ 4 + C 

6. Let u = x 4 — 1 => du = 4x 3 dx => | du = x 3 dx 

f X 3 (x 4 - l) 2 dx = J* 1 u 2 du = ^ + C = ^ (x 4 - 1) 3 + C 
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7. Let u = 1 — r 3 4 du 二 — 3r 2 dr —3 du = 9r 2 dr 

= f -3u-!/2 du = -3(2)^/ 2 + C = -6(1 - r 3 ) 1/2 + C 

8. Let u 二 y 4 + 4y 2 + 1 4 du = (4y 3 + 8y) dy 4 3 du = 12 (y 3 + 2y) dy 

f 12(y 4 +4y 2 + l) 2 (y 3 +2y) dy = f 3u 2 du = u 3 + C = (y 4 + 4y 2 + l) 3 +C 

9. Let u = x 3 / 2 — 1 ^ du = I x 1 / 2 dx =>• | du = dx 

f y/x sin 2 (x 3 / 2 - 1) dx = J | sin 2 u du = | (f - i sin 2u) + C = | (x 3 / 2 — 1) — i sin (2x 3 / 2 — 2) + C 

10. Let u = —^ du= ^ dx 

f ^ cos 2 ⑴ dx = J cos 2 (—u) du = J cos 2 (u) du = ^ sin 2u) + C = — ▲ + | sin (—!) + C 

= U sin (i)+ c 

11. (a) Let u = cot 26 ^ du = —2 esc 2 26 d6 ^ ^ du = esc 2 26 dO 

J esc 2 26 cot 20 dO = — J* |udu = — |( 誓 ) + C = — 专 + C= — * cot 2 2 沒 + C 
(b) Let u = esc 2^ du = —2 esc 26 cot 26 dO => — | du = esc 26 cot 20 d6 

f esc 2 2d cot 29 dO = J' — |udu = — | (*) + C = — 专 + C= — * esc 2 26 C 

12. (a) Let u = 5x + 8 4 du = 5 dx => ^ du = dx 

/7feB = /Kvu) du = ^/ u " /2du= H 2ul/2 )+c=luV 2 + c = |^T8 + c 
(b) Let u = ^5x + 8 今 du = i (5x + S)- 1 /%) dx 今 | du = 

.1 yfcs = /i du = i u + c= i 7 55!： + 8 + c 

13. Let u = 3 — 2s => du = —2 ds 4 | du = ds 

/ v / 3^ ds = / ^ (- i du) = - 1 /u 1 / 2 du = (- i) (I u 3 / 2 ) + C = - i (3 - 2s) 3 / 2 + C 

14. Let u = 2x + 1 => du = 2 dx ^ ^ du = dx 

J(2x+ l) 3 dx = f u 3 Q du) = I / u 3 du = (i) ( 誓 ) + C = * (2x + l) 4 + C 

15. Let u = 5s + 4 => du = 5 ds ^ du = ds 

/ ★ ds = / ^ G du) = * ju - 的 du = (•) (2u" 2 ) +C = |v^T^ + C 

16. Let u = 2 — x => du = —dx —du = dx 

/^F dx = /¥ = - 3 / u - 2du = - 3 ㈤) + c = ^ + c 

17. Let u = 1 - 0 2 泠 du = -26 dd ^ | du = 6» d0 

f 9 4 y/T^ d0 = / (- I du) = ^ 5 / uV4 du = (- \) (s u5/4 ) + C = - I ^ 02 ) 5/4 + C 

18. Let u = 6» 2 — 1 泠 du = 20 d0 泠 4 du = 86» d6» 

f W 3 \/e 2 - 1 de = f \/u(4 du) = 4 f u 1 / 3 du = 4 (I u 4 / 3 ) + C = 3 (6> 2 - 1) 4/3 +C 
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19. Let u = 7 — 3y 2 du = —6y dy | du = 3y dy 

/ 3y^7 - 3y 2 dy = / ^ (- i du) = - i / u 1 / 2 du = (- |) (| u 3 / 2 ) + C = _ * (7 - 3y 2 ) 3/2 + C 

20. Let u = 2y 2 + 1 =>• du = 4y dy 

f^ = fvn dU ^f U ~ 1/2dU = 2ul/2+C = 2 ^ TJ + C 


21. Let u = 1 + y/x ^ du= dx => 2 du = 夫 


dx 


\A(i +W 


dx 


2 du 


c 


1+^/x 


+ c 


22. Let u = 1 + yjx # du = 


dx => 2 du = 




dx 


f il ^^dx= f u 3 (2 du) = 2(iu 4 ) + C= i (l + ^) 4 + C 

23. Let u = 3z + 4 ^ du = 3 dz => | du = dz 

J cos (3z + 4) dz = J" (cos u) du) — ^ f cos u du = * sin u + C = | sin (3z + 4) + C 

24. Let u = 8z — 5 => du = 8 dz =>• | du = dz 

J sin(8z — 5) dz = J (sin u) (| du) = I J sin u du = | (—cos u) + C = — | cos (8z — 5) + C 

25. Let u = 3x + 2 => du = 3 dx ^ ^ du = dx 

J sec 2 (3x + 2) dx = J (sec 2 u) (| du) = ^ f sec 2 u du = | tan u + C = | tan (3x + 2) + C 


26. Let u = tan x => du = sec 2 x dx 

J tan 2 x sec 2 x dx = J u 2 du = | u 3 + C = | tan 3 x + C 

27. Let u = sin (|) => du = | cos (|) dx ^ 3 du = cos (|) dx 

J sin 5 (|) cos (|) dx = J u 5 (3 du) = 3 (* u 6 ) + C 二！ sin 6 (•) + C 


28. Let u = tan(|) =>• du = | sec 2 dx ^ 2 du = sec 2 (|) dx 

J tan 7 (|) sec 2 (I) dx = J u 7 (2 du) = 2 (| u 8 ) + C = ^ tan 8 (|) + C 


29. 

Let u = 益 

—1 => du 

=f dr ^ 

6 du = r 2 dr 




P ( 長 - 

i) 5 W 

u 5 (6 du)= 

6 J u 5 du = 

6 ⑷ +C = 

(M 6+c 

30. 

Let u = 7 - 

-益 > du 

=—! r 4 dr 

—2 du = 

r 4 dr 



f r4 ( 7 ~ ra) dr = JVc -】 du) = _2 J"u 3 du = —2 ( 誓 ) + C = - * (7 - 右 ) +C 

31. Let u = x 3 / 2 + 1 泠 du = I x 1 / 2 dx ^ | du = x 1 / 2 dx 

f x 1 / 2 sin (x 3 / 2 + 1) dx = f (sin u) (| du) = | / sin u du = | (-cos u) + C = — | cos (x 3 / 2 + 1) + C 
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32. Let u = x 4 / 3 — 8 => du = | x 1 〆 3 dx ^ ! du = x" 3 dx 

J x 1 / 3 sin (x 4 / 3 — 8) dx = J' (sin u) (| du) = ^ f sin u du = ! (—cos u) + C = — | cos (x 4 / 3 — 8) + C 

33. Let u = sec (v + |) du = sec (v + |) tan (v + |) dv 

f sec (v + |) tan (v + |) dv = f du = u + C = sec (v + |) + C 

34. Let u = esc => du = — • esc cot dv ^ —2 du = esc (^=^) cot dv 

J esc (^ 1 ) cot dv = J —2du = — 2u + C = —2 esc (^ 1 ^) + C 

35. Let u = cos (2t + 1) => du = —2 sin (2t + 1) dt 4 | du = sin (2t + 1) dt 

r sin (2t+ 1) _ r — 1 du — _1_i — _1_i_ 

J cos‘ 2 (2t+l) UL ~ J — — 冗卞匕一 2cos(2t+l ) 卞 L 

36. Let u = 2 + sin t => du = cos t dt 

I pteV dt = / ? du = 6 / u 3 du = 6 (^f) + C = —3(2 + sin t) _2 + C 

37. Let u = cot y => du = —esc 2 y dy => —du = esc 2 y dy 

J y^cot y esc 2 y dy = J a/u (—du) = — J u 1 ’ 2 du = — | u 3 ’ 2 + C = _ | (cot y) 3 ’ 2 + C = — | (cot 3 y)" 2 

38. Let u = sec z ^ du = sec z tan z dz 

f se ^ z dz = / ^ du = J u- 1 ’ 2 du = 2U 1 / 2 + C = 2^^ + C 

39. Let u = y — 1 = t _1 — 1 ^ du = —t -2 dt =>■ — du = 長 dt 

J ^ cos (y — l) dt = J (cos u)(—du) = — J cos u du = —sin u + C = —sin (| - 1) + C 

40. Let u = 0 + 3 = t" 2 + 3 泠 du = | r 1 / 2 dt 2 du 二 $ dt 

cos (^/t + 3) dt = J* (cos u)(2 du) = ^ J cos u du = 2 sin u + C = 2 sin (^/t + 3) + C 

41. Let u = sin I => du = (cos |) (— d6 => —du = ^ cos \ d6 
J ^ sin I cos I d6 = J*—udu= — |u 2 + C = — | sin 2 ^ + C 

—esc y/~9 cot d 沒 ^ —2 du = $ cot \/~9 esc \/~0 

I Jel^sfs d0 ^ f Vs cot ^ csc d6» = / -2 du = -2u + C = -2 esc + C = - —^ + C 

43. Let u = s 3 + 2s 2 — 5s + 5 => du = (3s 2 + 4s — 5) ds 

J(s 3 +2s 2 — 5s + 5) (3s 2 + 4s — 5) ds = Judu=f+C = (s 3 + 2 〜 5 S + 5) 2 +c 

44. Let u = 6» 4 — 26> 2 + 80 - 2 泠 du = (40 3 - 40 + 8) d0 ^ i du = (0 3 - 0 + 2) dd 

J(6» 4 - 26» 2 + 86» - 2) (0 3 - 6» + 2) d0 = / u (i du) = i / u du = i ) + C = ( fl4 _ 292 + 卵 _ 2 ) 2 + c 


42. Let u 


csc 


\/~Q 4 du =( 
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45. Let u = 1 + t 4 du = 4t 3 dt ^ ^ du = t 3 dt 

f t 3 (l+t 4 ) s dt= f u 3 (idu) = i(iu 4 )+C=i(l+t 4 ) 4 + C 

46. Let u = 1 — ^ => du = ^ dx 

/ v ^dx = /i v %dx=/^yn ： idx=/ v ^du = /ui/2 du=|u 3 / 2 + C=|(l^i) 3/2 +C 

47. Let u = x 2 + 1. Then du = 2xdx and !du = xdx and x 2 = u — 1. Thus Jx 3 \/x 2 + 1 dx = J*(u — l)|y / udu 

=lf (u 3 / 2 — u 1 / 2 ^!! = |[|u 5 / 2 - |u 3 / 2 ] + C = |u 5 / 2 - |u 3 / 2 + C = |(x 2 + 1) 5/2 — |(x 2 + l) 3/2 + C 


48. Let u = x 3 + 1 => du = 3x 2 dx and x 3 二 u — 1. So 3x 5 \/x 3 + 1 dx = J(u - l)y / udu = f ( u3 ^ 2 — u" 2 )du 
= 暑 u 5/2 - | u 3/2 + C =|(x 3 + if 2 -|(X 3 + l) 3/2 + C 

49. (a) Let u = tan x => du = sec 2 x dx; v = u 3 => dv = 3u 2 du => 6 dv = 18u 2 du; w 二 2 + v => dw = dv 


18 tan 2 x sec 2 > 

(2 + tan 3 x) 2 


dx 


18u 2 

(2 + u 3 )' 


du 


6 dv 
(2 + v) 2 


6 dw 


6 w -2 dw = —6w _1 + C 


6 

2 + v 


c 


2T? +C ： 


2 +tan 3 : 


+ c 


(b) Let u = tan 3 x => du = 3 tan 2 x sec 2 x dx =>■ 6 du = 18 tan 2 x sec 2 x dx; v = 2 + u => dv = du 


18 tan 2 x sec 2 > 


dx 


6 du 


P 6 dv 

J 7 


! + c ： 


_ _ __ — 6 _ 

(2 + tan 3 x) 2 U a _ J (2 + u) 2 — J v 2 — v 丁 。― 2 + u 丁 ^ — 2 + tan 3 : 

(c) Let u = 2 + tan 3 x 4 du = 3 tan 2 x sec 2 x dx =>• 6 du = 18 tan 2 x sec 2 x dx 

I 18 tan 2 x sec 2 x j v _ / 6 du _ 6 i r' _ 6 


c 


+ c 


(2 4 - tan 3 x) 2 


dx 


+ C ： 


2 + tan 3 > 


c 


50. (a) Let u = x—1 du = dx; v = sin u =>• dv = cos u du; w = 1 + v 2 => dw = 2v dv ^ | dw = v dv 
J \/1 + sin 2 (x — 1) sin (x - 1) cos (x - 1) dx = \/l + sin 2 u sin u cos u du = J v-\/1 + v 2 dv 

二 f i dw = i w 3 / 2 +C = i (1 + V 2 ) 3/2 + C = i (1 + sin 2 u) 3/2 +C= i(l + sin 2 (x- 1)) 3/2 + C 

(b) Let u = sin (x — 1) ^ du = cos (x — 1) dx; v = 1 + u 2 => dv = 2u du - dv = u du 

J \/l + sin 2 (x — 1) sin (x — 1) cos (x — 1) dx = J u \/l + u 2 du = J ^ dv = J ~ v 1 / 2 dv 
=(i (I) v 3 / 2 ) + c = i v 3 / 2 +C= i(l+ U 2 ) 3/2 + C = i (1 + sin 2 (x - 1)) 3/2 + C 

(c) Let u = 1 + sin 2 (x — 1) => du = 2 sin(x — 1) cos (x — 1) dx => | du = sin (x — 1) cos (x — 1) dx 

J + sin 2 (x - 1) sin(x — 1) cos (x — 1) dx = yju du = J ^ u 1 / 2 du = | u 3 ’ 2 ) + C 

=i(l + sin 2 (x- l)) 3/2 + C 


51. Let u = 3(2r — l) 2 + 6 4 du = 6(2r — 1)(2) dr ^ 長 du = (2r — 1) dr; v = y/u > dv 二 du ^ \ dv 
= I^A du 

S " )3(2 乂 lV:6) + dr =/(^) (忐 du ) =/( cosv )Q dv ) = ssinv + C=isinyn + C 

=i sin v / 3(2r - l) 2 + 6 + C 


52. Let u 


Ve 


^ du 


jy/d 


/ 6 cos 3 y/d 


d6 


t y/0 


y/9 Y cos 3 y/d 


d6 


d6 —2 du 


-2 du 


sin y/o 


d0 


,2 J u，du = -2 (- 2 u-V 2 ) +C=^+C 
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53. Let u = 3t 2 — 1 4 du = 6t dt => 2 du = 12t dt 

s = f 12t(3t 2 - l) 3 dt= Ju 3 (2 du) = 2 (1 u 4 ) + C = i u 4 + C = 1 (3t 2 - l) 4 + C; 

s = 3 whent= 1 ^ 3 = |(3 — 1) 4 + C 今 3 = 8 + C ^ C = -5 ^ s = | (3t 2 - l) 4 - 5 

54. Let u = x 2 + 8 => du = 2x dx 4 2 du = 4x dx 

y = J 4x (x 2 + 8 厂 1/3 dx = f u" 1 / 3 (2 du) = 2 (| u 2 ’ 3 ) + C = 3u 2 ’ 3 + C = 3 (x 2 + 8) 2/3 + C; 
y = 0 when x = 0 泠 0 = 3(8) 2 / 3 + C 泠 C = —12 泠 y = 3 (x 2 + 8) 2/3 — 12 

55. Let u = t + du = dt 

s = J S sin 2 (t + dt = J 8 sin 2 u du = 8 ★ sin 2u) + C = 4 (t + 吾 ）— 2 sin (2t + |) + C; 

s = 8 when t = 0 4 8 = 4 (f^) - 2 sin (|) + C ^ C = 8—f + l= 9- f 
^ s = 4(t + 告 ）一 2 sin (2t + f) + 9 — f = 4t - 2 sin (2t + f) + 9 


56. Let u 

= l-e ^ 

—du 二 

=dO 





r = J 

3 COS 2 ( 1 — 

e) de 

= -f 3 

cos 2 u du = —3 (! + 

\ sin 2u) + C = 


- 26) + C; 


when 0 = 0 

=> 1 

_ 37T 

~ — "8" " 

小 in f + C 今 C : 

二 l + l 4 r = 

-l(|-0)-|sin(f- 

-20) + l + l 

^ r 

= lo-hh 


2^) + f 


cos 2^ + 1 + 1 



57. Let u 

= 2t_i 今 

du = 

2dt 0 

一 2 du = —4 dt 





^ = J —4 sin (2t — |) dt = J* (sin u)(—2 du) = 2 cos u + Ci = 2 cos (2t — |) + Ci ； 

at t = 0 and I = 100 we have 100 = 2 cos (- f) + Q Ci = 100 ^ | = 2 cos (2t - f) + 100 

s = J (2 cos (2t — I) + 100) dt = J 1 (cos u + 50) du = sin u + 50u + C 2 = sin (2t — |) + 50 (2t — |) + C 2 ; 
at t = 0 and s = 0 we have 0 = sin (— |) + 50 (— |) + C 2 => C 2 = 1 + 257r 
4 s = sin (2t — f) + 100t — 257r + (1 + 25tt) s = sin (2t _ f) + 100t + 1 

58. Let u = tan 2x ^ du 二 2 sec 2 2x dx ^ 2 du = 4 sec 2 2x dx; v = 2x =>• dv = 2 dx ^ dv = dx 

裝 =4 sec 2 2x tan 2x dx = J u(2 du) = u 2 + Ci = tan 2 2x + Ci ； 

at x = 0 and 裝 = 4 we have 4 = 0 +Ci 4 Ci=4 => ^ = tan 2 2x + 4 = (sec 2 2x — 1) + 4 = sec 2 2x + 3 
y = f (sec 2 2x + 3) dx = J (sec 2 v + 3) Q dv) = | tan v + | v + C 2 = | tan 2x + 3x + C 2 ; 
at x = 0 and y = — 1 we have — 1 = ^ (0) + 0 + C 2 => C 2 = — 1 => y = ^ tan 2x + 3x — 1 

59. Let u = 2t => du = 2 dt =>• 3 du = 6 dt 

s = 6 sin 2t dt = J 1 (sin u)(3 du) = —3 cos u + C = —3 cos 2t + C; 

at t = 0 and s = 0 we have 0 = —3 cos 0 + C =>• C = 3 ^ s = 3 — 3 cos 2t ^ s (|) =3 — 3 cos (tt) = 6 m 

60. Let u = 7rt => du = 7r dt =>• 丌 du = 丌 2 dt 

v = J 7r 2 cos 7rt dt = J (cos u)(7r du) = 7T sin u + Ci = 7r sin (7Tt) + Cl; 

at t = 0 and v = 8 we have 8 = 7r(0) + Ci => Ci = 8 v = 奢 = 丌 sin (7rt) + 8 => s = f (兀 sin (7rt) + 8) dt 

= J sin u du + 8t + C 2 = —cos (7rt) + 8t + C 2 ; at t = 0 and s = 0 we have 0 = —I+C 2 4 C 2 = I 
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4 S = 8t — COS (7Tt) + 1 =>■ s(l ) 二 8 — COS 7T + 1 = 10 m 


61. All three integrations are correct. In each case, the derivative of the function on the right is the integrand on 
the left, and each formula has an arbitrary constant for generating the remaining antiderivatives. Moreover, 


sin 2 x + Ci = 1 — cos 2 x + Ci =>• C 2 = 1 + Ci; also —cos 2 x + C 2 


5 2x 


^ + C2 =>• C3 = C2 —丨 =Ci 


62. Both integrations are correct. In each case, the derivative of the function on the right is the integrand on the 
left, and each formula has an arbitrary constant for generating the remaining antiderivatives. Moreover, 


tan 2 x 丄 r — sec 2 x—1 丄 r — sec 2 > 

~2 I ^ — 2 r ^ — ~2~ 


( c_ \) 


a constant 


63. (a) 


> 1/60 


. 60 - 0 / Jo 
=-^[1-1] = 0 

(b) V 腿 =扣 職二 一 (240) » 339 volts 


sin 1207rt dt = 60 [—V max (i^：) cos (1207rt)] 


1/60 


^ [cos 2 丌 — cos 0] 


(C) 


、 l /60 广 1/60 

n (v^) 2 sin 2 120^1 dt = (V,^) 2 J dt: 


(Vnax) 2 


> 1/60 


(1 — cos 2407rt) dt 


[ t_ (lib) sin 2407rt] J /6 ° = ( 忐一 ( 士） sin(47r)) — (0 - (^) sin(0))] = 


5.6 SUBSTITUTION AND AREA BETWEEN CURVES 


1. (a) Let u = y + 1 =>• du = dy;y = 0 4 u = 1, y = 3 => u = 4 


J 0 ^+Tdy= J i u 1 /2du=[|u 3 / 2 ]；=(|) (4 产 —(I) (l) 3 / 2 = (I) ⑻ -（!) (1) 

(b) Use the same substitution for u as in part (a); y = — 1 => u = 0, y = 0 => u=l 
f° i Vy+Jdy= />du=[|u 3 /2] 卜 (I) ⑴ 3/2-0=1 

2. (a) Let u = 1 - r 2 ^ du = -2rdr => —!du = rdr;r = 0 u=l,r=l u = 0 

J} VT^dr=f^ i^udu=[-Iu 3 / 2 ] ; = 0 — (— !) ⑴奶 =I 
(b) Use the same substitution for u as in part (a);r=—1 u = 0, r = 1 => u = 0 

f\ X ^?dr=f o °-l^du = 0 

3. (a) Let u = tan x => du = sec 2 x dx; x = 0 => u = 0, x=| u=l 


14 

T 


17T/4 


tan x sec 2 x dx 


u du 


T 


0 


(b) Use the same substitution as in part (a); x=— 牙 u = —1, x = 0 u = 0 


— 7 r /4 


tan x sec 2 x dx 


u du 


0 


4. (a) Let u = cos x du = —sin xdx => —du = sin x dx; x = 0 u=l,x = 7r u=—1 

r» — 1 

j。3 cos 2 x sin x dx = 丄 — 3u 2 du = [—u 3 ] = —(—l) 3 —(—⑴ 3 ) = 2 

(b) Use the same substitution as in part (a); x = 27r => u = 1, x = 37r u = —1 

r*3n /^ —1 

I 3 cos 2 x sin x dx = I —3u 2 du = 2 
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5. (a) 


u = 1 + t 4 =>■ du = 4t 3 dt =>• i du = t 3 dt; t = 0 u = 1， t 


u = 2 


t 3 (l+t 4 ) 3 dt ： 


7 u 3 du 


2 ^ _ 1 ^ 
16 16 


H 


(b) Use the same substitution as in part (a);t = —l=^ u = 2, t = 1 => u = 2 

f t 3 (l+t 4 ) 3 dt ： a 


/Ju 3 du = 0 


6 . (a) Let u = t 2 + l => du = 2t dt =>• |du = tdt;t = 0 4 u=l,t = \/l => u 




jo ： (t 2 + i) 1/3 dt = J i I u v3 du =[(!)(!)，] ; = (|) ⑻ v 3 —(■)(_ = f 

(b) Use the same substitution as in part (a); t = —\/l => u = 8 , t = 0 4 u = 1 

n0 . n\ - 

、 1/3 士一 1 du ： 




:(t 2 + l) i/d dt ： 


i> 1/3 


du 


45 

8 


7. (a) Let u = 4 + r 2 4 du = 2r dr =>• ^ du = r dr; r 


=> u = 5 ， r=l u 




u -2 du = 0 


(b) Use the same substitution as in part (a); r = 0 => u = 4, r=l 4 u 


5r 


lo (4 + r 2 y 


dr ： 


i u — 2 du = 5 [-臺 u— 工 ] 4 = 5 (- i (5) _1 ) - 5 (- I (4)~ 


8 . (a) Let u = 1 + v 3 ’ 2 # du = | v 1 / 2 dv 4 y du = I0y/v dv; v = 0 ^ u=l,v=l u 


foir^f dv 


i(f dU )=f 丄 u-du 


T 


rii 2 _ 

20 「1 

n 

LuJ l — 

~ T 12 ~ 

- iJ 


f 


(b) Use the same substitution as in part (a);v=l u = 2, v = 4 =>■ u=l + 4 3 / 2 = 9 


dv： 




9. (a) Let u = x 2 + 1 4 du = 2x dx 4 2 du = 4x dx; x = 0 => u=l,x = \/3 u = 4 




4x 


dx 


hv^ du - 


(b) 


Jo y/x 2 + 

Use the same substitution as in part (a); x 


i IvT 1 / 2 du = [4U 1 / 2 ] ^ = 4C4 ) 1 / 2 - 4C1 ) 1 / 2 = 4 
- >/3 ^ u = 4, x = y/3 => u = 4 


—二 vfc dx= r^ du=o 


10. (a) Let u = x 4 + 9 => du = 4x 3 dx =>■ ^ du = x 3 dx; x = 0 u = 9, x = 1 => u = 10 


X 3 


dx 


Jo \/x 4 +9 J9 

(b) Use the same substitution as in part (a); x 


i U - 1 /2 d U= [i (2^ ： /2] J° = I (lO) 1 ^ - I ⑼ 1/2 = 


r*9 r* 10 

x 3 dx= ^ u -1 / 2 du = - I u -1 / 2 du 


^x 4 + 9 


1 =>■ u=10，x 二 0 => u = 9 

- \/l0 


^tt/6 


(1 — cos 3t) sin 3t dt 


i u du 


J 0 Jo 

(b) Use the same substitution as in part (a); t: 


W 3 


, 7 r /6 


(1 — cos 3t) sin 3t dt : 


u du 


du = 

sin 3t dt; t 

二 0 => u 

㈤] 

⑴ 2 - 

4(o) 2 = 

=>• u = 1 ， t = | 

u = 1 

⑷ 

) 2 

-sd) 2 = 
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12. (a) Let u = 2 + tan 臺 > du = ♦ sec 2 臺 dt 4 2 du = sec 2 |dt;t=〒4 u = 2 + tan ( 子 ) = l，t = 0 u = 2 

J ^(2 - {- tan I) sec 2 | dt = 工 u(2 du) = [u 2 ] 2 X = 2 2 — l 2 = 3 
(b) Use the same substitution as in part (a);t=〒=> u=l，t 

2(2 + tan !) sec 2 备 dt = 2 丄 u du = [u 2 ] J = 3 2 - l 2 = 


u 


r»7r/2 

/-tt/ 2 ' 


13. (a) Let u = 4 + 3 sin z => du = 3 cos z dz =>• i du = cos zdz;z = 0 ^ u = 4, z = 2 tt =>• u = 4 


dz 


忐 0)=0 


J o v 4 + 3 sin z d 4 

(b) Use the same substitution as in part (a); z = —7r => u = 4 + 3 sin (—7r) = 4，z = 7t 4 u = 4 


\/4 + 3 sin z 


dz 


7 


Q du) = 0 


14. (a) Let u = 3 + 2 cos w du = —2 sin w dw | du = sin w dw; w 

， u- 2 (- i du) = i [u^ 1 ] 3 = 5 ( 5 ^?) 


=> u = 3, w = 0 ^ u 


， - tt/2 (3 + 2 cos w) 2 


dw 




15 


(b) Use the same substitution as in part (a); w = 0 ^ u = 5, w = § 4 u : 


r /2 sinw 
1 0 (3 + 2 cos w) 2 


dw 


u- 2 (- I du) = i / u- 2 du : 


15 


15. Let u = t 5 + 2t =>■ du = (5t 4 + 2) dt; t = 0 =>■ u = 0 ， t=l => u = 3 

J o Vt 5 +2t(5t 4 + 2) dt = JJu 1 ’ 2 du = [I u 3 / 2 ] ^ = | (3) 3 ’ 2 — | (0) 3 ’ 2 = 2^3 


16. Let 


u=l + 0^ 今 du = ^ ; y = 1 ^ u = 2, y ： 


4 ^ u 


dy 


2 v^(l + V^) 




du 


u_2 du = [-u-^ = (-|)-(-i) 


17. Let u = cos 20 => du = —2 sin 26 d6 => — | du = sin 20 d0\ 9 = 0^- u = l, 9 = ^ =>■ u = cos 2 (!) 


r 

5 29 sin 20 d6 = u -3 (— \ du) = - ! 丄 u~ 


du 


2 V -2 


"W ~ 4 

18. Let u = tan (!) 4 du = ^ sec 2 (!) d 沒 4 6 du = sec 2 (|) d9; 9 = tt => u = tan (!) = , 0 = ^ 




u = tan 


„ /cot5 (l) sec2 (f) d9 = f 1/V - 3 u ~ 5 (6du)= [ 6 (^)] [- i?] 


1/a/3 = _ W 


你 ) 


12 


19. Let u = 5 — 4 cos t => du 二 4 sin t dt ^ du = sin t dt; t = 0 => u = 5 — 4 cos 0 = 1, t = 丌 => 
u = 5 — 4 cos tt = 9 

J *。5 (5 — 4 cos t) 1 / 4 sin t dt = 工 5u " 4 (盖 du) = | u 1 / 4 du = [| u 5 〆)] := 9 5 / 4 — 1 = 3 5 〆 2 — 


20. Let u = 1 — sin 2t du = —2 cos 2t dt =>■ — ! du = cos 2tdt;t = 0 => u = 1, t = | => u = 0 

£ /4 (l - sin 2t) 3 / 2 cos 2t dt = J|°-iu 3 /2 du = [- i (|u 5 / 2 )];= (- 臺 (0) 5 / 2 ) - (- i (l) 5 / 2 ) = i 

21. Let u = 4y — y 2 + 4y 3 + 1 4 du = (4 — 2y + 12y 2 ) dy; y = 0 => u = 1, y = 1 => u = 4(1) — (l ) 2 + 4(l ) 3 + 1 = 8 

f:(4y — y 2 + 4y 3 + 1 )' 2/3 (12y 2 一 2y + 4) dy = JjV 2 ’ 3 du = [3u" 3 ]:= 丑 ⑻ 1 ’ 3 - 3(1 )" 3 = 3 
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22. Let u = y 3 + 6y 2 - 12y + 9 4 du = (3y 2 + 12y - 12) dy du =(y 2 + 4y - 4) dy; y = 0 u = 9, y = 1 


4 u = 4 


'(y 3 +6y 2 - 12y + 9)' 1/2 (y 2 + 4y — 4) dy = 厂！ u—du = [! (2u" 2 )] : = | (4) 1 / 2 — | (9) 1 / 2 = | (2 — 3) 


23. Let u = 沪/ 2 玲 du = 暮 0" 2 d6» 泠寻 du = d6»; 0 = 0 今 u = 0, 0 = 


=> U = 7T 


I r»Tv 

\fd cos 2 (0 3 / 2 ) d 6 = J o cos 2 u (I du) = [| (| + | sin 2u)] ^ = | (| + | sin 2 n) - | (0) = | 


24. Letu = 1 + y du = —t -2 dt;t = —1 => u = 0 ， t= — - 4 u 


t -2 sin 2 (l + i) dt — X — sin2 u du = [- (| - ^ sin 2u)] : 1 = _ \ sin (-2)) _ ( 琴 —^ sin 0) 


sin 2 


25. Let u = 4 — x 2 => du = —2x dx —|du = xdx;x = —2 => u = 0，x = 0 4 u = 4, x = 2 4 u = 0 


A ： 


ca/ 4 - x 2 dx+ £ x\/4 - x 2 dx= — 上 | u 1 / 2 du + J - | u 1 / 2 du = 2 J:* u" 2 du = 上 V’ 2 du 



= [營 

u 3/2 ] S = i ⑷ 3/2 - 

| (0) 3 / 2 = f 

26. 

Let u 

=1 — cos x => du 

=sin x dx; x 


i> 

— cos x) sin x dx = 

厂 udu = 

27. 

Let u 

=1 + cos x => du 

=—sin x dx 


4 u 

=1 + cos 0 = 2 





A : 


3 (sin x) yi + cosx dx = — f^u 1 / 2 (-du) = 3 J^u 1 ’ 2 du = [2u 3 ’ 2 ]:) = 2(2) 3 / 2 - 2(0) 3 ’ 2 = 2 5 / 2 


28. Let u = 7T + 7T sin x => du 二 7r cos x dx ^ du = cos x dx; x = — | u = 7r + 7r sin (— |) = 0, x = 0 

n0 nTY 

Because of symmetry about x = — |,A = 2 J " ! (cos x) (sin (丌 + 7r sin x)) dx = 2 丄 | (sin u) du) 

r»Tr 

=I sin u du = [—cos u]q = (—cos tt) — (—cos 0) = 2 


29. For the sketch given, a = 0, b = 7r; f(x) — g(x) = 1 — cos 2 x = sin 2 : 


1 — cos 2x • 


A ： 


f ： 


(1 — cos 2x) 


2 dx = 2 




cos 2x) dx = i [x - 亨 ] ^ = I [(7T - 0) - (0 - 0)] = I 


30. For the sketch given, a = — b = |; f(t) — g(t) = | sec 2 1 — (—4 sin 2 1) = | sec 2 1 + 4 sin 2 1; 

p7r/3 /»7r/3 p7r/3 ^»7r/3 

I /3 (| sec 2 1 + 4 sin 2 1) dt = | J /3 sec 2 tdt + 4 J ^sin 2 1 dt 

^tv/3 /»7t/3 


A 


sec 2 1 dt + 


4 广 3 

—7r/3 

sec 2 1 dt + 2 3 (1 — cos 2t) dt = | [tan t]^ 3 + 2[t — = \/3 + 4 * | — \/3 


(1 — cos 2t) 


dt 


47T 

T 


31. For the sketch given, a = —2, b = 2; f(x) — g(x) = 2x 2 — (x 4 — 2x 2 ) = 4x 2 — x 4 ; 


A 


(4x 2 - x 4 ) dx : 


4x 3 x 5 
丁 — y 


(f-f)-t-f 


64 64 _ 320-192 _ 128 


T ~ T 


15 


15 
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32. For the sketch given, c = 0, d = 1; f(y) — g(y) = y 2 — y’ 


3. 


A ： 


(y 2 - y 3 ) dy = y 2 dy 


y 3 dy 


y!' 



(l-Q) _ 1 


4 


\ = T2 


33. For the sketch given, c = 0, d = 1; f(y) — g(y) = (12y 2 — 12y 3 ) — (2y 2 — 2y) = 10y 2 — 12y 3 + 2y; 

A= //(lOy 2 - 12y3 + 2y) dy = f 10y 2 dy — J。 1 12y3 dy + £ 2 y dy = [f y 3 ] ； ^ y 4 ] ； + [f y 2 ]； 

=(f 一 0)-(3-0) + (1 —0)=| 


34. For the sketch given, a = —1, b = 1; f(x) — g(x) = x 2 — (—2x 4 ) = x 2 + 2x 4 ; 
A=/ ； (x^ 2x^)dx= [f + f] ^ = + -[-! + (-!)]= f + f = 


10+12 _ 22 
~ 15 


35. We want the area between the line y = 1, 0 < x < 2, and the curve y = i ，minus the area of a triangle 


(formed by y = x and y = 1) with base 1 and height 1. Thus, A 


T dx- i(l)(l) 


x — fs 


_ I 


(2- 吾） 


2 


36. We want the area between the x-axis and the curve y = x 2 , 0 < x < 1 plus the area of a triangle (formed by x = 1, 


x + y = 2, and the x-axis) with base 1 and height 1. Thus, A = 


x 2 dx+kl)(l) 




37. AREA = A1 + A2 

Al: For the sketch given, a = —3 and we find b by solving the equations y = x 2 — 4 and y = —x 2 — 2x 

simultaneously for x: x 2 — 4 = — x 2 — 2x => 2x 2 + 2x — 4 = 0 => 2(x + 2)(x — 1) =>■ x = —2 or x = 1 so 

b = —2: f(x) - g(x) = (x 2 - 4) — (-x 2 - 2x) 二 2x 2 + 2x - 4 泠 A1 = J ^(2x 2 + 2x — 4) dx 

= 字 + 竽 一 4 x ] _2 = (_ f + 4 + 8) — (—18 十 9 + 12) = 9 _ f = 号 ； 

A2: For the sketch given, a = —2 and b = 1: f(x) — g(x) = (—x 2 — 2x) — (x 2 — 4) = — 2x 2 — 2x + 4 
今 Kl: — f' 2 (2x 2 + 2x — 4) dx =— 亨 + x 2 — 4x 丄〗 = 一 （| + 1 - 4) + ( -譬 + 4 + 8) 

= -f-l+4-f+4 + 8 = 9; 

Therefore, AREA = Al+A2=^+9=f 


38. AREA = A1+A2 

Al: For the sketch given, a = —2 and b = 0: f(x) — g(x) = (2x 3 — x 2 — 5x) — (—x 2 + 3x) = 2x 3 — 8 x 
^ A1 = J°(2x 3 — 8 x) dx = 竽 — 誓。 = 0 - (8 - 16) = 8 ; 

A2: For the sketch given, a = 0 and b = 2: f(x) — g(x) = (—x 2 + 3x) — (2x 3 — x 2 — 5x) = 8 x — 2x 3 

-■ 2 

( 8 x - 2 x 3 ) dx = 军 — 竽 =(16-8) = 8 ; 

o L z 4 」 o 

Therefore, AREA = A1 + A2 =16 


39. AREA = A1+A2 + A3 

Al: For the sketch given, a = —2 and b = — 1: f(x) — g(x) = (—x + 2) — (4 — x 2 ) = x 2 — x — 2 

^ Al = / 2 1 (x2-x-2)dx=[^^2x]^=(-I-I+2)-(-|-| + 4)=|-I = ^ = ^; 
A2: For the sketch given, a = —1 and b = 2: f(x) — g(x) = (4 — x 2 ) — (—x + 2) = — (x 2 — x — 2) 

^ A2 = f , (x 2 - X - 2) dx = - y - f - 2x — 工 = — (I — ! _ 4) + (U + 2) = _3 + 8 — I = 警 ; 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



























334 Chapter 5 Integration 

A3: For the sketch given, a = 2 and b = 3: f(x) — g(x) = (—x + 2) — (4 — x 2 ) = x 2 — x — 2 

A3 = (x 2 - x - 2) dx = y — 誓 _ 2x 2 =( 罕 —§ _ 6) - (I — f — 4) = 9 _ § - I; 

Therefore, AREA = Al+A2 + A3 = ^ + | + (9-|-|)=9-| = f 


40. AREA = A1 + A2 + A3 

Al: For the sketch given, a = —2 and b = 0: f(x) — g(x)= ( 誓一 x) —| = y_|x=|(x 3 — 4x) 

^ A1 = i f° 2 (x 3 - 4x) dx = i 誓 一 2x 2 ° 2 = 0- |(4-8)= I ； 

A2: For the sketch given, a = 0 and we find b by solving the equations y = y — x and y = f simultaneously 
for x: 誓一 x=!=> 誓 —|x = 0=> I (x — 2)(x + 2) = 0 4 x = —2, x = 0, or x = 2 so b = 2: 

f(x) — g(x) = f - (y - x) = - i (x 3 - 4x) A2= -i fj(x 3 - 4x) dx = | J;(4x — x 3 ) = | 2x 2 — 誓 

=I (8-4) = |; 

A3: For the sketch given, a = 2 and b = 3: f(x) — g(x) = (y — x)— 晉 = 臺 （ x 3 — 4x) 

^ A3 = l/ ； (x3-4x)dx=i[^2x^ = i[(^-2.9)^(lf-8)]=|(^-14)=l ； 

Therefore, AREA = Al+A2 + A3 = | + | + ff = = f 



42. a=-l,b = 3; 

f(x) — g(x) = (2x - x 2 ) - (-3) = 2x - x 2 + 3 

/ 3 厂- 

(2x - x 2 + 3) dx = x 2 - 誓 + 3x 
= (9-f+9)-(l + |-3) = ll-i = f 



X 



44. Limits of integration: x 2 — 2x = x x 2 = 3x 
x(x — 3) = 0 => a = 0 and b = 3; 
f(x) — g(x) = X - (x 2 - 2x) = 3x - x 2 

=> A 二上 (3x - x 2 ) dx = 

_ 27 o _ 27-18 _ 9 
~ Y ~ y ~ ~ 2 ~ — 2 


3x 2 x 3 
丁 — T 


y 
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45. Limits of integration: x 2 = —x 2 +4x 2x 2 — 4x = 0 

4 2 x(x — 2 ) = 0 => a = 0 and b = 2 ; 
f(x) - g(x) = (-x 2 + 4x) - x 2 = -2x 2 + 4x 

今 A = f\-2x 2 + 4x) dx = 

_ 16 丨 16 _ -32 + 48 _ 8 

_ — T 卞 Y ^6^ — 3 


—2x 3 I 4x 2 
"" 3 ' Y 


y 



46. Limits of integration: 7 — 2x 2 = x 2 + 4 4 3x 2 — 3 = 0 
=>■ 3(x — l)(x +1) = 0 a=—1 and b = 1; 

f(x) - g(x) = (7 - 2x 2 ) - (x 2 + 4) = 3 - 3x 2 

今 A= ^^(3-3x2) dx = 3 x- f 1 

= 3[(l-i)-(-l + i)]=6(l)=4 1 


y 



47. Limits of integration: x 4 — 4x 2 + 4 = x 2 

今 x 4 - 5x 2 + 4 = 0 4 (x 2 - 4) (x 2 — 1)=0 
今 （x + 2)(x- 2)(x + l)(x - 1) = 0 ^ x = -2, 一 1 ， 1 ， 2; 
f(x) — g(x) = (x 4 - 4x 2 + 4) - x 2 = x 4 — 5x 2 + 4 and 
g(x) - f(x) = x 2 — (x 4 — 4x 2 +4) = —x 4 + 5x 2 — 4 

^ A = f 2 \-x 4 + 5x 2 -4)dx+ f^x 4 - 5x 2 + 4)dx 
+ Jj 2 (-x 4 + 5x 2 一 4)dx 



5 


竽 -4x. 


x 5 5x 3 

y _ 丁 


+ 4x 


—x 5 丄 5x 3 


4x 


(I-| + 4)-(f-f + 8) + (I-f + 4)^(-I + f-4) + (-f + f-8)-(-i + f-4) 


60 丨 60 _ 300-180 _ 
了十 T 一 ^15^ 一 



49. Limits of integration: y = -y/fx[ : 


x < o 


\A，x > o 

5y = x + 6 or y = 晉 + 誉 ； for x < 0: = 營 + 

5^/^x = x + 6 25(—x) = x 2 + 12x + 36 

^ x 2 + 37x + 36 = 0 (x+ l)(x + 36) = 0 


and 


x = —1, —36 (but x = —36 is not a solution); 
for x > 0: 5^x = x + 6 4 25x = x 2 + 12x + 36 
泠 x 2 — 13x + 36 = 0 泠 （x — 4)(x -9) = 0 
x 二 4, 9; there are three intersection points and 


y 



A = :( 宁 — V^)dx+ £ ( 乎 - ^)dx+ dx 
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10 


+ |(-x ) 3 / 2 


(x + 6) 2 
10 


2 x 3/2 


2 x 3/2 


(x + 6) 2 
10 


(I —+ — 卜 4 3/2 — |+0) + (i_93/2 


1 - I -， 


100 \ 
To"J 


50 , 20 
To + T 


50. Limits of integration: 

y=|x 2 _4| 一 


— 4, x < —2 or x > 2 
4 - X 2 , -2 < x < 2 


for x < -2 and x > 2 : x 2 
2 x 2 - 8 = x 2 + 8 4 x 2 


+4 

16 4 x 


= 士 4; 

2 x 2 = x 2 + 8 
^ x 2 = 0 =>• x = 0 ;by symmetry of the graph, 


for -2 < x < 2: 4 — x 2 = 誓 + 4 彳 8 


A 


誓 +4) — (4 —x 2 ) 


dx + 2 


譬 +4) - (x 2 -4) 


dx 



2 (I - 0) + 2 (32 - f - 16 + I) = 40 ■ 

3 ； 


f 


f 


51. Limits of integration: c = 0 and d 
f(y) — g(y) = 2 y 2 - 0 = 2 y 2 


A : 


2 y 2 dy = 


2-9 = 18 



52. Limits of integration: y 2 = y + 2 今 (y+l)(y- 2 ) = 0 
泠 c = -1 and d = 2 ; f(y) — g(y) = (y + 2 ) - y 2 

^ A= J 二 ( y + 2 — y 2 )dy= [f+ 2 y— 誓 ] 二 
= ( l +4_ f ) — G —2 + 臺)=6_| — 5+ 2_臺=誉 


53. Limits of integration: 4x = y 2 — 4 and 4x = 16 + y 
4 y 2 - 4 = 16 + y y 2 - y - 20 = 0 
(y — 5)(y + 4) = 0 c = —4 and d = 5; 

f(y) - g(y) = (^) 


4 A : 


f-y 2 + y + 20 )dy 



^ ^ + 20 y 


H— 


125 § f + ioo) - Hf + ¥ - 80 ) 
H-¥ + ! + i 8 o) = m ‘ 


X 
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54. Limits of integration: x = y 2 and x = 3 — 2y 2 

泠 y 2 = 3 _ 2y 2 令 3y 2 = 3 令 3(y - l)(y +1) = 0 
c = —1 and d = 1; f(y) — g(y) = (3 — 2y 2 ) — y 2 

= 3-3y 2 = 3(l-y 2 ) 今 A = 3 fjl - y 2 ) dy 

= 3 y - 誓 — 4 = 3 G -1) - 3 ( _1 + •) 

= 3-2(1）=4 



55. Limits of integration: x = —y 2 and x = 2 — 3y 2 

4 —y 2 二 2 - 3y 2 4 2y 2 — 2 = 0 

=> 2(y — l)(y +1) 二 0 4 c = —1 and d = 1; 

f(y) — g(y) = (2 — 3y 2 ) — (-y 2 ) = 2 - 2y 2 = 2 (1 - y 2 ) 

^ A = 2 J:(l—y 2 )dy = 2[y—f]L 
= 2 (l-i)-2(-l + I)=4(|) = | 

56. Limits of integration: x = y 2 / 3 and x = 2 — y 4 

y 2 / 3 = 2 — y 4 c = _l and d = 1; 
f(y)-g(y) = (2-y 4 )-y 2 , 3 

4 A = J—: (2 — y 4 一 y 2 / 3 ) dy 

= 2yHy5/3]L 

=( 2 — 5 — I ) _ (_ 2 + 5 + I ) 

= 2(2-H!) = f 


x+3y 2 -2 

X 

2 




57. Limits of integration: x = y 2 — 1 and x = |y| ^1 — y 2 

^ y 2 - 1 = |y| ^ y 4 - 2y 2 + 1 = y 2 (1 - y 2 ) 

^ y 4 - 2y 2 + 1 = y 2 - y 4 =>• 2y 4 - 3y 2 + 1 = 0 
4 (2y 2 - 1) (y 2 - 1) = 0 ^ 2y 2 - 1 = 0ory 2 -1=0 

4 y 2 = I or y 2 = 1 => y = 士 #ory = 士 1. 

Substitution shows that are not solutions => y = 士 1; 
for -1 < y < 0, f(x) - g(x) = -y V 1 - y 2 - (y 2 - 1) 

"I /q 

=1— y 2 — y(l— y 2 ) 7 , and by symmetry of the graph, 

A = 2 1 一 y 2 — y (1 _ y 2 ) 1 ’ 2 dy 

= 2/—:(1- y 2 ) dy — 2 /:y (1 — y 2 ) 1/2 dy 

= 2[y—fl 。 +2(|) =2[(0-0)^(-l + i)]+(|-0)=2 

」 -i L 」 -i 
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58. AREA = A1 + A2 

Limits of integration: x = 2y and x = y 3 — y 2 ^ 
y 3 - y 2 = 2y y (y 2 _ y — 2) = y(y + l)(y -2) = 0 
4 y = -1 ， 0, 2: 

for -1 < y < 0, f(y) - g(y) = y 3 - y 2 - 2y 
^ Al = /° i (y 3 -y 2 -2y) dy= ^ - y^] ^ 

= o - G + 卜 i) = 

for 0 < y < 2, f(y) - g(y) = 2y - y 3 + y 2 
^ A2= / 0 2 (2y-y 3 +y 2 ) dy = [y^ ^ ^ 

^ (4-^ + |)-0=f; 〜 

Therefore, A1+A2 二長 + | =吾 

59. Limits of integration: y = — 4x 2 + 4 and y = x 4 — 1 

令 x 4 - 1 = -4x 2 + 4 泠 x 4 + 4x 2 - 5 = 0 
^ (x 2 + 5) (x — l)(x +1) = 0 a=—1 and b = 1; 

f(x) — g(x) 二 -4x 2 + 4 - x 4 + 1 = 一 4x 2 - x 4 + 5 

今 A = /:(_4x 2 - x 4 + 5) dx = ^ - y + 5x1 1 

=( + ㈣-㈣- 5)=2( + 卜 5 )4^ 

60. Limits of integration: y = x 3 and y = 3x 2 — 4 

令 x 3 _ 3x 2 + 4 = 0 令 （ x 2 - x — 2) (x — 2) = 0 
=> (x + l)(x — 2) 2 = 0 => a=—1 and b = 2; 
f(x) — g(x) = x 3 _ (3x 2 一 4) = x 3 _ 3x 2 + 4 

今 A = f'(x 3 - 3x 2 + 4) dx = [^ - ^ + 4x] 2 
= (^-f + 8)-(I + l-4) = f _1 

61. Limits of integration: x = 4 — 4y 2 and x = 1 _ y 4 

4 4 - 4y 2 = 1 — y 4 4 y 4 — 4y 2 + 3 = 0 

# (y - (y + (y - i)(y + 1 ) = o > c = — i 

and d = 1 since x > 0; f(y) — g(y) = (4 — 4y 2 ) — (1 — y 4 ) 

= 3 — 4y 2 + y 4 泠 A = f[(3-4y 2 +y 4 )dy 

= 3y- 4 f + fl' 1 = 2(3-| + i) = ff 

62. Limits of integration: x = 3 — y 2 and x = — ^ 

今 3—y 2 = —$ 今掌一 3=0 今 |(y-2)(y + 2) = 0 
今 c = -2 and d = 2; f(y) - g(y) = (3 - y 2 ) — ( 字 ) 

= 3 (1 -《) 今 A = 3 丄 2 (1 - 誓 ) dy = 3 y— S 二 2 
= 3 [(2 - 吾 )-(-2 + 為 )] = 3 (4 — |f) = 12 — 4 = 8 


y 




y 





X 
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63. a = 0, b = 丌； f(x) — g(x) = 2 sin x _ sin 2x 

=> A = J* (2 sin x — sin 2x) dx = [—2 cos x + ^ 

=[-2(-1) + I] — (—2 • 1 + 全 ）= 4 



x 


64. a 二 一 ！， b 二！； f(x) — g(x) 二 8 cos x — sec 2 x 

rV3 ^， 3 

A = J /3 (8 cos x — sec 2 x) dx = [8 sin x — tan x] _^ 3 
=(8 • ^ - v ^) - (-8 • ^ + \/ 3 ) = 6^3 


y 



-«/3 w/3 


65. a = —1, b = 1; f(x) — g(x) = (1 — x 2 ) — cos ( 晉） 

A = J* [1 — x 2 — cos (^)] dx = x - y - ■ sin (y) 

=(1 -卜 V (-l + * + i)=2(H) = | —I 



66. A = A1 + A2 

ai = — 1, bi 二 0 and a 2 二 0, b 〗 =1; 

fi(x) - gi(x) = x - sin (f) and f 2 (x) — g 2 (x) = sin (f) -x 
=> by symmetry about the origin, 


Ai + A 2 = 2Ai => A .. 


cos 


(f) 


2 J 0 [sin (f) - x] dx 

! = 2[(-|.0-i)-(- 


0 )] 


2(|-D=2(^) 




68. c = — 牙 ， d = 牙； f(y) — g(y) = tan 2 y — (— tan 2 y) = 2 tan 2 y 

p7r/4 

= 2 (sec 2 y — 1) => A = I 2 (sec 2 y — 1) dy 

~ *J —7r/4 ■ ' 

= 2[tany-yr_/ 7r 4 /4 = 2[(l-i)-(-l + |)] 

= 4 (l - l) = 4-7T 


y 
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69. c = 0, d = !; f(y) — g(y) = 3 sin y^cos y 一 0 二 3 sin y^cos y 

A = 3 上 sin y^/cos y dy = —3 [| (cos y) 3 / 2 ] 

=- 2(0 - 1 ) = 2 



70. a = — 1， b = 1; f(x) — g(x) = sec 2 (f) — x 1 / 3 

4 A = J i [sec 2 (^) — x 1 / 3 ] dx = [! tan (^) — | x 4 / 3 ] ^ 

= (•〜)-[• (-命 ih 6 # 


71. A = A x + A 2 

Limits of integration: x = y 3 and x = y ^ y = y 3 
# y 3 — y 二 0 4 y(y — l)(y + 1 ) = 0 4 ci = —1, di = 0 
and c 2 = 0, d 2 = 1; fi(y) - gi(y) = y 3 — y and 
f 2 (y) — g 2 (y) = y — y 3 ^ by symmetry about the origin, 

A! + A 2 = 2A 2 ^ A = 2 fjy - y 3 ) dy = 2 - ^1 ' 

= 2 Q-i)=| 〜 




72. A = Ai + A 2 

Limits of integration: y = x 3 and y = x 5 => x 3 = x 5 
^ x 5 — x 3 = 0 x 3 (x — l)(x + 1) = 0 ai = -1, bi = 0 
and a 2 = 0, b 2 = 1 ； fi(x) — gi(x) = x 3 — x 5 and 
f 2 (x) — g 2 (x) = x 5 — x 3 > by symmetry about the origin, 

A : +A 2 = 2A 2 今 A = 2 r'(x 3 -x 5 ) dx = 2 — 誉 ] 1 

u o L ^ 0 」 0 

= 2 il~ l) = l 


y 



73. A = Ai + A 2 

Limits of integration: y = x and y = ^ => x = x 7 ^ 0 
4 x 3 = 1 x = 1 , fi(x) — gi(x) = x — 0 = x 

^ Al = Jo X dX = T 0 = 2 ； f 2( X ) - g 2 (X) =^-0 

= X_2 ^ A 2 = f l X ~ 2 dx = = + 1 = ^ 

A = Ai + A 2 = \ \ = ^ 
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74. Limits of integration: sin x = cos x x 
I; f(x) — g(x) = cos x — sin x 


and b = 

4 A : 


(^ + ^) -(0+1)= ^ 


=> a = 0 

y 


1.2 

x]o /4 

1 

0.8 ： 


0.6 ： 


0.4 ： 


0 . 2 : 



75. (a) The coordinates of the points of intersection of the 

line and parabola are c = x 2 => x = 士 ^/c and y = c 
(b) f(y) — g(y) = y/y- (- y/y) = 2^/y ^ the area of the 


lower section is, A L 


[f(y) - g(y)] dy 

i c 3 / 2 . The area of the 



= 2 Jo \/y dy = 2 [i y3/2 ]°Q , 

entire shaded region can be found by setting c = 4:A = (!) 4 3 ’ 2 = 爭 = 譬 . Since we want c to divide the region 
into subsections of equal area we have A = 2A L ^ y = 2 (| c 3 , 2 ) => c = 4 2 / 3 






(c) f(x) - g(x) = c - x 2 泠 A l 
ai 

condition A = 2A L , we get | c 3 / 2 = y 


[f(x) — g(x)] dx 






(c — x 2 ) dx ' 


cx — ^ 


~yf c 


= 2 


卜 3/2 


c 3/2 


I c 3 / 2 . Again, the area of the whole shaded region can be found by setting c = 4 => A = y. From the 


=> c 


4 2 , 3 as in part (b). 


76. (a) Limits of integration: y = 3 — x 2 and y = — 1 

3 — x 2 = — 1 ^ x 2 = 4 => a = —2 and b = 2; 
f(x) - g(x) = (3 - x 2 ) - (-1) = 4 — x 2 

4 A = J" (4 - x 2 ) dx 二 4x - y 

= (8-f)-(-8+|) = 16-f = f 

(b) Limits of integration: let x = 0 in y = 3 — x 2 
4 y = 3; f(y) - g(y) = _y — (~^/3-y) 

= 2(3 - y) 1 / 2 



4 A = 2 f'(3- y) 1 / 2 dy = -2 /'(3 - y)" 2 (—1) dy = (—2) [ 2f3 ~ 3 y)3/2 ] ^ = (-|) [0 - (3 + l) 3 / 2 ] 


77. Limits of integration: y = 1 + ^/x and y = 

=> 1 + y/x = , x ^ 0 ^ i^/x + x = 2 => x = (2 — x) 

4 x = 4-4x + x 2 4 x 2 - 5x + 4 = 0 
=> (x — 4)(x — 1) = 0 4 x=l，4 (but x = 4 does not 
satisfy the equation); y = and y = | | 

8 = xa/x => 64 二 x 3 x = 4. 

Therefore, AREA = Ai + A 2 : fi(x) — gi(x) = (1 + x" 2 ) — | 

=> A x = (l H- x 1 / 2 — 牙 ） dx = x + ! x 3 / 2 — 誓 

=(1 + I — I) — 0 = g; f 2 (x) - g 2 (x) = 2x-!/2 — I 今 A 2 = J i 4 (2x- 1 /2 - I) dx = [4x" 2 - 誓 ] : 

=(4 - 2 - f) - (4 —i) = 4 - f = H ； Therefore, AREA = A 1 +A 2 = | + f = — = | = y 
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342 Chapter 5 Integration 

78. Limits of integration: (y — l) 2 = 3 — y 4 y 2 — 2y + 1 
= 3 — y =>• y 2 —y — 2 = 0 => (y — 2)(y +1) = 0 
=> y = 2 since y > 0; also, 2y/y = 3 — y 
4 4y = 9 - 6y + y 2 4 y 2 - lOy + 9 = 0 
=> (y — 9)(y — 1) = 0 4 y=l since y = 9 does not 
satisfy the equation; 

AREA = Ai + A2 
fi(y) - gi(y) = 20^ - 0 = 2y J / 2 

A x = 2 f y 1 / 2 dy = 2 [^1 = f 2 (y) - g 2 (y) = (3 — y) — (y — l) 2 

do L J 」 o J 

=> A 2 = J[ [3 — y — (y — l) 2 ] dy = [3y - I y 2 — ^ (y - l) 3 ] ^ = (6-2 — |)-(3— ^+0) = 1- ^ + | = |; 
Therefore, A!+A 2 = | + ^ = ^ = | 



79. Area between parabola and y = a 2 : A = 2 丄 (a 2 - x 2 ) dx = 2 [a 2 x - ! x 3 ]: 


2 卜誓 


0= 竽 ; 


Area of triangle AOC: \ (2a) (a 2 ) = a 3 ; limit of ratio = lim 


0+ ( 誓） 


which is independent of a. 


80. A = I 2f(x) dx — / f(x) dx = 2 f(x) dx — I f(x) dx = | f(x) dx = 4 


81. Neither one; they are both zero. Neither integral takes into account the changes in the formulas for the 
region's upper and lower bounding curves at x = 0. The area of the shaded region is actually 

/ 0 n 1 nO r* 1 

[—x - (x)] dx + J o [x — (—x)] dx = J —2xdx+ J 。 2x dx = 2. 


82. It is sometimes true. It is true if f(x) > g(x) for all x between a and b. Otherwise it is false. If the graph of f 
lies below the graph of g for a portion of the interval of integration, the integral over that portion will be 
negative and the integral over [a, b] will be less than the area between the curves (see Exercise 53). 


83. Let u = 2x =>• du = 2 dx ^ | du 二 dx; x 二 1 => u = 2，x = 3 4 u = 6 

f i 3 ^dx= = f^du= [F(u)]®=F(6)-F(2) 

84. Let u = 1 — x => du = —dx =>■ —du = dx; x = 0 => u=l ， x=l u = 0 

n 1 nO nO n 1 n 1 

J o f(l — x) dx = f(u) (— du) = f(u) du = J o f(u) du = 丄 f(x) dx 

85. (a) Let u = —x => du = — dx; x=—1 => u = 1, x = 0 => u = 0 

r»0 nO 广 0 r»0 r* 1 

f odd f(—x) = —f(x). Then J f(x) dx = J f(—u)(—du)= 丄 -f(u) (_du )= 丄 f(u) du =— 丄 f(u) du 
=-3 

(b) Let u = —x du = — dx; x=—1 u = 1, x = 0 => u = 0 

/ 0 n0 r»0 n 1 

f(x) dx = f(—u) (— du) = — J f(u) du = J o f(u) du = 3 


86. (a) Consider / f(x) dx when f is odd. Let u 


-x => du 

po 


-dx ^ —du = dx and x : 


-a u = a and x 二 0 


4 u = 0. Thus I f(x) dx 


-f(—u) du 


f(u) du 


f(u) du 


f(x) dx. 


Thus 


i r»0 r*& na na 

f(x) dx = J f(x) dx + J f(x) dx = — J 。 f(x) dx + 丄 f(x) dx 二 0. 
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sin x dx = [—cos x] 


tt/2 

-tt/2 


—COS (|) + COS (— l) =0 + 0 = 0. 


87. Let i 


:a — x => du 

f(x) dx 


X 

f(a-u) 


: 0 4 u 


Jo f(x)+f(a-x) — J a f(a-u)+f(u) (- 此 ) 
j _|_ j _ f a f(x)dx , f a f(a-x) dx 


a, x = a => u 

f(a—u) du 


:0 

f(a—x) dx 


Jo f(u)+f(a-u) — Jo f(x)+f(a-x) 


to f(x)+f(a-x) ' Jo f(x)+f(a-x) 


f(x)+f(a-x) 
f(x)+f(a-x) UA 


dx = [x] a r 


0 = a. 


Therefore, 21 


a ^ 


2 • 


88. Let u=y du = — ^ dt => —吉 du=|dt 4 —$du=|dt;t = x 4 u = y, t = xy u=l. Therefore, 



89. Let u = x + c => du = dx; x = a — c => u = a,x = b — c 4 u = b 


f(x + c) dx 


f(u) du 


f(x) dx 



91-94. Example CAS commands: 

Maple: 

f := x -> x 八 3/3-x 八 2/2-2*x+l/3; 
g := x -> x-1; 

plot( [f(x),g(x)] ， x=-5..5, legend=["y = f(x) M , M y = g(x)’’], title=”#91(a) (Section 5.6)’’）; 
ql :=[-5, -2,1,4]; #(b) 

q2 := [seq( fsolve( f(x)=g(x), x=ql[i]..ql[i+l]), i=l..nops(ql)-l)]; 
for i from 1 to nops(q2) - 1 do # (c) 
area[i] := int( abs(f(x)-g(x)),x=q2[i]. .q2[i+1 ]); 
end do; 

add( areafi], i=l..nops(q2)-l ); # (d) 

Mathematica: (assigned functions may vary) 

Clear[x, f, g] 
f[x_] = x 2 Cos[x] 

g[X_] = X 3 — X 

Plot[{f[x], g[x]}, {x, -2,2}] 

After examining the plots, the initial guesses for FindRoot can be determined, 
pts = x/.Map[FindRoot[f[x]==g[x],{x,#}]&, {-1,0, 1}] 
il=NIntegrate[f[x] - g[x], {x, pts[[l]], pts[[2]]}] 
i2=NIntegrate[f[x] - g[x], {x, pts[[2]], pts[[3]]}] 
il +i2 
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CHAPTER 5 PRACTICE EXERCISES 


1. (a) Each time subinterval is of length At = 0.4 sec. The distance traveled over each subinterval, using the 

midpoint rule, is Ah = | (Vi + v i+1 ) At, where Vi is the velocity at the left endpoint and v i+1 the velocity at 
the right endpoint of the subinterval. We then add Ah to the height attained so far at the left endpoint Vj to 
arrive at the height associated with velocity v i+1 at the right endpoint. Using this methodology we build 
the following table based on the figure in the text: 


t(sec) 

0 

0.4 

0.8 

1.2 

1.6 

2.0 

2.4 

2.8 

3.2 

3.6 

4.0 

4.4 

4.8 

5.2 

5.6 

6.0 

v (fps) 

0 

10 

25 

55 

100 

190 

180 

165 

150 

140 

130 

115 

105 

90 

76 

65 

h ⑻ 

0 

2 

9 

25 

56 

114 

188 

257 

320 

378 

432 

481 

525 

564 

592 

620.2 


t (sec) 

6.4 

6.8 

7.2 

7.6 

8.0 

V (fps) 

50 

37 

25 

12 

0 

h (ft) 

643.2 

660.6 

672 

679.4 

681.8 


NOTE: Your table values may vary slightly from ours depending on the v-values you read from the graph. 
Remember that some shifting of the graph occurs in the printing process. 

The total height attained is about 680 ft. 

(b) The graph is based on the table in part (a). 


h (feet) 



t (sec) 


2. (a) Each time subinterval is of length At = 1 sec. The distance traveled over each subinterval, using the 
midpoint rule, is As = ^ (v^ + v i+1 ) At, where Vi is the velocity at the left, and v i+1 the velocity at the 
right, endpoint of the subinterval. We then add As to the distance attained so far at the left endpoint Vj 
to arrive at the distance associated with velocity v i+1 at the right endpoint. Using this methodology we 
build the table given below based on the figure in the text, obtaining approximately 26 m for the total 
distance traveled: 


(b) 


t(sec) 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

v (m/sec) 

0 

0.5 

1.2 

2 

3.4 

4.5 

4.8 

4.5 

3.5 

2 

0 

S (m) 

0 

0.25 

1.1 

2.7 

5.4 

9.35 

14 

18.65 

22.65 

25.4 

26.4 


The graph shows the distance traveled by the 
moving body as a function of time for 
0 < t < 10. 



3. (a) 

(c) 


10 , 10 

乙 4 — 4 Z-/ 
k=1 k=1 

10 

Y] (^k + b k — 1) 

k= 1 


a k = 4 (_ 2 ) = — 2 

10 10 10 
:S a k + S b k — 公 1 

k = 1 k = 1 k = 1 


10 10 10 
(b) E (b k —3a k )= E b k —3 E a k = 25 — 3(-2) = 31 

k=l k =1 k =1 

-2 + 25 -(1)(10) = 13 
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(d) Jl G_bt)= k ?i 2- k E^=2(10)-25 = 0 


20 20 

4. (a) E 3a k = 3 E a k = 3(0) = 0 

k = 1 k = 1 

20 20 20 

(C) E (I - 争 ) = E 暑一亭 E b k = ! (20) - 學 (7) 

k=l k=l k=l 

20 20 20 
(d) E (a k -2)= E a k - E 2 = 0- 2(20) = -40 

k=l k=l k = 1 


20 20 20 
(b) E (a k + b k )= E a k + E b k = 0 + 7 = 7 

k = 1 k = 1 k = 1 


5. Let u = 2x — 1 =>■ du = 2 dx ^ |du = dx;x=l 4 u=l，x = 5 => u = 9 

f 5 (2x - I)- 1 ， 2 dx = 1/2 G du ) = K 2 ] J = 3-l=2 

6. Let u = x 2 — 1 => du 二 2x dx 4 ! du = x dx; x=l u = 0，x 二 3 => u = 
f i 3 x(x 2 -l) 1/3 dx= fy/ s Qdu) = [|u 4 / 3 ] ® = |(16-0) = 6 


Let u = f 2 du = dx; x = —tt ^ u 


， x = 0 4 u = 0 


( 音 ） dx = J ^(cos u)(2 du) = [2 sin = 2 sin 0 — 2 sin (— |) = 2(0 — (—1)) = 2 


8. Let u = sin x du = cos x dx; x = 0 4 u = 0 ， x=! => u 


f tt/2 nl 

| o (sin x)(cos x) dx = J 。 u du 


9. (a) J 2 f(x) dx 


(C) J 5 g(x) dx 


(e) 


3 f(x) dx = i (12) = 4 


S(x) dx 


(b) 

(d) 


f(x) dx 


f(x) dx 


f(x) dx = 6 — 4 = 2 


(—7r g(x)) dx = —7r j g(x) dx = —7r(2) = —2n 


f(x) + g(x) 


dx 


f(x) dx + 


S(x) dx = i (6) + I (2) 


10 .⑷ & g(x) dx 


7 g(x) dx = i (7)= 


7 Jo 

J »0 f*2 pi 

f(x) dx = — I f(x) dx = — 7r (d) 

2 JO *J 0 

⑻ f [g(x) - 3 f(x)] dx = r g(x) dx-3 f f(x) dx = 1 - 3 tt 


(b) I g(x) dx = I g(x) dx - j g(x) dx = 1 - 2 


: f(x) dx = a/2 J f(x) dx = ( 丌 ） = 7r\/2 


' 0 


1 0 


f 0 


11. x 2 — 4x + 3 = 0 =>• (x — 3)(x — 1) = 0 4 x = 3 orx=l; 
Area = f (x 2 - 4x + 3) dx - f (x 2 - 4x + 3) dx 


f - 2x 2 + 3x 


2x 2 + 3x 


L -2(l) 2 + 3(l)j -0 
(f - 2(3) 2 + 3(3)) — (f — 2(1) 2 + 3(1)) 
(I + l) - [0- (I + l)] = § 
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13. 5 - 5x 2 / 3 =0^1- x 2 / 3 = 0 ^ x= ± 1; 
Area = f[(5 - 5x 2 / 3 ) dx - f:(5 一 5x 2 / 3 ) dx 

=[5x - 3x 5 / 3 ] ^ - [5x - 3x 5 / 3 ] j 
=[(5(1)^- 3(1) 5 , 3 ) - (5(-1) — 3(-l) 5 / 3 )] 

一 [(5(8) - 3(8) 5 〆 3 ) — (5(1) - 3 ⑴ 5 /3) j 
=[2- (—2)] — [(40 — 96) -2] = 62 





17. 


f(x) = (1 — y/x) 2 ,g(x) = 0, a = 0, b = 1 # A = 工 [f(x) — g(x)] dx = J。(1 一 ^/x) 2 dx= f g (l - 2y/x + x) dx 
= fjl-2x^ + x)dx= [x-|x^ + ^^=l^| + I = I(6-8 + 3)=I 


18. f(x) = (1 — x 3 ) 2 , g(x) = 0, a = 0, b = 1 今 A = / [f(x) - g(x)] dx = (1 - x 3 ) 2 dx = (1 


x 6 ) dx 


x — 苳 


14 
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19. f(y) = 2y 2 , g(y) = 0, c = 0, d = 3 

玲 A = / [f(y) — g(y)] dy = 上 （ 2y 2 — 0) dy 
= 2 / 0 3 y 2 dy=|[y 3 ]^ = 18 


20 . 


f(y) 二 4 - y 2 , g(y) = 0, c = —2, d = 2 


=> A : 


[f(y) - g(y)] dy 


(4 - y 2 ) dy 



= 2 ( 8 —|) 


32 

3 


21. Let us find the intersection points: + = 爭 

y 2 —y — 2 = 0 => (y — 2)(y + 1) = 0 => y=—1 
ory = 2 泠 c = —l，d = 2;f(y )= 孕 ’ g(y) = ^ 

^ A^f d [f(y) - g(y)] dy = J:( 苧 -f) dy 
= lJjy + 2-f)dy=\[^+2y-y^}[ i 
= H(l +4 — I) — (I — 2 + I)] = I 


22. Let us find the intersection points: = y+ 4 16 

^ y 2 — y — 20 = 0 => (y — 5)(y + 4) = 0 => y = —4 
or y = 5 泠 c = -4, d = 5; f(y) = , g(y) = ^ 

^ A=£ [f(y) - g(y)] dy= / 二 (^ — dy 

fjy + 20-y 2 ) dy=i [f +20y — 誓 ] ' 

= I[(f+ 100-f)^(f-80+f)] 

= i(| + l 8 0-63) = HI + 117 ) = 1(9 + 234)= f 


23. f(x) = x ， g(x) = sin x, a = 0, b 


=> A : 


[f(x) _ g(x)] dx 

7r/4 
0 


4 

p7r/4 


(x — sin x) dx 




f) 


24. f(x) = 1, g(x) = I sin x|, a : 


hb 


=> A : 

n0 


[f(x) 


- g ⑻] dx = /_^ /2 (1 - |sinx|) 


dx 


itt/2 


I ^(1 + sin x) dx + 

/W 2 


(1 — sin x) dx 


2 / (1 — sin x) dx = 2[x + cos x] 

2 ( f °— 1) … 2 


tt/2 






y 



y 
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25. a = 0, b = 7T ， f(x) — g(x) = 2 sin x — sin 2x 

=> A = 上 (2 sin x — sin 2x) dx = [—2 cos x + ^ 

=[-2 • (— 1 ) + I ] — (-2 • 1 + !) = 4 




28. f(y) = 6 - y ， g(y) = y 2 , c = 1, d = 2 

A = f c t f (y) - g(y)] dy = / (6 - y - y 2 ) dy 
= 6y H 工 =(12 — 2 — 誉 )—(6 - * _ i) 

-4_ Z + I - 24-14+3 _ 13 

—寸 3 卞 2 — 6 _ 6 



• I - • — X 

1 4 5 


29. f(x) = x 3 - 3x 2 = x 2 (x - 3 ) 今 f ， (x) = 3x 2 - 6x = 3x(x - 2 ) 泠 f = +++ | - | +++ 

0 2 
n3 


=> f(0) = 0 is a maximum and f(2) 

= -(f-27) = f 


-4 is a minimum. A 


(x 3 — 3x 2 ) dx : 


x 3 


3 

0 


30. A= (a 1 / 2 - x 1 / 2 ) 2 dx = (a - 2^/ax 1 / 2 + x) dx = 

=a 2 (1 - I + -)= 誓 (6 — 8 + 3 )= 譬 

31. The area above the x-axis is Ai = 上 （ y 2 / 3 - y) dy 

l 

=^ ; the area below the x-axis is 
o iU 

A 2 = /: (y2 / 3 — y)dy= [ 竽 - 幻 0 _ i = 轉 

=> the total area is A! + A 2 = | 
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32. A ： 


r /4 r»57r/4 

(cos x — sin x) dx + / (sin x — cos x) dx 


•»3tt/2 


+ J (cos x — sin x) dx = [sin x + cos x]^ 4 
+ [_ cos x - sin x]^{ 4 + [sin x + cos 


y = sin x 


:(# + #) -(0+1) 
(-1+0)-(U) 


(#+#HU) 

=¥ - 2 = 40-2 



33. 


y = x 2 + 上 } dt =>• ^ = 2x + ^ =>■ 替 = 2 - 去； y(l) = 1 + 上 y dt = 1 and y’(l) = 2+1 = 3 


34 


.y = 上 （1 + 2\/sect) dt => 装 =1 + 2-^/secx > 急 = 2 (•) (sec x) _ " 2 (sec x tan x) = sec x (tan x); 


x 二 


0 4 丫 = X (1 + 2\/sec t) dt = 0 and x = 0 4 ^ = 1 + 2\/sec 0 = 3 


35. y = dt-3 ^ g = ^；x = 5 ^ y ： 


^ dt - 3 = -3 


36. y = ^ \/2 — sin 2 1 dt + 2 so that ^ ~ sin 2 x; x=—l 今 y = J' ^ \/2 - sin 2 1 dt + 2 = 2 


37. Let u = cos x ^ du = —sin x dx =>■ — du = sin x dx 

f 2(cos x)— 1 / 2 sin xdx=f 2U" 1 / 2 (- du) = -2 J u—du = -2 (f) + C = -4U 1 / 2 + C 
=—4(cos x) 1 / 2 + C 


38. Let u = tan x => du = sec 2 x dx 

J (tan X)- 3 / 2 sec 2 xdx=f u~ 3 / 2 du = ^ +C = -2U" 1 / 2 + C = +C 

39. Let u = 26» + 1 du = 2 d0 泠 i du = d6» 

f [20+ 1+2 cos (20+ 1)] dd = f(u + 2 cos u) (i du) = ^ + sin u + Ci = + sin(26» + 1) + C x 

=+ ^ + sin (20 + 1) + C, where C = Ci + | is still an arbitrary constant 

40. Let u = 20 — 7T => du = 2 | du = d 沒 

/ (yir；+ 2sec2 (20 — 兀 ))d0 = J '(夫 + 2 sec 2 u) (i du) = i / (u~ 1/2 + 2 sec 2 u) du 
― \ ( 亨 ) + I (2 tan u) + C = u 1 / 2 + tan u + C = (29 — n) 1 ^ 2 + tan (26 — 7r) + C 

41 - /(t - f) (t+ I) dt = /(t 2 - f) dt = /(t 2 - 4t " 2 ) dt = I- 4 (^l) + C = f + I + c 

42 - /^dt=/^dt=/(i+|)dt=/(t-2 + 2t- 3 )dt=^+2(^)+C = -i- t i+C 

43. Let u = 2t 3 / 2 => du = 3\/tdt => -du = \/idt 

J -y/tsin (2t 3 , 2 )dt = sin u du = — *cos u + C = — *cos(2t 3 / 2 ) + C 
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44. Let u = 1 + sec 0 => du = sec 6 land d0 ^ J "sec 6 tan0 a/ 1 + sec 9 dd = J' u x / 2 du = |u 3 / 2 + C 
=|(1 +sec Of 12 + C 

45. f 1 i (3x 2 -4x + 7) dx= [x 3 - 2x 2 + 7x] ^ = [l 3 _ 2(1) 2 + 7(1)] — [(-l) 3 - 2(-l) 2 + 7(-1)] =6-(-10)= 16 

46. (8s 3 — 12s 2 + 5) ds = [2s 4 — 4s 3 + 5s] J = [2(1) 4 - 4(1) 3 + 5(1)] - 0 = 3 

47 . 在 dv = £ 4v_2 dv = =( 辛 ) -(^)=2 

48. f 27 x~ 4 / 3 dx = [-3X-V3] 27 = — 3(27 ) -i/3 _ (_3 ⑴ —1/3) = _ 3 (*) + 3 ⑴ = 2 

49 . r 恭 =r 彝 =r t - 3/2 dt = [- 2 「 1/2 ] n 灵 - 赁 =i 


50. Let x 


1 + ^ dx= I u -1 / 2 du 2dx=^^;u=l 4 x = 2,u = 4 ^ x 


、 l/2 


du 


x" 2 (2 dx) = [2 (I) x 3 / 2 ];= 香 (3 3 , 2 ) - § (2 3 / 2 ) = 4^/3 -\ 办 =\ (3 W - 2^) 


51. Let u = 2x + 1 => du = 2 dx ^ 18 du = 36 dx; x = 0 4 u = 1, x = 1 => u 

r»\ r»3 


J 36 dx — I 
fo (2x+l) 3 — 


18u -3 du 


18u- 


[ w ] 1 = ( w ) ~ ( 苦 ) 


52. Let u = 7 — 5r => du = —5 dr => — ^ du = dr; r = 0 =>• u = 7 ， r=l u = 2 

f: 南士 - 故 2/3 dr = /: u — 2/3 H — = — * [ 3ul/3 ]; = - (W _ V2) 


53. Let u = 1 - x 2 / 3 今 du = — § dx 今 —| du = x—" 3 dx; x = | 今 u = 1 - (|) 2/3 = | 


4 u 


1 2 / 3 = 0 


-1/3 


F 1/8 


(1-，) 3/2 dx = 工 /4 W (- • d U ) = [(- •) (f)] : /4 = [- • U 5/2 ] 3/4 = -1(0) 5/2 -(-1)(!) 


,5/2 


27^3 

~1W 


54. Let u = 1 + 9x 4 => du = 36x 3 dx ^ 去 du = x 3 dx;x 二 0 => u = 1, x = ^ u = 1 + 9 (|) 4 = || 

/:% + 9 X 4)’ dx = r 16 (- du)=[-( 守 )] ; 5/16 = [- * u ，] 广 

= Kir 1/2 -( — 為⑴ _ 1/2 )=点 

55. Let u = 5r ^ du = 5 dr ^ du = dr; r = 0 ^ u = 0，r = 7r 4 u = 57r 

r^ 2 5rdr= /"(sin 2 u) Q du) = I ^ = (| _ _ ( 0 - ^>) = | 

56. Let u = 4t — I => du = 4dt => ^ du = dt; t = 0 => u =— 牙， t=| 4 u = ^ 

r»7r/4 r*3Tv/4 

j Q COs2 ( 4t - I) dt = J^ /4 (COS 2 U) (I du) = i [! + ^] 3 -I/4 = 3 (f + 一去 (_ f + 

— E _L 4- i — ZE 

— 8 16 1 " 16 _ 8 
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、 7r/3 


57. I sec 2 6 dO = [tan 沒 ] f 3 = tan | — tan 0 = \/3 


、3兀/4 


58. I esc 2 x dx = [—cot x] 以 =(—cot 孕 ）一（一 cot |) = 2 


" 7r/4 


59. Let u = I ^ du = ^ dx ^ 6du = dx; x = 7r =>■ u = x = 37r u = f 


"»7t/2 


17T/2 


cot 2 I dx : 
6^3-2tt 


' 7r/6 


6 cot 2 u du 


(esc 2 u — 1) du = [6(—cot u — u)]^g = 6 (_ cot I — I) _ 6 (—cot | — |) 


* 7r/6 


60. Let u = ^ du=jd0 => 3 du = d 沒 ； 0 = 0 u = 0, 6 = 7r =>• u = 号 

r f*TT 尸 7r/3 

tan 2 I = 丄 （ sec 2 | _ 1) d 。 = 丄 3 (sec 2 u — 1) du = [3 tan u — Su]^ 3 
=[3 tan f - 3 (f)] - (3 tan 0-0) = 3^-tt 


61. 


'—7r/3 
、 37t/4 


sec x tan x dx = [sec x]® / 3 = sec 0 — sec (— !) = 1 — 2 = —1 


62. I esc z cot z dz = [—esc z] 二 〈 4 = (— esc 孕 ) 一 ( 一 esc |) = — + \pl = 0 


" 7r/4 


63. Let u = sin x du = cos x dx; x = 0 u = 0, x=f => u 


17r/2 


r 1 1 i 

5(sin x) 3 / 2 cos x dx = J 5u 3 / 2 du = [5 (■) u 5 / 2 ] : = [2u 5 / 2 ] J = 2(1) 5 / 2 - 2(0) 5 / 2 = 2 


64. Let u = 1 — x 2 => du = — 2x dx =>• — du = 2xdx;x=—1 => u = 0, x = 1 ^ u = 0 

J 丄 2x sin (1 - x 2 ) dx = - sin u du = 0 

65. Let u = sin 3x => du = 3 cos 3x dx | du = cos 3x dx; x = — | u = sin (— = 1, x = | => u = sin (^) 


厂 tt/2 

， — 7t/2 


15 sin 4 3x cos 3xdx = 15u 4 (| du) = ^ 5u 4 du = [u 5 ] = (—l) 5 — (l) 5 = —2 


66. Let u = cos (|) =>■ du = — | sin (|) dx =>• —2 du = sin (|) dx; x = 0 => u = cos ( 呈 ） = 1，: 


2n 


-y U = COS ( -f 


■»2tt/3 广 1/2 

。 cos -4 (!) sin ( 晉 ） dx 二丄 u _4 (—2 du) 


-2 [ 


1/2 


2 (\ 
3 


(i)" 3 -|(ir 3 =|(8-D 


14 

T 


67. Let u = 1 + 3 sin 2 x =>• du = 6 sin x cos x dx 4 | du = 3 sin x cos x dx; x = 0 => u = 1, x 


泠 u = 1 + 3 sin 2 |=4 

广 7r/2 r»4 

I ^'nxcusx 办= 1 
Jo V1 + 3 sin 2 X J 1 \/u 


Q du ) = J, h~ 1/2 du 


(竽 )]: = [ u l/2] J = 4 l/2 _ X H2 


68. Let u = 1 + 7 tan x ^ du = 7 sec 2 xdx => ^ du = sec 2 x dx; x = 0 =>■ u=l+7 tan 0=1, 


x = I => u = 1 + 7 tan I 


^冗/4 


sec 2 x 


1 0 (1 + 7 tan x) 2 / 3 


dx 


^(^u)=l iu-V3 du ： 


u 1 / 3 


[ fu 1 / 3 ]® = 5 ( 8 ) l / 3 _ 3 ( 1 ) l / 3 = 3 
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69. Let u = sec 9 ^ du = sec 6 tan 6 dO; 9 = 0^- u = sec 0 二 1 ，沒 =! => u = sec j = 2 


p7r/3 nn/3 

I ； jn 0 d9 = I sec e , lan " d0 

f 0 v 2 sec ^ J 0 sec 9 \/2 sec d 




sec 6 tan 6 


d0 


Ti 


U-l/2 


■ ( _ D _ 


0 \/2(sec 9) 3 / 2 

! = - 為 -（ - ▲) = 0 . 


7^ du= 73 i u " 3/2du 


70. Let u = sin =>• du = (cos y/t) (| t -1 / 2 ) dt = 


dt => 2 du 


"Tt 


# dt; t = 荽今 u = sin f 


j- u = sin I 


r^ 2 /4 
J x2 / 36 ^/t sin 0 


C0S — dt = C Tu (2 du) = 2 C u " 1/2 du = [ 4 V^] ；/2 = 4 ^ 1 - 4 ^ = 2( 2 -^) 


71. (a) av(f) 


(mx + b) dx 


+bx 


宇 + b(l)) - ( + b(-l)) 


⑼ av(f)= i^Tk) f k (mx + b) dx = 4 
=-(2bk) = b 


mx 2 


+ bx 


2k 


2 

f m(k) 2 


\ (2b) = b 


2 +b(k)) - (f+W-k)) 


72 .⑻ y av = j^o f 0 \/3xdx = 



= #[i ⑶ 3/2 - 

|(0) 3 / 2 ]= 

=# (〜)= 2 

(b) y av = £ ^dx = 

， i/ o >xV 2d x 


(i ⑷ 3/2 - 

i(o) 3 / 2 ) = 

= (1 a v^) = | a 

73 . C = J a v^ f, w dx = 

= bi；[M = b^ 

[f(b) - f(a)]= 

f 义二 【⑻ so the average value of f' over [a, b] is the 


slope of the secant line joining the points (a, f(a)) and (b, f(b)), which is the average rate of change of f over [a, b]. 


74. Yes, because the average value of f on [a, b] is 


f(x) dx. If the length of the interval is 2, then b — a = 2 


and the average value of the function is 


f(x) dx. 


75. We want to evaluate 

/ >365 


3653oJ 0 f(x) dx= ME J o 


^37sin^(x-101) 

Notice that the period of y = sin ^(x — 101) 


25 dx 


晶 J 。 


sin 


2tt 

365 


(x-101) 


dx +Uo dX 


r 

length 365. Thus the value of 蟲丄 


365 、 

365 


~2tT 


■ (x — 101) 


365 and that we are integrating this function over an iterval of 


dx +Uo dxisi.0+ 1. 365 = 25. 


76. 


l 


675-20 J 2o 


(8.27 + 10 _5 (26T- 1.87T 2 ))dT : 


655 


o 97T , 26T 2 __ 1.87T 3 

U l 卞 2.10 5 — 3-10 5 


675 


20 


655 1 


8-27(675) + 藥 # - «! _ 8.27(20) + « 


655 


(3724.44 - 165.40) 


= 5.43 = the average value of C v on [20, 675]. To find the temperature T at which C v = 5.43, solve 
5.43 = 8.27 + 10~ 5 (26T- 1.87T 2 ) for T. We obtain 1.87T 2 - 26T - 284000 = 0 

26 ±026) 2 -4(1.87)(-284000) — 2 6±^2124996 


^ T — 2(1.87) 

interval [20, 675], so T = 396.72°C. 


3.74 


-.SoT= —382.82 or T = 396.72. Only T = 396.72 lies in the 


77 . 穿 =^2 + cos 3 x 
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78 . 裝 = ^/2 + cos 3 (7x 2 ) • 去 (7x 2 ) = 14x-\/2 + cos 3 (7x 2 ) 


Chapter 5 Practice Exercises 353 



80 . I = ^ 





=_ sec^ + l 岳 ( sec x )= 


sec x tan x 
1 + sec 2 x 


81. Yes. The function f, being differentiable on [a, b], is then continuous on [a, b]. The Fundamental Theorem of 
Calculus says that every continuous function on [a, b] is the derivative of a function on [a, b]. 


82. The second part of the Fundamental Theorem of Calculus states that if F(x) is an antiderivative of f(x) on 


[a, b], then J f(x) dx = F(b) — F(a). In particular, if F(x) is an antiderivaitve of -\/1 + x 4 on [0,1], then 
fVl +x 4 dx = F(l) — F(0). 


83. y = / + t 2 dt ： 


\/l +1 2 dt 


4 


dy _ A 

dx — dx 


\/l + t 2 dt 


d 


>/l +1 2 dt 


-\/1 + x 2 



=-(Ti^) ( 盖 ( cos x )) = — (sk) (— sin x ) = = csc x 


85. We estimate the area A using midpoints of the vertical intervals, and we will estimate the width of the parking lot on each 

interval by averaging the widths at top and bottom. This gives the estimate 

A a 15 . ( 0 + 36 + 36 + 54 _|_ 54 + 51 + 51 + 49.5 + 49.5 + 54 + 54 + 64.4 + 64.4 + 67.5 + 67.5 + 42 ) 

As 5961 ft 2 . The cost is Area - ($2.10/ft 2 ) ~ (5961 ft 2 ) ($2.10/ft 2 ) = $12,518.10 the job cannot be done for $11,000. 

86. (a) Before the chute opens for A, a 二 —32 ft/sec 2 . Since the helicopter is hovering, vq = 0 ft/sec 

v = —32 dt = —32t + vq = —32t. Then Sq = 6400 ft=>s = J — 32t dt = — 16t 2 + So = — 16t 2 + 6400. 

At t = 4 sec, s = —16(4) 2 + 6400 = 6144 ft when A’s chute opens; 

(b) For B, so = 7000 ft, vq = 0, a = —32 ft/sec 2 y = J —32 dt = — 32t + Vo = — 32t s = J — 32t dt 
=—16t 2 + Sq = — 16t 2 + 7000. At t = 13 sec，s = —16(13) 2 + 7000 = 4296 ft when B's chute opens; 

(c) After the chutes open, v = —16 ft/sec ^ s = J — \6 dt = — 16t + so. For A, so 二 6144 ft and for B, 

So = 4296 ft. Therefore, for A, s = — 16t + 6144 and for B，s = — 16t + 4296. When they hit the ground, 
s = 0 泠 for A, 0 = -16t + 6144 泠 t = f = 384 seconds, and for B, 0 = -16t + 4296 ^ t=^ 

= 268.5 seconds to hit the ground after the chutes open. Since B’s chute opens 58 seconds after A's opens 
B hits the ground first. 

广 30 

87. av(I) = jo J Q (1200 - 40t) dt = ^ [1200t - 20t 2 ]f = 盖 [((1200(30) - 20(30) 2 ) - (1200(0) - 20(0) 2 )] 

=^ (18,000) = 600; Average Daily Holding Cost = (600)($0.03) = $18 


广 14 

88. av(I)= 告丄 (600 + 600t) dt = 告 [600t + 300t 2 ]J = 古 [600(14) + 300( 14) 2 - 0] = 4800; Average Daily 
Holding Cost = (4800)($0.04) = $192 
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89. av(I) 


30, 


450 


I 


dt 


30 


450t 


30 


30 


450(30) 


30 s 


300; Average Daily Holding Cost 


(300)($0.02) = $6 


60 / \ 60 y \ - 

90. av(I )= 凫 J o (600 - 20/151) dt = 憙丄 (600 - 20^/15 t^j dt 二憙 |600t — 20^/15 (f) t 3 / 2 

= 忐 「 600(60) — (60) 3 ’ 2 _ 0]= 忐 （ 36,000 —( 〒） 15 2 ) 二 200; Average Daily Holding Cost 

=(200)($0.005) = $1.00 

CHAPTER 5 ADDITIONAL AND ADVANCED EXERCISES 


(a) Yes, because / f(x) dx 

tJ 0 

(b) No. For example, 


7f(x) dx = • (7)= 


8x dx = [4x 2 ] 。 = 4, but I dx 


〜(: 


.3/2 


¥( l3 /2_o3/2) 


2. (a) True : 工 f(x) dx 二-上 f(x) dx = —3 

(b) True: J" 2 [f(x) + g(x)] dx = J^f(x) dx + J^g(x) dx = f 2 f ( x ) dx + 上 f(x) dx + J^g(x) dx 
=4+3+2=9 

(c) False: J 2 f(x) dx = 4 + 3 = 7>2 = 2 g(x) dx ^[f(x) — g(x)] dx > 0 J 』 g(x) — f(x)] dx < 0. 

On the other hand, f(x) < g(x) => [g(x) — f(x)] > 0 => J' ^[g(x) — f(x)] dx > 0 which is a contradiction. 


3. 


r r»x r*x 

f(t) sin a(x — t) dt = ^ / f(t) sin ax cos at dt — ^ / f(t) cos ax sin at 


dt 


;/>) 


cos at dt 


f(t) sin at dt 4 _ 


sin ax / d 
石 


上 f(t) cos at dt 


sin ax 


cos ax 


cos ax 


(/； 


d 


f(t) cos at dtJ 
f(t) sin at dt 


f(t) sin at dt 

=cos ax f(t) cos at dt + (f(x) cos ax) + sin ax f(t) sin at dt — (f(x) sin ax) 

泠 ^ = cos ax J Q X f(t) cos at dt + sin ax fj f(t) sin at dt. Next, 
g = ^asinax/ ； f(t)cosatdt + (cosax)(A / ； f(t) cos at dt) + a cos ax /； f(t) sin at dt 


I cos ax 


+ (sin ax ) (盖上 f(t) sin at dt) = —a sin ax f(t) cos at dt + (cos ax)f(x) i 

r nx nx 

f(t) sin at dt + (sin ax)f(x) sin ax = —a sin ax I f(t) cos at dt + a cos ax I f(t) sin at dt + f(x). 
Therefore, y" + a 2 y = a cos ax f(t) sin at dt — a sin ax f(t) cos at dt + f(x) 

+ a 2 ( 上 f(t) cos at dt — f(t) sin at dt) = f(x). Note also that y’(0) = y(0) = 0. 


4 - x= fovm ^ 出泠盍 ( x )= 砉 r 7^? 也 = 着 [r 由](砮) from 此 chainruie 
#1 = 7IW (s) ^ g = x/TW. Then g = 去 (vTW) = | (x/TW) (g) 
= I(l + 4yT 1/2 (8y)(g) = ^M I = 4 ^ J ) = 4y. Thus ^ = 4y, and the constant of 
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5 .⑻ £ f(t)dt = X COS 7TX 






f(t) dt = COS 7TX — 7TX sin 7TX ^ f (X 2 ) (2x ) 二 COS 7TX — 7TX sin 7TX 


(b) 


今 f(x 2 ) 

pf(x) 

/ t 2 dt: 


COS 7TX — 7TX Sin 7TX 


2x 


.Thus, x = 2 f(4) 


cos 27 t — 27r sin 2n 


f(x) 

0 


3(f(x)) J ^ 


(f(X)) 3 = X COS 7TX => (f(X)) 3 = 3x COS 7TX ^ f(x) = 3 \/3x COS 7TX 


泠 f(4) = 3 v/ 3(4) cos 4 tt = 3 y/l2 


na na 

6. J 。 f(x) dx = y + I sin a + I cos a. Let F(a) = J 。 f(t) dt 4 f(a) = F’ ⑻. Now F(a) = y + | sin a + | cos a 

=>• f(a) = F’(a) = a + ^ sin a + I cos a - I sin a => f (|) = | + | sin | + 早 cos | | sin | = | + ^ - | = ^ 

7. £f(x)dx= -^2 ^m = i f'm) dx = i (b 2 + l)~ 1/2 (2b) = ^ ^ f(x) = ^ 


8. The derivative of the left side of the equation is : 盖 


r _ f* u 

Jo _ 


du 


I f(t) dt; the derivative of the right 


r 1 " "1 nx px 

f(u)(x — u) du = 差丄 f(u) x du — 砉 J o u f(u) du 

=£ X £f(u) du £u f(u) du = £f(u) du + x £ J o V) du — xf(x) = J:f(u) du + xf(x) — xf(x) 
= / Q f(u)du. Since each side has the same derivative, they differ by a constant, and since both sides equal 0 


when x = 0, the constant must be 0. Therefore, 


J f(t) dt du = f(u)(x — u) du. 


9. 裝 = 3x 2 + 2 => y = (3x 2 + 2) dx = x 3 + 2x + C. Then (1,-1) on the curve l 3 + 2(1) + C = —1 => C = —4 

^ y = x 3 + 2x — 4 


10. The acceleration due to gravity downward is —32 ft/sec 2 => v = —32 dt = — 32t + v。，where Vo is the initial 

velocity => v = — 32t + 32 s = J (—32t + 32) dt = — 16t 2 + 32t + C. If the release point, at t = 0, is s = 0, then 

C = 0 令 s = -16t 2 + 32t. Then s = 17 泠 17 = -16t 2 + 32t 4 16t 2 - 32t + 17 = 0. The discriminant of this 
quadratic equation is —64 which says there is no real time when s = 17 ft. You had better duck. 


广 3 nO n3 

11. J 8 f(x)dx= j 8 x 2 / 3 dx+ j 。 —4dx 
=[fx 5 /3]°_ g + [ -4x]g 

=(0- I (-8) 5 / 3 ) + (-4(3) — 0) = f — 12 

_ M 
— T 



12 . 


f(x) dx 


/—>d X+ / o V —4) 


dx 


[k_ 4 + 

[0-(-| (4) 3 / 2 )] 


誓 -4x 
]T - 


o 

4(3)) 


16 

3 
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15. J 2 f(x) dx : 


dx + 


i(1 - X 2 )dx+ /: 


2 dx 


[2x]? 


W：^ - 

(- 1 -(- 2 )) + 

1 + 1-( - l)+4-2=f 


(-i) 3 ' 


2 ( 2 )- 2 ( 1 ) 


: y 




18. Ave. value : 


f(x) dx 


3-0 


f(x) dx 


j 。 dx+ 0dx + J 2 dx 


Hl-0 + 0 + 3-2] 


19. 


f ( x ) = £> 4 f, ( x ) = L ⑴ (W)) = h ㈠ H + hi 


20. f(x) 


T^ dt ^ f ’( x ) = ( 去(如 x)) - ( 13 ^) ( 基 (cos x)) 


cos x I sin x 
cos 2 x 丁 sin 2 x 


cos x sin x 


21- g(Y) = ^ g^(y)=(sin (2^f) (2^)) - (sin (^) 2 ) (^)) = 货-訝 


22. f(x)= £ + \(5 _ t) dt 今 f ， (x) = (x + 3)(5 — (x + 3))( 盖 （x + 3)) — x(5 — x) (g) = (x + 3)(2 - x) — x(5 
= 6 — x — x 2 — 5x + x 2 二 6 — 6x. Thus f’(x) = 0 4 6 — 6x = 0 x=l. Also, f’’(x) = —6 < 0 4 x 
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23. Let f(x) = x 5 on [0,1]. Partition [0,1] into n subintervals with Ax = Then 士 ， ■，…， ^ are the 

OO / . \ 5 

right-hand endpoints of the subintervals. Since f is increasing on [0,1], U = ( n ) (D is the upper sum for 


f (x) = on [0, g ⑴ 5 (-) = + ⑸ 

j=l 、 ， 1 - 


(n)^ 


n^oo 


l 5 +2 5 + ...+n 5 

H 6 


x 5 dx 


24. Let f(x) = x 3 on [0,1]. Partition [0,1] into n subintervals with Ax 


1-0 


k Then \ 

i n ? 


2 

n 7 n 5 


兰 are the 


OO / . \ 3 

right-hand endpoints of the subintervals. Since f is increasing on [0,1], U = ^ is the upper sum for 

j =1 W n 

f(x) = x3 O n[0,l] ^ ^im^E (0 3 (n)= n 1 ™ > o -[⑴ 3 + (-) 3 + … +(# 


n^oo 


l 3 +2 3 + ...+n 3 
¥ 


x 3 dx 


n n- Then 。 s ，…， ^ are the 


25. Let y = f(x) on [0,1]. Partition [0,1] into n subintervals with Ax — 1-0 

right-hand endpoints of the subintervals. Since f is continuous on [0,1], f („) a Riemann sum of 


y = f(x)on[0,l] ^ ⑴ = 巧⑴ +f(-)+ …+ f ( = )] = f(x) dx 

j=l 


f2 , 4 , 6 _j_ , 2nl 


v 15 


26. (a) lim 4 [2+ 4 + 6 + ... + 2n] = lim 

on [0,1] (see Exercise 25) 

(b) lim -4 [l 15 + 2 15 + ... +n 15 ] = lim i (T + ( 孟广 + ... + ( s ) 

v 7 n —> oo n lb L 」 n ^ oo n [\n/ Vn/ Vn/ 

f(x) = x 15 on [0,1] (see Exercise 25) 

(c) lim - [sin - + sin — + ... + sin —1 = f sin dx = [— - cos 7rxl ]. 

v y n ^ oo n L n n n J J 0 L vr 」0 

=•，where f(x) = sin 7rx on [0,1] (see Exercise 25) 

(d) 去 [li5 +2l5 + … +nl5]= ( nlimco 0 古 [ 115 + 215 + … +n 

= 0 (^) = 0 (see part (b) above) 

(e) nlip^ 忐 [1 15 + 2 15 + … .+n 15 ]= n lip oo ^[1 15 + 2 15 + ... + n 15 ] 


2x dx = [x 2 ] 。二 1, where f(x) = 2x 


x 15 dx : 


16 


16 


,where 


sin ^ I = ， o sin xyk dx = [— ^ cos 7rxJ 0 = — 士 cos 7r — (— * cos 0) 


151 


n 1 ^ H Jo x15 dX 


(nliPoo n ) (nliPoo sM l15 + 2 15 + ... + n 15 ]) = Qlim^ nj J o x lb dx = oo (see part (b) above) 


27. (a) Let the polygon be inscribed in a circle of radius r. If we draw a radius from the center of the circle (and 

the polygon) to each vertex of the polygon, we have n isosceles triangles formed (the equal sides are equal 

to r, the radius of the circle) and a vertex angle of 6 n where = 令 . The area of each triangle is 

A n = - r 2 sin 6 D the area of the polygon is A = nA n = < sin = 号 sin 孕 . 

(b) lim A = lim 竽 sin ^ = lim ^ sin ^ = lim (tit 2 ) si ^ = (tit 2 ) lim = ?rr 2 

v 7 n ^ oo n —> oo 2 n n ^ oo 27r n n ^ oo v J ( 苧） v ’ 2ir/n 0 (n) 


r p\ 

cos 2t dt + 1 = sin x — J cos 2t dt + 1 => y’ = cos x — cos(2x); when x = 丌 we have 

y 1 = cos7r — cos(27r) = — 1 — 1 = —2. And y ,r = —sinx + 2sin(2x); when x = 7r, y = sin7r + J* cos 2t dt + 1 
= 0 + 0 + 1 = 1. 
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29. (a) g(l)= 


dt=o 


(b) g(3) = J i f(t)dt=-i(2)(l) = -l 

(c) g(-l) = £ f(t) dt = -/_/(!) dt = -|(7r2 2 ) = -tt 

(d) g’(x) = f(x) = 0 4 x = —3, 1， 3 and the sign chart for g’(x) = f(x) is | +++ | - | +++• So g has a 


relative maximum at x = 1. 


(e) g’ （一 1) = f(—1) = 2 is the slope and g(—1) = J^ f(t) dt = —7r, by (c). Thus the equation is y + 7r = 2(x + 1) 
y — 2x + 2 _ 7r. 

(f) g"(x) = f’(x) = 0 at x = —1 and g"(x) = f’(x) is negative on (—3, —1) and positive on (—1, 1) so there is an 
inflection point for g at x = —1. We notice that g"(x) = f ; (x) < 0 for x on (—1, 2) and g"(x) = f r (x) > 0 for x on 
(2, 4), even though g // (2) does not exist, g has a tangent line at x 二 2, so there is an inflection point at x = 2. 

(g) g is continuous on [—3, 4] and so it attains its absolute maximum and minimum values on this interval. We saw in (d) 
that g’(x) = 0 4 x = —3,1,3. We have that 



Thus, the absolute minimum is —2 丌 and the absolute maximum is 0. Thus, the range is [―2 丌 , 0]. 
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CHAPTER 6 APPLICATIONS OF DEFINITE INTEGRALS 


6.1 VOLUMES BY SLICING AND ROTATION ABOUT AN AXIS 


1. (a) A = 7r(radius) 2 and radius = y 1 — x 2 => A(x) = 7r (1 — x 2 ) 

(b) A = width - height, width = height = 1 — x 2 => A(x) = 4(1 — x 2 ) 

(c) A = (side) 2 and diagonal = \/^( s ide) => A = ( dmg ; nal)2 ; diagonal = 1 — x 2 =>• A(x) = 2(1 — x 2 ) 

(d) A = 幸 (side) 2 and side = 2\/1 — x 2 =>• A(x) = (1 — x 2 ) 

2. (a) A = 7r(radius) 2 and radius = 今 A(x) = 7rx 

(b) A = width - height, width = height = 2^/x => A(x) = 4x 

(c) A = (side) 2 and diagonal = \/2( s ide) => A = ( diag : na1 ) 2 ; diagonal = 2^/x => A(x) = 2x 

(d) A = 幸 (side) 2 and side = 2^/x =>• A(x) = ^/3x 

3. A(x) = ( diag 『 a1 ) 2 = 、办 - (fW)) = 2x (see Exercise lc); a = 0, b = 4; 

V = J a A(x) dx = 上 2x dx = [x 2 ] q = 16 


4. A(x ) 二 


V 


— 了 ㈣ 2 = 吨 2 _ X P- x2 ] 2 = " [2(1 4 - x2)]2 = 兀 （1 — 2x 2 + X 4 ); a = —1，b = 1; 


A(x) dx 


5. A(x) = (edge) 2 


V 


A(x) dx 


1 7T (1 — 2x 2 + X 4 ) dx = 7T 


\/l —x 2 — y~V 1 — x 2 
r 4(1 - x 2 ) dx = 4 


x - IX 3 


( 2 A 3 


X 2 


X—# 


(1-D 


M(l — 昏+辜）=醬 


4(1 —x 2 );a= —l ， b= 1; 


T 


6. A ⑻ 




v 


A(x) dx = 2J i (1 — x 2 ) dx = 2 


X 3 


= 2(1— x 2 ) (see Exercise lc); a 

4(i-D = f 


l,b= 1; 


7. 


(a) STEP 1) A(x) = ! (side) • (side) - (sin f) = ^ * (2*\/sin x) 

(2a/ sin x) (sin !) = sin x 

STEP 2) a = 0,b = 7r 


STEP 3) V = J A(x) dx = y/3 上 sin x dx 二 — a/3 cos x 

^ = ^3(1 + 1) = 2^3 

(b) STEP 1) A(x) = (side) 2 = (2 sin (2\/sin x) = 4 sin x 


STEP 2) a = 0,b = 7r 


STEP 3) V = J* A(x) dx = 4 sin x dx = [—4 cos x] J = 

8 


8. (a) STEP 1) 


STEP 2) 
STEP 3) 


A(x) = ^(diameter) 2 _ | ( se c x — tan x) 2 = | (sec 2 x + tan 2 x — 2 sec x tan x) 

=f [sec 2 x + (sec 2 x - 1) - 2 黑 ] 
a = — f ， b = ! 

V = /:A (X) dx = / :二 f (2 sec 2 x 一 1 一繫） dx = f [2 tan X - X + 2 ( - 忐 )]: 二 
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20 — f + 2 ( - 啬 )— (-2x/ 3 + f+ 2 (-(f)))] =?( 4 ^-^) 


(b) STEP 1) A(x) = (edge) 2 = (sec x — tan x) 2 = (2 sec 2 x- 1 -2 
STEP 2) a = -f ， b= f 

STEP 3) V = / a b A(x)dx=X^(2sec 2 x — 1 - dx = 2 (20 - ^ 


4 / 3 -^ 


9. A(y) = f (diameter) 2 = f (^5y 2 - o) = f y 4 ; 
c = 0, d = 2; V = / d A(y) dy = £^y 4 dy 


(f)( 


y! N 


|(2 5 一 0) = 8 兀 



10. A(y) = I (leg)(leg) = i [\/l -y 2 - (-^1 -y 2 )] 2 = \ (2^1 -y 2 ) 2 = 2(1 — y 2 ); c = —1，d = 1; 


V 


A(y) dy 


2(1-y 2 ) dy = 2 


y! 




11. (a) It follows from Cavalieri’s Principle that the volume of a column is the same as the volume of a right 
prism with a square base of side length s and altitude h. Thus, STEP 1) A(x) = (side length) 2 = s 2 ; 

STEP 2) a = 0, b 二 h; STEP 3) V = 广八⑻ dx = 广 s 2 dx = s 2 h 

J a J 0 

(b) From Cavalieri's Principle we conclude that the volume of the column is the same as the volume of the 
prism described above, regardless of the number of turns => V = s 2 h 


12. 1) The solid and the cone have the same altitude of 12. 

2) The cross sections of the solid are disks of diameter 

x — (|) = If we place the vertex of the cone at the 
origin of the coordinate system and make its axis of 
symmetry coincide with the x-axis then the cone's cross 
sections will be circular disks of diameter 
I — (—|) = | (see accompanying figure). 

3) The solid and the cone have equal altitudes and identical 
parallel cross sections. From Cavalieri’s Principle we 
conclude that the solid and the cone have the same 
volume. 


y 



13. R (x) = y=l-l ^ v = / o 2 vr[R(x)]2 dx = nf 0 2 (l-l) 2 dx = ^/； (l - x + f) dx = tt [x ^ ^ 

= tt(2-| + ^)=^ 

14. R(y) = x 二誓 => V = f o ?r[R(y)] 2 dy = tt J o ( 誓 ) 2 dy = ?r J o | y 2 dy = tt [| y 3 ] ^ = ?r • | • 8 = 6?r 


15. R(x) = tan(|y);u=|y => du = | dy 4du = 7rdy;y = 0 4 u = 0，y 二 1 4 u=|; 

V = J o 7r[R(y)] 2 dy = 7tJ q [tan (| y)] 2 dy = 4 上 〆 tan 2 u du = 4 工 (—1 + sec 2 u) du = 4[—u + tan u]:’ 4 
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16. R(x) = sin x cos x; R(x) = 0 => a = 0 and b = | are the limits of integration; V = 7r[R(x)] 2 


dx 


7rJ* o 1 (sin x cos x) 2 dx = 7r 上 / (sin 4 2x)2 dx; [u 
=I => u = 7r] V = 7tJ q I sin 2 u du - 


2x du = 2 dx => ^ ^ = 0 ^ u = 0, 


T - T 

[I — i sin 2u ] o = I [(I - 0 )— 0 ] 


16 


17 


• R(x) = x 2 => V = J q 7r[R(x)] 2 dx 


= 7r J 0 (X 2 ) dx 


7T J o X 4 d X = 7T 


32tt 



18. R(x) = x 3 ^ V = I 7r[R(x)] 2 dx = 7r I (x 3 ) 2 dx 


7 r Jo x6dx = n 


128?r 

~1~ 




20. R(x) = x — x 2 => V = 7r[R(x)] 2 dx = 7tJ q (x — x 2 ) 2 dx 

= 7T f Q \x 2 - 2X 3 + X 4 ) dx = 7T J - ^ + y ^ 

= 77 (I — - + D = 壶 （ 1() — 15 + 6 )= 壶 


X 
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22. R(x) = sec x =>• 


V = 


/ 二 - 剛 ] 2 


dX = 7F /— :产 2 — 


= 7T [tan x] 二 / 二 /4 = tt[1 _ (-1)] = 2tt 



X 


23. R(x) = \[2 — sec x tan x 4 V= /； /4 -[R(x)] 2 dx 
= 7r f 1 ( v/2 — sec x tan x) dx 
=n f? (2-2^2 see x tan x + sec^ x tan^x) dx 
= 7T (J: /4 2 dx - 2 ^r-xtan xdx + / o " /4 (tanx) 2 sec 2 xdx^ 

= 7T ^[2x]^ /4 -2^/2 [sec < /4 + [^] ^ 

=r [(f — 0) — 20 (W — 1) + ! (I 3 -0)] =^(|+2v^-^) 

24. R(x) = 2 - 2 sin x = 2(1 - sin x) =>• V = JJ /2 tt[R(x)] 2 dx 
= 7r J* 4(1 — sin x) 2 dx = 47r J / (1 + sin 2 x — 2 sin x) dx 
= 4ttJ o 1 [l + i (1 — cos 2x) — 2 sin x] dx 
= 4 tt fj /2 (l -爭 一 2 sin x) 



= 47T [| x — + 2 cos x] 

= 4tt [(苧 一 0 + 0) - (0 — 0 + 2)] = 7r(37r - 8) 

25. R(y) = ^5-y 2 今 V = f \ 7r[R(y)] 2 dy = 兀 /二 5y 4 dy 

= 7r[y 5 ]_i =^[1-(-!)] = 2^ 




26. R(y) = y 


= 7T 


t. 

4 


3/2 ^ V = f o 7r[R(y)] 2 dy = 7r/ o y 3 dy 
2 

= 4tt 
o 


27. R(y) = 2 sin 2y V = /:〜_]、 

=njj 2 sin 2y dy = 7r [— cos 2y] 

= 7r[l -(-1)] = 2tt 


y 
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30. R(y)= 藉 4 V = /: 7r[R(y)] 2 dy = tt/: 2y (y 2 + 1 厂 2 dy; 
[u = y 2 + 1 du = 2y dy; y = 0 u = 1, y = 1 4 u = 2] 
4 V = nf'u- 2 du = 7T [- 1] J = 7T [- i - (-1)] = I 


31. For the sketch given, a = 

广 tt/2 

=I 7r(l — cos x) dx 


f,b= I ； R(x) = 1, r(x) = ^/cos x; V 


2n 


r(i 




cos x) dx = 27r[x 


sin x]q^ 2 


f a 兀 （ [R(x)] 2 - [r(x)] 2 )dx 
2 丌 （！ — 1) = 7T 2 — 27T 



32. For the sketch given, c = 0, d = R(y) = 1 ， r(y) 

广丌 /4 r»7r/4 

= 7r I (1 — tan 2 y) dy = 7r I (2 — sec 2 y) dy : 


tan y;V = f\ ([R(y)] 2 - [r(y)] 2 ) dy 
?r[2y _ tan y]g /4 = 7r(|-l) = y- 7r 


33. r(x) = x and R(x) 


令 V 


tt([R(x)] 2 - [r(x)] 2 ) dx 


7T (1 — X 2 ) dx = 7T 


x-4 


H) 


2n 



34. r(x) = 2^x and R(x) = 2 泠 V = £ tt ([R(x)] 2 - [r(x)] 2 ) 


dx 


(4 — 4x) dx = 4tt 




4 丌 （1 — I) = 2n 
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35. r(x) = x 2 + 1 and R(x) = x + 3 

^ v = J\([R(x)] 2 -[r(x)] 2 )dx 
= 7T f ] (x + 3) 2 - (x 2 + l) 2 dx 
= 7T [(x 2 + 6x + 9) - (x 4 + 2x 2 + 1)] dx 
— ^ J l (—x 4 — x 2 + 6x + 8) dx 

= + f+ H-! 

= 77 [(_ f _ f + f + 16 ) — (I + I + 香 一 8)] 


y 



兀 ( 一 f — 3 + 28 — 3 + 8) = tt (5M) = in- 


36. r(x) = 2 — x and R(x) = 4 — x 2 

^ v = f ] 兀 （[R ⑻] 2 - [r(x)] 2 )dx 
=TT J— ' [(4 — X 2 ) 2 — (2 _ X) 2 ] dx 
= 7T [(16 - 8x 2 + X 4 ) — (4 - 4x + X 2 )] dx 
=nj ; (12 + 4x — 9x 2 + x 4 ) dx 



X 


= 7T 12x + 2x 2 - 3x 3 + ^ 

. 〕」 — i 

= 7T [(24 + 8 - 24 -f- f) - (-12 + 2 + 3- i)] = tt (15 + f) = ^ 


37. r(x) = sec x and R(x) = a/2 

^ V = / 二， （ [R(x)] 2 - [r(x)] 2 ) dx 

= 7T f / /4 (2 — sec 2 x) dx = 7r[2x — tan x]^ 4 

= 兀 [(2 一 0 2 + 0]= 〜兀 - 2) 


y 



y«secx 


— t- - 1 — x 

-k/4 ic/4 


38. R(x) = sec x and r(x) = tan x 

泠 V = / 。 ^( 见 ⑻] 2 - [r(x)] 2 )dx 
= it J q (sec 2 x — tan 2 x) dx = 7r 1 dx = 7r[x]J = n 



X 


39. r(y ) 二 1 and R(y) = 1 + y 

^ v = /V([R(y)] 2 -[r(y)] 2 ) dy 

= 7r X K 1+ y) 2 - 1] dy = 7T £ (1 +2y+ y 2 - 1) dy 

= 兀 X ( 2 y+y 2 ) d y = 兀 y 2 + 4 0 = 7r ( 1 + l) = t 


y 



2 
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40. R(y) = 1 andr(y) = 1 -y ^ V = £ n ([R(y)] 2 - [r(y)] 2 ) dy 
= 丌 /: [1 - (1 _ y) 2 ] dy = 7T £ [1 - (1 - 2y + y 2 )] dy 

= 77 £ ( 2y _ y2 ) d y = 77 y 2 - y g = 7r ( 1 - 5) = T 


41. R(y) = 2 and r(y) = y/y 


^ V-/\([R(y)] 2 -[r(y)] 2 )dy 
= 7 r f 0 (4 - y) dy = 7T [4y — 幻 o 二 


tt(16 -8) = 8tt 



y 



42. R(y) = and r(y) = ^/3 — y 2 

冷 v = / o ^7r([R(y)] 2 -[r(y)] 2 )dy 
= tt/ 0 3 [3 - (3 - y 2 )] dy = 7T J 广 y 2 dy 


= 7T 


V] ^ 

y Jo 


= 丌 \/^ 


y 



43. R(y) = 2 and r(y) = 1 + y/y 

今 v= X 、 ([R(y)] 2 —[r(y)] 2 )dy 

=^/ 0 ' [ 4 - ( ! + v^) 2 ] d y 

= 7r / 0 ( 4 - 1 _ 2^ — y) dy 

=兀 f: ( 3 ~ 2 Vy- y) d y 

= 兀 (3+ *)1 ( 平)=孕 

44. R(y) = 2 - y 1 / 3 and r(y) = 1 

^ V = 兀 ([R(y)] 2 —[r(y)] 2 )dy 

= 冗 1: [(2 —y 1/3 ) 2 —1] dy 

= 7T £ (4 - 4y x /3 + y 2/3 — 1) dy 
= 7T £ (3 - 4yV 3 + y 2 / 3 ) dy 
= 7 r[3y-3y 4 / 3 + 3 ^]| ) =7r(3-3+f) = f 


y 



y 
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45. (a) r(x) = -^/x and R(x) = 2 

泠 v = / g 4 tt([R(x)] 2 — [r(x)] 2 )dx 


4x 


x 2 




= 7T (4 — x) dx = 7T 
(b) r(y) = 0 and R(y) = y 2 

^ V= rV([R(y)] 2 -[r(y)] 2 )dy 


y!' 


32tt 


= 7rJ o y 4 dy = 7r 
(c) r(x) = 0 and R(x) = 2 — yjx => V 
= 7T f (4 — 4y^X + X) dx = 7T 



4x - 宇 + 誓 


■(16- T 


M ,16 


f) 


8tt 


(d) r(y) = 4 - y 2 and R(y) = 4 => V = f\ ([R(y)] 2 - [r(y)] 2 ) dy = tt f g 16 - (4 - y 2 ) 2 

-(f-f) 


dy 


(16 - 16 + 8y 2 -y 4 )dy = 7r J (8y 2 - y 4 ) dy = tt fy 3 


y!' 


224tt 

^5~ 


46. (a) r(y) = 0 and R(y) = 1 — | 

^ v = / o 2 7r([R(y)] 2 -[r(y)] 2 )dy 

= n Io C 1 ~ I)' d y = n fo (l-Y+^) dy 


y-^ + g 


= 7T 


( 2 _ f + 吾） 


2tt 



(b) r(y) = 1 and R(y) = 2 — | 

v = / 0 2 TT ([R(y)] 2 — [r(y)] 2 ) dy = tt £ [(2-|) 5 




dy = 7r j 。 (4 — 2y + 


g - 1) dy 


2y + 孕 ) dy = tt [3y - y 2 + 笞 ] n = tt (6 — 4 + 荅 ） =tt (2 + 警） 


T 


47. (a) r(x) = 0 and R(x) = 1 — x 2 

^ v = /^([RW] 2 - [r(x)] 2 )dx 

= 7T 厂 ，（1 — X 2 ) 2 dx = 7T J" ; (1 — 2x 2 + X 4 ) dx 

= 2?r (l - I + i) 


x -f+ f 

= 2.(™) = ^ 

(b) r(x) = 1 and R(x) = 2 - x 2 泠 V 


^ tt ([R(x)] 2 — [r(x)] 2 ) dx = tt 


^ ; (4 — 4x 2 + x 4 — 1) dx = 7r^ t (3 — 4x 2 + x 4 ) dx = 7r 



fx 3 + 誓 


2tt (3 - 5 + j) 


=ff (45 - 20 + 3 )= 脊 
(c) r(x) = 1 + x 2 and R(x) = 2 V ： 

nl 


」 TT ([R(x)] 2 - [r(x)] 2 ) dx = ^ ^ 4 - (1 + x 2 ) 


dx 


7r j i (4 — 1 — 2x 2 — x 4 ) dx : 

_ (A^ 


(3 — 2x 2 — X 4 ) dx = 7T 


3x - 


I X 3 


2tt (3 - I - i) 


2?r (45 -10-3) 


647T 

15" 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 







































Section 6.1 Volumes by Slicing and Rotation About an Axis 369 




48. (a) r(x) = 0 and R(x) = — | x + h 

v = />([R(x)] 2 — [ r ( x )] 2 )dx 

(-|x + h) 2 dx 

+ h 2 ) dx 

:= 油 2 (!- b + b) 




7rh 2 


w ~\ +x 


7rh 2 b 



(b) r(y) = 0 and R(y) =b (l - g) =► V = f g n ([R(y)] 2 - [r(y)] 2 ) dy = ?rb 2 J o (1 - g) 2 dy 


7rb 2 


I + d y = 




7rb 2 (h-h + I) 


7rb 2 h 


49. R(y) = b + \/sl 2 — y 2 and r(y) = b — ^a 2 — y 2 
^ V = /_ a a 7r([R(y)] 2 —[r(y)] 2 )dy 

= 7r J a (b + y/a 2 - y 2 ) 2 - (b — ^/a 2 - y 2 ) 2 dy 

= 7T f ^>\/ a 2 — y 2 dy = 4bn J' ^/a 2 — y 2 dy 
= 4b7r - area of semicircle of radius a = 4b7r - 誓 = 2a 2 b7r 2 


y 



50. (a) A cross section has radius r 
(b) V(h) = /A(h)dh, so f = 
For h = 4, the area is 27r(4) 


=y^2y and area 丌 r 
A(h). Therefore dv 


27ry. The volume is / 27rydy = 丌 [y 2 ] 0 = 25 丌 . 


dt 


dV 

dh 


dh 

dt 


A(h)-f,sof 


1 dV 
A(h) ' dT- 


8 丌 ， SO 


dh 

dt 


丄 . o units 3 
87 t sec 


3 , units 3 
8n sec 


51. (a) R(y) 


(b) Given 


y 2 ) dy 


=^/a 2 — y 2 V = 7rJ (a 2 
a 2 h - |(h 3 - 3h 2 a + 3ha 2 
^ = 0.2 m 3 /sec and a = 5 m, find ^ | 


a 3 ) -誓 


> f = 10vrh 


7rh 2 


4 


f = f-f 


a 2 y - 

= 7r (a 2 h - 

h 4 . From part (a), V(h) 
油 (10-h)f 今 f| 


f + h 2 a - ha : 


a 2 h — a 3 - _ 

7rh 2 (3a — h) 

3 

沛 2(15 — h) - 57Th 2 


-a 3 + a3 


3 

0.2 


7rh 3 


1 


h=4 _ 47r(10 —4) 


(20tt)(6) 


120tt 




m/sec. 


52. Suppose the solid is produced by revolving y = 2 — x about 
the y-axis. Cast a shadow of the solid on a plane parallel to 
the xy-plane. 

Use an approximation such as the Trapezoid Rule, to 
estimate 上 7r[R(y)] 2 dy ~ E 71 " ( 夺 ) Ay. 



53. The cross section of a solid right circular cylinder with a cone removed is a disk with radius R from which a disk of radius 
h has been removed. Thus its area is Ai = 7 tR 2 — 7rh 2 = 丌 (R 2 — h 2 ). The cross section of the hemisphere is a disk of 

radius y/R 2 — h 2 . Therefore its area is A 2 = 丌 (VR 2 - h 2 )= 丌 (R 2 — h 2 ). We can see that Ai = A 2 . The altitudes of 
both solids are R. Applying Cavalieri’s Principle we find 

Volume of Hemisphere = (Volume of Cylinder) — (Volume of Cone) = (7rR 2 ) R — (R 2 ) R = 17rR 3 . 
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54. R(x) = f V = J o tt[R(x)] 2 dx 
a cone of radius r and height h. 


/。 竽 dx 


7TT 2 


( 窨 ）( 


r 7rr 2 h, the volume of 


55. R(y) = ^/256-y 2 ^ V = J/VtRCy)] 2 dy 
(256)(—7) + y — ((256)(—16) + 争 


_ 16 (256 _y 2 )dy = tt 
： tt^+ 256(16 - 7) — 


256y 


y! 


-16 


16 3 


10537T cm 3 ^ 3308 cm 3 


56. R(x) = \/36 - x 2 今 V = J o tt[R(x)] 2 dx = tt ^ (36 - x 2 ) dx = ^ £ (36x 2 — x 4 ) dx 


144 


12x 3 — 誓 := 击 (12 • 6 3 — f)= 错 (12 — f)= ( 帶） (^=36) = 3|ze cm 3. T he plumb bob will 


weigh about W 二 (8.5) ~ 192 gm, to the nearest gram. 


r r»7T r»TV 

[R(x)] 2 dx = 7r I (c — sin x) 2 dx = 7r I (c 2 — 2c sin x + sin 2 x) dx 
= 7T fj (c 2 - 2c sin x + H dx = 7T fj (c 2 + | — 2c sin x — dx 

= 7T [(C 2 + I) X + 2c COS X — Q = 7r [(c 2 7T + | — 2c — 0) — (0 + 2c — 0)] = 7T (c 2 7T + | — 4c) . Let 
V(c) = 7r (c 2 7r + I — 4c). We find the extreme values of V(c ): 祭 = 7r(2c7r — 4) = 0 =>• c = I is a critical 
point, and V (|) = 7r (^ + | — |) = 7r (| — ^) = y — 4; Evaluate V at the endpoints: V(0 )= 誓 and 
V(l) = 7r ( 暑 7r — 4)= 专 —(4 — 7r)7r. Now we see that the function's absolute minimum value is y — 4, 
taken on at the critical point c = (See also the accompanying graph.) 

(b) From the discussion in part (a) we conclude that the function's absolute maximum value is y, taken on at 
the endpoint c 二 0. 

(c) The graph of the solid's volume as a function of c for 
0 < c < 1 is given at the right. As c moves away from 
[0,1] the volume of the solid increases without bound. 

If we approximate the solid as a set of solid disks, we 
can see that the radius of a typical disk increases without 
bounds as c moves away from [0,1]. 


v 



58. (a) R(x)= 


16 


^ V ： 




dx 


X ^ §4 + 5^ 


2-(4 -！+ 差 ）= 


^[R(x)] 2 dx 

- P 


■ 2 丌 （ 4 - 务 


2tt 

15 


I62 / 

4 5 、 
5462 ^ 

_ 647T 


dx 


(60 - 40 + 12) = ^ ft 3 



(b) The helicopter will be able to fly ( 等 ) (7.481)(2) « 201 additional miles. 


6.2 VOLUME BY CYLINDRICAL SHELLS 


For the sketch given, a = 0, b = 2; 


shell 


y — r ^ ( shell \ f shi 

— j a \ radius / y height / 

= 27r • 3 = 67 t 


dx 


27TX ( 1 


誓 ） dx = 27r/ o (x- 


T 


dx = 27r 


x! + xl 


2 


16 


2?r (I + if) 


2. For the sketch given, a = 0, b = 2; 


V 


n, ( shell 
h (radius 


)( 


shell 

height 


dx 


27TX ( 2 


f 、 


dx = 27r 


2x 




dx = 27r 


X 2 - 会 


2 丌 (4 — l) = 6 tt 
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3. 


For the sketch given, c = 0, d = 

v = iT 27r ( r =) (heigh,) d y = fo ^ 2 2n y - (y 2 ) d y = 2 兀 /广 y 3 d y = 2 兀 ㈤ 广 = 2 兀 


4. For the sketch given, c = 0, d 二 \/3; 

V=/> ( = ) (height) dy = X〜y • [3 - (3 - y 2 )] dy = 27T //V dy = 2 tt [幻 

5. For the sketch given, a = 0, b = y 3; 

V = i> ( r =) (heigh,) dx= X 〜 X _ (v^ + T) dx ； 
u = x 2 + 1 =>• du = 2xdx;x = 0 u=l,x = ^/3 => u = 4 
h //n" 2 du = 兀 [|u 3/2 ] J f (4 3 / 2 - 1) = (f) (8 — 1 )= 亨 


6. For the sketch given, 


V 


b 27T ( r ^ dl ) f, S p h 

\ radius / V lici 


shell 

height 


0,b ： 
)dx 


3; 


27TX 


9x 


,Vx 3 + 9, 


dx; 


[u = x 3 + 9 du = 3x 2 dx =>• 3 du = 9x 2 dx; x = 0 u = 9, x = 3 4 u = 36] 
—> \ = 2n J 9 3u -1 / 2 du = 67r [2U 1 , 2 ] 『 =127r — \f ^二 367r 
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372 Chapter 6 Applications of Definite Integrals 


10. a = 0, b = 1; 

V = /> (=) ( 二 ) dx = I 27TX [(2 — X 2) — X 2] dx 

= 27tJ q x (2 — 2x 2 ) dx = 47T (x — x 3 ) dx 

= 4lv [i ~ i]l = 47T (k ~ \) = n 




12. a = 1， b = 4; 

V=/> ( = ) (C) dx = J>X (• x-1/2) dx 

= 3 丌工 x 1 / 2 dx = 3tt [| x 3 / 2 ] : = 27r (4 3 / 2 — 1) 

= 2tt(8 一 1) = 14tt 



13. (a) xf(x)= 


f X- 0<X<7T 
i X X， x = 0 


4 xf(x)= 


f sin x, 0 < x < 7r 
( 0, x = 0 


since sin 0 = 0 we have 


、 f sin x, 0 < x < 7r 、 • a 〆 〆 

Xf(x) = < — xf(x) = Sin X ， 0 < X < 7T 

I sin x, x = 0 ，—— 

(b) V = / a 2 tt ( r s a = s ) ( h s e h i^ t ) dx 二 上 2ttx • f(x) dx and x • f(x) = sin x, 0 < x < ?r by part (a) 
4 V = 27rJ^ sin x dx = 2n [— cos x]g = 2 丌(一 cos 丌 + cos 0) = 4 丌 


/、 ( \ \ x - 0 < x < f f tan 2 x, 0 < x < 7r/4 ^ a a u 

14. (a) xg(x) = < x — 4 => xg(x) = < — ; since tan 0 = ◦ we have 

: t x • 0, x = 0 [ 0， x = U 

, 、 f tan 2 x, 0 < x < 7r/4 . - A ^ 

xg(x) = < 2 — 4 xg(x) = tan 2 x, 0 < x < 7r/4 

L tan z x，x = 0 

(b) V = £ 2tt ( r :=) ( h s e h ight) dx = J o / 2 ttx • g(x) dx and x • g(x) = tan 2 x, 0 < x < tt/ 4 by part (a) 
V = 27r / tan 2 x dx = 27rjJ (sec 2 x — 1) dx = 27r[tan x — x]J’ 4 = 2 丌 （1 — 牙 ） = 471 ~~^ 2 
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15. c = 0，d = 2; 

V = i> ( = ) (hei^O dy = f 0 2 2ny [^ - (-y)] dy 
= 27 rXV/2 +y2)dy = 27r [^ + ^ 

= 2 - [l(v^) 5 + f] =2.(^ + |) = 16.(# + i) 

=W (30 + 5) 



16. c = 0，d = 2; 

V = JT 27r (rfdtus) (height) dy = / o 2 27ry[y 2 ^ (-y)]dy 
= 2?r £ (y 3 + y 2 ) dy = 2 tt ^ f ^ = 16 tt(| + |) 
= 16-(1)=^ — 



17. c = 0, d = 2; 

v = /> (=) ( 二 ) dy = r 2 叮 ( 2 y—y 2 )dy 

= 2nf o 2 (2y 2 - y 3 ) dy = 2 兀 [ 字 - 誓 ]: = 2 兀 (f — 穿 ) 


— 

32 丌 G - 1) = 

327T 87T 

12" - T 

18. c: 

= 0 ， d= 1; 


V 

C d r ) ( shell \ 
-j c 2 丌 (radius) 

㈡ d 

= 

2tt J。y (y - y 2 ) dy = 2 tt 

= 


= 2 丌 G - 

19. c = 0, d = 1; 


V 

r d r)^. ( shell \ 
-j c 2 丌 (radius) 

(; d 

= 

2tt f o 2y 2 dy = 

f [y 3 ]i = 


(y 2 — y 3 )dy 


: 2ir 


1 

y[y - (_y)]dy 


20. c = 0，d = 2; 

V = J> ( = ) ( h s e :) dy = /: 27T y(y 一 |)dy 
= 2^/ ； ^dy=|[y3]^f 



y 



X 


y 



2 
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374 Chapter 6 Applications of Definite Integrals 


21. c = 0，d = 2; 

V = /> (=) (C) dy = X 2 2 町 [ ( 2 + y)-y 2 ]dy 
= 2?r (2y + y 2 - y 3 ) dy = 2 tt y 2 + y — 誓。 

= 2tt (4 + § - ^) = f (48 + 32 - 48) = ^ 


22. c = 0 ， d= 1; 

V = /> ( = ) ( h ZL)dy= £2^1(2 一 y) - y 2 ] dy 
= 2?r £ (2y - y 2 - y 3 ) dy = 2?r y 2 - ^ ^ ^ 

= 2 兀（ 1 一卜 |) = |(12-4-3 )=誓 




23 .⑻ V = ( r =) (二) dy = /: 2 兀 y . 12 ( y 2 — y ” dy = 24 兀 /: (f — y ” dy = 24 兀 [< 一誓]: 

= 24?r (j - 5 ) = ^ ^ 

⑹ V = /> ( = ) ( h ? g h t ) dy = £ 2n(l - Y) [12 (y 2 - y 3 )] dy = 24 ^/； (1 ^ y) (y^ y 3) dy 
= 247r £ (y 2 - 2 y 3 + y 4 ) d y = 24 兀 [S — S + y]: = 24 兀 G — i +!) = 24 兀 ( 盖 ） =f 

( c ) v = JT 27r (rfdt) ( 二 ) 办 =/: 2 兀 (• -y)[ 12 (y 2 — y 3 )] d y = 24 兀 /:(• — y)(y 2 - y 3 ) 办 

= 247r /o 1 (fy 2 -fy 3 + y 4 ) 办 = 24 兀 [^ 3 — 1/ + 誓 ]:= 施(吾一餚 + 臺） = 醬 ( 32 — 39 + 
= 智 = 2tt 

(d) V = ( r =) (^) dy = £ 2n (y + |) [12 (y^ - y3)] dy = 24n£ (y + f) (y^ - y^) dy 

= 24 n £ ( y 3 - y 4 + f y 2 - | y 3 ) dy = 24 n £ (If + f -/) dy = 24. [吾 y 3 + | y4 一 誓]: 

= 247T (吾 + 熹一去 ） = 寄 (8 + 9 - 12)= 等 = 27T 


24 .⑻ V = /> ( = ) ( h s ^ t )dy = / o 2 2” g — — 幻 ] dy = £ 2 叮 (？ - ^ ) dy = 2 tt /； (y^- 

= 2tt 誓一鲨 。 = 2 tt ( 警一萏 )= 32?r G _ 去 ）= 32?r (j - g) = 32 tt(^) = y 

(b) V = /> ( r =) (:) dy = : 2 tt( 2 - y) [^ (^ - ^)] dy = /； 2^(2 - y) (y^ - ^) dy 

= 27 r/:( 2 y2 — y 3 + 4) dy = 27r 序 H + g]: = 27 ^U + f| ) = f 

(c) V = /> ( = ) ( h ;) dy = X 2 2 兀 (5 _ y) p 一 (< 一 幻 ] dy = X 2 2 tt ( 5 _ y) (y 2 _ 幻 dy 

= 2 7 r/ ： (5y^I/-y3 + ^)dy = 2.[^-^-^ + ^]^2 7 r(f-f ^ + |)=8. 

(d) v = / c 2?r ( r =) (htlght) d y = fo 27r (y + 1 ) 誓 —（4 — 誓） d y = X 2?r (y + 1 ) (y 2 _ S) d y 

= 2 n J 0 ( y 3 — 4 + 暑 y 2 — 矗 y 4 ) d y = 2 tt 4 — g + 客一黑 0 = 2n if ~ ^ ^ ~ m ) = 4n 
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Section 6.2 Volume by Cylindrical Shells 375 


2tt 

15 


shell 、 
height , 


dx 


25 .⑷ About x-axis: V=/>( = )(: 二 ) dy 

=f: 27ry(yy - y)dy = 2nJ^ (y 3 / 2 - y 2 )dy 

= 2n[ly^-\f]l = Ml^\) 

About y-axis: V = /> ( r = s ) ( t 

尸 1 n\ 

27rx(x — x 2 )dx = 27rJ o (x 2 — x 3 )dx 

： 2?r G _ i) = I 

(b) About x-axis: R(x) = x and r(x) = x 2 => V = 

= 71 ■. 誓 -誓 0 = 7r (g ~ s) = ft 

About y-axis: R(y) = and r(y) = y ^ W 

V y 3 ] 1 _ n _ 7T 

T _ T ~^\2~ s) - 6 


Jo 

27T 


_ xl 

3 4 



7r[R(x) 2 — r(x) 2 ]dx = J o 7r[x 2 — x 4 ]dx 
f 冗 [R(y) 2 - r(y) 2 ]dy = 7T[y — y 2 ]dy 


dx 


26. (a) V = J a 7T[R(x) 2 - r(x) 2 ]dx = irf g (f.2) 2 
= 7T/ 0 4 (-fx 2 + 2X + 4)dx = 7T - 誓 +x 2 + 

= 丌 ( 一 16 + 16 + 16) = 167T 

(b) V = /> ( = ) ( h ; t )dx = / >x(|+2-x)dx 

= / 0 J M 2 -i) dx = 2 ‘ 


2x- 专 ） dx 



2tt 


X 2 -f 


2 兀 (16—f) 


32tt 


(C) V 


2 丌 


/ shell \ ( 
\radius/ l 


2tt 


8x — 2x 2 




shell 

height 

4 


0 


)dx = 2 丌 (4 — x) (| + 2 — x)dx = 2 丌 (4 — x) (2 — |)dx = 2nJ^ (8 — 4x + 

: 2tt( 32-32 + f) 


dx 


647T 

~3~ 


(d) V = 7r[R(x) 2 — r(x) 2 ]dx : 

7rJ o (|x 2 - lOx + 28) dx = 7T 


(8 _ x) 2 - (6 - \Y 


dx 


(64 — 16x + x 2 ) — (36 — 6x + 誓 


dx 


f - 5x 2 + 28x 


tt[16 - (5)(16) + (7)(16)] = tt(3)(16) 二 48tt 


27 


.⑻ v = i> (=) (height) dy = J>y(y - 1) dy 


y! _ y!' 


= 2tt (y 2 - y) dy = 2 tt 

= 2?r [(! _ I) _ (H)] 

= 2tt (I - 2 + ^) = f (14 - 12 + 3) = f 

⑼ V = ]>( = ) ( 二 ) dx 



x 2 -^ 


=J 27rx(2 — x) dx = 27 tJ (2x — x 2 ) dx = 27r 

= 2^(^)-(^)]=2n(l-l)=f ^ 

⑷ V = ( = ) ( h XL)dx = £ 27r (f-x) (2-x)dx = 2nf:( 


2. [(4- 


20 _ 16 
3 3 


+ x 2 ) dx 


2tt [f x - I x 2 + I x 3 ] x = 2?r [(f - f + I) - (f - I + I)] = 2 tt (f) = 2 tt 


(d) V = /> ( = ) (‘) dy = />(y-l)(y-l)dy = 2nf i \y-lf = 2n 


(y-i) 3 


27T 

T 
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28 .⑷ V = ( = ) ( h s ^ t )dy = />y(y 2 -0)dy 

一 0 


(b) V 


27tJ o y 6 dy = 2n 

r»b 




8tt 


shell 、 
height , 


dx 


2 丌 （T )( 

V radius / V 

2nx (2 — -y/x) dx = 2 丌上 (2x - x 3 ’ 2 ) dx 
2tt [x 2 -fx 5 /2]J = 27 r(l6 
2tt(16 


2 - 2 5 


f)= 譬 (80 一 64)= 亨 



⑹ V = /:2 兀 ( r =) ( h s e ^ t )dx = /:2 对 4 - x) (2 - dx = 2 兀 /。 4 (8 — 4 X " 2 - 2x + x 3 / 2 ) 


dx 


2tt [8x - § x 3 / 2 - x 2 + f x 5 / 2 ] 乂 = 2tt (32 - f - 16 + f)= 替 (240 - 320 + 192) : 


2n 

15 


( 112 ) 


224tt 


(d) V = f c d 2n ( = ) (‘) dy = />(2 - y) (?) dy = 2 tt />y 2 — y 3 ) dy = 2 兀 [f f — $ 

32ti 
12 


27r (f — T) = 等( 4 — 3 ) 


/o 

8?r 


29 .⑻ 

v - r d 27r ( shdi ) ( shdi 

v — Jc V radius ) \ height 

)dy = / o 27ry(y - y 3 ) dy 


=f 0 27r (y 2 -y 4 ) d y = 

2 丌 

[4-A 

: = 2 “ 卜 


4tt 




~ 15 




(b) 

V r* 1 ^— ( shell \ ( shell 

V — J c Z7r V radius ) 、 height 

)dy 



=X 2 丌 (1 - y) (y — y 3 ) dy 




= 2n Jo (y~y 2 ~ y 3 + y 4 ) d y = 2n f - f - t + ^ 


y 



= 27T (i ^5 - J + i) = 磊 (30 _ 20 — 15 + 12)= 盖 


30 .⑻ V = J>( r =)( h ; t )dy 
=£ 27ry [1 - (y-y 3 )]dy 
= 2tt f g \y - y 2 + y 4 ) dy = 2 tt f — y + y 
= 27r(i-i + i) = |(15-10 + 6) 



X 


(b) Use the washer method: 

V = J c 7T [R 2 (y) - r 2 (y)] dy = J q tt l 2 - (y - y 3 ) 2 dy = tt J q (1 - y 2 - y 6 + 2y 4 ) dy = tt y- y - y + ^ 
= 7r(l-1-^ + 1) = ^ (105 — 35 - 15 + 42)=: 


(c) Use the washer method: 

V = 工、 [ R2 (y) — r 2 (y)] dy = 上 1 兀 I 1 — (y — y 3 )] 2 — 0 dy = n£ l-2(y- y 3 ) + (y- y 3 ) 2 dy 
= 丌 £ (1 + y 2 + y 6 — 2y + 2y 3 — 2y 4 ) dy = tt y + 誓 + ^-y 2 + g —字 ^ = 7 r(l + i + i- l + i-=) 
=jfo (70 + 30 + 105 - 2 - 42) = ^ 


(d) V = f c d 27r ( r =) ( h s e -gh t ) dy = / o 1 2^(l -y)[l-(y-y 3 )]dy = 2 7 r/ o 1 (l - y) (1 - y + y 3 ) dy 


= 2tt/ o (1 一 y + y 3 - y + y 2 — y 4 ) dy = 2tt J o (1 - 2y + y 2 + y 3 - y 4 ) dy = 2n y - y 2 + 誓 + f — 誓 
= 2?r (1 - 1 + I + i - i) = || (20 + 15 - 12) = ^ 
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31 .⑻ V = />( = )( 

shell \ t 
height J dy _ 

/: 2 叮 (#” 2 

= 27 r X 2 ( 2 v / 2 y 3/2 

-y 3 ) dy 二 

二 27T 

. 辛 y 5/2 -f 

= 十 p) 5 _ 

=2 兀 

(字 

- 罕） 

= 2-4(|^1)= 

f (8 - 5 )： 

_ 24?r 
" ~ 5 ~ 



( b ) V = ]>( = )( 


shell 

radius ) \ height 


2tt 


2 - 2 5 


I 


2tt 


j dx 

’之 _ 


2ttx 




x 2 



32 


2 8 、 

32 ； 


if (32-20) 


tt-2 9 -3 _ tt-2 4 -3 
160 — 5 


48tt 


4 

0 


32 •⑻ V = />( r ^us) (height) dx 

=J o 2 ttx [(2x — x 2 ) — x] dx 
= 2tt J q x (x — x 2 ) dx = 2ttJ q (x 2 — x 3 ) dx 


= 2tt 


X 3 X 4 

T _ T 



y 



⑼ V = / a b 27T ( r =) ( h s e h 二 ) dx = f o 1 27T(l-x)l(2x-x 2 ) _ x] dx = 27rf:(l _ x) (x — x 2 ) 


dx 


2tt I (x — 2x 2 + x 3 ) dx = 2 丌 


1 x 3 


2 兀 G 


i) = |(6-8 + 3) = | 


33. (a) V = 7r [R 2 (x) — r 2 (x)] dx = 7r J^ i6 (x _1 / 2 — 1) dx 
= 7T [2X 1 ’ 2 — X] ) /16 = 7T [(2 _ 1) — （2 -卜 i)] 

=^ '** ^) = if 

(b) V = j> ( r =) ⑵ dy = />y(^-^)dy 
= 27r £(y~ 3 - dy = 2 tt [- i y 2 - g ]' 


y 


1.5 


y = i 

0.5 

0^0!i 0!4 6.^ o.'8~r 



X 


34. (a) 

V = f:n [R 2 (y) — r 2 (y)] dy = 

{7 

-ie) d y 


= 7T [— i y_ 3 — 备 ] J = 兀 

[(- 

n) 

-( 

-u 


— ^ ( — 2 — 6 + 16 + 3) = 

_ 117T 

' ~48~ 




(b) 

V = />(=) (: 工 ) 

dx 二 

- dx 


= 2tt J 二 (x 1 / 2 — x) dx 二 

27T 

: ix3/2 — 

T 

1 

1/4 



-)] 

= 7T (I 

- 1 

-1 + 告） 


y 



35. (a) 


(b) 


Disk: V = Vi - V 2 

Y 1 = J 7r[Ri(x)] 2 dx and V 2 = J a 7r[R 2 (x)] 2 with R^x) = yj and R 2 (x) = -^/x, 

ai = — 2, bi = 1; a 2 = 0, b 2 = 1 => two integrals are required 
Washer: V = Vi — V 2 

V 1 — J" 7r ([Ri(x)] 2 — [ri(x)] 2 ) dx with R^x) = yj and ri(x) = 0; ai = —2 and bi = 0; 
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378 Chapter 6 Applications of Definite Integrals 

V 2 = 7r ([R 2 (x)] 2 - [r 2 (x)] 2 ) dx with R 2 (x) = and r 2 (x) = i/x; a 2 = 0 and b 2 = 1 

two integrals are required 

(c) Shell: V=£2tt ( r = s ) (htgilt) d y = f: 2 ” (height) d y where shell height = y 2 - （ 3y 2 - 2) = 2 - 2y 2 ; 

c = 0 and d = 1. Only one integral is required. It is, therefore preferable to use the shell method. 

However, whichever method you use, you will get V = 7r. 


36. (a) Disk: V = V x - V 2 - V 3 

Vi = 7r[Ri(y)] 2 dy, i = 1, 2, 3 with Ri(y) = 1 and Ci = —1, di = 1; R 2 (y) = and C 2 = 0 and d 2 = 1; 

R 3 (y) = (-y) 1/4 and c 3 = — 1 ， d 3 二 0 three integrals are required 

(b) Washer: V = Vi + V 2 

Vi = J:7r([Ri(y)] 2 - [ri(y)] 2 ) dy, i = 1， 2 with Ri(y) = 1 ， n(y )= 办 ci = 0 and d x = 1; 

R 2 (y) = 1 ， r 2 (y) = (-y) 1/4 , c 2 = -1 and d 2 = 0 => two integrals are required 

(c) Shell: V = £ b 2n (: s ) (^g^dx = where shell height = x 2 — (-x 4 ) =x 2 +x 4 , 

a = 0 and b = 1 only one integral is required. It is, therefore preferable to use the shell method. 
However, whichever method you use, you will get V = 誓 • 


6.3 LENGTHS OF PLANE CURVES 


正 =—1 and 絮 = 3 => 


dx 


^ Length 


-2/3 


d) 2 + (l) = V(-D 2 + (3) 2 = ^io 
\A^ dt — [t] l _ 2/3 = - — ^3^ 


2. 祭 =—sin t and 莹 =1 + cos t ^ y (奢广 + ( 穿 ) =\/( _ 如 t) 2 + (1 + cos t) 2 = \/2 + 2 cos t 
Length = J o V2 + 2 cos t dl= ^2 / 0 V ( 1 ^) (1 + cos t) dt = £\! dt 


dt 


dt (since sin t > 0 on [0,7r]); [u = 1 — cos t 4 du = sin t dt; t = 0 u = 0, 


Jo yj\ — COS t 

=> u = 2] —> u _1 / 2 du = y/2 [2u" 2 ] ^ = 4 


3. |=3t 2 and|=3t ^ J(|) 


2 + t 


’(3t 2 ) 2 + (3t) 2 = v^t 4 + 9t 2 = 310 2 + 1 ( since t > 0 on [0, 刮 ) 


Length 


'\/3 


3t\/1 2 + 1 dt; u = t 2 + 1 4 I du = 3t dt; t = 0 => u = 1， t = u = 4 


: u" 2 du = [u 3 / 2 ] J = (8 - 1) = 7 


4. ^ = t and I = (2t + l) 1 ^ ^ J (^) + (|) = ^ + (21+1) = V(t + l) 2 = |t + 1| = t + 1 since 0 < t < 4 

4 


=>• Length 


(t + 1) dt 


(8 + 4) = 12 


5. |=(2t + 3) 1 /2 a nd^ = l+t ^ J(fj 


r dy > 
,dt ； 


^(21 + 3) + (1 + t) 2 = v/t 2 + 4t + 4= |t + 2| =t + 2 


since 0 < t < 3 Length 


(t + 2) dt ： 


2t 


21 

T 
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6. 


奢 = 8t cos t and ^ = 8t sin t => y (^) 2 + ( 祭 ) =(8t cos t) 2 + (8t sin t) 2 = \j 64t 2 cos 2 1 + 64t 2 sin 2 1 
=|8t| = 8t since 0 < t < | => Length = / 8t dt = [4t 2 ] = 7r 2 


7 . 砮斗 

=> L = y/1 + (x 2 + 2) x 2 dx = 又 y/\ 2x 2 + x 4 dx 

=XV^ 1 + x2 ) 2 dx = / 0 3 (l+x 2 ) dx = [x + f ^ 

= 3 + f = 12 


y 



8 . ^ = l ^ L = f 0 V 1 + ! x dx; [u = 1 + I x 
=> du = I dx I du = dx; x = 0 =>• u=l;x = 4 
^ U=10] - L= / i 1 °u 1 /2(4 du)= 4 [ 2 u 3/2] 

=吾（1_-1) 


y 



9. 



10. | = Iyl/^Iy-l/2 ^ (|) 2 = i(y-2+l) 

今 L = £ ^1 + ?( 7 - 2 + 1 ) dy 

=(y + 2 +0 dy = /j \/{Vy + ^y dy 

=Ir(y 1/2 + y 1/2 ) dy = i[|y 3/2 + 2y!/2] ® 

= ^+y 1/2 ]' = (l + 3)-(| + i) = n-| = f 


y 
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12 - | = ^- 2 P ^ (|) 2 = ?(y 4 - 2 + y 4 ) 

^ L = J 2 3 ^l + i(y^2 + y-4) dy 

=/ 2 YHy 4 + 2 + y 4 ) d y 

:l f 2 3 ]/(y 2 + y~ 2 ) 2 dy = 1 £(y 2 + y- 2 ) dy 

= \ 誓 一 y — 1 2 = H(t _ I ) _ (I ~* i )]= 


y 

3. 

2 


X = 


y 3 




X 


(f ^ I + l) = H 6 + I) = T 


13 - g=xV3^I x -l/3 ^ ⑻ 2 = x2 /3— * + 譬 

泠 L = J i Yl+ X 2/3 - I + ^dx 

=ii V x2/3 二 •+ 守 dx 

= 上 \J (x 1 / 3 + i x -1 / 3 ) 2 dx = (x 1 / 3 + i x _1 / 3 ) dx 

=[|x 4 / 3 + |x 2 / 3 ]' = |[2x 4 / 3 +x 2 / 3 ]' 

=§ [(2 • 2 4 + 2 2 ) — (2 + 1)] = I (32 + 4 — 3) = f 


y 



14. I = x 2 + 2x + 1 - 


(1 + x) 2 - 3 肝逆 


4 

(4x+4) 2 


： x 2 + 2x + 1 


4 (1+x) 2 




(l+x) 4 


16(l+x) 4 




’1 +(1+X) 4 — 士 + 


/(1+X) 4 + 




(1+X) 2 

(l+x) 2 + 呼 


(1+x)- 


4 



dx 


dx; [u = 1 + x du = dx; x = 0 4 u=l,x = 2 => u = 3] 


(u 2 + i u~ 2 ) du 


3 




106 

IT 


53 

6 


15. 


dx 


r dx 

^ dy ； 


苏 = sj sec 4 y - 1 泠 

/^7r/4 _ 广 7r/4 

=J^ /4 Vi + ^y-l) dy = J ^se^ydy 




sec 4 y — 1 


[tan y ]' 


7r/4 

7t/4 


1 -(- 1 ) = 2 


16. g = ^ ⑻ 2 = 3 x 4 -1 

L = J 2 yj 1 + (3x 4 — 1) dx = J 2 \/3 x 2 dx 

=0 [ 誓 ] ::=# [-1 — (- 2 ) 3 ] = ^ (-1 + 8 )= 罕 
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24 • ⑻岩 = yj sec 2 y - 1 




dx 、 


sec 2 y — 1 




: L ! /3 V^i^y -!) d y 

r»7r/4 a>7t/4 

= J-V3 SCCydy 
(c) L ^ 2.20 


25. y2x = J o /l + ( 莹） dt, x > 0 y/l = ^j\ 
real number. 


dy' 

,dx , 


(b) 


y 



26. (a) From the accompanying figure and definition of the 

differential (change along the tangent line) we see that 
dy = 『 ’(Xu) A x k - length of kth tangent fin is 
yj (A x k ) 2 + (dy) 2 = yj ( A x k ) 2 + [f'Cxn) A x k ] 2 . 


(b) 


Length of curve = lim 

° n ^ oo 


^ (length of kth tangent fin) = n Hm^ 



k=l 


= n lim o E V 1 + [^(x,-,)] 2 A x k = /)1 + 陶 ] 2 dx 


27. (a) ( 塞 ) correspondes to ^ here, so take 裝 as Then y = y/x + C and since (1,1) lies on the curve, C = 0. 
So y = ^/x from (1 ， 1) to (4,2). 

(b) Only one. We know the derivative of the function and the value of the function at one value of x. 
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28. (a) (_) correspondes to ^ here, so take 裝 as 卜 Then x = —多 + C and, since (0,1) lies on the curve, C = 1 

Soy = 

(b) Only one. We know the derivative of the function and the value of the function at one value of x. 

29. (a) 菩 =—2 sin 2t and 罢 = 2 cos 2t \j ( 室 ) 2 + ( 菩） = \j (—2 sin 2t) 2 + (2 cos 2t) 2 = 2 

=> Length = J 2 dt= [2t] = 7r 

(b) 箸 =n cos 7rt and 菩 =— 7r sin 7rt = <y / (祭 ) 2 + ( 穿） = \J (tt cos 7rt) 2 + (— 7r sin 7rt) 2 = tt 
^ Length = J — 二 tt dt = [7rt] = vr 

30. x = a(6 — sin 6) ^ ^ = a(l — cos 6) ^ (^) 2 = a 2 (1 — 2 cos 9 + cos 2 6) and y = a(l — cos 9) 

今 I = a sin 0 ^ (|) 2 = a 2 sin 2 0 ^ Length = /:/(|) 2 + (l)' 仙 = /:^/2 3 2 (1 — cos 0) d9 
=W d0 = 2a £ I sin f j d6» = 2a J 广 sin | d0 = —4a [cos f] ^ = 8a 


31-36. Example CAS commands: 

Maple: 

with( plots); 

with( Student[Calculusl]); 
with( student); 
f := x -> sqrt(l-x A 2);a := -1; 
b:= 1; 

N := [2, 4,8]; 
for n in N do 

xx := [seq( a+i*(b-a)/n, i=0..n )]; 
pts := [seq([x,f(x)],x=xx)]; 

L := simplify(add( distance(pts[i+1 ],pts[i]), i=l..n )); # (b) 

T:= sprintf("#31(a) (Section 6.3)\nn=%3d L=%8.5f\n M , n, L ); 

P[n] := plot( [f(x),pts], x=a..b, title=T): # ⑻ 

end do: 

display( [seq(P[n],n=N)], insequence=true, scaling=constrained ); 

L := ArcLength( f(x), x=a"b, output=integral): 

L = evalf( L); # (c) 


37-40. Example CAS commands: 
Maple: 

with( plots); 
with( student); 
x := t -> t 八 3/3; 

y := t -> t 八 2/2; 

a := 0; 
b ： =l ； 

N := [2, 4,8]; 
for n in N do 

tt := [seq( a+i*(b-a)/n, i=0..n)]; 
pts := [seq([x(t),y(t)],t=tt)]; 
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384 Chapter 6 Applications of Definite Integrals 

L := simplify(add( student[distance](pts[i+1 ],pts[i]), i=l..n )); # (b) 

T:= sprintf("#37(a) (Section 6.3)\nn=%3d L=%8.5f\n M , n, L ); 

P[n] := plot( [[xO ： ) ， yO ； ),t=a..b] ， pts] ， title=T ): # ⑻ 

end do: 

display([seq(P[n] ， n=N)], insequence:true ); 

ds := t ->sqrt( simplify(D(x)(t) A 2 + D(y)(t) A 2)): # (c) 

L := Int( ds(t), t=a..b ): 

L = evalf(L); 

31-40. Example CAS commands: 

Mathematic a: (assigned function and values for a, b, and n may vary) 

Clear[x, f] 

{a,b} = {-l, l};f[xJ = Sqrt[l-x 2 ] 
pi = Plot[f[x], {x, a,b}] 
n = 8; 

pts = Table[{xn, f[xn]}, {xn, a, b, (b — a)/n}]/ / N 
Show [{pi, Graphic s [ {Line [pts]}]}] 

Sum[ Sqrt[ (pts[[i + 1, 1]] - pts[[i, l]]) 2 + (pts[[i + 1, 2]] - pts[[i, 2]]) 2 ] ， {i, 1 ， n}] 
NIntegrate[ Sqrt[ 1 + f [x] 2 ],{x ， a, b}] 

6.4 MOMENTS AND CENTERS OF MASS 


1. Because the children are balanced, the moment of the system about the origin must be equal to zero: 
5 * 80 = x * 100 => x = 4 ft, the distance of the 100-lb child from the fulcrum. 


2. Suppose the log has length 2a. Align the log along the x-axis so the 100-lb end is placed at x = —a and the 
200-lb end at x = a. Then the center of mass x satisfies x = 1QQ( ~ a j 0 Q 200 ⑻ x = |. That is, x is located 
at a distance a — | = y = | (2a) which is | of the length of the log from the 200-lb (heavier) end (see figure) 
or I of the way from the lighter end toward the heavier end. 

I (2a) 

w 

/■ 、 

100 lbs. • • • • 200 lbs 

—a n X = a/3 a 


3. The center of mass of each rod is in its center (see Example 1). The rod system is equivalent to two point 


masses located at the centers of the rods at coordinates 0) and (0, . Therefore : 


m y 


— Ximi+X2m2 _ 
— mi +m2 " 

mass location. 


|-m+0 

m+m 


and y 


2k 


yim 2 +y2m 2 
mi +m2 


0+^-m 

m+m 


4 


(g, I) is the center of 


4. Let the rods have lengths x = L and y = 2L. The center of mass of each rod is in its center (see Example 1). 
The rod system is equivalent to two point masses located at the centers of the rods at coordinates (^, 0) and 

(0,L). Therefore x = ^ and y = °^+^ m = 争 4 (|, 苧 ) is the center of mass location. 


5. M 0 = 



x • 4 dx = 


6. M 0 = 



x - 4 dx = 


4 誓 : = 4 • ■ = 8; M = dx = [4x]g = 4-2 = 8 x= ^ = 1 

n 3 3 

4 yj = I (9 — 1) = 16; M = 丄 4 dx = [4x]f = 12 — 4=8 今 x= ^ f = 2 
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7. M 。 = 上 x (1 + ■) dx = i 

C ( x + f ) dx = 


二 r(i+ 

f)dx = 

= 3+| = | ^ 





8. M 0 = / o 4 x(2-f)dx =i 

£ 4 (2x- 句 dx 二 

x 2 — n 。 = ( 16 _ n ) = 16 — 

f = 16 - 

2 _ 32 

3 - T 


M =/„ 4 ( 2 -f) dx =[ 2x -flo = 8 -f = 6 ^ = H = T 

9. M 0 = f\(l + ^ x ) dx=/ i 4 (x + xV 2 )dx=[f + ^] ； =(8 + ^)^(I + l) = f + H = ^ = f; 
M = / 4 (1 + x- J /2) dx = [x + 2X 1 / 2 ] ; = (4 + 4) — (1 + 2) = 5 今又 = 瓷 = 學 =| 

10 . M 。= i!:/ _ 3 ( x_3/2 + x_5/2 ) dx = 3 fj x ~ 1/2 + x_3/2 ) dx = 3 [2X 1 ， 2 — 為 ]; /4 = 3[(2-2)-(2-I- I | J ) 
= 3(4 — 1) = 9; M = 3/ i ) 4 (x- 3/2+ x-5/2) dx = 3[-|-3^] ； /4 = 3[(-2 一 |) - (-4 -f)]=3(2+^) 
= 6+14 = 20 ^ x=^ = ^ 


11. Mq = f x(2 — x) dx + f x • x dx 


(2x - x 2 ) dx+ / x 2 dx : 


2x 2 _ 

"2 T 


l 1 _ 5 ) + (I _ I) 


3;M = f g (2 - x) dx + f'x dx 


2x-f 


( 2_ I) + (f _ I) 


_v Y — Mo 

^ x - nT 


12. Mq = | a x(x + 1) dx + 2x dx = 

「 \x+l)dx+ 丨 2dx 


(x 2 + x) dx + J 1 2x dx : 


誓 4 


[ x2 ]? = G + D + ( 4 -D 


3+| = f；M 


Y+ x 


[2x] ^ = (I + l) +(4 — 2) = 2 + 


= (f) (f) 


i 


13. Since the plate is symmetric about the y-axis and its density is 
constant, the distribution of mass is symmetric about the y-axis 
and the center of mass lies on the y-axis. This means that 
x = 0. It remains to find y = We model the distribution of 
mass with vertical strips. The typical strip has center of mass: 

’ x 2 +4 、 


(x, y) 



1 

1 


-2 



2 


，y ) = (x ， ， length: 4 — x 2 , width: dx, area: 
dA 二 (4 — x 2 ) dx, mass: dm = 6 dA = ^ (4 — x 2 ) dx. The moment of the strip about the x-axis is 
y dm = ( 今 1 ^) S (4 — x 2 ) dx = | (16 — x 4 ) dx. The moment of the plate about the x-axis is M x = fydm 

= / 2 J(16-x 4 )dx 

plate is M = J 6 (4 — x 2 ) dx = <5 4x — y = 2 占 （8 — |) 


16x- ^ 


16.2 -誓 


-16-2+ f 


32<5 


• Therefore y = ^ 


mass 


is the point (x, y) = (0, y). 


¥(32--) 

m — 

w 


二 The mass of the 
y. The plate's center of 
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14. Applying the symmetry argument analogous to the one in 
Exercise 13, we find x = 0. To find y = we use the 
vertical strips technique. The typical strip has center of 
mass: (x ,y ) = (x ， 25 ; x2 ) ， length: 25 — x 2 , width: dx ， 

area: dA = (25 — x 2 )dx, mass: dm = 6 dA = 6 (25 — x 2 ) dx. 

The moment of the strip about the x-axis is 

y dm = ( 25 ;x 2 ) 6 (25 — x 2 ) dx = 臺 (25 — x 2 ) 2 dx. The moment of the plate about the x-axis is M x = J y 1 dm 
= /二 f (25 —x 2 ) 2 dx = lf' s (625 - 50x 2 + x 4 ) dx = | 625x - f x 3 + 誓 ^ =2- f (625 • 5 - f - 5 3 + f) 

=d . 625 (5 — y + 1) = 6 - 625 •( 曼 ）.The mass of the plate is M = J dm = S (25 — x 2 ) dx = △ 25x — y 
= 2 占 (5 3 — y) = I (5 • 5 3 . Therefore F = 晋 ==10. The plate's center of mass is the point (x, y) = (0,10). 



15. Intersection points: x — x 2 = —x => 2x — x 2 = 0 

x(2 — x) 二 0 => x = 0orx = 2. The typical vertical 

strip has center of mass: (3c ) = (x, ( x - x 

=(x ， _ 誓 ) ， length: (x — x 2 ) — (—x) = 2x — x 2 , width: dx, 
area: dA 二 (2x — x 2 ) dx, mass: dm = 6 dA = 6 (2x — x 2 ) dx. 



The moment of the strip about the x-axis is 

y dm = ^ (2x — x 2 ) dx; about the y-axis it is x" dm = x - 6 (2x — x 2 ) dx. Thus, M x = J y" dm 


=—/: (|x 2 ) (2x-x^)dx=-|/ o 2 (2x3-x^)dx=-f = ^1(23-f) =-1-23(1-1) 

=-f;M y = /x dm= f o 2 x-6(2x-x 2 ) dx = 占 /: 向 2 - x 3 ) = <5 [| x 3 — 誓 ] : = «5(2. | — f)= 餐 =f 

M = / dm = £ 6 (2x - x 2 ) dx = ^ £(2x 一 x 2 ) dx = 6 x 2 — f : = <5 (4 — 曼 ） =f . Therefore, x= ^ 

=(y) (^) = 1 andy = ^ = (- 学 ）（ 嘉） = - 暑今 (x, y) = (l,- f) is the center of mass. 


16. Intersection points: x 2 — 3 = — 2x 2 ^ 3x 2 — 3 = 0 

=> 3(x — l)(x +1) = 0 4 x = —lorx=l. Applying the 


symmetry argument analogous to the one in Exercise 13, we 


find x = 0. The typical vertical strip has center of mass: 


(m = (x, 


-2x 2 + (x 2 - 3) 

2 



length: — 2x 2 — (x 2 — 3) = 3 (1 — x 2 ) ， width: dx, 

area: dA = 3(1— x 2 ) dx, mass: dm — 8 dA = 36 (1 — x 2 ) dx. 



The moment of the strip about the x-axis is 

y dm = § 5 (-x 2 - 3) (1 — x 2 ) dx = | ^ (x 4 + 3x 2 — x 2 — 3) dx = p (x 4 + 2x 2 — 3) dx; M x = / y dm 
= |^/ 1 i (x4 + 2x2-3)dx=^[f+ f-3x]^ = |.,5.2(I + f ^3)=3«5(m5) = -f ； 

M = J dm = 36 J* t (l — x 2 ) dx = 36 x — y = 3^ • 2 (l — = 46. Therefore, y = 告 = — = — | 

=> (x, y) = (0, — I) is the center of mass. 
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17. The typical horizontal strip has center of mass: 

(x y) ， length: y-y 3 , width: dy, 

area: dA = (y — y 3 ) dy, mass: dm = <5 dA = 6 (y — y 3 ) dy. 

The moment of the strip about the y-axis is 

xdm = <5(^) (y-y 3 ) dy = | (y - y 3 ) 2 dy 

=.(y 2 — 2 y 4 + y 6 ) dy; the moment about the x-axis is 

y dm = <5y (y - y 3 ) dy = <5 (y 2 — y 4 ) dy. Thus, M x = fy dm = 6£ (y 2 - y 4 ) dy = ^ y — y q = <5 Q - 5 ) = ff ； 

M y = /3Tdm=|/ o V — 2 /+ y 6 )dy=f [誓一 f+ ¥]:=§ (! — § + 争 ) = = = 

= ( y — y3 ) dy = 6 0 = ^ G _ ?) = ?• Therefore, 又 = 瓷 =( 盖 ） (?) = M and y = ^ = (if) (?) 

=Y 5 ^ (x,y) = (^, is the center of mass. 

18. Intersection points: y = y 2 — y => y 2 — 2y = 0 

y(y — 2) 二 0 => y = 0ory = 2. The typical 
horizontal strip has center of mass: 

(x ’y)=(^^ ， y) = (fy )， 
length: y — (y 2 — y) = 2 y _ y 2 , width: dy, 
area: dA = (2y — y 2 ) dy, mass: dm = 6 dA = 6 (2y — y 2 ) dy. 

The moment about the y-axis is x" dm = | * y 2 (2y — y 2 ) dy 

=| (2y 3 — y 4 ) dy; the moment about the x-axis isy" dm = (2y — y 2 ) dy = <5 (2y 2 — y 3 ) dy. Thus, 

M x = / y dm = fj (2y 2 - y 3) dy = <5 ^ ^ = ,5 (f ^ (4 - 3) = f ; M y = / x dm 

= / 0 2 |(2y 3 -y 4 )dy=f p-^]^ = f( 8 ^f) = f(^) = f ;M=/dm=/ o 2 <5(2y-y2) dy 

= ^[y 2 - y y]^^(4-l) = f- Therefore,x=t = (f)(^) = !a„dy=t = (f)(^)=l 

=> (X, y)=( 暑 ， 1) is the center of mass. 


y 




19. Applying the symmetry argument analogous to the one used 
in Exercise 13, we find x = 0. The typical vertical strip has 
center of mass: ( 文 ， y ) = (x, , length: cos x, width: dx, 

area: dA = cos x dx, mass: dm = 6 dA = 6 cos x dx. The 
moment of the strip about the x-axis is y" dm = 6 - • cos x dx 

=f cos 2 xdx= I ( 1+c 2 os2x ) dx = f (1 + cos 2 x) dx; thus, 


y 



(x,y) 


= COS X 



•箕 /2 


n/2 


M x = / y dm = I (1 + cos 2x) dx = f [x + 〒]= f [(f + 0) - (-|)] = f ; M = / dm = ^ f ^cos x dx 
= 5[sin x ]^ 2 = 26. Therefore, y = ^ | (x, y) = (0, |) is the center of mass. 


20. Applying the symmetry argument analogous to the one used 


in Exercise 13, we find x = 0. The typical vertical strip has 
center of mass: ( 文 , y ) = (x, , length: sec 2 x, width: dx, 

area: dA = sec 2 x dx, mass: dm = 6 dA = 6 sec 2 x dx. The 
moment about the x-axis is y" dm =( 琴 ^) (6 sec 2 x) dx 


今 sec 4 x dx. M x 


JT,j dm =I IZ 


sec 4 x dx 



y) ic/4 


x 
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/ 4 (tan 2 x + 1 ) (sec 2 x) dx = 臺 J 二 (tan x ) 2 (sec 2 x) dx + | J* / 4 sec 2 x dx 


(tan x) 3 
~~3~ 


7r/4 
—7t/4 


I [tan x] 


兀 / 


=I [I _ (-!)]+ ft 1 - (_1)] 一 3 

Therefore,y=^ = (f)(i) = | 


^ +<5 
=> 


f ;M 


dm 


/J / 4 sec 2 xdx = 列 tan x ]^ 4 /4 = <5[1 - (- 1 )] 
(x, y) = ( 0 , 1 ) is the center of mass. 


21. Since the plate is symmetric about the line x = 1 and its 
density is constant, the distribution of mass is symmetric 
about this line and the center of mass lies on it. This means 
that x = 1. The typical vertical strip has center of mass: 


(x ,y ) = (x : 


(2x-x 2 )+(2x 2 -4x) n 


x 2 - 2x 、 


length: (2x - x 2 ) - (2x 2 - 4x) = 一 3x 2 + 6 x = 3 (2x - x 2 ) ， 
width: dx, area: dA = 3 (2x — x 2 ) dx, mass: dm = <5 dA 
= 36 (2x — x 2 ) dx. The moment about the x-axis is 
y dm = § ^ (x 2 - 2 x) ( 2 x - x 2 ) dx = - | ^ (x 2 - 2 x ) 2 dx 

=-I 5 (x 4 — 4x 3 + 4x 2 ) dx. Thus, M x = / y dm = -J 2 | ^ (x 4 - 4x 3 + 4x 2 ) dx 



X 4 + t X 3 


2 ' 
r»2 


,|-2 4 +| 


• 2 3 ) 


2 4 ( 卜 1 + !)=— 


f ;M 


36 (2x — x 2 ) dx = 36 




36 (4 — I) 二 4 占 . Therefore, y : 


Mx 

M 


dm 

(-¥)a)=-i 


=^- (x, y) = (l, — I) is the center of mass. 


22. (a) Since the plate is symmetric about the line x = y and 
its density is constant, the distribution of mass is 
symmetric about this line. This means that x = y. The 
typical vertical strip has center of mass: 

( 文 ， y ) = (x, ^ 9 ~ x2 ) , length: \/9 - x 2 ， width: dx, 

area: dA = y/9 — x 2 dx, 
mass: dm = 6 dA = 6^/ 9 — x 2 dx. 

The moment about the x-axis is 



(b) 


y dm= 5 \/9-x 2 dx = 昼 (9 一 x 2 ) dx. Thus, M x = /y dm = (9 一 x 2 ) dx 


9x- ‘ 


=I (27 — 9) = 9^;M = J dm = f ^ dA = 6 f dA = ^(Area of a quarter of a circle of radius 3) = 6 ( 誓 ) 
Therefore, y = 瓷 = ⑼） ( 5 ^) = | ^ (x,y) = (|, is the center of mass. 


Applying the symmetry argument analogous to the one 
used in Exercise 13, we find that x 二 0. The typical 
vertical strip has the same parameters as in part (a). 

Thus, M x = / y dm = | (9 - x 2 ) dx 

= 2/J § (9 - x 2 ) dx = 2(96) = 186; 

M = Jdm = J 6 dA = 5 /dA 
= 占 (Area of a semi-circle of radius 3) = ^ (^ 1 ) = ^ 
as in part (a)=> ( 文 , y) = ( 0 , $) is the center of mass. 



-3 3 


Therefore, y = 告 =(186)( 為 ） =f , the same y 
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Section 6.4 Moments and Centers of Mass 389 


23. Since the plate is symmetric about the line x = y and its 
density is constant, the distribution of mass is symmetric 
about this line. This means that x = y. The typical vertical 
strip has 

center of mass: ( 叉 ，y )= 


3 + V9 - x 2 


length: 3 — \/9 — x 2 , width: dx, 
area: dA = (3 — ^9 — x 2 ) dx, 



mass: dm = 6 dA 二占 (3 — \/9 — x 2 j dx. 

The moment about the x-axis is 

y dm = 5 ^ + dx = - [ 9 _ ( 9 — x 2)] dx = 誓 dx. Thus, M x = f g 

equals the area of a square with side length 3 minus one quarter the area of a disk with radius 3 => A 


f dx=f[x 3 ]^ 


?(4-tt) M = 5A = f (4 - 7T). Therefore, y = ^ = (f) 


center of mass. 


4 

9<5(4 — 7r) 


2 今 ( x , y ) =(； 


4 — 7T 


24. Applying the symmetry argument analogous to the one used 
in Exercise 13, we find that y = 0. The typical vertical strip 

/ i _ i \ 


has center of mass: (3c ,y ) = I x, 


(x,0), 



length: 去一 ( 一去 )=. ， width: dx, area: dA = . dx, 
mass: dm = 6 dA = dx. The moment about the y-axis is 
X dm = X - f dx = dx. Thus, M y = fx dm = £ f dx 

= 2<5[-i] a 1 =2^-I + l) = ^;M = /dm=/；fdx = ^hi] ； = (5 (-i + l) = ^ 




26(a- 1) 


a 2 

6 (a 2 — 1) 


2a 


今 ( x , y )= (afr,0) . Also, a lim x = 2. 


(?) 


^ dx = 2 J x -2 dx 


25- M 5 = /y dm= . <5 • (•) dx 

二 ]! 2 ⑸ （ x2 )G) dx 

= 2 [ _x - = 2 [(- •) -( _1 )] = 2 (•) = i; 

M y = fx dm = x-6 ■ ( 蠢） dx 

= / 1 2 x(x^)(|)dx = 2/；xdx = 2^ 


T 


= 2(2-l)=4m = 3; M=fdm=J i 6(^) dx = 丄 
^ ~ ~ I an d 7=^ = 1 ^ (x,y) = (|? |) is the center of mass. 


26. We use the vertical strip approach: 

M x = /y dm= (x - x 2 ) ■ 6 dx 

=i/ o '(x 2 -x 4 ) - 12x dx 

= 6j ； V— X 5 ) dx = 6^-f]^ 

M y = J x" dm = J x (x — x 2 ) • ^ dx = J 



(x 2 — x 3 ) • 12 xdx= 12 



= 警 . The area 
3 2 -f 
; ，占 ） is the 


X 


• Therefore, 


= 2. So 


12 (H) 
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12 

20 


;M = J dm = / (x - x 2 ) • 5 dx = 12 J q (x 2 - x 3 ) dx = 12 
o 

x = ^ = I dnd y= ^ ^ ( 暴 4 ) is the center of 


_ xl 

3 4 


12( 卜 I ) 


if = 1- So 


: mass. 


27 .⑻ We use the shell method: V =/^ 2 tt ( r = s ) (^,) dx = f^wx 


L 含 - ( - 含 ) j 


dx 


= 16?r 丄含 dx = 16 tt J i x 1 / 2 dx = 16 丌[鲁 x 3 / 2 ] : = 16tt (| . 8 - |) = — (8 — 1)=— 

(b) Since the plate is symmetric about the x-axis and its density 6 (x) = ^ is a function of x alone, the 

distribution of its mass is symmetric about the x-axis. This means that y = 0. We use the vertical strip 


approach to find x: M y = J x dm = J 
= 8 [2x J / 2 ] f = 8(2 • 2 - 2) = 16; M ■ 


[Tx- (-Tx)j 

_r»4 

dm 


• ^ dx 


• 4= - i dx = 8 


1 

⑼] x= 8 _r ㈤ ⑴乜 = 8 / >- 3/2 dx 


-V 2 dx 


- 2 x -1 / 2 ] ^ = 8[—1 — (— 2 )] = 8 . Sox=^ = y= 2 => (x, y) = ( 2 , 0 ) is the center of mass. 


(c) 



28. (a) We use the disk method: V = J 7 rR 2 (x) dx = J ； tt ( 咅 ） dx = 47 Tx -2 dx = 47 r [― ^] ^ 
= 4 tt[+ —(-1)] =tt[-1+4] =3tt 

(b) We model the distribution of mass with vertical strips: M x = Jy dm = ^ . ( 曼）•占 dx 




(c) 


2x 3 / 2 


-3/2 dx = 2 

:2[f 


2 

[TxJ 


2[—1 — (—2)] = 2; M y = f x dm = 上 x • •. 占 dx = 2 工 x " 2 dx 
28 ;M = f dm = f^-Sdx = 2 J* dx = 2 J/x -1 , 2 dx = 2 [2y}' 2 ] \ 


T 


2(4 — 2) = 4. So x = ^ = = I and y=^ = | = | ^ (x,y) = Q, |) is the center of mass. 




1) 




29. The mass of a horizontal strip is dm = 6 dA = 占 L dy, where L is the width of the triangle at a distance of y above 
its base on the x-axis as shown in the figure in the text. Also, by similar triangles we have ^ 

(h — y). Thus, M x = /y dm = £ <5y ⑵ (h — y) dy = 穿 fjhy - f) dy = f [雩一誓 

、 , «Sbh 2 (i^i) = ^;M = /dm=/>(^)(h-y)dy=^/ o h (h-y)dy=^ 

(h 2 — $)= 學 . So y = 盖 =(jgg) = I => the center of mass lies above the base of the 


Sb 

h" l T _ T ； 


h 

0 

hy 


6b 

Y 
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Section 6.4 Moments and Centers of Mass 391 


triangle one-third of the way toward the opposite vertex. Similarly the other two sides of the triangle can be 
placed on the x-axis and the same results will occur. Therefore the centroid does lie at the intersection of the 
medians, as claimed. 


30. From the symmetry about the y-axis it follows that x = 0. 

It also follows that the line through the points (0,0) and 
(0,3) is a median ^y=|(3 — 0)=1 ^ (x, y) = (0,1). 



31. From the symmetry about the line x = y it follows that 
x = y. It also follows that the line through the points (0,0) 
and ( 去， I) is a median => y = x= |*(| — 0) = ^ 

^ ( x j y) — (U) • 


(O/D 


( 0 , 0 ) 



( 1 , 0 ) 


32. From the symmetry about the line x = y it follows that 
x = y. It also follows that the line through the point (0,0) 
and (I ， I) is a median y = x= |(| — 0) = |a 
^ (x,y) = (f, f). 



33. The point of intersection of the median from the vertex (0, b) 
to the opposite side has coordinates (0, 舍 ) 

=> y = (b - 0) ♦ I = I and x = (| — 0) • | = | 

^ (x,y) = (I ， I). 


(0,b) 


( 0 , 0 ) 


(a.O) 



34. From the symmetry about the line x = | it follows that 
x = It also follows that the line through the points 
(1,0) and ( 豊， b) is a median y = | (b — 0) = | 

今 (x,y)= (|,|). 



35. y = x 1 / 2 ^ dy = 1 x" 1 / 2 dx 

泠 ds = v 7 (dx) 2 + (dy) 2 = ^1 + ^ dx; 


O^I dx =-[( x +i) 3/2 : 

=f f(2+I) 3/2 -(I) 3/2 ' 


2 

0 


= 譬 



⑴ 3/2 


26 (2J_ 

T V"8" 



136 

6 


y 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 
























392 Chapter 6 Applications of Definite Integrals 

36. y = x 3 今 dy = 3x 2 dx 

dx= \J (dx ) 2 + (3x 2 dx ) 2 = \J 1 + 9x 4 dx; 

M x = x 3 yj\ + 9x 4 dx; 

[u = 1 + 9x 4 => du = 36x 3 dx 4 ^ du = x 3 dx; 
x = 0 =>• u=l ， x=l 4 u = 10 ] 

—M x = O 2 du=A[| u 3/2] ；° = A (l0 3/2 _ 1} 



37. From Example 6 we have M x = 上 a(a sin 0)(k sin 6) d9 = a 2 k 上 sin 2 6 dO = ^f 0 (1 — cos 29) d6 
= ^[0- 辛 ] q = ^ ; M y = fj a(acos 6 >)(k sin 6) d<9 = a 2 k fj sin 6 cos 0d0=^ [sin 2 6] n 0 = 0; 

M = ak sin 0 dO = ak [— cos 0]^ = 2ak. Therefore, x = ^ = 0 and y = 给 = ( 夸 ( 士 ）= ^ (0, 

is the center of mass. 


38. 


M x = Jy 1 dm = 工 。 (a sin ^) * <5 • a dO 
= (a 2 sin 0 ) (1 + k |cos 6\) d9 
=sl 2 J q / (sin ^)(1 + k cos 0) d6 
+ a 2 J /2 (sin 0)(1 — k cos 6) dO 
=a 2 J o 1 sin 0 d6 a 2 k / sin 0 cos 9 d6 + a 2 /"sin 6 d9 — a 2 k f /2 ^in 0 cos 6 dO 



a 2 [— cos OYj 2 + a 2 k 


sm 2 0 


tt/2 


+ a 2 [—cos ^]^ 2 — a 2 k 


sin 2 e 


tt/2 


=a 2 [0 - (- 1 )] + a 2 k ( 卜 0 ) + a 2 [-(- 1 ) - 0 ] - a 2 k (0 - !) = a 2 + . + a 2 + 夸 
= 2 a 2 + a 2 k = a 2 (2 + k); 


M y = fx dm = (a cos 6) • 6 • SidO — J q (a 2 cos 0) (1 + k |cos 6\) dO 
= a 2 / (cos ^)(1 + k cos 9) dO + J /2 (cos ^)(1 — k cos 6) dO 

=a 2 fj^cos 6 > d 6 > + a 2 k ( 1 + c 2 os2 ^) dO + a 2 j^cos 9 dO - a 2 kX; 2 d d0 


= a 2 [sm < /2 + f [^+^]； /2 + a 2 [sin 冗 /2 - ^ [^ + ^] ： /2 

= a 2 (l-0)+ 警 [(f -0) -(0 + 0)] +a 2 (0-1) - 夸[(丌 + 0) - (f + 0)] = a 2 + 午 -a 2 - 宇 = 0; 

M = 工 0 6 • ad0 = (1 + k |cos 6\) dO = a. (1 + k cos 9) d6 a. f /2 (^ — k cos 6) dO 

=sl[0 + k sin 沒 ];/ 2 + a [沒 一 k sin = a [(吾 +k) — 0] + a [(7r + 0) - (吾 一 k)] 

=T + ak + a (I + k ) = a 7 T + 2ak = a( 7 T + 2k). So 又 = 给 = 0 and y = 香 =a(^ + 2 k) = TTW 
^ ( 0 , 2 ^ 2 ^) is【he center of mass. 


39. Consider the curve as an infinite number of line segments joined together. From the derivation of arc 
length we have that the length of a particular segment is ds = yj (dx ) 2 + (dy ) 2 . This implies that 

M x = J 6y ds, M y = J 6x ds and M = f S ds. If S is constant, then x =— 厂 xds 厂 xds 


M 


'ds 


length 


and 


y=f 


/y ds _ /y ds 


1 ds 


length 


40. Applying the symmetry argument analogous to the one used in Exercise 13, we find that x = 0. The typical 
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Section 6.5 Areas of Surfaces of Revolution and the Theorems of Pappus 393 


vertical strip has center of mass: ("x ,"y ) 

’ x 2 ' 


mass: dm = 6 dA 

r r 2 v^ 


b [ a — J dx. Thus, M x 


2 V piV a2 ~WJ dx=6 2 


a2x - 8 ^ 


2-y/pa 

- 2 V^ 


,length: a — width: dx, area: dA 
/y dm=£^i(a+|) (a - |) 6 dx 

( 2 a>— 穿 ) 


a U dx’ 


a2x - 85? 


2a 2 ^ (1-|)= 2a 2 <V 远 (^) = 2a^(|) = 


M : 


dm 


2 v/pa 
: / 
-2-^pa 


0 dx 


A 


2 -s/P 1 


12p 


2 # 


26 ^ay/pa- 2 ?2^) = 4a(5 v /pa (1 - 吾） = 4a^ v /pa ( 學） 

• So 歹 = 告 =(!!!^) = | a, as claimed. 


41. Since the density is constant, its value will not affect our answers, so we can set 6 二 1. 


I 7r/2+ o 
7r/2 — o 

r»7r/2 4 - a 


A generalization of Example 6 yields M x = fy dm = J /2 a 2 sin 6 d6 = a 2 [— cos 0]l 

= a 2 [— cos (I + o：) + cos (! — a)] = a 2 (sin a + sin a) = 2a 2 sin a; M = J dm = J /2 a = a[^]^ 2 _o 
=a [(| + o；) — (| — a)] = 2aa. Thus, y = 晋 = 2a2 2 = a = as ^ Q . Now s = a(2o：) and a sin a = 着 
=> c = 2a sin a. Then y = a(2 ^ in as claimed. 


42. (a) First, we note that y = (distance from origin to AB) + d ^ as ^ 1Q! = a cos a-\- d ^ d = a(sin Q ~ a cos Q:) . 

d 


Moreover, h = a — a cos a ^ 


上 m 0+ 



t n :-:=r) = Si r_:rr . The graphs below suggest that 


f 

0.7 


ZOOM 

VIEW 


0.6 

0.5 

0.4 

0.3 

0.2 

0.1 


W 


m.- 


since - otcosa 
a -acosa 


UT"DT" 


(b) 


a 

0.2 

0.4 

0.6 

0.8 

1.0 

f(a) 

0.666222 

0.664879 

0.662615 

0.659389 

0.655145 


6.5 AREAS OF SURFACES OF REVOLUTION AND THE THEOREMS OF PAPPUS 



S = 27rJ o (tan x) y 1 + sec 4 x dx 
(c) S « 3.84 
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394 Chapter 6 Applications of Definite Integrals 





5 .⑻ X 1 ， 2 + y" 2 = 3 今 y = (3 — x" 2 ) 2 ⑼ 

^ 裝 =2(3- X i/ 2) ㈠ x-V” 

^ ⑻ 2 = 0 - 3 x _ 1/2 ) 2 

4 S = 2 兀工 (3 — x" 2 ) 2 + (1 - 3x _1 / 2 ) 2 dx 

(c) S « 63.37 


y 
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9. y=! ^ S = 5 ；S = /27ry,/l + (g) dx ^ S = 上 2 兀 （!) 


， l + |dx ： 


x dx 


■Ky/5 


47 r\/ 5 ; Geometry formula: base circumference = 2 丌 (2), slant height = \/4 2 + 2 2 = 2\/~5 




Lateral surface area = | ( 47 r) = Att^/5 in agreement with the integral value 


10 . y = I ^ x = 2 y 


dx 


2；S 


27TX W 1 + 


dy 


2 -7T - 2y\/1 + 2 2 dy = 47 r \/5 f y dy = 2n^/5 [y 2 ] 


= 27r\/5 - 4 = 87r-\/5 ； Geometry formula: base circumference = 27r(4), slant height = \/4 2 + 2 2 = 2\/5 
=> Lateral surface area = • ( 8 丌 ) (2y^) = Sny/5 in agreement with the integral value 


11 - ^ = t^ S = f a 27T y\J 1 + (h^) dx = j[ 27r ^T^ \J l + G) 2 dx = ^/i (x + 1) dx - y +x 1 

= 7 ^- [(I + 3) - (I + l)] = 7 ^- (4 + 2) = 37r\/5 ； Geometry formula: \ \ = \,x 2 = \ \ = 2, 

slant height = ^(2 — l) 2 + (3 — l) 2 = \/~5 ^ Frustum surface area = 7r(ri + h) x slant height = 7r(l + 2)\J~5 
= 3tt\/~5 in agreement with the integral value 
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12. y = f + ^ ^ x = 2y - 1 4 岩二 2; S = j c 2ttx W 1 + ( 宭 ) d y = 丄 27r(2y - 1)^ 1 + 4 dy 二 2tt^/5 J i (2y - 1) dy 


= 2^k\/~5 [y 2 —y] 2 1 = 2 tt-\/5 [(4 — 2) — (1 — 1)] = 47r\/5; Geometry formula: ri = 1, r 2 = 3, 
slant height = -\/(2 — l) 2 + (3 — l) 2 = a/ 5 Frustum surface area = 7r(l + 3)\/5 = 47ry^5 in agreement with 
the integral value 


13 .砮 =f > 


xl 

9 


⑻: 

du 


xl 

9 


令 S 


'2ttx 3 


1 + f dx; 


I x 3 dx => \ du 


0 ^ u=l,x = 2 ^ u = 琴 ] 


r*25/9 


2 丌丄 u 1 /2.idu=f [|u 3 / 2 ] 


f dx; 


25/9 

1 


f(f-i) 


7T ( 125-27 、 
3 \~^ri — ) 


If 



14. % = ^ 


办 ' 

,dx , 


4x 


泠 s 

= 27T 

— 47T 


fl5/4 


J 3/ 4 

广 5/4 
J3/4 V 


4^ 


dx 


4 

v3/2 


dx = 27r 


(x+l) 


3/2' 


穿 （8 — 1 )= 學 


3/2. 


47T 


15/4 

3/4 

3 


(■M 



i 5 dy — 1 (2 - 2 x) 
dx — 2 


1 - x 
y/2x - x 2 




^dyV - G — x ) 2 

dx J 2x — x 2 


泠 s 


广 

/0.5 


27rV2x - x 2 1 + ( 2 ^~^ 2 2 dx 


24 5 ^^V^I^dx 


2tt [' 'dx 

J0.5 


2tt[x] ( 


1.5 

0.5 


2tt 



16 • 砮 = 27 TTT 




dy' 

k dx ； 


4(x+l) 


O S 


27T 


工 27T-y/x + 1 J 1 + 


^x+^+^dx ： 


4(^TT) dx 

2tt r./^f 


,1 


f dx 


2丌 


47T 

T 


i(x+!) 3/2 : 

( 孕 ) 3/2 - G) 3/2 _ 

I (125 -27) 


47T 

T 


(5 + !) 3/2 -(1 + 聲 ) 


3/2' 


_ 47T 

f5 3 

3 3 ) 

—T 


一幻 


98tt 

6 


497T 
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18. x = (! y 3 / 2 — y 1 / 2 ) < 0, when 1 < y < 3. To get positive 
area, we take x = — y 3 / 2 — y 1 / 2 ) 




dx 


l(yl/2_ y -l/2) ^ I 


(y - 2 + y_ 


O S 


f^TrQy 3 / 2 - y 1 。+ 1 (y - 2 + yi) dy 



-27T //Gy 3 / 2 - y 1/2 ) ^(y + 2 + y-i) dy 
-2 tt 命 1/2 ; 厂 1/2 ) 2 dy = -7r/V/2 (iy-1) (yV2 + ^) dy = ^ /；(i y - 1) (y + 1) dy 


18 —1+3) 


: y 2 - i y 


dy = — 7 r 








i)] 


(-3 


167T 

~9~ 


dx 


19 - I = V^y ^ 


忐 > s 


-.15/4 


^15/4 


^15/4 


4tt J o ^/5-y dy = -4n [= (5 - y) 3/2 ] 

87T M) _ 8tt ( 40^/1-5 力 ) = 357rV5 


2 丌 . 2y/4-y ^ 1 + 43 ^ dy = 4 tt J o a/( 4 - y) + 1 dy 

( 5 — 孕 ) 3 ’ 2 _ 5 3 叫 = — 警 [(|) 3 / 2 _ 5 3/2 


15/4 

0 


T 


20 ^ ^L 

ZU * dy - yiT- 




dx 、 


2y^I 


泠 S 


Ii 27r V^y~ 




T dy = 2 丌 J 5/g \/(2y- 1)+1 dy 


2./ ； v^y^dy = 知 ㈣ y% 8 = 半 [，— ( |， 2 U 

畔 ^^ Y 办办肩 


21 . ds = yj dx 2 + dy 2 = My 3 - + 1 dy = W (y 6 


2 卞 I6f y 


d y = J{y 6 + 1 2 + w) d y 


(y 3 + 4?) dy = (y 3 + 忐 ) dy; S = 工 2?ry ds = 2?r 工 y (y 3 + ^) dy = 2 tt £ (y 4 + \ y~ 2 ) dy 


2 丌 


y! 


2 - [(f ^D-(^l)]=2-(^ + |) = l(8-31 + 5) 




22. y = ! (x 2 + 2 ) 3 / 2 dy = x\/x 2 + 2 dx 4 ds = -\/1 + (2x 2 + x 4 ) dx => S = 27r / x \/1 + 2x 2 + x 4 dx 


V2 


2nJ^~x^ (x 2 + l ) 2 dx = 2nJ: x (x 2 + 1 ) dx = 2 丌工： (x 3 + x) dx = 2tt 


、办 


办， 


4 + 2 




2 ^(! + i) = 47T 


23. y = \/a 2 — x 2 4 ^ | (a 2 — x 2 ) - " 2 (—2x) 


-x 泠 fdy N 
\/a 2 — x 2 、 dx? 


x 2 

(a 2 -x 2 ) 


=> S = 27i 


X 2 、/l 


x 2 


{a 2 -x 2 ) 

27ra[a — (—a)] = (27ra)(2a) = 47ra 2 


dx = 2 


7r J yj (a 2 — x 2 ) + x 2 dx = hrj a dx = 27ra[x]^ 


24. y=^x ^ g = 

r>h 


h J 
27IT 


dy ^ 
.dx , 


W ^ S = 27T J ^ x 1/1 + ^ dx = 27rJ k x V dx 


TJo Xdx： 


+ r 2 




25. y = cos x ^ — 


dx 


sin x 4 j = sin 2 x 4 S = 2tt 


+ r 2 ( 誓 ） = 7rr\/h 2 + r 2 
J "(cos x) \/1 + sin 2 x dx 
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398 Chapter 6 Applications of Definite Integrals 


26. y = (1 - x 2 / 3 ) 


3/2 




I 


|(1-xV3)^ ( _| x - 1 /3 )= _(1z^ 






1 -x 2 / 3 


^273 


4 S = 2 J o 2?r (1 - x 2 / 3 ) 3 ’ 2 yj\ + (^3 - l) dx = 4 tt J。（1 — x 2 ’ 3 ) 3 ’ 2 \! x _ 2 / 3 dx 

2 / 3 du = - I x _1/3 dx ^ — ! du = 

S = 4 丌工 u 3 / 2 (― I du) = — 6 丌[誉 u 5 / 2 ] = —6tt (0 — |) 


= 4nf^ (l - x 2 / 3 ) 3 / 2 x -1 / 3 dx; [u = 1 - x 2 / 3 du = - | x -1 / 3 dx =>• - | du = x _1/3 dx; 
x = 0 4 u=l ， x=l 4 u = 0 ] 


12?r 


27. The area of the surface of one wok is S 

,2 


dx _ ~y _v [ dx 
dy — yi6 2 -y 2 V d y> 


y 2 

16 2 — y 2 


；S 


2ttx y 1 + ( 岩 ) dy. Now, x 2 + y 2 = 16 2 => x = 16 2 - y 2 

二 f 2 丌八 16 2 -y 2 v/l + 16^2 dy = 2 丌 f ^(16 2 - y 2 ) + y 2 dy 


= 2丌 J 6 16 dy = 32n - 9 = 2887 T ^ 904.78 cm 2 . The enamel needed to cover one surface of one wok is 
V = S • 0.5 mm = S - 0.05 cm = (904.78)(0.05) cm 3 = 45.24 cm 3 . For 5000 woks, we need 
5000 • V = 5000- 45.24 cm 3 = (5)(45.24)L = 226.2L ^ 226.2 liters of each color are needed. 


28. y = \/r 2 — x 2 




dy 

dx 


2 x 


2 Vr 2 -x 2 — Vr 2 -x 2 
^»a+h 


—x v ( dx 


x 2 

r 2 — x 2 


;S = 2W V^^/l 


r 2 — x 2 


dx 


29. y = \/R 2 - x 2 泠 


yj (r 2 — x 2 ) + x 2 dx = 2tty J dx = 2 nrh, which is independent of a. 

;S = 2tt / ^Vr 2 - x 2 yJV 


dy 


2 x 




dx 、 


X 2 

R 2 - x 2 ， 


x 2 

R 2 -x 2 


dx 


X a+h - 广 a+ 

y/ (R 2 — x 2 ) + x 2 dx = 27rR J 


dx = 27rRh 


30. (a) x 2 + y 2 = 45 2 ^ x = ^/45 2 - y 2 
S 


dx _ ~y [ dx 

dy _ x/45 2 -y 2 — 、 dy y 




r>45 

-22.5 


2?r 45 2 - y 2 yjl + 45 ^ dy = 2?r J ^^ (45 2 - y 2 ) + y 2 dy = 2?r • 45__ 

=(27r)(45)(67.5) = 60757r square feet 
(b) 19,085 square feet 


dy 


31. y = x ^ (|) 




-2^2t\ 




2^n 


> S = 2 丌 J i |x| -\/1 + 1 dx = 2n J 〆 一 x)y^ dx + 2nJ o x-\/2 
~2^2w (0- i) + 2^(2 — 0) = 5^/2-k 


dx 


32- 裝=誓今装 


x 4 


y => by symmetry of the graph that S = 2 1 r z,vi 1 — 


J 二 


2tt I 


^ du = ^ x 3 dx 4 — 7 du 


^dx;x 


-\pb 今 u = 2 , x = 0 u 


； l + f dx; 
S =4tt f 


u= 1 + 誓 


,1/2 


㈠ ） du 


=— 7 rJ^ u 1 / 2 du = —it [| u 3 / 2 ] ; = — 7 T (I — I \/^)= 宇 (\/^ — 1) • If the absolute value bars are dropped the 

integral for S = S ^/3 2 丌 f(x) ds will equal zero since 2 丌 ( 誓 ) ^1 + 誓 dx is the integral of c 

over the symmetric interval — < x < \/3. 


an odd function 


33. 莹 =—sin t and 莹 =cos t ^ ( 莹 ) 2 + ( 室 ) =\/(— sin t ) 2 + (cos t ) 2 = 1 ^ S = f 27ry ds 
=J 27r(2 + sin t)(l) dt = 2 兀 [2t — cos t] f = 2tt[(4tt — 1) — (0 — 1)] = 8 丌 2 
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Section 6.5 Areas of Surfaces of Revolution and the Theorems of Pappus 399 


34. I = t 1 / 2 and 莹 =t— 1 / 2 4 


(l) 2 + ( 




Vt + 1 _1 


(t 2 + l 




S = f 27tx ds 


广 2 丌 (I t 3/2 ) 小 ^ 1 dt = 宇 f: t"x/t 2 + 1 dt; [u = t 2 + 1 


du = 2t dt; t = 0 => u = 1 ， 


=a/3 ^ u = 4 
Note: (I t 3 / 2 ) 


du = [f u 3 / 2 ] 


28 tt 


ft 2 + l 


t dt is an improper integral but lim + f(t) exists and is equal to 0, where 


f(t) = 2 兀 (I t 3 / 2 ) J . Thus the discontinuity is removable: define F(t) = f(t) for t > 0 and F(0) = 0 






F(t) dt 


28 ?r 


35. 餐 =1 and 室 =t + 0 4 7 ( 营 ) 2 + ( 菩 ） =y l 2 + (t + V^) = \A 2 + 2 V^t + 3 > S = / 27rx ds 

=J 2n + y^t 2 + 2y/2t + 3 dt; u = t 2 + 2y/2t + 3 =>■ du = (2t + 2\/^) dt; t = —-\/2 ^ u = 1, 
t=y/2 => u = 9 — j\^/udu= [| 7TU 3 / 2 ] 卜譬 (27 _ 1 ) 二亨 

36. f = a(l - cost) and 室 =a sin t 今 (t) 2 + (t) = ^/[a(l - cos t) ] 2 + (a sin t) 2 

=\/a 2 — 2 a 2 cos t + a 2 cos 2 t + a 2 sin 2 t = \J 2a 2 — 2a 2 cos t = a\/2\/1 — cos t S = f 27ry ds 
= 27r a(l — cos t) - a\/2\/1 — cos t dt = 2\/2 tt a 2 上 （1 — cos t) 3/2 dt 


37- f =2and| 

= 27r\/5 j - 


4 


(D 2 +(s) 2 = ^2 2 + 1 2 = ^5 今 S = f 2 兀 yds= / o '271(1+1)^^ 


: 3n^/5. Check: slant height is => Area is 丌 (1 + 2)^/5 = 3ny/5 . 


38. I 


hand 室 


r => 


W 


fdy^ 


= 27rr\/h 2 + r 2 t dt = 27rr\/h 2 + r 2 
7rr\/h 2 + r 2 . 


\/h 2 + r 2 S = f 27ry ds = 27rrt\/h 2 + r 2 dt 

= 7rr\/h 2 + r 2 . Check: slant height is ^/h 2 + r 2 =>• Area is 


39. (a) An equation of the tangent line segment is 
(see figure) y = f(m k ) + f’(m k )(x — m k ). 

When x = x k _x we have 
ri = f(m k ) + f / (m k )(x A; _ 1 - m k ) 

=f(m k ) + f’(m k ) (- 争 ） =f(m k ) - f’(m k ) 争 ; 
when x = x k we have 
r 2 = f(m k ) + f / (m k )(x fc - m k ) 

=f(m k ) + f’(m k ) 争； 

(b) 4 = (Ax k ) 2 + (r 2 -n) 2 

=(Ax k ) 2 + [f'(m k ) 争 “ (—f(m k ) 争)] 2 

=(Ax k ) 2 + [f’(m k )Ax k ] 2 泠 L k = yj (Ax k ) 2 + 



H - Ajc 4 - H 


[f / (m k )Ax k ] 2 , as claimed 


(c) From geometry it is a fact that the lateral surface area of the frustum obtained by revolving the tangent 
line segment about the x-axis is given by AS k = 7r(ri + r 2 )Lk = 7r[2f(m k )] \j (Ax k ) 2 + [f / (m k )Ax k ] 2 
using parts (a) and (b) above. Thus, AS k = 27rf(m k ) y^l + [f’(m k )] 2 Ax k . 
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400 Chapter 6 Applications of Definite Integrals 


(d) S = lim E AS k = lim E 27rf(m k ) ^/l + [f ， (m k )]2 Ax k = J 2rf(x) ^/l + [f'(x)] 2 dx 

11 * LXJ . II * UvJ , , •J & 

k=l k=l 

40. S = £ 27rf(x) dx = / 0 ^ 2 tt - dx = ^ [x 2 ] f = ^ ^ 

41. The centroid of the square is located at (2,2). The volume is V = (2 丌） （ y) (A) = (2 丌 )(2)(8) = 32tt and the 
surface area is S = (2 丌） （ y) (L) = (2 丌 )(2) (4\/^) = 32\/27r (where \/8 is the length of a side). 

42. The midpoint of the hypotenuse of the triangle is 3) 

=> y = 2x is an equation of the median => the line 
y = 2x contains the centroid. The point ( 參 , 3) is 

units from the origin the x-coordinate of the 

centroid solves the equation y (x — |) 2 + (2x — 3) 2 

= 響今 (x 2 - 3x + I) + (4x 2 - 12x + 9) = 5 
^ 5x 2 一 15x + 9 = -1 

泠 x 2 — 3x + 2 = (x — 2)(x —1) = 0 4 x = 1 since the centroid must lie inside the triangle ^ y = 2. By the 
Theorem of Pappus, the volume is V = (distance traveled by the centroid)(area of the region) = 27T (5 — x) (3)(6)] 

= (2 丌 )(4)(9) = 72tt 

43. The centroid is located at (2,0) => V = (2tt) (x) (A) = (27r)(2)(7r) = 4 丌 2 

44. We create the cone by revolving the triangle with vertices 
(0,0), (h, r) and (h, 0) about the x-axis (see the accompanying 
figure). Thus, the cone has height h and base radius r. By 
Theorem of Pappus, the lateral surface area swept out by the 
hypotenuse L is given by S = 27ryL = 2n (|) \/h 2 + r 2 

= 7rr\/r 2 + h 2 . To calculate the volume we need the position 
of the centroid of the triangle. From the diagram we see that 

the centroid lies on the line y = ^ x. The x-coordinate of the centroid solves the equation ^/(x — h) 2 + x — |) 2 
=i ^h 2 + ^ 今 ( 迎 ^ ) x 2 — x + f + 2(r2 + 4h2) = 0 ^ x=forf ^ x= f, since the centroid must lie 

inside the triangle y = ^ x = By the Theorem of Pappus, V = [27r ⑴](士 hr) = ! 7rr 2 h. 

45. S = 27ryL =>• 47ra 2 = (2ny) (7ra) => y = 孕 ， and by symmetry x = 0 

46. S = 2irp L => [2n (a — 孕 )] (7ra) = 27ra 2 (7r — 2) 

47. V = 2tt yA => ^ 7rab 2 = (2ny) ( 亨 ) y = and by symmetry x = 0 

48. V = 27rpA =» V = [2 tt (a + _)] ( 誓 ) = naH ^ +4) 

49. V = 2 丌 /9 A = (2 丌 ) (area of the region) • (distance from the centroid to the line y = x — a). We must find the 
distance from (0, |^) to y = x — a. The line containing the centroid and perpendicular to y = x — a has slope 
—1 and contains the point (0, 赛 ） • This line is y = —x + 赛 . The intersection of y = x — a and y = —x + _ is 
the point ( 4a ^ a7r , 4a ~^' dn ) . Thus, the distance from the centroid to the line y = x — a is 
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< 4a + 3a7r ) 2 + ( 也 — 4a 3 a?r 丨 2 — \/2 (4a + 3a7r) > -y —( 之兀 ) ((4a + 3a7r)) (7ra 2 ) — \/27ra 3 (4 + 37r) 


50. The line perpendicular to y = x — a and passing through the centroid (0, has equation y 二 —x + 号 . The 
intersection of the two perpendicular lines occurs when x — a = —x + 學 => x = 2a ^ a7r => y = 2a 2 ^. a7r . Thus 


<2a + 7ra 


the distance from the centroid to the line y = x — aisy( 
Therefore, by the Theorem of Pappus the surface area is S = 2 兀 


2 0) 2 + - f ) 2 — 


a(2+?r) 


(?ra) 


\/27r 

7ra 2 (2 + 7T). 


51. From Example 4 and Pappus's Theorem for Volumes we have the moment about the x-axis is M x = y M 

=( 砮 ) (f) = f • 

6.6 WORK 


The force required to stretch the spring from its natural length of 2 m to a length of 5 m is F(x) = kx. The 


work done by F is W 
泠 k = 400N/m 


F(x) dx = k J x dx = I [x 2 ] 。 = 夸 . This work is equal to 1800 J ^ | k = 1800 


2. (a) We find the force constant from Hooke's Law: F = kx ^ k = I k 
(b) The work done to stretch the spring 2 inches beyond its natural length is W 


800 

丁 


200 lb/in. 


kx dx 


200j o xdx = 200 


200(2 - 0) = 400 in - lb = 33.3 ft • lb 


(c) We substitute F = 1600 into the equation F = 200x to find 1600 = 200x x = 8 in. 


3. We find the force constant from Hooke's law: F = kx. A force of 2 N stretches the spring to 0.02 m 

=> 2 = k ♦ (0.02) => k = 100 吾 . The force of 4 N will stretch the rubber band y m, where F = ky => y 


令 y: 


4N 
100 吾 


y = 0.04 m = 4 cm. The work done to stretch the rubber band 0.04 m is W 


kx dx 


p0.04 

100 / x dx 


100 


0.04 

0 


(100X0.04) 2 


0.08 J 


4. We find the force constant from Hooke’s law: F = kx k 

r»5 


z => k = ^ 4 k = 90 ^. The work done to 


stretch the spring 5 m beyond its natural length is W = 上 kx dx = 90 x dx = 90 


(90) (f) = 1125 J 


5. (a) We find the spring's constant from Hooke's law: F = kx ^ k = 
(b) The work done to compress the assembly the first half inch is W 


= 2iji4 = 21^14 ^ k = 7238 g 

r.0.5 r»0.5 

I kx dx = 7238 I x dx 

to Jo 


7238 


0.5 


0 


(7238 ) 學 


^ 905 in • lb. The work done to compress the assembly the 


second half inch is: W 
« 2714 in-lb 


nl.O nl.O 

f o5 kxdx = 7238 / o5 xdx = 7238 


1.0 


0.5 


^ (0.5) 2 ] = 


6. First, we find the force constant from Hooke's law: F = kx => k 


150 

(h) 


16 - 150 = 2,400 毕 . If someone 


compresses the scale x = | in, he/she must weigh F = kx = 2,400 (!) = 300 lb. The work done to compress the 


scale this far is W 


"1/8 


kx dx = 2400 


1/8 

0 


2400 

2^64 


18.75 lb - in. 


|f t .ib 
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402 Chapter 6 Applications of Definite Integrals 


7. 


8 . 


The force required to haul up the rope is equal to the rope’s weight, which varies steadily and is proportional to 

广 50 广 50 

x, the length of the rope still hanging: F(x) = 0.624x. The work done is: W = F(x) dx = 0.624x dx 


= 0.624 


誓 


50 

0 


= 780J 


The weight of sand decreases steadily by 72 lb over the 18 ft, at 4 lb/ft. So the weight of sand when the bag is x ft off the 
ground is F(x) = 144 — 4x. The work done is: W = J F(x) dx = 上 (144 — 4x)dx = [144x — 2x 2 ] J 8 = 1944 ft • lb 


9. The force required to lift the cable is equal to the weight of the cable paid out: F(x) = (4.5)(180 — x) where x 


is the position of the car off the first floor. The work done is: W 


F(x) dx = 4.5 / (180-x) dx 


4.5 


180x - 誓 


180 


4.5 180 2 


180 2 

~2~ 


4.5-180 2 


72,900 ft - lb 


10. Since the force is acting toward the origin, it acts opposite to the positive x-direction. Thus F(x)= — 吾 . The 


work done is W 


X - ^ dx = k £ - ^ dx = k [i] ^ = k (g - i) 


k(a — b) 
ab 


11. The force against the piston is F = pA. If V = Ax, where x is the height of the cylinder, then dV = A dx 

r r 广 (P2 ， v 2 ) 

4 Work 二 J F dx = J pA dx = J v p dV. 


12. pV 1 . 4 = c, a constant 泠 p = cV 14 . IfVi = 243 in 3 and pi = 50 lb/in 3 , then c = (50)(243) 14 = 109,350 lb. 


r»32 


/—1.4 


dV = [— 


109,350] 32 
0.4V 0 - 4 J 243 


109,350 


2430.4 


)=- 


109,350 (1 


0.4 


a - 1) 


Thus W=j 243 109,350V- 

=—( 1 (0 4 )( 36 )^ = —37,968.75 in • lb. Note that when a system is compressed, the work done by the system is negative. 


13. Let r = the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a constant rate, 


the amount of water in the bucket is proportional to (20 — x), the distance the bucket is being raised. The leakage rate of 
the water is 0.8 lb/ft raised and the weight of the water in the bucket is F = 0.8(20 — x). So: 


X 20 

( 0.8(20 - x) dx = 0.8 


20 x - 誓 


20 

0 


=160 ft _ lb. 


14. Let r = the constant rate of leakage. Since the bucket is leaking at a constant rate and the bucket is rising at a constant rate, 
the amount of water in the bucket is proportional to (20 — x), the distance the bucket is being raised. The leakage rate of 
the water is 2 lb/ft raised and the weight of the water in the bucket is F = 2(20 — x). So: 


W 


2(20 - x) dx = 2 


20x 


20 


0 


400 ft - lb. 


Note that since the force in Exercise 14 is 2.5 times the force in Exercise 13 at each elevation, the total work is also 2.5 


times as great. 
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15. We will use the coordinate system given. 

(a) The typical slab between the planes at y and y + Ay has 
a volume of AV = (10)(12) Ay = 120 Ay ft 3 . The force 
F required to lift the slab is equal to its weight: 

F = 62.4 AV = 62.4 - 120 Ay lb. The distance through 
which F must act is about y ft, so the work done lifting 
the slab is about AW = force x distance 

= 62.4 • 120 - y - Ay ft - lb. The work it takes to lift all 

20 

the water is approximately W ~ AW 

' o y 

20 

=^2 62.4 - 120y • Ay ft - lb. This is a Riemann sum for 

o 

the function 62.4 • 120y over the interval 0 < y < 20. The work of pumping the tank empty is the limit of these sums: 
W = 上 62.4 • 120y dy = (62.4)(120) 。 = (62.4)(120) (^) = (62.4)(120)(200) = 1,497,600 ft - lb 

(b) The time t it takes to empty the full tank with (^)-hp motor is t = = 5990.4 sec 

sec sec 

=1.664 hr => t « 1 hr and 40 min 



(c) Following all the steps of part (a), we find that the work it takes to lower the water level 10 ft is 

X 10 o 

( 62.4 • 120y dy = (62.4)(120) \ 

=1497.6 sec = 0.416 hr « 25 min 


(62.4)(120) (^) = 374,400 ft - lb and the time is t : 


w 

250 — 


(d) In a location where water weighs 62.26 

a) W = (62.26)(24,000) = 1,494,240 ft • lb. 

b) t = 1 ,4 Iso 40 = 5976.96 sec ^ 1.660 hr t « 1 hr and 40 min 
In a location where water weighs 62.59 祟 

a) W = (62.59)(24,000) = 1,502,160 ft ♦ lb 

b) t = 1,5 25 q 16Q = 6008.64 sec ^ 1.669 hr t « 1 hr and 40.1 min 


16. We will use the coordinate system given. 

(a) The typical slab between the planes at y and y + Ay has 
a volume of AV = (20)(12) Ay = 240 Ay ft 3 . The force 
F required to lift the slab is equal to its weight: 

F = 62.4 AV = 62.4 • 240 Ay lb. The distance through 
which F must act is about y ft, so the work done lifting 
the slab is about AW = force x distance 


Ground level 



20 


12 ft 


= 62.4 • 240 - y - Ay ft • lb. The work it takes to lift all the water is approximately W ^ AW 

10 


62.4 • 240y • Ay ft - lb. This is a Riemann sum for the function 62.4 • 240y over the interval 


io < y < 20. The work it takes to empty the cistern is the limit of these sums: W 


62.4 - 240y dy 


=(62.4)(240) 
(b ) 卜 I 


20 


10 


(62.4)(240)(200 - 50) = (62.4)(240)(150) = 2,246,400 ft - lb 


275 ^ 


2,246^400 ft-ib _ 8168.73 sec « 2.27 hours « 2 hr and 16.1 min 


(c) Following all the steps of part (a), we find that the work it takes to empty the tank halfway is 


W 


J i * 5 62.4 - 240y dy = (62.4)(240) 


15 


10 


(62.4)(240)( 


225 


100 


)=(62.4)(240) (if) = 936,000 ft. 


Then the time is t 


w 

275 ?^ 


93 ^ 5 ° q ~ 3403.64 sec « 56.7 min 
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(d) In a location where water weighs 62.26 p ： 

a) W = (62.26)(240)(150) = 2,241,360 ft • lb. 

b) t = 2,2 275 36 ° — 8150.40 sec = 2.264 hours « 2 hr and 15.8 min 

c) W = (62.26)(240) ( 爭 )= 933,900 ft • lb; t = = 3396 sec « 0.94 hours ^ 56.6 min 

In a location where water weighs 62.59 祟 

a) W = (62.59)(240)(150) = 2,253,240 ft - lb. 

b) t = 2,2 275 24 ° — 8193.60 sec = 2.276 hours « 2 hr and 16.56 min 

c) W = (62.59)(240) (^f) = 938,850 ft • lb; t = « 3414 sec « 0.95 hours ^ 56.9 min 

17. The slab is a disk of area 7rx 2 = 7r(|) 2 , thickness Ay, and height below the top of the tank (10 — y). So the work to pump 
the oil in this slab, AW, is57(10_y)7r(|) 2 . The work to pump all the oil to the top of the tank is 

W = 上 1 。宇 (10y 2 — y 3 )dy = 孕字一 < =11 ， 875tt ft. lb « 37,306 ft. lb. 


18. Each slab of oil is to be pumped to a height of 14 ft. So the work to pump a slab is (14 — y) ( 丌 )( 蓋广 and since the tank is 
half full and the volume of the original cone is V = |7rr 2 h = !7r(5 2 )(10) = ft 3 , half the volume = ft 3 , and 

with half the volume the cone is filled to a height y, — v^500 ft. So W 二 j/ — 宇 (14y 2 — y 3 ) dy 


57.ri4y!_/l^ 

4 3 4 n 


« 60,042 ft - lb. 


19. The typical slab between the planes at y and and y + Ay has a volume of AV = 7r(radius) 2 (thickness)= 丌 ( 譬 ) 2 Ay 
= 7r - 100 Ay ft 3 . The force F required to lift the slab is equal to its weight: F = 51.2 AV = 51.2 • 1007T Ay lb 
4 F = 5 120 丌 Ay lb. The distance through which F must act is about (30 — y) ft. The work it takes to lift all the 

30 30 

kerosene is approximately W ~ AW = ^2 5120 丌 (30 — y) Ay ft - lb which is a Riemann sum. The work to pump the 

o o 


广 30 「 2 l 30 

tank dry is the limit of these sums: W = 丄 51207r(30 — y) dy = 51207T [30y — y = 5120 兀 ( 雙 ) = (5120)(4507r) 
« 7,238,229.48 ft - lb 


20. (Alternate Solution) Each method must pump all of the water the 15 ft to the base of the tank. Pumping to the rim requires 
all the water to be pumped an additional 6 feet. Pumping into the bottom requires that the water be pumped an average of 3 
additional feet. Thus pumping through the valve requires \/3 ft(47r)6 ft 3 (62.4 lb/ft 3 ) ~ 14,115 ft - lb less work and thus 
less time. 


21. (a) Follow all the steps of Example 5 but make the substitution of 64.5 p for 57 p. Then, 

w = /: 年 ( 10 - y ) y 2 dy = 年[竿—司: = 辛（亨 一譬 ） = ( 辛) (83) ( f -2) 

== 21.57T- 8 3 « 34,582.65 ft - lb 

(b) Exactly as done in Example 5 but change the distance through which F acts to distance ^ (13 — y) ft. 

ThenW = /: 宇 (13- y)y 2dy=^ [ 字 — 司 := 宁 （¥ — 警 ） =( 乎 ) (8 3 ) (f ^ 2 ) = M 

=(19tt) (8 2 ) ⑺ (2) « 53.482.5 ft - lb 

22. The typical slab between the planes of y and y+Ay has a volume of about AV = 丌 (radius) 2 (thickness) 

= 7r (y/y) 2 Ay = xy Ay m 3 . The force F(y) is equal to the slab's weight: F(y) = 10,000 备 . AV 

= 7rl0,000y Ay N. The height of the tank is 4 2 = 16 m. The distance through which F(y) must act to lift 
the slab to the level of the top of the tank is about (16 — y) m，so the work done lifting the slab is about 
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△W = 10,0007ry(16 — y) Ay N - m. The work done lifting all the slabs from y = 0toy = 16 to the top is 
16 

approximately W ^ 10,0007ry(16 — y)Ay. Taking the limit of these Riemann sums, we get 

o 

16 


W=/ o 10,0007ry(16 - y) dy = 10,000 tt f g (16y - y 2 ) dy = 10,000 tt 
= 10 ’_, 163 « 21,446,605.9 J 


16y 2 

2 


y! 


10,000 tt (萼:一響 


23. The typical slab between the planes at y and y+Ay has a volume of about AV = 7r(radius) 2 (thickness) 

= 7r (\/25 — y 2 ) 2 Ay m 3 . The force F(y) required to lift this slab is equal to its weight: F(y) = 9800 . AV 
= 98007T (y / 25^y^) 2 Ay = 98007T (25 — y 2 ) Ay N. The distance through which F(y) must act to lift the 
slab to the level of 4 m above the top of the reservoir is about (4 — y) m，so the work done is approximately 
AW « 98007T (25 — y 2 ) (4 — y) Ay N - m. The work done lifting all the slabs from y = —5 m to y = 0 m is 
o 

approximately W ~ ^ 98007T (25 — y 2 ) (4 — y) Ay N - m. Taking the limit of these Riemann sums, we get 

-5 

W = J° 5 98 007r (25 - y 2 ) (4 — y) dy = 9800 tt J ° s (100 - 25y - 4y 2 + y 3 ) dy = 9800 tt [lOOy — f y 2 — 鲁 y 3 + $ 
= 一 9800 tt (-500 一〒 + I . 125 + 学) 《 15,073,099.75 J 

24. The typical slab between the planes at y and y+Ay has a volume of about AV = 7r(radius) 2 (thickness) 

= 7r 100 — y 2 ) 2 Ay = 7r (100 — y 2 ) Ay ft 3 . The force is F(y) = - AV = 567r (100 — y 2 ) Ay lb. The 

distance through which F(y) must act to lift the slab to the level of 2 ft above the top of the tank is about 

(12 — y) ft, so the work done is AW « 567r (100 — y 2 ) (12 — y) Ay lb * ft. The work done lifting all the slabs 

10 

from y = 0 ft to y = 10 ft is approximately W « ^ 567r (100 — y 2 ) (12 — y) Ay lb - ft. Taking the limit of these 

o 

nlO 广 10 

Riemann sums, we get W = J o 56 tt (100 — y 2 ) (12 — y) dy = 56ttJ q (100 — y 2 ) (12 — y) dy 

= 56tt £° (1200 — lOOy — 12y 2 + y 3 ) dy = 56 tt 1200y — 字—字 + $ J 

= 56tt (12,000- 1000 + 1^2) = (56tt) (12 — 5 — 4 + |) (1000) « 967,611 ft • lb. 

It would cost (0.5)(967,611) = 483,8050 = $4838.05. Yes, you can afford to hire the firm. 


25. F = m 莹 =mv 砮 by the chain rule 今 W 二 j: mv g dx = m f " (v g) dx = m [i v 2 (x)]: 

=I m [v 2 (X 2 ) _ v 2 (xi)] = ^ mv^ — | mvf ， as claimed. 

26. weight = 2 oz = ^ lb; mass = w ^! ht = ^ ^ slugs; W = (!) (善 slugs) (160 ft/sec) 2 « 50 ft * lb 


90 mi 

ThT 


1 hr 
60 min 


1 min 
60 sec 


5280 ft 


27. 90mph 

W = G) (w)( 132 ft/sec) 2 ^85.1 ft. lb 


132 ft/sec; m : 


0.31251b 
32 ft/sec 2 


0.3125 

~^ 2 ~ 


slugs; 


28. weight : 

= 1.6 oz = 

: 0.1 lb => m = 

32 ft/sec 2 — 320 S l U g S ，W —( 

i) ( 3 ^ slugs) (280 ft/sec ) 2 = 122.5 ft - 

29. weight : 

w = (l 

= 2oz=|lb m = ^ slugs = ^ slugs; 124 mph : 

)( 士 slugs) (181.87 ft/sec ) 2 ~ 64.6 ft - lb 

= « 181 - 87ft/sec ； 

30. weight : 

— 14.5 oz : 

= ib ^ m 

=( 16 )( 32 ) slugs; w = ⑴ ( (1 $ 2) slugs) (88 ft/sec) 2 « 109.7 ft • lb 

31. weight : 

= 6.5 oz 二 

： lb ^ m = 

(J 6 X 32 , slugs; W = (1) ( (16 6 )( 5 32) Slugs) (132 ft/sec) 2 « 110.6 ft. lb 
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32. F = (18 lb/ft)x 今 W = J Q 1/6 18xdx= [9x 2 ] J /6 = | ft - lb. Now W = i mv 2 - | mvf, where W = i ft-lb, 
m = ^ = 2^6 slugs and Vi = 0 ft/sec. Thus, \ ft - lb. = Q) (士 slugs) v 2 ^ v = ft/sec. With v 二 0 
at the top of the bearing's path and v = 8\/2 — 32t => t = ^ sec when the bearing is at the top of its path. 
The height the bearing reaches iss = 8v^2t—16t 2 => at t = ^0 the bearing reaches a height of 


(8^2) ( 幸 ） -(16)( 幸 ) 2 =2ft 


33. (a) From the diagram, 
r(y) 二 60 — x = 60 


)/50 2 - (y- 325)2 

for 325 < y < 375 ft. 

(b) The volume of a horizontal slice of the funnel 
is AV « 7r[r(y)] 2 Ay 


60 


,50 2 - (y - 325)- 


△y 


(c) The work required to lift the single slice of 
water is AW « 62.4AV(375 - y) 

= 62.4(375 - y)?r 60 — ^50 2 - (y - 325) 2 

The total work to pump our the funnel is W 


= J 325 62.4(375 -y) 7 r 
« 6.3358 . 10 7 ft. lb. 


Ay. 


60 - J50 2 - (y- 325) 5 


dy 



少 一325 


34. (a) From the result in Example 6 , the work to pump out the throat is 1,353,869,354 ft - lb. Therefor, the total work 
required to pump out the throat and the funnel is 1,353,869,354 + 63,358,000 = 1,417227,354 ft . lb. 

(b) In horsepower-hours, the work required to pump out the glory hole is ^ 4 /^ 2 ^ 54 = 715.8. Therefore, it would take 
m p . h = 0.7158 hours « 43 minutes. 


35. We imagine the milkshake divided into thin slabs by planes perpendicular to the y-axis at the points of a 
partition of the interval [0,7]. The typical slab between the planes at y and y + Ay has a volume of about 

△V = 7 r(radius) 2 (thickness)= 丌 ( y+ / 4 7 5 ) ~ in 3 . The force F(y) required to lift this slab is equal to its 
weight: F(y )= 含 AV = 警 ( U . 5 ) 2 Ay oz. The distance through which F(y) must act to lift this slab to 


the level of 1 inch above the top is about (8 — y) in. The work done lifting the slab is about 
AW =( 智 ^ (U. 5 ) - (8 — y) Ay in - oz. The work done lifting all the slabs from y 二 0 to y = 7 is 

7 

approximately W = [] (y + 17.5) 2 (8 — y) Ay in - oz which is a Riemann sum. The work is the limit of 

o 


these sums as the norm of the partition goes to zero: W 二 
= 9 ^ / 0 7 (2450 - 26.25y - 27y 2 - y 3 ) dy = 為卜 < 


/ 0 7 9^(y+17.5) 2 (8-y)dy 
一 9 y 3 一？ y 2 + 2450 y ] ’ 

~ ^ n 


^ —专 _9-7 3 - ^-7 2 + 2450-7 « 91.32 in • oz 


36. We fill the pipe and the tank. To find the work required to fill the tank follow Example 6 with radius = 10 ft. Then 

AV = 7r - 100 Ay ft 3 . The force required will be F = 62.4 • AV = 62.4 • 1007T Ay = 62407T Ay lb. The distance through 
which F must act is y so the work done lifting the slab is about AW X = 6240 丌 • y • Ay lb - ft. The work it takes to 
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lift all the water into the tank is: Wi ~ ^ AWi = 6240 兀 • y • Ay lb - ft. Taking the limit we end up with 


Wi 


62407ry dy = 6240 丌 


385 


360 


6240tt 


[385 2 - 360 2 ] « 182,557,949 ft - lb 


To find the work required to fill the pipe, do as above, but take the radius to be $ in = ^ ft. 


Then AV = tt • ^ Ay ft 3 and F = 62.4 • AV 


62.4?r 

~^6~ 


Ay. Also take different limits of summation and 


integration: W 2 ~ ^2 AW 2 => W 2 


I 62.4 
lo 36 


7ry dy 


62.4?r 

^6~ 


z!' 


360 


(雙 )( 


360 2 


« 352,864 ft • lb. 


The total work is W = Wi + W 2 « 182,557,949 + 352,864 « 182,910,813 ft • lb. The time it takes to fill the 
tank and the pipe is Time — 1650 〜 1650 


w ^ 182,910,813 ^ hq ； 855 sec ^31 hr 


37. Work 


P 35,780,000 _ _ n 35,780,000 , 

f 6 „ 企 


f = 1000 MG [- i 


35,780,000 

6,370,000 


(1000) (5.975 - 10 24 ) (6.672 • HT 11 ) 


1 


6,370,000 35,780,000 


) « 5.144 x 10 10 J 


38. (a) Let p be the x-coordinate of the second electron. Then r 2 = (p — l) 2 W 


,F(p) dp 


dp 


23xl0~ 29 

P-1 


(23 x io~ 29 ) (1 - i) = 11.5 x nr 29 


(b) W = Wi + W 2 where Wi is the work done against the field of the first electron and W 2 is the work done 
against the field of the second electron. Let p be the x-coordinate of the third electron. Then y\ = {p — l) 2 


and r, = (p + l) 2 => Wi 


23xl(T 29 


dp : 


2 ^l)? dp = -23 x 10~ 29 


(—23 x HT 29 ) (i - i) = f x 10- 29 , and W 2 


23xl0- 29 


dp 


23x10- 


h (P + 1) 2 


dp 


-23 x 10~ 29 


p+i 


(—23 x 10- 29 )(H) 


23xl0~ 2t 

^12~ 


(3-2) 


23 

n 


10-29 Therefore 


w = Wi + w 2 = (f x nr 29 ) + (f| x nr 29 ) = f x io~ 29 « 7.67 x io~ 29 j 


6.7 FLUID PRESSURES AND FORCES 


To find the width of the plate at a typical depth y, we first find an equation for the line of the plate's 
right-hand edge: y = x — 5. If we let x denote the width of the right-hand half of the triangle at depth y, then 
x = 5 + y and the total width is L(y) = 2x = 2(5 + y). The depth of the strip is (—y). The force exerted by the 

water against one side of the plate is therefore F = J 5 w(_y). L(y) dy = J 5 62.4 - (_y) • 2(5 + y) dy 
=124.8 f s 2 (-5y - y 2 ) dy = 124.8 [- | y 2 - ! y 3 ] :: = 124.8 [(- | • 4 + i • 8) - | • 25 + | - 125)] 


(124.8)( 


105 117 


)=(124.8)( 


315-234 、 


1684.8 lb 


2. An equation for the line of the plate's right-hand edge is y = x — 3 x = y + 3. Thus the total width is 
L(y) = 2x = 2(y + 3). The depth of the strip is (2 — y). The force exerted by the water is 


F = J 3 w(2 - y)L(y) dy 


*62.4 - (2 — y) - 2(3 + y) dy = 124.8 f'(6 - y - y 2 ) dy = 124.8 [6y 


y! _ y! 
2 3 


(-124.8) (-18 - § + 9) = (-124.8) ( - f) = 1684.8 lb 


3. Using the coordinate system of Exercise 4, we find the equation for the line of the plate's right-hand edge is 

y = x — 3 4 x = y + 3. Thus the total width is L(y) = 2x = 2(y + 3). The depth of the strip changes to (4 — y) 

泠 F = f°w(4 - y)L(y) dy = f °62.4 _ (4 一 y) - 2(y + 3) dy = 124.8 f jl2 + y - y 2 ) dy 
=124.8 [12y + f f 3 = (-124.8) (-36 + | + 9) = (-124.8) ( - f) = 2808 lb 
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408 Chapter 6 Applications of Definite Integrals 


4. Using the coordinate system of Exercise 4, we see that the equation for the line of the plate's right-hand edge 
remains the same: y = x_3 => x = 3 + y and L(y) = 2x = 2(y + 3). The depth of the strip changes to (—y) 


令 F: 


w(-y)L(y) dy 


62.4 - (—y). 2(y + 3) dy = 124.8 I (-y 2 - 3y) dy = 124.8 


_ y! 


■ y 


(-124.8) (y — y) = (— 124 . 8)( 6 27M2 _ 3) = 561.61b 


-3 


and L(y) = 2x = y + 4. The depth of the strip is (1 — y). 


5. Using the coordinate system of Exercise 4, we find the equation for the line of the plate's right-hand edge to be 
y = 2x — 4 4 x : 

(a) F = /—° 4 w(l - y)L(y) dy 

=(—62.4) 

(b) F = (-64.0) 


62.4 • (1 _ y)(y + 4) dy = 62.4 J° 4 (4 — 3y — y 2 ) dy = 62.4 [4y - 竽一 f 


(-4)(4) - 
(-4X4) 


(3)(16) , 
2 ^ 

(3)(16) 


f 


(-62.4) (-16-24+f)= 

=(-64.0)(-120 + 64) _ 119 4. 7 lb 


(-62.4)(-120 + 64) 


62.4 
1164.81b 


6. Using the coordinate system given, we find an equation for 
the line of the plate’s right-hand edge to be y = — 2x + 4 
x = 早 and L(y) = 2x = 4 — y. The depth of the 


strip is (1 — y) => F 


w(l — y)(4 - y) dy 


62.4 f\y 2 — 5y + 4) dy = 62.4 ^ + 4y 


(62.4) 


4) =(62.4)(^1|±24) 


0 

(62.4)(11) 


114.41b 


y(ft) 



surface 



-2 

’ x (tt) 
2 


7. Using the coordinate system given in the accompanying 
figure, we see that the total width is L(y) = 63 and the depth 


of the strip is (33.5 

_ Jo 12 3 

_ ( 64 


y) ^ f ： 


64 (33.5 - y) - 63 dy 


J 0 w(33.5 — y)L(y) dy 
( 荐 ） (63)/:(33.5 — y)dy 


33.5y 


'nO (63) 


(64)(63)(33)(67 - 33) 


_ t 
2 


33 


^ 64-63 


~W~J 


(33.5)(33 ) -学 


( 2 )( 12 3 ) 


13091b 


y(in) 

33.51 surface 

■3XUI 



x(in) 


- 31.5 31.5 


8. (a) Use the coordinate system given in the accompanying 
figure. The depth of the strip is (— y) ft 


-.11/6 


^ F= J/ w (^ - y) (width) dy 
(62_4)(width)/ 0 ’ （ 營 —y) dy 
(62.4)(width) y- ^ 


11/6 

0 


y(ft) 



(62.4)(width) 


(if) 2 - 1 ^ F end = (62.4)(2) (^) Q) « 209.73 lb and F side = (62.4) ⑷（咢） Q) » 419.47 lb 


(b) Use the coordinate system given in the accompanying 
figure. Find Y from the condition that the entire volume 
of the water is conserved (no spilling): 导 • 2 • 4 = 2.2 • Y 

今 Y 

and the total width is L(y) = 2 ft. Thus, 

pll3 

F= I w (^ - y) L(y) dy 


y(ft) 


surface 


y ft. The depth of a typical strip is (y — y) ft 



x(ft) 


/o 

-.113 


j 0 (62.4)(^-y) .2dy = (62.4)(2) 


yl 


11/3 

0 


(62.4X2) 


(Dm 


(62.4)(121) 
9^ 


« 838.93 lb ^ the fluid 


force doubles. 
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Section 6.7 Fluid Pressures and Forces 409 


9. Using the coordinate system given in the accompanying 
figure, we see that the right-hand edge is x = ^/l — y 2 
so the total width is L(y) = 2x = 2y /1 — y 2 and the depth 
of the strip is (—y). The force exerted by the water is 


therefore F 


62.4 


w 


• (-y) • 2^1 - y 2 dy 


y(ft) 



x(ft) 


1 -y 2 d(l — y 2 ) = 62.4 [|(1- y 2 ) 3/2 l ° = (62.4) (|) (1 - 0) 


4161b 


10. Using the same coordinate system as in Exercise 15, the right-hand edge is x = -y/3 2 — y 2 and the total width is 
2x = 2y/9 — y 2 . The depth of the strip is (—y). The force exerted by the milk is therefore 


L(y) 
F = 


• (—y) • 2dy = 64.5 J° 3 v / 9-y 2 d(9-y 2 ) = 64.5 [|(9-y 2 ) 3/2 ] = (64.5) (|) (27 - 0) 


=(64.5)(18) = 11611b 

11. The coordinate system is given in the text. The right-hand edge is x = ^/y and the total width is L(y) = 2x = 2y/y. 

(a) The depth of the strip is (2 — y) so the force exerted by the liquid on the gate is F = 上 w(2 — y)L(y) dy 

= £50(2 -y)-2 v ^dy= 100 £(2 - y)0^dy= lOo/J ㈣’ 2 - y 3 ’ 2 ) dy = 100 [• y 3 ’ 2 - | y 5 ’ 2 ]: 

= 100 (I - f)= ( 罟 ）(20 -6) = 93.33 lb 

(b) We need to solve 160 = J o 'w(H - y) - 2^ dy for h. 160 = 100 ( 爭 - 善）今 H = 3 ft. 


12. Use the coordinate system given in the accompanying figure. The total width is L(y) = 1. 

(a) The depth of the strip is (3 — 1) — y = (2 — y) ft. The force exerted by the fluid in the window is 


F 


w(2 - y)L(y) dy = 62.4 I (2 - y) • 1 dy 


(62.4) [2y 


(b) Suppose that H is the maximum height to which the 
tank can be filled without exceeding its design 
limitation. This means that the depth of a typical 
strip is (H — 1) — y and the force is 

F = f o w[(H - 1) - y]L(y) dy = F max , where 

F max = 312 lb. Thus, F max = w T [(H — 1) - y] • 1 dy = (62.4) 


(62.4) (2-i) 

y(fi) 


(62.4)0) 


93.6 lb 



( 学 ) (2H - 3) 
6.5 ft 


-93.6 + 62.4H. Then F ma> 


-93.6 + 62.4H ^ 312 


-93.6 + 62.4H 泠 H 


405.6 

~ 62 A 


13. Suppose that h is the maximum height. Using the coordinate system given in the text, we find an equation for 
the line of the end plate's right-hand edge is y = | x x=|y. The total width is L(y) = 2x = | y and the 


depth of the typical horizontal strip at level y is (h — y). Then the force is F = 


f 0 w(h - y)L(y) dy = F m . 


where F max = 6667 lb. Hence, F max = w J q (h — y) • • y dy = (62.4) (|) / (hy — y 2 ) dy 

o 

=(62.4) (!) [ 竽 — 誓 ] > (62.4) (!) (f-f)= (62.4) (|)(I)h3 = (10.4) (f) 今 h = V ( 瞧 ) 

= 3 ]/ (I) (wi) ^ 9.288 ft. The volume of water which the tank can hold is V = | (Base)(Height) - 30, where 
Height = h and | (Base)= 善 h 4 V =(|h 2 ) (30) = 12h 2 « 12(9.288)2 « 1035 ft 3 . 
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14. (a) After 9 hours of filling there are V = 1000.9 = 9000 cubic feet of water in the pool. The level of the water 
is h = where Area = 50 • 30 = 1500 => h = = 6 ft. The depth of the typical horizontal strip at 

level y is then (6 — y) for the coordinate system given in the text. An equation for the drain plate's 
right-hand edge is y = x total width is L(y) = 2x = 2y. Thus the force against the drain plate is 

F = /: w(6 - y)L(y) dy = 62.4 £' (6-y)-2ydy = (62.4)(2) £(6y-y 2 ) = (624)(2) [ 竽一誓 ]: 

=(124.8) (3 - i) = (124.8)(1) = 332.8 lb 


(b) Suppose that h is the maximum height. Then, the depth of a typical strip is (h — y) and the force 
w(h — y)L(y) dy = F max , where F max = 520 lb. Hence, F max = (62.4) f Q (h — y) _ 2y dy 

=124.8 f o \hy - y 2 ) dy = (124.8 ) [军 _ 誓 ] :=(124.8) (| - i) = (20.8)(3h — 2) 今證 | = 3h - 2 
^ h = f = 9 ft 



15. The pressure at level y is p(y) = w • y the average 

nb r»b 2 b 

pressure isp= ^ J q p(y) dy = 告丄 w . y dy = * w 。 

=( 吾） ( 琴 ) = 警 . This is the pressure at level |, which 
is the pressure at the middle of the plate. 



16. The force exerted by the fluid is F : 


w(depth)(length) dy 


w 


• y • a dy = (w . a)J^ y dy = (w . a) 


ab^ 


( 亨） (ab) = p - Area, where p is the average value of the pressure (see Exercise 21). 


17. When the water reaches the top of the tank the force on the movable side is J 2 (62.4) (2y/ 4 — y 2 ) (—y) dy 

=(62.4) J° i (4 - y 2 ) 1/2 (-2y) dy = (62.4) | (4 - y 2 ) 3/2 ^ = (62.4) (f) (4 3 / 2 ) = 332.8 ft - lb. The force 

compressing the spring is F = lOOx, so when the tank is full we have 332.8 = lOOx ^ x ^ 3.33 ft. Therefore 
the movable end does not reach the required 5 ft to allow drainage the tank will overflow. 


18. (a) Using the given coordinate system we see that the total 
width is L(y) = 3 and the depth of the strip is (3 — y). 

Thus, F = / o 3 w(3-y)L(y)dy = £(62.4X3 - y) • 3 dy 

=(62.4X3)/。 3 (3 - y) dy = (62.4)(3) [3y - 幻 : 

=(62.4)(3) (9 - f ) = (62.4)(3) (|) = 842.4 lb 
(b) Find a new water level Y such that F Y = (0.75)(842.4 lb) = 631.8 lb. The new depth of the strip is 

(Y - y) and Y is the new upper limit of integration. Thus, F y = w(Y — y)L(y) dy 
= 62.4/:(Y - y) • 3 dy = (62.4 ) ⑶ J:(Y — y) dy = (62.4)(3) [Yy - 誓 ] 卜 (62.4X3) (Y 2 - f) 

=(62.4)(3) (f) . Therefore, Y = = \/6J5 « 2.598 ft. So, AY = 3 - Y 

« 3 - 2.598 « 0.402 ft « 4.8 in 



19. Use a coordinate system with y = 0 at the bottom of the carton and with L(y) = 3.75 and the depth of a typical strip being 
(7.75 - y). Then F = — y)L(y) dy = ( 繫） (3.75) f: '7.75 - y) dy = ( 甯） （ 3.75) [7.75y - f ^ 

= ( 臀 ) (3.75) ® « 4.2 lb 
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20. The force against the base is F base = pA = whA = w • h . (length)(width) = (;) (10)(5.75)(3.5) s 6.64 lb. 

To find the fluid force against each side, use a coordinate system with y = 0 at the bottom of the can, so that the depth of a 

typical strip is (10 - y): F = JfwdO-y) (= d °:) dy =( 备 ） （= d ° e f ) [10y - J 
=(#) (*e d l°e f ) (f 1 ) ^ Fend = (#) (50X3.5) « 5.773 lb and F slde = ( 备） (50)(5.75) « 9.484 lb 

21. (a) An equation of the right-hand edge is y = l x ^ x = 警 y and L(y) = 2x = ^ . The depth of the strip 

is (3 - y) ^ F = J q w(3 - y)L(y) dy = / 。 3 (62.4)(3 - y) (f y) dy = (62.4) • (|)/ 0 (3y - y 2 ) dy 

=(62-4) (I ) [暑 / 一 : = (62.4) (f) [f - f ] = (62.4)(|)(f)= 374.41b 

(b) We want to find a new water level Y such that F Y = | (374.4) = 187.2 lb. The new depth of the strip is 
(Y - y), and Y is the new upper limit of integration. Thus, Fy = w(Y - y)L(y) dy 

= 624 fo ( Y _ y) (f y) d y = ( 62 . 4 ) (i)f 0 ( y y-y 2 ) d y = (62.4) (!) \ 广 ( 62 . 4 ) (f) (t — t) 

=(62.4) (I) Y 3 . Therefore Y 3 = jWa) = ^ ^ 2.3811ft. So, 

AY = 3 — Y « 3 — 2.3811 ~ 0.6189 ft ~ 7.5 in. to the nearest half inch. 

(c) No, it does not matter how long the trough is. The fluid pressure and the resulting force depend only on depth of the 
water. 


22. The area of a strip of the face of height Ay and parallel to the base is 100( 碧 ） • Ay, where the factor of || accounts for the 
inclination of the face of the dam. With the origin at the bottom of the dam, the force on the face is then: 

F = J q 24 w( 24 - y)(100)( 劈 ) dy = 6760 [24y - ^ ^ = 6760(24 2 — 竽 ) =1,946,880 lb. 


CHAPTER 6 PRACTICE EXERCISES 


1 . 


A(x) = f (diameter) 2 = f (^x-x 2 ) 2 
=I (x - 2 ^x • x 2 + x 4 ) ; a = 0, b = 1 


泠 V = 
_ 7T [x^ 

— 4 [ 2 


£ a ( x ) dx = g J: (X - 2x 5 / 2 + X 4 ) dx 

- 4 7- 7/2 + K i] 1 0 = UI- 4 7 + l) 


=☆ (35 - 40 + 14)= 


9tt 

280 


2 . 


A(x) = i (side) 2 (sin f) = ^ (2^-x) 2 
=^ (4x - 4x x /x + x 2 ) ; a = 0, b = 4 




V = £ b A(x) dx = ^ J fl 4 (4x- 4x 3 ’ 2 + x 2 ) dx 


=^ [2x 2 -fx 5 / 2 + + 

=^ (1 - f + I) = (15 - 24 + 10) = ^ 
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3. A(x) = I (diameter) 2 = | (2 sin x — 2 cos x) 2 
= |*4 (sin 2 x — 2 sin x cos x + cos 2 x) 

= tt( 1—sin2x);a=f ， b=f 

=> V = 工 A(x) dx = 7T ^ (1 — sin 2x) dx 

cos 2x 1 


: 7T X + 


57T 


7t/4 


： 7T 2 


2sin x 



4. A(x) = (edge) 2 = 
a = 0, b = 6 =^V 


—0) V^) = 36 — 24V^ + 36x — 4V^x 3 / 2 + x 2 ; 

A(x) dx = 上 (36 - 24-\/6 ^/x + 36x — 4^/^x 3 / 2 + x 2 ) dx 


36x — 24V"6- f x 3 / 2 + 18x 2 - 4\/6- | x 5 / 2 + f = 216 - 16 • \/6 • 6 + 18 • 6 2 - f • 6 2 + f 

216 — 576 + 648 - ^ + 72 = 360 - ^ = 1800 ~ 1728 = f 


5. A(x) = ^ (diameter) 2 = ^ 


( 2 W- 誓） 


4x- X 5 ’ 2 + ^);a = 0，b = 4 今 V: 


(4x- x 5 ’ 2 + 苔 ) dx = f 


9 v 2 2 y 7/2 x 5 

2X — 7 X + 5^6 


f (32 - 32 • § + § • 32) 


A(x) dx 


32tt 


( 1-1 + 1 ) = 1 ( 35 - 40 + 14 )=^ 


6. A(x) = \ (edge) 2 sin (f) = ^ [2^/x- (-2^)]" 

二今 (4^) 2 = 4V^3x; a = 0, b = 1 

A ⑻ dx = f 4\/3x dx = 2\/3x 2 


令 V = 
= 20 



** 4x 


7. (a) disk method: 


(b) shell method: 
\= f b 27T 


-.1 


^1 


y = J ttR 2 (x) dx = J (3x 4 ) dx = 7r J 】 9x 8 dx 

= 7T [X 9 ] ^ = 27T 



shell 


dx 


/ shell \ f 
\ radius / l height 

Note: The lower limit of integration is 0 rather than — 1. 

(c) shell method: 

V = /> ( r =) ( h s eigh t )dx = 2nfjl-x)(3x^) dx = 2tt g - , 

(d) washer method: 

R(x) = 3, r(x) = 3 - 3x 4 = 3 (1 — x 4 ) => V = J\ [R 2 (x) — r 2 (x)] d: 
= 9n ^ Jl — (1 — 2x 4 + x 8 )] dx = 97r J t (2x 4 — x 8 ) dx = 9w 学 — 


J o 27tx (3x 4 ) dx = 2n ■ 3 J o x 5 dx = 2n ■. 




^)] 


9-9(1 -x 4 ) 2 


dx 

27T-13 — 267T 
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8 . (a) washer method: 

R(x)= 去， r (x) =| ^ V = / a V[R 2 (x) — r 2 (x)] dx = /> [(^) 2 -(i) 2 ] dx = 兀 [ -譬 x -5 一引 

= n [(達 一 D — (— T 一 S )] = 兀（一 re — 臺 + T + I ) = 聶 ( _ 2 — 10 + 64 + 5) = : 

(b) shell method: 

V = - i) dx = 2n [—4X- 1 一司 ; = 2 兀 [(-| - 1) - (—4 — |)] = 2 兀 ( 聲 ）=f 

(c) shell method: 

V = 2n £ (radius) (telght) dx = 2n h ( 2 — X )( 去一 D dx = 27r X (? 一？ _ 1 + I) dx 
= 2 tt [- ^ + I - x + ^] ' = 2 tt [(-1 + 2 - 2 + 1) - (-4 + 4 - 1 + i)] = f 

(d) washer method: 

V = J a b 7 T[R 2 (x) - r 2 (x)] dx 

= 7r JT[(I ) 2- ( 4 - dx 

= 亨一 | 6 丌上 （1 - 2 x -3 + x -6 ) dx 
= 宇 - 16 丌 x + x _ 2 — 誓 2 

=^ - 16?r [(2 + i - - (l + 1 - 5 )] 

=^ - 16?r (i - jig + i) 

= 苧—镯 (40 — 1 + 32 )= 宇—： = 訾 



9. (a) disk method: 


V = 7T J 1 X — 1J dx = 7rJ i (x — 1) dx = 7T 

= 兀 [(- 一 5 )一 (卜 1)]=: ( 学 —4)=8 兀 


f -X 


(b) washer method: 

R ( y ) = 5, r(y) = y 2 + 1 ^ V= /\ [R 2 (y) - r 2 (y)] dy = tt / 二 [25 - （ y 2 + if 


dy 


,(25 - y 4 - 2y 2 - 1) dy 


z (24 — y 4 - 2y 2 ) dy = tt [24y —誓一 | y 3 2 2 = 2?r (24 • 2 - f - | • 8) 


32tt (3 


;)= 煢 (45-6 — 5) 


10887T 

^5~ 


(c) disk method: 


R(y) = 5 - (y 2 + 1) = 4 - y 2 




v = / c ttR 2 (y) dy = J ^ (4 - y 2 ) 2 dy 


tt L(16 - 8y 2 + y 4 ) dy 


[16y - 竽 


2 丌 （32 


64 

T 


f) 


: 647T ( 1 
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414 Chapter 6 Applications of Definite Integrals 


(b) shell method: 


V ： 


2tt I 


shell 


dx 


f o 2 ttx (2y/x — x) dx = 27rJ^ (2 x 3 / 2 — x 2 ) dx = 2n 




128tt 


height 


dx 


f Q 4 27T(4 - x) {2^x - x) dx = 2 tt /^(Sx 1 / 2 - 4x - 2x 3 / 2 + x 2 ) 


dx 


. / shell \ ( 

V radius / l height 

= 2 兀 (f-32—f) 

(c) shell method: 

r b /-> ( shell \ ( shell 

V = J a 2 兀 ( radi J ( 

= 2tt 

= 6 如(1一!)=苧 

(d) shell method: 

v = f : 27r ( r =) (heigh.) d y = f: 2?r ( 4 -y)(y - 4) d y = O-y 2 -y 2 + t) d y 

= 2tt J: (4y _ 2y 2 + g) dy = 2 tt 2y 2 — | y 3 + g : = 2 tt (32 _ | . 64 + 16) = 32tt (2 _ | + 1) 


fx 3 / 2 _ 2x 2 一 f x 5 / 2 + f 


2?r (f • 8 - 32 - f - 32 + f) = 64 tt (I 


4 + !) 


32tt 


11. disk method: 


R(x) = tan x, a = 0, b 




V = 7T / tan 2 x dx 二 (sec 2 x — 1) dx = 7r[tan x 


12. disk method: 


nir nn nn 

V = 7 r I (2 — sin x) 2 dx = 7 r I (4 — 4 sin x + sin 2 x) dx = 7 r I (4 — 4 sin x 


1—cos 2x) 


dx 


: 7T [4x + 4 cos 


x + I — =7r[(47T-4+f -0) -(0 + 4 + 0 —0)] =7T(f — 8) = f (9 兀 一 16) 


13. (a) disk method: 


V m 7rJ^ (x 2 — 2x) 2 dx = ttJ q (x 4 — 4x 3 + 4x 2 ) dx 


誓 — X 4 + I X 3 


—-16+f) 


普 (6 - 15 + 10 )= 普 


(b) washer method: 


l 2 - (x 2 - 2x + l) 2 
(c) shell method: 


V = J ， 


dx 


7rdx + / 7r (x — l) 4 dx = 27r 


2 ?r — 7 T • ?= 竽 


5 — T 


2n 


/ shell \ f 
Vradius/ l 


■y f /->_ ( stiell w shell 


height 广 - 2 丌 J o (2 - X) [- (X 2 - 2x)] dx = 2 丌 J o (2 - X) (2x - X 2 ) dx 


dx 


: 2tt f o \4x - 2x 2 - 2x 2 + x 3 ) dx = 2tt J:(x 3 - 4x 2 + 4x) dx = 2tt [誓 一 | x 3 + 2x 2 ] 2 = 2?r (4 — f + 8) 


(36 - 32) 
(d) washer method: 


T 


T 


V = 7T / 0 2 [2 - (X 2 - 2x)] 2 


dx 


' 2 2 dx 


4 — 4 (x 2 - 2x) + (x 2 - 2x) 2 


dx — 87 t 


=(4 一 4x 2 + 8x + x 4 — 4x 3 + 4x 2 ) dx — 8 tt = tt J^x 4 — 4x 3 + 8x + 4) dx — 8 tt 
f - x 4 + 4x 2 + 4x| 2 - 8 tt = tt (f - 16 + 16 + 8) - 8 tt = I (32 + 40) - 8tt = 


727T 407T _ 327T 


14. disk method: 

V = 2 丌上 / 4 tan 2 x dx = 87r J 1 (sec 2 x — 1) dx = 8 丌 [tan x — x]:’ 4 = 2 丌 (4 — 7r) 
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15. The material removed from the sphere consists of a cylinder 
and two "caps." From the diagram, the height of the cylinder 

is 2h, where h 2 + (\/^) = 2 2 , i.e. h = 1. Thus 

V cy i = (2h)7r(\/5) = 6 tt ft 3 . To get the volume of a cap, 

use the disk method and x 2 + y 2 = 2 2 : V cap = 7rx 2 dy 

:L n ( 4 - y 2 ) d y = 7 r [ 4 y- y : 

=tt[(8 _ I) — (4 一 I)] = f ft 3 . Therefore, 

Vremoved — V cy i + 2V cap = 6 丌 + ^ = 學 ft 3 . 


y 



16. We rotate the region enclosed by the curve y = *\/l2 (l — and the x-axis around the x-axis. To find the 


volume we use the disk method: V 


ttR 2 (x) dx 


^ 11/2 


12 


::(i -匐 

132 丌 （1 - 1)= 


dx = 127T 




4x 3 

363 


11/2 

- 11/2 


247T 


- 11/2 

11 

T 


々 12(1 — 
(3I3) (t) 


4x 2 、 
12T> 


dx 


-11/2 12 ( 1 _ dX 


132tt 


(3I3)( 


264?r 


88tt« 276 in 3 


17. y = x^-f ^ g = I x -i/ 2 _I xl/2 ^ (g) 2 = I(i-2 + x) ^ L=/ i 7l + iQ-2 + x)dx 

^ L= / ^1(1+2+ x) dx = J^\(x-^ + x^) 2 dx = fj (X-" 2 + x!/2) dx = i [2x" 2 + f rV 2 ]; 

= i[(4+|.8)-(2 + l)]=I(2+^) = f 1 


IS- x = 产今 | = fx-V3 ^ (|) 2 = ^ ^ L = iiV 1+ fe) 2 d 卜 /iV 1 + _ dy 

= f: V 9 3 x 二 +4 dx = W% 2 , 3 +4 (x- 1 / 3 ) dx; [u = 9x 2 / 3 + 4 今 du = 6y -1 / 3 dy; x = 1 分 u = 13, 
x = 8^u = 40]^L=i X : 。 u 1/2 du = i [I u 3 ’ 2 ]== 善 [40 3 ’ 2 — 13 3 / 2 ] « 7.634 


19. y = ^ x 6/5 ^ I x 4/5 ^ g = 1 x l/5 _ 1 x -l/5 ^ (g) 2 = 1 ( x 2/5 _ 2 + X ~ 2 / 5 ) 

L = V1 + $ (x 2 / 5 — 2 + x -2 / 5 ) dx L = \ (x 2 / 5 + 2 + x -2 / 5 ) dx = f \ (x 1 / 5 + x -1 / 5 ) 2 dx 

=X 3 、 ( ， 似 ， )dx=i[|x^ + fx^] J 2 = I[(|.2^f.2^)-(| + I)]=i(^ + f) 


(1260 + 450) = ^ = 


285 

"8" 


20. x 


12 


y 3 




dx — 1 ',2 
- 4^ 









(n) -（為 






y 


2 


21 . 


营 =—5 sin t + 5 sin 5t and 餐 = 5 cos t — 5 cos 5t =>■ 



2 


\J (—5 sin t + 5 sin 5t) 2 + (5 cos t — 5 cos 5t) 


2 


= 5 \J sin 2 5t — 2sin t sin 5t + sin 2 t + cos 2 t — 2cos t cos 5t + cos 2 5t = 5 a/ 2 — 2(sin t sin 5t + cos t cos 5 t) 
= 5^2(1 — cos 4t) = 5-^4(|) (1 — cos 4t) = 10\/sin 2 2t = 10|sin 2t| = lOsin 2t (since 0 < t < |) 
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416 Chapter 6 Applications of Definite Integrals 

=>• Length = J Q ’ lOsin 2tdt = [—5 cos 2t] J’ 2 = (—5)(—1) — (—5)(1) = 10 

22. f = 3t 2 - 12t and 菩 = 3t 2 + 12t 今 7(f) 2 + (f) 2 = yj (3t 2 - 12t) 2 + (3t 2 + 12t) 2 = ^2881 2 + 18t 4 

= 311| \/l6 + t 2 =>• Length = 3\/2 |t| a/ 16 + t 2 dt = 3 J Q t \/l6 + t 2 dt; u = 16 + t 2 du = 2t dt 

^ |du = t dt; t = 0 => u = 16; t = 1 u = 17 ; ^ f l6 i/udu = ^[fu 372 ]^ = 手 (|(17) 3/2 — !(16) 3/2 ) 
= 辛 . 參 ((17) 3/2 — 64) = v^((17) 3/2 —64) « 8.617. 

23. —3 sin 0 and = 3cos 0 ^ ( 翁 ) 2 + ( 砮） = yj (—3 sin 0) 2 + (3cos 6) 2 = 3(sin 2 6 + cos 2 沒 ）= 3 

f37r/2 f37r/2 

^ Length = j Q 3 狀 = 3 人 d^ = 3(-| : — 0) = -f 


24. x = t 2 and y = • — t ， —\J 3 < t < ^/3 




dx 

dt 


2t and 菩 =t 2 — 1 今 Length : 


’(2t) 2 + (t 2 —l) 2 dt 


y/t 4 + 2t 2 + 1 dt : 


\/t 4 + 2t 2 + 1 dt : 


’(t 2 + l) 2 dt: 


(t 2 + 1) dt ： 


T +t 


-办 


4\/3 


25. Intersection points: 3 — x 2 = 2x 2 => 3x 2 — 3=0 

=> 3(x — l)(x +1) 二 0 4 x = —lorx=l. Symmetry 
suggests that x = 0. The typical vertical strip has 

center of mass: (x^y)= (x, 2x2 + ( 2 3 _ x2 ) ) = (x, 4^), 

length: (3 — x 2 ) - 2x 2 = 3 (1 - x 2 ), width: dx, 
area: dA = 3(1— x 2 ) dx, and mass: dm = <5 • dA 
= 3^ (1 — x 2 ) dx => the moment about the x-axis is 



y dm = I 5 (x 2 + 3) (1 — x 2 ) dx = 暑占 (—x 4 — 2x 2 + 3) dx => M x = J"y dm = ^ sj' i (—x 4 - 2x 2 + 3) dx 
=\8 - y - ^ + 3x 1 = 3^ (- i - § + 3) = ff (-3 - 10 + 45) = ^ ; M = / dm = 35 /[(l-x 2 ) dx 


= 36 



= 66 (1 - i) = 45 y 


M x = 328 _ 
一 M 一 5-45 _ 


Therefore, the centroid is (x, y) = (0, |). 


26. Symmetry suggests that x = 0. The typical vertical 
strip has center of mass: ("x , 5 ^) = (x, 譬 ) ， length: x 2 , 

width: dx, area: dA = x 2 dx, mass: dm = 6 - dA = 6x 2 dx 
the moment about the x-axis is y 1 dm = | x 2 • x 2 dx 

=I x 4 dx ^ M x = / y dm = I J 2 x 4 dx = ^ [x 5 ] \ 

= 藉 (2 5 ) = ^;M= J dm = 6 f'x 2 dx = 5 f 2 ^ = 譬 (2 3 )= 

centroid is(x, y) = (0, |). 



f 


32.6-3 — 6 
— 5 


.Therefore, the 
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27. The typical vertical strip has: center of mass: (x ,y ) 
=(x, 4+ 2 t j ， length: 4 — 专 , width: dx, 


area: dA 


r 4 




dx, mass: dm = 6 - dA 


4 — ^ j dx the moment about the x-axis is 


y 1 dm 


4 + 




T 


dx = I (16 - 矣 ) dx; the 


moment about the y-axis is x dm = 6(4—^ 


16x 


x 5 

5-16 


f [64 - 学 ] 


1285 . 


x dx = 5 ^4x 
=fx dm = S 


= 5(32 - 16) = 16 & M = f dm ^6 


:4 -誓心 





dx. Thus, M x = Jy 1 dm 

x 3 


l 0 4x-t dx 


2x2 


4x-T3 




326 
丁 

3 12 、 


5-31-8 


y . Therefore, the centroid is (x, y) = (|, y). 


16 _ 16 ) dx 


28. A typical horizontal strip has: 

center of mass: ,y ) = ( y2 ^ 2y , y) , length: 2y - y 2 ， 

width: dy, area: dA = (2y — y 2 ) dy, mass: dm = 6 - dA 
= 6 (2y — y 2 ) dy; the moment about the x-axis is 
y 1 dm = 6 • y • (2y — y 2 ) dy = ^ (2y 2 — y 3 ); the moment 
about the y-axis is "x dm = 6 - ( y2 二 2y ) • (2y — y 2 ) dy 

=f (4y 2 一 y 4 ) dy 今 M x = /文 dm = <5 f (2y 2 - y 3 ) dy 


fy 3 -? 




6-16 

~vi 


46 , 
3 ' 



蠢 (¥- f ) = W ; M : 


dm 


—(2y —y 2 )dy =△ v 2 — f 


Jx dm=f/ o (4y 2 -y 4 )dy 

>( 4 - 誉） 


46 

T 


4 X : 


ty 3 


M y _ <5-32-3 
M ： ~ 15^4 


y! 


Mx _ 4-6-3 
M — 3-4-6 


1. Therefore, the centroid is (x, y) = (|, l). 


29. A typical horizontal strip has: center of mass: (x" ,y ) 

= ( y 2 { 2 y ,y) , length: 2 y — y 2 , width: dy, 

area: dA = (2y — y 2 ) dy, mass: dm = 6 - dA 
—(1 + y) ( 2 y — y 2 ) dy => the moment about the 
x-axis isy 1 dm = y(l + y) ( 2 y — y 2 ) dy 
=( 2 y 2 + 2 y 3 - y 3 - y 4 ) dy 

=( 2 y 2 + y 3 — y 4 ) dy; the moment about the y-axis is 
X dm = (1 + y) (2y - y 2 ) dy = i (4y 2 - y 4 ) (1 + y) dy = i (4y 2 + 4y 3 - y 4 - y 5 ) dy 

4 M x = /y dm=/ o 2 (2y 2 +y 3 -y 4 ) dy = [|y 3 + ^ - ^ = (f + ^ - f) = 16 (i + | - f) 

= 餚 (20+ 15-24)= 垚 (11)= f| ; M y = /x dm= /j (4y 2 + 4y 3 - y 4 ^ y 5 ) dy = i [f y 3 + y 4 - ^ ^ 

= !(¥+ 24 —f«f) = 4 (f+ 2 -f-|) = 4 ( 2 -f) = f ； M =/dm=/ 0 2 (l+y)( 2 y-y 2 )dy 

= / ； ( 2 y + y 2 -y 3 )dy= [y 2 + 誓 一 幻 :=(4+ 誉一孕 ）= 鲁 ^ x= ^ = (f) (I) = f andy = ^ 

= (y|) (I) = ^ = ^ . Therefore, the center of mass is (x, y)= ( 誉，喆 ) . 

30. A typical vertical strip has: center of mass: ( 叉 ，y ) = (x ， ^ 71 ) ， length: 去， width: dx, 
area: dA = ^ dx, mass: dm = <5 • dA = 6 • ^ dx => the moment about the x-axis is 


y 



2 

0 

and 
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418 Chapter 6 Applications of Definite Integrals 

y dm = 2 J 72 •△春 dx = 备 dx; the moment about the y-axis is x" dm 二 x •△春 dx = 彝 dx. 

⑻ ujj ! ( 暴 ） dx = T 1 = ^ ； My = 6x dx = 3^ [2x 1/2 ] ^ = \2d\ 

M = ^/ i 9 ^dx = -6<5[x- 1 /2 ]； = 4( 5 ^ x= ^ = ^=3andy=^ = i}l = | 

(b) M x = /j I (^) dx = f [ _ x] 1 = 4; M y = /1 x2 dx = [ 2x3 / 2 ] 丄 = 52; M = 工 x ( 秦 ) dx 

= 6[xV 2 ]； = 12=,x=t = fandy=t = | 

31 _ S = X 2ny \A + ( 砮 ) dx ; 砮 = ^/2x+l ^ (af) = &+T ^ S = fo 2 丌 \/ 2x + 1 \J l + 2^+i dx 

= 2tt £V2 x+1 v /|±fdx = 2v^7T/ q 3 v^TT dx = 2^[| (x+ 1) 3/2 ] : = 2 ^/2n • | (8 - 1) = ^ 


32. S 


2 ^y Y 1 + ( 裝 ) _ dx ; ^ = x2 ^ (I) 2 = x4 ^ S = fo 27r - f \/l+x 4 dx= |/ o ' Vl+x 4 (4x 3 ) dx 

2v^_ 


I J„Vl+x4d(l+X 4 ) = | f (1+X 4 ) 


3/2' 


33. S 


27TX \ l 


(|) L dy; 


dx — ( 士 ）（ 4-2y) — 2-y 1 丄广 

dy _ V^f V 


4 


S = 丄 2tt V% — y 2 7 dy = 4 tt 丄 dx = 4vr 


4y _ y 2 + 4 _ 4y + y 2 — 4 

4y — y 2 — 4y — y 2 


34. S 


2ttx \ l 


’ (|)>;| = 士 今 1 + (1) =1 + ^ = ^ ^s = / 2 2Vy-^dy 

7T / 2 6 y¥+T dy= f [f(4y+ l) 3 / 2 ] ® = | (125 一 27) = f (98) 


497T 


35. x = I - and y = 2t, 0 < t < ^ |=tand|=2 Surface Area = J o 27r(2t)\/1 2 + 4 dt = 27ru 1|/2 du 

= 2?r [| u 3 / 2 ] ® = ^, where u = t 2 + 4 ^ du = 2tdt;t = 0 泠 u = 4, t = u = 9 

36. x = t 2 + iandy = 4 v /t,^<t<l ^ 营 = 2t — 矗 and | = 含 

^ Surface Area = f i/V - 2tt (t 2 + -) \j (2t - ^) 2 + dt = 2 丌 / 1/v ^(t 2 + |) \J ( 2t + ^i) 2 dt 

二 h X /v ^( t2 + S) ( 2t + 忐 ） dt = 2 tt / 1/v ^(2t 3 + | + 5 t^ 3 ) dt = 2?r [j t 4 + § t - g t^ 2 ] ^ 

= 2 令竽） 


37. The equipment alone: the force required to lift the equipment is equal to its weight => Fi(x) = 100 N. 

广 b p40 

The work done is Wi = 丄 Fi(x) dx = J o 100 dx = [100 x]q° = 4000 J; the rope alone: the force required 
to lift the rope is equal to the weight of the rope paid out at elevation x ^ F 2 (x) = 0.8(40 — x). The work 

done is W 2 = /> 办 ) dx 二 /二 0.8(40 - x) dx = 0.8 40x -誓 J 二 0.8 (40 2 — 誓 ) = (a8)( 2 1600) = 640 J; 
the total work is W = Wi + W 2 - 4000 + 640 = 4640 J 


38. The force required to lift the water is equal to the water's weight, which varies steadily from 8 • 800 lb to 

8 • 400 lb over the 4750 ft elevation. When the truck is x ft off the base of Mt. Washington, the water weight is 

F(x) = 8 • 800 • ( 2 1 7 4 5 7 ° 5 o X ) = (6400) (l - ^g) lb. The work done is W = / ^(x) dx 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 













































Chapter 6 Practice Exercises 419 


J 、4750 2 I 4750 / 2 \ 

。 6400 (1 - 955 o) dx = 6400 [x - q = 6400 (4750- Hg) = (!) (6400)(4750) 
= 22,800,000 ft • lb 


39. Force constant: F = kx => 20 = k * 1 => k = 20 lb/ft; the work to stretch the spring 1 ft is 


W 


W 


kx dx = k I x dx 


20 f 


kx dx = k x dx = 20 


10 ft - lb; the work to stretch the spring an additional foot is 
:20(g —|)=20(|)=30ft.lb 


40. Force constant: F = kx => 200 = k(0.8) => k = 250 N/m; the 300 N force stretches the spring x = _ 

广 1.2 广 1.2 

= — 1.2 m; the work required to stretch the spring that far is then W = F(x) dx = j n 250x dx 
=[125x 2 诒 2 = 125(1.2) 2 = 180 J 

41. We imagine the water divided into thin slabs by planes 
perpendicular to the y-axis at the points of a partition of the 
interval [0,8]. The typical slab between the planes at y and 
y + Ay has a volume of about AV = 7r(radius) 2 (thickness) 

= 7r (I y) 2 Ay — y 2 Ay ft 3 . The force F(y) required to 
lift this slab is equal to its weight: F(y) = 62.4 AV 
=( 62 . 4 )( 25 ) 172 Ay ib The distance through which F(y) 
must act to lift this slab to the level 6 ft above the top is 
about (6 + 8 — y) ft, so the work done lifting the slab is about AW = 丌 y 2 (i 4 — y) Ay ft - lb. The work done 

lifting all the slabs from y = 0 to y = 8 to the level 6 ft above the top is approximately 

8 

W ~ ( 62 . 4 )( 25 ) 丌 y2 (i 4 — y) Ay ft - lb so the work to pump the water is the limit of these Riemann sums as the norm of 

0 

the partition goes to zero: W = J q (62 '^ 25) 7ry 2 (14 — y) dy = (62-4 ^ 25)7r (14y 2 — y 3 ) dy = (62.4) ( 寮 ） y y 3 — j- 

=(62.4) ( 寮 )( 罕 • 8 3 — 孕） 《 418,208.81 ft • lb 


y 



Reservoir's Cross Section 


42. The same as in Exercise 41, but change the distance through which F(y) must act to (8 — y) rather than 


(6 + 8 — y). Also change the upper limit of integration from 8 to 5. The integral is: 
w = y 2 (8 — y) dy = (62.4)( 煢 ) /^By 2 - y 3 ) dy = (62.4)( 煢）[誉 y 3 - f 

=(62.4) ( 譬 ) (I • 5 3 - 专) 《 54,241.56 ft - lb 


43. The tank's cross section looks like the figure in Exercise 41 with right edge given byx=^y=|. A typical 
horizontal slab has volume AV = 7r(radius) 2 (thickness) = 7r (|) 2 Ay = | y 2 Ay. The force required to lift this 
slab is its weight: F(y) = 60 • | y 2 Ay. The distance through which F(y) must act is (2 + 10 — y) ft, so the 

— = 22,5007r ft - lb; the time needed 

to empty the tank is = 257 sec 


work to pump the liquid is W = 60 | 丌 (12 — y) 


)dy 


157T 


44. A typical horizontal slab has volume about AV = (20)(2x)Ay = (20) (2y /16 — y 2 ) Ay and the force required to 
lift this slab is its weight F(y) = (57)(20) (2 ^/16 — y 2 ) Ay. The distance through which F(y) must act is 
(6 + 4 — y) ft, so the work to pump the olive oil from the half-full tank is 

W = 57 J° 4 (10 - y)(20) (2^16-y 2 ) dy = 2880 10^16-y 2 dy + 1140 J° 4 (16 - y 2 ) 1/2 (-2y) dy 
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420 Chapter 6 Applications of Definite Integrals 


22,800 • (area of a quarter circle having radius 4) + | (1140) 
335,153.25 ft-lb 


(16 —y 2 ) 


3/2' 


(22,800)(4 丌 ） + 48,640 


45. F = JV - ( strip 


depth , 


L(y) dy ^ F = 2 I —(62.4)(2 - y)(2y) dy = 249.6 I _ (2y - y 2 ) dy = 249.6 f — t 


(249.6) (4- I) = (249.6)(f) = 332.8 lb 


46. F = /V- ( d s e ^) -L(y) dy ^ F = /^(f-y) (2y + 4)dy = f - 2y 2 - 4y) dy 

= 75 f:、- ! y - ^ dy = 75 [f y - W _ ■ y3 ] ^ = (75) [㈤ —（!) （|) 一 0 ( 證 )] 


(75) (f 


175 _ 250 
216 ~ 3^216 


)= (^) (25 - 216 - 175-9 - 250 - 3)= 


9.216 


« 118.631b. 


47 - F =/>_(; 


L(y) dy 4 F = 62.4 f Q (9 - y) (2 • 幸 ) dy 二 62.4 £ (9y" 2 — 3y 3 ’ 2 ) dy 
62.4 [6y 3 / 2 - I y 5 /2] ^ = (62.4) (6.8 - | • 32)=( 学 )(48.5 - 64) = _ 5 (m) 


2196.48 lb 


48. Place the origin at the bottom of the tank. Then F = W • ( • L(y) dy, h = the height of the mercury column, 


strip depth = h — y, L(y) = 1 ^ F 


h 849(h — y) 1 dy = (849) f o \h — y) dy = 849 ^iy - f 


^h 2 . Now solve ^h 2 = 40000 to get h « 9.707 ft. The volume of the 


849 (h 2 - % 


mercury is s 2 h = l 2 • 9.707 = 9.707 ft 3 . 


49. F ： 


=wi f Q (8 - yX2)(6 — y) dy + w 2 f e (8 - y)(2)(y + 6) dy = 2wi f Q (48 - 14y + y 2 ) dy + 2w 2 J_ 6 (48 + 2y - y 2 ) dy 
2wi [48y — 7y 2 + f ◦ + 2w 2 [48y + y 2 - ^ ^ = 216wi + 360w 2 


50. (a) F = 62.4j o (10-y)[(8-|)-(|)]dy 


62.4 


62.4 


f (240 — 34y + y 2 ) dy 


[240y — 17y 2 + 誓 


62.4 


(1440 — 612 + 72) 


18,720 lb. 



(b) The centroid ( 圣 ， 3) of the parallelogram is located at the intersection of y = j x and y = 一！ x+f_ The centroid of 
the triangle is located at (7,2). Therefore, F = (62.4)(7)(36) + (62.4)(8)(6) = (300)(62.4) = 18,720 lb 


CHAPTER 6 ADDITIONAL AND ADVANCED EXERCISES 


1. V = 7r J [f(x)] 2 dx = b 2 — ab 4 7r 上 [f(t)] 2 dt = x 2 — ax for all x > a 7r [f(x)] 2 = 2 x — a. =>• f(x) = 士 ^/ 2x ~ a 

2. V = TT J o a [f(x)] 2 dx = a 2 + a => 7r [f(t)] 2 dt = x 2 + x for all x > a 7r[f(x)] 2 = 2x + 1 => f(x) = ± 1 

3. s(x) = Cx ^ £ ^1 + [f(t)] 2 dt = Cx 泠 y/l + [f^x)] 2 = C 泠 f (x) = VC 2 - 1 for C > 1 

> f(x) = Vc 2 - 1 dt + k. Then f(0) = a 今 a = 0 + k 今 f(x) = £ \/c 2 - 1 dt + a => f(x) = x\/c 2 - 1 + a, 
where C > 1. 
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Chapter 6 Additional and Advanced Exercises 421 


(a) The graph of f(x) = sin x traces out a path from (0,0) to (a, sin a) whose length is L = J 0 + cos 2 0 dO. 

The line segment from (0,0) to (a：, sin a) has length y/(a — 0) 2 + (sin a — 0) 2 = \/a 2 + sin 2 a. Since the 
shortest distance between two points is the length of the straight line segment joining them, we have 

immediately that a/ 1 + cos 2 9 d9 > a 2 sin 2 a if 0 < o ； < |. 

(b) In general, if y 二 f(x) is continuously differentiable and f(0) = 0, then -^/ 1 + [f’(t)] 2 dt > + f 2 (a) 

for o ； > 0. 


From the symmetry of y = 1 — x n , n even, about the y-axis for —1 < x < 1, we have x = 0. To find y = we 
use the vertical strips technique. The typical strip has center of mass: ( 文 ，y ) = (x, -^ 2 ^) , length: 1 — x n , 
width: dx, area: dA = (1 — x n ) dx, mass: dm = 1 • dA = (1 — x n ) dx. The moment of the strip about the 

x-axis isy dm= ^ dx 今 M x = /—' ^ dx = 2 /Ji (1 - 2x^ + x-) dx = [x — 監 + 益 ] : 

_ 1 _2_, 1 _ (n+ l)(2n + 1) - 2(2n + l) + (n+l) _ 2n 2 + 3n + 1 - 4n - 2 + n + 1 _ 2n 2 

n+1 2n + 1 (n + l)(2n + 1) (n + l)(2n + 1) (n + l)(2n + 1) 

Also, M = J^dA = /jl-x") dx = 2 /:(1 - x” dx = 2 [x - 岛 ] 卜 2 (1 - 土） = 禹 . Therefore, 

y= W = (n+i)( n 2 n+i) • TT 2 = 25 TT ^ (°> 25 Tl) is the location of the centroid. As n ^ oo, y ^ | so 
the limiting position of the centroid is (0, |). 

Align the telephone pole along the x-axis as shown in the 
accompanying figure. The slope of the top length of pole is 

/14 5 9 \ 一- 

V~8F - — 丄 • 丄 5.5 _ 11 xhus 

40 _ 8tt 40 — 8tt.40 _ 8tt.80. A11U ^ 5 

y = I? + 8^0 x = ( 9 + §5 x ) is an equation of the 

line representing the top of the pole. Then, 

M y = 丄 x-7ry 2 dx = vrJ o x [ 盖 (9 + gx)]-dx 

r»40 o pb 

= sU 。 x(9+lix) dx;M=J a7 ry 2 dx 

= 7T X ( 9 + g5 x )] 2 dx = SS fo ( 9 + S5 X ) 2 dx - Thus ，~ 豐 If w 23 . 06 (using a calculator to compute 
the integrals). By symmetry about the x-axis, y = 0 so the center of mass is about 23 ft from the top of the pole. 

(a) Consider a single vertical strip with center of mass ("x ,"y ). If the plate lies to the right of the line, then 
the moment of this strip about the line x = b is (x — b) dm = (x — b) ^ dA => the plate's first moment 
about x = b is the integral (x — b)^ dA = J Sx dA — f Sb dA = M y — MA. 

(b) If the plate lies to the left of the line, the moment of a vertical strip about the line x = b is 

(b — "x ) dm = (b — "x ) 6 dA the plate’s first moment about x = b is f (b — x)6 dA = J b6 dA — f Sx dA 
= bSA- M y . 



(a) By symmetry of the plate about the x-axis, y = 0. A typical vertical strip has center of mass: 

(x" ) = (x ， 0) ， length: 4-\/ax, width: dx, area: 4-\/ax dx, mass: dm = 6 dA = kx • 4y^ax dx, for some 

proportionality constant k. The moment of the strip about the y-axis is M y = J x dm = 上 4kx 2 ^/ax dx 
= 4k £ x 5 / 2 dx = 4k v /a [f x 7 / 2 ] ^ = 4ka ： / 2 - f a 7 / 2 = ^ . Also, M = / dm = £ 4kx 1 /ax dx 

= 4k^a £x 3 / 2 dx = 4k v /a [f x 5 / 2 ]: = 4ka" 2 • - a 5 / 2 = 亨 . Thus ， x=^ = ^- ^3=fa 

(x, y) = (y, 0) is the center of mass. 

(b) A typical horizontal strip has center of mass: ("x , "y ) = ( = ( y2 ; a 4a2 , y) , length: a — , 

width: dy, area: (a — ^ j dy, mass: dm = 6 dA = |y| (a — ) dy. Thus, M x = fy dm 
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422 Chapter 6 Applications of Definite Integrals 


=/—:y W ( a - s) d y = /—1-y 2 ( a - S) dy +X、 2 ( a - 0 dy 
=/— 1(- 办 2 + 幻 dy + f:(af —幻 dy =[- 營 f + ㈤ 二 + [營 y 3 — 劁 : 

=-f + ^ + ^^=0;M y = /xdm=/ ； a (^)|y| (a — 幻 dy 

=i JjYl (y 2 +4a 2 ) (^) dy= 5 i I / |y|(16a 4 -y 4 )dy 

=d? /° 2a (-16a 4 y + y 5 ) dy + 士 /: a (16a 4 y - y 5 ) dy = 士 [-8a 4 y 2 + + ^ [8a 4 y 2 — 《 

=d? 卜 4 . 如 2 — f ] + ‘ 卜 4 . 如 2 _ 嚀] = 士 (32/ - 亨）=士 • ！ (32a 6 ) = | a 4 ; 

M = / dm = Jjy\ (^) dy=i Jjy\ (4a 2 - y 2 ) dy 

=i /l(-4a 2 y + Y 3 ) dy+i - y 3 ) dy = ^ [—2aV + 司二 + 去 [2a 2 y 2 - 句 : 

= 2 • 忐 (2a 2 • 4a 2 — 亨 ) = 忐 (8a 4 - 4a 4 ) = 2a 3 . Therefore, x = ^ = (| a 4 ) (jjr) = y and 
y = 晋 = 0 is the center of mass. 


(、 r y/^~^+y/^~^ S 

2 . 


9. (a) On [0, a] a typical vertical strip has center of mass: ) 

length: \/b 2 — x 2 — \/d? — x 2 , width: dx, area: dA = (\/b 2 - x 2 — \/a 2 - x 2 ) dx, mass: dm = 6 dA 
= 6 (\/b 2 - x 2 — \/a 2 — x 2 ) dx. On [a, b] a typical vertical strip has center of mass: 

(x ,y )= 


y/b 2 — x 2 、 


,length: \/b 2 — x 2 , width: dx, area: dA = \/b 2 — x 2 dx, 
mass: dm = 6 dA = 6 \fb 2 — x 2 dx. Thus, M x = /y dm 

=f 0 ^ (\/b 2 - x 2 + \/a 2 — x 2 ) S ("v/b 2 — x 2 — \/a 2 - x 2 ) dx + | \/b 2 —x 2 6 \/b 2 — x 2 dx 

=f £[(b 2 - x 2 ) - (a 2 - x 2 )] dx+ § £(b 2 - x 2 ) dx = I /> 2 - a 2 ) dx + l£(b 2 - x 2 ) dx 


f[(b 2 -a 2 )x] a 0 + f 


b 2 x -誓 


f [(b 2 - a 2 ) a] + 


f (ab 2 - a 3 ) + f (誉 b 3 _ ab 2 + a3 、一 邮 s&3 




b 3 * 

b 3 - a 3 ' 


f)-(b 2 a- 

;M y = fx dm 


xS (\/b 2 - x 2 — \j 必 — x 2 ) dx + xS \/b 2 - x 2 dx 
s£x(b 2 - x 2 ) 1/2 dx-,5 J o a x(a 2 - x 2 ) 1/2 dx + s£x(b 2 - x 2 ) 1/2 dx 


2(b 2 -x 2 ) ： 


3/2 


0 

3/2 


2(a 2 -x 2 ) ： 


3/2 


2(b 2 -x 2 ) 3/2 


(b 2 - af — (b 2 ) 


、 3/2. 


0 - (a 2 ) 3 ’ 2 ] _ f [0 - (b 2 — a 2 ) 


、 3/2. 


<5b 3 




<5(b 3 _a 3 ) 

3 


M x ; 


We calculate the mass geometrically: M = = △( 宇) 一 宇 ) =^ (b 2 — a 2 ). Thus, x : 


My 

M" 


y = w 


5 (b 3 — a 3 ) 4 

3 * 8 -k (b 2 — a 2 ) 

4 (a 2 +ab+b 2 ) 
37r(a+b). 


± ， b 3 -a 3 
37r l b 2 — a 2 


去 %S；^ b2) = likewise 


37r(a + b) 


( a 2 +ab + b 2 、 

— / 4 \ 广 a 2 + a 2 + a 2 、 

f 4 、 （ 3a2 V 

— 2a 

V a + b ) 

V 37 t/ y a + a J 

V37T ； V 2a 厂 

7T 


(b) lim 忐 

position of the centroid as b 
coincide when b = a). 


^ (x,y)= (f,f) is the limiting 
a. This is the centroid of a circle of radius a (and we note the two circles 
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Chapter 6 Additional and Advanced Exercises 423 


10. Since the area of the traingle is 36, the diagram may be 
labeled as shown at the right. The centroid of the triangle is 
(|, ^)- The shaded portion is 144 — 36 = 108. Write 
(x, x) for the centroid of the remaining region. The centroid 
of the whole square is obviously (6,6). Think of the square 
as a sheet of uniform density, so that the centroid of the 
square is the average of the centroids of the two regions, 
weighted by area: 

36(f)+ 108(x) 36(^)+108(y) 

b _ lii and b — m 

which we solve to getx = 8 — | and y = 8 ^ a ~ ^. Set 

x = 7 in. (Given). It follows that a = 9, whence y = 誓 



二 71 in. The distances of the centroid (x, y) from the other sides are easily computed. (Note that if we set y = 7 in. 
above, we will find x = 7|.) 


11. y = 2^/x ^ ds= V▲ + 1 dx A = f Q 2 v / xy^TTdx = ! [(1 + x) 3 / 2 ] ^ = f 


12. This surface is a triangle having a base of 27ra and a height of 27rak. Therefore the surface area is 
I (27ra)(27rak) = 27r 2 a 2 k. 


13. F = ma = t 2 4 祭 =a 
x = 0 when t = 0 Ci 

J 、 (12mh)V 4 

„ F (t) 


I 

0 x = 

l dt = 


.dx . 
dt 
t 4 

12 m 


t 3 


0 when t = 0 4 C 


0^1 


— 3 m + C; v 

.Then x = h t = (12ml!) 1 / 4 . The work done is 




4 X : 


t 4 

12 m 


Ci 


^(12mh) x / 4 


t 2 • ^ dt : 


3 m 


(12mh)" 4 


( 忐)( 12 _ 6/4 


(12mh) 3 / 2 

18 m 


12 mh-^/ 12mh 
18 m 


y - 2y / 3mh = , \/3mh 


14. Converting to pounds and feet, 2 lb/in = g = 24 lb/ft. Thus, F = 24x W = 24x dx 

=[12x 2 ] J/ 2 = 3 ft • lb. Since W = | mvo — \ mv 全， where W = 3 ft • lb, m = lb) ( 32 U 
= 3 ^ slugs, and Vi = 0 ft/sec, we have 3 = (!) Vq) ^ Vq = 3 - 640. For the projectile height, 
s — — 16t 2 + Vot (since s = 0 at t = 0) ^ ^ = v = — 32t + vq. At the top of the ball's path, v = 0 => t = 蟲 
and the height is s = —16 ( 蟲 ) 2 + v 0 ( 器 ) = 為 == 30 ft. 


15. The submerged triangular plate is depicted in the figure 
at the right. The hypotenuse of the triangle has slope — 1 
^ y — (—2) = — (x — 0) x = —(y + 2) is an equation 
of the hypotenuse. Using a typical horizontal strip, the fluid 

pressure is F = J (62.4) - (= p h ) _ () dy 


62.4 


(y 2 + 2y) dy 


62.4 


(62.4)(_y)[_(y + 2)]dy: … 

> (62.4) [(-1+4) 一 (-f+36)] 
(62 4 ^ 112) « 2329.6 lb 


y T+Y 2 


(62.4) - 32) 


y 
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424 Chapter 6 Applications of Definite Integrals 


16. Consider a rectangular plate of length t and width w. 

The length is parallel with the surface of the fluid of 
weight density uj. The force on one side of the plate is 

F = cj J_° w (-y)CO dy = -uj£ ^ ° = The 

average force on one side of the plate is F av = ^ J' (—y)dy 

=^ ^ . Therefore the force 


y 

i 


one 


side 

! 




」 —w 

=(7) ( 彳 w) = (the average pressure up and down) • (the area of the plate). 


17. (a) We establish a coordinate system as shown. A typical 
horizontal strip has: center of pressure: ( 文 ， y ) 

=(I ， y) , length: L(y) = b ， width: dy, area: dA 
=b dy, pressure: dp = o; |y| dA = |y| dy 

$ F x = /y dp = f h y - uJb |y| dy = -cvb / h y 2 dy 

一 [C h 一 [ o -㈤ ; 

F = / dp = f h cj |y| L(y) dy = -ujb f h y dy 


y 


b 


x 


y 


-h - (b # -h) 


(b) 


= —uJb 


2 


0 

=—Lob 0 — 

—h . 


I 


=Thus, y = I = 



(¥) 


^ the distance below the surface is | h. 


A typical horizontal strip has length L(y). By similar 
triangles from the figure at the right, 年 = ■- y h ~ — 

^ L(y) = — ^ (y + a). Thus, a typical strip has center 
of pressure: (x ,y ) = (x , y), length: L(y) 

=-^(y+ a), width: dy, area: dA = - ^ (y + a) dy, 
pressure: dp = to |y| dA = c<;(—y) (— (y + a) dy 

=f (y 2 + ay) dy ^ F x = / y dp 
=I；!) y • f (y 2 + ay) dy=f I； +h) (y 3 + ay 2 )dy 



ub 

T 

x 

—a 





-(a+h) 



wb 

Ya 4 a 4 

、 ((a + h) 4 a(a + h) 3 Y 

wb 

'a 4 -(a + h) 4 a 4 -a(a + h) 3 ' 

h 

|_(4 3 

) V 4 3 )\ 

— h 

4 3 


= 盖 [3 (a 4 — (a 4 + 4a 3 h + 6a 2 h 2 + 4ah 3 + h 4 )) — 4 (a 4 — a (a 3 + 3a 2 h + 3ah 2 + h 3 ))] 

= 盖 （ 12a 3 h + 12a 2 h 2 + 4ah 3 - 12a 3 h - 18a 2 h 2 - 12ah 3 - 3h 4 ) = ^ (—6a 2 h 2 — 8ah 3 — 3h 4 ) 


=(6a 2 + 8ah + 3h 2 ) ;F = / dp = /a; |y| L(y) dy = f /—;) (y 2 + ay) dy = f [誓 + 誓 . 


uJb 

\(- 2 ? , a 3 \ 

(-(a + h) 3 

a(a + h) 2 、 

ub 

(a + h) 3 — a 3 

a 3 - a(a + h) 2 

h 

il 3 + 2 ) 

'1 3 - 

卜 2 J 」 

— h 

3 

卜 2 」 


f [a 3 + 3 a% + 3 ah^ + h^-a 3 + a 3 - (a 3 + 2 a 2 h +ah 2 ) 1 = ^ [ 2 ( 3a 2 h + 3ah 2 + h 3 ) — 3 (2a 2 h + ah 2 )] 


= 瓷 (6a 2 h + 6ah 2 + 2h 3 - 6a 2 h - 3ah 2 ) = ■ (3ah 2 + 2h 3 ) = f (3a + 2h). Thus, y = ^ 
= (^^ 6 ) a ( 3 :H: 3h ) = (^) ( 6a2 ta 8 +2h 3h2 ) ^ the distance below the surface is 

6a 2 + 8ah + 3 h 2 
6a + 4 h • 
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CHAPTER 7 TRANSCENDENTAL FUNCTIONS 


7.1 INVERSE FUNCTIONS AND THEIR DERIVATIVES 


1. Yes one-to-one, the graph passes the horizontal test. 

2. Not one-to-one, the graph fails the horizontal test. 

3. Not one-to-one since (for example) the horizontal line y 

4. Not one-to-one, the graph fails the horizontal test. 

5. Yes one-to-one, the graph passes the horizontal test 

6. Yes one-to-one, the graph passes the horizontal test 

7. Domain: 0 < x < 1, Range: 0 < y 


y 



9. Domain: —1 < x < 1, Range: — | < y < | 



11. The graph is symmetric about y = x. 



2 intersects the graph twice. 


8. Domain: x < 1, Range: y > 0 



10. Domain: — oo < x < oo, Range: — | < y < 

y 



x = —y 2 y = \/1 —x 2 = f _1 (x) 
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426 Chapter 7 Transcendental Functions 


12. The graph is symmetric about y = x. 
y 



13. Step 1: y = x 2 + l#x 2 =y-l=>x = ->/y - 1 
Step 2: y = \/x - 1 = f _1 (x) 

14. Step 1: y = x 2 x = — since x < 0. 

Step 2: y = — y/x = f _1 (x) 

15. Step 1: y = x 3 — l#x 3 =y+l=>x = (y+ l) 1 / 3 

Step 2: y = \/x + 1 = f _1 (x) 

16. Step 1: y = x 2 — 2x + 1 y = (x — l) 2 4 y/y = x — 1， since x> l ^ x=l + y/y 

Step 2: y = 1 + yjx = f _1 (x) 

17. Step 1: y 二 （ x+1) 2 => ^/y = x + 1, since x > — 1 x = — 1 

Step 2: y = - 1 = f _1 (x) 

18. Step 1: y = x 2 / 3 => x = y 3 〆 2 
Step 2: y = x 3 / 2 = f -1 (x) 

19. Step 1: y = x 5 4 x = y 1 / 5 
Step 2: y = 5 -y/x = f _1 (x); 

Domain and Range of f— 1 : all reals; 

f (f _1 (x)) = (x 1 / 5 ) 5 = x and f _1 (f(x)) = (x 5 ) 1 ’ 5 = x 

20. Step 1: y = x 4 泠 x = y 1 / 4 
Step 2: y = 4 -\/x = f _1 (x); 

Domain of f _1 : x > 0, Range of f _1 : y > 0; 
f (f _1 (x)) = (x 1 / 4 ) 4 = x and f _1 (f(x)) = (x 4 ) 1 〆=x 

21. Step 1: y = x 3 + l => x 3 = y - 1 =>• x = (y- l)" 3 
Step 2: y = 3 \/x — 1 = f _1 (x); 

Domain and Range of f _1 : all reals; 

f (f _1 (x)) = ((x — I)" 3 ) 3 + l=(x — l) + l= x and f _1 (f(x)) = ((x 3 + 1) — l)" 3 = (x 3 )" 3 = x 
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22. Step 1: y=|x-| = | => x = 2y + 7 

Step 2: y = 2x + 7 = f _1 (x); 

Domain and Range of f— 1 : all reals; 

f(f— 1 ⑻ ) =i(2x + 7) - I = (x+|) - I = xand= 2(|x-|)+7 = (x-7) + 7 = x 


23. Step 1: y 
Step 2: y 




x 2 


y ^ x： 


77 




f - 1 ⑻ 


Domain of f _1 : x > 0, Range of f _1 : y > 0; 
f (f _1 (x)) = y ^2 = 士 = X and f _1 (f(x)) 


(^rw 


(x) 


x since x > 0 


24. Step 1 : y=i 今 x 3 = .今 x= + 

Step 2: y = * = \J\ = f _1 (x )； 

Domain of f _1 : x ^ 0, Range of f _1 : y / 0; 
f ( f_1 (x)) = ^3 = jlr = X and f- x (f(x))= ( 占厂 " 3 = (D _1 = x 





Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 













428 Chapter 7 Transcendental Functions 


28. (a) y = 2x 2 ^ x 2 = |y 

^ x = ^.Vy ^ f_1 ( x ) = /I 

⑹ g|^=4x|^ 5 = 20, 




29. (a) f(g(x)) = ( 3 \/x) 3 = x, g(f(x)) = 3 \/x3 = x 

(c) f ⑻ = 3x 2 今 f(l) = 3, f(-l) = 3; 
g / (x)= ix- 2 / 3 ^ g ， (l) = |,g ， (-l) = ! 

(d) The line y = 0 is tangent to f(x) = x 3 at (0,0); 
the line x = 0 is tangent to g(x) = 3 ^/x at (0,0) 


(b) 


y 



30. (a) h(k(x)) = ^ ((4X) 1 / 3 ) 3 = x ， 
k(h(x))= (4-f) V3 = x 

(c) h ， (x) = 3 4 ^ h， ⑵ = 3, h ， ( 一 2) = 3; 
k’(x) = I (4 x)- 2/3 ^ k’(2) = ! ， k’( 一 2 )= 金 

(d) The line y = 0 is tangent to h(x )= 誓 at (0,0); 
the line x = 0 is tangent to k(x) = (4X) 1 / 3 at 
(0,0) 


y 



31. 篕 =3x 2 . 


_ 1 _ 1 

— df — Q 

x = f(3) 石 x=3 

32. g=2x 

— 4 => 

df- 1 

~dT 

_ 1 _ l 

x = f(5) _ I x = 5 " 6 

33. ^ = 

dx x = 4 

df- 1 _ 

dx x = f(2) — 

1 — 1 一 Q 

W — TIT — J 

^ x = 2 U 

34 . 娑。 

_ dg- 1 

— ~dT 

X 

= f(0) 

_ 1 _ 1 

— dg — 2 

^ x = 0 

35. (a) y = n 

TX 今 X= S 

y ^ f _1 (x) = gx 






(b) The graph of y = f _1 (x) is a line through the origin with slope 


36. y 二 mx + b => x = ^ ^ =>• f _1 (x) = * x — 吾; the graph of f _1 (x) is a line with slope 士 and y-intercept _ 盖. 


37. (a) y = x+l x = y — 1 =>• f _1 (x) = x—1 

(b) y = x + b x = y — b f _1 (x) = x —b 

(c) Their graphs will be parallel to one another and lie on 
opposite sides of the line y = x equidistant from that 
line. 
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38. (a) y = _x+l 4 x = —y + 1 ^ f _ 1 (x) = 1 — x; 
the lines intersect at a right angle 

(b) y=—x + b 4 x = —y + b f _ 1 (x) = b — x; 

the lines intersect at a right angle 

(c) Such a function is its own inverse. 



39. Let X! ^ x 2 be two numbers in the domain of an increasing function f. Then, either Xi < x 2 or 
xi > x 2 which implies f(xi) < f(X 2 ) or f(xi) > f(X 2 )，since f(x) is increasing. In either case, 
f(xi) ^ f(X 2 ) and f is one-to-one. Similar arguments hold if f is decreasing. 

40. f(x) is increasing since x 2 > xi |x 2 + |>|xi + |;g = | ^ 穿 = 由 = 3 

41. f(x) is increasing since x 2 > Xx => 27x_ > 27xf; y = 27x 3 x = ^ y 1 / 3 > f _ 1 (x) = ! x 1 / 3 ; 

df - 81x 2 ^ dr]_ - 1 I -1-1 x -2/3 

dx — OAA 7 dx _ 8lx 2 I i x i/3 - 9^73 — 9 A 

42. f(x) is decreasing since X 2 > Xi 1 — 8x1 < 1 — 8 xf; y = 1 — 8 x 3 4 x = - (1 — y) 1 / 3 f _ 1 (x) = | (1 — x)" 3 ; 

41 - _94x 2 dfzi - _i I - ^_ In - x r 2 / 3 

dx — 7 dx — -24x 2 I i(l-x)V3 — 6(1 -x) 2 /3 — 6 X) 


43. f(x) is decreasing since X 2 > xi => (1 — X 2) 3 < (1 — xi) 3 ; y = (1 — x ) 3 => x = 1 — y 1 / 3 => f _ 1 (x) 


-yV3. 


df 

dx 


-3d -x ) 2 ^ ^ 


1 

-3(1-x) 2 


3^3 


(-2/3 


44. f(x) is increasing since X 2 > Xi => x ^ 3 > x^ 3 ; y = x 5 / 3 => x = y 3 / 5 f _ 1 (x) = x 3 / 5 ; 

df- 1 _ 1 — 3 — 3 x -2/5 


g = fx 2/3 




dx _ I x 2 / 3 


5x 2 / 5 


45. The function g(x) is also one-to-one. The reasoning: f(x) is one-to-one means that if Xi 7 ^ X 2 then 
f(xx) 7 ^ f(x 2 ), so —f(xx) 7 ^ — f(x 2 ) and therefore g(x x ) 7 ^ g(x 2 ). Therefore g(x) is one-to-one as well. 


46. The function h(x) is also one-to-one. The reasoning: f(x) is one-to-one means that if Xi ^ X 2 then 
f(xi) 7 ^ f(x 2 ), SO ^ , and therefore h(xi) ^ h(x 2 ). 


47. The composite is one-to-one also. The reasoning: If xi 7^ X2 then g(xi) ^ g(X2) because g is one-to-one. Since 
g(xi) 7^ g(X2), we also have f(g(xi)) ^ f(g(X2)) because f is one-to-one. Thus, f o g is one-to-one because 
Xl 7^ x 2 =>■ f(g(Xj)) / f(g(x 2 )). 


48. Yes, g must be one-to-one. If g were not one-to-one, there would exist numbers xi ^ X 2 in the domain of g 
with g(xi) = g(X2). For these numbers we would also have f(g(xi)) = f(g(X2 ))， contradicting the assumption 
that f o g is one-to-one. 
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49. The first integral is the area between f(x) and the x-axis 
over a < x < b. The second integral is the area between 
f(x) and the y-axis for f(a) < y < f(b). The sum of the 
integrals is the area of the larger rectangle with corners 
at ( 0 , 0 ) ， (b ， 0 ) ， (b ， f(b)) and ( 0 , f(b)) minus the area of the 
smaller rectangle with vertices at ( 0 , 0 ), (a, 0 ), (a, f(a)) and 
(0, f(a)). That is, the sum of the integrals is bf(b) — af(a). 


y 



50. f ， (x)= 


^ CX + (cx + d^ +b ^ ~ (cx+d) 2 . Thus if ad — be ^ 0, f’(x) is either always positive or always negative. Hence f(x) is 


either always increasing or always decreasing. If follows that f(x) is one-to-one if ad — be ^ 0. 


51- (g° f)(x) = x =>■ g(f(x)) = x => g’(f(x))f’(x) = 1 

52. W(a) = f f \ (f _ 1 (y )) 2 — a 2 dy = 0 = £ 27rx[f(a) — f(x)] dx = S(a); W’(t) = ?r (f-^fCt ))) 2 - a 2 f’(t) 

—n (t 2 — a 2 ) f’(t); also S(t) = 27rf(t) : k dx - 2n J xf(x) dx = [ 7 rf(t)t 2 — 7 rf(t)a 2 ] - 27rJ" xf(x) dx 

泠 S’(t)= 丌 t 2 f’(t) + 27rtf(t) — 7 ra 2 f’(t) 一 27rtf(t) = ?r(t 2 - a 2 ) f’(t ) 泠 W’(t) = S’(t). Therefore, W(t) = S(t) 
for all t G [a, b]. 

53-60. Example CAS commands: 

Maple: 

with( plots );#53 
f := x -> sqrt(3*x-2); 
domain := 2/3 ..4; 
xO := 3; 

Df := D(f); # ⑻ 

plot( [f(x),Df(x)], x=domain, color= [red,blue], linestyle=[l,3], legend=["y=f(x)","y=f '(x)"], 
title= M #53(a) (Section 7.1) M ); 


ql := solve( y=f(x), x ); 

#03) 

g ： =unapply(ql,y); 


ml := Df(x0); 

#(c) 

tl := f(x 0 )+ml*(x-x 0 ); 


y=tl; 


m2 := 1/Df(x0); 

#(d) 

t 2 := g(f(x 0 )) + m 2 *(x-f(x 0 )); 


y=t 2 ； 


domaing := map(f,domain); 

#(e) 


pi := plot( [f(x),x], x=domain, color= [pink,green], linestyle=[l,9], thickness=[3,0]): 
p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ): 
p3 := plot( tl, x=x0-l..x0+l, color=red, linestyle=4, thickness=0 ): 
p4 := plot( t2, x=f(x0)-1..f(x0) + 1, color=blue, linestyle=7, thickness: 1 ): 
p5 := plot( [ [x0,f(x0)], [f(x0),x0] ], color=green ): 

display( [pl,p2,p3,p4,p5], scaling=constrained, title:"#53(e) (Section 7.1) M ); 

Mathematic a: (assigned function and values for a, b, and xO may vary) 

If a function requires the odd root of a negative number, begin by loading the RealOnly package that allows Mathematica 
to do this. See section 2.5 for details. 

〈〈Miscellaneous 'RealOnly 、 

Clear[x, y] 
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{a,b} = {-2, 1 };x0=1/2; 

f[xJ = (3x + 2)/(2x- 11) 

Plot[{f[x],f[x]},{x, a,b}] 
solx = Solve[y == f[x], x] 
g[yJ = X /. solx[[l]] 
y0 = f[xO] 

ftan[x_] = yO + f [xO] (x-xO) 
gtan[y_] = xO + 1/ f [xO] (y — yO) 

Plot[{f[x], ftan[x], g[x], gtan[x], Identity[x]},{x, a, b}, 

Epilog —^ Line[{{xO, yO},{yO, xO}}], PlotRange —> {{a,b},{a,b}}, AspectRatio —» Automatic] 


61-62. Example CAS commands: 

Maple: 

with( plots); 
eq := cos(y) = x 八 (1/5); 
domain := 0 .. 1; 
xO := 1/2; 

f := unapply( solve( eq, y ), x ); # (a) 

Df := D(f); 

plot( [f(x),Df(x)], x=domain, color= [red,blue], linestyle=[l，3], legend=[’’y=f(x)’V’y=f’(x)’’]， 
title= M #62(a) (Section 7.1)’，）； 


ql := solve( eq, x ); 

#(b) 

g:=unapply(ql，y); 


ml := Df(x0); 

#(c) 

tl := f(x0)+ml*(x-x0); 


y=tl; 


m2 := 1/Df(x0); 

#(d) 

t2 := g(f(x0)) + m2*(x-f(x0)); 


y=t2; 


domaing := map(f,domain); 

#(e) 


pi := plot( [f(x),x], x=domain, color:[pink,green], linestyle=[l,9], thickness=[3,0]): 
p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ): 
p3 := plot( tl, x=xO-l..xO+l, color=red, linestyle=4, thickness=0 ): 
p4 := plot( t2, x=f(xO)-l..f(xO)+l，color=blue, linestyle=7, thickness=l ): 
p5 := plot( [ [xO,f(xO)], [f(xO),xO] ], color=green): 

display( [pl,p2,p3,p4,p5], scaling=constrained, title="#62(e) (Section 7.1) M ); 

Mathematic a: (assigned function and values for a, b, and xO may vary) 

For problems 61 and 62, the code is just slightly altered. At times, different "parts" of solutions need to be used, as in the 
definitions of f[x] and g[y] 

Clear[x, y] 

{a,b} = {0, 1 };x0=1/2; 
eqn = Cos[y] == x 1/5 
soly = Solve [eqn, y] 
f[x_] = y/. soly[[2]] 

Plot[{f[x],f[x]},{x, a，b}] 
solx = Solve [eqn, x] 
g[y_] = x /. solx[[l]] 
y0 = f[xO] 

ftan[x_] = yO + f [xO] (x — xO) 
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gtan[y_] = xO + 1/ f [xO] (y — yO) 

Plot[{f[x], ftan[x], g[x], gtan[x], Identity[x]},{x, a, b}, 

Epilog —» Line[{ {xO, yO},{yO, xO)}], PlotRange —» {{a, b}, {a, b}}, AspectRatio — Automatic] 

7.2 NATURAL LOGARITHMS 


1. (a) In 0.75 = In | = In 3 - In 4 = In 3 - In 2 2 = In 3 - 2 In 2 

(b) In I = In 4 — In 9 = In 2 2 - In 3 2 = 2 In 2 - 2 In 3 

(c) In i = In 1 - In 2 = - In 2 (d) In V9 = 5 In 9 = | In 3 2 = | In 3 

(e) In 3v^ = In 3 + In 2 1 / 2 = In 3 + | In 2 

(f) In y/l3^5 = i In 13.5 = i In f = | (In 3 3 - In 2) = i (3 In 3 - In 2) 

In yij = In 1 - 3 In 5 = -3 In 5 (b) In 9.8 = In f = In 7 2 - In 5 = 2 In 7 - In 5 

In 7 a/ 7 = In 7 3 / 2 = | In 7 (d) In 1225 = In 35 2 = 2 In 35 = 2 In 5 + 2 In 7 

In 0.056 = In ^5 = In 7 - In 5 3 = In 7 - 3 In 5 

In 35 + In I = In 5 + In 7 - In 7 = 1 
~lii25~ - 2 In 5 — 2 


2- (a) 
(c) 
⑻ 
(f) 


3. (a) In sin0-ln(^) = In 



In 5 


(b) ln(3x 2 -9x) +ln(i) = In 


3x 2 - 9x 、 
, 3x ) 


In (x — 3) 


(c) i In (4t 4 ) - In 2 = In - In 2 = In 2t 2 - In 2 = In ( 誓 )=In (t 2 ) 


4. (a) In sec 沒 + In cos 沒 =In [(sec 沒 )(cos 沒 )] =In 1 = 0 

(b) In (8x + 4) - In 2 2 = In (8x + 4) - In 4 = In = ln(2x+ 1) 

(c) 3 In Vt 2 -l-ln(t+l) = 3 In (t 2 - 1) 1/3 - ln(t + 1) = 3 (|) ln(t 2 一 1) -ln(t+ 1) = In ( (t +(/}([ 11 ) 
= ln(t- 1) 


5. y = ln3x 今 / = ( 忐 ）（ 3) 


6. y = Inkx 今 / = ( 忐） （ k) = x 


7. y = ln(t 2 ) ^ = (i) (2t) = 2 - 


8. 7 = 10 今 | = (^) (1^ 2 )=1 


9. y 

= In - = 

X 

ln3x -i ^ | = 

( 忐） (-3X- 2 ) = - i 



10. y 

= ln^ = 

X 

:lnl 0x -i 今 g = (To^)(-10x-2) = ^I 



11. y 

=ln(0+ 1) 今砮 =(& 

)(!) = sTT 

12. y = 

In(20+ 2) => 册 一 ( M + 2 ) ⑵ 一 fl+ i 

13. y 

= ln X 3 4 塞 = (.)M 

_ 3 

X 

14. y = 

(In x) 3 ^ | = 3(lnx) 2 - ( |(inx)= M 

15. y 

= t(ln t) 2 

今 | = (lnt) 2 + 2t(lnt)- |(lnt) = (lnt) 2 

丄 2t lnt 

^ r~ - 

= (In t) 2 + 2 lnt 

16. y 

= iy/\n t 
=(In t)" 2 

= t(lnt)V2 ^ | 

+ 2(lnt)V2 

= (In t) 1 / 2 + | t(ln t) -1 / 2 • 

l(lnt) 

= (int) 1 /2 + t a^r 1/2 

17. y 

=^ Inx 

-卜 g=x3lnx+^.I-f = X 3ln 

X 
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18. y = f In x _ 誓今 I = x 2 In x + f - $ 一竽 =x 2 In x 
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IQ v = ^ ^ ^ = 1 ⑴ - (ln t)(1) = 1-lnt 

Ly ' y ~ t ^ dt — t 2 — t 2 


20. y 


l + lnt 3 = t(l) ~ + ln 以 1 ) _ 1-1 —In t _ In t 

~~r~ ^ dt _ ? _ ^ t 2 _ — ~ 『 


"F 


In x 

(1+lnx) 2 


91 v _ lnx _v / _ (1 + lnx) (D — (lnx) (*) _ ^ ^ ~ it _ 1 

y ~ 1 +lnx y ~ ( 1 +lnx ) 2 — ( 1 +lnx ) 2 — x(l+lnx ) 2 

99 _ xlnx . _ ( 1 +lnx) (in x + x^) - (x In x) (^) — (l + lnx) 2 -Inx _ 1 

“• 》 一 1 +lnx ^ y — ( 1 +lnx ) 2 ( 1 +lnx) 2 ^ J 

23. y = ln(lnx) ^ / = ( 士）⑴ = 土 

24. y = In (In (In x)) ^ y' = - S dn(lnx))= _ 忐 . 基 ㈨ x) = 

25. y = 6»[sin(ln 6») + cos (In d)] => % =[sin (In 9) + cos (In 6)] + 6 [cos (In 9) • ^ — sin (In 6) - 
=sin (In 6 ) + cos (In 6 ) + cos (In 6 ) — sin (In 8 ) = 2 cos (In 6 ) 

26. y = ln(sec0 + tan0) ^ = sec 0 


27. 7 = =-lnx-iln(x+l) ^ / 


( 1 ) _ _ 2(x+l) + x _ — 3x + 2 


2x(x+ 1) _ 2x(x+ 1) 


28. y = I In 


-X ~ 2 


[ln(l+x)-ln(l-x)] ^ / = ! [ 击 - ( 占 ）（-I 


l-x+1+x 


(l + x)(l-x) 


29. y = !^H ^ | = (1 ^ 


(1-lnt) 2 


(1-ln t) 2 — t(l - In t) 2 


30. y = Vln V / t=(lnt 1 / 2 ) ^ ^ | = i(lnt^) ~ 1/2 - ^ (ln t i/2) = I (ln t V2) ^ ^ | (t i/ 2) 




In y/t 


31. y = In (sec (In 6)) ^ % = se ^ r 盖 （sec (In 0)) 


: (In 6) tan (In 9) d n n _ tan (In 6) 
sec (In 9) d6 ^ ’ — 6 


32. y = ln^|^p = i(lnsin0 + lncos0) —ln(l+21n0) 今 % = I (si - i + 2 ine 


cot 0 - tan 0 - 9(1+ 4 21ne) 


33 - y = ln(^)=51n(^ + l)-iln(l-x) ^ / = Jfr - Hr^) ("D = FTT 


1 


2(1-x) 


34. y = In y/= I [5 ln(x+ 1) — 20 ln(x + 2)] ^ y' = \ ( 击一 = | ^(t+ixx + 2)^ 

3x + 2 


(x + l)(x + 2) 


35. y ： 


In 


Vtdt^ I = (in V^) • ^ (x 2 ) - (in/f) • 盖⑷ = 2xln |x| — x In 袅 
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36. y=/ v flntdt^ g = (l„^).A(V^) — (In ㈤ . 盖 （ ^) = (In \A) (* x_ 妁 ）_ ( ln (| x - 的 ) 

_ In ^/x In y/x 
3 \/x^ 2y^ 

37. f ' ^dx= [In |x|] Ig = In 2 - In 3 = In § 38. /二占 dx = [In |3x — 2|] % = In 2 — In 5 = In 參 

39. f^- 5 dy = \n |y 2 -25|+C 40. fj^dr = \n |4r 2 -5|+C 

41. X 2 -cos t dt = [In |2 — cos t|] J = In 3 — In 1 = In 3; or let u = 2 — cos t => du = sin t dt with t = 0 

u = 1 and t = 7r =>■ u = 3 => 2 ^ 0 l t dt = 工 J du = [In |u|] J = In 3 — In 1 = In 3 

42. 1 il^ sd dO == [In 11 — 4 cos 9\] = In |1 — 2| = — In 3 = In |; or let u = 1 — 4 cos 9 => du = 4 sin 6 d6 

with 6 = 0 ^ u = -3 and 6> = f u = -l ^ f: 彳 4 =沒 d0 = f 二 士 du = [In |u|] = — In 3 = In | 

43. Let u = In x du = $ dx; x = l ^ u = 0 and x = 2 u = In 2; 

£ 2 2 Mx dx = £' n2 2udu= [u 2 广 2 = (In 2) 2 

44. Let u = In x du = $ dx; x = 2 => u = In 2 and x = 4 4 u = In 4; 

f: 盖 =fill du = [In u ]；：： = In (In 4) - In (In 2) = In (|^) = In (轉 )=In ( 器 ）=In 2 

45. Let u = In x du = $ dx; x = 2 => u = ln2 and x = 4 =>• u = In 4; 

f 4 dx = 广 4 -2 dll = r_ 1] 1114 = _ J_ , J_ = _L 丄 =_L_ I J_ = _J_ = 丄 

J 2 x(In x) 2 — Ji n 2 — L u 」 in2 _ In 4 ' In 2 _ In 2 2 * In 2 — 2 In 2 ' In 2 _ 2 In 2 _ In 4 

46. Let u = In x du = ^ dx; x = 2 u = In 2 and x = 16 =>• u = In 16; 

X 2 ^in = ^ Si 2 u _1 / 2 du = [u 1 ’ 2 ] = \/l n 16 — \A n 2 = \/4 In 2 — \/ln 2 = 2^/ln 2 — \/ln 2 = y/\n2 

47. Let u = 6 + 3 tan t => du = 3 sec 2 1 dt; 

dt = = ln |u| + C = In |6 + 3 tan t| + C 

48. Let u = 2 + sec y du = sec y tan y dy; 

办 = / 皁 = ln l u l + C = In |2 + sec y| + C 

49. Let u = cos | => du = — | sin | dx => —2 du = sin | dx; x = 0 ^ u = 1 and x = | u = 夫 ； 

/ 0 V tan § dx = f: 2 _ dx = —2 J:、= [-2 In |u|] ^ = —2 In * = 2 In 力 =In 2 

50. Let u = sin t ^ du = cos tdt;t=| => u = ^ and t = | =>• u = 1; 

C COndt =C 器 dt = ii:，= [ ln HI 一 = -ln^=lnv^ 

51. Let u = sin I => du = | cos | =>• 6 du = 2 cos | d6; 6 = ^ => u = ^ and 0 = n ^ u = 幸 ； 

Q cot l d9 = Q-0 de = 6 LT T = 6 [In |u|] 含 2 = 6 (lnf-lnl)=61 nx /3 = ln27 
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52. Let u = cos 3x 4 du = —3 sin 3x dx —2 du = 6 sin 3x dx; x = 0 4 u = 1 and x = ^ =>• u = 含； 


r»7r/12 


6 tan 3x dx 


f»7r/12 


6 sin 3x 


dx = -2 = -2[ln|u|] j/v^ = _ 2 i n 1 _ i n i = 2 In ^ = In 2 


/o cos 3x 


^dx_ 

J 2^4 + 2x 


_dx_ 

2-\/jc (l + ^/x)' 


;let u = 1 + 4 du : 

In 11 + + C = In (1 + + C 


Hx* I __ 

2^/x ’ J 2-y/x (l + -/x) 


du 


f =ln H+C 


54. Let u = sec x + tan x du = (sec x tan x + sec 2 x) dx = (sec x)(tan x + sec x) dx => sec x dx = 空； 
I _= 二 = / Jn ： = / ( ln u)— 1/2 • > = 2(ln U) i/2 + C = 2 v /ln(secx + tanx) + C 

55. y = v / x (x+ 1) = (x(x+ l )) 1 / 2 泠 lny = i ln(x(x+ 1)) ^ 2 In y = ln(x) + ln(x + 1 ) 泠字 


X 1 X+l 


泠 〆 = a )^ ri ) Q + 击) == 蟲 

56. y = 7(x2 + l) (x - 1)2 今 lny= i[ln(x 2 + l)+21n(x- 1)] ^ j = UJfi + ^i) 


泠 y’ = v/(x 2 +l) (x - l) 2 + 士 j) = W + 1) (x - l) 2 


x 2 - X + X 2 + 1 

(x 2 + l)(x-l) 


(2x 2 -x+ 1) |x- 1| 
\/x 2 + 1 (x- 1) 


57. y = y FT! = (fTi) ^ ln y= l [Int —ln(t+ 1)] > ^ t _ FTl) 

莹 = 2 (t _ rri) = I 




t(t+i) 


2^(1+l) 3 / 2 


58. y ： 


= [t(t+l)]~ 1 /2 ^ lny= |[lnt + ln(t+l)] ^ y | ^ Hi + til) 


t(t+l) 




dy 


2 V t(t+l) 


2t+l 

tO+Tj 


2t+l 


2(t 2 +t) 3/2 


59. y = yjo (sin 0) = {0 -\- 3)" 2 sin 6 => In y = | In (0 + 3) + In (sin ^ ^ 


l 


cos 0 


y d 沒 — 2(6 + 3) sin 9 




% — ~ + 3 (sin 0) 


1 


2(0 + 3) 


+ cot 6 


60. y = (tan 6) yJlO \ = (tan 6)(26 + l) 1 ’ 2 => \ny = In (tan 沒 )+ | In (20 + 1) 4 y ~ + (I) (20 + i ) 




% 


(tan 沒 ) y/26 +\ + —py) = (sec 2 沒 ) y/26 + l + 


tan 6 

V^e+\ 


61. y = t(t + l)(t + 2) => In y = In t + ln(t + 1) + ln(t + 2) 4 ♦ 聲 =} + 击 + 占 


今 |=t(t+l)(t+2)(i 


t+1 1 t+2 


)=t(t+l)(t + 2) 


y dt 

(t+l)(t + 2) + t(t + 2) + t(t+l) 


t(t+l)(t + 2) 


3t 2 + 6t + 2 


62. y 


1 


t(t+l)(t + 2) 


^ In y = In 1 - In t — In (t + 1) - In (t + 2) 4 I = ~ 1 ~ ih ~ ih 




dy _ 1 

dt t(t + 1 )(t + 2) 

_ 3t 2 + 6t + 2 

~ (t 3 + 3t 2 + 2t) 2 




t+1 t + 2 」 —t(t+l)(t + 2) 


y dt 

(t+l)(t + 2) + t(t + 2) + t(t+l) 


t(t+l)(t+2) 


63. y = g 


^ + 5 


cos 6 ^ 

今靠 = (^)( 


In y = In (0 + 5) — In 0 — In (cos 6) =>• - ^ = 


sin 9 

y dd _ 0+5 6 1 cos 6 


p + 


0 + 5 6 


+ tan 6) 
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64. y = 6 J^ d ^ In y = In 沒 + In (sin | In (sec 6) ^ 




dy = 9 sin 9 
d 沒 sec 6 


(喜 + cot 9 — ^ tan 9^ 


1 dy _ 1 cos 6 _ (sec gXtan_g) 

y dd _ O' sin 0 2 sec 6 


65. 


?cVx 2 + 1 




y — (X+ 1 ) 2/3 

Vx^T 


In y = In x + i In (x 2 + 1) - § ln(x + 1) 




y 

y 


x 2 + 1 3(x+ 1) 




(x+ l) 2 / 3 


3(x+l) 


66. y= ^ lny= i[101n(x+l)-5 1n(2x+l)] ^ 




/(x+l) 1Q 

V (2x+l) 5 




2x + 1 


i_ = _A _5_ 

y — x + 1 2x+ 1 


67. y= 3 J In y = i [In x + In (x - 2) - In (x 2 + 1)] ^ $ = 臺 （■ 


2x 


r^2 ^ ?tt) 


今 、 1 


I x(x- 2 ) n 

x 2 + 1 V x 


2x 


^2 - FTl) 


68. y= V ffV+U ) 今 In y = i [In x + ln(x + 1) + ln(x ^ 2) - In (x 2 + 1) - ln(2x + 3)] 




x(x+ l)(x-2) 


3 Y (x 2 + l)(2x + 3 ) 、：丁 


2x 


^2 X^TT _ 2x + 3J 


69. (a) f(x) = In (cos x ) 令 f’(x) = - = = —tanx 二 0 今 x = 0; f’(x) > 0 for - | < x < 0 and f ’ ⑻ < 0 for 

0 < x < I =>• there is a relative maximum at x = 0 with f(0) = In (cos 0) = In 1 = 0; f (— 牙 ）=In (cos (— |)) 
二 In ( 泰 ) =—I In 2 and f (|) = In (cos (!)) = In | — In 2. Therefore, the absolute minimum occurs at 

x = I with f (|) = — In 2 and the absolute maximum occurs at x 二 0 with f(0) — 0. 

(b) f(x) = cos (In x ) 泠 f’(x) = ~ sin x (lnx) = 0 泠 x = 1; f ’ ⑻ > 0 for ! < x < 1 and f ’ ⑻ < 0 for 1 < x < 2 
^ there is a relative maximum at x = 1 with f(l) = cos (In 1) = cos 0 = 1; f (|) = cos (In ( 条 )） 

=cos (— In 2) = cos (In 2) and f(2) = cos (In 2). Therefore, the absolute minimum occurs at x = | and 
x = 2 with f ⑸ = f(2) = cos (In 2), and the absolute maximum occurs at x = 1 with f(l) = 1. 


70. (a) f(x) = x — In x => f’(x) =1 — ^;ifx>l, then f’(x) > 0 which means that f(x) is increasing 
(b) f(l) = 1— In 1 = 1 4 f(x) = x — In x > 0, if x > 1 by part (a) ^ x > In x if x > 1 


71 


.(In 2x — In x) dx = (— In x + In 2 + In x) dx = (In 2) dx = (In 2)(5 — 1) = In 2 4 = In 16 


72. A: 


In 


-I” — tan xdx + iT tan xdx= Ii /4 ^f dx - £ /3 ^f dx =i in i c ° s x i] °^/4 - t in i c ° s x 0 o 

1 — In 士 ) — (in ^ — In l) = In \fl + In 2 


7 r /3 


■ ln2 


73. V 


… 2 、2 


^ 7 =Tj dy = 4 tt J o 击 dy = 4 tt [In |y + 1|] 0 = 47r(ln 4 - In 1) = 4 tt In 4 


74. V = tt f:cot x dx = 7T £'l dx = 7r[ln(sin x)] 攻 = 兀 (In 1 — In !) = tt In 2 

75. V = 27tJ j" x (—■) dx = 27 t dx = 2n [In |x|] \j 2 — 2 tt (in 2 — In |) = 2w(2 In 2) = 7r In 2 4 = 7r In 16 
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76. V = 7T J。 3 2 dx = 27 tt £ dx = 21tt [In (x 3 + 9)g = 27?r(ln 36 — In 9) 

= 277r(ln 4 + In 9 - In 9) = 27 tt In 4 = 54 tt In 2 

77- (a) y=*—lnx 今 1 + (yf = 1 + (f - D' = 1 + (^)" = (^)' L = XV 1 + (泞 dx 

= f 4 S ^dx = J 4 8 (| + i) dx= [f+ln|x|] 8 =(8 + ln8)-(2 + ln4) = 6 + ln2 

⑼ x=(£) 2 —21n ⑴ 4 | = !—丨 # l + fc) 2 = l + (l —O^i + Pw 16 ) 2 ^^ 16 ) 2 

今 L = /:V 1 + te) 2d y = r^ d y = r(l + 0 d y= [S + 21n y]] 2 = ^ + 21nl2 )-( 1 + 21n4 ) 

= 8 + 2 In 3 = 8 +In 9 


78. L = y 1 + ^2 dx => 塞 =>y = ln|x|+C = lnx + C since x > 0 => 0 = In 1 + C => C = 0 => y = In : 


79. (a) M y = 工 x (•) dx = 1 ， M x = J] (—) (■) dx = | /j p dx = [- i] j = 1, M = Jj i dx = [In |x|] f = In 2 

^ ^=W = W 2 - 1A4 and y = ^ = « 0.36 

(b) 



80 .⑷ M y = f\^) dx = f\^ dx =l[ x ^] ； 6 =42;M x = J； 16 ( 2 >)( 夫 ) dx = • /、 dx 
= i[ln|x|]l 6 =ln4,M=/ i 16 ^dx= [2X 1 / 2 ] ; 6 = 6 今 x = ^ = 7 and y = f = ^ 

( b ) 叫 =r x fe) fe) dX = 4/；dx = 60, M x = /； ( 2 ^) (i) (^) dx = 2/； 6 dx 

= -4[x_ 1 / 2 ]| 6 =3 ， M=/ i 16 (^)(^) dx = 4/^ dx = [4 In |x|] ； 6 = 4 In 16 ^ x = ^ ^ and 

y = t- 3 ' 


4 In 16 


81. 裝 =1 + * at (1 ， 3) 4 y = x + In |x| + C; y = 3 at x = 1 4 C = 2 y = x + In |x| + 2 


82. 


d^y 

dx 2 


sec 2 x 4 裝 =tan x + C and 1 = tan 0 + C 4 ^ = tan x + 1 =>• y = J (tan x + 1) dx 
In I sec x| + x + Ci and 0 = In |sec 0| + 0 + Ci Ci 二 0 y = In |sec x| + x 


83. (a) L(x) = f(0) + f(0) • x, and f(x ) 二 In (1 + x) 4 fWlp 。= 击 | x= 。= 1 4 L(x) = In 1 + 1 • x 4 L(x) = x 
(b) Let f(x) = ln(x + 1). Since f"(x) = — 1 2 < 0 on [0, 0.1], the graph of f is concave down on this interval and the 

(x+l) 

largest error in the linear approximation will occur when x = 0.1. This error is 0.1 — ln(l.l) ^ 0.00469 to five 
decimal places. 
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438 Chapter 7 Transcendental Functions 

(c) The approximation y = x for In (1 + x) is best for smaller 
positive values of x; in particular for 0 < x < 0.1 in the 
graph. As x increases, so does the error x — In (1 + x)_ 
From the graph an upper bound for the error is 
0.5 - ln(l + 0.5) « 0.095; i.e., |E(x)| < 0.095 for 
0 < x < 0.5. Note from the graph that 0.1 _ In (1 十 0.1) 
a 0.00469 estimates the error in replacing ln(l + x) by 
x over 0 < x < 0.1. This is consistent with the estimate 
given in part (b) above. 


y 



84. For all positive values of x ， 盖 [In 登 ] = 去 •— 吾 = —士 and ^ [ In a — In x ] = 0 — ^ = — . Since In 登 and In a — In x have 

X 

the same derivative, then In | = In a — In x + C for some constant C. Since this equation holds for all positve values of x, 
it must be true for x = 1 => In ^ 二 lnl — lnx + C = 

In 士 = —In x^C = 0^1n- = In a — In x. 


85. y = In kx =>• y = In x + In k; thus the graph of 
y = In kx is the graph of y 二 In x shifted vertically 
by In k, k > 0. 


86. To turn the arches upside down we would use the 
formula y = — In |sin x| = In . 


0 - In x + C 泠 In ^ = —In x + C. By part 3 we know that 


y 



87. (a) y 



(b) y' = a+°sin x - Since |sin x| and |cos x| are less than 
or equal to 1， we have for a > 1 
^ < y ； < for all x. 

Thus, lim y’ = 0 for all x 4 the graph of y looks 

a^+oo " 

more and more horizontal as a ^ + oo. 
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88. (a) 


(b) 


The graph of y = y/x — In x appears to be concave 
upward for all x > 0. 


y = \A_ lnx # y f = 2^ ~x ^ = + ^ = F 


y 



x = 16. 


Thus, y" > 0 if 0 < x < 16 and y" < 0 if x > 16 so a point of inflection exists at x = 16. The graph of 
y = ^/x — In x closely resembles a straight line for x > 10 and it is impossible to discuss the point of 


inflection visually from the graph. 


7.3 THE EXPONENTIAL FUNCTION 


1. (a) 

e ln7.2 二 7 . 2 

(b) e- lnx2 = 

~ glnx^ 又 2 

(C) 

glnx—lny _ gln(x/y) _ x 

— — y 

2 .⑻ 

e ln(x 2 +y 2 ) = x 2 +y 2 

(b) e - ln0 - 3 : 

— 1 _ 1 
- iEM — 03 

(C) 

gin 7 tx—I n 2 — gln(7rx/2) — 7rx 


3. (a) 2 In = 2 In e 1 / 2 = (2) (|) In e = 1 (b) In (In e e ) = In (e In e) = In e = 1 

(c) lne( _x2_y2 ) = (—x 2 — y 2 ) In e = —x 2 - y 2 

4. (a) In (e sec6> ) = (sec ^)(ln e) = sec 0 (b) In e( eX ) = (e x ) (In e) = e x 

(c) In (e 21nx ) = In (e lnx2 ) = In x 2 = 2 In x 


5. In y 二 2t + 4 4 e lny = e 2t+4 ^ y = e 2t+4 6. In y = —t + 5 4 = e _t+5 ^ y = e _t+5 

7. In (y — 40) = 5t ^ e Wy-40) = e 5t y - 40 = e 5t o y = e 5t + 40 

8. ln(l — 2y) = t => e in(i- 2 y) — e t 1 — 2y = e l — 2y = e l — 1 => y = — 


9. ln(y — 1) — In 2 = x + In x In (y — 1) — In 2 — In x = x => In = x => — e x 

y — I = 2xe x ^ y = 2xe x + 1 


10. In (y 2 — 1) — In (y + 1) = In (sin x) => In = In (sin x) =>• In (y — 1) = In (sin x) e ln ( y_1 ) = e ln ( smx ) 

y — 1 = sin x => y = sin x + 1 


11. (a) e 2k = 4 In e 2k = In 4 2klne = ln2 2 令 2k = 2 In 2 4 k = In 2 

(b) 100e 10k = 200 泠 e 10k = 2 ^ lne 10k = ln2 泠 10k In e = In 2 10k = In 2 泠 k 二帶 

(c) e k , 1000 = a 4 In e k / 1000 = In a 4 In e = In a = In a =>• k = 1000 In a 


12. (a) e 5k = I ； => In e 5k = In 4 _1 => 5k In e = — In 4 => 5k = — In 4 k = — ^ 

(b) 80e k = 1 泠 e k = 8(T 1 泠 In e k = In 8CT 1 泠 k In e = - In 80 k = — In 80 

(c) e( ln0 . 8 ) k = 0.8 泠 (e ln0 - 8 ) k = 0.8 ^ (0.8) k = 0.8 泠 k = 1 
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13. (a) e— 0 . 3t = 27 今 In e -0 . 3t = In 3 3 泠 （一 0.3t) In e = 3 In 3 今 -0.3t = 3 In 3 t= -10 In 3 

(b) e kt = I In e kt = In 2 _1 = kt In e = — In 2 => t = — ^ 

(c) e^ 0 . 2 ) 1 = 0.4 泠 (e 1 " 02 ) 1 = 0.4 ^ 0.2* = 0.4 ^ In 0.2* = In 0.4 tin 0.2 = In 0.4 泠 t = 鵠 

14. (a) e~ 001t = 1000 => In e" 0014 = In 1000 (-0.0It) In e = In 1000 => -O.Olt = In 1000 t= -100 In 1000 

(b) e kt = 点 => In e kt = In 10 _1 = kt In e = — In 10 => kt = — In 10 => t = — 

(c) e( ln2 )t=i 今 (e ln2 ) 1 = 2~ l ^ 2 t = 2~ 1 t=-l 

15. e^ 1 = x 2 => In e^ 1 = In x 2 => = 2 In x =>• t = 4(ln x) 2 

16. e x2 e 2x+1 = e l =>■ e x2+2x+1 = e l => In e x2+2x+1 = In e l => t = x 2 + 2x + 1 

17. y = e_ 5x 今 i = e~ 5x £ (—5x ) 泠 y’ = —5e— 5x 

18. y = e 2 " 3 冷 y' = e 2 " 3 £ (f ) 今 y’ = | e 2 " 3 

19. y = e 5_7x => y 1 = e 5_7x 盍 （5 — 7x) => y , = —7e 5_7x 

20. y = e( 4 v ^ + x2 ) 今 y’ = e ( 4 \A+ x2 ) A (4^ + x 2 ) 今 y’ =( 含 + 2x) e^v 4 + x2 ) 

21. y = xe x — e x => y f = (e x + xe x ) _ e x = xe x 

22. y = (1 + 2x)e- 2x 泠 y’ = 2e~ 2x + (1 + 2x)e~ 2x ^ (—2x) => y f = 2e~ 2x - 2(1 + 2x)e~ 2x = —4xe- 2x 

23. y = (x 2 — 2x + 2) e x ^ y f = (2x — 2)e x + (x 2 — 2x + 2) e x = x 2 e x 

24. y = (9x 2 — 6x + 2) e 3x y r = (18x — 6)e 3x + (9x 2 — 6x + 2) e 3x 去 (3x) # y’ = (18x — 6)e 3x + 3 (9x 2 — 6x + 2) e 

= 27x 2 e 3x 

25. y = e^(sin 0 + cos 6) => y’ = e^(sin 0 + cos 9) + e 0 (cos 0 — sin 0) = 2t e cos 0 

26. y = In (3 沒 e _0 ) = In 3 + In ^ + In e~ 9 = In 3 +In 沒一沒 4 % = l ~ ^ 

27. y = cos (e _02 ) 4 黑 =_ sin (e — 沪 ) 盖 ( e = (— sin ( e_ D ie ( — ^ 2 ) ~ 2 沒 e— 02 sin ( e — 化 ) 

28. y = 0 3 g~ 26 cos 50 ^ ^ = (39 2 ) (c~ 26 cos 59) + (0 s cos 56) q~ 26 ^ (—26) — 5(sin 59) (0 s q~ 26 ) 

= 0 2 q~ 29 (3 cos 59 — 26 cos 5^ — 50 sin 56) 

29. y 二 In(3te _t ) = In 3 + Int + In e _t = ln3 + lnt — t => 室 =| — 1 = 

30. y = In (2e _t sin t) = In 2 + In e _t + In sin t = In 2 — t + In sin t ^ * = —i + (dn) s ( sint ) = _1 + ifr 

— cos t — sin t 
sin t 

31 - y = ln it? = In e e - In (1 + e” = 0 — In (l+e 9 ) 今砮 =1 一 (^) 矗 （1 + e 0 ) = 1 — =占 
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32 - y = ln TTV5 = ln \/^- ln (! + \A) ^ ie (v^) - (T^Ti) (i + 

= ( A .) (丄） - (丄）（丄） = ( 1 + ^)^ 

Wdj \2y/eJ \\ + V~e) \2y/eJ 29 (l + ^/d) 


y/e^j — 26 (l + v^) 


20 (1+^/2) 


33. y = e—t+int) = e cost e lnt = te cost 今窨二 e cost + te cost ^ (cos t) = (1 - t sin t) e cost 

34. y = e smt (In t 2 + 1)=> 菩 =e smt (cos t) (In t 2 + 1) + 警 e smt = e sint [(In t 2 + 1) (cos t) + .] 

35. f ( ' n X sin e l dt 今 y’ = (sin e Inx ) - 盖 (In x )= 宇 


36 - y = fe^ In t dt 今 y’ = (In e 2x ) •盍 （e 2x ) — (In e 4 ，) •盖 (e 4 ^) = (2x) (2e 2x ) - (4^/x) (e 4 ^) - ^ (4^/x) 
4^/xe 4 ^ (*) = 4xe 2x - 8e 4 V^ 


4xe 


37. In y = e y sin x => ( 多 ) y 7 = (ye y ) (sin x) + e y cos x => y' ^ — e y sin x) = e y cos x 


4 /(i^^)=^cosx ^ / = ^5^ 


38. In xy = e x+y => In x + In y = e x+y 4 * + (0 / = (1 + y) e x+y => / G — e x+y ) = e x+y 


^ y 


1 - ye x+y 、一 xe x+y - 1 




JO 


(1 — ye x+ y) 


39. e 2x = sin(x + 3y) 4 2e 2x = (1 + 3y’）cos (x + 3y) 4 1 + 3〆 = cos( 2 x e + 3y) 4 3y’ 


2e 2x 

cos (x + 3y) 


y/ _ 2e 2x - cos (x + 3y) 


3 cos (x + 3y) 


40. tan y = e x + In x ^ (sec 2 y) y’ = e x + * 4 y’ 


(xe x + 1) cos 2 y 


41. f (e 3x + 5e~ x ) dx : 


e 3x 


5e~ x + C 


42. f (2e x - 3e~ 2x ) dx = 2e x + 昼 e~ 2x + C 


-In 3 




43. J ]n2 e x dx= [e x ]J °2 = e ln3 - e ln2 = 3 — 2=1 44. J_ ln2 e -X dx= [-e~ x ]_ ln2 = -e° + e ln2 = —1+2=1 


45. /8e( x+1 ) dx = 8e( x+1 ) + C 


46. /2e( 2 卜 丄 ) dx = e( 2x-1 ) + C 


47. f'V’ 2 dx = [2e x ’ 2 ] = 2 [ e ( ln9 )/ 2 一 e (ln4) / 2 ] = 2 (e to3 - e ln2 ) = 2(3 - 2) = 2 


16 


48. j 。 e x / 4 dx = [4e x / 4 ] ^ =4 ( e ( ln16 )/ 4 - e°) = 4 (e ln2 - l) =4(2- 1) = 4 

49. Let u = r 1 / 2 du = ^ r— 1 / 2 dr => 2 du = r~ 1/2 dr; 

J 赛 dr = / e rV2 . r-V2 dr = 2 f e u du = 2e u + C = 2e r * /2 + C = 2e^ + C 

50. Let u = -r 1 / 2 今 du = - i r~ 1 ! 2 dr -2 du = r" 1 / 2 dr; 

f 穿 dr = f e-^ 2 - r- 1 / 2 dr = —2 Je u du = —2e- r " 2 + C = -2e~^~ T + C 
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51. Let u = —t 2 ^ du = 

-t 2 _ _ 



dt =— 



=-e u + C 二 一 e. 


2t dt ^ — du = 2t dt; 

二 —e u + C = —e- t2 + C 


52. Let u = t 4 4 du = 4t 3 dt ^ ^ du = t 3 dt; 

J t 3 e t4 dt = * J^e u du = I e t4 + C 

53. Let u = ^ du = —占 dx => —du = 各 dx; 

dx = J-e u du = -e u + C = -e 1 ^ + C 

54. Letu = -x -2 =^> du = 2x~ 3 dx => | du = x -3 dx; 

J dx = J e _x 2 . x _3 dx = * JV du = * e u + C = * e _x 2 + C = | e _ " x2 + C 

55. Let u = tan 0 du = sec 2 6 d6; 0 = 0 => u = 0 y 0 = ^ => u=l; 

f Q (1 + e tan0 ) sec 2 6 d9 = J 0 sec 2 0 e u du = [tan 6] + [e u ] J = [tan (|) — tan(O)] + (e 1 — e°) 

=(1 - 0) + (e - 1) = e 

56. Let u = cot 6 =>• du = _ esc 2 6 d6\ 9 = ^ => u = l, 0 = ^ ^ u = 0; 

fJ/ 4 ^ + e cote ) esc 2 9dd= esc 2 Odd- /° e u du = [- cot 9} ^ - [e u ] ° = [- cot (|) + cot (f)] - (e° - e 1 ) 
=(0+1)-(1 — e) = e 

57. Let u = sec 7rt ^ du = ^ sec tan 7rt dt ^ ^ = sec 7rt tan nt dt; 

JV ec ㈣ sec (7rt) tan (7rt) dt = ^ J^e u du = ^ -h C = + C 

58. Let u = esc (7r + t) => du = — esc (7r + t) cot (n +1) dt; 

f e csc ^ +t )csc (7T + t) cot (7T + t) dt = - Je u du = -e u + C = —e csc ( 奸 1 ) + C 

59. Let u = e v 4 du = e v dv 4 2 du = 2e v dv; v = In | ^ u = v = In f u = f; 

filT/: 2eV cos eV dv = 2 IJ/6 C0S u du = [ 2 sin u] 攻 = 2 [sin (f) 一 s i n (!)] = 2 (1 - *) = 1 

60. Let u = e x2 => du = 2xe x2 dx; x = 0 4 u=l,x = \/ln 丌 => u = e ln?r = 丌； 



61. Let u = 1 + e r ^ du = e r dr; 



5 du = In |u| + C = In (1 + e r ) + C 



TT^ dx = J dx; 


let u = e _x + 1 du = —e _x dx — du = e _x dx; 



-x i dx = ~ I ^ du = — In |u| + C = — In (e x + 1) + C 


63. ^ = e l sin (e l — 2)=> 


let u = e l — 2 du 


y = JV sin (e l _ 2) dt; 

e l dt => y = J^sin u du = — cos u + C = — cos (e l — 2) + C; y(ln 2) = 0 
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^ -cos (e ln2 - 2) +C = 0 ^ -cos (2 - 2) + C = 0 => C = cos 0=1; thus, y = 1 — cos (e l — 2) 

64 • 室 = e _t sec 2 (7re _t ) 4 y = J e _t sec 2 (7re _t ) dt; 

let u = 7re _t du = —7re _t dt =>■ — ^ du = e _t dt => y = — ^ sec 2 u du = — ^ tan u + C 
=- ；tan (7re— 1 ) + C; y(ln 4) = | ^ — • tan (7re~ ln4 ) +C = | ^ 一 tan (tt • 盖 ） + C = f 
今 -i(l) + C = I ^ c = I ； thus, y = I - i tan (7re—t) 

65. 0 = 2e~ x 今砮 = -2e~ x + C;x = 0andg=0 今 0= -2e° + C =>■ C = 2; thus ^ = -2e~ x + 2 

泠 y = 2e~ x + 2x + C!；x = 0andy = 1 1 = 2e° + Ci Ci = -1 ^ y = 2e— x + 2x - 1 = 2 (e~ x + x) - 1 

66. 尝 =1 — e 2t 分 室 =t — i e 2t + C; t = 1 and f = 0 分 0 = 1/.- - e 2 + C 冷 C = i e 2 - 1; thus 

g = t - i e 2t + i e 2 - 1 今 y = ! t 2 — ! e 2t + (I e 2 — 1) t + C 1; t = 1 and y = —1 今 -1 = i - i e 2 + i e 2 - 1 + Cj 

4 ^ y= I t 2-Ie^+(Ie^l)t-(i + ie2) — . 


67. f(x) = e x — 2x 4 f’(x) = e x — 2; f’(x) = 0 ^ e x = 2 => x = In 2; f(0) = 1, the absolute maximum; 

f(ln 2) = 2 — 2 In 2 « 0.613706, the absolute minimum; f(l) = e — 0.71828, a relative or local maximum 

since f”(x) = e x is always positive. 

68. The function f(x) = 2e sm ( x , 2 ) has a maximum whenever sin | = 1 and a minimum whenever sin | = — 1. 
Therefore the maximums occur at x = 丌 + 2k(27r) and the minimums occur at x = 3 丌 + 2k(27r), where k is any 
integer. The maximum is 2e ~ 5.43656 and the minimum is | ^ 0.73576. 

69. f(x) = x 2 lnl f’(x) = 2x In i + x 2 ⑴ (-x~ 2 ) = 2x In 1 - x = -x(2 In x + 1); f’(x) = 0 今 x = 0 or 

In x = — - . Since x = 0 is not in the domain of f, x = e _1 / 2 = ^ . Also, f’(x) > 0 for 0 < x < ^ and 

f,(x) < 0 for x > 表 . Therefore, f ( 古 )=| In ^ In e 1 / 2 = 去 In e = 去 is the absolute maximum value 
of f assumed at x = A =. 


70. f(x) = (x — 3) 2 e x 4 f ’⑻ = 2(x — 3) e x + (x — 3) 2 e x 
=(x _ 3) e x (2 十 x — 3) = (x — l)(x — 3)e x ; thus 
f’(x) > 0 for x < 1 or x > 3, and f’(X) < 0 for 
1 < x < 3 => f(l) = 4e ~ 10.87 is a local maximum and 
f(3) = 0 is a local minimum. Since f(x) > 0 for all x, 
f(3) = 0 is also an absolute minimum. 


y 



71. /: V - e x ) dx =[ f - e ^ 3 =( 苧 - e to3 ) 一（誓 — e 。）=( 誉 — 3)-( 卜 1 卜豊 U 


72. / 0 21n2 (e x/2 _ e~ x / 2 ) dx = [2e x / 2 + 2e— x / 2 ] : ln2 = (2e ln2 + 2e— ln2 ) — (2e° + 2e°) = (4 + 1) - （2 + 2) = 5 — 4 = 1 

73. L = f Q ^j\ + f dx 泠装 =f 泠 y = e x , 2 + C; y(0) = 0 ^ 0 = e° + C ^ C=-l 玲 y = e x/2 - 1 
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444 Chapter 7 Transcendental Functions 

74. S = 2n£\^) ^l + (^) 2 dy = 2tt f:" (^) + I (e^ - 2 + e^y) dy 

= 加 f : (¥) ]/(^) 2 dy = 2 冗 / 0 ln2 (〒) 2 dy = f /:° 2 (A + 2 + e - 2 y ) d y 

= i[Ie^ + 2y^ie-^]i n2 = |[(Ie^ + 21n2-Ie-^)-(I + 0-i)] 

=f G • 4 + 2 ln 2 _ ^ • i) = f ( 2 — i + 2 ln 2 ) = i (H + ln 2 ) 

75. (a) f (x In x — x + C) = x • 1 + In x — 1 + 0 = In x 

(b) average value = In x dx = ^ [x In x - x] ^ ^ [(e In e - e) - (1 In 1 - 1)] 

= ^T(e- 6+1 )=占 

76. average value = ^ dx = [In |x|] f = In 2 — In 1 = In 2 


77. (a) f(x) = e x 今 f(x) = e x ; L(x) = f(0) + f(0)(x 一 0 ) 今 L(x) = 1 + x 

(b) f(0) = 1 and L(0) = 1 ^ error = 0; f(0.2) = e 0 2 « 1.22140 and L(0.2) = 1.2 泠 error « 0.02140 

(c) Since y" = e x > 0, the tangent line 
approximation always lies below the curve y = e x . 

Thus L(x) = x + 1 never overestimates e x . 



78_ (a) e x e— x = e( x - x ) = e° = 1 ^ e _x = ^ for all x; 窝 =e Xl ( 去 ) =e Xl e — X2 = e Xl_X2 

(b) y = (e Xl ) X2 =>- In y = x 2 In e Xl = x 2 xi = xix 2 ^ e lny = e XlX2 y = e XlX2 ^ (e Xl ) X2 = e XlX2 


79. f(x) = ln(x) - 1 ^ f’(x) 


^ x n +i = x n 


In (x n ) - 


( 忐 ) 


- x n+ i = x n [2 — In (x n )]. Then x\ =2 


4 X 2 = 2.61370564, X 3 = 2.71624393 and x 5 = 2.71828183, where we have used Newton's method. 

80. e lnx = x and In (e x ) = x for all x > 0 

81. Note that y = In x and e y = x are the same curve; In x dx = area under the curve between 1 and a; 

pin a 

J o e y dy = area to the left of the curve between 0 and In a. The sum of these areas is equal to the area of the rectangle 

r r»ln a 

In x dx + J o e y dy = a In a. 


82. (a) y = e x =>■ y" = e x 〉 0 for all x => the graph of y = e x is always concave upward 

(b) area of the trapezoid ABCD 〈工 e x dx < area of the trapezoid AEFD | (AB + CD)(ln b — In a) 

< 又 a e x dx < ( 一吉 ’ ) (i n b — In a). Now \ (AB + CD) is the height of the midpoint 

M = e (i°a+inb )/2 s i nC e the curve containing the points B and C is linear => e (lna+lnb)/2 (In b — In a) 

< e x dx < ( el ° 1 ehh ) (In b — In a) 

(c) e x dx = [e x ] = = e lnb — e lna = b — a, so part (b) implies that 

e (ina+inb)/2 (i n b — In a) < b — a < ( e-f-b ) (In b — In a) 今 e ( lna+lnb )/ 2 < 上 ^ 

_ v pin a/2 . Jwb/2 ^ b-a ， a + b v /pin a A /^lnb / b-a ^ a + b v /~0 ^ b-a ， a + b 
^ C C 、 In b - In a ^ 2 V G V e 、 lnb-lna ^ 2 ^ V dD ^ In b - In a ^ 2 
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1. (a) 5 log5? = 7 (b) 8 l0B8 ' /5 = (c) 1.3 logu75 = 75 

(d) log 4 16 = log 4 4 2 = 2 log 4 4 = 2- 1 =2 (e) log 3 0 = log 3 3 1 / 2 = - log 3 3 = i • 1 = 1 = 0.5 

(f) log 4 ⑴ =log 4 4- 1 = -1 log 4 4 = —1 _ 1 = -1 

2. (a) 2 log23 = 3 (b) 10 1O8 '° (1/2) = | (c) tt 1o&7 = 7 

(d) logn 121 = log„ ll 2 =2 logn 11=2-1=2 

(e) log I21 11 = log m 121" 2 = (!) logi 2 i 121 = (I) -1 = § 

(f) lo g3 (i) =log 3 3- 2 = -21og 3 3 = -2-1 =-2 

3. (a) Let z = log 4 x => 4 Z = x => 2 2z = x => (2 Z ) 2 = x => 2 Z = 

(b) Let z = log 3 x => 3 Z = x => (3 Z ) 2 = x 2 => 3 2z = x 2 9 Z = x 2 

(c) log 2 (e (ln2)sinx ) = log 2 2 sinx = sin x 

4. (a) Let z = log 5 (3x 2 ) > 5 Z = 3x 2 4 25 z = 9x 4 

(b) log e (e x ) = x 

(c) log 4 (2 eXsinx ) = log 4 4( eXsinx )/ 2 = ^l^nx 

c log 2 x — In x . In x _ In x In 3 — In 3 /i_\ log 2 x — In x . In x _ In x In 8 — 3 In 2 — o 

W log^x ~hT2~in3 — In2*in7 — In2 W log^x — In2~in8 — In2*inx — InT ~ J 

logx a _ In a 丄 In a _ In a • In x 2 _ 2 In x _ 2 
log x 2 a In x * In x 2 In x In a In x 

f. /o\ l°g9 x — In x 丄 In x — In x In 3 _ 1_ 

u . w logTx — in9 ~ In3 — 2\n3 * lnx — 2 

log# x __ In x 丄 In x _ In x • (|) In 2 _ In 2 

^ } log^ 2 x — hT/To • In y/2 — Q) In 10 • lnx — lnTo 

log a b — In b . In a _ In b • In b — / In b \ ^ 

^ ) logb a In a * In b In a In a V In a / 

7. 3 10 妇⑺ + 2 10 幻 （ 5 ) = 5 l0 S 5 ( x ) 泠 7 + 5 = x 泠 x = 12 

8. 8 10 助 （ 3 ) - e ln5 =x 2 — 7 10 幻 (3 又）泠 3 - 5 = x 2 - 3x 0 = x 2 — 3x + 2 = (x— l)(x — 2 ) 泠 x = 1 or x = 2 

9. 3 l0 S 3 ( x2 ) = 5e lnx — 3 - 10 1 。 帥 ( 2 ) 泠 x 2 = 5x - 6 x 2 - 5x + 6 = 0 => (x — 2)(x - 3) = 0 泠 x = 2orx = 3 

10. In e + 4- 21o ^( x ) = \ logio 100 泠 1 + 4 lo &* ( x — ， = 臺 log 10 10 2 冷 1 + x~ 2 = (i) (2) ^ 1 + 各 一？ = 0 
=>■ x 2 — 2x + 1 = 0 => (x — l) 2 = 0 x = 1 

11. y = 2 X 泠 y’ = 2 X In 2 12. y = 3— x 泠 y’ = 3 — x (In 3)(-1) = -3 — x In 3 

13. y = 5^ ^ I =5^ (In 5) (i s_" 2 )= ( 舉 ) 5# 

14. y = 2 s2 今砮 = 2 s2 (In 2)2s = (In 2 2 ) (s2 s2 ) = (In 4)s2 s2 

15. y = x w 今 y’ = 7rx (ir -” 16. y = t 1 - e => ^ = (1 — e)t- e 

17. y = (cos 6)^ ^ % = * 1/2 (cos O)^ 1 ) (sin 9) 
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446 Chapter 7 Transcendental Functions 

18. y = (In ey ^ %= ^(ln 0) ㈣⑴ = 

19. y = 7 sec9 In 7 泠靠 =(7 secS In 7)(In 7)(sec 9 tan d) = 7 sec9 (ln 7) 2 (sec 0 tan 0) 

20. y = 3 tm6 In 3 =► = (3— In 3) (In 3) sec 2 9 = 3—(ln 3) 2 sec 2 0 

21. y = 2 sin3t 今荖 = (2 sM In 2)(cos 3t)(3) = (3 cos 3t) (2 sin3t ) (In 2) 

22. y = 5— c ° s2t 泠 f t = (5- cos2t In 5)(sin 2t)(2) = (2 sin 2t) (5- cos2t ) (In 5) 


23. y : 




24. y = log 3 (1 + 6»ln 3) = ln(1 f n3) 今砮 = ( 占 ） ( ln 3 ) : 


1 + ^ In 3 


2 5 - y = ^t + 鹄=鹄+ 2 鹄 = 3 誤今 〆 


x In 4 


26. y 


In 25 2 In 5 — 2 In 5 2 In 5 


(&) ( x 一 ln X) => / = ( 21 b) (1 - ;) 


2x In 5 


27. y = log 2 r.log 4 r=(|^)(^) 


ln 2 r , dy 
(In 2)(ln 4) ^ dr 


(In 2)(ln 4) 


(21nr)(i) 


21nr 

r(ln 2)(ln 4) 


28. y = log 3 r - log 9 r = (^f) (^f) 


In 2 r ^ dy 
(In 3)(ln 9) ^ dr 


(In 3)(ln 9) 


(21nr)(i) 


2 In r 


r(ln 3)(ln 9) 


29. y 


(mr 


In ㈣ h 

In 3 


(In 3) In 
\n3~ 


ln (^|) 二 ln(x+l) —ln(x- 1) 






(x+l)(x-l) 


30. Y = log, V ( 為广 5 = _ ( 為广 )/2 = ln( ,r ,/2 = (¥) [響卜 * m ( 為） 

=I In 7x — I In (3x + 2) 蛊 =rk — 2-(3x + 2) = ( 2x(3x + 2) X = x(3x 1 +2) 

31. y = 0 sin(log 7 0) = 6 sin (j^f) % = sin 0 [cos (^f)] ( 士 ） = sin(log 7 6>) + ^ cos(log 7 6) 

on __ ( sin 6 cos 6\ _ _ In (sin 6) + In (cos 9) — In e e — In 2° _ In (sin 6) + In (cos 9) —0 — 6\n 2 

M y = logv ^ e e 2 e ) = E7 = hT7 

4 盏 =(sin% S (in7) _ (cosT)(in7) _ IT7 _ E7 = (liTv) ( cot 沒 一 tan (9 _ 1 — In 2) 


33. y = log 5 今 y’ = 占 

<21 — 1 ( x 2 e 2 、 — In x 2 + In e 2 — In 2 — In \/x+ 1 — 2 In x + 2 — In 2 — ^ In(x + 1) 

: S4. y = log, = k2 = ta2 

v / _ _1 — 4(x+l)-x _ 3x + 4 

— x In 2 2 (In 2)(x + 1) — 2x(x + l)(ln 2) — 2x(x + 1) In 2 

35. y = 3 log2t = 3 ㈣ /㈣ 今荖 = [3 ㈣ / ㈣ (In 3)] (nh) = T (^2 3) 3 log2t 

36. y = 3 logs (log 2 t) = 3 U? 2 t) = 3 Ug 2 ) 莹 =(hTg) (lnt)/(ln 2) (tlH^) = t(ln t) 3 (ln 8) 

_ 1 
— t(ln t)(ln 2) 
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37. y = l 0 g 2 ( 8 t ln2 ) = = 31n2 + (ln 2 )(lnt) = 3 + ln t ^ | = I 


38. y ： 


ti n (( e M ) stot ) 

ln3 


tin (3 sint ) 
~Hil~ 


t(sin t)(ln 3) 
~~ln3 


t sin t 4 


I 


sin t + t cos t 


39. y = (x+l) x 4 In y 二 ln(x + l) x = x ln(x + 1) 4 f = ln(x + 1) + x • y’= (x + l) x [^j + ln(x + 1)] 

40. y = x (x+1) =>• In y = In x (x+1) = (x + 1) In x => ^ ■二 In x + (x + 1) ⑴ =In x + 1 + * 

4 i = x (x+1 ) (1 + - + In x) 

41. y=(^) t =(tV2) t = t ^ ^ lny = lnt*/ 2 =(|) In t ^ | = ㈤ 加 0 + ⑴⑴ = 訾 + i 

今 l = (^) l (¥ + D 

42. y = t， 1 = t ㈣ 令 In y = In t ㈣ =(t 1 / 2 ) (lnt) ^ 1 | = Q r 1 ’ 2 ) (In t) + t 1 ’ 2 (\) = ^ 

^ dy _ /" lnt+2 、 fy /i 

^ V vr ； 1 


43. y = (sin x) x =>• In y = In (sin x) x = x In (sin x )=> 


44. y = x sinx ^ In y = In x sinx = (sin x)(ln x) ^ ^ 

y/ _ v sinx I"sinx + x(ln x)(cos x) 


f = In (sin x) + x => y’ = (sin x) x [In (sin x) + x cot x] 

(cos x)(ln x) + (sin x) (D = sinx + x(1 x nx)(cosx) 


45. 


y = x tox , x > 0 ^ In y = (In x) 2 ^ = 2(ln x)(i) ^ y' = (x tox ) (_) 


46. y = (In x) tax => In y = (In x) In (In x) 4 ^ = (i) ln(lnx) + (lnx) (j^) £ (In x) = + i 

4 y’ = ( ln(lnx) + 1 ) (lnx) tax 


47- J5 x dx=^+C 

49 - j> d0 =rG )、 


48. /(1.3) x dx=^+C 


50 - JXM 6 


d6 


or 

In ⑴. 

ar 


i ⑴ in ⑴ — i n (i)— 和 - m)— ㈤ 


(ii 


■W ln 0) _l1 ^) 


(1-25) 


—24 _ 24 

In 1 — In 5 — In 5 


51. Let u = x 2 =>• du = 2x dx =>• | du = x dx; x = 1 => u = 1， x = \[l u = 2; 


-V2 


2 ^ 


dx 


2 xl/2 • x- 1 / 2 dx = 2 2 u du : 


:士 ) (2 2 

- 2 ” = 

]n2 

一 dx . v _ 

■ 7 ：' 

1 泠 U 

=l,x = 4 ^ u 

2(u+i)"| 
_ In2 」 

- (A_ 
—Vln2 

)(2 3 - 2 2 ) = ^ 
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53. Let u = cos t 4 du = — sin t dt => — du = sin t dt; t = 0 4 u = 1， t = ! 4 u = 0; 
/ ； /2 7-sintdt=-/ ； 7" du=[-^]°=(^) (7°-7) = ^ 

54. Let u = tan t ^ du = sec 2 1 dt; t = 0 => u = 0 ， t=| 4 u=l; 

r -| i 

fo ( 5 ) tan ， sec 2 tdt= f o (i) u du = = (- o) (I) 1 - (5)° = 3^3 

55. Letu = x 2x 今 lnu = 2xlnx ^ i g = 2 In x + (2x) (i) g = 2u(ln x + 1) ^ i du = x 2x (l + In x) dx; 
x = 2 ^ u = 2 4 = 16, x = 4 ^ u = 4 8 = 65,536; 

f: x 2x (l + In x) dx = i JJ' 536 du = I [u]^ 536 = i (65,536 - 16) = = 32 ,760 


56. Let u = In x => du = - dx; x=l => u = 0, x = 2 => u = ln2; 


f? dx =r 2 udu =[^]r=(^)( 2in2 - 20 ) 


2 ln2_ 


In 2 


57. 


/ 3x ^ dx = v£r+ c 


58. Jx (列 dx = ^ + C 


59. 


1 Ix^dx ： 




3( 加） 


60. dx = [^]； 


e ln2 _ jk 

~ET~ 


2-1 _ 丄 
ln2 ~ E2 


61. /^dx = /(^)(I)dx; [u = lnx ^ du=idx] 

— f (ww) (x) dx = ETIO / u du = (brio) (5 u2 ) + C = TFTo + C 

62. dx = //( 誤 )(^) dx; [u = lnx => du = 1 dx; x = 1 ^ u = 0, x = 4 u = In 4] 

-/: 假）⑴ dx = / ； 4 (^)udu=(i) [W: 4 =( 占） [|(ln4) 2 ] =^ = ^=ln4 

63. / ； 3^ dx = (ja|)dx = dx = [I (In x) 2 ] ； = | [(In 4) 2 - (In l) 2 ] = i (In 4) 2 

=I (2 In 2) 2 = 2(ln 2) 2 


64. J； 211110 ^^ dx = f l S<lnl ( Xr ) (D dx=[(ln X ) 2 ]； = (lne) 2 -(lnl) 2 


■4(ln2) 2 (In if 


[ln(x + 2)] ( 击 ） dx = (▲) 


(ln(x + 2)) 2 
2 


(n^) 


2 


■ ln2 


(hTs) 


(In 4) 2 (In If 
~2 2~ 


66 . 


logio (lOx) 


" 1/10 


nlO 

dx = liTTo 丄 /io[ ln ( 10x )] (▲) dx = (liTTo) 


(ln(10x)r 
^20~~ 


10 

1/10 


(hTTo ； 


10 


(hHo) 


4(ln 10) 2 


20 


2 In 10 


(In 100r 
20~ 


(In l) 2 


67- I 2 ~^ ±I2 dx=J^L ln(x + 1) (^) dx = (^) 


/O X + 

=ln 10 


In 10 Jo 


r(ln(x+l)) 2 ' 

9 - ( 2 ) 

2 

0 Vln 10/ 


(In 10) 2 (In l) 2 
~2 2 ~ 


68. / 2 3 ^f^ dx = ^ / ； ln(x - 1) (^) dx = (^) 


(In(x-l)) 2 


(ih) 


(In l) 2 


= ln2 
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^ = / Cet) (x) dx = ( ln !0) f (i^) (x) dx ； [u = lnx ^ du = I dx] 

(In 10) / (ffi) (j) dx = (In 10) f ^ du = (In 10) In |u| + C = (In 10) In |ln x| +C 


70- /^^ = /^=(ln8) 2 /^dx = (ln8) 2 ^+C = ^^+C 

7L Ji I dt 二 [In |t|] ^ = In |ln x| — In 1 = In (In x), x > 1 

72. y dt = [In |||] = In e x — In 1 = x In e = x 

r» 1/x 

73. I dt = [In |t|] J /x = In I *| — In 1 = (In 1 - In |x|) — In 1 = —In x, x > 0 

74 . K IH = [ A In 11|] ：： = 鹄 — 設 =¥ x,x>0 

75. A = J dx = 2 上 dx; [u = 1 + x 2 du = 2x dx; x = 0 => u = 1, x = 2 =>■ u = 5] 

—A = 2 ^ du = 2 [In |u|] I = 2(ln 5 - In 1) = 2 In 5 


76. A: 


f' i 2^>dx = 2fjijdx 


i£ 

ln ⑴ 


In 2 


(I - 2 ) = ( _ ih) i) 


E2 


77. Let [H 30 +] = x and solve the equations 7.37 = — log 10 x and 7.44 二一 log 10 x. The solutions of these equations 
are 10 -7 37 and 10 _7 44 . Consequently, the bounds for [H 30 + ] are [10— 7 44 ,10 _7 . 37 ] • 

78. pH = - log 10 (4.8 x Hr 8 ) = - (log 10 4.8) + 8 = 7.32 

79. Let O = original sound level =10 log 10 (I x 10 12 ) db from Equation (6) in the text. Solving 

0+10=10 log 10 (kl x 10 12 ) for k ^ 10 log 10 (I x 10 12 ) + 10=10 log 10 (kl x 10 12 ) ^ log 10 (I x 10 12 ) + 1 
=log 10 (kl x 10 12 ) ^ log 10 (I x 10 12 ) + 1 = log 10 k + log 10 (I x 10 12 ) ^ 1 = log 10 k 今 1 = 

=> In k = In 10 => k = 10 


80. Sound level with 101 = 10 log 1(1 (101 x 10 12 ) = 10 [lo gl 。10 + log 10 (I x 10 12 )] = 10+10 lo gl 。（I x 10 12 ) 
= original sound level + 10 4 an increase of 10 db 

81. (a) If x = [H 3 0+] and S - x = [OH~], thenx(S — x) = 10— 14 今 S = x+ # 今 i = 1 — ¥ 

and ^ — > 0 a minimum exists at x = 10 

(b) P H= — log 10 (10- 7 ) =7 

( c ) ® = ^ = 卜 ‘） X = ^ 泠 the ratio equals 1 at x = 10_ 7 

82. Yes, it's true for all positive values of a and b: log a b = and log b a = = = = log a b 
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83. From zooming in on the graph at the right, we estimate 
the third root to be x « —0.76666 


y 



84. The functions f(x) = x^ 2 and g(x) = 2 lnx appear to 
have identical graphs for x > 0. This is no accident, 
because x ln2 = e ln2 - lnx = (e ln2 ) lnx = 2 lnx . 


y 



85. (a) f(x) = 2 X ^ f’(x) = 2 X In 2; L(x) = (2° In 2) x + 2° = x In 2 + 1 « 0.69x + 1 




86 . (a) f(x) = log 3 x => f’ ⑻ =^3 , and f(3) — L ⑻ = 3-^3 (x — 3) + }^-| = 3^3 — 573 + 1 

« 0.30x + 0.09 



87. (a) log 3 8 = If w 1.89279 
(c) log 2 „ 17 = ^ « 0.94575 

(e) In x = (logio x)(ln 10) = 2.3 In 10 « 5.29595 
(g) In x = (log 2 x)(ln 2) = -1.5 In 2 w —1.03972 

88. (a) ^•log 10 x=^. 1 ^ = ^f = log 2 x 

89. ^Hx 2 + k)=-xand^(lnx + c) = i. 


(b) log 7 0.5 = 帶 《 -0.35621 

(d) logo .5 7= 說。 -2.80735 

(f) In x = (log 2 x)(ln 2) = 1.4 In 2 « 0.97041 

(h) lnx = (log 10 x)(ln 10) = -0.7 In 10 « -1.61181 

⑻ ^*10gaX=^.^ = |^=10g b X 


Since —x • $ = — 1 for any x ^ 0, these two curves will have perpendicular tangent lines. 


90. e lnx = x for x > 0 and ln(e x ) = x for all x 
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91. Using Newton's Method: f(x) = ln(x) — 1 ^ f’(x) = ^ x n+ i = x n — ln ( x 丄 ) -1 ^ x n+ i =x n 2 — ln(x n ). 

\n 

Then, xi = 2, X2 二 2.61370564, X3 = 2.71624393, and X5 = 2.71828183. Many other methods may be used. For example, 
graph y = In x — 1 and determine the zero of y. 

92. (a) The point of tangency is (p, In p) and m tangent = * since 裝 = 臺 . The tangent line passes through (0, 0) =>• the 

equation of the tangent line isy = -x. The tangent line also passes through(p，In p) In p = gp = 1 4 p = e, and 
the tangent line equation is y = ^x. 

( b ) S? = for x/0=>y = lnxis concave downward over its domain. Therefore, y = In x lies below the graph of 
y = for all x > 0, x — e，and In x < - for x > 0, x ^ e. 

(c) Multiplying by e, e In x < x or In x e < x. 

(d) Exponentiating both sides of In x e < x, we have e ln xC < e x , or x e < e x for all positive x 7^ e. 

(e) Let x = 7T to see that 7r e < e 71 ". Therefore, e 71 ^ is bigger. 

7.5 EXPONENTIAL GROWTH AND DECAY 

1. (a) y = yoe^ 0.99yo = yoe 1000k 4 k = « —0.00001 

(b) 0.9 = e ( - 0 00001)t (-0.0000l)t = In (0.9) ^ t= 二 « 10,536 years 

(c) y = y oe ( 20 ，°°°) k « y 0 e-°- 2 = y 0 (0.82) ^ 82% 

2. (a) 兼 =kp 泠 p = poe^ 1 where p。= 1013; 90 = 1013e 20k 泠 k = ln(9Q) ~^ (1Q13) « -0.121 

(b) p = 1013e- 605 « 2.389 millibars 

(c) 900 = 1013e ( _° 121)h 泠 -0.121h = lnO 泠 h = in(ioi^in(900) = Q 977 km 

3. ^ = —0.6y y = y 0 e _a6t ; y 0 = 100 y = 100e _a6t 4 y = lOOe -06 « 54.88 grams when t = 1 hr 

4. A = Aoe^ => 800 = 1000e 10k k = ln ( ^ 8) => A = 1000e (ln ( 0 8) / 啤 ， where A represents the amount of 
sugar that remains after time t. Thus after another 14 hrs, A = 1000e (ln(a8)/10)24 ~ 585.35 kg 

5. L(x) = Loe _kx => 导 =Loe _18k =>■ ln | = —18k => k = 背 》 0.0385 => L(x) = Loe _00385x ; when the intensity 
is one-tenth of the surface value, g = Loe _0 0385x => ln 10 = 0.0385x => x ^ 59.8 ft 

6. V(t) = V 0 e _t/4 ° => O.lVo = Voe _t / 4 ° when the voltage is 10% of its original value => t = —40 ln (0.1) 

« 92.1 sec 

7. y = y 0 e kt and yo = l ^ y = ^ aiy = 2 and t = 0.5 we have 2 = e 05k => In 2 = 0.5k =>■ k = 裝 =ln4. 

Therefore, y = e (In4)t ^ y = e 241114 = 4 24 = 2.81474978 x 10 14 at the end of 24 hrs 

8. y = yoe^ and y(3) = 10,000 ^ 10,000 = yoe 3k ; also y(5) = 40,000 = yoe 5k . Therefore y 0 e 5k = 4yoe 3k 

泠 e 5k 二 4e 3k 泠 e 2k = 4 今 k = ln 2. Thus, y = y 0 e (ln2)t 10,000 = y 0 e 31n2 = y 0 e ln8 泠 10,000 = 8y 0 
y 0 = = 1250 

9. (a) 10,000e k(1) = 7500 今 e k = 0.75 k = ln 0.75 and y = 10,000e (ln075)t . Now 1000= 10,000e (ln075)t 

ln 0.1 = (ln 0.75)t ^ t = ^ 8.00 years (to the nearest hundredth of a year) 

(b) 1 = 10,000e (In0 75)t => ln 0.0001 = (ln 0.75)t 4 t = W 普 1 « 32.02 years (to the nearest hundredth of a 
year) 
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10. (a) There are (60)(60)(24)(365) = 31,536,000 seconds in a year. Thus, assuming exponential growth, 

P = 257,313,431e kt and 257,313,432 = 257,313,431e( 14k / 31 ’ 536 ’°°°) 泠 In ( 認說 )= 

^ k « 0.0087542 

(b) P = 257,313,43le (0,0087542 ^ 15 ^ ^ 293,420,847 (to the nearest integer). Answers will vary considerably 
with the number of decimal places retained. 


11. 0.9P 0 = P 0 e k ^ k 


In 0.9; when the well’s output falls to one-fifth of its present value P 

In 0.2 


0.2P, 


o 


4 0.2P 0 = P 0 e_ 9)t 4 0.2 = e __ 9 )t > In (0.2) = (In 0.9)t t= « 15.28 yr 


12_ ⑷ I 


r(x) 


1 r) — 』— — 1 rjv — "If) D — — 1 Y -I - 「 — r) — p(—O.Olx+C) — 

dx — ioo P ^ p — ioo ux ^ in p — 100 x 十 l 9 p — e 

p(100) = 20.09 ^ 20.09 = Qe (— M1 ) (10 °) 分 Q = 20.09e « 54.61 今 p(x) 

(b) p(10) = 54.61e(— 0 . 叫⑽ =$49.41，and p(90) = 54.61e(— 0 . 叫 _ = $22.20 

(c) r(x) = xp(x) ^ r'(x) = p(x) + xp'(x); 
p’(x) = — .5461e _001x ^ r ’ ⑻ 

=(54.61 - .5461x)e- 001x . Thus, ^(x) = 0 
泠 54.61 = .5461x ^ x = 100. Since〆 > 0 

for any x < 100 and r 7 < 0 for x > 100, then 
r(x) must be a maximum at x = 100. 


e c e -o.oix = Cie -o_oi x ; 

= 54.61e _001x (in dollars) 



13. (a) A 0 e (004)5 = A 0 e 02 

(b) 2A 0 = A 0 e (0 04)t In 2 = (0.04)t 令 
t = ^ « 27.47 years 


In 2 
丽 


w 17.33 years; 3A 0 = A 0 e (OO4)t 4 In 3 = (0.04)t 


14. (a) The amount of money invested A 0 after t years is A(t) = 

(b) If 八 ⑴ = 3 Aq, then 3 Aq = Age 1 In 3 = t or t ~ 1.099 years 

(c) At the beginning of a year the account balance is Aoe 1 , while at the end of the year the balance is Aoe (t+1) . 
The amount earned is Aoe (t+1) — Aoe 1 = Aoe^e — 1) ~ 1.7 times the beginning amount. 

15. A(100) = 90,000 90,000 = 1000e r (_ 泠 90 = e 100r ^ In 90 = lOOr ^ r = ^ 0.0450 or 4.50% 

16. A(100) = 131,000 泠 131,000 = 1000e 100r 令 In 131 = lOOr 令 r = ^ « 0.04875 or 4.875% 

17. y = y 0 e _018t represents the decay equation; solving (0.9)yo = y oe -° 18t ; t = m) « 0.585 days 

18. A = Aoe^ and ! A 0 = A 0 e 139k 泠 | = e 139k 泠 k = « -0.00499; then 0.05A 0 = A 0 e-° 00499t 

^ t= _H% 9 ^ 600days 

19. y = y 0 e _kt = y 0 e _ ( k X 3/k) = yoe -3 = p < 错 =(0.05)(yo) =>• after three mean lifetimes less than 5% remains 

20. (a) A = A 0 e- kt 令 | = e_ 2 . 645k k= ^ ^ 0.262 

(b) ^ ^ 3.816 years 

(c) (0.05)A = Aexp(-^t) ^ -In20 =( - 提 ) t 4 t = s 11.431 years 

21. T — T s = (T 0 — T s ) e—' T 0 = 90 o C ， T s = 20 o C，T = 60°C ^ 60 - 20 = 70e_ 10k 泠今 =e_ 10k 

^ « 0.05596 
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(a) 35 — 20 = 70e— 0 . 05596t => t « 27.5 min is the total time => it will take 27.5 — 10 = 17.5 minutes longer to reach 
35°C 

(b) T - T s = (T 0 - T s )e— kt ， T 0 = 90°C, T s = -15°C ^ 35 + 15 = 105e— a05596t 泠 t « 13.26 min 

22. T — 65。 = (T 0 — 65°)e— 111 泠 35 。 一 65。 = (T 0 — 65 。） e— 10k and 50 。 一 65。 = (T 0 - 65°)e— 20k . Solving 
-30° = (T 0 - 65°) e- 10k and — 15。 = (T。- 65°)e— 2 ° k simultaneously 今 （ T 0 - 65°)e— 1()k = 2(T。— 65°)e— 20k 

e IOk = 2 k = 帶 and -30° = 泠 —30 。 [e 1 。 ( 發） ]=T 。 — 65 。 泠 T 。 = 65。 — 30 。 ( e ta2 ) = 65。 - 60。 = 5 。 

23. T-T s = (T 0 -T s )e- kt ^ 39 — T s = (46 — T s ) e 10k and 33 — T s = (46 — T s ) e— 2()k 泠 = e 10k and 

= e— 20k = (e— 服) 2 泠 |E^ = (i^) 2 泠 （33 — T s )(46 — T s ) = (39 - T s ) 2 泠 1518 — 79T S +T? 

=1521 - 78T S + T 『泠一 T s = 3 泠 T s = -3°C 


24. Let x represent how far above room temperature the silver will be 15 min from now, y how far above room 
temperature the silver will be 120 min from now, and to the time the silver will be 10 o C above room 
temperature. We then have the following time-temperature table: 


time in min. 

0 

20 (Now) 

35 

140 

to 

temperature 

T s + 70 。 

T s + 60 。 

T s + x 

T s + y 

T s + 10 。 


T 一 T s = (T。— T s ) e— h 今 （60 + T s ) - T s = [(70 + T s ) — T s ] e— 20k ^ 60 = 70e— 2 ° k 今 k = (― 善 ) In ( 拳 ) 

« 0.00771 

(a) T — T s = (T 0 — T s ) e— a00771t 今 （ T s + x) - T s = [(70 + T s ) - T s ] e -(» 皿 71)(35) 泠 x = 70e— 0 . 26985 « 53.44°C 

(b) T - T s = (T 0 — T s ) e— a00771t 今 （ T s + y) — T s = [(70 + T s ) — T s ] e - (000771)(140) 泠 y = 70e- 1 0794 « 23.79°C 

(c) T — T s = (T 0 — T s ) e— a00771t 今 （ T s + 10) — T s = [(70 + T s ) — T s ] e - (0 00771)t " 泠 10 = 70e— a00771t » 

l n ( 7 ) = —0.0077lto => to = ( — 00( | 771 ) In ( 吾 ) = 252.39 今 252.39 — 20 « 232 minutes from now the 

silver will be 10°C above room temperature 


25. From Example 5, the half-life of carbon-14 is 5700 yr ^ ! c o = c 0 e _k(5700) k = « 0.0001216 

泠 c = Coe- 00001216 ' (0.445)c 0 = c 0 e-° 00012161 ^ t= _=d ) 16 « 6659 years 


26. From Exercise 25, k « 0.0001216 for carbon-14. 

(a) c = c 0 e-°_ 0001216t 今 (0.17)c 0 =c 0 e- aoooi216t 泠 14,571.44 years ^ 12,571 BC 

(b) (0.18)c 0 = coe - 0 0001216t ^ t « 14,101.41 years 令 12,101 BC 

(c) (0.16)c 0 = c 0 e-°°°° 1216t 令 t « 15,069.98 years => 13,070 BC 


27. From Exercise 25, k « 0.0001216 for carbon-14. Thus, c = Coe -0 


=>• (0.995)co = Coe - 




In (0.995) 
-0.0001216 


« 41 years old 


7.6 RELATIVE RATES OF GROWTH 


1 . (a) slower, lim 

x —> oo 

(b) slower, lim 

x —> oo 


x + 3 
e x 


lim 4=0 

X ^ oo e 
x 3 + sin 2 x _ ]j_m 3x 2 + 2 sin x cos x 
e x — X ^ OO eX 

6 — 4 sin 2x 
e x 


lim 


oo 


6x + 2 cos 2x 
e* 


xiToo 


Sandwich Theorem because | < 6 _ 4 / n2x < ^ for all reals and x lim^ ^ 


6 — 4 sin 2x 
e x 

lim ^ 

X ^ oo e 


0 by the 




(c) slower, eX 

4 X 


(d) faster, lim 


oo 




x ， oo 誓 

4、X . 


x^ m oo 


⑴: 


- 1/2 


xll m oo 研 




⑻ slower, 


(i) 1 


x^ m oo 


oo Since ^ > 1 
(^) x = 0 since ^ < 1 
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(f) slower, lim 

X ^ oo 

(2) same, lim 

x ^ 00 


⑻ slower, ^ 


e x/2 

㈤. 


X^OO 


x^ m oo 




X ^?QO anlO X )e x 


lim —-— 

X OO (In 10) e x 


： X ^?00 (In l^xe" 


10x 4 + 30x+ 1 


2 .⑻ slower, e . 


(b) slower, 


x^ m oo 


40x 3 + 30 

e x 

x(lnx- 1) 


X ¥00 ex 


x¥oo 0 


e x 


X ¥oo 


120x 2 . 


々 OO 


240x 


xlToo ^ 


e x 




1 + 1 


x¥oo 学 


lim 4 ^ 

x —» OO e 


x¥oo 斤 


(c) Slower, lim 孕 


’xl 


L+X 4 




4x 3 

2 ^ 


X^ m oo ^ 


， x ¥00 鎂 


’ 々 oo 


\/0 = 0 


⑷ 1 


(d) slower, £l 


x^ m oo 


(e) slower, lim 


x^oo ^ = x iiPoo ^ 


(!) x = 0 since - < 1 
0 


(f) faster, f 

(g) slower, since for all reals we have —1 < cos x < 1 e _1 < e cosx < e 1 =>■ ^ and also 


lim x 

X ^ OO 


lim = 

x ^ 00 e 

(h) same, lim 

W X ^ OO 




X ¥oo ? 


,so by the Sandwich Theorem we conclude that lim 


gCOSX 


xil m oo 


x¥oo 


3 . (a) same, lim 
x —> OO 

(b) faster, lim 

x ^ 00 

(c) same, lim 

x —> OO 

(d) same, lim 

x —> OO 


x 2 +4x 

x 2 

x 5 -x 2 


(e) slower, lim 

x —> OO 

(f) faster, lim 

X ^ OO 

(2) slower, lim 
v&/ x ^ 00 x 

(h) same, lim 琴 
、， x ^ 00 x 


lim 

x —> OO 

lim 

X ^ OO 


丁 -x¥oo 
(X 3 — 1) = OO 


-\/x 4 + x 3 
(x + 3) 2 — 

X 2 — 

x In x _ 


’ X l m oo 


X 4 +X 3 


IF" 


( 1 + ；) = V^ 


x^ m oo 


lim 

X —> OO x 
(In 2) 2 X 


2(x + 3) 
~ 2 x~ 

In x ― 


X^OO 2 


X ^ m oo 


2x 


x 3 e _x 


lim \ 

x —>• OO e 

lim 8 = 8 

X ^ OO 


=lim 

x —> OO 

lim 

x —> OO 


X ¥oo ? 


m 


(In 2) 2 2 X 


OO 


4 .⑷ same^lim^ 


x 2 +xA 

x 2 


xiToo ( 1 + 忐） 


(b) same, lim 

(c) slower, lim 

w X ^ OO x 


(d) slower, 


xlToo 


OO 

10 ： 


： x^ m oo ^ 


: X l m oo 


10 
= 0 

鐘 


~w 


InTO 


xlToo ^ 


ETo x^oo 




InTO 


xll m oo i 


x 3 -x 2 

I? - 

⑷ 1 

(g) faster， x lirn^ ^ = 


⑻ faster， x l 


(f) slower, 


x lim oo (x-l) = oo 


=lim 

X ^ OO 

lim 

X ^ OO 


W)? ~ 0 

(In l.l)(l.l) x — 


2x 


X ¥oo 


(In l.l) 2 (l.l) x 


(h) same^lim^ 


x 2 + lOOx 

X 2 


xU 1 


100、 


24 

16 ^ 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 








































Section 7.6 Relative Rates of Growth 455 


(a) same, 

(b) same, 


(c) same, 


(d) faster, 

(e) faster, 


(g) slower, 


lim 

—> oo 

l0g3X . 

In x 

=lim 

X ^ oo 

In x 

lim 

— >• oo 

In 2x _ 
In x — 

=lim 

x —>• CX) 

(l) 

W 

lim 

— > oo 

In 

In x 

=lim 

X ^ oo 

⑴ 

In : 

lim 

^ oo 

= 

In x — 

lim 

X ^ oo 

In x — 

lim 

^ oo 

nfj = 

lim 

X ^ oo 

(t) = 

lim 

— >• oo 

5 In x _ 
In x ~ 

二 lim 

X — oo 

5 = : 


X ¥oo 幻 


liT3 


xiToo 


xiToo 


(i) 


x -l/2 


W 


xiToo 




X ¥oo 




oo 


0) 
In x 


(h) faster, lim 


oo 


In x 


lim x = oo 
X ^ oo 


二 lim —r— = 0 
x —> oo xlnx 

lim -nV = lim xe x = oo 

X ^ OO (x) X ^ oo 


⑻ same^lim^ ^ 


x ^oo = IiT2 X ^oo T^T = ^2 X ^oo 


I in 1UX 

( b ) 隱 e ， x¥oo ^ 


⑹ slower ， x ¥oo W 


X ^? 1 X) ("\A) (hx) 


(d) slower, ^ 


M 


lnlO 


：0 


■ oo 

lim 


ET2 x lil% 2= ET2 


In lOx 
OO lnx 


no X^CX) 


臀 


hTTo 


1^00 1 


lnTO 


: x lil% ▲ 


0 


⑹ faster, 


x—2 In > 


x¥oo 


(f) slower, 


e_ x 
In x 


x^ m oo m 


(nfj - 2 ) 

0 


U^oo 


i^) 


卢 oo 砑 


U H x 


(g) slower, lim 




(h) same^lim^ 


In (2x+5) 


㈤ . 

I 

( 2 ^ 5 ) 


lim /lN 

X 4 oo ⑴ 


X^X) 


x¥oo 


ET5 = 0 

2x .一 
2x+5 _ 


xiiFoO 2 


xiiPoo 1 


lim ^75 


lim e 

X ^ oo 


- x / 2 = oo => e x grows faster than e x , 2 ; since for x > e e we have In x > e and y lim 
oo => (In x) x grows faster than e x ; since x > In x for all x > 0 and lim 


(In x) x 


X ^ oo 

=lim (¥) ' … . 

X OO v e y 。 X 

= oo ^ x x grows faster than (In x) x . Therefore, slowest to fastest are: e x / 2 , e x , (In x) x , x x so the order is d, a, c, b 


X x 

Uqq (In x) x 


xlToo (e^) > 


lim 


(In 2) x 


OO 


x 2 


=> (In 2) x grows slower than x 2 ; v lirn^ _ 


(In (In 2)) 2 (ln 2) x — (In (In 2)) 2 


x¥oo( ln2 ) X 


0 




X ^?00 (In 2 ) 咿 


0 ^ x 2 grows slower than 2 X ; 


lim 


2 X 


OO 




X — OO 

(I) = 0 =>• 2 X grows slower than e x . Therefore, the slowest to the fastest is: (In 2) x , x 2 , 2 X 


and e x so the order is c, b, a, d 


(a) false; lim - = 1 

(b) false; lim = + = 1 

(c) true; x < x + 5 => ^ < 1 if x > 1 (or sufficiently large) 

(d) true; x < 2x ^ < 1 if x > 1 (or sufficiently large) 

4 = lim 4=0 
e x — 0 e 

i + 心 < i + 4 = 


⑻ true^lim^ 


(f) true; 


.x + In x 


7x 


< 2 if x > 1 (or sufficiently large) 
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(g) false; x lim^ ^ 


lim M 

x — 00 ⑷ 


x^oo 1 


(h) true; < V(x+5)2 < ^±5 


10. (a) true; 


w 


(b) true; 


表） 


⑴ 


(c) false; 


1 + 1 < 6 if x > 1 (or sufficiently large) 

^3 < 1 if x > 1 (or sufficiently large) 

=1 + ^ < 2 if x > 1 (or sufficiently large) 

■?) 


⑴ 


々 oo 


( 14 ) 


(d) true; 2 + cos x < 

(e) true; ^ = 1 + 

(f) true; 




2 + COS X 


含 and 含 


< i if x is sufficiently large 
0 as x 


x^oc ^=xiT 00 

(g) true; ln , (ln x) < — 1 if x is sufficiently large 


00 => 1 + 4 < 2 if x is sufficiently large 

(i) 


0 


In? 


⑻ false; x lim^ 


if) 


x^ m oo 


X 2 + l 

2x 2 


xll m oo 


2 x 2 > 


11. If f(x) and g(x) grow at the same rate, then ^ 黑 =L ^ 0 => x Um^ 截 = 企 / 0. Then 

黑 —L < 1 if x is sufficiently large => L—1 〈器 <L+1 4 ^ < |L| + 1 if x is sufficiently large 
泠 f = 0(g). Similarly, ^<|^| + 1 今 g = 0(f). 

12. When the degree of f is less than the degree of g since in that case x lim^ 誤 = 0. 


13. When the degree of f is less than or equal to the degree of g since x lim^ 誤 = 0 when the degree of f is smaller 
than the degree of g, and ^ Hm^ 黑 =g (the ratio of the leading coefficients) when the degrees are the same. 


14. Polynomials of a greater degree grow at a greater rate than polynomials of a lesser degree. Polynomials of the 
same degree grow at the same rate. 


15. lim 

x ^ 00 

lim 


In x 


(^r) 


717 


X ^ m oo JTI = x^ m oo 


(x+999) 


1 and x lim^ ln(X ln + x " 9) = x Ijr% 


X ^ OO x + 999 


16. lim 


In (x + a) 


(击） 


X ^ A bo lnx — X ^? 1 X) ⑴ _ X x+a _ X 


1. Therefore, the relative rates are the same. 


17 - x _ oo 學 = '人匕心…孕 


x —> oo x 


X —> 00 v^x 


/ 々 oo ^ 


\[\ = 1. Since the growth rate 


is transitive, we conclude that ^lOx + 1 and yx+l have the same growth rate (that of y^x). 


18. „ lim— — 


X 4 00 


’ 々 oo 


X 4 +】 


1 and lim 

x —> 00 


-y/x 4 — x 3 


/^ lim^ x4 ^x 3 = 1. Since the growth rate is 


transitive, we conclude that \/x 4 + x and \/x 4 — x 3 have the same growth rate (that of x 2 ). 


nx 11 - 1 


19 - xt m 00 5 = X _00 


X^OO ? 


0 => x n = o (e x ) for any non-negative integer n 
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20. If p(x ) 二 a n x n + a n -ix n_1 + ... + aix + a 0 , then x lirn^ —二 a n x lim^ ^ + a n _i x lim^ f + ... 

+ ai lim 4 + a 。 lim 4 where each limit is zero (from Exercise 19). Therefore, lim ^ = 0 

x—>oo e U x — oo e x — oo e 

=> e x grows faster than any polynomial. 


21 . ⑻ x = x 觉 =0 x iToo xVn = oo ^ In x = o (x^) for any positive integer n 


1/10 6 


(b) In ( e i'ooo’ooo) = 17,000,000 < ( e 17x10 

(c) x« 3.430631121 x 10 15 

(d) In the interval [3.41 x 10 15 , 3.45 x 10 15 ] we have 
In x = 10 In (In x). The graphs cross at about 
3.4306311 x 10 15 . 


e 17 « 24,154,952.75 



22. x lirn^ anX n + an _ lX n-i 


In x 


x'SSo ( 鴃） 


A% 


i 

irx n _l 


lim 


l 


23 .⑻ niiPoo nrS 


+ aiX + a 。 卜+ ¥ + ... + 会 +甚) a ° 

l oo ( a ) (nx n ) =04 In x grows slower than any non-constant polynomial (n > 1 ) 

lim 


n 


OO lo §2 n 


0 => n log 2 n groWj>) 


slower than n (log 2 n) 2 ; lim n lo 3 劳 n 


n 


ET 2 n^oo 其 


OO 

^ n^ m oo 


lim 尊 

n ^ OO n " 




0 


=> n log 2 n grows slower than n 3 / 2 . Therefore, n log 2 n 
grows at the slowest rate =>■ the algorithm that takes 
0 (n log 2 n) steps is the most efficient in the long run. 


y 



24 .⑻ ▲ 


2 ^ = lim 

n n —> OO 

lim 2(lnn ) ⑴ - 
n^Too (ln2) 2 - 

lim (il 

(In 2)2 n^PoO 1 

(log2 n) 2 




lim 


(In n) 2 


n K m oo 


n —>• OO n(ln2) 2 
In n 


0 今 (log 2 n ) 2 grows slower 


than n; lim 


n —> OO \A log2 n 


n^oo 


log2 n 


n^Too ㈣ 


HT2 n^o 靡 


ET2 xil m oo 具 


(b) 



^72 = 0 => (log 2 n ) 2 grows slower than y/n log 2 n. Therefore (log 2 n ) 2 grows 
at the slowest rate =>• the algorithm that takes O ((log 2 n) 2 ) steps is the most efficient in the long run. 


士 n ^ m oo 


25. It could take one million steps for a sequential search, but at most 20 steps for a binary search because 
2 19 = 524,288 < 1,000,000 < 1,048,576 = 2 20 . 


26. It could take 450,000 steps for a sequential search, but at most 19 steps for a binary search because 
2 18 = 262,144 < 450,000 < 524,288 = 2 19 . 
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458 Chapter 7 Transcendental Functions 

7.7 INVERSE TRIGONOMETRIC FUNCTIONS 


1. (a) 

7T 

4 

(b) -f 

(C) 

7T 

6 

2. 

⑻ 

7T 

— 4 

(b) 

7T 

3 

(C) 

7T 

_ 6 

3- (a) 

_ 7[ 

(b) | 

(C) 

7T 

_ 3 

4. 

⑻ 

7T 

6 

(b) 

7T 

_ 4 

(c) 

7T 

3 

5- (a) 

7T 

3 

(b) 苧 

(C) 

7T 

6 

6. 

⑻ 

27T 

(b) 

7T 

4 

(c) 

57T 

7. (a) 

37T 

⑻ f 

(C) 

27T 

T 

8. 

⑻ 

7T 

4 

(b) 

57T 

(C) 

7T 

3 

9- (a) 

7T 

4 

(b) -f 

(C) 

7T 

6 

10. 

⑻ 

7T 

_ 4 

(b) 

7T 

3 

(C) 

7T 

_ 6 

11 .⑷ 

37T 

(b) 1 

(C) 

27T 

T 

12. 

⑻ 

7T 

4 

(b) 

57T 

~6 

(C) 

7T 

3 

13. a = 

=sin - 

1 ( 告 ） cos a = II， tan a = 吾， 

sec a = II, esc a = 

: y, and cot a 

_ 12 

T 



14. a = 

=tan - 

1 (!) 4 sin a 

= 1 ， cos a = 1 ， sec a = |, esc a = 

= and cot a = | 




15. a = 

=sec - 


sin a = 

含， cosa: 

=- 古， tan a = 

: —2, esc 

a = 幸， 

and cot a = — 

1 

2 

16. a = 

= sec - 


sin a = 

*’ cosa 

一赤 ， tan a 

=- 

- 1 ， esc a = and cot a - 

2 

" _ 3 

17. sin 

(cos - 

1 ^)= sin (5) = 75 


18. 

sec 

(cos' 

- 1 I) =sec(|) = 

2 


19. tan 

(sin -1 

㈠ )）= tan 

(-1) = 

1 

1 

20. 

cot 

(sirT 

1 (^))=cot 

(-f) 

_ 1 
—1 

21. esc 

(sec - 

L 2) + cos (tan - 

_1 (-\/3)) =csc( 

cos- 1 (i))+cos(-f) : 

=CSC (!) 

+ cos (- 

-!) = 

Z V^ +1 2 Z 

22. tan 

(sec - ] 

1) + sin (csc _ 

1 (-2)) : 

- tan (cos - 

1 j) + sin (sin - ] 


=tan (0) + sin (― 1)= 

o+(-|) 

23. sin 

(sin -1 

㈠ ） + c ° s_1 

H)) 

=sin (— | 

+ 警） =sin(f) 

I = 

1 






24. cot (sin -1 (— |) — sec- 1 2) = cot | — cos— 1 ( 会 ))=cot | — f) = cot (— |) = 0 

25. sec (tan -1 1 + esc -1 1) = sec (| + sin -1 y) = sec (| + !) = sec ( 誓 ） =— 

26. sec (cot -1 + esc -1 (—1)) = sec (! + sin -1 (^j)) = sec (| — | — |) = sec (— f) =2 

27. sec- 1 (sec (-!))= sec- 1 (^) = cos- 1 (#) = | 

28. cot- 1 (cot (— I)) = cot -1 (—1 )= 警 
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^ 2 4 

29. a = tan -1 | indicates the diagram / x 


a 2 


=> sec (tan -1 |) = sec a — ^ x2 + 4 


30. a = tan -1 2x indicates the diagram ， 2 x 

1 



=> sec (tan -1 2x) = sec a = 4x 2 + 1 


31. a = sec -1 3y indicates the diagram 


32. a = sec -1 I indicates the diagram 



yj 9y 2 _ 、 4 tan (sec -1 3y) = tan a = \/9y 2 - 1 


^ tan (sec -1 |) = tan a = ^ y2 g ~ 25 


33. a = sin— 1 x indicates the diagram 


a Vi -x 2 


x => cos (sin -1 x ) 二 cos o ： = \/1 — x 2 


34. a = cos -1 x indicates the diagram 


>/i _x 2 tan (cos -1 x) = tan a = _ x2 


35. a = tan- 1 yx 2 — 2x indicates the diagram 

\/x 2 — 2x 


a 1 


yj x 2 — 2 x sin (tan -1 \/x 2 — 2x] 


sin a 


36. a = tan - 


y/^~- 


=indicates the diagram 



^ sin tan - 


y/x 2 +\ 


sin a 


\/2x 2 - 


37. a = sin -1 令 indicates the diagram 


« V9 - 4y 2 


2y => cos I sin - 寸 ） =cos a 


f) 


V9-4y 2 


38. a = sin— 1 ! indicates the diagram 


39. a = sec— 1 $ indicates the diagram 



y 4 cos (sin -1 I) 


=cos a 


a/25^7 


.16 ^ sin (sec -1 I) = sin a 


\/x 2 — 16 
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460 Chapter 7 Transcendental Functions 


今 sin (sec- 1 = sin a 


41. 

lim 

sin - 


_ 7T 



42. 


lim 

COS - 


= 7T 




x —^ 1 _ 



2 




X 

-1+ 






43. 

lim 

tan— 

J X = 

- 2E 



44. 


lim 

tan - 

: x = 

二 一一 




x —>■ oo 



2 




X 

—^ —oo 



2 



45. 

lim 

sec - 

X X = 

_ 7T 



46. 


lim 

sec - 


=lim 

COS - 

L (i) 


x —> oo 



一 2 




X 

— —oo 



X ^ —oo 


\x/ 

47. 

lim 

X — oo 

CSC - 

x x = 

二 lim sin -1 

x —> 00 


= 0 

48. 

X 

lim 

— —oo 

CSC - 

! X = 

=lim 

X ^ —oo 

sin -1 




49. y = cos— 1 (x 2 ) 4 茫 


2x 


-2x 


Vl-(x 2 ) 2 Vl-x 4 


5Ly = sin — 


50. y = cos" 1 (i) = sec" 1 x 今盏 = ㈣ 乂 2 _] 


52. y = sin' 1 (1 - t) ^ | 


dt _ Vl-(l-t) 2 ~ >/2t-t 2 


53. y = sec— 1 (2s + 1) 今祭 =| 2s+1 | ^ 2s+1)2 _ 1 = |2s + 1| 〉 4s2+4s = | 2s + i|Vs 2 + s 


54. y = sec -1 5s ^ 


ds — |5s| V(5s) 2 - 1 _ | s | v^5s2 
55. y = CSC -1 (x 2 + 1)4# 


2x 


-2x 


56. y = esc -1 (|) => ^ 


dx 


dx |x 2 + l| y(x 2 + l) 2 -l (x 2 + 1) Vx 4 + 2x 2 

⑴ — -1 _ -2 


57. y = sec- 1 (\) = cos— 1 1 ^ | 


CSC 


58. y = siiT 1 ( 备） 

59. y = cot— 1 -\/t = cot— 1 1 1 / 2 


⑴ 




dy 


i 


誓 




—2t = -6 


61. y = In (tan -1 x) 4 曳 


dx 


62. y = tan— 1 (In x) ^ 


63. y = esc -1 (e l ) ^ 


^ dt — 

⑴ _ 

1 + (t 1 / 2 ) 2 

(t - 1)V2 

(li?) 

dy - _ 

^ dt — 

1 

tan -1 x 

(tan -1 x) (1+x 2 ) 

⑴ 

• 1 

1 + (In x) 2 

x [1 + (In x) 2 ] 

e l 

—1 

le'l V( e, ) 2 _ 

1 \/e 2t - 1 


l + [(t-l)" 2 ] 2 2Vt^I(l+t-l) 
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Section 7.7 Inverse Trigonometric Functions 461 


64. y = cos -1 (e _t )=> 莹 


^/l-(e-f — Vl~e~ 2t 
65. y = s-\/1 — s 2 + cos -1 s = s (1 — s 2 )" 2 + cos -1 s ^ 


\/1 — s 2 


y/l —s 2 y/l — s 2 


\/l — S 2 




1 — s 2 — s 2 — 1 


(1 — s 2 ) 1/2 + sQ) (1 - s 2 厂丄 "( 一 2s) _ 


- 1 / 2 , 


-2s 2 


66. y = \/s 2 — 1 — sec - 1 s = (s 2 — l)" 2 — sec- 1 s =>• 裝 = ⑷ (s 2 - 1 广 "(2s) 

_ s |s| - 1 
|s| \/s 2 — 1 


\/1 — s 2 \/l — s 2 \/l — s 2 


|s| \/s 2 — 1 y/s 2 — l |s| \/s 2 — 1 


67. y = tan -1 \J— \ + esc -1 x = tan -1 (x 2 — l)" 2 + esc -1 x 4 努 = ⑴ , ~~ -—— ^ - i= 

ax 1+ [(x 2 -1) 1/2 | l x l V x 2 - 


i y/x 2 — l |x| \/x 2 — 1 


0, for x > 1 


68. y = cot -1 (^) — tan -1 x = | — tan -1 (x _1 ) — tan -1 x => 裝 = 0 — 


+ (x- 1 ) 2 1 +X 2 — X 2 + 1 1 + x 2 


69. y = x sin -1 x + \/1 — x 2 = x sin -1 x + (1 — x 2 ) 1 ’ 2 # 装 =sin -1 x + x 


、 \/l — x 2 y 


(i)(l-x 2 )~ 1/2 (-2x) 


sin -1 x + 


\/l-x 2 \/l-x 2 


sm x 


70. y = ln(x 2 +4)-xtan- 1 (I) ^ 


dx 


2x 

x 2 +4 


tan- 1 (!) 




2x 


2x 


?+4 一 加 ― 1 (f) — 4+W 


一 tan- 1 (!) 


71 - fyr^ dx = sin ~ 1 (l)+ c 


72 - J7r^ dx = ^7T^SF dx= U7f=uJ' whereu = 2xanddu = 2dx 


I sin -1 u + C = I sin -1 (2x) + C 


73. 


74. 


17+ x 2 


9 + 3x 2 


dx 


dx 


^ T -^dx=-^tan- 1 -^+C 

dX = 373 tan_1 fe)+C=#tan-(^) 


c 


75. 


dx 


du 


x\/25x 2 — 2 ^ u\/u 2 — 2 


,where u = 5x and du = 5 dx 


Ti 


sec 


% 


+ C ： 


75 


sec 


5x 

75 


c 


76 - i = J > where u = and du = ^/5 dx 

— 1 V^ X 


l!l+ c = i 


c 


77. 


4 ds 


/O ^4-s 2 


[4 sin -1 |] J = 4 (sin— 1 全 — sin -1 0) = 4 (! _ 0) 


27T 

T 
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462 Chapter 7 Transcendental Functions 


78 - = I f:’ 2/4 where u = 2s and du = 2 ds; s = 0 ^ u = 0, s = ^ ^ u =^ 

=[1 sin' 1 f] 3 o ^ /2 = I (sin— 1 f - sin— 1 0) = ! ($ — 0) = | 

79. J q 8 _^ 2t2 = ^ J 0 ^ 8^2 ? where u = \/^t and du = dt; t = 0 =>• u = 0, t = 2 4 u = 2\/2 

tan_1 7l] 0 ^=? (tan- 1 ^-tan- 1 0)=i (tan—i i — tan— 1 0) = | ( 牙 一 0 )= 告 

80. f 2 4 ^ 3 ^ = ^ f_ 二 4^2 , where u = y/^i and du = dt; t = —2 4 u = -2\/3, t = 2 4 u = 2\/3 

= , 75'2 tan_1 i] _^3 = ^75 [tan— 1 W — tan- 1 (- W)] = $ [f _ (— f)] = $ 

81 - /— 广 2 ^rr = /— ， where u = 2y and du = 2 dy; y = -1 今 u = — 2, y = - f 泠 u = 一 0 

=[sec -1 |u|] — sec- 1 —\/2 — sec -1 |—2| — f — f — — 

82 _ = f: ， where u = 3y and du = 3 dy; y = - I 今 u = -2, y = —幸 ^ u= -y/2 

— [sec -1 |u|] = sec -1 —y/2 - sec- 1 |—2| = f — f = — ^ 


83. / V T J §r W = 曼 / T^J ， where u = 2(r - 1) and du = 2 dr 

二 \ sin" 1 u + C = § sin- 1 2(r - 1) + C 

84. f ,, 6dr 0 =6 f - 7 ^, where u = r + 1 and du = dr 

J \/4-(r+l) 2 J ^4-u 2 5 

= 6 sin -1 ! + C = 6 sin -1 ( 宇 ） + C 


85 - 


75 


I 


tan' 


du 

2+i? 
1 u 

7i 


,where u = x — 1 and du = dx 


C 


75 


tan - 


fe) +c 


86 . 


dx 


[ + (3x+1)2 二 * j , where u = 3x + 1 and du = 3 dx 
=\ tan -1 u + C = i tan -1 (3x + 1) + C 


87. 


dx 


du 


(2x-1)V(2x- 1) 2 -4 2j uVu 2 -4 


,where u = 2x — 1 and du = 2 dx 


，- 1 h 


C 


sec 


-1 I 2x-l I 


c 


88 . 


dx 


du 


(x + 3) x /(x + 3) 2 -25 
=I sec -1 I ^ 


'u\/u 2 -25 

C = l sec 


， where u = x + 3 and du = dx 


I 字 l+C 




89. J ^ /2 yt^W = 2 J , TTTP' where u = sin 0 and du = cos 0 d0; 0 = _f # u = — 1， 0 
=[2 tan— 1 u] ^ = 2 (tan -1 1 — tan— 1 (—1)) = 2 [| — (— |)] = n 


I >u: 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 














































Section 7.7 Inverse Trigonometric Functions 463 


90 - f: i+fcot^)^ = IT?, where u = cot x and du = - esc 2 x dx; x = | ^ u=^3,x=l ^ u= 1 

— [ — tan -1 u] ^ = — tan_i 1 + tan -1 \/3 = —牙 + f = 卷 

9h 二， j -^2 , where u = e x and du = e x dx; x = 0 4 u = 1, x = In \/3 => u = \/3 
=[tan -1 u] f = tan -1 — tan -1 1 = | | ^ 

92 . J! t(iHt) =4 f 0 / T+F ^ where u = In t and du 二 | dt; t = 1 4 u = 0 , t = e n/4 u = ^ 

= [4 tan -1 u] q^ 4 = 4 (tan -1 | — tan -1 0) = 4 tan -1 | 

93 - /^=r = I where u = y 2 and du = 2y dy 
=\ sin -1 u + C = ! sin -1 y 2 + C 


94. 


sec 2 y dy 一 


du 


y/1 - tan 2 y J y/l-u 2 

=sin -1 u + C = sin -1 (tan y) + C 


,where u = tan y and du = sec 2 y dy 


95. 


dx 


dx 


dx 


\/-x 2 + 4x-3 


^1-(x 2 -4x + 4) — J Vl-(x_2) 2 


sin -1 (x — 2) + C 


96. 


dx 


dx 


dx 


V 2x - x 2 


yi-(x 2 -2x+l) — J \/l-(x-l) 2 


sin -1 (x — 1) + C 


97. 


6dt 


6 


6 


-1 \/3-2t-t 2 — J-l V4-(t 2 + 2t+l) ~ ^ J-i ^-(t+l) 2 
6 [sin -1 (I) — sin— 1 0] = 6(! — 0) = n 


6 [sin-1 ⑺] ' 


98 - C = 3 C 


2dt 


/； 


2dt 


y/3+4t-4t 2 Jl/2v/4-(4t 2 -4t+l) Jl/2y/2 2 -(2t-l) 2 

3 [sin- 1 (I)-sin- 1 0] =3(|-0) = | 


sin 




1/2 


99. 


dy 

y 2 —2y + 5 


dy 

4 + y 2 - 2y + 1 


d y - i 

2' 2 +(y-l) 2 — 2 




腦 . /y^+6y+10 = /l + (y^+6y + 9) = /l + (y + 3) a = tan 1 (y + 3 ) + C 

101. J[ x 2 - 2 x + 2 ~ 8 工 i + ^l^x+i) — 8i + (x_i )2 — 8 [tan 1 (x — 1)] x 
= 8 (tan- 1 1 - tan" 1 0) = 8 ( 牙 _ 0) = 2tt 

102 - f 2 X 2- 2 6x + 10 = 2 f 2 i + (x^-6x+9) = 2 f 2 i + (x-3)^ = 2 [tan -1 (x - 3)] 2 
二 2 [tan -1 1 - tan -1 (—1)] = 2 [| - (- |)] = tt 


103. 


dx 


dx 


dx 


(x+ l)\/x 2 +2x 

=f du 


uy u 2 — 

sec -1 |u| + C 


j (x+1)7x2+ 2X+1-1 — j (x+l)^/(x+l) 2 - 

,where u = x + 1 and du = dx 


|x + 11 + C 
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464 Chapter 7 Transcendental Functions 


104. 


dx 


dx 


dx 


(x — 2)\/x 2 — 4x + 3 J (x — 2)\/x 2 — 4x + 4 — 1 J (x — 2)\/(x — 2) 2 

du, where u = x — 2 and du = dx 


J uy/ u 2 - 

sec -1 |u| + C = sec -1 |x — 2| + C 


105. 


gSin l x 


dx = I e u du, where u = sin -1 x and du 


dx 


\/l — x 2 

= e u + C = e sin_lx + C 


\/l — X 2 


106 - J VT^ dx 


J e u du, where u = cos -1 x and du 


-dx 




-e u + C = -e cos " x + C 


107. 


(sin - 




==-dx = J u 2 du, where u = sin -1 x and du 


dx 




^ + C=^L 


C 


108. f ^ X 2 X dx = f u 1 / 2 du, where u = tan" 1 x and du = 

=I u 3 / 2 + C = I (tair 1 x) 3/2 +C= f J (tan- 1 x) 3 + C 


109 - J (tan- ly )(l + y ^) ^ 

=In |u| + C = In I tan -1 y| + C 


J" dy = du, where u = tan -1 y and du = 


110 . 


dy 


-y 2 , 


dy 


(sin-1 y) /TT7 J d y = Ju u = sin^ y and du - 

In |u| + C = In I sin -1 y| + C 


111 - 


sec 2 u du, where u = sec -1 x and du 


dx 


x\/x^ 


；X 


\/l ^ u=|,x = 2 u 


[tan u] ^/4 = tan § - tan f = v/3 


112 - X/va £ SSr dx = / 工⑽ u du ， whereu 


sec -1 x and du 


dx 




；x = ^ u=|， x = 2 4 u: 


[sin u] 


= sin ? - sin ? - ^ 


113 - x^O 


sin -1 5x 




、 \/l-25x 2 > 


114. lim 


y/x 2 - 


lim 


= x ， 1+ H (x —— d r = w 


Ivi —i) 


115. xtan- 1 (•) = 52^1 = x lim 

Cult) 


( ~2x~ 2 \ 

x^oo %^= x liPoo 


116 - 


lim 


o 7(1+9x4) - 7 
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Section 7.7 Inverse Trigonometric Functions 465 


117. Ify = lnx- I ln(l +x 2 ) 


l 


— X 1+X 2 X(l+X 2 ) 丁 X 2 

which verifies the formula 


- 逆 ^ + C, then dy 

tan- 1 X s ! dx 


(ifi?) 


1+x 2 x 2 

x(l +X 2 ) -x 3 -x+ (tan~ 1 x)(l +x 2 ) 
x 2 (1 +x 2 ) 


dx 

dx = dx, 


118. Ify 


cos -1 5x 


x 4 


dx, then dy 


4 J v/l - 25x 2 
(x 3 cos— 1 5x) dx, which verifies the formula 


x 3 cos -1 5x + 


(誓 )( 


X 4 


y/\ - 25x 2 , 


4 V \/l-25x 2 , 


dx 


119. If y = x (sin -1 x) 2 — 2x + 2\/1 — x 2 sin -1 x + C, then 


dy 


I 2x ( sin_1 x ) O I -2x 

L( sin x ) +^7rr^r- 2 +7rr7 


sin -1 x + 2y /1 — x 2 ( 


\/1 — X 2 y 


dx = (sin -1 x) dx, which verifies 


the formula 


120. If y = xln (a 2 + x 2 ) — 2x + 2a tan -1 ( 爱 )+ C, then dy 


ln(a 2 + x 2 ) 


2x 2 

a 2 + x 2 


2 + 


■⑸ 


dx 


In (a 2 + x 2 ) + 2 ( ^ 21^2 )—2 dx = In (a 2 + x 2 ) dx, which verifies the formula 


121 . ^ 


dx — \/l-x 2 


4 dy : 


dx 


\/l — x 2 


4 y = sin -1 x + C; x = 0 and y = 0 0 = sin -1 0 + C ^ C = 0 => y = sin -1 x 


122 . 塞 = - 1 4 dy = — 1) dx 4 y = tan -1 (x) — x + C; x = 0 and y = 1 # 1 = tan -1 0 — 0 + C 

C = 1 ^ y = tan -1 (x) — x + 1 


123. g === dy = y = sec -1 |x| + C; x = 2 and y = 丌 7r = sec— 1 2 + C =>• C = n — sec— 1 2 

= tt- f = f oy = sec" 1 (x)+f,x> 1 

124 - S = ri? —7^ 今 办 —7fe) dx ^ y = tan-ix-2sin- 1 x + C;x = 0andy = 2 
^ 2 = tan -1 0 — 2 sin -1 0 + C => C = 2 ^ y = tan -1 x — 2 sin -1 x + 2 


125. The angle a is the large angle between the wall and the right end of the blackboard minus the small angle 
between the left end of the blackboard and the wall ^ a = cot— 1 ( 合） 一 cot—Vf). 


126. V = 7tJ q [2 2 — (sec y) 2 ] dy = 7r [4y — tan y] = 兀 ( 警一 y^) 


127. V = (!) 7rr 2 h = (!) 7r(3 sin 0) 2 (3 cos 6) = 9tt (cos 9 — cos 3 6), where 0 < 0 < | ^ 祭 =—97r(sin 9)(1 —3 cos 2 6) 

_*); but 

cos 

have a maximum volume. 


73) 1 


is not in the domain. When 0 = 0, we have a minimum and when 6 


cos 


(75) 


« 54.7°, we 


=> sin 沒 = 0 or cos 沒 = 士 + the critical points are: 0, 


cos' 


(73) 


and cos' 


128. 65。 + (90 。 -/3) + (90。- a) = 180 。泠 a = 65。 — /? = 65 。一 tan — 1 (§) w 65° - 22.78° « 42.22° 

129. Take each square as a unit square. From the diagram we have the following: the smallest angle a has a 
tangent of 1 a = tan -1 1 ; the middle angle /? has a tangent of 2 => /? = tan -1 2 ; and the largest angle 7 
has a tangent of 3 => 7 = tan -1 3. The sum of these three angles is 7 r => a (3 - ^ = tt 

tan -1 1 + tan -1 2 + tan -1 3 = tt. 
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466 Chapter 7 Transcendental Functions 


130. (a) From the symmetry of the diagram, we see that 丌 一 sec -1 x is the vertical distance from the graph of 

y = sec -1 x to the line y = n and this distance is the same as the height of y = sec -1 x above the x-axis at 
—x; i.e. ， 丌一 sec -1 x = sec— 1 (—x). 

(b) cos -1 (—x) = 7r — cos -1 x, where —1 < x < 1 => cos -1 (— ▲) = tt — cos -1 ( 士 )， where x > 1 or x < —1 
=> sec -1 (—x)= 丌 一 sec -1 x 

131. sin— 1 (1) + cos- 1 (1) = I + 0 = I; sin— 1 (0) + cos -1 (0) = 0 + | = |; and sin -1 (—1) + cos- 1 (—1) = — ! + 
If x G (—1,0) and x = —a, then sin -1 (x) + cos -1 (x) = sin -1 (_a) + cos -1 (_a) = — sin -1 a + (7r — cos -1 a) 

= 7r — (sin -1 a + cos— 1 a) = 7r — | | from Equations (3) and (4) in the text. 


x =>• tan a = x and tan P = \ => | = a-\- /3 = tan -1 x + tan— 1 ^ . 

1 

133. (a) Defined; there is an angle whose tangent is 2. 

(b) Not defined; there is no angle whose cosine is 2. 

134. (a) Not defined; there is no angle whose cosecant is \. 

(b) Defined; there is an angle whose cosecant is 2. 

135. (a) Not defined; there is no angle whose secant is 0. 

(b) Not defined; there is no angle whose sine is \J 2. 

136. (a) Defined; there is an angle whose cotangent is — 

(b) Not defined; there is no angle whose cosine is —5. 

137. a ( x ) = cor 1 ( 合）一 cor 1 (f),x>0 ^ a'(x) = ^ 巧 ； solving 

a’ ⑻ = 0 => —135 — 15x 2 + 675 + 3x 2 = 0 => x = 3\/5 ; a ’ ⑻ > 0 when 0 < x < 3^/5 and c/(X) < 0 for 
x > 3 => there is a maximum at 3 ^/~5 ft from the front of the room 



138. From the accompanying figure, a /3 0 = n, cot a = j 


and cot f3 : 


=> 6 




dx 


r+F 


7T — COt 
1+(2 


x — cot -1 (2 — x) 

x) 2 -(l+x 2 ) 


l + (2 - x) 2 _ (l+x 2 )[l+(2-x) 2 ] 



= (1 + X 2 ) 4 [ 「二 2 _ x) 2 j ; solving 裴 = 0 4 x= 1 ; 裴 >0for0 <x< 1 and 裝 < 0forx> 1 
^ at x = 1 there is a maximum 0 = n — cot -1 1 — cot -1 (2 — l) = 7r—| — | = | 

139. Yes, sin -1 x and —cos— 1 x differ by the constant | 

140. Yes, the derivatives of y = — cos -1 x + C and y = cos -1 (—x) + C are both y=== 


141. esc -1 1 


sec u => 


i ( csc " 


U) 




(l — sec -1 u) = 0 


du 


|u| Vu 2 -1 


|u| 


、 |u| > 1 
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149. (a) A(x) = ? (diameter) 2 


\(x) dx 


7T dx 
T+F 


148. y=\/l — x 2 = (l_ X 2 ) 1 ’ 2 


、 l/2 


fO Jl-x 2 


dx = 2 [sir 


-X 2 


f-i/2 V^+(yf dx 


146. The functions f and g have the same derivative for x > 0, namely - The functions therefore differ by a 
constant for x > 0. To identify the constant we can set x equal to 1 in the equation f(x) = g(x) + C, obtaining 


(ti) 


tan -1 1 + C =>■ 


\/x 2 + 1 


tan - 


= 7T [tan -1 x] = (tt)( 2) (f )= 誓 
(b) A(x) = (edge) 2 


[ 1 ( 


_x/l+x 2 V 

V1 + X V ■ 


T+^ ^ V 


A(x) dx 


/ 4dx 


= 4 [tan— 1 x] = 4 [tan -1 (1) — tan -1 (—1)] = 4 [| - ( - |)] = 2tt 
150. (a) A(x) = I (diameter) 2 


2 - 0): 
= f-^/2 dX = n [ Sin ' lx l-V^ =7r 

(b) A(x)= (diag ° nal)2 = i (- T7 ^=-0' 2 


4 


,>/l - X 2 / — \/l-x 2 


泠 V 


A(x) dx 


sin -1 (^) - sin - 


2 _ 2 V 4 vT^ 

1 V^/2 


TT^xJ 泠 V = 丄 A(x) dx =] —孙 ^ 


#)]= 务 (-f) 卜誓 

py/2/2 


dx 


2[sin- 1 x] V v 4 /2 = 2(|-2) = tt 


- 1 i « 0.84107 


151. (a) sec -1 1.5 = cos 

(c) cor 1 2 = § - tan— 1 2 « 0.46365 


152. (a) sec" 1 (-3) = cos" 1 (- i) « 1.91063 
(c) cor 1 (-2)= 審一 tan— 1 (-2) « 2.67795 


(b) esc -1 (-1.5) = siiT 1 (- 占） 《 -0.72973 
(b) esc" 1 1.7 = sin" 1 (^) « 0.62887 


142. y = tan— 1 x => tan y = x ^ 


S(tany) 


E ( x ) 


(sec 2 y) 






dy _ 1 

dx sec 2 \ 


(yr+^) 


l +x 2 


,as indicated by the triangle 



143. f(x) = sec x =>• f’(x) = sec x tan x => 


df- 1 

dx 


x=b 篕 , 


= f-i(b) 


sec (sec -1 b)tan(sec _1 b) 


b (土 


Since the slope of sec -1 x is always positive, we the right sign by writing 去 sec -1 x = =! 


144. cot -1 u = I — tan -1 u ^ (cot -1 u) = ^ (| — tan -1 u) = 0 


dx 

rr^ 


145. The functions f and g have the same derivative (for x > 0), namely + ^ . The functions therefore differ 


by a constant. To identify the constant we can set x equal to 0 in the equation f(x ) 二 g(x) + C, obtaining 


sin - 


L (0) + C ^ 


o + c 泠 c 


I. For x > 0, we have sin -1 (; 


aA 




I = I + C =>• C = 0. For x > 0, we have sin 


/— 二 TT 7 dx = 7r [ tan — 1 x ] ^3/3=^ 


y，=(|)(l —x 2 r 1/2 (—2x ) 今 l + (yf 

,]： /2 = 2 (|- 0 ) = | 


[ 1 ( 

1 

V 1 + X 2 V 

\/l+x 2 人 


2 pb 

=TT^ V = 


1 


tan- 1 \/3 — tan -1 (- 幸 ) 
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468 Chapter 7 Transcendental Functions 


153. (a) Domain: all real numbers except those having 
the form | + k7r where k is an integer. 

Range: - | < y < | 


(b) Domain: — oo < x < oo; Range: — oo < y < oo 
The graph of y = tan -1 (tan x) is periodic, the 
graph of y = tan (tan -1 x) = x for — oo < x < oo. 



y 



(tan _1 x) 


x 


154. (a) Domain: — oo < x < oo; Range: — | < y < | 


(b) Domain: —1 < x < 1; Range: —1 < y < 1 
The graph of y = sin -1 (sin x) is periodic; the 
graph of y = sin (sin -1 x) = x for —1 < x < 1. 



y 



155. (a) Domain: — oo < x < oo; Range: o<y<^ 


(b) Domain: —1 < x < 1; Range: —1 < y < 1 
The graph of y = cos— 1 (cos x) is periodic; the 
graph of y = cos (cos -1 x) = x for — 1 < x < 1. 
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156. Since the domain of sec -1 x is (— oo, —1] U [1, oo), we 
have sec (sec— 1 x) = x for |x| > 1. The graph of 
y = sec (sec— 1 x) is the line y = x with the open 
line segment from (—1, —1) to (1,1) removed. 




158. The graphs are identical for y = cos (2 sec -1 x) 

=cos 2 (sec -1 x) — sin 2 (sec -1 x )= 去 _ 5C 



159. The values of f increase over the interval [—1,1] because 
f > 0, and the graph of f steepens as the values of f / 
increase towards the ends of the interval. The graph of f 
is concave down to the left of the origin where f" < 0, 
and concave up to the right of the origin where f” > 0. 
There is an inflection point at x = 0 where f" = 0 and 
f / has a local minimum value. 


160. The values of f increase throughout the interval (— oo, oo) 
because f f > 0, and they increase most rapidly near the 
origin where the values of f ; are relatively large. The 
graph of f is concave up to the left of the origin where 
f" > 0, and concave down to the right of the origin 
where f" < 0. There is an inflection point at x = 0 
where f" = 0 and f 7 has a local maximum value. 


y 
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470 Chapter 7 Transcendental Functions 

7.8 HYPERBOLIC FUNCTIONS 

1 . S inhx = — | 今 coshx= ^1 + sinh 2 x= ^/l + (-1)'= + yg =-/f = f ， tanhx = = ^ = 

coth x = ssk = 一曼 ， sech x = ▲= 畫 ， and csch x = 士 = 一 5 

2. sinh x = I cosh x = Vl+sinhh = ^ 1 + ^ = /f = | ； tanh x = = || = f , coth x = ^ = 

sech x = Esk = I ， and csch x = sb = ? 

3. cosh x = ||, x > 0 ^ sinh x = ^cosh 2 x- 1 = ^/(||) 2 - 1 = ^ 罃 -1 = ^ = fs ' tanh x = SSI = 

: u ， coth x = sk = T ， sech x = cok = if - md csch x = shk = f 

4. cosh x = 譬 ， x > 0 今 sinh x = \J cosh 2 x - 1 = / 署 - 1 = \f^ = T ' tanh x = = 傷 =|f ， 

coth x = sk = li， sechx = ssk = n， andcschx = ffik = n 

5. 2 cosh (In x) = 2 ( 斤 +^- 心 ) = e inx + ^ = x + ^ 

6. sinh(21nx)= d 广 = 〆 _ 广 _、 (^) = x^i 

7. cosh 5x + sinh 5x = 一+广 + 卜广 =e 5x 

8. cosh 3x - sinh 3x = e3x + e " 31 — = e ~ 3x 

9. (sinh x + cosh x) 4 = ( eX ~ e " + eX % ) 4 = (e x ) 4 = e 4x 

10. In (cosh x + sinh x) + In (cosh x — sinh x) = In (cosh 2 x — sinh 2 x) = In 1 = 0 

11. (a) sinh 2x = sinh (x + x) = sinh x cosh x + cosh x sinh x = 2 sinh x cosh x 

(b) cosh 2x = cosh (x + x) = cosh x cosh x + sinh x sin x = cosh 2 x + sinh 2 x 

12. cosh 2 x — sinh 2 x = ( eX y -x ) 2 — ( eX ~ e ~ x ) 2 = ^ [(e x + e _x ) + (e x — e _x )] [(e x + e _x ) — (e x — e _x )] 

=i (2e x ) (2e- x ) = \ (4e°) = | ⑷ =1 

13. y = 6 sinh | ^ ^ = 6 (cosh ■) (!) =2 cosh | 

14. y = ^ sinh (2x + 1)=> 裝 = 盖 [cosh (2x + 1)](2) = cosh(2x + 1) 

15. y-20 tanh 0 = 2t" 2 tanh t" 2 ^ = [sech 2 (t 1 ^)] (i t _i/2) (2t" 2 ) + (tanh t" 2 ) (t— 1 / 2 ) 

= seC h 2 0+# 

16. y = t 2 tanh 十 =t 2 tanh t - 1 4 室 =[sech 2 (t -1 )] (—t- 2 ) (t 2 ) + (2t) (tanh t _1 ) = — sech 2 十 + 2t tanh 十 

17. y = In (sinh z) 4 裝 = 器盖 f = coth z 18. y = In (cosh z)=> 塞 == tanh z 
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19. y = (sech 沒 )(1 — In sech 6 )=> 裝 =( — (sech 6) + (— sech 6 tanh 沒 )(1 — In sech 6) 

=sech 6 tanh 0 — (sech 9 tanh 0)(1 — In sech 6) = (sech 9 tanh 6)[l — (1 — In sech 0)] 

=(sech 6 tanh 沒 )(ln sech 6) 

20. y = (csch 0)(1 — In csch 9) ^ = (csch 6) (— ~ cs ^ c ^ othg ) + (1 — In csch 9)( — csch 6 coth 6) 

=csch 9 coth 6 — (1 — In csch 0)(csch 9 coth 6) = (csch 6 coth 0)(1 — 1 + In csch 6) = (csch 6 coth 0)(ln csch 6) 

21. y 二 In cosh v — ^ tanh 2 v => 装 =— Q) (2 tanh v) (sech 2 v) = tanh v — (tanh v) (sech 2 v) 

=(tanh v) (1 — sech 2 v) = (tanh v) (tanh 2 v) = tanh 3 v 

22. y = In sinh v — | coth 2 v => 装 = — (•) (2 coth v) (— csch 2 v) = coth v + (coth v) (csch 2 v) 

=(coth v) (1 + csch 2 v) = (coth v) (coth 2 v) = coth 3 v 

23. y = (x 2 + 1) sech (In x) = (x 2 + 1) ( etox+ 2 e _ tox ) = (x 2 + 1) (^fi) = (x 2 + 1) ( 蠢 ） = 2x 今砮 = 2 

24. y = (4x 2 - 1) csch (In 2x) = (4x 2 - 1) ( eln2x+ 2 e ^ 2x ) = (4x 2 - 1) ( 2x _( 2x) -i) = (4x 2 _ 1) (^) 

= 4x 4 竽 = 4 

dx 

25. y = sinh-i^= sinh- 1 (x#) ^ = VTO 

26. y = cosh- 1 2^TI = cosh— (2(x + l) 1 ^) 今砮 = = 斤 1 細 = V 二 + 3 

27. y = (1 —9) tanh— 1 0 今盏 =(1 — 0) + (—1) tanh -1 9 = — tanh -1 9 

28. y = (0 2 + 29) tanh— 1 (0 + 1 ) 泠 % = {0 2 + 29 ) 1) 2 ] + (20 + 2) tanh— 1 (0 + 1) 

= + (29 + 2) tanh" 1 (6» + 1) = (29 + 2) tanh- 1 (0 + 1) - 1 

r (i] r i/2 

29. y = (1 - t) coth— 1 0 = (1 — Ocoth- 1 (tV2) ^ | = (1 - t) ^-- 2 


+ (—l)coth _1 (t 1 / 2 ) = — coth -1 ^ 


30. y = (1 — t 2 ) coth— 1 1 => 莹 =(1 — t 2 ) + (—2t) coth -1 1 = 1 — 2t coth -1 1 


31. y = cos -1 x — x sech -1 x =>• 
=—sech -1 x 


dy _ -l 
dx — \/l-x 2 



+ (1) sech -1 x 



l 

\/1 — X 2 


— sech -1 x 


32. y = In x + yj \ —x 2 sech -1 

十 d- 岬 / 2 ( 志 : 


x = In x + (1 — x 2 y^ sech 


⑷ （ 1-X 2 ) 


1/2 
- 1/2 


X 4 

(—2x) sech— 1 x 




sech -1 x 




sech -1 x 


33. y = csch -1 =>• 


dy _ 
de ~ 


h ⑴]⑴ 9 



In (1)-In (2) 



In 2 
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472 Chapter 7 Transcendental Functions 


34. y 二 

: csch _] 

l 2 e => 

dy _ 


(In 2)2° 

-In 2 



〜 l + (2»f 

\/l+2 2e 

35. y 二 

: sinh— 1 

(tan x) 


dy . 

——sec 2 x 

__ sec 2 x — 

dx 

i/l + (tan x) 2 

\J sec 2 x 

36. y = 

cosh - 

L (sec x) 


dy 

dx 

― (sec x)(tan x) _ 
V sec 2 x — 1 

— (sec x)(tan x) 
\J tan 2 x 

37. (a) 

ify = 

tan -1 (sinh x) + C, then ^ = 

cosh x 

1 + sinh 2 x 


sec 2 


|sec x| I sec x| 
I sec x| 


sec X 


(b) If y = sin" 1 (tanh x) + C, then ^ 


cosh x 
cosh 2 ? 
sech 2 ? 


dx _ Vl-tanh^ _ sechx 


sech x, which verifies the formula 
=sech x, which verifies the formula 


38. If y = 誓 sech -1 x — | —x 2 + C, then 装 =x sech -1 x + y 

which verifies the formula 


2x 


,x\/l-xV 4\/l-x 2 


x sech -1 x, 


39. If y = coth -1 x + I + C, then ^ = x coth— 1 x + (r^?) + | = x coth -1 x, which verifies 

the formula 

40. If y = x tanh -1 x + | In (1 — x 2 ) + C, then ^ = tanh— 1 x + x + \ ( 1 ^ 2 ) — tanh -1 x, which verifies 

the formula 


41. 


sinh 2x dx 


cosh u 
2 


^ J sinh u du, where u 

cosh2x +(： 


2x and du = 2 dx 


42. J sinh | dx = 5 J sinh u du, where u = | and du = ^ dx 

= 5 cosh u + C = 5 cosh | + C 

43. J 6 cosh (| — In 3) dx = 12 J cosh u du, where u = | — In 3 and du = | dx 

=12 sinh u + C = 12 sinh (f - In 3) + C 

44. J 4 cosh (3x — In 2) dx = | J' cosh u du, where u = 3x - In 2 and du = 3 dx 

= I sinh u + C = I sinh (3x — In 2) + C 

45. J tanh | dx = 7 J du, where u = | and du = ^ dx 

= 7 In I cosh u| + Ci = 7 In |cosh 今 | + Q = 7 In eX/?+ 2 e ~ x/7 + Q = 7 In |e x " + e -x "| - 7 In 2 + Ci 
= 7 In |e x/7 + e- x/7 | + C 

46. f coth ~^d0= ^3f ^ du, where u = ^ and du = $ 

=\/^ In |sinh u| + Ci = *\/^ In |sinh 含 + Ci = \/3 In ^ ~ e • + Ci 
=y/3 In e 9 /^ - Q~ e /^ — 0 In 2 + Q = In - t~ 6 ^ +C 

47. J sech 2 (x — I) dx = J sech 2 u du, where u = (x — and du = dx 

=tanh u + C = tanh (x — + C 
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48. J csch 2 (5 - x) dx 二 - J csch 2 u du, where u = (5 — x) and du = - dx 
=—( — coth u) + C = coth u + C = coth (5 — x) + C 


49. 


50. 


sech 0 tanh \A dt = 2 f sech u tanh u du, where u = \/t = t 1 / 2 and du = 泰 


"7T 


2( — sech u) + C = —2 sech \/t + C 

dt = csch u coth u du, where u = In t and du = j 


csch (In t) coth (In t) 


— csch u + C = — csch (In t) + C 


J »ln 4 r»ln 4 

b2 Cothxdx = / h2 i| 


illdx = /" 4 /8 Idu=[ln |u|]^ 8 = ln|f|-ln|||=ln|f .f|=ln|. 


where u = sinh x, du = cosh x dx, the lower limit is sinh (In 2) 

e ln4- e -ln4 _ 4 -⑴ —15 

2 — ~~2 _ T 


e ln2_ 


2 -(|). 

^= I and the upper 


limit is sinh (In 4) 


52. I tanh 2x dx 


to 


nln2 . , ^ r 17 / 8 

I sinh 2x _ 1 

l 0 cosh 2x UA — 2 


广 8 j du = i [In |u|] J 7/8 = I [ln(f) - In l] = i In ^ , where 


u = cosh 2x, du = 2 sinh (2x) dx, the lower limit is cosh 0=1 and the upper limit is cosh (2 In 2) = cosh (In 4) 

_ 4+ ⑴ _ 17 
2 — 2 — 8 


e ln4 + e 


r •— ln2 n — ln2 

53. / _ h4 2e«cosh0d0 = X ta4 2e« 


V + er 6 、 


dO 


-ln2 
- In4 


(e 29 + 1) d0 = [f + 0 ] 二 


-ln2 

ln4 


In 2 


ln 4 ) = (i - ln 2 ) ~ ih~ ln 4 ) 


——In 2 + 2 In 2 = ^ + ln 2 


pin 2 pin 2 

54. I 4e- 0 sinh (9 d(9 = / A 


ln2+^)- 0+ e ° 




d6 = 2 (l-Q- 2d )d0 = 2 




2 t 


2 (In 2 + 卜！）二 2 In 2 + 卜 1 = In 4 


55. J /4 COsh (tan 6 ) sec 2 0 d 9 = J ^cosh u du = [sinh u] ^ = sinh (1) — sinh (—1) 


0 — 0 _ 丄 —e _i +e 


limit is tan (I) 


e — e _1 , where u = tan 9, du = sec 2 6 dO, the lower limit is tan (— |) = —1 and the upper 


56. 2 sinh (sin 6) cos 0 dO = 2 上 sinh u du = 2 [cosh u] J = 2(cosh 1 — cosh 0) = 2 ^ e+ 2 e 1 — 1) 

=e + e _1 — 2, where u = sin 9, du = cos 0 d6, the lower limit is sin 0 = 0 and the upper limit is sin 


57 . 工 cosh an t) 办 = 上 cosh u du = [sinh u] f 2 = sinh (ln 2) — sinh (0) = e ln2 -e — 0 = = - ， where 

u = ln t, du = I dt, the lower limit is ln 1 = 0 and the upper limit is ln 2 


58 




OSh y/x 




dx 


16J i cosh u du = 16 [sinh u]^ = 16(sinh 2 — sinh 1) = 16 


e 2 — e_ 2 


= 8 (e 2 — e -2 — e + e _1 ), where u 二 -^/x = x 1 ’ 2 , du = ! x _1 / 2 dx = , the lower limit is y/l = 1 and the upper 

limit is — 2 


59. J in2 COsh 2 (|) dx 


cosh x + 1 dx —- 
-ln2 2 — 2 J_in2 


(cosh x + 1) dx = - [sinh x + x] 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 































474 Chapter 7 Transcendental Functions 


i [(sinh 0 + 0) - (sinh (- In 2) - In 2)] 


!(l-*+ln2) = ! + !ln2=|+lnV^ 


(0 + 0) 


^ e -ln2_ e ln2 


In 2 




+ ln2 


pin iu pm iu nm iu 

60 •丄 4 sinh 2 (|) dx = J q 4 ( cosh 2 x ~ 1 ) dx = 2 丄 (cosh x — 1) dx = 2 [sinh x — x] 


In 10 
0 


2[(sinh(ln 10) - In 10) — (sinh 0 - 0)] = e lnl ° - e- 11110 - 2 In 10 = 10 - ^ - 2 In 10 = 9.9 - 2 In 10 


61. sinh -1 ( 者 ） =In I 


12 




In (I) 62. cosh -1 (|) = In | 


^ 7 ) 


In 3 


63. 


( _ 2 ) = I ln 1 


卜 （ 1 / 2 ) 、 

L+d/2), 


ln3 


64. coth- 1 (!) = I In 


(9/4 ) 、 
、两〉 


i In 9 = In 3 


65. sech _1 (!) = In 


= ln3 


66. csch - 


=lnU v / 3+^jj =ln(—W + 2) 


f2y/3 


67 •⑻丄 八 :: x2 = [sinh -1 |] ^ 3 = sinh -1 — sinh 0 二 sinh -1 \/3 
(b) sinh" 1 y/3 = \n + ^3 + l) = In (0 + 2) 


68. (a) 


- 1/3 


6 dx 


dx 


=,where u = 3x, du = 3 dx, a 


0 1 + 9x 2 _ Jo y/a 2 + u 2 ’ 

=[2 sinh -1 u] J = 2 (sinh -1 1 - sinh -1 0) = 2 sinh -1 
(b) 2 sinh" 1 1 = 2 In (1 + Vl 2 + 1) = 2 In (1 + v^) 


69 -⑻ X/4 占 dx = [ coth_1 x ] 

(b) coth -1 2 — coth -1 I = I [in 3 — In ( 證 )] =| In | 


5 y 4 = coth -1 2 — coth -1 I 


70. (a) J' / — [tanh -1 x] l J 2 — tanh -1 | — tanh -1 0 


(b) tanh - 


In 


l+(l/2 )、 


In 3 


广 3/13 r 12/13 

71 .⑻ / 1/5 = L u 


du 


， where u = 4x, du = 4 dx, a 


12/13 


[— sech-iu]^ 


\/a 2 — u 2 

sech -1 || + sech -1 | 


(b) _ sech- 1 if + sech- 1 香 =—In ( i± 43F^) +ln ( U— ) 

= -ln d_i44 ) +ln ( 出宇 ]) =ln (5±3)_ ln (U±5) = i n2 -ln| 
=In (2 • 曼 ） =In I 


72 .⑻ /r^=[-^ sch ' i i! 

(b) ^ (csch -1 \ - csch -1 1) = I 


csch -1 = | (csch -1 I — csch -1 l) 


ln ( 2 + 禱 )- ln G 




73 . 


nn 

( a ) X 


Vi^shi 2 dx = J 0 2 du = [sinh -1 u] 0 = sinh -1 0 — sinh -1 0 = 0, where u = sin x, du = cos x dx 


(b) sinh— 1 0 — sinh— 1 0 = ln (0 + i/oTT) - ln (0 + ^/0+ 1) =0 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 
















































Section 7.8 Hyperbolic Functions 475 


74. 


I ； 


dx 


du 


\y /1 + (In x) 2 

=[sinh -1 u] J 
(b) sinh— 1 1 — sinh— 1 0 


,where u 


0 \/a 2 + u 2 

sinh -1 1 — sinh -1 0 


In x, du 二 - dx, a : 
sinh -1 1 


In (1 + ^1 2 + 1) - In (0 + v 7 。 2 + 1) = In (1 + y/2j 


75. (a) Let E(x) = f(x) + f( ~ x) and O(x) = f(x) -/ 卜 x) . Then E(x) + O(x) = f(x)+ / ~ x) + f(x) ~ f( ~ x) 

=^ = f(x). Also, E(-x) = f( ~ x)+ ^~ ( ~ x)) = f(x) + f( ~ x) = E(x) => E(x) is even, and 
0(—x) = f( ~ x> ~2~ ( ~ XW = — f(X> ~ 9 f( ~ x) = 一 O(x) 今 O(x) is odd. Consequently, f(x) can be written as 
a sum of an even and an odd function. 

(b) f(x) = f(x)+ 2 f( ~ x) because f(x) ~ f( ~ x) =0 iff is even and f(x) = f(x) ~ f( ~ x) because f(x)+ / ( ~ x) =0 iff is odd. 
Thus, if f is even f(x) = + 0 and if f is odd, f(x) = 0 + 


76. y = sinh -1 x => x = sinh y x = gy ~ e y => 2x = e y — ^ ^ 2xe y = e 2y — 1 => e 2y — 2xe y —1=0 

=> e y = 2 x ± >/4x 2 4^4 e y = x + a/x 2 + 1 => sinh -1 x = y = In (x + \/x 2 + 1) . Since e y > 0, we cannot 
choose e y = x — \/x 2 + 1 because x — \/x 2 + 1 <0. 


77. (a) v = 




Thus m 莹 





0 when x 


when t = 0. 


⑻ 


lim v = lim 

t 4 OO t — 00 



lim 

^ 00 




⑹ \/M= f = 80\/5« 178.89 ft/sec 


78. (a) s(t) = a cos kt + b sin kt => 奢 =—ak sin kt + bk cos kt 祭 =—ak 2 cos kt — bk 2 sin kt 

=—k 2 (a cos kt + b sin kt) = — k 2 s(t) ==> acceleration is proportional to s. The negative constant —k 2 
implies that the acceleration is directed toward the origin. 

(b) s(t) = a cosh kt + b sinh kt => 盖 =ak sinh kt + bk cosh kt 寮 =ak 2 cosh kt + bk 2 sinh kt 

=k 2 (a cosh kt + b sinh kt) = k 2 s(t) => acceleration is proportional to s. The positive constant k 2 implies 
that the acceleration is directed away from the origin. 


79 -砮 = ^b + 7I^ 今 y = /^b dx +/7n7 dx ^ y = sech-i(x)^vT^ + C;x=land 
y = 0 => C = 0 y = sech -1 (x) — \/1 — x 2 

80. To find the length of the curve: y = ^ cosh ax => y’ = sinh ax => L = ^/l + (sinh ax) 2 dx 

pb b r»b 

=^>L= cosh ax dx = [- sinh axl = - sinh ab. Then the area under the curve is A = I - cosh ax dx 

Jo La」oa Jo a 

= [去 sinh ax]:=. sinh ab = ⑴ sinh ab) which is the area of the rectangle of height | and length L 
as claimed. 


81. V = 7r I (cosh 2 x — sinh 2 x)dx = 7r 1 dx = 27r 


82. V = 27r f ^ sech 2 xdx = 2 tt [tanh x]= 2 丌 


\/ 3 +( 1 /^ 3 ) 


0，v = 0 
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476 Chapter 7 Transcendental Functions 

83. y = \ cosh 2x => y’ = sinh 2x => L = 工 ^ 1 + (sinh 2x) 2 dx = 工 。, cosh 2x dx = sinh 2x] 



84. (a) Let the point located at (cosh u, 0) be called T. Then A(u) = area of the triangle AOTP minus the area 

r»coshu /- 


under the curve y = \/x 2 — 1 from A to T A(u) 


^ cosh u sinh u 


1 dx. 


(b) A(u )= 去 cosh u sinh 


I cosh 2 u 


^ sinh 2 u 


u — \/x 2 - 1 dx 4 A, ⑻ =I (cosh 2 u + sinh 2 u) — (\/cosh 2 u 

sinh 2 u = I (cosh 2 u — sinh 2 u) = Q) (1) = | 


(sinh u) 


(c) A’(u) = I =>• A(u) = I + C, and from part (a) we have A(0) = 0 =>• C = 0 => A(u) = | u 


2A 


85. y = 4 cosh ^ 1 


dy > 
,dx i 


1 + sinh 2 ( 牙） =cosh 2 ; the surface area is S 




.塞 dx 


8tt 


-„i6 COsh2 (!) dx = 4vr J_ hl6 (l + cosh|) dx = 4 tt [x + 2 sinh f]: 

4tt [(In 81 +2 sinh (f)) — (—In 16 + 2 sinh (^|^))] = 47r[ln(81 - 16) + 2 sinh (In 9) + 2 sinh (In 4)] 
4 tt [ln(9 - 4) 2 + (e ln9 - e- to9 ) + (e ln4 — e-”] = 4 tt [2 In 36+ (9- |) + (4 - i)] = 4tt (4 In 6 + f + 孕） 


4n (41n6+2M5) 


167T In 6 + 


455?r 


86. (a) y = cosh x ds = \] (dx) 2 + (dy) 2 = yj (dx) 2 + (sinh 2 x) (dx) 2 = cosh x dx; M x 


，yds 


cosh x ds 


|| + In 2; M = 2 


-ln2 

r»ln2 


cosh 2 x dx 


(cosh 2x + 1) dx 


Therefore, y = ^ 
(b) x = 0, y « 1.09 




\J 1 + sinh 2 x dx = 2 丄 cosh x dx = 
；+ ^ , and by symmetry x : 


+ x] r * {^ 4 - e- 1114 ) + In 2 


2 [sinh x] =2 = e ln2 — e _ 
二 0. 



87 .⑻ y=f cosh(gx) ^ tan0=| = (|) [g sinh (gx)] =sinh(gx) 

(b) The tension at P is given by T cos ^> = H => T = H sec cf) = H^/l + tan 2 <p = Hy/l + (sinh g x)' 
=H cosh (gx) =w(|) cosh (gx) = wy 


88. s = i sinh ax => sinh ax = as =>■ ax = sinh -1 as => x = ^ sinh -1 as; y = | cosh ax = ^ \! cosh 2 ax 

=^ \! sinh 2 ax + 1 = ^ \J a 2 s 2 + 1 = ^ 

89. (a) Since the cable is 32 ft long, s = 16 and x = 15. From Exercise 88, x = ^ sinh— 1 as 15a = sinh— 1 16a 

^ sinh 15a = 16a. 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


























Chapter 7 Practice Exercises 


(b) The intersection is near (0.042,0.672). 


(c) Newton's method indicates that at a ^ 0.0417525 the curves y = 

(d) T = wy « (2 lb) « 47.901b 

(e) The sag is 金 cosh(15a ) -全 « 4.85 ft. 




CHAPTER 7 PRACTICE EXERCISES 


1. y = 10e_ x/5 > 砮 =( 10 ) ㈠ ） e- x/5 = -2e_ x/5 


2 . y = y/2 




dx 


(參) g\/2x _ 2g\/2x 


3. y=ixe 4x -^e 4x ^ I = H x ( 4e4x ) + e 4x (D] - ^ (4e 4x ) = xe 4x + 


x 2 e~ 

- 為 ― 1 今 |=x 2 [(2x- 

- 2 )e 


dy 

2(sin 0)(cos 6) 2 cos 6 

dd ~ 

sin 2 0 — 

sin 9 


dy — 

2(sec 6)(sec 6 tan 9) 

— 9 

d9 

sec 2 6 


—ln(f) 


丄 


2 

(In 2)x 


7. y = iog 2 (f) 

8 . y = log, (3x 一 7) = lY 7 ) 今砮 =(▲) ( 3 ^ 7 ) = (ln 5 )( 3 x- 7 ) 


ie 4x = xe 4x 
= 2 e— 华 (1 + x) 


9. y = 8- £ 今 菩 = 8- Xln 8)(-1) =-8- 恤 8) 10. y = 9 2t 今 % = 9 2t (ln 9)(2) = 9 2t (2 In 9) 

11. y = 5x 36 泠裝 = 5(3.6)x 26 = 18x 26 


12 . y= 今砮 =(\/ 2 ) (-\/ 2 ) x (—0 = — 2 x(— 工 ) 
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478 Chapter 7 Transcendental Functions 

13. y = (x + 2) 奸 2 泠 lny = ln(x + 2) 奸 2 = (x + 2)ln(x + 2 ) 泠 ^ = (x + 2) (^) + (1) In(x + 2) 
=» g =(x + 2r 2 [ln(x + 2)+l] 


14. y = 2(lnx 产 =>■ In y = In [2(ln x) 1 ^ 2 ] = In (2) + (|) In (In x) => y = 0 + (f) ^ + (ln(ln x)) (•) 
今 i = + (!) In (In x)] 2 (In x) 々 2 = (In x) 々 2 [In (In x) + 占 ] 


1 C „ _ „;„-l . „2 、 V 2 一 dy — j(l-u 2 厂 1/2 (-2u) — -u _ -u 

15 - y ~ Sm V1 U — Sm (1 U) 々 E - 公 -[: /_ u 何 - Vl-uVl-d-u^)- MTHu? 

“ ， 0<U< 1 


u\/l-u 2 — Vl-u 2 


l„-l/2 ^ dy 
dv 


16. y = sin -1 (*) = sin_^ v_ ±/z ^ 


2v\/ v — 1 


-^v 


-3/2 


-y/v 


- (v-V2) 2 


- 丄 — - 丄 — ~V v 

2 v 3/2 yj j _ v -i 2v 3 / 2 .y/ v ~ 1 2v 3 / 2 y/\— 1 


17. y = In (cos -1 x) => y r 


\/l-x 2 ( 


18. y = z cos -1 z—\/l — z 2 = z cos -1 z — (1 — z 2 ) 1 ’ 2 => 装 

= cos_1 z—7^ + 7^ = C0S_lz 


石一⑽ Z -7TT7 


- Q )( 1 - z 2 )- 1 / 2 (- 2 z ) 


19. y = t tan— 1 1 — (!) In t => 窠 =tan' 1 1 + t (T^p) — ⑷⑴ =tan -1 1+ - ^ 

20. y = (1 + t 2 ) cot -1 2t ^ f = 2t cor 1 2t + (1 + t 2 ) {j^) 

21. y = z sec -1 z — \/z 2 — \ — z sec -1 z — (z 2 — l)" 2 ^ = z ( 丨丨 J - 2 == ^) + (sec -1 z) (1) — | (z 2 — l) _ " 2 (2z) 




+ sec -1 z = 


^ 7 + sec- 1 z,z> 


1 


22 . 


y = 2\/x - 1 sec -1 y/x = 2(x — l)" 2 sec -1 (x 1 / 2 ) 

# 砮 = 2 ⑷ （x — D -172 sec- 1 ( X " 2 ) + (x — l)" 2 


⑴；， 

v^V x _ 1 




23. y = esc -1 (sec 9) % 


6 tan 9 


tan 0 
|tan 6\ 


-1,0<6>< f 


d 沒 I sec 6\ \J sec 2 6—1 

24. y= (1+x 2 ) e tan_lx 今 y’ = 2xe tan_lx + (1 +x 2 ) = 2xe tan_lx + e tan_lx 

25 - y= 2 ~Bi ^ lny = ln(^g)=ln ⑵ + l n ( X 2 + l) — !M COS 2 X) 今蒼 =0+ 晶一⑷ 

今 /= (^+tan2x)y= ^^(^ T +tan2x) 


26. y=^J^ ^ lny = ln^i^ = i[ln(3x + 4)-ln(2x-4)] ^ ^ ^ ( 3^4 - 2 ^ 4 ) 

> 〆 = 忐 (^t4 ^ ^ 2 ) y = (re) ( 3^4 _ ^2) 


(—2 sin 2x) 
cos 2x 
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Chapter 7 Practice Exercises 479 


27. y ： 


(t+i)(t-i) 




(t-2)(t + 3) 

(rri + _ 


In y = 5 [In (t + 1) + In (t — 1) — ln(t — 2) — ln(t + 3)] =>• 0)( 


dy 


2 t + 3 


f3) ^ 




(t+l)(t-l) ( 1 , _1 _1 

(t-2)(t + 3) Vt+ 1 ^ t- 1 t- 


2 t + 3) 


28. y=^T ^ Iny = ln2 + lnu + uln2-lln(u 2 + l) ^ ⑴ ㈤ = 卜 l n 2 — !( 為 ) 


4 


dy _ 2u2 u 


du 


(u + ln2_ ffTl) 


29 


.y = (sin 9)^ e => lny = ^ln(sin0) ^ (y) (|) = ^(sl) + | r 1 ^ in(sin0) 

^ ^=(^^(^0010+!^) 


30. y = (lnx) 1 /mx ^ lny=(^) In(lnx) ^ * = 仏）（士）⑴ + l n (l n x) ] ⑴ 


=► y = (In x) 1 /】 1111 


-In (In x) 


x(ln x) 2 


31. J e x sin (e x ) dx = J sin u du, where u = e x and du = e x dx 

= — cos u + C = — cos (e x ) + C 

32. f e l cos (3e l — 2) dt = ^ f cos u du, where u = 3c 1 — 2 and du = 3e l dt 

=! sin u + C = ! sin (3et — 2) + C 

33. f e x sec 2 (e x — 7) dx = J sec 2 u du, where u = e x — 7 and du = e x dx 

=tan u + C = tan (e x — 7) + C 

34. f e y esc (e y + 1) cot (e y + 1) dy = f esc u cot u du, where u = e y + 1 and du = e y dy 

= — esc u + C = — esc (e y + 1) + C 

35. f (sec 2 x) e tanx dx = J e u du, where u = tan x and du = sec 2 x dx 

=e u + C = e tanx + C 


36. J (esc 2 x) e cotx dx = — f e u du, where u = cot x and du = — esc 2 x dx 

=-e u + C = -e cotx + C 

37. J i 3^4 dx = I J* 7 ^ du, where u = 3x - 4, du = 3 dx; x = -1 4 u = -7, x=l ^ u=-1 

=I [In |u|] ：i = I[ln|-l|-ln |-7|] = i[0-ln7] = -^ 

38. 工 dx = 上 u 1 / 2 du, where u = In x, du = ^ dx; x=l => u = 0，x = e u=l 

=[|u 3 / 2 ]；= [f l 3 / 2 -|0 3 / 2 ] =| 

39. tan (!) dx = 上 =((!)) dx = —3 工 士 du，where u = cos (!) ， du = — | sin (!) dx; x = 0 u = 1, x = 7r 

^ U ~ 2 

=—3 [In |u|] = —3 [in HI — In 11|] = _3 In ! = In 2 3 二 In 8 
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480 Chapter 7 Transcendental Functions 


广 1/4 

40 .二 


2 cot 7rx dx = 2 




广 4 cos™ dx= 2 r I/v " 2 1 d 

J 1/6 sm 7TX 7T Jl/2 u ’ 


where u = sin 7rx, du = 丌 cos 7rx dx; x 


u 


73 


In 




In 


[In 1 一 - In 2 — In 1 + In 2] = I [I In 2] 




In 2 


广 4 9 

41. J o t - 2 _ 25 dt = J 25 ^ du, where u = t 2 — 25, du = 2t dt; t = 0 => u = —25, t = 4 => u = —9 

=[ln|u|] ： 2 5 = ln |-9| - In |-25| = In 9 - In 25 = In 备 

42. f / , CQSt t dt = — f / - du, where u = 1 — sin t，du = — cos tdt;t= — 5 4 u = 2, t=5 => u 

J -tt/ 2 1 - sin t J 2 u 5 ’ ’ 2 ’6 

= — [In |u|] = — [in I ^ I — In |2|] = - In 1 + In 2 + In 2 = 2 In 2 = In 4 

43. f dv = f tan u du = f ^ du, where u = In v and du = 1 dv 

J V J J COS U ’ V 

=—In I cos u| + C = — In |cos (In v)| + C 

44. I — dv = - du, where u = In v and du = - dv 

J v In v J u 7 v 

=In |u| + C = In |ln v| + C 


45. J (ln ^ 3 dx = f u -3 du, where u = In x and du = ^ dx 

— + C = — ^ (In x) —2 + C 

46. J ln ^ x _~ 5) dx = J u du, where u = In(x - 5) and du = ^ dx 

=f+ c= [ln(x ~ 5)]2 + C 

47. J ^ esc 2 (1 + In r) dr = J esc 2 u du, where u = 1 + In r and du = ^ dr 

= - cot u + C = — cot (1 + In r) + C 


48. J cos (i- in v) = _ J cos u du, where u = 1 - In v and du = — ^ dv 

=—sin u + C = — sin (1 — In v) + C 


49. 


x3 x2 dx 


3 U du, where u = x 2 and du = 2x dx 


2 In 3 


(3 U ) + C 


2 In 3 




c 


50. J 2 tanx sec 2 x dx = J 2 U du, where u 

= i^( 2U )+C=^+C 


tan x and du = sec 2 x dx 


51. f' ■ dx = 3 /J * dx = 3 [In |x|] } = 3 (In 7 - In 1) = 3 In 7 

52- /I dx = * J；、dx = |[ ln W] f = H ln 32-lnl) = Iln32 = ln (^32) 


= ln2 
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「(卜 12x- 2 ) dx = § [In |x| + 12x-!]® = § [(in 8 + f) - (In 1 + 12)] 
=f (in 8 - f) = f (In 8) — 7 = In (8 2 / 3 ) - 7 = In 4 - 7 


55. I e _ ( x+1 ) dx = — f e u du, where u = — (x + 1)，du = — dx; x = —2 => u = 1, x = —1 => u = 0 


[e u ] J = _ (e 0 — e 1 ) = e — 1 


56. 


e 2w dw = ^ Sin(i/ 4 ) eU 如 ， where u = 2w, du = 2 dw; w = — In 2 ^ u = ln|，w = 0 => u = 0 


# 乂 _ 七 0 -# (1/4) ] = |(1]) 


57. 丄 e r (3e r + l)— 3 ’ 2 dr = 全丄 u -3 / 2 du, where u = 3e r + 1, du = 3e r dr; r = 0 => u = 4, r = ln5 4 u=16 


i [u- 1/2 ] : 6 = - i (16-" 2 - 4，）= (-1) L (- 昏） H) 


58. J 。 Q e (e 0 — I)" 2 洲 =j 。 u 1 / 2 du, where u = e 0 — 1， du = e 0 d 沒 ； ^ = 0 =>■ u = 0, 沒 = ln9 => 

=| [u 3 / 2 ] I = § (8 3 / 2 - O 3 / 2 ) = f (2 9 / 2 — 0) = ^ = 宇 


59 


• ^ (1 + 7 In X ) - " 3 dx = + J: u _1 ’ 3 du, where u = 1 + 7 In x, du = ^ dx, x = 1 u= 1, 


x = e => u 


备 [u 2/3 ] 卜長 (8 2 / 3 -1 2 / 3 )=( 吾 )(4—1 )=备 


60. 


x\/ln x 


dx 


(In x) _1 / 2 - dx = f u _1 / 2 du, where u = In x, du = - dx; x = e => u=l，x = e 2 => u = 2 


[u" 2 ] ; = 2 ( a /2 - l) = 2y/2-2 


61. f, [U)] 2 dv = f: [ln(v+l)] 2 dv = u 2 du, where u = ln(v+l), du = 士 dv; 


V+l 


v = 1 => u = ln2，v = 3 => u = ln4; 
[u 3 C = i[( ln 4 ) 3 - ( ln 2 ) 3 1 = H( 2 ln 2 ) 3 — ( ln 2 ) 3 ]= 字 (8 - 1) = 1 (In 2) 3 


62. J 2 (l+lnt)(tlnt)dt= 丄 (t In t)(l + In t) dt = J 顧 


u du, where u = t In t, du = (⑴⑴ + (In t)(l)) dt 

=(1 + In t) dt; t = 2 4 u = 2 In 2, t = 4 
u = 4 In 4 

l [u 2 ] \Ti = I K 4 ln 4) 2 - (2 ln 2) 2 ] = I K 8 ln 2 ) 2 - (2 ln 2 ) 2 ] = (16-1) = 30 (In 2) 2 


63. d0 = 占上 （ln 0) ( 暴） d0 = 占上 u du, where u = ln 0， du = | d0 ， 0=1 => u = 0, 0 = 8 => u = ln 8 


2^4 [u 2 C 8 = hhe 


[(In 8) 2 _ 0 2 ] - 一 91n2 


41n2 


64. 8(ln3 ， e) de= f l C8( Xinf/ > d0 = 8 / e (In 9)(1) d9 = sj\du, where u = ln 0, du = i d0; 

6=1^ u = 0, 6 = q => u 

= 4[u 2 ]J = 4(l 2 -0 2 ) =4 


53 - /, (f + i t ) dx =^/ 1 Qx+i)dx= 1 [|x 2 +ln |x|]j = i [(^+ln4) -(i+lnl)] 
=||+lnv/4= ||+ln2 


15 

16 


In 4 


X 
d 
\—~ / 

8_2X 

I 

2I 3X 


ln 


54 
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482 Chapter 7 Transcendental Functions 


65. 


f 34 ! 6 dx = 3 f 34 

J -3/4 V9-4x 2 J -3/4 


a/3 2 -(2x) 2 


dx 


、 f V2 

J-3/2 


—7 ==== du, where u = 2x, du = 2 dx; 

V 3 2 — u 2 

X = - I => U 


.,X = T U 


3 [sin -1 (f)] ^ 3 2 /2 = 3 [sin- 1 ⑷ -sin- 1 (— !)] = 3 [| - (- |)] =3 (f) = ?r 


r l/5 

66 . /— 1/5 


V4 - 25x 2 


dx 


厂 1/5 
J-1/5 


V2 2 -(5x) 2 


dx 


-7==== du, where u = 5x, du = 5 dx; 

[v 2^ — u 2 

X = — 4 => u = — 1 ， X =| U : 


[sin- 1 ⑸匕 = 昏 [sin-i ⑴ —sin-i ㈠)] 


5 L6 


(-I)] = l(f) 


2 tt 

T 


67. 


4 + 3F 


dt 






2^ + (^t)' 
2x/3 


dt 




2-^/3 


22 + u 2 du, where u = \/3t, du = \/3 dt; 

t = —2 => u = —2\/3, t = 2 ^ u = 2\/3 


\/3 [| tan -1 (f)]^ tan -1 (W) - tan -1 (_V^) = ¥ [f — (- f )]= 含 


68 - JTW dt： 


^3^y +t 2 dt 


-73 


tan - 


( 士 ) U = $( tan — 1 W 


tan -1 1 


73 


(!-?) 


y/37T 

~36~ 


dy 


=^= du, where u = 2y and du = 2 dy 


69 . J yy/4y 2 - 1 dy _ J (2y)y/(2y) 2 - 1 ~ J 

=sec -1 |u| + C = sec -1 |2y| + C 

70. / ^rr 6 dy = 24/ ^=4fdy = 24(isec- 1 11|) + C = 6 sec- 1 | 引 + C 

• S /2/3 |y| \/9y 2 - 1 ^ ~ S /2/3 |3y| yj (3y) 2 - 1 ^ ~ S^2 


71 


|y| V 9 y 2 - 1 ^ v/2/ 3 l 3 yl VOy)' 

[sec -1 u] & = sec- 1 2 — sec -1 y/l 


,, h — du, where u = 3y，du = 3 dy; 

|u| y/u z — l 


7T — 7T _ 7T 

3 _ 4 — 12 


72. 


-V6/V5 


-2/y/5 |y| y/5f- 


dy 


-2/y/5 


VL 


^5yJ(^5y) - (A)' 


d y = L - 


uyu 2 - (v^) 


y = Y 4 u: 


du, 


\!\ y = f 泠 u = 2 


73. 




where u 

古 sec- 

—1 u I—” 

TIL 2 - 

75 [ sec_1 

dx = / 


dx — r 

yi-(x 2 +2x+l) 

ax J yr 


where u = ^/5y, du = dy; y =- 含 4 u = —2, y : 

—1 l 7T 7T \ 一 —1 f 37T 27r] 

U _ 6； = ^ Ll2 _ T2J 


办. 


-1 2 


73 


^ ^ u ： 


12V^3 — 36 


-\/6 


V —2x — x 2 

=sin -1 u + C = sin -1 (x + 1) + C 


Vi-(x+i) 2 


dx 


—r ^== du, where u = x + 1 and 

a/ 1 — u 2 


du = dx 


74 . 


\/—x 2 +4x — 1 


dx 


y/3 — (x 2 — 4x + 4) 


dx 


’㈣ -(x-2)2 


dx 


，㈣ _ U 2 


du 


where u = x — 2 and du = dx 


㈤ +c = sin - 彻 


C 
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Chapter 7 Practice Exercises 483 


75 - 1-2 v 2 + 4v + 5 dv = 2 f_ 2 l + ( v ^+4v + 4) dv = 2 


-2 i + (v + 2)^ dv = 2 Jo du ， 


where u = v + 2, du = dv; v = —2 ^ u = 0, v=—1 => u 
2 [tan -1 u]q = 2 (tan -1 1 — tan -1 0) = 2 (| — 0) = | 


76. 


3 Hv — 3 / 1 

4v2+4v + 4 ° ~ 5 | + / 2 + v+ i 


dv : 


dv 


广 3/2 

J-1/2 


du 


+ u 2 


[V3 


tan - 


fe) 


3/2 

- 1/2 


㈤ +M) 2 1/2 (#) 

;V = 

4 [tan-i^3-tan-i (- -^)] = # [f - (-f)] = f (f + |) = f • 


where u = v + ! ， du = dv; v = —1 =>• u= — |,v=l u- 


\/37T 


77. 


dt 


dt 


(1+1)0 2 +21-8 _ J (t+lV(t 2 +2t+l) — 

=I sec -1 |f| +C = i sec -1 | 爭 | + C 


I 


(t+l)V(t+l) 2 -3 2 


dt 


^7M du 

where u = t + 1 and du = dt 


78. 


(31+1)791 2 + 61 


dt 


(3t+l)v/(9t 2 +6t+l)- 


dt 


I 


(3t+l)V(3t+l) 2 -l 2 


dt 


U\/u^ 


du 


where u = 3t + 1 and du = 3 dt 


l sec -1 |u| + C 


|3t+l|+C 


79. 3 y = 2y +1 In 3 y = In 2^ +1 => y(ln 3) = (y + 1) In 2 泠 （In 3 _ In 2)y = In 2 泠 (ln|)y = ln2 ^ y = 

ln (j) 


80. 4~y = 3 y+2 ^ In 4-y = In 3 y+2 泠 —y In 4 = (y + 2) In 3 泠 -2 In 3 = (In 3 + In 4)y ^ (In 12)y = -2 In 3 

泠 y: 


In 9 
\nl2 


81. 9e 2y = x 2 =>• e 2y = 专 In e 2y = In f j =>• 2y(ln e) = In f j ^ y=|lnf|-j =lnw|-=ln|||=ln|x| — ln3 


82. 3 y = 3 In x 今 In 3^ = In (3 In x) ^ y In 3 = In (3 In x ) 令 y = = ln 3 + n ln 3 (ln x) 

83. ln(y — 1) = X + In y 4 e ln(y-l) _ e (x+lny) _ e x e lny zz> y — 1 = ye x y — ye x = 1 y (1 — e x ) = 1 

4 y = 

84. In(101ny) = ln5x 令 e ln(101ny) = e ln5x ^ 101ny = 5x ^ In y = 營泠 e iny = e x /2 ^ y = e x/2 

85. The limit leads to the indeterminate form §: lim 1QX ~ 1 = lim (ln = In 10 

86. The limit leads to the indeterminate form 2: lim - = lim (ln = In 3 

0 6^0 0 6^0 1 

87. The limit leads to the indeterminate form lim 2S : X 二 1 = lim 2Sinx ( ln $)(cosx) _ 2 

0 x^O e - 1 x 0 e 

88. The limit leads to the indeterminate form ^ : lim 2_:\1 _ 2 smx (in 2 )( - cos x) — _\ n 2 

0 x^O e - 1 x ^ 0 e 


89. The limit leads to the indeterminate fonn§: ㈣ 努晋 = 巧。齊 = 巧 。 , 
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484 Chapter 7 Transcendental Functions 


90. The limit leads to the indeterminate form g: lim 4 ~t eX 

u x — 0 xe 


x^O 


-4e x 
e x + xe x 


91. The limit leads to the indeterminate form 




lim 


0+ 


t-ln(l+2t) 


， 0+ 罕 


92. The limit leads to the indeterminate form ^ 

lim = 4 ( 2 ?) = lim. 2 " 2c ,° s p" x) =2 tt 2 


sin 2 (7 tx) 
e x-4 + 3 _ x 


lim 

x ^ 4 


27r(sin 7rx)(cos 7rx) 
e x _ 4 - 1 


X ^ 4 


X —>• 4 


e x-4 


93. The limit leads to the indeterminate form 




lim 


e l -l 


0+ 


H m 0+ V * 




94. The limit leads to the indeterminate form y lim + e-Vy In Y = y lim + ^ = y Hm + ^ 


六 =0 


95. Let f(x) = (l + -) x ^ In f(x) = ln ^"t? x ^ ^ lim In f(x) = lim ) ; t he limit leads to the 

v y V X/ v y x 1 x — OO v 7 X ^ OO X 1 ’ 

= 3 => lim (l + -) x = lim e 111 ^ = e 3 

X — OC)\ X/ x —>■ oo 


丨 -3x-^ ^ 

indeterminate form 5 ： 土 


X^OO 


96. Let f(x) = (l + -) x ^ In f(x) = x In (l + -) ^ lim In f(x) = lim x ) - the limit leads to the 

v x/ v x/ x->0 + x — 0+ x 


indeterminate form —: 


: lim 

x — 0+ 




lim ^3 = 0 => lim + (l + |) x = lim + e lnf(x) = e 0 = 1 


(a) 

lim 

X — oo 

log2 X _ 
l0g3 X — 

(b) 

lim 

X 4 oo 

X 

4 ⑴ 

(c) 

lim 

X ^ oo 

(tm) — 

xe _x — 

(d) 

lim 

X — oo 

X 

tan_i x 

⑻ 

lim 

X —>• oo 

CSC -1 X 

⑴ . 

(f) 

lim 

X — oo 

sinh x _ 
— 


lim 


(Ml 

⑽ 


lim jS-| = same rate 


x^oo 


x 2 


+1 - x^oo S =x 1 i m oo 1 = 1 ^ same rate 


x^oo ^=x 1 l m oo i) 
= oo =>■ faster 


oo => faster 




xH 1 % 


sin -1 (x i) 


x^oo 


c^oo 


= x 1 l m oo ^ 


. l_ (*) 

^ same rate 


same rate 


98. (a) 

(b) 

(c) 

(d) 

(e) 

(f) 


x 1 ^ 


3~ x 

2~ x 


lim (|) x = 0 => slower 

X —> OO f 

lim ^ = lim V + 'V = lim (^- + i) 

OO In x—>00 2 (In x) x ^ OO V 2 In x 2 / 

10x 3 + 2x 2 

e x 


4 same rate 


^iPk, 


x^oo ^ 






^iPoo 


c^oo 


tan 


1 ⑴ 

Sln " (x 1 ) 

(?) 

sech x _ 






tan -1 (x_i) 


sin -1 (x _1 ) 


lim 


鐘 


X — OO 


^OO f 


立 m oo IT 


0 =>■ slower 

=1 =>• same rate 

X 2 




(n) 2 

"""-2x_3 


I 




lim 


oo e _x (e x + e _x ) _ x ^Pcxd 


oo => faster 
2 ) = 2 => same rate 


l+e- 
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Chapter 7 Practice Exercises 485 


.5, -0.5) 


103. y = x In 2x — x => / = 
solving y ; = 0 ^ x = ^ 
x< I > relative minimi 
and f (|) = 0 ^ absolut 
the absolute maximum is ( 


0.6 0.8 1 12 



(-M 


y = jc In 2 jc - a; 


f (f- 1 ⑻) =1 + 由 


= 






df — 丄 

"dT 


f(x) 


-x 2 ; 


102. y = f(x ) 泠 y = 1 + 卜 


f(x)) 


1 + 


0) 


x and 


101 . 


df 


e x + 1 泠 


df- 1 ' 
"dT. 


2 + 1 


(d) 

(e) 

(f) 


^iPk, 


In (In x) 
In x 




< I for all x ^ 

1 — Z 

cosh x 
e x ~ 


(1 +e- 2x ) < 


e 


99. (a)= 1 

(?) 

(条 + 表） 


X 2 


< 2 for x sufficiently large 4 true 


(b) 二 x 2 + 1 > M for any positive integer M whenever x > ^/M false 

(c) lim —n — = lim —^r = 1 => the same growth rate ^ false 

\ / x ^ oo x + lnx x — > oo 1 -i- - ° 


In x 


1 => the same growth rate ^ raise 
: ^ = 0 4 grows slower ^ tru 


1U 

true 

-(1 + 1) = 1 if x 〉 0 true 


if x > 0 => true 

a oo (fTi) = 0 4 true 

^Y~ = 0 => true 
l=2ifx>2 => true 


f = |ifx>l 4 true 

-^ if x > 0 ^ true 

- z 


唤 2) 




df- 1 ' 
"dT. 


x = f(ln2) ( eX + 1 )x=ln2 


» ; = y—1 ^ x= -ij ^ f-i (x) = 古 ； f-i(j 


l+(x-l) = x;^ 


df- 1 


—1 


—1 

dx 

f(x) 

(x-1 户 

f(x) 

[MH 


f，( x ) 


+ In (2x) — 1 = In 2x; 

3 for x > ^ and y r < 0 for 


；at x 


! ; f (壶） 


e minimum is — 古 at x = ♦ and 
)at x = I 


o 

-o.i： 

- 0 . 2 . 

•0.3 

•0.4: 

-0.5 ： 



\1/ \I/ \ly \)/ \—/ \J, 

a b c d e 

/l\ /IN /IN /V r\ 

00 . 
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486 Chapter 7 Transcendental Functions 


104. y = 10x(2 — In x ) 令 y’ = 10(2 - In x) - 10x (i) 

= 20 — 10 In x — 10 = 10(1 — In x); solving y’ = 0 
x = e; y’ < 0 for x > e and y / > 0 for x < e 
^ relative maximum at x = e of lOe; y > 0 on (0, e 2 ] and 
y(e 2 ) = 10e 2 (2 — 2 In e) = 0 => absolute minimum is 0 
at x = e 2 and the absolute maximum is lOe at x = e 


y 



105. A = £ ^ dx = f g 2u du = [u 2 ]J = 1, where 

u = In x and du = - dx; x=l u = 0,x = e => u=l 


106. (a) 

Ai 

r 20 ■! 

=/ - dx = 

J 10 x 

= [ln |x|]^ = 

=I 11 20 - 

In 10 = 

In 

(b) 

Ai 

= 广 1 dx = 

J ka x 

= [ln|x|]L b = 

=In kb - 

In ka 二 

In 


= 

In b — In a 






器二 In 2, and A 2 = ^ dx = [In |x|] 全 =In 2 — In 1 = In 2 

E =ln 替 =lnb-ln a, and A 2 = ■ dx = [In |x|]: 


107- y = lnx ^ 裝 = 裝 I # I: 


:⑴ 




m/sec 


108. y 


: 9e- 々 3 今 I = t; 孟 = ^ t 


dx 


^ f L=9 


_Q P -x/3. dx _ (dy/dt) 
vx/v ’ dt — (dy/dx) 

( 9 3 \~~ = \ \/ e3 — 1 s 5 ft/sec 




，3 e -x/3 


;x = 9 => y = 9e -3 


109. 


110 . 


A = xy = xe- x2 # 菪 =e_ x2 + (x)(—2x) e_ x2 = e_ x2 (1 — 2x 2 ). Solving 菪 = 0 4 1 - 2x 2 = 0 
^ x=-^;^<0forx>^j and ^>0for0<x<-^ => absolute maximum of ^ e -1 / 2 = 



at 


x = -^ units long by y = e -1 / 2 = units high. 

A = xy = x ( 孽 ) = 1 ^ ^ 瓮 = 去 — 安 =. Solving 瓮 = 0 4 1 - In x = 0 x = e; 

营 < 0 for x > e and ^ > 0 for x < e => absolute maximum of ^ at x = e units long and y = ^ units 


111 . 

112 . 


high. 

K = In (5x) — In (3x) = In 5 + In x — In 3 — In x = In 5 — In 3 = In 

(a) No, there are two intersections: one at x = 2 
and the other at x = 4 
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Chapter 7 Practice Exercises 487 


(b) Yes, because there is only one intersection 



.lnx In 2 _ In 2 _ In 2 

* log 2 x _ ^lnx^ _ In 4 In x — In 4 — 2 In 2 


114- (a) «x) = ^ , g(x) = 

(b) f is negative when g is negative, positive when g is 
positive, and undefined when g = 0; the values of f 
decrease as those of g increase 


y 



In x 
= IrT2 


x 


115 .⑻ y = ^ 忐-為=錶 

^ f = - \ x~ 5 / 2 (2 - In x) - I x -5 , 2 = x~ 5 / 2 lnx- 2 ); 
solving y’ = 0 => In x = 2 ^ x = e 2 ;y ’<0 for x > e 2 and 
and y / > 0 for x < e 2 => a maximum off;，= 0 

In x = I x = e 8 / 3 ; the curve is concave down on 
( 0 ,e 8 / 3 ) and concave up on ( e 8/3 

, oo); so there is an 

inflection point at (e 8 , 3 ， ^ 73 ). 

(b) y = e~ x 2 泠 / = —2xe -x2 泠 y" = -2e ~ x2 + 4x 2 e ~ x2 
=(4x 2 — 2)e _x2 ; solving y / = 0 =>• x = 0; y’ < 0 for 


x > 0 and y’ > 0 for x < 0 => a maximum at x = 0 of 


1; there are points of inflection at x 


± 73 ; the 


curve is concave down for - 


^<x <75 and concave 


up otherwise. 


(c) y = (1 + x) e _x => y’ = e _x — (1 + x)e _x = — xe _x 
y f, = — e _x + xe _x = (x — 1 ) e_ x ; solving 5 / = 0 
4 —xe _x 二 0 => x = 0; / < 0 for x > 0 and y’ > 0 
for x < 0 a maximum at x = 0 of (1 + 0) e 0 = 1 ; 
there is a point of inflection at x = 1 and the curve is 
concave up for x > 1 and concave down for x < 1 . 
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488 Chapter 7 Transcendental Functions 

116. y = x In x =>• y’ 二 In x + x ⑴ =In x + 1; solving y’ = 0 
4 In x + 1 = 0 => lnx = —1 4 x = e _1 ; y / > 0 for 
x > e _1 and y’ < 0 for x < e _1 => a minimum of e _1 In e— 
=—-at x = e _1 . This minimum is an absolute minimum 

e 

since y” = ^ is positive for all x > 0. 


y 



117. Since the half life is 5700 years and A ⑴二 Aoe^ we have ^ = Aoe 5700k => ♦ = e 5700k ^ In (0.5) = 5700k 
4 k = ln 5 冗 ) .With 10% of the original carbon-14 remaining we have 0.1 Aq = Aoe^? 1 => 0.1 = 

=> In (0.1) = ln 5 冗 ) t 4 t = ( 巧以 % 0 ” ~ 18,935 years (rounded to the nearest year). 


118. T - T s = (T。- T s )e—h 4 180 -40 = (220 — 40) e_ k/4 , time in hours, k = —4 In (g) = 4 In (|) 4 70 — 40 

=(220 — 40) e _41n(9/7)t => t = 4 七 (〜) ^ 1.78 hr « 107 min, the total time the time it took to cool from 
180。 F to 70。 F was 107 - 15 = 92 min 


119. 


6> = 7T _ cor 1 ( 壺）一 cot— 1 ( 曼一壺）， 0 < X < 50 4 芸 = 7+^f + 1 

= 30 60 2 2 +x 2 - 302 + ( 50 -x) 2 ; solvin g = 0 ^ x 2 - 200x + 3200 = 0 4 x = 100 士 20\/^，but 
100 + 20is not in the domain; ^ > 0 for x < 20 (5 — and 盖 < 0 for 20 (5 — < x < 50 




x = 20 (5 - V^7) 


« 17.54 m maximizes 6 


120. v = x 2 In ⑴ =x 2 (In 1 - In x) = -x 2 In x 4 砮 =-2x In x - x 2 ⑴ =-x(2 In x + 1); solving 砮 = 0 

21nx+l=0 4 lnx= — ^ 4 x = e _1/2 ; ^ < 0 for x > e _1/2 and ^ > 0 for x < e _1/2 ^ a relative 
maximum at x = e _1/2 ; ^ = x and r = 1 => h = e 1/2 = ^/e ~ 1.65 cm 


CHAPTER 7 ADDITIONAL AND ADVANCED EXERCISES 


b 1 丄 T Jo7fe dX = b lim i- [sin " XX ]: = b (sin " lb - sin " 1 ° )= b 1 i m i- (Sin — 1 b-0)= b lim_ sin-ib=| 


/:， 


2. „lim_ i I tan- i tdt = x lim 丄二 1 … form) 


lim f 

X ^ CXD 1 2. 


3. y = (cos v^)' /X ^ lny=Iln(cos^) and J 丄 = ^l\m + 2x = f ^ 

— 1 . lim n+ DP = -\ 今 ' lim + (cos ^)* /x = e-'/ 2 = ^ 


x —> 0 + 


4. y=(x + e x ) 2/x ^ lny= ^±^1 今 x lim Iny = x lhn = x lim 


2e x 


lim 


2e x 


x — oo x + e x x—>oo l+e x x — oo e x 


今 xiiPoo ( x + e x ) 2/X = x !l m oo e y = e 2 


5 . x^oo (jTT + ? 


+ 2 


2 H 


)=lim 

/ X ^ 00 


( 

■ ■ 


' " 

( (1) 

1 

+ (n) 

1 

1 u ； 

卜⑴」 

1+2 ⑴- 




-n ⑴ 
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Chapter 7 Additional and Advanced Exercises 489 


7. A(t) 


dx=[- e -1 


e— 1 ， V(t) 


⑻ lim A ⑴ =lim (1 — e _t ) 

t 4 00 t — oo 


( b ) 1 
⑹上謅 


7T 


l-e-t 2 

lim f( . 1 ~ e ? ) = lim f(1_e " )( 
t — 0 + 1-6 t^ 0 + 


(l_e- 


9. 2 -^dx=^- 2 f i ^dx = 

= 2^T2 ^ Ai: A 2 = 2:1 


\n2 


10 . 


-Vi 


11 . 


which can be interpreted as a Riemann sum with partitioning Ax = ^ ^ x Hin^ ( + 

=X t 1 * 1 ^ + x )lo = ln2 

6. H eVn + e2/n + … + e] = ^ 丄 !!^ [⑴ W) + 

Riemann sum with partitioning Ax = i ^ x lim i 



13 . 


2 . 


(In x) 2 
~\n2~ 




y = tan -1 x + tan -1 ( 全 ) ^ y r = y+ 

=T+F ^ T+F = 0 今 tan— 1 x + ta 
and the constant is | for x > 0; it is - 
tan -1 x + tan -1 (^) is odd. Next the 

lim + [tan -1 x + tan— 1 ( 土 )] = 0+ | = | and lim (tan— 1 x + tan— 1 ( 士 ) ） =0+(— 


+ ( 1 + V) ] 

_1 ⑴ is a constant 

, V = rt/2 

y = tan _1 x +tan _1 ( 士 ) 

— 4 —2 

2 4 

for x < 0 since 


y = -7t/2 -1 



!) = -! 


In x ( x 。 二 x x In x and In (x x ) x = x In x x = x 2 In x; then, x x In x = x 2 In x ^ (x x — x 2 )ln x 二 0 4 x x = x 2 or In x = 0. 
lnx = 0=^x = l; x x = x 2 => x In x = 2 In x => x = 2. Therefore, x( xX ) = (x x ) x when x = 2 or x = 1. 


In the interval 丌 < x < 2 丌 the function sin x < 0 
=> (sin x) sinx is not defined for all values in that 
interval or its translation by 2tt. 



f( x ) = e g(x ) 今 r(x) = e g ( x ) g'(x), where g’(x) = ^ 广 (2) = e。^ 


e 2(1/n) + …+ (^) e n(1/n) ] which can be interpreted as a 
[ e i/n + e 2 /n + … + e ]= 上 e x dx = [e x ] J 二 e — 1 

dx =[—fe— 2 1 1 0 = !( 1 — e— 2t ) 


= t !™ + K 1 + e ") = 7r 


(b) 


30 

20 

10 

匪 

: y = iog a 2 



2 3 4 

-10 



-20 

- 


-30 

- 



;A2 = £2j Tldx= _^£^ dx 


dnx ) 2 
2 In 2 




21 a 211 

lnllnlnlln 


lnl. 


L10+ 


nonlnl lco 

lim T lim T lim T lim T 


2 2 2 2 
gagagaga 

0000 

11 11 11 n 

+ - + g 

mo ml mlTlo< 

lin T lin T lin T lin T 


⑻ 

o6 
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490 Chapter 7 Transcendental Functions 

14 . ⑻ g = ^ • e x = 2 x 

(b) f( 0 ) = J i 1 ^Ltdt = 0 

(c) 岩 = 2x 4 f(x) = x 2 + C; f(0) = 0 4 C = 0 f(x) = x 2 4 the graph of f(x) is a parabola 

15. Triangle ABD is an isosceles right triangle with its right angle at B and an angle of measure | at A. We 

therefore have | = ZDAB = ZDAE + ZCAB = tan -1 | + tan -1 ^ . 

16. (a) The figure shows that ^ ^ ^ 7 r In e > e In 7 r ^ In e 71- > In 7 r e => e 71 " > 7 r e 

(b) y = ^ = ⑴⑴—穿 > 1 ~^ nx ； solving y’ = 0 4 In x = 1 => x = e; y’ < 0 for x > e and 

y ’ 〉 0 for 0 < x < e => an absolute maximum occurs at x = e 

17. The area of the shaded region is sin -1 x dx = sin -1 y dy, which is the same as the area of the region to 
the left of the curve y = sin x (and part of the rectangle formed by the coordinate axes and dashed lines y = 1 , 

x = I). The area of the rectangle is | = sin -1 y dy + sin x dx, so we have 

r 1 _i rV 2 rW 2 r 1 

? = / sin -1 x dx + / sin x dx | sin x dx = 5 — / sin -1 x dx. 

2 Jo Jo Jo 2 Jo 

18. (a) slope of L 3 < slope of L 2 < slope of L x ^ < ln ^ ~ a < ^ 

(b) area of small (shaded) rectangle < area under curve < area of large rectangle 

今 E( b - a )<rxdx<i(b-a) ^ i<i^a<I 


19. (a) g(x) + h(x) = 0 => g(x) = -h(x); also g(x) + h(x) = 0 => g(-x) + h(-x) = 0 今 g(x) - h(x) = 0 
^ g(x) = h(x); therefore — h(x) = h(x) =>■ h(x) = 0 ^ g(x) = 0 

(b) f(x) + f(-x) — [f E (x) + fp(x)] + [fE(_x) + fp(—x)] — fE(x) + fp(x) + fe(x) - fp(x) — f E (x). 

f(X) — f(—x) _ [f E (x) + fp(x)] — [f E (—x) + fp(—x)] — ffiCx) + fp(x) — f E (x) + fp(x) — _p / \ 

2 — 2 — 2 —丄 

(c) Part b ^ such a decomposition is unique. 


20. (a) g(0 + 0)= 今 [1 — g 2 ⑼ ] g(0) = 2g ⑼今 g ⑼- g 3 (0) = 2g ⑼ =>• g 3 (0) + g(0) = 0 

^ g(0) [g 2 (0) + 1] = 0 ^ g(0) = 0 


(b) g’(x) = , lim 


g(x + h)-g(x) _ 


h^O 


lim 

h^O 


g(x) + g(h) 1 
,l-g(x)g(h)J 


-g ( X) — g(x) + g(h) _ g(x) + g 2 (x) g(h) 

h [1 - g(x) g(h)] 


h^O 


g(h) 

l+g 2 (x) 

h 

l-g(x)g(h) 


[1+ g 2 (x)] 


h —0 

g 2 W=l 


[g ⑻] 2 


(c) 裝 =1 + y 2 => = dx => tan -1 y = x + C => tan -1 (g(x)) = x + C; g(0) = 0 4 tan -1 0 

4 C = 0 4 tan -1 (g(x)) = x => g(x) = tan x 


0 + C 


21 _ M = J o j -^2 dx = 2 [tan 1 x] 0 = | 
—;y = 0 by symmetry 


and M v 


2x 

l +x 2 


dx = [In (1 + x 2 )] J = In 2 ^ x ： 


My 

M" 


In 2 

(I) 


22_ (a) V = 7r/J 4 (^) dx= f / 二 ； dx= f [ln|x|]f /4 = f (ln4 —ln|) = f lnl6= f ln(2 4 ) =7rln2 
(b) M y = f\ (^)dx=l/ i ； xV 2 d x=[ix3/ 2 ] ： / 4 =(f-i) = ^ = |； 

Mx = h/J ( 点） (27；) dx = I/1/4 x dx = [5 ln l x 0 1/4 = 5 In 16 = i In 2 ; 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 























Chapter 7 Additional and Advanced Exercises 

M =C 点 dx = x_1/2 dx = [ xV2 ] i/4 = 2 -卜 I; therefore ， ^ t = ( 1 ) (I) = ll = ? ^ 

y=^ = (Iln2)(|) = M 


23. 八⑴ =A 0 e rt ; A ⑴ = 2A 0 4 2A 0 = A 0 e rt ^ e rt = 2 ^rt = ln 2 ^t=^ ^ t ^ 1 = = ^o_ 


24. ^ = ks => y = k dt ^ lns = kt + C => s = soe 1 ^ 
=> the 14th century model of free fall was exponential; 
note that the motion starts too slowly at first and then 
becomes too fast after about 7 seconds 



25. (a) L = k( a -^ 4 cote + 今盖 =k — bcsc ” tfl ) ; solving 盖 = 0 

4 r 4 b esc 2 6 — bR 4 esc ^ cot ^ = 0 ^ (b esc 6 ) (r 4 esc ^ — R 4 cot 6 ) = 0; but b esc 0^0 since 
^ ^ I r 4 esc ^ — R 4 cot 9 = 0 => cos 0 = ^ => 9 = cos -1 ( 备 ) ，the critical value of 沒 
(b) 0 = cos" 1 (I) 4 « cos -1 (0.48225) « 61° 


26. Two views of the graph of y = 1000 [1 — (.99) x + are shown below. 




(a) At about x = 11 there is a minimum 

(b) There is no maximum; however, the curve is asymptotic to y = 1000. The curve is near 1000 when 
x > 643. 


491 
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492 Chapter 7 Transcendental Functions 


NOTES: 
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CHAPTER 8 TECHNIQUES OF INTEGRATION 


8.1 BASIC INTEGRATION FORMULAS 


16x dx • 
V8x 2 +1’ 


U = 8x 2 + 1 
du = 16x dx 


f^= 2^ + C = 2^8x2 + 1 + C 


2 . 


3 cos xdx . 
\/1 + 3 sin x ， 


u = 1 + 3 sin x 
du = 3 cos x dx 


f-^ = 2v^ + C = 2^1+ 3 sin x + C 


3. J 3\/sin v cos v dv; 


u = sin v 
du = cos v dv 


f 3^/u du = 3 • § u 3 / 2 + C = 2(sin v) 3 / 2 + C 


4. / cor y esc 2 y dy; 


u = cot y 
du = — esc 2 y dy 


f u 3 (-du) 


誓 +C 


- cot 4 y 
~4 ^ 


c 


5. 


I 16x dx . 
lo 8F+2 ' 


U = 8x 2 + 2 
du = 16x dx 

x = 0 u = 2, x=l=>u=10 


^ = [In |u|] 2 ° = In 10 — In 2 = In 5 


6. 


厂 /3 

t/ 7r/4 


sec 2 z dz . 
tan z 5 


u = tan z 
du = sec 2 z dz 

=> u = 1, z = I u = y/?> 




^ du = [In |u|] ^ = In \/3 — In 1 — In \pb 


dx 


(W + i) ’ 


U = -y/x+ 1 

du = 27 ； dx 
2du = ^ 


2du 


21n|u|+0 = 2111(^+1)+C 


8 . 


dx 


dx 


X- \/x _ J \A(\/x-l) ? 


U = -y/x — 1 
dU = 27 x dX 

2du = ^ 


2 -^ = 2 In |u| + C = 2 In I ^ - 11 + C 


9. J cot (3 — 7x) dx; 


u = 3 — 7x 
du = —7 dx 


cot u du = — ^ In I sin u| + C = — | In |sin (3 — 7x)| + C 


10. J esc (7 tx — 1) dx; 

=—-In I CSC (7TX — 1) + cot (7TX — 1)| + C 


u = 7TX — 1 
du = 7T dx 


csc u • V = v ln l cscu + cotu l+ C 


11. J esc (e 0 + l) d6\ 


u = e 0 + 1 
du = q 6 dO 


J esc u du = — In I esc u + cot u| + C = — In |csc (e 0 + 1) + cot (e 0 + 1) | + C 


12. f cot(3 + lnx) dx; 


u = 3 十 In x 
du= @ 


cot u du = In I sin u| + C = In |sin(3 + In x)| + C 
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494 Chapter 8 Techniques of Integration 


13. / sec I dt; 


du = f 


3 sec u du = 3 In I sec u + tan u| + C = 3 In | sec | + tan || + C 


14. / x sec (x 2 — 5) dx; 


u = x 2 - 5 
du = 2x dx 


sec u du = - In |sec u + tan u| + C 


In I sec (x 2 — 5) + tan (x 2 — 5)| + C 


15. J'esc (s — 7r) ds; 


u = s — 7T 
du = ds 


16. J ^2 esc I d6\ 


r\/in2 2 

17. J o 2xe x dx; 


^ = =r 


J esc u du = — In |csc u + cot u| + C = — In |csc (s — 7r) + cot(s — 7r)| + C 
esc u du = In |csc u + cot u| + C = In |csc ^ + cot || + C 


18. J" sin(y)e C0Sy dy; 


u = x 2 
du = 2x dx 

0 =>* u = 0, x = \/ln 2 => u = In 2 

u = cos y 
du = — sin y dy 

y=| u = 0，y = 7r 4 u = _l 


* e u du = [e u ] J 12 = e 1112 - e° = 2 - 1 


f o -e u du = f t e u du = [e u ] % = 1 -彳 


19. J e tanv sec 2 v dv; 

u = \/t 


u 二 tan v 
du = sec 2 v dv 


e u du = e u + C = e tanv + C 


20. / 令； 

21. J3 X+1 dx; 

22. / 宇 dx; 

23. 綠; 

24. f \0 2e d6»; 


du= 為 


U = X + 1 

du = dx 


u = In x 


du 


dx 


25. 


26. 


27. 


9 du ■ 
l+9u 2 5 


U = 

du = ^. 

u = 20 
du = 2 d6> 

x = 3u 
dx = 3 du 


^e 11 du = 2e u + C = 2e^ + C 
./3 u du=( n i3)3 u + C=^+C 

「 2U du = S + C = 爲 + C 

J T du ^E^ +C= WJ +C 


i 10 u du 


2wro+c=U^Uc 


J = 3 tan -1 x + C = 3 tan -1 3u + C 


r 4 dx . 

u = 2x + 1 

l + (2x+l) 2 5 

du = 2 dx 

r 1/6 dx . 

- 

o y/l — 9x 2 ? 

x = 0 => u 


黑 = 2 tan" 1 u + C = 2 tan" 1 (2x + 1) + C 


u = 3x 
du = 3 dx 

l ， x=| 4 u — I 


"1/2, 


7 ^=[Isin- 1 u]f = |(l-0) 


18 


e—1 
e 
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Section 8.1 Basic Integration Formulas 495 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


r * _ 

二 [sin" 

-i t] 1 

,Q \/4-1 2 

2」 0 

r 2s ds . 

u 二 

=s 2 1 

\/l - s 4 ’ 

du = 

2s ds 


sin- 1 ⑴一 0 = f 

sin -1 u + C = sin -1 s 2 + C 


du 




2dx 


xy 1 — 4 In 2 x ? 


6 dx 


u = 2 In x 
du = ^ 

X 

r 6 dx 


du 


sin -1 u + C = sin— 1 (2 In x) + C 


x\/25x 2 - 1 J 5xi/x2^ 


•J \/l — u 2 

|.5 sec— 1 |5x| + C = 6 sec- 1 |5x| + C 


f dr _ 

J iVr 2 - 9 

1 sec- 1 | 

，| + c 


r dx 

f e x dx . 

U 二 

e x 

J e x + e_ x — 

J e 2x +l ， 

du = 

e x dx 


tan -1 u + C = tan -1 e x + C 


厂 dy _ 

_ f e y dy . 

u = e y 

j y/e 2 y - 1 

J ey^ey) 2 -! 5 

du = e y dy 


du 


u^/u 2 - 1 


sec -1 |u| + C = sec -1 e y + C 


dx 


x cos (In x) 


U = In X 
du = ^ 

X 

=> u = 0, x = e^ 3 # u = f 


In sec w + tan 


—— 


- f : /3 盖二 f: /3 sec u du = [In |secu + tanu|]； /3 
In I sec 0 + tan 0| = In (2 + - ln(l) = In (2 + v^) 


36. 


37. 


I In x dx 

I In x dx . 

' u = ln 2 x ' 

J x + 4x In 2 x 

J x(l+41n 2 x ) ， 

du = - In x dx 

Lx 」 


8 dx 


dx 


f 1 x 2 - 2x + 2 _ J 1 1 +(x- l) 2 
= 8 (tan- 1 1 _ tan" 1 0) = 8 (| - 0) = 2 tt 


1 du 

2 l+4u 


U = X — 丄 

du = dx 

x = 1 =>• u = 0，x = 2 u 


i In |1 +4u| + C = i In (1 +4 In 2 x) + C 


du 


8 [tan -1 u]( 


38. 


2 dx 


2 


dx 


J 2 x 2 — 6x + 10 — J 2 (x —3) 2 + l ’ 

= 2 [tan] 1 — tan— 1 (-1)] = 2 [| - (- |)] = w 


u = x — 3 
du = dx 

x = 2 u = —1，x = 4 => u 


du 


2 [tan -1 u ]； 


39. 


40. 


41. 


f dt _ 

f ^ . 

U = 

t-2' 

J x/-t 2 +4t-3 


du 

=dt 


du 


\/l — u 2 


sin -1 u + C = sin -1 (t — 2) + C 


f dd _ 

r dd . 

u = e-\' 

J y/ie - e 2 

j y/l-(e-l) 2 7 

du = d6 


du 


\/l — u 2 


sin -1 u + C = sin -1 ( 沒 一 1) + C 


dx 


dx 


J (x+l)x/x 2 +2x _ J (x+l)y/(x+l) 2 -] 
|u| = |x+ 1| > 1 


U = X + 1 

du = dx 


du 




sec -1 |u| + C = sec -1 |x + 11 + C, 
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496 Chapter 8 Techniques of Integration 


42. 


r dx _ 

r dx . 

U = 

x — 2 

J (x-2)\/x 2 -4x + 3 

J (x-2)v/(x-2) 2 -l 5 

du 

=dx 


=sec -1 |x — 2| + C, |u| = |x _ 2| > 1 



=sec -1 |u| + C 


43. f(sec x + cot x) 2 dx = f (sec 2 x + 2 sec x cot x + cot 2 x) dx = f sec 2 x dx + f 2 esc x dx + J (esc 2 x — 1) dx 
=tan x — 2 In |csc x + cot x| — cot x — x + C 


44. f(csc x — tan x) 2 dx = f (esc 2 x — 2 esc x tan x + tan 2 x) dx = fese 2 x dx — f 2 sec x dx + (sec 2 x — 1) dx 
=—cot x — 2 In I sec x + tan x| + tan x — x + C 

45. f esc x sin 3x dx = J (esc x)(sin 2x cos x + sin x cos 2x) dx = f (esc x) (2 sin x cos 2 x + sin x cos 2x) dx 
=f (2 cos 2 x + cos 2x) dx = J[(l + cos 2x) + cos 2x] dx = f (1 -h 2 cos 2x) dx = x + sin 2x + C 

46. f(sin 3x cos 2x — cos 3x sin 2x) dx = f sin (3x — 2x) dx = Jsin x dx = — cos x + C 


47- /lTldx = /(l-^) dx = x-ln|x+l|+C 

48 - f ^Ti dx= f i 1 ^ ^Fj) dx = x-tan _1 x + C 

49. ^ dx = /^(2x+ dx = [x 2 + In |x 2 - 1|] 3 ^ = (9 + In 8) — (2 + In 1) = 7 + In 8 

50. dx= [(2x - 3) + dx= [x 2 - 3x + In |2x + 3|] = (9 - 9 + In 9) - (1 + 3 + In 1) = In 9 

51. f 4 t 3 ^+t m dt = / [(4t-1) + ^] dt = 2t 2 -t + 2tan- 1 Q)+C 

52. / 2fl3 -/! 2 + 7g de = J [(9 2 -9+1) + ^ 3 ] d0 = f — f + 0 + 善 In |20 - 5| + C 

53 - /^ dx = /7fe-/^= sin_lx+ v /T ^ + c 

54 - /^^ dx = /^frr + /f = (^D 1/2 + in|x|+c 

55. J o / dx = 上 / (sec 2 x + sec x tan x) dx = [tan x + sec x] f 4 = (1 + y^) — (0 + 1) = \/2 

56 - Io /2 ffB dx = / 0 1/2 (lW - iw) dx= [tan- 1 (2x) - In 11 + 4x 2 |] J /2 
=(tan- 1 1 — In 2) — (tan -1 0 — In 1) = | — In 2 


57. J ' + d s x in x = J (? 二 ： 2 :)) dx = J (1 c ~ s S 2 ° x) dx 二 J* (sec 2 x — sec x tan x) dx = tan x — sec x + C 

58. 1+cosx=1+cos(2.|)=2cos 2 | ^ = |/sec 2 (!) dx = tan ■ + C 


59. 


l 


sec 0 + tand 


d0 : 


de ； 


u = 1 + sin 沒 
du = cos 0 dO 


—=ln |u|+C = ln|l + sin6»|+C 
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60. 


61. 


62. 


l 


esc 9 + coi 6 


dO : 


sin 9 
1 + cos 9 


dO; 


u = 1 + cos 6 
du = — sin 6 d6 


—du 


-In |u| + C = — In 11 + cos 沒 | + C 


1 — sec x 


dx 


dx 


/(1 + dx=/(l- dx=/(l- csc 2 x-^)dx 


f(l- CSC 2 X - CSC X cot X) dx = X + cot X + CSC X + C 


1 — CSC X 


dx 


^rdx = /(l +sin ^T) dx=/(l 


sin x + 1 


dx 


(sinx — 1)(sinx+ 1), 

«/(1 — 1 丄 s; 二 X ) dx = J(1 _ sec 2 x — dx = J*(l — sec 2 x — sec x tan x) dx = x — tan x — sec x + C 


63 - Jo V^ dX= Jo 

=(-2)(-2) = 4 


sin I dx; 


sin § > 0 

for 0 < g < 2 丌 
— 2 — 


sin (|) dx = [—2 cos |] = —2(cos 7r — cos 0) 


64. \/1 — cos 2x dx = \pl |sin x| dx; 

= — \[2 (COS 7T — cos 0) = 2\fl 


sin x > 0 
for 0 < x < 丌 


W/: si 


sin x dx 


-a/2( 


65. 


^ j2 \J 1 + cos 2t dt = \fl I cos t| dt; 
= -\pi (sin 7r - sin |) = \pl 


cos t < 0 
for 5 < t < 7T 

z — — 


X/2 


cos t dt : 


si 


sin 


?r/2 


66. J ^ 1 -f cos t dt = J | cos \ \ 

= [sin 0 - sin (― I)] = 2^2 


cos ^ > 0 
for — 7r < t < 0 


J cos 备 dt = 2\/l sin 臺 


67. J \/1 — cos 2 6 d6 = J I sin d6; 
= l-(-l) = 2 


sin ^ < 0 
for — 7r < 0 < 0 


sin 6 dO = [cos 0] ^ = cos 0 — cos (—7r) 


68 


69. 


.X:V 1 - sin 2 9 dd = fJ /2 |cos e\ de- 


COS ^ < 0 

for^<0<7r 
2 — — 


/3 ， / V tan2 y + 1 办 = fS/4 i sec yi d ^ ; 


pTT 

J — cos 沒 d 沒 =I — sin 0] — — sin 7r + sin 


sec y > 0 
for - f < y < ^ 


4 」 




J^, 4 sec y dy = [In |sec y + tan y|] n _^ /4 


In v/2+ 1 -In v/2 


70. /° /4 vWy- 1 dy = /^Jtan y| dy; 


tan y < 0 
for-J <y <0 


—7r/4 


tan y dy = [In |cos y|] °_ v/i = - In ( 夫 ) 


In v/2 


r 广 3 兀 /4 r*37v/4 

(esc x — cot x) 2 dx = I (esc 2 x — 2 esc x cot x + cot 2 x) dx = / (2 esc 2 x — 1 — 2 esc x cot x) dx 

=[—2 cot x — x + 2 esc x] 二 〈 4 = (—2 cot 誓—誓 + 2 esc 誓 ）- (—2 cot | — | + 2 esc |) 


- 2 (- 1 )- ^+2 ( V ^) 


- 2 ( 1 )- $+2 


(翊 


4-1 
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498 Chapter 8 Techniques of Integration 


72 


.(sec x + 4 cos x) 2 dx = J^ [sec 2 x + 8 + 16 ( 1 +c ° s2x )] dx = [tan x + 16x — 4 sin 2x] 
(tan I + 47r — 4 sin |) — (tan 0 + 0 — 4 sin 0) = 5 + 4 兀 


73. J cos 0 esc (sin 9) d 6 \ 

=—In I esc (sin 0) + cot (sin ^)| + C 


u = sin 沒 
du = cos 6 dO 


f esc u du = — In |csc u + cot u| + C 


74. /(I + *) cot(x + In x) dx; 


u = x + In x 
Ldu=(l + I) dxj 


I cot u du = In I sin u| + C = In | sin (x + In x)| + C 


75. f (esc x — sec x)(sin x + cos x) dx = /(I + cot x — tan x — 1) dx = /cot xdx — f tan x dx 
=In I sin x| -h In |cos x| + C 


76. J 3 sinh(| + ln5)dx 


u = I + In 5 
2 du = dx 


sinh u du = 6 cosh u + C = 6 cosh(| + In 5) + C 


77. 


78. 


79. 


6dy . 

- - 


f 12 du 

=12 tan- 1 u + C 

=12 tan- 1 y/y + C 

x/yd+y) ? 

_ du = 27? d y_ 


J 1+u 2 

dx 

—f 2dx . 

U 二 

= 2x 

、 f du — 

sec— 1 |u| + C = sec 

x^x 2 - 1 

J 2x x /(2x) 2 -l 5 

du = 

二 2 dx 

J uy/ u 2 — 1 


|2x|+C 


7 dx 


7 dx 


(x — 1)\/x 2 — 2x — 48 」 (x — \)y /(x — l) 2 — 49 ’ 


U = X — 1 

du = dx 


7 du 


uyV-49 


+ sec- 1 If I 


c 


sec 


C 


80. 


dx 


dx 


(2x+1)74x2+ 4x _ J (2x+l)V(2x+l) 2 - 

=\ sec -1 |2x + 1| + C 


u = 2x + 1 
du = 2 dx 


du 


2u\/u 2 - 1 


\ sec -1 |u| + C 


81. f sec 2 1 tan (tan t) dt; 

82 - = _i csch_1 


u = tan t 
du = sec 2 1 dt 


「tan u du = — In |cos u| + C = In |sec u| + C = In |sec (tan t)| + C 


73 


+ C 


83. (a) f cos 3 0 (W = f (cos ^)(1 — sin 2 0) 


u = sin 沒 
du = cos 6 dO 

2 


/(I - u 2 ) du = u - ^ + C = sin 6> - I sin 3 6> + C 


(b) f cos 5 0 dO = f (cos 6 ) (1 — sin 2 9 ) 2 dO = f (1 — u 2 ) 2 du = J(1 — 2u 2 + u 4 ) du = u — | u 3 + y + C 

=sin 0 — I sin 3 0 ^ sin 5 6 -\-C 

(c) f cos 9 0 dO = f (cos 8 0) (cos 0) d 6 = J(1 — sin 2 ^) 4 (cos 6 ) d 6 


84. (a) f sin 3 6 dO = J(1 — cos 2 6 ) (sin 0) d 6 ; 


u = cos t/ 
du = — sin 6 d 6 


/(l-u 2 )(-du)= 誓 -u + C 


COS ^ + I cos 3 ^ + C 


(b) f sin 5 0 d9 = f (1 — cos 2 0) 2 (sin 6 ) d 6 = f (1 - u 2 ) 2 (— du) = J(—1 + 2u 2 — u 4 ) du 
= — cos 0+| cos 3 6 — \ cos 5 6 -\-C 
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(c) f sin 7 9 dO = f (1 - u 2 ) 3 (— du) = J(—1 + 3u 2 — 3u 4 + u 6 ) du = — cos 6 + cos 3 0 | cos 5 6 + + C 

(d) f sin 13 6 dO = J(sin 12 6 ) (sin 6 ) d6 = J(1 — cos 2 ^) 6 (sin 6 ) dO 

85. (a) f tan 3 0 d9 = J (sec 2 ^ — 1) (tan 0) dO = f sec 2 ^ tan ^ — f tan 0 d6 = ^ tan 2 6 — f tan 6 d6 

=I tan 2 沒 + In |cos 沒 | + C 

(b) f tan 5 0 d9 = J (sec 2 ^ — 1) (tan 3 6 ) dO = J tan 3 0 sec 2 6 d6 — J tan 3 0 d6 = ^ tan 4 0 — J tan 3 0 dO 

(c) f tan 7 9 d9 = J (sec 2 ^ — 1) (tan 5 6 ) d9 = J tan 5 6 sec 2 6 dO — f tan 5 0 d6 = ^ tan 6 0 — J tan 5 6 dO 

(d) J tan 2k+1 6 d6 = J (sec 2 ^ — 1) (tan 2k_1 6 ) d6 — f tan 2k_1 0 sec 2 0 d6 — J tan 2k_1 6 d6; 

J u 2k 1 du — Jtan 2k_1 ^ ^ u 2k — J tan 2k_1 0 dO = ^ tan 2k 0 — J tan 2k_1 9 d6 


86. (a) 


(b) 

(c) 

(d) 


f cot 3 9 d 0 = J (esc 2 ^ — 1) (cot 9) dO = f cot 0 esc 2 9 dO — JcotO d 6 = — ^ cot 2 6 — f cot 0 dO 
=—^ cot 2 沒 —In I sin 6 \ C 

f cot 5 6 d 6 = f (esc 2 ^ — 1) (cot 3 0 ) d 6 = f cot 3 0 esc 2 0 d 0 — f cot 3 0 d9 = — ^ cot 4 0 — J cot 3 9 dO 
f cot 7 0 dO = J (esc 2 ^ — 1) (cot 5 0 ) dO = f cot 5 6 esc 2 9 dO — J cot 5 6 dO = — ^ cot 6 0 — J cot 5 6 d9 
f cot 2k+1 6 d 6 = J (esc 2 ^ — 1) (cot 2k_1 6 ) dO = J cot 2k_1 0 esc 2 6 d 6 — Jcot 2k_1 6 dO; 


u = cot 6 
du = _ esc 2 6 dO 


u 2k_1 du — J cot 2k_1 0 = —去 u 2k — J*cot 2k_1 6 d6 


= —士 cot 2k 0 — J cot 2k_1 9 d6 



88 . 


A 二 J ^ (esc x - sin x) dx = [- In |csc x + cot x| + cos x] 
=—In 11 + 0| + In 2 + \/3 — = In (2 + 


y 



89. 


x dx 


广 tt/ 4 p7r/4 疒 tt/4 广 tt/4 

V = / 7r(2 cos x) dx — I 7r sec xdx = 4n / cos x dx — 7r / sec 

J -tt/ 4 j -tt/4 j -tt/4 j -tt/4 

= 2tt J— 二 4 (1 + cos 2x) dx — 7T [tan x] :/ 二 = 2tt [x + i sin 2x] 工 4 /4 — ?r[l 一 (-1)] 

= 2?r [(! + I) — (_ f 一 ■)] — 2?r = 2 冗 (f + l) - 2 tt 


7T 2 


90. V 


丌 esc 2 x dx 

「/6 

-cot X]; 


1^/2 
j 7r/6 


rV^3 - 


7r I 2n 

2 It 




I 7T sin 2 X dx = 7T 

Jtt/6 

n/2 

tt/6 = ^ 

(¥-i) 


广 tt/2 nn/2 

I esc x dx — I I (1 — cos 2x) dx 


\ sin 2x] 


V3) 


(f— 0 ) 


f) 
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91_ y = ln( C0S x) 44 ( 砮 ) =tan 2 x = SeC 2 x—1;L = J a /l+( 砮 ) dx 

= 上 / -\/l + (sec 2 x — 1) dx = J^ sec x dx = [In |sec x + tan x|]q^ 3 = In 2 + \/3 — In 11 + 0| = In (2 + \/5) 


92. y = In (sec x) 


dy _ sec x tan > 




dy > 
.dx , 


tan 2 x = sec 2 x — l;L = J^yl + ( 砮 ) dx 
sec x dx = [In |sec x + tan x|] = In \fl + 1 — In 11 + 0| = In (\/5 + 1) 


93. M x 


pr /4 厂 /4 

^4(2 SeCX ) ( SeCX ) dX = 2 J _ 7r/4 ； 

! [tan x] :’:/ 4 = 全 [1 - (-1)] = 1 ； 

=J 丨 sec x dx = [In |sec x + tan x|] ^ 

4 : 1 ‘: 


sec 2 x dx 


In 

In 


\/ 2 + 1 

，(知 ' 


— In 


V~2- 



ln 3 + 2 


; x = 0 by 


symmetry of the region, and y = 


1 


In 3 + 2 


V2) 






94. M x = J (\ esc x) (esc x) dx = esc 2 x dx 


|[—cotx] 


7r/6 


- (~\/3) = \/3； 


M : 


j ^ esc x dx = [— In I esc x + cot x|] 二 ( 6 


In 


In 


2-^ 

2 + W ) 2 、 


一 I — 


In 


2 + 


In 


2 + V^ 

2-y/3 


4-3 I 一 

of the region, and y 


2 In 2 




v^|) 

+ \/^) ； x = I by symmetry 



2 In 2 + 


4 


95. f esc xdx= /(cscx)(l)dx= f (esc x) + dx = J csc2 J c +^ t c x otx dx; 

-In |u| + C = — In |csc x + cot x| + C 


U = CSC X + cot X 
du = (— esc x cot x — esc 2 x) dx 


- du 


96. [(X 2 - 1) (X + 1) 厂 2/3 = [(X - 1)(X + l) 2 厂 2/3 = (X - l)-2/3( x + 1 )-4/3 = ( x + 1)-2 [ ( x — l)_ 2 / 3 (x + l) 2 / 3 ] 

=( x +i)- 2 (sir 2 / 3 =( x +ir 2 (i-^r 2/3 

(a) /[(x 2 —l)(x+l)]- 2/3 dx= / (x+l)- 2 (l - ^)' 2/3 dx; 


du 


x+l 

1 


dx 


一 （1 _ 2u)- 2 / 3 du = I (1 - 2U) 1 / 3 +C = I (1 X+1 

-2/3 


(x+l) 2 

2 ) 1/3 + c = l (^) 1/3 

k 


c 


(b) / [(x 2 -1)(x+1)]~ 2/3 dx = /(x+l)- 2 (|^{)^ dx; u = (|^|) 

^du = k (喆广 H 1 ) 1 dx = 2k 鵠 dx; dx=^ ( 肖 ) k 


(X+l) 2 UA — 厶 IV (x+ 1)k+ l UA, UA — — 2k [ X -lJ dll 

( 辑广 k du; then, f(^i)~ 2/3 i ( 辑广 k du= i /( 詰 )(" 3 — k ) du 
i f(^) H1/3kl) du=i ” du=i (3k) u 雜 + C = 暑 u，+ C=|(^) 1/3 +C 
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Section 8.2 Integration by Parts 501 


(c) / [(x 2 - l)(x+l)]- 2/3 dx = / (X+ I)- 2 (^j)^'-dx ； 


-2/3 


u = tan -1 x 
x = tan u 
dx = 斗 

cos z u 」 


(tan u + l) 2 


(tan u — 1 \ _2/3 ( du ) — I _1_ ( sin u — cos u ) ~' z /^ ^ 

V tan u + 1 / V cos 2 u / J (sin u + cos u) 2 V sin u + cos u / " 


in u + cos u = sin u + sin (| — u) =2 sin | cos (u — |) 
in u — cos u = sin u — sin (| — u) = 2 cos | sin (u — |) 

I f tan -2 / 3 (u — l) sec 2 (u — |) du = | tan 1 / 3 (u — |) + C 

腺 ) 1/3 + c 


, r 1 

■sin (u- J)' 

J 2 COS 2 (u — 1) 

L cos ( u -j)J 


tan u — tan | 

1 + tan u tan f 


-2/3 


du 


1/3 


(d) u = tan -1 4 tan u = ^/x =>■ tan 2 u = x ^ dx = 2 tan u du — cos3u —- ⑶巧 


2 sin u 


+ c 


du 


2d(cos u), 


x — 1 = tan 2 u 


sin 2 u — cos 2 u — 1 — 2 cos 2 u 


cos 2 u 


cos 2 u 


;x + 1 = tan 2 u + 1 


cos 2 u + sin 2 u 
cos 2 u 


cos 2 u 


/(x-l)-/3(x + l)-V3 d X=/i 1 0^. 

= J\l _ 2 cos 2 u) 2 / 3 . (_2) • cos u • d(cos u) = ^ J(1 — 2 cos 2 u) -2 〆 3 • d (1 _ 2 cos 2 u) 


1 — 2d(cos u) 

(cos 2 u ) _4/3 鲁 cos 3 u 


|(l-2 cos 2 u) 1 ’ 3 + C 


( 1—2 cos 2 u 、 
\ cos2 u / 

^ cos2 u ) 


1/3 


+ c ： 


(^Tl) 


1/3 


c 


(e) u = tan -1 (^=^) => = tan u ^ x + 1 = 2(tan u + 1) ^ dx = 盖裝 j = 2d(tan u); 

J (x- l) _2 / 3 (x + 1) _4 / 3 dx = J (tan u) _2 / 3 (tan u + l) -4 / 3 - 2~ 2 - 2 - d(tan u) 

= Ui 1 ^ to^+l) 2/3 d(l — ^TT) = 暑 G — taT^+l) 1/3 + C = I I 1 _ ^ir) 1/3 + C 
= l (_ 1/3 + c 


(f) 


u = COS X 

X = cos u 
dx = — sin u du 


I 


1 du 


I 


du 


y (cos 2 u - l) 2 (cos u + l) 2 


du 


I 


1 du 


(sin 4 / 3 u) (2 2 / 3 cos 琴 ) 4 ’ 3 

cos A 1 / 3 


(sin u)!/3 (22/3 ( 


.u 、 4/3 


— /tan-V3(^) d (tan f) = 一！ tan 2 , 3 | +C =|(-tan 2 |) 1/3 +C=| ( 說 )" 3 + C 

l(lri ) 1/3 + c 


(g) / [(x 2 -l)(x+l)]- 2/3 dx; 


_sinh u du_ 

\J (sinh 4 u) (cosh u+1) 2 


J 2 (sin 5) 1/3 (cos §) 5/3 

= -■ tan 2 / 3 f 

+ c 二 

u = cosh -1 x 


x = cosh u 

― > 

dx = sinh u 


du 



/o 


du 


(cos 2 5) 


sinh u du 


\j (cosh 2 u—l) 2 (cosh u+1) 2 

r du 


/( 


^/(sinh u) (4 cosh 4 号） 

tanh f)' 1/3 d (tanh f) = | (tanh f) 2/3 +C= | ( 


sinh ⑷ cosh 5 ⑷ 

3 ( cosh u — 1 、 1/3 1 广 — 3 /"x— 1 、 1/3 


cosh u+1 


r+c=i(i^ 


c 


8.2 INTEGRATION BY PARTS 


1. u = x, du = dx; dv = sin | dx, v = —2 cos |; 

J x sin I dx = —2x cos ^ — f (—2 cos |) dx = —2x cos ( 音 ）+ 4 sin ( 音 ） + C 

2. u = 沒， du = d 沒； dv = cos ttO dO, v = | sin ttO; 

J 0 cos ttO d6 = ^ sin ttO — j ^ sin n6 dO = ^ sin 7r 沒 + 去 ■ cos n0 C 
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502 Chapter 8 Techniques of Integration 


3. 


㈩ 


2t- 

2 

0 


(—) 


㈩ 


cos t 
sin t 
—cos t 
—sin t 


j\ 2 cos t dt = t 2 sin t + 2t cos t — 2 sin t + C 


4. 


x 2 _ 
2x ■ 

2 ■ 

0 


㈩ 


㈠ 


㈩ 


sin x 


cos x 


f x 2 sin x dx = -x 2 cos x + 2x sin x + 2 cos x + C 


5. u = In x, du = —; dv = x dx, v 


x!. 
2 , 


x In x dx 


In x 


Tf f=21n2 


2 In 2 - I = In 4 - I 


6. u = In x, du = —; dv = x 3 dx, v = ^ ; 


P 


In x dx 


In x 


/； 


T , 

dx _ 

~4 T — T 


3e 4 + l 

16 


u = tan -1 y, du 


l+y 2 


tan - 


;dv 二 dy, v = y; 
y dy 


y dy = y tan -1 y - J (1 y + [) = y tan -1 y _ ! In (1 + y 2 ) + C = y tan -1 y - In + C 


8. u = sin -1 y, du = y dy 2 ; dv = dy, v = y; 

J sin -1 y dy = y sin -1 y — f J x d J y2 = y sin -1 y + \/1 — y 2 + C 

9. u = X， du = dx; dv = sec 2 x dx，v = tan x; 

f x sec 2 x dx = x tan x - Jtan x dx = x tan x + In |cos x| + C 

10. J^4x sec 2 2x dx; [y = 2x] J^y sec 2 y dy = y tan y - J tan y dy = y tan y — In |sec y| + C 
= 2x tan 2x — In |sec 2x| + C 


11 . 


x 3 

3x 2 


w 

㈠ 


6x 



6 

0 



e x 

e x 

e x 

e x 

e x 


J x 3 e x dx = x 3 e x — 3x 2 e x + 6xe x — 6e x + C = (x 3 - 3x 2 + 6x — 6) e x + C 
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e- p 

n 4 

(+) r ^ 

P 


4p 3 ■ 

㈠ ^ 


12p 2 - 

㈩ r 「d 


24p 

㈠ 口 - 。 


24 



0 


f pV p dp = _pV p _ 4pV p _ 12pV p - 24pe- p - 24e~ p + C 
=(-p 4 - 4p 3 - 12p 2 - 24p - 24) e- p + C 


x 2 — 5x 
2x-5 

2 

0 



e x 

e x 


㈠ 


e x 


㈩ 


e x 


J (x 2 — 5x) e x dx = (x 2 — 5x) e x — (2x — 5)e x + 2e x + C = x 2 e x — 7xe x + 7e x + C 
=(x 2 - 7x + 7) e x + C 


r 2 + r + 1 
2r+ 1 

2 

0 


(+) 


㈠ 


㈩ 


e r 

e r 

e r 

e r 


f(r 2 + r + 1) e r dr 二 (r 2 + r + 1) e r - (2r + l)e r + 2e r + C 
=[(r 2 + r + 1) - (2r + 1) + 2] e r + C = (r 2 _ r + 2) e r + C 


15. 


e x 


X 5 ■ 

(+) 

► e x 


5x 4 ■ 

(-) ( 

► e x 


20x 3 - 

(+) ( 

► e x 


60x 2 - 

(-)) 

► e x 



(+) 



120x 


4 e x 



(-) 



120 


+ e x 


0 



J x 5 e x dx = x 5 e x — 5x 4 e x + 20x 3 e x — 60x 2 e x + 120xe x — 120e x + C 




=(X 5 — 5x 4 + 20x 3 — 60x 2 + 120x- 120) e x + C 
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504 Chapter 8 Techniques of Integration 


16 . 

t 2 


2t 

2 


(+) 

(~) 

㈩ 


0 


e 4t 


-e 4t 


16 


e 4t 


64 


e 4t 


/ t 2 e 4t dt = ^ e 4t - § e 4t + ^ e 4t + C = f e 4t - | e 4t + i e 4t + C 
= (n + ▲) e 4t + C 


17 . 


e 2 


20 

2 


(+) 

(-) 

㈩ 


0 


sin 20 
cos 20 
— ^ sin 20 


I cos 26 


/ 0 2 sin 26 dd = — y cos 20 + | sin 26 - cos 26 

= - f '(-!)+?- 0+1 •(-!)] - [0 + 0 + 1 - 1 ] 


?r/2 

0 

_ 7T 2 1 _ 

~ T ~ 2 ~ 


7T 2 — 4 


18 . 


x 3 

3 x 2 


㈠ 


6x 



6 



0 


cos 2x 
I sin 2x 
— I cos 2x 
— I sin 2x 


cos 2x 


cos 2x dx 


sin 2x + 学 cos 2x 


3x 


sin 2x — I cos 2x 


?r/2 

0 


f ^.0 + 告 •（—1)— 誓 .0 — 暑. （—1) — [0 + 0 — 0 — I * l ] 




19 . u = sec— 1 1，du 


tVt 2 -i 


t 2 

;dv = t dt, v = 7 ; 


/ 2 /W 

― 57T 

— T 


tsec -1 1 dt : 


I sec -1 t 


2/\/3 


X/w ㈤ t 


v^T 


(2-f 


- 6； 


t dt 


' 2 /v^ 2\/t 2 - 1 




2/v^ 


57T 

T 


(v^ - - i) = T - I (\/3 - 


57T 

T 




12 


\/l 一 X 4 


l/\/2 


7T 

12 


?r+6\/3-12 

12 


57t-3v^ 


20. u = sin' 1 (x 2 ) ， du = ; dv = 2x dx, v = x 2 ; 

/ ； ^2x sin-(x 2 )dx=[x^ sin-i (x 2 )]，- f : 〜 • = Q) (f) + 


21.1 = e 0 sin ^ d^; [u = sin 9, du = cos 6 d6; dv = o? dO, v = e 0 ] => I = e 0 sin ^ — J 1 e 0 cos 9 d6\ 

[u = cos du = — sin 6 d6\ dv = e 0 d6, v = e 0 ] => I = e 0 sin 沒 一 (e 0 cos 0 + f e 0 sin 6 

=e 0 sin 6 — q? cos ^ — I + C / =>• 21 = (e 0 sin 6 — t 6 cos 6) -\-C ^ I = | (e 0 sin 0 — q 6 cos 0) + C, where C 
another arbitrary constant 


3 (4 — 7T 2 ) 
^16^ 
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Section 8.2 Integration by Parts 505 


22. I = e _y cos y dy; [u = cos y，du = — sin y dy; dv = e _y dy, v = —e _y ] 

I = —e _y cos y — J *(—e _y ) (—sin y) dy = —e _y cos y - J e _y sin y dy; [u = sin y，du = cos y dy; 

dv = e _y dy, v = —e _y ] => I = — e _y cos y - sin y - J(—e y ) cos y dy) = — e _y cos y + e _y sin y - I + C’ 

21 = e _y (sin y — cos y) + C / => I = | (e _y sin y — e _y cos y) + C ， where C = 誓 is another arbitrary constant 

23. I = J e 2x cos 3x dx; [u = cos 3x; du = —3 sin 3x dx, dv = e 2x dx; v = ! e 2x ] 

=> I = I e 2x cos 3x + I J*e 2x sin 3x dx; [u = sin 3x, du = 3 cos 3x, dv = e 2x dx; v = | e 2x ] 

4 I = ! e 2x cos 3x + I ( ! e 2x sin 3x — | e 2x cos 3x dx^ = \ e 2x cos 3x + | e 2x sin 3x — 言 I + C, 

孕 I = I e 2x cos 3x + I e 2x sin 3x + C ^ (3 sin 3x + 2 cos 3x) + C, where C = 告 C’ 


24. J e _2x sin 2x dx; [y = 2x] | f Q y sin y dy 二 I; [u = sin y, du = cos y dy; dv = e _y dy, v = —e _y ] 

—e _y sin y + J'e _y cos y dy) [u = cos y，du = - sin y; dv = e _y dy, v = —e _y ] 

cos y — J (_ e_y ) (— sin y) dy) = _ | e_ y (sin y + cos y) — 1 + C / 


i = 

泠 1 = 
^ 21 
c = ? 


: e _y sin y + 余 -e _; 


- e _y (sin y + cos y) + C / 


； e _y (sin y + cos y) + C : 


(sin 2x + cos 2x) + C，where 


25. f e^ds; 


3s + 9 = x 2 
ds = I x dx 


J^e x • I x dx = I xe x dx; [u = x, du = dx; dv = e x dx, v = e x ]; 


f xe x dx = I (xe x — e x dx) = | (xe x — e x ) + C = | (\/3s + 9 e \/3s+9 — e v / 3i+9^ 


+ C 


26. u = x ， du = dx; dv = \/1 — x dx, v = —|y^(l — x) 3 ; 

/ o 1 x V / r^dx=[- fv^r^Fx] ； + |/ 0 ' v / a^F d X = ■ [- 昏 （i 一 


1 _ ± 
0 ~ 15 


27. u = x, du = dx; dv = tan 2 x dx, v = J tan 2 x dx = J 


dx 


1 — cos' 
cos 2 


s 2 x j y _ r dx r 

IT ax ~ J ~ J 


dx 


tan x 


— x; x tan 2 x dx = [x(tan x — x)] : ’ 3 — 上 ’ (tan x — x) dx = | (\/5 — |) + In |cos x| 


7r/3 

0 


f -f)+ln^ + ^ = ^-ln2- 


7T 2 

18 


28. u = In (x + x 勺 ， du = y ; dv = dx, v = 

= xln(x + x 2 )-/ ( 巧广 =xln(x + x 2 ) 


x+l 



u = 

=In x 

f sin (In x) dx; 

du 二 

= 1 dx 

X 


dx 二 

=e u du_ 


J*(sin u) e u du. From Exercise 21, (sin u) e u du = e u 
^ [—x cos (In x) + x sin (In x)] + C 


sin u — cos 
^2^ 


+c 
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30. 


f z(ln z) 2 dz; 


u 二 

二 In z 

du : 

=i dz 

z 

dz 二 

=e u du 


e 2u 


—Je u - u 2 _ e u du = Je 2u - u 2 du; 


u 2 

2u 

2 


(+) 

(-) 

㈩ 


0 


1 p2u 
8 e 


f u 2 e 2u du = f e 2u - § e 2u + I e 2u + C = ^ [2u 2 — 2u + 1] + C 
= 誓 [2(ln z) 2 — 2 In z + 1] + C 


31. (a) u = x, du = dx; dv = sin x dx, v = — cos x; 

r nn 

x sin x dx 二 [—x cos x]q + / cos x dx = 7r + [sin x]q = 7r 
(b) S 2 = —J x sin x dx = — [— x cos x]^ n + J cos x dx = — [— 37r + [sin x]^ n ] = 3n 

X 3tt r*3TT 

x sin x dx = [—x cos x]^ + J 2 cos x dx = 5 兀 + [sin x]^ = 57r 

/>(n+l)7r 

(d) S„ +1 = (—l) n+1 J x sin x dx = (—l) n+1 [[—x cos x][° +1),r + [sin x]^ +1),r ] 

= (-l) n+1 [-(n+ l)7r(-l) n + n7r(-l) n+1 ] + 0 = (2n + 1 )tt 


32. (a) u = x, du = dx; dv = cos x dx, v = sin x; 


Si 

(b) S 2 

(c) S 3 


广 3tt/2 

丄 xcosxdx 


r.57r/2 


[x sin x]^ 2 -丄 sin x dx 




_ ( — 誓 一 f) — [COS xfj,{ 2 = 27T 


7t/2 


, 3lr/2 - cos x dx = [x sin x]g — jj 2 sin x dx = [f — （一 苧)]一 [cos x] 篇 = 4vr 

疒 7?r/2 

- I x cos x dx 二 


[x sin x ]^2 - 九 /2 sin x dx 




(—T _ T) — [ cos x ]sx/2 — 


W2n+l)7r/2 

⑷ S n = (-l)n J (2n _ 1>/2 XCOS X dx = (-!)" 


[x sin - ° JJLV - sinxdx 


(— 1 )° 


(2n+l)7r 


(-D n 


(2n—l)7r 


(—ir 


— [cos x] 


(2n+l)?r/2 

(2n-l)7r/2 . 


-1)tt/2 


^ (2n7r + 7r + 2n7r — 7r) = 2nn 


X ln2 pin 2 

27r(ln 2 — x) e x dx = 2n In 2 e x dx — 271 


xe x dx 


(2 丌 In 2) [e x ]^ 2 — 2tt 


([xe x ] 


ln2 

0 


e x dx 


2tt In 2 - 2 tt (2 In 2 — [e x ]^ 2 ) = -2 tt In 2 + 2 tt = 2tt( 1 - In 2) 



34. (a) V = 上 27rxe _x dx = 27r ([—xe _x ] J + e _x dx) 

= 2 丌 (-* + [-e~ x ] l) = 2 丌 (-*-* + 1) 


2tt 


4-k 
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(b) V 


2 丌 (1 — x)e _x dx; u = 1 — x，du = — dx; dv = e _x dx, 


v = —e _x ; V = 2 丌 




e _x dx 


2tt 


[0-l(-l)] + [e-]J =2 tt(1 + | — 1) 


2 丌 



35. (a) V = / 27 tx cos x dx = 2 丌 ([x sin x] o^ 2 ~ J 0 sin x dx 

= 27T (! + [cos x] f 2 ) = 27T (| + 0 - l) = 7r(7T - 2) 



(b) V = 上 / 27T (I — x) cos x dx; u 


x, du = — dx; dv = cos x dx, v = sin x; 

} n/2 


V = 2tt [(| — x) sin x] =/ 2 + 2nJ Q sin x dx = 0 + 2 丌 [_ cos x]q^ = 2n(0 + 1) = 27r 
36. (a) V = 上 27rx(x sin x) dx; 


sin x 


x 2 _ 

2x 

2 

0 


㈩ 


㈠ 


㈩ 


COS X 


(b) V = — x)x si 

= 87T 


4 V = 2ttJ q x 2 sin x dx = 27r [—x 2 cos x + 2x sin x + 2 cos x] q = 27r (7r 2 — 4) 

pTV pTT 

sin x dx = 2tt 2 I x sin x dx — 27r I x 2 sin x dx = 2n 2 [—x cos x + sin x]J — (27r 3 — 87r) 



38. av(y) 
_ 2 


丄广 

~ 27 T Jo 

r*27r 

e _t sin t dt 


4e _t (sin t — cos t) dt 

_ p27V 


10 


cos t dt 


sin t — cos 


l[e-■ (: 

I [-e- 1 sint ]； 


” _ e _t I 


^)] 


2tt 


y 



39 . 


I = J x n cos x dx; [u = x n , du = nx 11-1 dx; dv = cos x dx, v = sin x] 
泠 I = x n sin x-f nx n-1 sin x dx 
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508 Chapter 8 Techniques of Integration 

40. 1 = Jx n sin x dx; [u = x n ， du = nx 11-1 dx; dv = sin x dx，v = -cos x] 
4 I = —x n cos x + nx n_1 cos x dx 

41. l = f x n e ax dx; [u = x n ， du = nx 卜 1 dx; dv = e ax dx，v = ^e ax ] 

=^I= f dx, a ^ 0 


42. 1 = f (lnx) n dx; [u= (In x) n ，du = n(ln : )n — 1 dx; dv = 1 dx，v = x 
I = x(ln x) n — J n(ln x) n - 1 dx 


^ . 


43. /sin" 1 x dx = x sin" 1 x — Jsin y dy = x sin" 1 x + cos y + C = x sin" 1 x + cos (sin" 1 x) + C 

44. J\an _1 x dx = x tan- 1 x — J'tan y dy = x tan -1 x + In |cos y | + C = x tan -1 x + In |cos (tan -1 x) | + C 


45. f sec -1 x dx = x sec -1 x - Jsec y dy = x sec -1 x — In |sec y + tan y| + C 

=x sec -1 x — In |sec (sec -1 x) + tan (sec -1 x) | + C = x sec -1 x — In x + \/x 2 — 1 


+ C 


46. f log 2 x dx = x log 2 x — J2 y dy = x log 2 x — g + C = x log 2 x - ^ + C 

47. Yes, cos -1 x is the angle whose cosine is x which implies sin (cos -1 x) = i — x 2 . 

48. Yes, tan -1 x is the angle whose tangent is x which implies sec (tan -1 x) = \/1 + x 2 . 

49. (a) J sinh -1 x dx = x sinh -1 x — J'sinh y dy = x sinh -1 x — cosh y + C = x sinh -1 x — cosh (sinh -1 x) + C; 

check: d [x sinh -1 x — cosh (sinh -1 x) + C]= 

=sinh -1 x dx 

(b) J sinh -1 x dx = x sinh -1 x — x ( y 1 1 +x2 ^ dx = x sinh -1 x - 全 J*(l + x 2 ) _1 ^ 2 2x dx 

=x sinh" 1 x - (1 + x 2 ) 1 ’ 2 + C 
check: d x sinh -1 x — (1 + x 2 ) 1 / 2 + C = 


sinh -1 x + 


V 1 + x 2 v 1 + x2 


dx = sinh -1 x dx 


sinh -1 x + 


V 1 + x 2 


— sinh (sinh -1 x) 


V 1 + x 2 


dx 


50. (a) tanh -1 x dx = x tanh -1 x - J tanh y dy = x tanh -1 x — In |cosh y| + C 
=x tanh— 1 x — In |cosh (tanh _1 x)| + C; 

check: d [x tanh- 1 x - In |cosh (tanh -1 x) | + C] = tanh -1 x + - dx 

=[tanh -1 x + — — tanh -1 x dx 

(b) J tanh -1 x dx = x tanh -1 x- f dx = x tanh -1 x — | f jz ^2 dx = x tanh -1 x+|ln|l - x 2 |+C 
check: d [x tanh -1 x + - In 11 — x 2 1 + C] = [tanh -1 x + — dx = tanh -1 x dx 


8.3 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS 


5x - 13 _ A , B 

(x - 3)(x - 2) _ 1^3 卞 x^2 


=>- 5x - 13 = A(x - 2) + B(x - 3) = (A + B)x — (2A+ 3B) 


A + B = 5 1 
2A + 3B = 13 J 


泠 -B = (10 - 13 ) 泠 B = 3 泠 A = 2; thus, rx 5 _\~!l 



3 

x - 2 
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Section 8.3 Integration of Rational Functions by Partial Fractions 509 


2 . 


5x — 7 


5x — 7 


A I B 


x 2 - 3x + 2 — (x - 2)(x - 1) — x - 2 丁 jT- 


4 5x - 7 = A(x - 1) + B(x — 2) = (A + B)x - (A 十 2B) 


^ A + 2B = 7 } >B = 2>A = 3; thus, x 2 _ 3x + 2 


5x-7 


3 - = + OTW ^ x + 4 = A(x + 1) + B = Ax + (A + B) a + B = 4 

thiic x + 4 — 1 I 3 

LI1US? (x + 1 户 — TTT ^ (x + ip 


=> A = 1 and B = 3; 


4. 


2x + 2 _ 2x + 2 


x 2 — 2x + 1 — (x — l) 2 


T 丁 (x - l) 2 


=>* 2x + 2 = A(x — 1) + B = Ax + (—A + B)=>- 


A = 2 
-A + B = 2 


=> A = 2 and B 二 4; thus, 


2x + 2 

x 2 - 2x + ] 


(x - l ) 2 


5. = 會 + 吾 + z - 1 4 z + 1 = Az(z — 1) + B(z — 1) + Cz 2 z + 1 = (A + C)z 2 + (—A + B)z — B 

A + C = 0 1 

^ -A + B = 1 > =>B = —1 #A=—2#C = 2; thus, ‘ 十 」” =^ ^ 

-B = 1 


6. 


A , B 


z 3 — z 2 — 6z — z 2 — z — 6 — (z — 3)(z + 2) — z — 3 丁 z + 2 

A + B = 0 


^ 1 = A(z + 2) + B(z — 3) = (A + B)z + (2A - 3B) 


4 


2A-3B 


今 -5B = 1 今 B 


=> A = *; thus, 


z 3 — z 2 — 6z 


rare = 1 + ( after l0n s division); ^^6 = ( t- 3 Xt- 2 ) = ,^3 + t ^2 

泠 5t + 2 = A(t —2)+B(t — 3) = (A + B)t + (-2A-3B ) 泠 -B = (10 + 2) = 12 


=> B = —12 A=17; thus, 


t 2 + 8 
t 2 - 5t + 6 


17 , -12 


t-2 


q t 4 + 9 — i 1 —9t 2 + 9 — 1 I —9t 2 + 9 1r>no- Hi — 9t 2 + 9 — A 1 B 1 Ct+D 

o- t 4 + 9 t 2 —丄十 t 4 + 9 t 2 —丄十 t 2 (t 2 + 9 ) ( aIter lon g division), t 2 ( t 2 + 9) _ 了 十卩十 ^P 9 

4 -9t 2 + 9 = At (t 2 + 9) + B (t 2 + 9) + (Ct + D)t 2 = (A + C)t 3 + (B + D)t 2 + 9At + 9B 

A + C = 0 

B + D = —9 A rv 、 n n. r» i , t r\. ^ _ t 4 + 9 




9A = 0 
9B = 9 


=> A = 0 => C = 0; B = 1 =>* D = — 10; thus, 


F+9? - 1 + ? + fT9 


9. 


B 

1 +x 


r dx _ 

-1 ( 

dx I 1 I 

r dx 

_ 1 

J l-x 2 

2 J 

1 -x ^ 2 J 

1 l+x 

2 


1 = A(1 + x) + B(1 — x);x=l >A=!;x: 
[In 11 + x| — In 11 — x|] + C 


泠 B 


10 . 


X 2 + 2x — 7 丁 X + 2 


- + ^ l=A(x + 2) + Bx;x = 0 令 A=*;x=—2 今 B 


dx 


i r dx — i r dx 


x 2 + 2x — 2 J x 2 J x + 2 — 2 


[In |x| — In |x + 2|] +C 


11 X + 4 — A 

• x 2 + 5x — 6 — x + 6 


^ X + 4 = A(x - 1) + B(x + 6); x = 1 B = f ; x = -6 ^ A = = 

x + 4 dx= I /+ I = f In |x + 6| + f In |x- 1| + C = i In |(x + 6) 2 (x- 1) 5 | +C 


i o 2x + 1 
1 厶 . x 2 - 7x + 12 


A , B 

r^4 


^ ^ 2x + 1 = A(x — 3) + B(x — 4); x = 3 泠 B = ^ = -7;x = 4 A 


^^Tndx ： 


9/^ - 7/^ = 9 In |x - 4| - 7 In |x - 3| + C ： 


In 


(X - 4)9 


+ c 
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510 Chapter 8 Techniques of Integration 


13 - y 2 _ 2 y _3 — 7^3 + ^ y — A(y + 1) + B(y — 3); y = — 1 => B = ^ = \ ;y = 3 => A = 聲； 

X y 2 - 2 y- 3 = l/ 4 ^3 + ^ f 4 = [| In |y - 31 + ^ In |y + 11] ^ In 5 + ^ In 9) - (| In 1 + ^ In 5) 
In 5 + ^ In 3 = 

14. = f+ + 令 y + 4 = A( y +l) + By ; y = 0 令 A = 4;y = -1 泠 B = ^ =-3; 

fi /2 dy = 4 /i /2 7 ~ 3 f 1/2 = I 4 ln 1^1 - 3 In |y + 1|] j /2 = (4 In 1 - 3 In 2) - (4 In i - 3 In |) 

=In ! 一 In 忐 + In 誓 =In ( 誓 • * • 16) = In 譬 


15. 


t 3 +t 2 -2t 

=> B : 


A 

T 


B 

t+2 




A(t + 2)(t 


泠 C = 


dt 


3 5 J t 3 +t 2 -2t 


1) + Bt(t 

llf + l 


l) + Ct(t + 2);t ： 

L 


0 ^ A 


；t 


dt 

t+2 


dt 

t-[ 


I In |t| + ^ ln |t + 2| + I In |t — 11 + C 


16. 


2x 3 - 8x 

O B 


A 


B 

x + 2 




占； X: 


2 4 C 


- A . 
"16 ? 


_ (x + 3 ) 二 A(x + 2)(x -2) + Bx(x - 2) + Cx(x + 2); x = 0 ^ A = 与； x=-2 


dx 


dx 


2x 3 - 8x 

In |x| + 為 In |x + 2| + 备 ln |x — 2| + C 


4 


dx 

x + 2 


16 


In 


(X - 2) 5 (x + 2) 


x 6 




c 


dx 


17. X . + 2 X+1 = (X — 2) + (after long division); = ▲ + (TTTF ^ 3x + 2 = A(x + 1) + B 
=Ax + (A + B) => A = 3，A + B = 2 今 A = 3，B = -1;_£ x2 : H+ j 

= /o (x _ 2) dx + 3 Jo ^+T _ X (>TW = 誓一 2x + 3 In |x + 1| + 土.。 

=(i - 2 + 3 ln 2 + i) - (1) = 3 ln 2 - 2 

18. + = (x + 2) + (after long division); + 今 3x — 2 = A(x — 1) + B 

= Ax + (-A + B ) 泠 A = 3，-A + B = -2 泠 A = 3,B= 1; f ] x . ^ 2 d x x + , 

=£ (x + 2) dx + 3 f ] -^ + £ ^ = [^ + 2x + 3 ln |x - 1| - 
=(0 + 0 + 3 In 1 - - (i -2 + 31n2 - ㈤ = 2 - 3 ln 2 

19. ( x2 上 if = + ( X + i )2 + ( X 尸 1)2 1 = A(x + l)(x — l) 2 + B(x — l)(x + l) 2 + C(x — l) 2 + D(x + l) 2 ; 

x = —1 4 C=|;x 二 1 => D=|; coefficient of x 3 = A + B ^ A + B = 0; constant = A — B + C + D 

A — B + C + D= l =>• A-B = *; thus, A = ^ =>■ B = — ^ ^ ( x 2 , ”2 
— l r dx _ l r dx I l r dx i 1 r dx — i i n i x+1 丨 _x_• ^ 

~ 4 j m ~ 4 j 卞 ？ j (x + 1) 2 卞 5 J (x_ l) 2 — 4 111 1r^ii — 2(x 2 - 1 ) 卞 ^ 

20. (x _ 1)( / +2x+1) = 今 x 2 = A(x + l) 2 + B(x — l)(x + 1) + C(x - 1); x = —1 

今 C = - j ; x = 1 A = i ; coefficient of x 2 = A + B => A + B = 1 ^ B = |; J (x _ 1)( ^i d : 2x+ 

: i + ! f ITT ^ 5 /oTTTF = i In |x - 1| + | ln |x + 1| + ^TTj + C 

_ ln|(x- l)(x+ 1) 3 | , 1 _|_ r 

— 4 h 2(x + 1) T e 

21. ^ +1) ^ 2 + 1) = ▲ + ^ 1 = A(x 2 + 1) + (Bx + C)(x + 1); X = -1 今 a = I; coefficient of x 2 

= A + B 4 A + B = 0 B = - 士； constant = A + C => A + C = 1 => C = ^ ( x + i) d (x 2 + i) 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 
















































Section 8.3 Integration of Rational Functions by Partial Fractions 511 


= ^fo^TT + l f! i wif dx = [| ln|x+l|-iln(x 2 + 1 ) + | tan — 1 x] J 
=(I In 2 一 I In 2 + i tan - 1 l) - (i In 1 - i In 1 + i tan — 1 0 ) = i ln 2 + | (|) = (7r + 【 ln2) 

22. 3t2 +^ + 4 = j + => 3t 2 + t + 4 = A (t 2 + 1) + (Bt + C)t; t = 0 泠 A = 4; coefficient oft 2 

= A + B 泠 A + B = 3 => B = -1; coefficient oft= C C = 1; f 广 3[2 / + * + 4 dt 

= 4 / 广 f + / 广 ^±^dt= [41n|t|-iln(t 2 + 1) + tan— 1 1 ] 夕 

=(4 In \/3 — I In 4 + tan -1 - (4 In 1 - - In 2 + tan -1 1) = 21n3 — In2+| + ^ln2—| 

= 2 In 3 — * In 2 + 吾 =In ( 含 ) + 卷 

23. 5 ^f^ i = frr+ ( ^ ^ y 2 +2y+l=(Ay + B)(y 2 + l)+Cy + D 

=Ay 3 + By 2 + (A + C)y + (B + D ) 泠 A = 0, B = 1; A + C = 2 泠 C = 2;B+D=1 ^ D = 0; 

/i^^ d y = /^ d y + 2 /(7TT7 d y = tan " 1 y-FTr +c 


24. 


4 8 x 2 + 8 x - 


8x^ + 8x + 2 _ Ax ~j~ B I Cx + D 

(4x 2 + l) 2 _ 4x 2 + 1 卞 (4x 2 + l) 2 

= 4Ax 3 + 4Bx 2 + (A + C)x + (B + D); A ： 


8x 2 + 8x + 2 

(4x 2 + l) 2 


dx = 2 


dx 


4x 2 - 


+ 8 


x dx 


(4x 2 + iy 


h2: 

0,B 
: tan - 


(Ax + B) (4x 2 + 1) + Cx + D 
= 2;A + C = 8 泠 C = 8 ;B + D = 2 今 D = 0; 
1 2x — ^ 1 , , + C 


25. 


_ 2s + 2 _ _ As + B I C I D I E _^ i o 

(s 2 + l)(s- l) 3 _ s 2 + 1 卞 卞 (s - l) 2 卞 (s - l) 3 ^ ^-r ^ 

=(As + B)(s - l ) 3 + C (s 2 + 1) (s - l ) 2 + D (s 2 + 1) (s - 1) + E (s 2 + 1) 

=[As 4 + (-3A + B)s 3 + (3A- 3B)s 2 + (-A + 3B)s — B] + C (s 4 — 2s 3 + 2s 2 — 2s + 1) + D (s 3 - s 2 + s - 1) 

+ E(s 2 + 1) 

=(A + C)s 4 + (-3A + B - 2C + D)s 3 + (3A - 3B + 2C - D + E)s 2 + (-A + 3B - 2C + D)s + (—B + C - D + E) 


A 


C 


0 


-3A+ B-2C + D =0 
^ 3A-3B + 2C-D + E = 0 

-A + 3B - 2C + D =2 
-B+C-D+E=2 


> summing all equations => 2E = 4 ^ E = 2; 


summing eqs (2) and (3) —2B + 2 = 0 4 B = l; summing eqs (3) and (4) 2A 2 = 2 =>■ A = 0;C = 0 

from eq (1); then —1+0 — D + 2 = 2 from eq (5) =>• D = — 1; 



2s + 2 

(s 2 + 1) (s - l) 3 


ds = 





=-(s — l ) -2 + (s — 1 ) _1 + tan -1 s + C 


26. = f+ 今 s 4 + 81=A(s 2 +9) 2 + (Bs + C)s(s 2 + 9) + (Ds + E)s 

=A (s 4 + 18s 2 + 81) + (Bs 4 + Cs 3 + 9Bs 2 + 9Cs) + Ds 2 + Es 

= (A + B)s 4 + Cs 3 + (18A + 9B + D)s 2 + (9C + E)s + 81A 泠 81A = 81 or A = 1; A + B = 1 ^ B = 0; 

C = 0;9C + E = 0 ^ E = 0;18A + 9B + D = 0 今 D = -18; f ds = Jf - 18 / 

=In |s| + ( s 2 9 + 9 ) + C 


27 . 


2d 3 +5gj+8g + 4 


A6> + B 


(e 2 + 20 , 
= Ad 3 H 


C^ + D 


-2) 2 — d 2 + 26 + 2 (0 2 + 26 + 2) 

(2A + B) 6> 2 + (2A + 2B + C) 6 > + (2B + D) 


^ 26> 3 + 56> 2 + 86 > + 4 = (AO + B) ( 6> 2 + 26> + 2) + C 6 > + D 
今 A = 2;2A + B = 5 B = 1;2A + 2B + C 


8 泠 C = 2; 


2B + D = 4 泠 D = 2; 


2d 3 + 50 2 + 80 + 4 


20 + 2 
9 2 + 29-\-2 


册 -f 


(0 2 + 26 + iy 


d6 


26+ 1 


( 0 2 +20 + 2 ) 


d6> + 


20 + 2 


(e 2 + 29 + iy 


d6 


d6 


6 2 +26 + 2 


^ d(e 2 + 26 + 2 ) _ 
(e 2 + 29 + if _ 


n d(0 2 +20 + 2) 
O' 2 +29 + 2 


f 


dd 


{d + l) 2 + 1 _ G 2 + 26 + ^ 
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512 Chapter 8 Techniques of Integration 


02 ^ 2 d + 2 + In ( 沒 2 + 2 沒 + 2) — tan 1 ( 沒 + 1) + C 


28. 


e 4 - 4 e 3 + ie 2 - 39 +\ — a^ + b , c^ + d , e^ + f 

(e 2 + i) 3 — o 2 + 1 卞 (02 + 1) 2 卞(炉 + i) 3 


^ 6> 4 - 46> 3 + 26> 2 - 36> + 1 


= (A 6 » + B) {9 2 + I ) 2 + (C6 + D ) (沪 + 1) + E 6 » + F = (Ad + B) ( 6» 4 + 29 2 + 1) + {C9 3 + D 6» 2 + C0 + D) + E 6 » + F 


= (A 6» 5 + B 6» 4 + 2A9 3 + 2B6 » 2 + A0 + B) + (C0 3 + D 6» 2 + C0 + D) + E 6 » + F 

= A6 5 + B6> 4 + (2A + C)9 3 + (2B + D)6» 2 + (A + C + E)0 + (B + D + F) 泠 A = 0; B = 1; 2A + C = —4 
泠 C=-4;2B+D = 2 泠 D = 0;A + C + E = —3 泠 E= 1;B + D + F= 1 ^ F = 0; 


V - 4^ 3 + 2^ 2 - 3 ^ + 1 

(0 2 + if 


d6 


de 


W- 


(/fV + J (/T 17 = 0 + 2 ( 俨 + 1 厂 -念妒 + l) 


29 2x 3 — 2x 2 + 1 

• X 2 — X 




= 2 x+ ? 

B = l; I 


: 2 x + 


2x 3 - 2x 2 + ： 

X 2 — X 


x(x - 1) ， x(x - 1) 

:/ 2xdx / 


dx 




=> 1 = A(x — 1) + Bx; x = 0 4 A=—1; 

二 x 2 — In |x| + In |x - 11 + C = x 2 + In I ¥ I + C 


30. = (x 2 + 1) + = (X 2 + 1) + (x + ix, _ D ； (x + ixx.i) = + 占今 1 = A(x — 1) + B(x + 1); 

x=^l ^ A=-I;x=l ^ B = i;/^ T dx=/(x 2 + l)dx-l/^ T + i/ ; ^ T 
= j x'* + x 一 I In |x + 11 + I In |x — 1|+C = y + x + | In | ^ ~ 11 + C 

31- 9 x 3 x 7— 3x / 1 =9 + (after long division);: f 

泠 9x 2 — 3x + 1 = Ax(x - 1) + B(x — 1) + Cx 2 ; x=l 泠 C = 7;x = 0 泠 B = —1;A + C = 9 玲 A = 2; 
J 9 x 3 x 7 _ 3 x x 2 +1 dx = /9dx + 2/f-/|+7/^ r =9x + 21n|x| + i+71n|x-l|+C 


32. 


16x 3 _ 

4x 2 - 4x + 1 ' 

A = 6 : 


12x-4 




(4x + 4) + 4x：! ._ 4x+ i 
—A + B = —4 => B 二 


12x-4 


B 


(2x 

2 ; 




2x - 1 


16x 3 


2 (x+l ) 2 + 31n|2x- 1 | 


丁 (2x - 1)2 

dx = 4 J (x 


2x - 1 


4x 2 — 4x + 1 

+ Ci = 2x 2 + 4x + 3 In |2x 


泠 12x-4 = A(2x 
+ 1 ) dx 6 J* - 


dx 


2x- 


1) + B 
f 2 ^ 


dx 


(2x - l) 2 


1| 一 （ 2x - I )" 1 +C, where C = 2 + Ci 


33. = y - ^(pVi) ； = 7 + f^TT ^ 1 =A(y 2 + l) + (By + C)y = (A + B)y 2 + Cy + A 

^ A= 1;A + B = 0 ^ B = -1;C = 0; fy^+^ldy = fydy-ff + f^fj 
=g-In |y| + 1 ln(l +y 2 ) +C 

34 _ 2 / _— 9v + 2 -I_ _ _._ _ _=_ _ _= I- By + c 

'y 3 — y 2 + y — 1 ^ ' 卞 y 3 — y 2 + y _ 1 , y 3 _ y2 + y _ i (y 2 + 1) (y — 1) y — 1 ' y 2 + 1 

^ 2 = A (y 2 + 1) + (By + C)(y - 1) = (Ay 2 + A) + (By 2 + Cy - By — C) = (A + B)y 2 + (-B + C)y + (A - C) 
令 A + B = 0, —B + C = 0orC = B,A — C = A — B = 2 泠 A=1,B = —1，C = —1; 

f y 3 -yKy-i 办 = 2 / (y + 1 ) dy + - dy-f^rj 

=(y + l ) 2 + In |y -1| 一！ In (y 2 + 1) — tan - 1 y + = y 2 + 2y + In |y - 1 丨一 ■ In (y 2 + 1) — tan - 1 y + C, 

where C = Ci + 1 


35. 


e 1 dt 

e 2t + 3e l + 2 


[e l = y]/ 


dy _ f dy _ f dy 
y 2 + 3y + 2 ~ J y + 1 J y + 2 


In 


y±J 


y + 2 


C = ln 


e l + 2 


+ C 


36. 


J 


e 3t - 




-e l dt; 


y = e l 
dy = e l dt 


/ 勺 ^dy = /( y + 


y - j 

y 2 + 1 


dy 


2 


y 2 + 


»- ； dy- I i 


y 2 + 1 


^ ^ ln(y 2 + 1) - tan - 1 y + C = ^ e 2t + | In (e 2t + 1) — tan -1 (e 1 ) + C 
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37 - J rfy + stoy-e^ [ sin y = t，cos y dy = dt] 




f (， 


}) dt =l ln 


C 


i ln 


sin y — 2 
sin y + 3 


c 


38. 


sin 6 d9 

cos 2 6 + cos 0 - 

=i In I 

3 I 1 — cos 6 I 


;[cos 沒 =y] 4 — J 


dy 

y 2 + y - 2 




3 J y+ 2 3 J y-1 


厂 d y 

j 


ln 


y + 2 
y-l 


+ c 


ln 


I cos 9 + 2 I 


c 


c 


3 I cos 0 + 21 


c 


39. 


'(x - 2) 2 tan- 1 (2x) — 12x 3 - 3x 


dx 


(4x 2 + l)(x-2) 2 

J tan -1 ( 2 x)d (tan -1 ( 2 x)) —3^ 


券菩 dx-3/ 


(X - 2)2 


dx 


dx 

x — 2 


一 (tan -1 2x) 
(x — 2) 2 — 4 


dx 


3 In |x — 2| 


x — 2 


c 


40. 


' (x + l) 2 tan— 1 (3x) + 9x 3 + : 
(9x 2 + 1) (x + l) 2 


dx 


^ j tan -1 (3x) d (tan -1 (3x)) 


、驗 dx + 


0 TW dx 

dx — (tan - 


l 3x) 2 


+ In I x + 11 + x j + C 


41. (t 2 -3t + 2)^ = l;x=/ t ^f TI = /^-/^ T =ln|^|+C;^t=Ce-t=3andx = 0 
^ I = c ^ = ^ x = ln| 2 (^)| =ln|t- 2 | -ln|t- l|+ln 2 


42. (3t 4 + 4t 2 + 1) 莹 = 2\/3；x = 2 v ^/ 3t 4 + % + x - 

= 3 tan -1 — y/?> tan -1 1 + C; t = 1 and x = — ^ - = tt — ^ tt C C = —tt 

=> x = 3 tan -1 、 tan -1 1 — 7 r 


43. (t 2 + 2t) 莹 = 2x + 2; = /^Tit ^ 5 ln l x+1 l = |/ f _ i/t^ ^ In |x+ 1| = ln |^| + C; 

t = 1 and x=l ln 2 = ln I + C ^ C = ln2 + ln3 = ln 6 4 ln |x + 1| = ln 6 | | => x + 1 = 

^ x — _ 1， 1 〉 0 


44. (t + 1) 奢 =x 2 + 1 => f — f r+h - ^ tan 1 x = ln |t + 11 + C; t = 0 and x = | 4 tan -1 | = ln 111 + C 

C = tan -1 I = 1 > tan -1 x = ln|t+l| + l => x = tan (ln (t + 1) + 1)，t > 一 1 

45 - v = 7r f::y 2 dx = 兀 JT dx = 37F ([( - ih + li) dx = [ 3 ^ ln l^3l]o：5 = 37rln25 

46. V = 2 兀 f o 'xy dx = 2n f o \ x + _ x) dx = 4nf:(—l (^) + 1 ( 占 )）dx 

=[—f ( ln |x+l|+ 21 n| 2 -x|)] J= f (ln 2 ) 


47. A = J^tan -1 x dx = [x tan -1 x] 广 — { ^ x - 2 dx 

= fK + l)]f = 字 — ln2; 

i r a _i 

x = ^ J o x tan -1 x dx 
= i([h 2 tan-x]f^i/ o ^dx) 

=i I — [全 ( x _ tan_lx )](^ 

= + l) = i(T-#) = !-io 


y 
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514 Chapter 8 Techniques of Integration 


48. A ： 


4x 2 + 13x - 9 

x 3 + 2x 2 - 3x 

f 5 x (4x 2 + 13x - 9) 
； 3 x 3 + 2x 2 - 3x 


dx 


([4 x ]； 


+ 3 


2 .r^I = [ 3 ln w - In | X + 3| + 2 In |x 一 l|]g = In f ; 

i(8 + llln2-31n 6) = 3.90 


J3 x - 1 
r»5 

+ 2 


dx 


dx 


49. (a) I 


kx(N — x) 4 


dx 


x(N - x) 


kdt 


N , 


dx 


N 




kdt ^ N ln I 


(b) x = 古 N 


N = 1000, t = 0 and x = 2 => 1 9 § 8 1 ~ ^ ^ T^o I iooo-x I = 2 I 0 

:4t 泠 = e 4t 499x = e 4t (1000-x) 泠 （499 + e 4t )x = 

500 ^ 500 = 500 • 499 + 500e 4t = 1000e 4t ^ e 4t = 499 泠 t 


=kt + C; 

In (ife) 




1000e 4t 4 x = 


ln 499 « 1.55 days 


50. 


dx 

dt 


k(a — x)(b — x) =>• 


dx 


(a- x)(b-x) 


k dt 


(a) a = b: 

(b) a ^ b: 
t = 0 a 

x = 


dx 


(a - x) 2 " 

_ J 

= 

akt+ 1 
a 

- ^ 

n 

dx 


(a - x)(b - 

-x) 

lx 

= 0 

泠 i 

ab 1 

-l_ e (b-a)kt] 


k dt 4 ^ = kt + C; t = 0 and x = 0 ^ 


C ^ ^ 


kt+ i 


=> a — x 


akt+ 1 
kdt 泠 ~ 


4 x : 


a 


akt+ 1 


a 2 kt 
akt+ 1 


b—a 


r ^_ if 

J a — x b — a J I 
I b-x I 


dx 


kdt 今 s^lnl^l 


kt + C; 


b — a 


I a — x I 


(b — a)kt + ln(^) ^ e( b - a)kt 


- be(b— a ) kt 


51 .⑻ £ dx = £ (x^ _ 4x5 + 5x^ - 4x2 + 4 - ^) dx = f ^ tt 

(b) ^'100% = 0.04% 



52. P(x) = ax 2 + bx + c, P(0) = c = 1 and P’(0) = 0 令 b = 0 泠 P(x) = ax 2 + 1. Next, 

x ?(f^i )2 = 令 + 吾 + § + + (^_T )2 ; f or the integral to be a rational function, we must have A = 0 and 

D = 0. Thus, ax 2 + 1 = Bx(x - l) 2 + C(x - l) 2 + Ex 3 = (B + E)x 3 + (C - 2B)x 2 + (B — 2C)x + C 
B-hE = 0) 

=> C — 2B = a > =>E = —B; x = 1 ^ a + 1 = E; therefore, 1— 2B = a>l+2E = a# 1+ 2(a + 1) = a 

C = lJ 

a = —3 
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/o sin 5 x dx = 丄 （ sin 2 x)2sin x dx = 丄 （1 — cos 2 x) 2 sin x dx = 丄 （1 — 2cos 2 x + cos 4 x)sin x dx 

n7r/2 r»7r/2 r*7r/2 

=I sin x dx — I 2cos 2 x sin x dx + / cos 4 x sin x dx : 


-cosx + 2_ - _ 


tt/2 


⑼一 （-1 + 善 —D = ^ 


2. sin 5 (I)dx (using Exercise 1) = sin(|)dx — 2cos 2 (|)sin(|)dx + cos 4 (|)sin(|)dx 

=[~2cos (I) + |cos 3 (|) - |cos 5 (|)]^ = ⑼ -(-2 + I - 誉 ）=If 


r /2 n7r/2 r*n/2 r>7r/2 nn/2 

丌 /2 cos 3 x dx = J 丌 /2 (cos 2 x)cos x dx = J 丌 /2 (1 — sin 2 x)cos x dx = J —cos x dx — J 丌 /2 sin 2 xcos x 


dx 


sin x 


sin 3 x 


tt/2 

-tt/2 


(i 一 I) 一 （― 1 +!) 


J »7r/6 r*7r/6 ) r»7r/6 ) pn/6 

0 3cos 5 3x dx = J 0 (cos 2 3x) cos 3x - 3dx = J 0 (1 — sin 2 3x) cos 3x - 3dx = J 0 (1 — 2sin 2 3x + sin 4 3x)cos 3x - 3dx 


7r/6 pn/6 r»7r/6 

cos 3x • 3dx — 2 / sin 2 3x cos 3x • 3dx + L sin 4 3x cos 3x • 3dx 


Jo Jo 

(i 一 i +!) 一 ⑼ =A 


sin 3x — 2 


sin 3 3x 丄 sin 5 3x 


7r/6 

0 


15 


r»7T/2 




r»7r/2 


5. J Q sin 7 y dy = J 。 sin 6 y sin y dy = J Q (1 — cos 2 y) 3 sin y dy = J Q sin y dy — 3 J Q cos 2 y sin y dy 


r»7r/2 


r»7T/2 


pn/2 r>n/2 

+ 3 J 0 cos 4 y sin y dy — J 。 cos 6 y sin y dy 


-cosy+ 3^ -3^ + 


tt/2 


⑼ -(- i + i —營 + +) = i 


6. 


r»7r/2 


7cos 7 t dt (using Exercise 5) 


r»7r/2 pn/2 pn/2 pn/2 

J 0 cos t dt — 3 J 0 sin 2 t cos t dt + 3 J Q sin 4 t cos t dt — J Q sin 6 t cos t dt 


tt/2 


sint- 3 爭 + 3 誓 -刊 7(1 - 1 + § _ +) _ 7(0) 


16 


l o 8sin 4 x dx = 8J o (- 


T^) 2 dx = 2/ fl 


(1 — 2cos 2x + cos 2 2x)dx = 2 dx — 2 上 cos 2x . 2dx + 2 


i+cos4x dx 


=[2x _ 2sin 2x] q + dx + cos4xdx = 27r + [x + -sin 4x] : = 2 兀 + 7r = 3 兀 

8. 8cos 4 27rx dx = 8 上 ( 1 + c 『 4?rx ) 2 dx = 2 上 (1 + 2cos 4nx + cos 2 47rx)dx = 2 dx + 4 上 cos47rxdx + 2 上 
=[2x + 士 sin 47rx] : + 上 dx + 上 cos Snx dx = 2 + [x + ^：sin 87rx] : = 2 + 1 = 3 


1 + COS 87TX 


dx 


9. /l 4 16sin2xcos 2 xdx=16£ /4 (M.) (l±^) dx = 4 /；^ (1 - cos 2 2x)dx = 4 /；^ dx - 4 /_^ (l«)dx 
=N — 2 / 二 dx — 2 /二 cos 4x dx = 兀 + 卜 [2x + 亨] 二 =2n 一（■一 （-■))= 兀 


10. £ 8 sin 4 ycos 2 y dy = 8 ( 1-c 2 os2y ) 2 ( 1+c 2 os2y ) dy = fdy - J^cc^ydy - J^cos^ydy + J^cos 3 2ydy 

=[y - isin 2y] ； - £ dy + £ (1 - sin 2 2y)cos 2y dy = tt - dy - 二 扣 

— J sin 2 2y cos 2y dy = 7r + — — |sin 4y + ^sin 2y — | 


cos 4y dy + J o cos 2y dy 


^-| = | 
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516 Chapter 8 Techniques of Integration 


r»7r/2 r»7r/2 r*7r/2 ^>7r/2 

11. I 35 sin 4 xcos 3 x dx = I 35 sin 4 x (1 — sin 2 x)cos x dx = 35 / sin 4 x cos x dx — 35 / sin 6 x cos x dx 


35 宇 -35 宇 


tt/2 


(7 — 5) _ (0) = 2 


12 - Jo cos 2xsin2xdx 


13. / o " /4 8cos 3 20sin20d0 


1 cos 3 2x 
'2^~ 


6 1 6 


8 ㈠) 


1 、 cos 4 20 


4 


7r/4 


[— CO s 4 20]: /4 = ⑼ _ (-1) = 1 


X 7r/2 p7r/2 p7r/2 r»7r/2 

sin 2 2^cos 3 2^ d^= sin 2 2^(l — sin 2 2^)cos2^ d^= sin 2 2^cos 2^ — I sin 4 2^cos 26 d9 


1 sin 3 2 沒 — 1 sin 5 2 沒 

2 . T 2 • ~ 


p27T / p27T 

15 - Jo V^ dx =/„ 


o 

tt/2 


r»27r 


dx = J ； sin|dx= [-2cos |]f = 2 + 2 = 4 


16. / /l — cos 2x dx = / y^2 I sin 2x Idx = / \/2 sin 2x dx = — \/2cos 2x = v/2 + \/2 = 2\/2 

17. \j\ — sin 2 t dt = 上 I cos t |dt = cos t dt — J /2 cos t dt = [sin t] 【 /2 — [sin t] = /2 二 1 — 0 — 0 + 1 


18. \j\ - cos 2 沒 d0 = J* o I sin 6 \d0 = J q sin 6 d9 = [—cos 0]: = 1 + 1 = 2 

19. f /4 v^l + tan 2 x dx = J^ /4 | sec x |dx = J^^sec x dx = [ln| sec x + tan x |] ^ /4 = ln(\/^ + 1) _ \n(^/2 — 1^ 

= ln (^0= 21n ( 1 + v^) 

r /4 , - p7r/4 r>0 nn/4 n 

r/4 V sec 2 x — 1 dx = J_ 7r/4 |tanx|dx= -J ^tan xdx +J Q tan xdx = [-ln| sec x |] ^ + [-ln| secx |]； 

= 一 ln(l) + ln^/2 + ln^/2 - ln(l) = 2111^2 = In 2 


21 . 


i?r/2 


tt/2 


1 — cos 2^ 二 / ^-\/2 I sin ^ I d6 


^n/2 


0 sin 沒 = \J~2 [—^cos 0 + sin 9] ^ /2 = v^(l) = 


22 . 


冗 (1 — cos 2 t) 3 ^ 2 dt = J ^ (sin 2 t) 3 ^ 2 dt = J ^ | sin 3 t| 


dt 


0 r»7r /»0 

sin 3 t dt + J 。 sin 3 t dt = — J ^ (1 — cos 2 t)sint dt 


X 0 

兀 sin t dt + J ^ 


/» 7 T /» 7 T 

cos 2 tsintdt+ J Q sint dt — J Q cos 2 1 sin t dt - 


cost 


cos 3 1 


-COS t + 


cos 3 1 


( 1 ^5 + 1_ D + ( 1_ I + 1_ D 


23. I 2 sec 3 x dx; u = sec x, du = sec x tan x dx, dv = sec 2 x dx, v = tan x; 

J — 7T/3 

X 0 q 广 0 , — f 0 

_ /3 2 sec 3 x dx = [2 sec x tan x] _^ 3 — 2 J ^ /3 sec x tan 2 x dx = 2-1-0 — 22-^3 — 2J ^ sec x (sec 2 x — l)dx 

= — 2 J* ^ /3 sec 3 xdx + 2 J ⑷ sec x dx; 2 J ^2 sec 3 x dx = 4 a/ 3 + [21n | sec x + tan x|] °_^^ 3 

2 f: /3 2 sec 3 x dx = 4 a/ 3 + 21n 11 + 0| - 21n | 2 - | = 4^ — 2 In (2 — v^) 

f 二 3 2 sec 3 x dx = 2 力 —In (2 — a/^) 
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24. J e x sec 3 (e x )dx; u = sec(e x ), du = sec(e x )tan(e x )e x dx, dv = sec 2 (e x )e x dx，v = tan(e x ). 
J e x sec 3 (e x ) dx = sec(e x )tan(e x ) — J sec (e x ) tan 2 (e x ) e x dx 


sec 


(e x )tan(e x ) — J sec(e x )(sec 2 (e x ) — l)e x dx 
=sec(e x )tan(e x ) — sec 3 (e x )e x dx + J' sec(e x )e x dx 
2 J e x sec 3 (e x ) dx = sec(e x )tan(e x ) + ln|sec(e x ) + tan(e x )| + C 
J e x sec 3 (e x ) dx = | (sec(e x )tan(e x ) + ln|sec(e x ) + tan(e x )|) + C 


r»7r/4 p7r/4 p7r/4 nTr/A 

25. L sec 4 沒 d 沒 =L (1 + tan 2 sec 2 ^ dO = sec 2 沒 + J 。 tan 2 6 sqc 2 6 d6 


'0 


fo 


tan 6> + ^ 


7r/4 


(i +!) -⑼ 


r»7r/12 nn/\2 nT：l p7r/12 

26. 3sec 4 (3x) dx = (1 + tan 2 (3x))sec 2 (3x)3dx = sec 2 (3x)3dx+ tan 2 (3x) sec 2 (3x)3dx 


tan 


(3x) + 


，0 

tt/12 


( 工 + D _ ⑼ 


27. 


r»7T/2 


/7t/4 


csc 4 0d0 = /^(l + CO t 2 ^)csc 2 ^ dO = J^ /4 esc 2 6 dO + J /4 cot 2 ^ esc 2 ^ dO = cot 沒一 


7r/2 

7t/4 


( 0 ) - （-1 - !) = I 


28 - Sin 3csc 4 f dd = 3fJ /2 (1 + C 0 t 2 |)csc 2 f d0 = 3 J: 2 c S c 2 f d0 + 3 /二 cot 2 fcsc 2 f d0 


-6cot I — 6 


cot 3 ^ 


7r/2 


(-6 • 0 - 2 • 0 ) - (-6 • 1 - 2 • 1 ) = 8 


^7r/4 


r»7r/4 


29. I n 4 tan 3 x dx = 4 j 。 (sec 2 x — l)tan x dx : 
2(1) — 4111^ — 2 • 0 + 41n 1 = 2 - 21n 2 


f »7r/4 p7r/4 

sec 2 x tan x dx — 4 J Q tan x dx 


4^^ — 41n |sec x| 


7r/4 


r /4 p7r/4 nTr/A p7r/4 

/4 6 tan 4 x dx = 6J /4 (sec 2 x — l)tan 2 x dx = 6j /4 sec 2 x tan 2 x dx — 6J /4 tan 2 x dx 


-7r/4 


sec 2 x tan 2 x dx - 6 | 丌 /4 (sec 2 x — l)dx 


^ tan 3 x 


7r/4 


r '/4 n7T/4 

^ /4 sec 2 xdx+ 6 j ^ /4 dx 


2(1 — (_1)) — [6tan x]!^ + [6x] J 4 〆= 4 - 6(1 - (-1)) + f + f = 3 tt - 8 


lV 4 


厂 7r/3 广 7t/3 p7r/3 

31. I ,, cot 3 x dx = J ,, (csc 2 x — 1 )cotx dx 


/ 7r/6 


' 7t/6 


, 7t/6 


nTT/3 

esc x cot x dx — / ^ cot x dx 

J7T/6 


cot 2 x 


+ In I esc x| 


>(3 _ 3 ) + ( ln 含 一 ln2 ) = 論 一 ln \/^ 


7r/3 

7t/6 


32. /: 8 咖 4_ = 8 人 /4 

7r/2 广 7t/2 


7t/ 2 p7r/2 

(csc 2 t — 1 )cot 2 t dt = 8 I lt esc 2 1cot 2 1 dt - 


, 7r/4 


nn/2 

Itt/4 


cot 2 t dt 


-8 


cot 3 t 


7r/4 


, 7t/4 


(csc 2 t — 1 )dt 二 —1(0 — 1) + [8cott] ^4 + [8 t]=I + 8(0 — 1 ) + 4 兀 一 2 兀 = 2 兀 


7r/4 _ 3 


T 


X 0 广 0 Q 

^ sin 3x cos 2x dx = ^ (sin x + sin 5x) dx = ^ [—cos x — |cos 5x] — ^ = |( — 1 — 




nir/2 r»7r/2 

34. J o sin 2x cos 3x dx 二 （ sin(—x) + sin 5x) dx = ! [cos(—x) — |cos 5x] 


7r/2 


⑽ —K 1 一 D 
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£ p7T n7V r»7T 

sin 3x sin 3x dx = ^ (cos 0 — cos 6 x) dx = ^ dx — ^ J ^ cos 6 x dx = | [x — 為 sin 6 x] 开 =! + 


广 tt/2 . 

36. I sin x cos x dx 


2 Jo 


7r/2 />7 t/ 2 ， 9 

(sin 0 + sin 2 x) dx = | / sin 2 x dx = — 4 [cos 2 x ] n ^ 


0 — 4 


(-1 — 1 ) 


37 ' Jo cos 3xcos4xdx= 5 j o 


(cos(—x) + cos lx) dx= ^ [—sin(—x)+ysin 7x] ^ = 臺 (0) = 0 

J—:2( C 


38. J [ cos 7x cos xdx = : /2 (cos 6 x + cos 8 x) dx = I [ 去 sin 6 x+|sin 8 x] = 0 


39. x = t 2 / 3 =^t 2 = x 3 ;y=|=^y=^;0<t<2^0<x< 2 2 / 3 ; 


2 

a = / 0 22/3 m ( 誓 ) 


2tt 

27 


(l + 9(2 2 / 3 )) 


2 y V 1 4 J 
3/2 


u=?x 4 
du = 9x 3 dx 


^9(2 2 / 3 ) 


IJ 0 a/ 1 + udu = I - 1(! + «) 3/2 


9(2 2 / 3 ) 


40. y = ln(cos x); y f = — — tan x; (y’）= tan 2 x: 

=ln (2 + \/3) - ln(l + 0 ) = ln (2 + V^) 


2 ' J : 3 办 


+ tan 2 x dx = I |secx| dx = [In|sec x + tan x|] q 


41. y = ln(sec x); 〆 = 

= ln(v^+l) -ln (0 + l) =ln(v^+l 


r»7r/4 


7r/4 


tan x;(y ’) 2 = tan 2 x; / y/l + tan 2 x dx = / |secx| dx 二 [In|sec x + tan x|] 


7r/4 


42. M 


f_ n/4 sec x dx = [ln|sec x + tan x|]= ln(+ 1 ) — In 10 — 1 | 二 In 
/4 x _ 

t X _ 21n^±i L 一平 21n^ v 、 " In 


y= J'-M ^ dx= 2tafe [tanx] -"/ 4= 

V2-1 V2-1 V2-1 

^ y ) = (°> ( ln ^0 _1 ) 


V2+1 


43. V 


sin 2 x dx 


I 1 — cos 2x 

lo ^2^ 


dx = ijn dx _ iJo cos 2xdx = f Wo _ f[ sin 2x ] 0 = K 71 " - 0 ) - |(0 - 0) 




7r/4 


r»3?r/4 


44. A = j o yjl cos 4x dx = J 。 -\/2~|cos 2x|dx = \J~2 J Q ' cos 2xdx — \/~2 J cos 2x dx + \/~2 cos 2x dx 


7r/4 

■^-[ sin 2 x] Q ^ 4 — - [sin 2 x] 二 ( 4 + 寺 [sin 2 x] ^y 4 = ^y-(l — 0) — ^y -(—1 — 1) + 鲁 (0 + 1 ) = + = 2-^2 


pk+27T pk+27T 

45. (a) m 2 7 ^ n 2 => m + n 7 ^ 0 and m — n ^ 0 ^ | t sin mx sin nx dx = ^ J k [cos(m — n)x — cos(m + n)x]dx 


/k 

I k+27T 


=I [A sin ( m — n )x — ^sin(m + n)x] k 
=^( 5 T^sin((m — n)(k + 27r))- 占 sin((m + n)(k + 2 tt))) — |( 土 sin((m — n)k)— 击 sin((m + n)k)) 
=^nj sin ((m — n ) k )— 邱 nV^ sin (( m + n ) k ) — + 兩 ^ 如 ((111 + n)k) = 0 

=> sin mx and sin nx are orthogonal. 

J 、 k+27T /^k+27T 

k cos 0 dx = 7 r. m 2 # n 2 4 m + n ^ 0 and m — n 7 ^ 0 ^ J k cos mx cos nx dx 

1 厂 k+27r 「 \ 1 1 「 1 • 1 1 k+27r 

= 金 J k [cos(m — n)x + cos(m + n)x]dx = ^ [^ 3 ^sin(m — n)x + ^q-^sin(m + n)xj 

= 5(S^ sin (( m — n )( k + 2 兀 )）+ 2 f 5 TFi)Sin((m + n)(k + 27r)) - - n)k) - 5I ； 5 ^sin((m + n)k) 

= 2 (sb) sin (( m - n ) k ) + 2 ( 5 rTi) sin ((m + n)k) - sin((m — n)k) — 2 (sW sin (( m + n ) k ) = 0 
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Section 8.5 Trigonometric Substitutions 519 

cos mx and cos nx are orthogonal. 

nk+2n nk+2n 

(c) Let m = n 4 sin mx cos nx = 去 (sin 0 + sin((m + n)x)) and 去 J k sin 0 dx = 0 and ^ J k sin((m + n)x) dx = 0 

sin mx and cos nx are orthogonal if m = n. 

Let m ^ n. 

■k+2?r 广 k+27r k+27r 

sin mx cos nx dx = ^ J k [sin(m — n)x + sin(m + n)x]dx = ! [—^^cos(m — n)x — ^^cos(m + n)x] 

=-2(5r=^) cos (( m_n )( k + 27r )) - 5{5iW COS (( m + n )( k + 27r )) + 2(5T^) C0S (( m - n ) k ) + 2(5T+i) C0S (( m + n ) k ) 
=— 5^ cos (( m — n ) k ) — ^y cos (( m + n ) k ) + 5^ cos (( m — n ) k ) + 2 (^ cos ((m + n)k) =0 
=> sin mx and cos nx are orthogonal. 

£ N r»7T r»7T 

f(x)sin mx dx = I sin nx sin mx dx. Since ^ / sin nx sin mx dx = 

n=l 

r*7T 

the sum on the right has only one nonzero term, namely ^ J ^ sin mx sin mx dx = a m . 


JO for m n 
[1 for m = n 



8.5 TRIGONOMETRIC SUBSTITUTIONS 


1. y = 3tan0,-f <0<l ， dy=^,9 + y 2 = 9(l+tan 2 0) = ^ ^ ^ ^ 

(because cos ^ > 0 when — | < ^ < |); 


cos 0 


dy 


\/9 + y 2 


cos 6 dd 
3 cos 2 9 


dd 

cos 6 


In I sec 9 + tan ^| + C r = In 


\/9 + y 2 , y 
3 t 3 


C = ln|v / 9Ty2 + y| +C 


2 . 


7TW ;[3y = x] ^ J vf^ ;x = tanU 


^ < t < 晏 ， dx : 


dt 

cos 2 


- t , v 7 ! +x 2 


dx 


\/l+x 2 


cos2t ( 丄） 


In Isec t + tan t| + C = In 


y/x 2 +l + x + C = In I yi +9y 2 + 3y| + C 


3 - 1-2 4ti? = [ 2 tan_1 f] - 2 = 2 tan_11 ^ 2 tan_1 = ( 2 ) (!) ^ ( 2 ) (- f) = I 

4 . = ■ f 0 為 =- tan — 1 I] S = I (I tan — 1 1 — I tan — 1 0) = G) (I) (?) _0 = 15 

5 . J 0 3/2 7=i = [ 齟 - 1 ，] : /2 = sin -4 - i 1 。 = f _ 0 = f 


6. 



2dx 

\/l-4x 2 



"1/2^2 


Vi-t 2 


[sin -1 1] 


l/v^ 


0 = 


-0 = 


7T 

4 


7. t = 5 sin — I < 9 < |, dt = 5 cos 6 d9, y/25 — t 2 = 5 cos 6\ 

f V25 - t 2 dt = / (5 cos 0)(5 cos 6 ) dO = 25 J cos 2 0 d6 = 25 f 1+c 2 os2 ^ dO = 25 (f + 亨 ) + C 
=f (0 + sin (9 cos 6») + C = f sin- 1 ⑴ + ⑷ +C=f sin- 1 ⑴ + + C 


8. t = I sin 0, — I < 0 < I，dt = I cos 0 dO, a/ 1 — 9t 2 = cos 0\ 

J \/1 — 9t 2 dt = I J (cos 沒 )(cos 0) dO = ^ f cos 2 6 d9 = 1(0 sin 9 cos 9) -\-C= ^ sin -1 (3t) + 3t^/l — 9t 2 + C 


9. x = I sec 9,0 < 9 < |, dx = | sec 6 tan 6 dO, \/ 4x 2 — 49 二 \/ 49 sec 2 6 — 49 = 7 tan 0; 

/^ra = / aS V t a t n a 7 )d9 = l/^cgdg=iln|secg + tang|+C=iln|^ + ^B|+C 
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520 Chapter 8 Techniques of Integration 


10. x = I sec 沒 ， 0 < 沒 < f ， dx 


sec 


0 tan 0 dO, 25x 2 — 9 = \J9 sec 2 9 — 9 = 3 tan 9; 


Ifn = / 5(|se 3tan7 g)dg = f sec 0d0 = ln|sec 0 + tan + C = In 


V25x 2 -9 


5x 丨 \/25x 2 -9 
T ^ 3 


+ C 


11. y = 7 sec 沒 ， 0 < ^ < dy = 7 sec 6 tan 6 dO, \/y 2 — 49 = 1 tan 6\ 


* v5^49 


dy: 


(7 tan 6){1 sec 6 tan 6) d0 

7 sec 9 


1 f tan 2 6d9 = l f (sec 2 G - 1) d& = 7(tan 9 - 9)+ C 


secD 


+ C 


12. y = 5 sec 0,0 < 0 < dy = 5 sec 0 tan 6 d6, -\/y 2 — 25 = 5 tan 9\ 

f (5 ^ d f 2 ^T 9)d9 = ^ J tan 2 0 cos 2 9 dO = ^ J sin^ 0 d9 = ^ J (l - cos20) dO 


jq(0 - sin 沒 cos 沒 ) + C = 忐 sec -1 ( 蒼） 一 (V y y _25 ) ( 参 ) 


+ C 


sec- 1 (f) Vy 2 ~ 25 
^ro 2 y 2 ^ 


c 


13. x = sec 0,0 < 0 < I，dx = sec 0 tan 6 d6, 


tan 0; 


dx 


X 2 \/X2 ： 


sec 9 tan 6 d9 
sec 2 6 tan 6 


i^ = si M + C 




c 


14. x = sec 9,0 < 6 < dx = sec 9 tan 6 dO, \/x 2 — 1 = tan 0; 

r 2 dx — r2tan0sec^d0 _2 J C os 2 6 d6 = 2 f d6 = 6 + sin 0 cos 6 ^ C 

c 


x 3 yj x 2 _ i _ J sec 3 6 tan 6 

=^ + tan ^ cos 2 9 -\-C = sec— 1 x 


+ a/x 2 - 1 ⑴ + C = sec -1 x + 


y/x 2 - 


15. x = 2 tan 6, — ^ <C 6 <. 号 ， dx = cos^o ， \/ x2 + 4 : 


x 3 dx 
\/x 2 +4 


• ( 8 tan 3 9) (cos 6) d6 
cos 2 9 




sin 3 e de 
cos 4 6 


二 JL- • 

cos 6 

(cos 2 0 — 1) ( — sin 6) dd 
cos 4 0 ， 


[t = cos ^ 8 J 'dt = 8^ ( 去 一 *) dt = 8 (―十 + 士 ） + C = 

+ C = i (x 2 + 4) 3/2 — 4^ 2 + 4 + C 


V^+4 , (x 2 +4) 3/2 
~~2 1 8 ^ 3 ^ 


.sec 6> + 卓、 


C 


16. x = tan — I < ^ < |, dx = sec 2 6 d6, y/x 2 -\- \ = sec 0; 

C= +C 


2 w 〜歹 ，’ 

dx — I sec 2 6 d9 — C cos 6 dd — 1 i — —\/x 2 +l 


x 2 ^T1 


tan 2 6 sec 6 


sm 2 6 


sin 9 


17. w = 2 sin — I < ^ < |, dw = 2 cos 0 dO, \/4 - w 2 = 2 cos 6\ 

8-2 cos 6 d6 _ j r d9 
4 sin 2 6-2 cos 6 — J sin 2 9 


8 dw 


w 2 a/ 4 — w 2 


-2 cot 6> + C = ~ 2a/4 ~ w2 


C 


18. w = 3 sin — I < ^ < I，dw = 3 cos 6 d^, \/9 — w 2 = 3 cos 0\ 


f 


V9-w 2 


dw 


2 \ v \ 2 ， 

3 cos 9-3 cos 9 dd 


9 sin 2 0 


/cot 2 0d0 = f ( ; : 辦 ) dO = /(CSC 2 6» — 1) d6» 


cot 0 — 0 C 


\/9 — w 2 


sin 


(f)+C 


19. x = sin 0 < ^ < I，dx = cos 0 d6, (1 — x 2 ) 3 / 2 = cos 3 6\ 


4x 2 dx 


r\/3/2 

lo (二 X;) 3/2 

= 4 [tan 6» — ㈤/ 3 = 4V^ — f 


r 


4 sin 2 6 cos 6 d6 

cos 3 6 


d0 = 4/ ； /3 (sec 2 0-l) 


d6 
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Section 8.5 Trigonometric Substitutions 


20. x = 2 sin 0 < ^ < dx = 2 cos 6 dO, (4 — x 2 ) 3 / 2 = 8 cos 3 0; 


dx 


/o (4 -x 2 ) 3/2 


X / Tslf = \ ij = i I tan °]o /6 = IT = 


21. x = sec 0 < ^ < I ， dx = sec 6 tan 6 d6, (x 2 — l) 3 / 2 = tan 3 6 ; 

C= — 


dx 

(x 2 -l ) ： 


3/2 


sec 9 tan 9 d6 


cos 6 d6 
sin 2 6 


sin 9 


\/x 2 - 1 


22. x = sec 沒 ， 0 < ^ < dx = sec 0 tan 0 d6, (x 2 — l) 5 ’ 2 = tan 5 O', 


x 2 dx 


(x 2 -l)' 


w 


2 

sec 2 ^-sec 6 tan 6 d0 

tan 5 0 




3 sin 3 9 


+ C ： 


x 3 


3 (x 2 - 1). 


3/2 


+ c 


23. x = sin — I <9 < |, dx = cos 6 d6, (1 — x 2 ) 3 ’ 2 = cos 3 0; 


*(1-X 2 ) 3/2 dx 


cos 3 ^-cos 6 dd 
sin 6 6 


cot 


4 6 CSC 2 edO = -^P--^C 




c 


24. x = sin0, — I <6 < |,dx = cos 6 d6, (1 — x 2 ) 1 ’ 2 = cos 0; 

J cot 2 6 esc 2 6 d6 - 


*(1-X 2 ) 1/2 dx 
X 4 


cos 0-cos 9 dd 
sin^ 


cot 3 9 


c 




c 


25. x = I tan — I < ^ < dx = | sec 2 6 dO, (4x 2 + l) 2 = sec 4 0\ 


8 dx 


4 I cos 2 6 d9 = 2(0 + sin 6 cos 6) -\-C = 2 tan -1 2x + 


4x 


(4x 2 +1) 2 J sec 4 6 — ■ J v … 一 v v w “ 一 1 一 ■ ( 4 x 2 + i) 

26. t = I tan 沒， 一 f < 0 < |, dt = | sec 2 9 d6, 9t 2 + 1 = sec 2 0; 

fjdfw = / 6 (•:=) 仙 =2 f cos2 ^ = 6> + sin 6> cos 6> + C = tan— 1 3t + + C 


C 


27. y = sin — I <6 < dv = cos 6 d9, (1 — v 2 ) 5 ’ 2 = cos 5 6; 

I J^ = I = / 加 2 0 孤 2 陈竽 + C = * 


c 


28. r = sin 0, — I < 0 < I ； 

"collide = J cot 6 Q csc 2 dd9 = _coee +c 


' {l-r 2 ) 512 dr 




+ c 


29. Let e l = 3 tan t = In(3 tan 6), tan -1 Q) < 9 < tan -1 (|), dt 


sec 2 6 
tan 0 


Mn4 , /^tan -1 (4/3) _ ^ 9 ^ ntan -1 (4/3) , A ... 

edt - r 3tanS ' sec - L-ui/ 3) sec0d0 = [l n | SeC 0 + tan C 二 ㉕ 


to y/e 2t + 9 — Jtan- 1 (1/3) tan e-3 sec 6 

= ln(f+ f) - In (穿 + i) = In 9 - In (1 + x/To) 


dd, A/e 2 ' + 9 = V9 tan 2 9 + 9 

tan" 1 (4/3) 
tan -1 (1/3) 


30. 

Let 

= tan 9, t 

=In (tan 0), tan 

- 1 ⑴ 

< 

? < tan- Yl) ， dt 

_ sec 2 6 
— tan 6 

d9, 1 + e 2t = 1 + tan 2 6 = sec 2 0; 


厂 ln (4 / 3) 

Jin (3/4) 

e l dt 

一 

广 -'(4/3) (tan 6)(^/ 

)dd 

ptan -1 (4/3) 

- Jtan— 1 (3/4) C0S 

0d0 = 

r Q ； n 切 tan- 1 (4/3) _ 4 3 _ 1 

i Sin tan- 1 (3/4) — 5 5 _ 5 


( 1+e 2t)3/2 

J 

tan -1 (3/4) 

sec 3 6 


31. 

f 1/4 

2dt 。 


2\/t, du = 



—广 2du 

tan 0, 

| < < |, du = sec 2 9 dd,l+ u 2 

Jl/12 y/t + 4ty/t ? 



Jl/V3 1+u 2 ' 


广 

2 du _ 

r»7r/4 

7r/6 

2sec 2 0d6 / _ 


2 (^I) = 1 




Jl/0 

1+u 2 J 

sec 2 6 




3 sec 6; 


sec 2 0; 
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522 Chapter 8 Techniques of Integration 


32. y = e tan0 , 0 < ^ < |, dy = e tan0 sec 2 6 d6, V1 + (In y) 2 = \/1 + tan 2 0 = sec 0\ 

fiyVi+Onyf = iT ST^ C ㈣ =[ ln I sec 0 + tan 0|]^ /4 = In (l + v^) 


33. x = sec 0,0 < 0 < dx = sec 6 tan 6 d6, \/x 2 — 

6 C = sec -1 x + C 


^sec 2 0 — l = tan 0: 


dx 

X\/X 2 - 


sec 6 tan 6 dd 
sec 6 tan 6 


34. x = tan 6, dx = sec 2 沒 d 沒 ， 1 + x 2 = sec 2 6\ 
/FTT = /^=^ + C = tan-ix + C 


35. x = sec 6, dx = sec 6 tan 6 d6, \/x 2 — 1 = \J sec 2 9—1 = tan 6\ 

I x dx _ / sec 0-sec 6 tan 6 dd 




tan 6 


sec 


2 0 d6» = tan 6» + C = \/x 2 - 1 + C 


36. x = sin 0, dx = cos 0 dO, ~ ^ < 6 < f ; 


dx 




cos d dd 
cos 6 


沒 + C = sin -1 x + C 


37. x g = Vx 2 - 4; dy= v^-4 f ;y= / dx; 


x = 2 sec 0,0 < 6 < ^ 
dx = 2 sec 0 tan 6 dO 


yx 2 — 4 = 2 tan 6 

y= f (2tanfl)( = tanfl)dff =2f tan 2 6» d6» = 2 f (sec 2 0 - 1) dO = 2(tan0 — 6>) + C 


\/x 2 — 4 


sec 


(!) 


+ C; x = 2 and y = 0 4 0 = 0 + C ^ C = 0 => y = 2 




38. v / x2-9g = l,dy 


dx 


dx 


Vx 2 -9 ’ ' 


Vx 2 -9 ， 


x = 3 sec 0 < ^ < I 
dx = 3 sec 6 tan 6 d6 


sec 6 d6 = In I sec 6 + tan 沒 | + C = In 


\/x 2 — 9 = 3 tan 9 


3 sec 9 tan 6 d9 
3 tan 9 


+ C; x = 5 and y = ln3 4 In3 = ln3 + C ^ C 


令 y = In f 


\/x 2 — S 


39. (x 2 +4) | = 3,dy=|^;y = 3 


dx 


今 C = —f 今 y 


(!)- 


WT4 ~ 2 
3n 
T 


I tan— 1 ■ + C; x = 2 and y = 0 => 0 = . tan— 1 1 + C 


40. (x 2 + l) 2 茫 =\/x 2 + 1, dy 


y 


I 


dx 
sec 2 9 dd 


dx 

(x 2 + 1) 3/2 


;x = tan 6, dx = sec 2 9 d9, (x 2 + l) 3 ’ 2 = sec 3 6\ 


sec 3 6 

泠 1 =0 + C O y 


cos ^ = sin ^ + C = tan 0 cos 沒 + C 


tan 9 
sec 9 


c 


+ C; X = 0 and y = 1 


y/\ 2 + l 


41. A = f ^ 9 r x2 dx; x = 3 sin 0 < ^ < ; ， dx = 3 cos 6 dO, ^/9 — x 2 = \/9^9siii^ = 3 cos 6; 


A ： 


f: /2 3cos^cos^d^ =3 £ /2 cos 2 Ode =l[0 + sin0 cos 0} n 0 /2 = ^ 
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Section 8.5 Trigonometric Substitutions 523 


42 - v = Jc n (thf dx = 4n 


dx 


/o \l+x 2 J … 一 v Jo (X 2 + 1) 2 ’ 


x = tan 0, dx = sec 2 沒 d 沒， x 2 + 1 = sec 2 6; 
v = 4 tt £ /4 ^f =4n f: /4 cos 2 9 dd 
= 2 兀 J o " /4 (l + cos 29) dd = 2n[9+ f 4 = tt (f + 1) 



43. 


dx 


(器） 

二 d) 


2 dz 


c 


1 -tan ⑴ 


+ C 


44. 


dx 


2 dz 


1 + sin x + cos x _ J i 丨 （ 2 z I l - z 2 ) _ J l+z 2 + 2 z+l—z 2 

:In I tan (|) + l| + C 


f rh = In |1 +z| +C 


厂 /2 

Jo 1 


dx 


45 




(浩） 


2 dz 


[iT^] 


1 — COS X 


■ j0(1+z)2 

= iD= [_ 去 ] 


-(1 - 2)=1 


1/W : 


V~3- 


47 


■ r 


dd 


2 + cos 6 _ Jo 


48. 


7T — \Z^7T 

3^3 _ 


广 /3 cos 6 dd 

J ll 




2 dz 

2 + 2 z 2 + 1 - z 2 


/ 2 dz 
lo z 2 +3 


2 

7i 


tan_1 TiJ 


75 tan 75 


(MIGs) 


2 ( 1 — z 2 ) dz 


sin 6 cos 9 sin 6 _ J i 

. / 2 z \ 

— J i 2 z — 2 z 3 + 2 z + 2 z 3 


(l + Z 2) 2 U + 



i In z - ^ 




In W 


49. 


〔浩） 


2 dz 


In 


tan ( 备 ）+ 1 - 
tan + 1 + \pl 


2 z_l -z 2 \ — J 2 z — 1 + z 2 _ J (z+ l ) 2 — 2 

+ z 2 1 +z 2 / 

+ c 




(0-|) = ¥-- = |(ln3-2)=“ln0- 

-1-72 


2 dz 




In 


■1 + ^2 


+ C 


50. 


cos t dt 
1 — cos 




• (1 — z 2 ) dz 
(l+z 2 )z 2 


(ttS) 

dz 

z 2 (l+z 2 ) 


2 (1 — z 2 ) dz 




( 1 +z 2 ) 2 —(l+z 2 )(l —z 2 ) — J (l+z 2 )(l+z 2 -l+z 2 ) 




2 (1 — z 2 ) dz 


J 


dz 

TTF 


dz — 9 I dz 

^ J 


51. I sec 0 d0 


d0 

cos 6 


囑 


2 dz 


2 dz 


In 11 + z| — In 11 — z| + C 二 In 


J 1 — z 2 _ J (1 + z)(l — z) 
1 + tan (!) 


2 tan -1 z + C = — cot ( 臺 ） —t + C 


/ dz I / dz 

J TT^ + J 


+ C 


52. Jcsc0d0 = j£- 9 


m 


l-tan(|) 

f^ = In |z|+C = ln |tanf|+C 
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524 Chapter 8 Techniques of Integration 

8.6 INTEGRAL TABLES AND COMPUTER ALGEBRA SYSTEMS 


dx 


念 邮 - 1 


c 


x\/x — 3 

(We used FORMULA 13(a) with a = 1， b = 3) 


2 - J = ^ ln 


\/x + 4 - y/4 
y/x + 4-\-y/4 


+ C = 古 In 


■y/x + 4-2 
y/x + 4 + 2 


c 


(We used FORMULA 13(b) with a = 1, b = 4) 


3. 


x dx _ I (x - 2) dx 
y/\ — 2 J y/x — 2 

=G) 寧 + 20 


2 /v^ = /(^^) ldx + 2 /(^ 

(v^) 1 


x-2 


dx 


/x-2 


2(x - 2) 


+ 4 


+ C 


(We used FORMULA 11 with a = 1, b = —2, n = 1 and a = 1， b = —2, n 


1) 


4. 


x dx 

(2x + 3) 3 / 2 




1 r (2x + 3) dx 

2 J (2x + 3) 3 / 2 

2x + 3) dx - 
(2x + 3 + 3) + C 


dx 


dx 


dx 


(2x + 3) 3 / 2 


V2x + 3 


(y/2^3y 


IU' 


2x + 3 dx= (1) (I) 


1 、，纟、 (a/2x + 3) 


<3 、，纟、 (\/2x + 3) 
(-D 


(I) (I) 


c 


(x+3) 


c 


2 \J 2x + 3 ^/2x + 3 

(We used FORMULA 11 with a = 2, b = 3, n 


-1 and a = 2, b = 3, n = —3) 


5. J x^2x — 3 dx = ^ f (2x — 3)\/2x — 3 dx + | \/2x — 3 dx = ^ f (\/2x — 3) dx + | J (\/2x — 3) dx 


(1)(1)^ 


(1)(1) 琴 


C 


(2x- 3) 3 / 2 「 2x-3 


+ 


1] + c = (2x ~ 3)3 5 /2(x+1) + c 


6. 


(We used FORMULA 11 with a = 2, b = —3, n = 3 and a = 2, b = — 3, n = 1) 

Jx(7x + 5) 3 / 2 dx = i J(7x + 5)(7x + 5) 3 / 2 dx - | J(7x + 5) 3 / 2 dx = i J(^/7x + 5) 5 dx - f J(^7x + 5) E 
=( 1) ( 2 } (^ _ (?) (|) (^ 


c 


[(7x + 5) 5 / 2 ' 


■2(7x + 5) o 

L 49 


7 。 


+ c 


(7x + 5) 5 / 2 


49 


, 14x - 4 


)+c 


(We used FORMULA 11 with a = 7, b = 5, n = 5 and a = 7, b = 5, n = 3) 


I 


\/9-4x d x — — ^ 9 ~ 4x 丄 (_ 4 ) 


dx 


+ c 


X 5 ^ UA _ ^ x 1 J x ^/9 - 4x 

(We used FORMULA 14 with a = — 4, b = 9) 
2 


^9-4x 


fe) ln 


c 


V9-4x-y/9 
V9-4x+V9 

(We used FORMULA 13(b) with a = -4, b = 9) 

-y/9-4x _ 2 \/9 - 4x - 3 


V9-4x + 3 


+ C 


8 . 


dx 


x/4x-9 

(-9)x 


dx 


x 2 x/4x-9 — (~9)x 18 J Xx /4^ 

(We used FORMULA 15 with a = 4, b 


C 


-9) 




tan - 


Mx-9 


c 


9x V9/ \^9 / V 9 

(We used FORMULA 13(a) with a = 4, b = 9) 

4 1 / 4x —9 


~97" 


27 


tan' 


C 


dx 
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Section 8.6 Integral Tables and Computer Algebra Systems 525 


9. Jx\/4x _ x 2 dx = Jx\/2.2x — x 2 dx = ^ + + | sin -i ( 早 ) + c 

=(x + 2)(2x-6)7^2 +4sin -l (x^2) +C= + (^)+C 

(We used FORMULA 51 with a = 2) 

10. f 气 - x 2 dx = J V 2 X dx = ^2 • I x - x 2 + I sin- 1 (^ 1 ) + C = y/x — x 2 + \ sin -1 (2x — 1) + C 

(We used FORMULA 52 with a = !) 


11 . 


dx 


dx 


xy7 + x 2 




In 


+ x 2 




+ X 2 


We used FORMULA 26 with a : 


V^) 


c 


Ti 


In 


y/l + y/l + x 2 


c 


12 . 


dx 


dx 


x\/7-x 2 


/ ㈣ j 


-U In 




We used FORMULA 34 with a 


V^) 


+ c: 


77 


In 


y/T+y/l-x 2 


+ C 


13. 


* -y/4 — x 2 


dx 


dx= V2 2 - X 2 - 2 In 


2 + yjl 2 - X 2 


C = V^4 - x 2 -2 In 


2 + \/4 - X 2 


+ C 


(We used FORMULA 31 with a = 2) 


14. J dx = J 22 dx = \/x 2 — 2 2 — 2 sec -1 ||| + C 二 \/x 2 — 4 — 2 sec -1 11| + C 

(We used FORMULA 42 with a = 2) 

15. f y/25 -p 2 dp = f \/5 2 - p 2 dp = I y/5 2 -p 2 + 誓 sin -1 | + C = | y^25 - p 2 + y sin- 1 | + C 

(We used FORMULA 29 with a = 5) 


16. Jq 2 ^/25 - q 2 dq = dq = 誓 sin -1 (|) - | qi/^^^(5 2 — 2q 2 ) + C 

sin_1 (1)-1 qV / 25^(25-2q 2 ) + C 
(We used FORMULA 30 with a = 5) 

17 - fvh dr =fv ¥^ dr = 2 ^ sin ~ 1 (§)-5 + C = 2 sin— 1 (§) - i r^^ + C 

(We used FORMULA 33 with a = 2) 


18. 


ds 


Vs 2 -2 


I- 


ds 


cosh - 




, A 2 - ㈣ 

(We used FORMULA 36 with a = V^) 


C = ln 


s + a/ s 2 - (\/2) 


+ C = ln 


;+ \/s 2 — 2 


+ C 


19. 


dd 


tan - 


(5 


5 + 4 sin 20 — 2 a/25- 16 

(We used FORMULA 70 with b 


4 

5 + 4 


t-(I-f) 

5, c 二 4, a = 


+ C ： 

2 ) 


4 tan - 


[I tan (f — 沒)] +C! 


20 . 


dd 


In 


4 + 5 sin 20 — 2y/l5 - 16 

(We used FORMULA 71 with a 


5 + 4 sin 20 4 - y/25 — 16 cos 26 
4 + 5 sin 2d 


2, b = 4, c 


+ C 

:5) 


1 I 5 + 4 sin 2^ + 3 cos 26 I 丄 
6 ln I 4 + 5 sin 20 I 十。 
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526 Chapter 8 Techniques of Integration 

21. J^e 2t cos 3t dt = (2 cos 3t + 3 sin 3t) + C = ^ (2 cos 3t + 3 sin 3t) + C 

(We used FORMULA 108 with a = 2, b = 3) 

22. J e _3t sin 4t dt = (_ 3 e ) 2 3 : 42 (—3 sin 4t — 4 cos 4t) + C = ^ (—3 sin 4t — 4 cos 4t) + C 

(We used FORMULA 107 with a = — 3, b = 4) 


23. Jxcodxcb^ JVcodxdx^ ^ cos" 1 x + 

(We used FORMULA 100 with a = 1 ， n = 1) 

=y cos -1 x+ I (I sin -1 x) _ ! (• x\/1 — x 2 ) + C = 誓 cos -1 x+ | sin- 1 x — 盖 xy/ 1 — x 2 + C 
(We used FORMULA 33 with a = 1) 


24. /x tan- 1 xdx = fx 1 tan" 1 (lx) dx= tan- 1 (lx )- 击 f ^ tan' 1 

(We used FORMULA 101 with a = 1, n = 1) 

= 誓 tan -1 x — I J"(l — y^^)dx (after long division) 

— ^2 tan i x — ^ ^dx -f- ^ i + x 2 dx ― tan i x — -x + | tan ^ x C — ^((x^ -f- l)tan i x _ x) + C 


25. 


ds 


ds 


(9-s 2 r 


(33_ s 2)2 — 2-3 2 -(3 2 -s 2 ) 丁 4^ 


In 


㈣ 


C 


(We used FORMULA 19 with a = 3) 

: 18(9-s 2 ) + IM ln I I + C 


26. 


27. 


de 


de 


e 


(2-n 


J [㈣ 2 -叫 2(4 [(, 

We used FORMULA 19 with a = v 7 ^) 


-e 2 \ 




rln 


e + y/2 
e-s/2 


c 


e 

4(2-0 2 ) 


875 


In 


d+y/j 

6-y/l 


+ c 


\/4x + 9 


dx 


a/4x + 9 


dx 


J xa/4x + 9 

(We used FORMULA 14 with a = 4, b 

\/4x + 9 — \/9 


9) 


V4x + 9 


+ 2 ( 4= In 


y/4\ + 9+y/9 

(We used FORMULA 13(b) with a 


28. / 弓 ] dx 


+ 


dx 


f c 二 

4,b ： 

hC 


a/4x + 9 丄 2 


+ i In 


V4X + 9-3 
^4x + 9 + 3 


c 


9) 


2 J x^9x-4 

(We used FORMULA 14 with a = 9, b = -4) 

9 


c-4 


(含 


tan - 


， 9x - 4 


(We used FORMULA 13(a) with a : 


C = 
9,b 


y/9x-4 

x 

4) 


+ 2 tan 


-1 V9x-4 


+ c 


29- dt = 2^~4 + (-4)/^ 

(We used FORMULA 12 with a = 3, b = —4) 

= 1 拉 - 4 _ 4 ( 含 tan" 1 + C = 2^31-4 - 4 tan- 1 今 ] + C 

(We used FORMULA 13(a) with a = 3, b = 4) 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



































































Section 8.6 Integral Tables and Computer Algebra Systems 527 


30. 


/3t + 9 


t dt = 2>/3t + 9 + 9 
(We used FORMULA 12 with a 
： 2V3t + 9 + 9(^ln 


dt 

V3t + 9 


3,b = 9) 


)+c: 

(We used FORMULA 13(b) with a = 3, b 


3t + 9-y/9 
3t + 9 +V9 


2^/3t + 9 + 3 In 
9) 


/3t + 9-2 


/3t + 9 + 3 


+ C 


31. 


tan -1 x dx 


x 2 +1 


tan— 1 x 


- 忐 / 


(We used FORMULA 101 with a : 


F dx 
l，n = 2); 




tan — 丄 X 




dx 


X 3 


dx 


’xdx-/ 


x dx 

[+ X 2 


2 


In (1 + x 2 ) + C 4 f x 2 tan- 1 x dx 


誓 tan" 1 x - 誓 + - In (1 + x 2 ) + C 


32. 


dx 


x -2 tan -1 x dx 


x (-2+l) 


tan -1 x 


l 


X 2 UA — J A ⑽ 1 A UA — (_ 2 + D 

(We used FORMULA 101 with a = 1, n = -2); 


x (-2+l) 

(-2+1) J TT^2 


dx 


(-D 


tan_i x + 


(1 + X2) 


x- 1 dx 

1T^~ 


dx 




J x(l +x 2 ) 

dx 


dx 


/^=ln|x|-iln(l+x 2 ) 


C 


I tan -1 x + ln |x| - I In (1 + x 2 ) + C 


33. I sin 3x cos 2x dx 


cos 5x 


^ + c 


(We used FORMULA 62(a) with a = 3, b = 2) 


34. I sin 2x cos 3x dx 


cos 5x 丄 cos x 


+ c 


10 1 2 

(We used FORMULA 62(a) with a = 2, b = 3) 

35. J" 8 sin 4t sin | dx = | sin ( 夸） 一 | sin ( 夸 ）+ C = 
(We used FORMULA 62(b) with a = 4, b = !) 


sin (i) — sin (f) 


C 


36. J sin I sin ^ dt = 3 sin Q) — sin Q) + C 

(We used FORMULA 62(b) with a = ^ b 


37. J cos I cos ! = 6 sin ( 苔 ） + • sin (yf) + C 

(We used FORMULA 62(c) with a 二 !， b = 士） 


cos 10 dO = ^ sin (^) + ^ sin ( 爭 ） + C = —+ — 


+ C 


(We used FORMULA 62(c) with a = ♦, b = 7) 


39. 


X 3 + X + 1 


dx 


t dx 


dx 


(x 2 + 1 ) 2 _ 2 J 

b tan -1 x + C 


'd(x 2 + l) 
x 2 + 1 


dx 


(x 2 + iy 


(x 2 +! 厂 —— j PTT 丁 
： l ln ( x2 + !) + 2(l+x^) 

(For the second integral we used FORMULA 17 with a = 1) 


40. 


x 2 + 6x 

(x 2 + 3) 2 


dx 


dx 


6x dx 
(x 2 + 3) 2 


I 


3 dx 

(x 2 + 3) 2 


dx 


㈣ 


d(x 2 + 3) 
(x 2 + 3) 2 


dx 


卜 ㈣ 2 


dx 
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73 


tan - 


te) 


tan - 


te) 


+ c 


㈣ 2 ( ㈣ 2 W) ■ 2 ㈣ 3 

^For the first integral we used FORMULA 16 with a = for the third integral we used FORMULA 17 


with a = 

:点 tan_ 


v^) 

■1( X A _ _J_X_ 

V\/3/ x 2 +3 2 (x 2 + 3) 


+ c 


41. f sin" 1 y/x dx; 

=u 2 sin -1 u — J" 


u = -v/ x 

9 

X = U Z 

dx = 2u du 

u 2 du 




2ju sin- 1 udu = 2^sin- u 1+1 j 


du 


(We used FORMULA 99 with a = 1, n = 1) 

u 2 sin -1 u — (I sin -1 u — | u\/l — u 2 ) + C = (u 2 — |) sin -1 u + | \x \ / 1 — u 2 + C 
(We used FORMULA 33 with a = 1) 
fx 


42. /^dx; 


- 善 ） sin 1 \J x + - V x - x2 + C 

U = 


X = u 

dx = 2u du 
(We used FORMULA 97 with a = 1) 
2 ^-\/x COS _1 -y^X — \/l - X) + C 


^ * 2u du = 2 J cos -1 u du = 2 (u cos -1 u — y \J 1 - u 2 ) + C 


43. / 


yx 

y/l -x 


sin 



u 


dx; 

X 

=u 2 


dx = 

二 2u du_ 

u — U\/1 

-u 2 + C 


u-2u 
\/l — u 2 


du = 2 


u 2 

\/l — u 2 


d\x = 2\ \ sin -1 u — ^ n \ / 1 — u 2 ) + C 


(We used FORMULA 33 with a = 1) 

y/x - a/x yj\ —x + C = sin -1 -\/x — \/x — x 2 + C 


sin 


44 - / 孕 dx ; 


U = \/ X 

9 

X = 

dx = 2u du 


V2^ 


• 2u du 二 2 




+ v 2 y sin 


We used FORMULA 29 with a 


—""- 1 (vj) 
V~2) 


C 


o J - U 2 du 

\x \ / 2 — u 2 + 2 sin -1 ( 力） 


C 


a/2x - x 2 + 2 sin -1 ^/| + C 


45. /(cot t) \/l -sin 2 t dt = / 7l ^tnt (C ° St)dl 

=a/I -u 2 - In 1 + v |p^ + C 

(We used FORMULA 31 with a = 1) 

=Vl-sinUn 1 + ^ sifl2t +C 


u = sin t 
du = cos t dt 
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46. 


f dt — 

1 cos t dt . 

u = sin t 

、 f du _ 

- | In 

2+ y/4-u 2 

^ (tan t) \/4 — sin 2 1 

J (sin t) \/4 — sin 2 1 ’ 

du = cos t dt 

J u\/ 4 — u 2 

u 


C 


(We used FORMULA 34 with a 

2 + \/4 — sin 2 1 

sin t 


2 ) 


i ln 


+ c 


47. 


dy 


yV3 + (lny ) 2 ， 


U = 

=In y 

y : 

二 e u 

dy = 

: e u du 


e u du 


du 


e u \/3 + u 2 


V3 + u 2 


In 


u + \/3 + u 2 


C 


In |ln y + + (In y) 2 1 + C 

(We used FORMULA 20 with a = 


48. 


cos 6 dd 


u = sin 沒 
du = cos 6 dO 


y/5 + sin 2 9 ’ 

f We used FORMULA 20 with a 


du 


\/5 + u 2 

: W) 


In 


\/5 -\-u 2 


+ C = ln 


An 0 + \/5 + sin 2 0 


C 


49. 


3 dr 


\f9r 2 - 


U 

du : 


: 3r 
3 dr 


du 




In 


u + yv? 


+ C = ln 


3r + yV — 1 


+ C 


(We used FORMULA 36 with a = 1) 


7^;[d U U = 3 3y dy] — /7fe=i n | U +V^|+c = i n |3 y + v /TT^|+c 

(We used FORMULA 20 with a = 1) 


51. 


cos 


- 1 W dx; 




x = t 2 

dx = 2t dt 


2 / t cos -1 1 dt = 2 


cos 


Ds ~ lt+ I ： 


dt 


(We used FORMULA 100 with a = 1， n = 1) 

=t 2 cos -1 1 + I sin -1 1 — I1 — t 2 + C 
(We used FORMULA 33 with a = 1) 

=x cos -1 y/x + I sin -1 y/x — I 1 — x + C = x cos -1 + 2 sin _1 ^/x — | y/x — x 2 + C 


n 

' t= ' 


I tan- 1 1 - i dt 

52. J tan -1 y/y dy; 

y = t 2 

2 J t tan -1 1 dt = 2 


dy = 2t dt 




=t 2 tan -1 



(We used FORMULA 101 with n = 1, a = 1) 

=t 2 tan -1 1 - dt+ = t 2 tan -1 1 — t + tan -1 1 + C = y tan -1 ^/y + tan -1 y/y — 十 C 


53. f sin 5 2x dx = - sin42 5 x 』° s2x sin 3 2x dx = - sin4 ^ Q cos2x + | [- 也 2 〜 了 2x + Jsin 2x dx 

(We used FORMULA 60 with a = 2, n = 5 and a = 2, n = 3) 

sin 4 2x cos 2x 2 ^i 8 ( 1、 „„„ o v i — sin 4 2x cos 2x 2 sin 2 2x cos 2x 4 cos 2x i r' 

— jo II sin zx cos ZX ^ 15 V 2 ) COS zx 十 L — f0 15 15 h L 

54. /sin 5 Id9 = - + ¥ /sin 3 f d0 = - | sin 4 f cos f + f [- + 3^1 J sin | d9 

(We used FORMULA 60 with a = !， n = 5 and a = n = 3) 

= —善 sin 4 I cos f — 苔 sin 2 I cos f + 吾 (—2 cos |) + C = —昏 sin 4 | cos f — 吾 sin 2 | cos f — |f cos | + C 
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55. 8 cos 4 27rt dt 


cos 3 27rt sin 27rt 


^ 丁 宁 jcos 2 2 兀 tdt 


(We used FORMULA 61 with a = 2 tt ，n = 4) 


cos 3 2?rt sin 27rt 


+ 6 


sin (2-27r-t) 


+ c 


2 1 4-2tt 

(We used FORMULA 59 with a = 2tt) 

.cos 3 2nt sin 27rt + 3 ( + 3 sin 47rt + C — cc? s 3 27rt sin 27rt + 3 cos 27rt sin 27rt + 3 ( + C 


2n 


56. I 3 cos 5 3y dy 


cos 4 3y sin 3y , 5 —] 
5^3 1 5~ 


cos° 


cos 4 3y sin 3y , 12 ( coi 
5 h T — 


3ydy) 

%^ + ^/cos3ydy) 

(We used FORMULA 61 with a = 3, n = 5 and a = 3, n = 3) 

= 秦 cos 4 3y sin 3y + ^ cos 2 3y sin 3y + ^ sin 3y + C 

57. f sin 2 20 cos 3 29 dd = 2g + y=r^ f sin 2 29 cos 26» d9 

(We used FORMULA 69 with a = 2, m = 3, n = 2) 

— sin3 20 cos2 28 ' 2 /sin 2 20 cos 20 d6» = —y 2e + | [l Jsin 2 26» d(sin 26») 


10 


sin 3 29 cos 2 20 , sin 3 2d 


10 


15 


+ C 


58. J9 sin 3 9 cos 3 / 2 沒 d 汐 = 9 [— sin ;:K 6 + f s ^ n ^ cos 3 / 2 沒 d 汐 

=—2 sin 2 0 cos 5 〆 2 0 4 J'cos 3 / 2 6 sin 9 d6 

(We used FORMULA 68 with a = 1， n 二 3, m = |) 

=—2 sin 2 9 cos 5 ’ 2 0 — 4 J cos 3 / 2 0 d(cos 6) = —2 sin 2 6 cos 5 / 2 ^ — 4 (| cos 5 / 2 沒 ） + C 
=(—2 cos 5 / 2 沒 ) (sin 2 ^ + I) + C 


59. J 2 sin 2 1 sec 4 1 dt = J2 sin 2 1 cos -4 1 dt = 2 I 


sin t cos _J t I 2—1 
2^4 


2-4 


J"cos _4 1 dt) 


(We used FORMULA 68 with a = 1， n = 2, m = —4) 

: sint cos -3 1 - f cos -4 1 dt = sin t cos -3 1 - f sec 4 1 dt = sin t cos -3 1 
(We used FORMULA 92 with a = 1， n = 4) 


^^^ + |5|/sec 2 tdt) 


sin t cos - * 3 1 


{ tann + C 


sec 2 t tan 


— I tan t + C = I sec 2 1 tan t — | tan t + C = | tan t (sec 2 1 — 1) + C 


An easy way to find the integral using substitution: 

J 2 sin 2 1 cos -4 1 dt = J 2 tan 2 1 sec 2 1 dt = J 2 tan 2 t d(tan t) = | tan 3 1 + C 


60 


. J esc 2 y cos 5 y dy = J sin -2 y cos 5 y dy 


(★) cos4 > 


5-2 


5-2 


sin_ 2 y cos 3 y dy 


(smy) 


COS 4 \ 


(sS^) 


cos 2 \ 


\ - 2 


3 - 
3^1 


sin -2 y cos y dy 


(We used FORMULA 69 with n = —2, m = 5, a = 1 and n = —2, m = 3, a = 1) 


( 击 ) cos4 y 

3 


sin y 


cos 2 y + I I sin— 2 y d(sin y) 


cos 4 \ 


4 cos 2 、 


3 sin y 3 sin y 3 sin y 


c 


61. /4 tan 3 2x dx = 4 ( - J\an 2x dx) = tan 2 2x - 4 / tan 2x dx 

(We used FORMULA 86 with n = 3, a = 2) 

二 tan 2 2x — I In |sec 2x| + C = tan 2 2x — 2 In |sec 2x| + C 
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62. /tan 4 ㈤ dx = — /tan 2 (f) dx = f tan 3 (|) - /tan 2 ㈤ dx 

(We used FORMULA 86 with n = 4, a = |) 

=I tan 3 |-2tan|+x + C 
(We used FORMULA 84 with a = |) 

63. f 8 cot 4 1 dt = 8 ^ - Jcot 2 1 dt) 

(We used FORMULA 87 with a = 1， n = 4) 

— 8 ^ — I coP t + cot t +1) + C 
(We used FORMULA 85 with a = 1) 

64. J4 cot 3 2t dt = 4 - 寒奉 — J'cot 2t dt 

(We used FORMULA 87 with a = 2, n = 3) 

=—cot 2 2t — I In I sin 2t| + C = — cot 2 2t — 2 In |sin 2t| + C 
(We used FORMULA 83 with a = 2) 

65. J 2 sec 3 7rx dx = 2 J sec 7rx dx 

(We used FORMULA 92 with n = 3, a = tt) 

= 士 sec 7rx tan 7rx + Mn |sec 7rx + tan 7rx| + C 
(We used FORMULA 88 with a = tt) 

66. esc 3 § dx = i (- H +|5f / csc I dx ) 

(We used FORMULA 93 with a= i,n = 3) 

=i [- csc I cot I - In |csc § + cot 11] + C = - | csc | cot | | In |csc | + cot 11 + C 

(We used FORMULA 89 with a = i) 

67. f 3 sec 4 3x dx = 3 [~ sec 3 \H 3x + fej f sec 2 3x dx 

(We used FORMULA 92 with n = 4, a = 3) 

= sec23x 3 tan3x + § tan 3x + C 
(We used FORMULA 90 with a = 3) 

68. /cW fd0 = - + ^jfosc^dO 

(We used FORMULA 93 with n = 4, a = 

= — csc 2 I cot !— 參 • 3 cot I + C = — csc 2 I cot | — 2 cot | + C 
(We used FORMULA 91 with a = !) 

69. / csc 5 x dx = - + |er /esc 3 x dx = - csc3x 4 cotx + | ( - CSC 3 X _7 X + /esc x dx) 

(We used FORMULA 93 with n = 5, a = 1 and n = 3, a = 1) 

=—\ csc 3 x cot x — I csc x cot x — I In |csc x + cot x| + C 
(We used FORMULA 89 with a = 1) 

70. f sec 5 x dx = sec ;= nx + /sec 3 x dx = sec3x 4 tanx + \ ( sec 3 x _tf x + 肖 Jsec x dx) 

(We used FORMULA 92 with a = 1, n = 5 and a = 1, n = 3) 


= — cot 2 2t — 4 J cot 2t dt 
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=^ sec 3 x tan x + | sec x tan x + | In | sec x + tan x| + C 
(We used FORMULA 88 with a = 1) 

71. Jl6x 3 (lnx) 2 dx= 16 | / x 3 In x dx] = 16 | - \ f x 3 dxl' 

(We used FORMULA 110 with a = 1, n = 3, m = 2 and a = l，n = 3, m = 1) 

=16 - ^ + I) +C = 4x 4 (lnx) 2 - 2x 4 lnx+ 誓 +C 

72. f (In x) 3 dx = 5^ - f f (In x) 2 dx = x(ln x) 3 - 3 f J* In x dx = x(ln x) 3 - 3x(ln x) 2 + 6( 

=x(ln x) 3 — 3x(ln x) 2 + 6x In x — 6x + C 
(We used FORMULA 110 with n = 0, a = 1 and m = 3, 2, 1) 

73. /xe 3x dx = 穿 (3x — 1) + C = 誓 (3x - 1) + C 

(We used FORMULA 104 with a = 3) 


74. f xe- 2x dx= (-2x — 1) + C = — ^ (2x + 1) + C 

(We used FORMULA 104 with a = -2) 

75. J x 3 e x/2 dx = 2x 3 e x/2 — 3 - 2 J x 2 e x/2 dx = 2x 3 e x/2 - 6 (2x 2 e x/2 — 2 - 2 J xe x/2 dx) 

= 2x 3 e x/2 — 12x 2 e x/2 + 24 • 4e x/2 (| — l) + C = 2x 3 e x/2 — 12x 2 e x/2 + 96e x/2 (| — l) + C 
(We used FORMULA 105 with a = | twice and FORMULA 104 with a = 

76. J x 2 e 7rx dx = ^ x 2 e 7rx — ^ f xe^ dx 

(We used FORMULA 105 with n = 2, a = tt) 

=I X 2 e ?rx - 占 • dTTX - 1) + C = 士 - ( 等 )(7TX - 1) + C 
(We used FORMULA 104 with a = tt) 

77. Jx 2 2 x dx = ^ Jx2 x dx = ( 爲 -▲ /2 X dx )= 备 一 ▲ 盖一 (W +C 

(We used FORMULA 106 with a = 1, b = 2, n = 2, n = 1) 


78 . / x 22 -dx=^ + ^/x 2 -dx 

+ c 


-x 2 2~ x 

In 2 


Wi 


x2_ x 

InT 


ihf^dx) 


x 2 2~ x 

InT 


2 

In^ 


x2~ x 

^ln2 


2- x 


(W. 

(We used FORMULA 106 with a : 


-l，b = 2，n = 2,n= 1) 


79. JX7T X dx = J7T X dx = ^ (j^) + C = - + c 

(We used FORMULA 106 with n = 1， b = tt, a = 1) 


80. Jx2 ^dx=-f^ 


f 2 ^ x dx 


x2 x v / 2 


2 X ^ 


y/21n2 y/2ln2 

(We used FORMULA 106 with a 


x/21n2 2(ln 2) 2 

^2, b = 2, n = 1) 


+ C 


x = e l — 1 
dx = e l dt 
(We used FORMULA 92 with a 


81. J e l sec 3 (e l — 1) dt; 


sec d x dx 


3-2 


3-1 


sec x dx 


l,n = 3) 


sec xtan x 
2 


In I sec x + tan x| + C = ^ [sec (e l — 1) tan (e 1 — 1) + In | sec (e l — 1) + tan (e l — 1)|] + C 
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82. / 


: SC 3 y/d 

"7T 


esc t cot t I 3 — 2 


esc t dt 


t = ] n 

dO; 6 = t 2 2 J esc 3 tdt = 2 

d6 = 2t dtj 
(We used FORMULA 93 with a = 1， n = 3) 

2 [— csc t 2 cot 1 — I In |csc t + cot t|] + C = — esc cot \J~Q — In esc \fd + cot \/~0 


C 


83. 2\/x 2 + 1 dx; [x = tan t] ^ 2 sec t - sec 2 1 dt = 2jj sec 3 1 dt : 

(We used FORMULA 92 with n = 3, a = 1) 

=[sec t • tan t + In |sec t 十 tan t|] J, 4 = \J~2 -h In 2+1) 


f : 4 


sec t dt 


84. 


dy 


;[y = sin x] ^ sec 4 x dx : 


'V^/2 


,0 (l_ y 2)5/2 

(We used FORMULA 92 with a = 1， n = 4) 


sec 2 x tan x 


sec 2 x tan x . 2 


tan x 


7r/3 


(f) \/3 + (I) \/3 = 2y/3 


7r/3 

0 


4-2 
4 


fir 


sec 2 x dx 


85. 


V-i): 


3/2 


dr; [r = sec 

7r/3 


9] JJ /3 菩 ! （ sec0tan0)d0 = J^ 3 tan 4 9 dd 


tan 3 9 


7r/3 


r 


tan 2 0 d6 


^ - tanl9 + 6>]= 半 —+ f = f 


(We used FORMULA 86 with a = 1， n = 4 and FORMULA 84 with a = 1) 


86 . 


-i/v^ 


*0 (t 2 +1) 7/2 


tan 6»] ^ f: = f: cos 5 9 dd 


cos 4 0 sin 0 


7r/6 

0 


(¥) £ 〜 os 3 _ 


cos 4 6 sin 9 


7r/6 




cos 2 6 sin 6 


7r/6 

0 


w)r 


cos 9 d6 


cos4e 5 sinS + 告 cos 2 6» sin 0 + ^ sin 9 


7r/6 


(We used FORMULA 61 with a = 1， n = 5 and a = 1， n = 3) 


率 + ( 吾) (#) 2 g ) + ( ⑽ 


9 I 1 I 4 _ 3-9 + 48 + 324 _ 203 
160 ^ TO 15 — 480 — 480 


87. 


I sinh 5 3x dx = i ^inh 4 3x cosh 3x ^ 5^1 Jsinh 3 3x dx) 

120 10 ^ 3~ J sinil 九 

(We used FORMULA 117 with a = 3, n = 5 and a = 3, n = 3) 

sinh 4 3x cosh 3x sinh 3x cosh 3x i 2 ( 1 - i r' 

120 90 ' 30 V3 C0Sft 巧 + l 

sinh 4 3x cosh 3x — ▲ sinh 3x cosh 3x + ^ cosh 3x + C 


88 . 


、 cosh 4 y/x. 


dx; 


2 / cosh 4 u du = 2 


cosh 3 u sinh u 丄 4 - 


4 


4 


J'cosh 2 u du) 


U = 

. dU= 泰 - 

cosh 3 u sinh u . 3 / sinh 2u , u \ , (~\ 

' 2 2 V~4 2) 十。 

(We used FORMULA 118 with a = 1， n = 4 and FORMULA 116 with a = 1) 
: \ cosh 3 sinh + | sinh 2^/x + ^ y/x + C 


89. J x 2 cosh 3x dx = y sinh 3x — | J"x sinh 3x dx = 誓 sinh 3x — | (■ cosh 3x — | cosh 3x dx) 
(We used FORMULA 122 with a = 3, n = 2 and FORMULA 121 with a = 3, n = 1) 
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=y sinh 3x — ^ cosh 3x + ^ sinh 3x + C 

90. J x sinh 5x dx = | cosh 5x — ^ sinh 5x + C 

(We used FORMULA 119 with a = 5) 

91. J sech 7 x tanh x dx = - sec ^ x + C 

(We used FORMULA 135 with a = 1, n = 7) 

92. J csch 3 2x coth 2x dx = _ + C = — + c 

(We used FORMULA 136 with a = 2, n = 3) 

93. u = ax + b 令 x 二 _ 今 dx = f ; 

/(ax + b)2 = T = ? f (u - ^) du= ^ [ ln l u l + 引 + C = 去 [In |ax + b| + +C 

94. x = a tan 6 => a 2 + x 2 = a 2 sec 2 沒 4 2x dx = 2a 2 sec 2 ^ tan ^ => dx = a sec 2 6 d6\ 

f (a 2 + X x 2 ) 2 = /(a^sec 2 l) 2 ^ = ^ f sfJd = i/a + cos 26) = 2^3 ^ sin 29) + C 

=^{0 +sin 0 cos 0)-\-C= (=) cos 2 0]C = ^ (0 心丄 ) + C 

= 2 ? tan -1 ^ + +C = 2 a^(a^ + x 2 ) + 2 ? tan_1 f 


95. x = a sin 6 => a 2 — x 2 = a 2 cos 2 ^ —2x dx = —2a 2 cos 6 sin 6 dO ^ dx = a cos 9 d6\ 

J \/a 2 — x 2 dx = J a cos 0(a cos 6) d9 = sl 2 J cos 2 0 = y J (1 + cos 2 沒 ） = y (^ + 

= 誓 (6> + cos 6> sin 6>) + C = 誓 (6» + Vl-sin 2 ^ . sin 6>) + C = f (sin— 1 会 + + C 

= 誓 sin -1 ■ + ■ Va 2 - x 2 + C 


96. x = a sec 0 ^ x 2 — a 2 = a 2 tan 2 沒 4 2x dx = 2a 2 tan 9 sec 2 6 d9 ^ dx = a sec 0 tan 6 d6; 

cos 沒 = 去 sin 沒 + C = 去 \J \ — cos 2 6 + C 


r dx _ 

r a tan 6 sec 9 d6 _ 

f de _ 

_ i f 

J xVx 2 -a 2 

J (a 2 sec 2 6) a tan 6 

J a 2 sec 9 

a 2 J 


/ 1 \ V cos-^ 6 


97. I x n sin ax dx 


cos i 


+ C ： 


^)^S^ + c = (^)^p + c = ^ + c 


J x n (^) d(cos ax) = (cos ax)x n (— |) 


cos ax • nx 11-1 dx 


ax + a X n_1 cos ax dx 
(We used integration by parts f u dv = uv - JV du with u = x n , v = - ^ cos 


ax 


98. J x n (ln ax) m dx = J (ln ax) m d (芒 


l (\n ax) m 


/( 货 ) m ( lnax ) m_1 ⑴ dx 


-nfrf x n (ln axr- 1 dx, n # -1 

(We used integration by parts f u dv = uv — f v du with u = (ln ax) m , v 二 f 


99. Jx n sin -1 ax dx = sin— 1 ax d 


-順 


1 J \/l - (ax) 2 


dx 


x n+l 


sin ax — 


a j x n+1 dx 
n+1 J \/l-a 2 x 2 


,n ^ —1 
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(We used integration by parts u dv = uv — v du with u 


sm _ ax, v 


100. J x n tan -1 ax dx = J tan -1 ax d ^ 


j^n+l \ j^n+1 


tan -1 ax 


-觸了 


+ (ax)' 


dx 


x n+l 


tan— 1 ax — 


a j x n+1 dx 
n+ 1 J 1 + a 2 x 2 


， n# —1 


(We used integration by parts f u dv = uv - / v du with u = tan- 1 


ax, v 


x n+1 、 

iT+T J 


101. S 


、办 


102 . 


2 丌 y\/i + (y’) 2 dx 


、办 


2tt/ ^T^/l + 


x 2 + 2 


dx 


、办 


2y/27T 


7T J o \/x 2 + 1 dx 

\/x 2 -f 


会 In 


: + \/x 2 l 


V2 



(We used FORMULA 21 with a = 1) 

:^[>/6 + 111(^+\/3)] = 2?r+ tt 72 In ( + V^) 


'\/3/2 


-\/3/2 


V1 + (2x)2 dx = 2 J JIx 2 dx = 2 


+ x2 + (?) (D ln(x+W^+x 2 


\/3/2 


(We used FORMULA 2 with a = |) 

I V1+4X 2 + i In (x + 1 Vl +4x 2 


a/3/2 

0 


^(2)+|ln(^ + l) +iln2 ： 


f \/ 1+4 (*) + > (空 + W 1+4 ⑸) 

■^ + 5 In (V^ + 2) 


i In 


103. A 


dx 


f 0 yj X+l 


x dx 

0 a t/ o Vx + 1 


iJ 0 W + idx - 圭丄右 T 

H[(x + d 3/2 ]o- 


2y/x-\- 1 =2 ； x= J- 

0 A 

dx 

4 . 


(We used FORMULA 11 with a = 1， b = 1， n = 1 and 
a = 1， b = 1, n = —1) 

t^t — t [ln(x + 1)] q = ^ In 4 = ^ In 2 = In \fl 


y = 2A Jo ^TT ~ 4 L 111 VA T 0 — 4 
104. M y = /； x (^) dx = 18 /；|±| dx - 54£ 



dx 


[18x-27 In |2x + 3|] 


0 2x + 3 

18-3-27 In 9 - (-27 In 3) 二 54 - 27 • 2 In 3 + 27 In 3 二 54 - 27 In 3 


105. S = 27r / x 2 \/1 + 4x 2 dx; 


u = 2x 
du = 2 dx 


^ I J' 2 uVl+u 2 du 

4^(1 + 2u 2 )\/l +u 2 - I In (u + "v/l + u 2 ) 
(We used FORMULA 22 with a = 1) 

|(l+2- 4)^1 +4 - * In (2 + Vl+4) 


§ (1+2-4)^1+4+i In -2+ a/1 +4 




« 7.62 
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106. (a) The volume of the filled part equals the length of the 
tank times the area of the shaded region shown in the 
accompanying figure. Consider a layer of gasoline 
of thickness dy located at height y where 
—r < y < —r + d. The width of this layer is 

2^/r 2 _ y 2 . Therefore, A = 2 J — y 2 dy 

and V = L • A = 2L J yjr 2 — y 2 dy 



(b) 2L J: d v/r 2 - y 2 dy = 2L + 誓 sin" 1 f 

(We used FORMULA 29 with a = r) 

= 2L [^^2rd-d2 + f sin- 1 (^) + f (f)] = 2L [(f) ^2rd - + (f) (sin] (^) + f) 


107. The integrand f(x) = \/x — x 2 is nonnegative, so the integral is maximized by integrating over the function's 
entire domain, which runs from x = 0 to x 二 1 

=4" y/x — x 2 dx = 上 2 - I x — x 2 dx = 

(We used FORMULA 48 with a = |) 

=^\/x-x2 + i sin- 1 (2x - 1)] ^ = 1 • § ^ 1 (- I) = § 

108. The integrand is maximized by integrating g(x) = x\/2x — x 2 over the largest domain on which g is 
nonnegative, namely [0,2] 

^ f\V2x-X 2 dx 二 ( x + 1 )(2x-3)V2x-x^ + i sin -l (x _ ” : 

(We used FORMULA 51 with a = 1) 

_ 1 2E _ I (_ ZE、 = ZE 

— 2*2 _ 2V2 / — 2 

CAS EXPLORATIONS 

109. Example CAS commands: 

Maple: 


ql := Int( x*ln(x), x ); 

#00 

qi 

=value( ql ); 


q2 := Int( x A 2*ln(x), x ); 

#(b) 

q2 

=value( q2); 


q3 := Int( x A 3*ln(x), x ); 

#(c) 

q3 

=value( q3 ); 


q4 := Int( x A 4*ln(x), x ); 

#(d) 

q4 

=value( q4); 


q5 

:=Int( x A n*ln(x), x ); 

#(e) 

q6 

:=value( q5 ); 


q7 

:=simplify(q6) assuming n::integer; 



q5 = collect( factor(q7), ln(x)); 
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110. Example CAS commands: 
Maple: 


ql := Int( ln(x)/x, x ); 

#(a) 

ql = value( ql ); 


q2 := Int( ln(x)/x 八 2, x ); 

#(b) 

q2 = value( q2 ); 


q3 := Int( ln(x)/x 八 3, x ); 

#(c) 

q3 = value( q3 ); 


q4 := Int( ln(x)/x A 4, x ); 

#(d) 

q4 = value( q4 ); 


q5 := Int( ln(x)/x A n, x ); 

#(e) 


q6 := value( q5 ); 

q7 := simplify(q6) assuming n::integer; 
q5 = collect( factor(q7), ln(x)); 

111. Example CAS commands: 

Maple: 

q := Int( sin(x) A n/(sin(x) A n+cos(x) A n), x=0..Pi/2 ); # (a) 

q = value( q ); 

ql := eval( q, n=l ): # (b) 

ql = value( ql ); 
for N in [1,2,3,5,7] do 
ql := eval( q, n=N ); 
print( ql = evalf(ql)); 
end do: 

qql := PDEtools[dchange] ( x=Pi/2-u, q, [u]); # (c) 

qq2 := subs( u=x, qql ); 

qq3 := q + q = q + qq2; 

qq4 := combine( qq3 ); 

qq5 := value( qq4 ); 

simplify( qq5/2 ); 


109-111.Example CAS commands: 

Mathematica: (functions may vary) 

In Mathematica, the natural log is denoted by Log rather than Ln, Log base 10 is Log [x, 10] 

Mathematica does not include an arbitrary constant when computing an indefinite integral, 

Clear [X ， f, n] 
f[x_]:=Log[x] / x n 
Integrate [f[x], x] 

For exercise 111, Mathematica cannot evaluate the integral with arbitrary n. It does evaluate the integral (value is 丌 /4 in 
each case) for small values of n, but for large values of n, it identifies this integral as Indeterminate 


109. (e) I x n In x dx 


x n+1 In x 


l n fx n dx,n^-l 
(We used FORMULA 110 with a = 1， m = 1) 


x n+1 In x 


+ c = fri ( lnx_ k+t) + c 


(n+l) 2 


110. (e) fx~ n In X dx = x : + lr ； x - fx~ n dx, n ^ l 

(We used FORMULA 110 with a = l，m = l,n = — n) 
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1—n 


' C = f^n ( ln X _ T^) +C 


111. (a) Neither MAPLE nor MATHEMATICA can find this integral for arbitrary n. 
(b) MAPLE and MATHEMATICA get stuck at about n = 5. 


(c) Let x 


-u ^ dx 

sin 11 x dx — 


[=r 


sin n x+cos n x 

sin n x + cos n x 
sin n x + cos n x 


二一 du; x = 0 => u 

f° - sin 11 (f - u) du 

J 7r/! 




2 sin n (I - u) + cos n (f -u) 

)dx = dx = 


r 




4 u = 0; 

cos 11 u du 
cos n u + sin 11 u 


r 


cos 11 x dx 
cos n x + sin n x 


8.7 NUMERICAL INTEGRATION 


x dx 


b — a 


Ax 


(a) For n = 4, Ax = 〒 = 宁 =i 泠 
E mf ㈤ =12 ^ T = i (12) = § ; 
f(x) = x 泠 f(x) = l^f 〃 = 0^>M = 0 
^ |E t | = 0 

= 2 一 ！ = i # I e tI 


(b) 

(c) 


x dx 

|Et| 



Xi 

f(x.) 

m 

mf(Xi) 

Xo 

1 

1 

1 

1 

Xl 

5/4 

5/4 

2 

5/2 

X 2 

3/2 

3/2 

2 

3 

X 3 

7/4 

7/4 

2 

7/2 

X4 

2 

2 

1 

2 


x dx — T = 0 


x 100 = 0% 


2-1 


True Value 

II. (a) For n = 4, Ax = ^ 

E mf( Xi ) = 18 ^ S = i(18) 
f ⑷ ( x ) = 0 M = 0 ^ |E S | : 




T2 . 


(b) 

(c) 


xdx = 臺今 |E S | 


|Es| 


True Value 


x 100 = 0% 


x dx 



Xi 

f(x t ) 

m 


xo 

1 

1 

1 

1 

Xl 

5/4 

5/4 

4 

5 

x 2 

3/2 

3/2 

2 

3 

X3 

7/4 

7/4 

4 

7 

X 4 

2 

2 

1 

2 


2. J i (2x- l)dx 

I. (a) For n = 4, Ax = ¥ = 
E mf( Xi ) = 24 ^ T = 
f(x) = 2x - 1 => f’(x) 

^ |e t | = o 


3-1 _ 2 _ 
~T~ ~ 4 ~ 

3 (24) = 6; 

= 2 泠 f"= 




0 M = 0 



Xi 

f(x.) 

m 

mf(Xi) 

xo 

1 

1 

1 

1 

Xl 

3/2 

2 

2 

4 

X 2 

2 

3 

2 

6 

X3 

5/2 

4 

2 

8 

x 4 

3 

5 

1 

5 


(b) 

(c) 


(2x — 1) dx = [x 2 _ x] Y = (9 — 3) - (1 — 1) = 6 令 |Er| = f (2x — 1) dx _ T = 6 _ 6 = 0 


j i 

True Value 


|Et| 


x 100 


- 0 % 
b — a 


II. (a) For n = 4, Ax - n — 4 - 4 - 2 
E mf( Xi ) = 36 ^ S = i (36) = 6; 
f ⑷ ( X ) = 0 今 M = 0 4 |E S | =0 




Ax 


(b) J i (2x-l)dx = 6 ^ |E S | 
= 6 - 6=0 


(2x - 1) dx - S 



Xi 

f(Xi) 

m 

mf(Xi) 

xo 

1 

1 

1 

1 

Xl 

3/2 

2 

4 

8 

x 2 

2 

3 

2 

6 

X3 

5/2 

4 

4 

16 

X 4 

3 

5 

1 

5 


(c) 


|Es| 


True Value 


x 100 = 0% 


3. J:(x 2 + l)dx 

I. (a) For n = 4, Ax 


b — a 


1 -(- 1 ) 




Ax 


Emf( Xi )= 11 ^ T= ^(11) = 2.75; 
f(x) = x 2 + 1 ^ f(x) = 2x ^ f"(x) = 2 泠 M : 
^ |E t | < Q) 2 (2)= i or 0.08333 



Xi 

f(Xi) 

m 

mf(Xi) 

xo 

-1 

2 

1 

2 

Xl 

-1/2 

5/4 

2 

5/2 

x 2 

0 

1 

2 

2 

X3 

1/2 

5/4 

2 

5/2 

X 4 

1 

2 

1 

2 
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II. 


(b) ^ (x 2 + 1) dx = y + x ^ = Q + l) — (― I — l) = I E T = + 1) dx - T = I 

4 |E t | = I -忐 I « 0.08333 
⑹ T ^xl00=(|) xl00«3% 


⑻ Forn = 4, Ax = ^ = = | = I f = 

E mf(Xi) = 16 ^ S = i (16) = I = 2.66667; 
f( 3 )(x) = 0 今 f( 4 )(x) = 0 今 M = 0 今 |E S | = 0 

(b) /' 1 (x 2 + l)dx=[f+x]^ = | 

^ |E S | = f^(x 2 + l)dx-S = |- f= 0 



Xi 

f(Xi) 

m 

mf(Xi) 

X 0 

-1 

2 

1 

2 

Xl 

-1/2 

5/4 

4 

5 

X 2 

0 

1 

2 

2 

X3 

1/2 

5/4 

4 

5 

x 4 

1 

2 

1 

2 


(c) 


|Esl 

True Value 


x 100 = 0% 


4. 


/_° 2 (X 2 - 1) dx 

I. (a) Forn = 4, Ax = ^ = = | = I ^ f = I 

E mf( Xi ) = 3 ^ T = i (3) = 5 ; 
f(x) = x 2 — 1 泠 f’(x) = 2x 泠 f"(x) = 2 

M = 2 |E t | < (i) 2 (2) = i = 0.08333 

(b) fjx 2 - 1) dx = [f--x]°_ 2 = 0-(-|+2) = | ^ E t = Jjx 2 ^ 1) dx - T = § - I = 
^ I E t| = h 

(c) X 100=( 鲁 ） x100 « 13% 



Xi 

f(Xi) 

m 

mf(Xi) 

xo 

一 2 

3 

1 

3 

Xl 

-3/2 

5/4 

2 

5/2 

X 2 

—1 

0 

2 

0 

X3 

-1/2 

-3/4 

2 

-3/2 

x 4 

0 

—1 

1 

-1 


II. (a) Forn = 4, Ax = ^ = = 1 = 1 

=> f = l；E mf(xO = 4 ^ S = i (4) = § ; 
f( 3 )( x ) = 0 ^ f ⑷ (x) = 0 今 M = 0 今 |E S | = 0 


(b) 

i> - 

1) dx = | 4 E s | = 

: fjx 2 - 1) dx - S 


— 2 2 

— 3 3 

= 0 


(c) 

|Es| 

x 100 = 0% 


True Value 




Xi 

f(Xi) 

m 

mf(Xi) 

Xo 

一 2 

3 

1 

3 

Xl 

-3/2 

5/4 

4 

5 

X 2 

—1 

0 

2 

0 

X3 

-1/2 

-3/4 

4 

-3 

X 4 

0 

—1 

1 

一 1 


5 - J„ (t3 + t)dt 

I. (a) Forn = 4, Ax = ^ = ^ = § = i 

冷夸 =| ； Emf(ti) = 25 ^ T = i (25) = f ; 
f(t) = t 3 +1 泠 f(t) = 3t 2 + 1 泠 f"(t) = 6t 
^ M = 12 = f"(2 ) 今 |E T | 仝雙 Q) 2 (12)= i 

(b) / o 2 (t 3 +t)dt= [^ + |]^= + f) -0 = 6 ^ |Er| = / 0 2 (t 3 + t)dt-T = 6-f = -| 

⑹ T ^xl00=^xl00«4% 



ti 

■ 

m 


to 

0 

0 

1 

0 

ti 

1/2 

5/8 

2 

5/4 

t2 

1 

2 

2 

4 

t3 

3/2 

39/8 

2 

39/4 

t 4 

2 

10 

1 

10 


II. (a) Forn = 4, Ax = ^ = ^ = § = i ^ f = i ; 
E mf(t.) = 36 ^ S = i(36) = 6; 
f(3)( t ) = 6 4 f( 4 )(t) = 0 今 M = 0 => |E S | = 0 

(b) J o 2 (t 3 + 1) dt = 6 4 |E S | = f:(t 3 + 1) dt — S 
= 6 - 6=0 


(c) 


|Esl 

True Value 


x 100 = 0% 



ti 


m 


to 

0 

0 

1 

0 

ti 

1/2 

5/8 

4 

5/2 

t2 

1 

2 

2 

4 

t3 

3/2 

39/8 

4 

39/2 

u 

2 

10 

1 

10 


n __ l 

T ~ ~ 12 


12 


^ I e t| = I 
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6. J 二 (t 3 + l)dt 

I. (a) Forn = 4, Ax = ^ = = 1 = 1 

=> f = |； E = 8 ^ T = i(8) = 2; 
f(t) = t 3 + l ^ f(t) = 3t 2 ^ f"(t) = 6t 
4 M = 6 = f^l) ^ |^| < ^ (i) 2 (6)= i 

(b) (t 3 + 1) dt = ^ + t != (脊 + 1) — + (_1)) = 2 => |E T | = J^^t 3 + l)dt — T = 2 — 2 = 0 

(c) T?^x 100 = 0% 

II. (a) Forn = 4, Ax = ^ = = 1 = 1 

4 警 =^ E mfd.) = 12 ^ S= i(12) = 2; 
f(3)( t ) = 6 今 f( 4 )(t) = 0 今 M = 0 => |E S | = 0 

(b) /^(t 3 + 1) dt = 2 ^ |E S | = J^(t 3 + 1) dt - S 
= 2 - 2=0 

(0 x^x 100 = 0% 



ti 

fa,) 

m 

mf(ti) 

to 

-1 

0 

1 

0 

tl 

- 1/2 

7/8 

4 

7/2 

t 2 

0 

1 

2 

2 

t3 

1/2 

9/8 

4 

9/2 

u 

1 

2 

1 

2 



ti 

fa,) 

m 

mf(ti) 

to 

—1 

0 

1 

0 

ti 

- 1/2 

7/8 

2 

7/4 

h 

0 

1 

2 

2 

t3 

1/2 

9/8 

2 

9/4 

u 

1 

2 

1 

2 


ds 


(a) For n = 4, Ax 


b — a 


v Ax 
^ ~Y 


E mf (Si) 


179,573 

44,100 


泠 T 


179,573 

44,100 


179,573 

352,800 


« 0.50899; f(s) 

^ f"(s) = 4 4 M 


去 4 f (s) = - f 




^ |E T |<^(i) 2 (6)=^ =0.03125 

⑼ h ^ ds = h s -2 ds ^ ^ ^ 

|Er| = 0.00899 

( c ) 100=^x100^2% 

II . ⑻ For n = 4, Ax = ¥ = 甲 =^ 4 f ^ ; 

V ) - 264 , 821 3 S — 丄广 264,821 、 _ 264,821 
乙 〜；一 44,100 ^ ^ ~ 12 [ 44,100 ) ~ 529,200 

« 0.50042; f ⑻ (s) = -f ^ f ⑷⑻ = 學 
^ M = 120 ^ |E S | < |^| ⑴ 4 (120) 

— w ~ 0.00260 



Si 

f(Si) 

m 

mf(Si) 

s 0 

1 

1 

1 

1 

Si 

5/4 

16/25 

2 

32/25 

S 2 

3/2 

4/9 

2 

8/9 

S3 

7/4 

16/49 

2 

32/49 

S 4 

2 

1/4 

1 

1/4 


泠 E t = ds-T = i - 0.50899 = -0.00899 



Si 

f(s.) 

m 

mf(Si) 

so 

1 

1 

1 

1 

Si 

5/4 

16/25 

4 

64/25 

S 2 

3/2 

4/9 

2 

8/9 

S3 

7/4 

16/49 

4 

64/49 

S 4 

2 

1/4 

1 

1/4 


(b) 

(c) 


ds 


^ E s 


1E S | 


True Value 


x 100 


0.0004 

0.5 


| i ^ ds - S = i - 0.50042 = -0.00042 
x 100 « 0.08% 


^ |E S 卜 0.00042 


8. J.^ds 

I . ⑻ Forn = 4, Ax= ^ ^ = i ^ f = I ； 

Emf( Sl )=^ 

今 T=Hlr) = Tii= 0-70500; 
f ⑻ =(s - l)- 2 ^ f(s) = - 
# f"(s) = (^4 今 M = 6 
|Et| < ( 5 ) ( 6 ) = j = 0.25 

(b) ds = [^ij] 4 2 = (^)-(^L)=l ^E t = ds-T=| - 0.705 « -0.03833 

泠 |E T 卜 0.03833 



Si 

f(Si) 

m 

mf(Si) 

so 

2 

1 

1 

1 

Si 

5/2 

4/9 

2 

8/9 

S 2 

3 

1/4 

2 

1/2 

S3 

7/2 

4/25 

2 

8/25 

s 4 

4 

1/9 

1 

1/9 
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⑹ Tru ^L e xl00 = & ( |Mxl00«6% 

II. (a) Forn = 4, Ax= ^ = ^ = I ^ f = i; 

Emf( Sl )=^ 

^ s = S (w) = 5755 ~ 0.67148; 
f( 3) ⑻ f ⑷ (s) = 泠 M = 120 

^ |E S | < ^ (i) 4 (120) = i « 0.08333 

(b) ds = § 今 E s = f 2 4 ^2 ds - S « § - 0.67148 = —0.00481 今 |E S | « 0.00481 

⑹ rMsre x 100 = ^ x 100 « 1 % 



Si 

f(Si) 

m 

mffe) 

So 

2 

1 

1 

1 

Si 

5/2 

4/9 

4 

16/9 

S2 

3 

1/4 

2 

1/2 

S3 

7/2 

4/25 

4 

16/25 

s 4 

4 

1/9 

1 

1/9 


9. fj sin t dt 

I. (a) For n = 4, Ax = ^ = ^ = I 警 =|; 

E mf(t,) = 2 + 2^2 « 4.8284 
=>• T = f (2 + 2y/2j « 1.89612; 
f(t) = sin t =>• f’(t) = cos t =>• f’’(t) = —sin t 
^ M=1 ^ |E t |<^>(|) 2 (1)=4 
« 0.16149 

(b) sin t dt = [— cos t] J = (-cos 7T) — (-cos 0) = 2 泠 |E T | = sin t dt — T « 2 — 1.89612 = 0.10388 

⑷ rMsre x 100 = ™ x 100 « 5% 

II. (a) For n = 4, Ax = ^ = ^ = I ,= 卷； 

E mf(t,) = 2 + 4 a/2 « 7.6569 
4 S = 告 (2 + 4^/2) « 2.00456; 
f ⑶⑴ =—cost => f ⑷⑴ =sint 
^ M = 1 ^ |E S | < ^ (|) 4 (1)« 0.00664 

(b) fj sin t dt = 2 泠 E s = fj sin t dt - S « 2 - 2.00456 = 一 0.00456 泠 |E S | « 0.00456 

(c) Tru f4 ue x 100= ^6 x 100 - o% 



ti 

■ 

m 

mfft) 

to 

0 

0 

1 

0 

ti 

7r/4 

^2/2 

4 

2\fl 

t2 

7r/2 

1 

2 

2 

t3 

3tt/4 

\pm 

4 

20 

t 4 

7T 

0 

1 

0 



ti 

■ 

m 

mfft) 

to 

0 

0 

1 

0 

ti 

7r/4 

V^/2 

2 

办 

t2 

7t/2 

1 

2 

2 

t3 

3tt/4 

■spm 

2 


u 

7T 

0 

1 

0 


10 - Jo sin7rtdt 

I . ⑻ Forn = 4, Ax= ^ = ^ = \ ^ f = 去 ； 

E mfft) = 2 + 2y/2 w 4.828 
泠 T = * (2 + 2^) « 0.60355; f(t) = sin 7rt 

^ f r (t) = 7T COS 7Tt 
=>• f // (t) = — 7T 2 Sin 7Tt =>• M = 7T 2 

=> |Et|<^(^ 2 (7t 2 )« 0.05140 
(b) J sin 7rt dt = [— ^ cos irt] J = (― 士 cos 丌） 一 (— i cos0) = I « 0.63662 |E T | = f'sinwtdt-T 
^ l~ 0.60355 = 0.03307 
(O Truflaiue X 100 = ^ X 100 « 5% 
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■ 

m 

mfft) 
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0 
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0 
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A 
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t 4 

1 

0 

1 

0 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 
























































542 Chapter 8 Techniques of Integration 

II. (a) Forn = 4, Ax= ^ = I ^ f = 忐； 

Y mf(t,) = 2 + « 7.65685 

泠 S = ^ (2 + 4\/2) « 0.63807; 

f( 3 )(t) = — 7T 3 COS 7Tt =>• f( 4 )(t) = 7T 4 Sin 7ft 

^ M = tt 4 ^ |E S | < 1 ^(?) 4 (^) « 0.00211 
(b) J^sin 7 rt dt = I « 0.63662 今 E s = J^sin 7 rt dt - S « | - 0.63807 = —0.00145 今 |E S | « 0.00145 
⑷ rMsre X 100 = ^5 x 100 « 0% 

11. (a) n = 8 => Ax = | 夸 = 長 ； 

E mf(Xi) = 1(0.0) + 2(0.12402) + 2(0.24206) + 2(0.34763) + 2(0.43301) + 2(0.48789) + 2(0.49608) 

+ 2(0.42361) + 1(0) = 5.1086 今 T = 長 (5.1086) = 0.31929 

(b) n = 8 => Ax = I => X = 去； 

乙 mf(Xi) = 1(0.0) + 4(0.12402) + 2(0.24206) + 4(0.34763) + 2(0.43301) + 4(0.48789) + 2(0.49608) 

+ 4(0.42361) + 1(0) = 7.8749 泠 S = 去 （ 7.8749) = 0.32812 

(c) Let u = 1 — x 2 => du = — 2x dx | du = x dx; x = 0 4 u = 1, x = 1 =>• u = 0 

£ XV^dx= /> (- • du) — du = [• ( 乎 )]: = [• u 3/ 2] : = 

E T = J 。 1 X^l -X 2 dx - T « 1 - 0.31929 = 0.01404; E s = x^l - x 2 dx - S « i - 0.32812 = 0.00521 

12. (a) n = 8 与 > Ax = 暴 o 警 = 蚤 ； 

E mfC^) = 1(0) + 2(0.09334) + 2(0.18429) + 2(0.27075) + 2(0.35112) + 2(0.42443) + 2(0.49026) 

+ 2(0.58466) + 1(0.6) = 5.3977 T = ^ (5.3977) = 1.01207 

(b) n = 8 Ax = | ^ ^ | ; 

乙 mf^) = 1(0) + 4(0.09334) + 2(0.18429) + 4(0.27075) + 2(0.35112) + 4(0.42443) + 2(0.49026) 

+ 4(0.58466) + 1(0.6) = 8.14406 S = | (8.14406) = 1.01801 

(c) Let u = 16 + 0 2 du — 29 A9 =>■ ^ du = 0 d0; 0 = 0 今 u = 16, 0 = 3 u = 16 + 3 2 = 25 

fo TtItF dd = fi6 7^ ^ du ) = 5 / 16 u ' 1/2 du = [5 (X)] m = V25-^16 = l; 

E t = f 3 -rS - — d0 - T « 1 - 1.01207 = -0.01207; E s = / —- --- d 6 > - S « 1 - 1.01801 = -0.01801 

1 Jo ^i6+¥ ’ b Jo ^/l6 + ¥ 

13. (a) n = 8 4 Ax = § 今警 =g ; 

E mf(ti) = 1(0.0) + 2(0.99138) + 2(1.26906) + 2(1.05961) + 2(0.75) + 2(0.48821) + 2(0.28946) + 2(0.13429) 
+ 1(0) = 9.96402 泠 T = 吉 (9.96402) « 1.95643 

(b) n = 8 ^ Ax = § ^ f = 聂； 

S mf(ti) = 1(0.0) + 4(0.99138) + 2(1.26906) + 4(1.05961) + 2(0.75) + 4(0.48821) + 2(0.28946) + 4(0.13429) 
+ 1(0) = 15.311 泠 S « 盖 (15.311) « 2.00421 

(c) Let u = 2 + sin t =>■ du = cos t dt; t = — | => u = 2 + sin (— |) = 1, t = | =>■ u = 2 + sin | = 3 

I -,,2 ( 2 + C s °int )2 dt = f , 吾 du = 3 工 u - 2 du = 3 (g). x = 3 (- 5 ) -3(-i) = 2; 

Et = f_Z(2T^W 也 一 T « 2 — 1.95643 = 0.04357; E s = dt - S 

« 2 - 2.00421 = -0.00421 
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14. (a) n = 8 Ax = ^ 夸 = 聶； 

E mf(yi) = 1(2.0) + 2(1.51606) + 2(1.18237) + 2(0.93998) + 2(0.75402) + 2(0.60145) + 2(0.46364) 

+ 2(0.31688) + 1(0) = 13.5488 今 T « 最 (13.5488) = 0.66508 

(b) n = S => Ax = -^ 争 = 最； 

E mf(yi) = 1(2.0) + 4(1.51606) + 2(1.18237) + 4(0.93988) + 2(0.75402) + 4(0.60145) + 2(0.46364) 

+ 4(0.31688) + 1(0) = 20.29734 今 S « 為 (20.29734) = 0.66423 

(c) Let u = cot y => du = —esc 2 y dy; y=f u=l ， y=! => u = 0 

£/4 ( csc2 y) d y = /,°\A (- du > = X ul/2 du = [fl 卜 i (A) 3 - i ( 々 ) 3 = i; 

Er = f 二 (csc 2 y) i^/coty dy — T « | - 0.66508 = 0.00159; E s = jj 4 (csc 2 y) y / coty dy — S 
« I - 0.66423 = 0.00244 

15. (a) M = 0 (see Exercise 1): Then n = 1 Ax = l ^ |Et| = 吾 (1) 2 (0) 二 0 < 10~ 4 

(b) M = 0 (see Exercise 1): Then n = 2 (n must be even) Ax = | |E S | = 点 Q) 4 (0) 二 0 < 10 -4 

16. (a) M = 0 (see Exercise 2): Then n = 1 泠 Ax = 2 泠 |Er| = 吾 (2) 2 (0) = 0 < 10~ 4 

(b) M = 0 (see Exercise 2): Then n = 2 (n must be even) Ax = 1 |E S | = j|q (1) 4 (0) = 0 < 10 -4 

17. (a) M = 2 (see Exercise 3): Then Ax = ^ ^ |E T | < ^ ( 盖 ) 2 (2 )= 去 < 10- 4 => n 2 > | (10 4 ) n > yj | (10 4 ) 

n > 115.4, so let n = 116 

(b) M = 0 (see Exercise 3): Then n = 2 (n must be even) Ax = 1 > |E S | = 点 (1) 4 (0) = 0 < 10 -4 

18. (a) M = 2 (see Exercise 4): Then Ax = ^ ^ |E T | < ^ ( 菩 ) 2 (2) = ^ < 10 -4 => n 2 > | (10 4 ) n > yj | (10 4 ) 

^ n > 115.4, so let n = 116 

(b) M = 0 (see Exercise 4): Then n = 2 (n must be even) Ax = 1 > |E S | = ^ (1) 4 (0) = 0 < 10 -4 

19. (a) M = 12 (see Exercise 5): Then Ax = ^ |Er| < ^ 0 2 (12 )= 咅 < 10 - 4 今 n 2 > 8 (10 4 ) ^ n> V^W) 

n > 282.8, so let n = 283 

(b) M = 0 (see Exercise 5): Then n = 2 (n must be even) Ax = 1 |E S | = j|q (1) 4 (0) = 0 < 10 -4 

20. (a) M = 6 (see Exercise 6): Then Ax = ^ |E T | < ^ (|) 2 (6) = ^ < 10- 4 => n 2 〉 4 (10 4 ) => n > y/4 (10 4 ) 

= 200, so let n = 201 

(b) M = 0 (see Exercise 6): Then n = 2 (n must be even) Ax = 1 > |E S | = j|q (1) 4 (0) = 0 < 10 -4 

21. (a) M = 6 (see Exercise 7): Then Ax = ^ => |E T | < ^ (^) 2 (6) = 士 < 10 -4 => n 2 > | (10 4 ) n > yj | (10 4 ) 

n > 70.7, so let n = 71 

(b) M=120 (see Exercise 7): Then Ax = ^ |E S | = ^ ⑴ '120 )= 嘉 < 10- 4 ^ n 4 > | (10 4 ) 

^ n > \j 、 (10 4 ) n > 9.04, so let n = 10 (n must be even) 

22. (a) M = 6 (see Exercise 8): Then Ax = | |Er| < ^ (!) 2 (6) = ^ < 10 -4 => n 2 > 4 (10 4 ) => n > y/4 (10 4 ) 

^ n > 200, so let n = 201 

(b) M = 120 (see Exercise 8): Then Ax = | |E S | < ^ ( 菩 ) 4 (120 )= 荔 < 10- 4 ^ n 4 > f (10 4 ) 
n > 4 ^/y (10 4 ) n > 21.5, so let n = 22 (n must be even) 
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23. (a) f(x) = v^TT ^ f(x)= iCx+l)- 1 ^ ^ f" (x) = _^ (x+1) _3/2 = — i ^ ^ M= ^3 = |- 

1 4 4(v^ri) 4(yr) 4 

Then Ax = I ^ |E T | < ^ (|) 2 ⑴ =—< 10 - 4 4 n 2 > 荅 (10 4 ) 4 n > yj ^ (10 4 ) 4 n 〉 75 ， 
so let n = 76 


(b) f( 3 )(x)= 暑 (x + 1 )— 5/2 泠 f ⑷ (x)= 
^ l E s| ^ llo (n ) 4 (if) = 16 3 (l ( 80)n' 


if (X+1)- 7 / 2 = - 


15 


16 (^/x+1) 


泠 M 


15 


㈧ 


16 


.Then Ax 


180 

12 (n must be even) 


< 10 〜#>響 


n> 


/3 5 (15)(10 4 ) 

16(180) 


^ n > 10 . 6 , so let 


24. (a) f(x )= 赤今 f ， ⑴ = 一 !（x + 1)~ 3/2 ^ f"(x) = |(x+ I )- 5 / 2 = ^ M= = |. 

Then Ax ^ |E T | S 吝 0 2 (|)= 基 < 10 - 4 今 n 2 > 響今 n > ^ n > 129.9, so let 

n= 130 


(b) f( 3 )(x)= — 譬 ( x + I )- 7 / 2 =► f ⑷ (x)= 帶 (x + l )- 9 / 2 


105 

16 (\/x+l) 9 


令 M 


^ |Es|<iio0 4 (f) = 

let n = 18 (n must be even) 


3 5 (105) 

16(180)n 4 


<10 〜 bW 1 


n > 


. 105 — 

• 16 ㈣ 9 " 

/3 5 (105)(104) 
~16(180) 


帶 . Then Ax 


n > 17.25, so 


25. (a) f(x) = sin(x + 1 ) > f’(x) = cos (x + 1) > f"(x) = —sin(x + 1) M = 1. Then Ax = ^ ^ |E T | < ^ 

=j ^2 < 10 -4 n 2 > 8 ( 二 ) 4 n > ^Z 8 、 1 ; 4 ) n> 81.6, so let n = 82 

(b) f ⑶ (x) = -cos(x + 1) 4 f ⑷⑻ =sin(x + 1) 4 M = 1. Then Ax = ^ |E S | < ifo ( 蓋广 ⑴ =iw < 10~ 
An 4 〉 32 : 二 ) n > 4 \J 32 ^ n > 6.49, so let n = 8 (n must be even) 

26. (a) f(x) = cos (x + 7 r) => f’(x) = —sin (x + 7 r) =>• f 〃 (x) = —cos (x + 7 r) => M = 1. Then Ax = ^ 

^ |E t | < f 2 (- 广⑴ =ll? < iO -4 ^ n 2 > 8 ( 二 ) 4 n 〉 y^p- n> 81.6, so let n = 82 
(b) f( 3 )(x) = sin(x + 7r) 今 f ⑷ (x) = cos(x + tt ) 今 M = 1. Then Ax = ^ ^ |E S | < ^ (^) 4 (1) = < 10 ~ 4 

今 n 4 > 32 jgg ^ n > '\J Uf) => n > 6.49, so let n = 8 (n must be even) 


27. |(6.0 + 2(8.2) + 2(9.1)... + 2(12.7) + 13.0)(30) = 15,990ft 3 . 


28. (a) Using Trapezoid Rule, Ax = 200 警 = 學 =100; 
E mf(Xi) = 13,180 泠 Area « 100(13,180) 

=1,318,000 ft 2 . Since the average depth = 20 ft 
we obtain Volume ^ 20 (Area) ^ 26,360,000 ft 3 . 

(b) Now, Number of fish = = 26,360 (to the nearest 

fish) =>• Maximum to be caught = 75% of 26,360 
=19,770 Number of licenses = = 988 



X; 

f(Xi) 

m 

mf(Xi) 

Xo 

0 

0 

1 

0 

Xl 

200 

520 

2 

1040 

X 2 

400 

800 

2 

1600 

X3 

600 

1000 

2 

2000 

x 4 

800 

1140 

2 

2280 

X5 

1000 

1160 

2 

2320 

x 6 

1200 

1110 

2 

2220 

X7 

1400 

860 

2 

1720 

X8 

1600 

0 

1 

0 
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29. Use the conversion 30 mph = 44 fps (ft per 
sec) since time is measured in seconds. The 
distance traveled as the car accelerates from, 
say, 40 mph = 58.67 fps to 50 mph = 73.33 fps 
in (4.5 — 3.2) = 1.3 sec is the area of the 
trapezoid (see figure) associated with that time 
interval: i (58.67 + 73.33)(1.3) = 85.8 ft. The 
total distance traveled by the Ford Mustang 
Cobra is the sum of all these eleven trapezoids 
(using 夸 and the table below): 


s = (44)(1.1) + (102.67)(0.5) + (132)(0.65) + (161.33)(0.7) + (190.67)(0.95) + (220)(1.2) + (249.33)(1.25) 
+ (278.67)(1.65) + (308)(2.3) + (337.33)(2.8) + (366.67)(5.45) = 5166.346 ft « 0.9785 mi 


v (mph) 

0 

30 

40 

50 

60 

70 

80 

90 

100 

110 

120 

130 

V (fps) 

0 

44 

58.67 

73.33 

88 

102.67 

117.33 

132 

146.67 

161.33 

176 

190.67 

t(sec) 

0 

2.2 

3.2 

4.5 

5.9 

7.8 

10.2 

12.7 

16 

20.6 

26.2 

37.1 

At/2 

0 

1.1 

0.5 

0.65 

0.7 

0.95 

1.2 

1.25 

1.65 

2.3 

2.8 

5.45 


V 

(fps) 



30. Using Simpson's Rule, Ax = = 警 = 4; 

E = 350 今 S = \ (350)= 亨 《 466.7 in . 2 


31. Using Simpson's Rule, Ax =1 争 =!; 

^2 m yi = 33.6 ^ Cross Section Area « | (33.6) 

=11.2 ft 2 . Let x be the length of the tank. Then the 
Volume V = (Cross Sectional Area) x = 11.2x. 

Now 5000 lb of gasoline at 42 lb/ft 3 

^ y = 5000 = 119 05 f t 3 

今 119.05 = 11.2x 今 x « 10.63 ft 



Xi 

Yi 

m 

myi 

xo 

0 

0 

1 

0 

Xl 

4 

18.75 

4 

75 

X 2 

8 

24 

2 

48 

X3 

12 

26 

4 

104 

x 4 

16 

24 

2 

48 

X 5 

20 

18.75 

4 

75 

X6 

24 

0 

1 

0 



Xi 

Yi 

m 

myi 

xo 

0 

1.5 

1 

1.5 

Xl 

1 

1.6 

4 

6.4 

X 2 

2 

1.8 

2 

3.6 

X3 

3 

1.9 

4 

7.6 

x 4 

4 

2.0 

2 

4.0 

X5 

5 

2.1 

4 

8.4 

X6 

6 

2.1 

1 

2.1 


32. f [0.019 + 2(0.020) + 2(0.021) + ... + 2(0.031) + 0.035 ]= 4.2 L 

33 . ⑻ |E S | 幺瑞 (Ax 4 ) M; n = 4^Ax=i^° = |; |f( 4 )| < 1 ^ M = 1 ^ |E S | < (|) 4 (1) « 0.00021 

(b) Ax=f ^ f = ^; 

E mf( Xi ) = 10.47208705 
泠 S = 最 (10.47208705) « 1.37079 


(c) « x 100 « 0.015% 

34. (a) △x=¥ = i T ^=0.l4 e rf(l) = ^ 5 (^)(y 0 + 4y 1 +2y 2 + 4y 3 + ...+4y 9 +y 10 ) 
3 ^(e° + 4e -0 01 + 2e -0 - 04 + 4e -0 09 + ... + 4e _a81 + e _1 ) « 0.843 
(b) |E S | < ^ (0.1) 4 (12) » 6.7x10— 6 



Xi 

f(Xi) 

m 

mf(xii) 

xo 

0 

1 

1 

1 

Xl 

tt/8 

0.974495358 

4 

3.897981432 

X 2 

7r/4 

0.900316316 

2 

1.800632632 

X3 

3tt/8 

0.784213303 

4 

3.136853212 

x 4 

7r/2 

0.636619772 

1 

0.636619772 
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35 . ⑻ n= 10 => Ax = ^ 警 = 品； 

E mf(Xi) = 1(0) + 2(0.09708) + 2(0.36932) + 2(0.76248) + 2(1.19513) + 2(1.57080) + 2(1.79270) 

+ 2(1.77912) + 2(1.47727) + 2(0.87372) + 1(0) = 19.83524 令 T = 券 (19.83524) = 3.11571 

(b) 7T- 3.11571 « 0.02588 

(c) With M = 3.11, we get |E T | < (品 ) 2 (3.11)= ^(3.11) < 0.08036 

36. (a) f"(x) = 2 cos x — x sin x 4 f( 3 )(x) = —3 sin x — x cos x f( 4 )(x) = —4 cos x + x sin x. From the graphs 

shown below, |—4 cos x + x sin x| < 4.8 for 0 < x < 7r. 

y 




(b) n= 10 ^ Ax = ^ ^ |E S | < jfg ( 告 ) 4 (4.8) « 0.00082 

(c) mf( Xi ) = 1(0) + 4(0.09708) + 2(0.36932) + 4(0.76248) + 2(1.19513) + 4(1.57080) + 2(1.79270) 

+ 4(1.77912) + 2(1.47727) + 4(0.87372) + 1(0) = 30.0016 S = § (30.0016) = 3.14176 

(d) | 丌 - 3.14176| « 0.00017 

37. T = ^(yo + 2yi + 2 y 2 + 2y^ + …+ 2y n _i + y n ) where Ax = and f is continuous on [a, b]. So 

T — b — a (yo + yi + yi + y2 + y2 + • • • + y n -i + yn-i + yn) _ b — a ( f(xp) +f(xi) , f(xi) + f(x2) ■ i f(x n -i) + f(x n ) 、 

1 — —S 2 — ~rT \ 2 1 2 I- . . . 1 2 ). 

Since f is continuous on each interval [Xk_i, Xk], and f ( Xk-1 ) 2 +f ( Xk ) is always between f(xk-i) and f(Xk), there is a point Ck in 
[Xk_i, Xk] with f(Ck) = f ( Xk-1 ) 2 +f ( Xk ) ; this is a consequence of the Intermediate Value Theorem. Thus our sum is 

^2 (^-^)f(ck) which has the form YI △ x kf(Ck) with Axk = for all k. This is a Riemann Sum for f on [a, b]. 

k=l k=l ' 


38. S = 亨 (yo + 4yi + 2 y 2 + 4 y 3 + … + 2 y n _2 + 4y n _i + y n ) where n is even, Ax = ^ and f is continuous on [a, b]. So 

q — b - a / yo + 4yi + y 2 丄 y 2 + 4y 3 + y4 丄 )4 + 4ys + y6 丄丄 y n - 2 + 4y n _i + y n 、 

^ — ~ n ~\ 3 1 3 1 3 H ••• H 3 ) 

_ b-a/^f(xo)+4f(xi) + f(x 2 ) , f(X2)+4f(x 3 )+f(x 4 ) I f(X4) + 4f(x 5 )+f(x 6 ) , , f(x n -2) + 4f(x n -i) + f(x n ) ^ 

- 丁、 6 + 6 + 6 +...+ 6 ) 

办汰 ) + 4 f(x 2 k+i) + f(x 2k+2 ) ^ t he average of the six values of the continuous function on the interval [X2k, X2k+2 ]， so it is between 
the minimum and maximum of f on this interval. By the Extreme Value Theorem for continuous functions, f takes on its 
maximum and minimum in this interval, so there are x a and Xb with X 2 k < x a , Xb < X 2 k +2 and 
f(x a ) < f ( X2k ) + 4 f ( x 2 k +0 + f(x 2 k+ 2 ) ^ f(xb). By the Intermediate Value Theorem, there is Ck in [X 2 k, X 2 k+ 2 ] with 

f(Ck) = f ( x 2 k) + 4f(x 2 k+i) + f(x 2 k+ 2 ) . So our sum has the form ^ Axkf(ck) with Axk = a Riemann sum for f on [a, b]. 

' k=l 1 ； 


Exercises 39-42 were done using a graphing calculator with n = 50 

39. 1.08943 40. 1.37076 41. 0.82812 


42. 51.05400 
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43. (a) Ti 0 « 1.983523538 


44. (a) Sio« 2.000109517 


Tioo « 1.999835504 
Tiooo - 1.999998355 


n 

1 E T | = 2 - T n 

10 

0.016476462 = 1.6476462 x 1CT 2 

100 

1.64496 x 10~ 4 

1000 

1.646 x 1CT 6 


S ioo -2.000000011 
Siooo - 2.000000000 


n 

| E s | = 2 - S n 

10 

1.09517 x 10- 4 

100 

1.1 x 10- 8 

1000 

0 


(c) |E Tl0 n |«10- 2 |E Tn | 


(c) |E SlOn |«10- 4 |E Sn | 


(d) b — a 

= 7T, (Ax) 2 

= 裔， M=1 

(d) b — a = 丌 , (Ax) 4 

= ?.M=1 

|e t J 

<fs(^) = 

_ 7T 3 

' 湿 

1 E Sn 1 < lfo(i?) 

7T 5 

— 1801? 

1 E T, 0n 

I < ^ 

1 — nnnnr 

< 10- 2 |E T „| 

1 ^SiOn 1 — iQnnOn'l 4 

< io_ 4 |e s „ 


45. (a) f’(x) = 2x cos(x 2 ), f"(x) = 2x . (—2x)sin(x 2 ) + 2cos(x 2 ) = — 4x 2 sin(x 2 ) + 2cos(x 2 ) 
(b) 

y = -Ax 1 sinCx 2 ) + 2 cosCx 2 ) 



(c) The graph shows that 3 < f"(x) < 2 so | f"(x)| < 3 for — 1 < x < 1. 

(d) |E T |<^i(Ax) 2 (3) = ^ 

(e) For 0 < Ax < 0.1, |E T | < ^ = 0.005 < 0.01 

( f ) n >^>^=20 


46. (a) f ’"(x) = — 4x 2 .2x cos(x 2 ) — 8x sin(x 2 ) — 4xsin(x 2 ) = —8x 3 cos(x 2 ) — 12x sin(x 2 ) 

f( 4 )(x) = — 8x 3 .2xsin(x 2 ) — 24x 2 cos(x 2 ) — 12x • 2x cos(x 2 ) — 12 sin(x 2 ) = (16x 4 — 12)sin(x 2 ) — 48 x 2 cos(x 2 ) 
(b) 



(c) The graph shows that —30 < f ⑷ (x) < 0 so | f ⑷ (x)| < 30 for —1 < x < 1. 

(d) |E s |<i^ 1 l(Ax) 4 (30) = ^ 

(e) For 0 < Ax < 0.4, |E S | < ^ ^ « 0.00853 < 0.01 

(f) n>^>^=5 


47. (a) Using d= and A = ?r(§) 2 = g yields the following areas (in square inches, rounded to the nearest tenth): 
2.3, 1.6, 1.5, 2.1, 3.2, 4.8, 7.0, 9.3, 10.7, 10.7, 9.3, 6.4, 3.2 
(b) If C(y) is the circumference as a function of y, then the area of a cross section is 

A(y)= 兀 (^^) = 穿 ， and the volume is ^£ C 2 (y) dy. 
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(c) X A(y) dy = i/ o C 2 (y) dy 

« ^ [5.4 2 + 2(4.5 2 + 4.4 2 + 5.1 2 + 6.3 2 + 7.8 2 + 9.4 2 + 10.8 2 + 11.6 2 + 11.6 2 + 10.8 2 + 9.0 2 ) + 6.3 2 ] 

« 34.7 in 3 

(d) V = i/: C 2 (y) dy « 5A 2 + 4(4.5 2 ) + 2(4.4 2 ) + 4(5.1 2 ) + 2(6.3 2 ) + 4(7.8 2 ) + 2(9.4 2 ) + 4(10.8 2 ) 

+ 2(11.6 2 ) +4(11.6 2 ) +2(10.8 2 ) +4(9.0 2 ) +6.3 2 ] = 34.792 in 3 
by Simpson's Rule. The Simpson’s Rule estimate should be more accurate than the trapezoid estimate. The error in the 
Simpson's estimate is proportional to (Ay) 4 = 0.0625 whereas the error in the trapezoid estimate is proportional to 
(Ay ) 2 = 0.25, a larger number when Ay = 0.5 in. 


48. (a) Displacement Volume V « ^(y 0 + 4yi + 2y 2 + 4y 3 + • • • + 2y n _ 2 + 4y n _i + y n ), x 0 = 0, x n = 10 - Ax, 

△x = 2.54, n = 10 今 f: A(x) dx « 宇 0 + 4(1.07) + 2(3.84) + 4(7.82) + 2(12.20) + 4(15.18) + 2(16.14) 

+ 4(14.00) + 2(9.21) + 4(3.24) + 0 = 甲 (248.02) = 209.99 « 210 ft 3 . 

(b) The weigth of water displaced is approximately 64.120 = 13,440 lb. 

(c) The volume of a prism = (2.54)(16.14) = 409.96 ^ 410 ft 3 . Thus, the prismatic coefficient is « 0.51. 


49. (a) 


a = 1， e = - 4 Length = 4 / yj \ \ cos 2 1 dt 

= 2 

Trapezoid Rule with n = 10 At = = ^|~ Q 


cos 2 1 dt = / f(t) dt; 


use the 


广冗/2 /- 10 

=§. J V4 - cos 2 1 dt « £ mf(x n ) = 37.3686183 

^ n=0 

今 T = f (37.3686183) = ^ (37.3686183) 

= 2.934924419 泠 Length = 2(2.934924419) 

« 5.870 


(b) |f"(t)| < 1 今 M = 1 

^ |E t | < ^ (At 2 M) < ^ ( 品 ) 2 1 < 0.0032 



Xi 

f(Xi) 

m 

mf(Xi) 

Xo 

0 

1.732050808 

1 

i.732050808 

Xl 

tt/20 

1.739100843 

2 

3.478201686 

X 2 

7T/10 

1.759400893 

2 

3.518801786 

X3 

3tt/20 

1.790560631 

2 

3.581121262 

X 4 

7 r/5 

1.82906848 

1 

3.658136959 

X5 

7 r/4 

1.870828693 

1 

3.741657387 

X6 

3 丌 /10 

1.911676881 

2 

3.823353762 

X7 

7 丌 /20 

1.947791731 

2 

3.895583461 

X8 

2?r/5 

1.975982919 

2 

3.951965839 

X9 

9tt/20 

1.993872679 

2 

3.987745357 

XlO 

7r/2 

2 

1 

2 


50. Ax = ^ = f 今宇 = 吾 ； E mf( Xi ) = 29.184807792 
今 S = ^(29.18480779) « 3.82028 



Xi 

f(Xi) 

m 

mf(Xi) 

xo 

0 

1.414213562 

1 

1.414213562 

Xl 

丌 /8 

1.361452677 

4 

5.445810706 

x 2 

丌 /4 

1.224744871 

2 

2.449489743 

X3 

3tt/8 

1.070722471 

4 

4.282889883 

x 4 

tt/2 

1 

2 

2 

X5 

5tt/8 

1.070722471 

4 

4.282889883 

X6 

3tt/4 

1.224744871 

2 

2.449489743 

X7 

7tt/8 

1.361452677 

4 

5.445810706 

X8 

7T 

1.414213562 

1 

1.414213562 


51. The length of the curve y = sin (盖 x) 


from 0 to 20 is: L = 




dy _ 37 t 
dx — M 


COS 


(iS x ) 





2 


= 355 cos2 (I x ) ^ L = fo° + ® COs2 (i X ) dx . 


Using numerical integration we find L « 21.07 in 


52. First, we'll find the length of the cosine curve: L 

>2 0 y n 25 

J -25 


r 25 

- 25 ^ 




dx；| 


25tt 

"50" 


如 （ i) 




dy' 

‘ dx , 


7 ^ 

4 


sin- 


(fo)=> 


1 + ^ sin 2 (|^) dx. Using a numerical integrator we find 
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73.1848 ft. Surface area is: A = length • width ^ (73.1848)(300) = 21,955.44 ft. 

Cost = 1.75A = (1.75)(21,955.44) = $38,422.02. Answers may vary slightly, depending on the numerical 
integration used. 


53. y = sin x =>• 装 =cos x => 


,dx ； 


cos 2 x => S = : o 27r(sin x) -\/l + cos 2 x dx; a numerical integration gives 


S « 14.4 


54. 

y = 

X 2 

一 4 

4 

—X 
_ 2 


55. 

y = 

=x + sin 2 x 


dy 

dx 


处 ' 

‘ dx t 


4 


令 S 


/> 誓 


dx; a numerical integration gives S ~ 5.28 


55. y = x + sin 2x => # = 1 + 2 cos 2 x => ( ^ ) =(1 + 2 cos 2 x) 2 ; by symmetry of the graph we have that 


f»27r/3 


27r(x + sin 2x) -\/l + (1 + 2 cos 2x ) 2 dx; a numerical integration gives S ~ 54.9 


^ _ JL , Aa — v 2 ^ dy _ \/36 - x 2 丄 i 1 (~2x) _ v^36 - x 2 _x 2 —丄 (36-x 2 -x 2 ) 

y- V-^O-X ^ - 12 + 12 2 V36-X2 - 12^36-x^ _ 12 ^ 36 _ x 2 


12 、… 八 i dx 

丄 (36-2x 2 ) = (18-x 2 ) (dy^ 

12 \J 36—x 2 6y/ 36 — x 2 \ y 


(18-x 2 ) 2 
36(36-x 2 ) 




S = f 0 2 -¥V36-x^ Jl 


(i8-x 2 r 
36 (36-x 2 ) 


dx 


= 丄 ？ V(36 — x 2 ) + ( 18 卩 x 2 ) dx; using numerical integration we get S ~ 41.8 

57. A calculator or computer numerical integrator yields sin -1 0.6 ~ 0.643501109. 

58. A calculator or computer numerical integrator yields 丌 s 3.1415929. 

8.8 IMPROPER INTEGRALS 


poo 

J 0 ) 


dx 


lim I 

b —> oo 


x2 d ^ t = u lim [tan -1 x] ^ u lim (tan -1 b — tan -1 0 ) = | — 0 = | 


b — oo 


b —> oo 


2. = lim r^= lim [- lOOOx— 。施 ] ^ = lim + 1000) = 1000 

J 1 x b ^ oo ^ 1 x b ^ oo b ^ oo v D / 

1 x - 1 / 2 dx = lim [ 2 x ^1 ^ = lim (l - 2^) = 2-0 = 2 

b^o+ 1 Jb b^o+ V v / 


lim , 

b — 0 + Jb 


4 - Jo vfc = b 1 i n 4- Jo 


(4 一 x) _1/2 dx = b lim -2^4 - b — (-2^) 


0 + 4 = 4 


5 . J— L 募 


w+Jo 募 、 1 [ 3xV3 ] b 彳上 [ 3xl/3 ], 


b lim [3b 1 / 3 - 3 (- 1 ) 1 / 3 ] + Hm 卩 ⑴ 1 / 3 - 3c 1 / 3 ] = (0 + 3) + (3 - 0) = 6 


6 . /— 1 禹 = /> + ]>= 心 — [lx 2 / 3 ] b 8 + c lim + [|x2/3 ]； 

= b 1 丄 m 0 — [暑 b2/3 — I (-8) 2/3 ] + c l™ + [| d) 2/3 -|c 2 / 3 ] = [0-1(4)] + (I - 0 卜 - 


dx 


Jo - b lim_ [sin- x ] 0 = b l 丄 m r (sin- b — sin- 0 ) = | - 0 = | 

8 . / 0 '^ = b lim + [lOOOr 0 001 ]； (1000 - 1000b 0001 ) = 1000 _ 0 = 1000 


b — 0 + 
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550 Chapter 8 Techniques of Integration 


9. 


2 dx 


dx 


dx 


lim [ln|x-l|] b — 2 - h lim [In |x+ l|] b 2 = lim [in |^||] 

― i. rv~> b ^ QQ K — i 1 - ■八丁 i ij 


b —> —oo 


b ^ —oo 


lhn (ln|El| -Inll^jl) =ln3-ln( lim 


b ^ —oo 


b ^ —oo 


b + 1 


In 3 - In 1 = In 3 


10 . 


JU-i 2 J b = b 丄气（加 - 1 1 - tan- 1 5 ) = 5 ^ (" |) = T 


2dx — lim [tan— 

b ^ —00 L 


11. r^= b li + m 00 [ 21n l^l ]： = b 1 ™ 0 (21 n |¥|-21 n |¥|) = 2Ml)-21 n 0 = O + 21n2 = l n 4 

12 _ f 2 玲 = [ ln I 匕 II]; = ( ln Ibil - ln = ln ⑴ _ln G) = 0 + ln3 = ln3 


poo 

13. I 

—00 


2x dx 
( X 2 + l ) 2 


2x dx 
)(X 2 + l ) 2 


r 


2x dx • 

(X 2 + l ) 2 ， 


U = X 2 + 1 

du = 2x dx 


fl I = b 1 i m 00 [-ulb + c^oo [ _ u] 


du 1 / du 


lim (-l + i)+ c lim [-1—(-1)] =(—l+0) + (0+1) = 0 


b — 00 


14 


r xdx = r° 

• J -00 (x 2 +4) 3 / 2 J-c 


[dx 


(x 2 + 4)' 

lim 

b — 00 


TuJ 


00 (x 2 + 4)' 

lim 


3/2 


f ； 

7u. 


i dx 


(x 2 +4)' 


3/2 


u = x 2 + 4 
du = 2x dx 


du I r x du 

卞 J 4 2^72 


b 1 ^ r 2 


75) + c 1 l m oo (_ ^ + 0 = (_ - + 0) + (0 + *) = 0 


15. 


9 + 1 


d6- 


to ^e 2 + 26 
=V^-0= a/3 


\x = e 2 + ie 

du = 2(9 + 1) dd 


)， 0+ 1 3 泰'， 0+ ⑽:：心 (^- v ^) 


16. 


/0 V 4 -S 2 


ds 


2s ds 


ds 


'0 ^4-s 2 Jo 74- s 2 ’ 


u = 4 - s 2 
du = —2s ds 


ds 


2 J 4 


\/4 — s 2 


^oJ^+c 1 ^ - fovt7= b 1 i m 0 , + 


sin 


2」 0 


lim (2 

b^0 + V 


\/5) + c lim (sin -1 | — sin -1 0) = (2 — 0) + (■ — 0) 


17 


■f: 


dx 


(1 + X)y/X ， 


u = 

dU= 泰 . 


f ； 


2 du 
u 2 + 1 


lim I -T- 

b — oo Jo u ' 


2du 


lim [2 tan -1 u] 

b ^ oo 


^lim (2 tan -1 b — 2 tan -1 0) = 2 (■) _ 2(0) = tt 


18 


r 


dx 


dx 


x\/x 2 - 


xa/x 2 - 


r 


dx 


t\/ x 2 - 


lim 


dx 


lim 


b — 1 + Jb x\/x 2 — 1 C —>■ CX) J2 xy/^ 


I；, 


dx 


lim [sec -1 |x|]^ + lim [sec -1 |x|] \ — lim 丄 (sec -1 2 — sec -1 b) + lim (sec -1 c — sec -1 2) 

b—l+ c — oo b —^ 1 + c—>oo 


(f-o) + (f-f) 


19 


f: 


dv 


1 = lim [In 11 + tan _1 v|] 0 = lim [In 11 + tan -1 b|] — In 11 + tan -1 0| 

h — > oo h — > oo 


(1 + v 2 ) (1 + tan-^ v ； b~-^"oo 

ln(l + f) -ln(l+0) = ln(l + f) 


20 


r 


16 tan -1 x 
1 +x 2 


dx = lim 

b — oo 


8 (tan -1 x) 


=lim 

o b — oo 


8 (tan— 1 bf — 8 (tan— 1 0) 2 = 8 (f) 2 - 8(0) = 2 tt 2 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 
























































Section 8.8 Improper Integrals 551 


21. J Oq 9 d6 = ^ lim \0q 9 — e 0 ] ° = (0 ♦ e° — e°) — ^ lim [be b — e b ] = — 1 — ^ lim (^=^) 


-1 - lim (rHopital's rule for ^ form) 

b —> —oo v_e 7 00 

1 —0= -1 


22. / ； 2e-« sin 0 dd = f Q 2^ sin 9 dd 

lb 


lim 2 

b — oo 


(— sin 0 — cos 0) 


o 


(FORMULA 107 with a = -1, b = 1) 


lim 

b — oo 


—2(sin b + cos b) 丄 2(sin 0 + cos 0) 一 Q + 2(0+1) 


~2^~ 


~2^~ 


23. /le W dx=/>dx = b Hm oo M b ° = b (1 - e b ) = (1 - 0 )： 


24. J 2xe _x2 dx = J 2xe _x2 dx + 上 2xe _x2 dx = lim [—e _x2 ]: + c lip^ [—e _x2 ] ° 0 
= b 丄气 [-1 - (-e- b2 )] + d [-e- c2 - (-1)] = (-1 - 0) + (0 + 1) = 0 


25. I x In x dx = lim 

Jo b — 0+ 

-_ ! 一 lim ⑷ 

— 4 上 1 V (- b 4) 




In x 


: G lnl -D-J 丄 m 0+ (y Inb-^ 




In b 

w 


+ o 


⑼：- 


+ 0： 


26. I (— In x) dx = lim [x — x In x] ^ = [1 — 1 In 1] — lim [b — b In b] = 1 — 0 + lim 


b — 0+ 

1 - lim b = 1 - 0 = 1 

b —0+ 


b — 0+ 


b — 0+ 


tT 1 


lim 

b — 0+ (- 去） 


27. 

r 2 ds _ 

Jo y/4-s 2 

二 lim 

b — 2 - 

[sin -1 

f]'= b l™ - ( 如 - 1 !) 

— sin" 1 0 = f -0 = | 

28. 

r 1 4rdr 

Jo y/l -I 4 

二 lim 
b — l_ 

[2 sin - 

Mr 2 )]' = b lim_ [2 sin- 

1 (b 2 )] — 2 sin" 1 0 = 2.f — 0 = tt 


29. 


ds 


s^ = b 1 i m 1+ [^c- 1 s] b = sec-i2- b lim + sec^ b=|-0=| 

/ 丄 m 2+ [G sec_1 ■) - i sec_1 (I)] = Hl)^r 0 = l 


r 

二 lim sec - 

1 |1 

J2 tVt 2 - 4 

b^2 + L2 



4 

b b- 


3L /- 1 7R= b 1 i m 0 - /- 1 7=x+ c 1 i m 0+ 


1 丄 m n — [-2 b —i + c Hm + [2^ 


b — 0— 


lim 

b^0~ 


: -2V^) - (-2^-(-!)) + 2^4 - lim + 2^/c = 0 + 2 + 2- 2- 0 = 6 


32. 


dx 


dx 


dx 


*0 y/\x - 1| JO y/\ -X j 1 y/x - 1 b 


lim 


-14^、 


lim 


2\/^ 


> lim - -0) + 2^2 - 1 — lim + (2^-1) = 0 + 2 + 2 — 0 = 4 


33 


■/； 


dd 


炉 + 50 + 6 b 


lim [In j 


ST3 IJ —1 — b 


[ ln 1^+11] _ln I =rrlI = 0-lnQ) = ln2 
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34. /f (x+1) d ( x x2 + 1) H [I In |x+ 1| - i ln(x 2 + 1) + ^ tan " 1 x] ^ 


In I 


x+ 1 




tan x 


lim 

b — oo 


In 


L 2 Vv^ 


+ I tan -1 b 


I ln 7 T + I tan -1 0 




35 


.tan 0 d6 = lim [— In |cos 9\]^ = lim [—In |cos b|] + In 1 = lim [— In |cos b|] = + oo, 


the integral diverges 


36. / cot 6 d6 = ^ lim [In |sin 0\]^ 2 = In 1 — ^ lim + [In |sin b|] = ' lim [ln|sinb|]= + oo, 

the integral diverges 


b^0+ 


37 - 1^1; 卜 - 沒 = x] — —f:，= Since 0<^<^forallO< 

converges, then dx converges by the Direct Comparison Test. 


x < 7 r and 


r 

J 0 y/x 


38. 


cos 6 dd • 


0 < x < 27r and 


X = 7T — 26 

^ = 1-! 
d0 = —f 」 

f*2n 


，0 - cos_(f-|)_dx ^ r 2n Sin ( 姜 ） dx 




f 2^73 converges, then 上 S 1 ^J^ X converges by the Direct Comparison Test. 


2^~ 


• Since 0 < ^| < ^73 for all 


39. 


_ 2 e~ 1/x dx; 


r>l/ln2. 


穿 =/ 二 e — y dy = b 1 ^ [- e — y ] ‘ = b 1 丄 ' [_ e — b ] - [_ e — 1/to2 ] 


= 0 + e _1/ln2 = e _1/ln2 , so the integral converges. 

40. 上 dx; [y = -y/x] ^ 2 上 e _y dy = 2 — so the integral converges. 


41. . Since for 0 < t < 7r, 0 < ^^ sint < and converges, then the original integral 

converges as well by the Direct Comparison Test. 

42 - ; let f (t) = rrkr and g(t) = ? ， then J 1 ™ g = J 1 ™ = ( lim = t 1 !% 憙 

=t^o C^t= 6 - Now Jo ? = b 1 ™ 0+ [ 一忐 K = — I 一 b 1 丄 m 0+ [- 士 ] = +°°， which diverges ^ f g ' ^ 
diverges by the Limit Comparison Test. 

43. f o 2 j^ = f o I T ^ + an d J: 士 = b 1 丄 [|ln|}^|]'= b lim ] l n | g |] — 0 = 00 , which 

diverges J q diverges as well. 

44. /； = X't^ + and f o '^- x = b lim_ [-In(1 - x)]^ Um_ [-In(1 - b)] - 0 = oo, which 

diverges diverges as well. 


45 . J |x| dx = In (—x) dx + 上 In x dx; In x dx = ^ lim [x In x — x] 二 =[1 • 0 — 1 ] — ^ lim + [b In b — b] 

=- 1-0 = - 1 ; J ^11(—x) dx = — 1 ^ In I x| dx =-2 converges. 
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广 1 nO r*l 

46. J x In |x| ) dx = J J—x ln(—x)] dx + J 。 (—x In x) dx = ^ lim + 


誓 Inx -誓 




[■ lnl 一幻 - b lim + 


lnb — 誓 


U — * U L . J 

converges (see Exercise 25 for the limit calculations). 




fine — 穿 


lim 

: ^ 0 + 

-0+i+0 = 0 ^ the integral 


r poo noo 

； 0 < ^ for 1 < x < oo and J i ^ converges 4 丄 converges by the Direct 


1 +x 3 

Comparison Test. 


48.r; lim = lim 

J A a/X- 1 X ^ OO ( 士） X —> OO 


which diverges ^ ^ x _ l diverges by the Limit Comparison Test. 


x 1 ^ irj=R)= 1 and f:^= b 1 ™,, [ 2 \An = 叫 


49 . 厂 lim 

J 2 y/\- 1 V ^ OO 


w 


: v^oo = v^oo 


which diverges ^ ^ diverges by the Limit Comparison Test. 


ni - t^o= 1 and r ^= b 1 ™, [ 2 \/^= 叫 


).r 


50. /_ 0 S 


^ for 0 


。 < oo O b l 丄 [— e -f = 土 （ - e -•= + 1) 


b — oo 




上普 converges => converges by the Direct Comparison Test. 


r*oo 

51 - Jo 


dx 


dx 


Vx 6 + 1 


*0 a/x 6 + 


b^oo (—• + ■) 


rW ： 


dx 


I => 


V^T. 

I ； 


< 


dx 


'o Vx 6 + 1 


/ ri and / r ?= b i i m 0O [-紅 


dx 

Vx 6 + 1 


converges by the Direct Comparison Test. 


52. 


dx 






xiiFoo ^/=T = 1 ； rJ dx = bboo [lnb]： 


lim 


which diverges ^ ^ i diverges by the Limit Comparison Test. 


53 - /r^Pdx^lim^ 


lim 


oo = x^oo 


poo r»oo . 

1； fi IF dx = / JV? 


lim [-2x _1 / 2 ]; = ^lim (沃 + 2) = 2 => 工 1 dx converges by the Limit Comparison Test. 


poo 

54 .丄 


x dx 


巧 、 1>0 °翁 


X^oo 長 


x'iPoo ^ 




Uf ； ^-f ： f= b lirn 0 lln ， l ： 


: OO, 


which diverges ^ x 4 dx ^ diverges by the Limit Comparison Test. 


55. f °° ^±cosx dx; 0 < i < ^cosx for x > ^ and f'dx = Hm r ln x i 

U TV X x x »-/ 7 T X ^ QQ L J 

=> 2+ : osx dx diverges by the Direct Comparison Test. 

poo 

56. / 

•J 7T 


: OO, 


which diverges 


1 + sin x 
x 2 


4 


^0<^<^for X >n a n d f：^ d ^ b lirn^ [-[:= 上 ，㈠ + f) 

^ converges => J 1 + x s 2 in x dx converges by the Direct Comparison Test. 
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51 . /:晶 ; 1 1 PT^T = 1 and f 4 °°W = [-4t- 1/2 ] 

-/； 


2dt 


• oo ^ ~ _ 1 ^ 4 r/ ~ b ^ oo 

converges by the Limit Comparison Test. 


4 too 


( 这 +2) … f: 


諸 converges 


poo r»oo poo 

58. I ; 0 < ^ < for x > 2 and I ^ diverges I ^ diverges by the Direct Comparison Test. 

r noo noo 

^ dx; 0 < ^ ^ for x > 1 and J 专 diverges J diverges by the Direct Comparison Test. 


r noo r»oo 

In (In x) dx; [x = e y ] — J (In y) e y dy; 0 < In y < (In y) e y for y > e and J In y dy = ^ lim [y In y — y] ^ 

r»oo noo 

,which diverges ^ I In e y dy diverges => I e In (In x) dx diverges by the Direct Comparison Test. 


oo,' 


lim 


\/l-0 


i;/:# = /> 


dx 


6L fi ： x^oo = X^OO A ^一赛 

^lim [—2e — x/2 ]:= 匕 lim (—2e— b/2 + 2e— 1/2 ) = 士 4 工 e — x 々 dx converges 4 工 ^ ^ converges 


by the Limit Comparison Test 


62 r°° dx . lim 

oz * Ji e*-2* ( 去） 

=lim (—e_ b + e_i) 

b — oo 


lim 


lim 


T^o 




x— A 6o — x A 4 1A oo 

工 • converges converges by the Limit Comparison Test. 


士 4 


poo poo poo 

63. I dx — 2 / , dx - / dx — . 

J -oo yx 4 + 1 Jo yx 4 + 1 ? Jo yx 4 + 1 J 0 yjd 


dx 厂 X dx 〈 f 1 dx I 厂 30 dx 

\/x 4 + 1 J 1 \/x 4 + 1 j 0 \/x 4 + 1 j 1 X 2 


and 


u —oo V 入 *-I - i ^ u "v 入 ^ u v 入-入 ‘'I - ! ^ i V 入 uuv 入 ‘-I -1 ^ 1 八 

/rt= b l m 00 [-^:= b 1 i m 00 (-5+l) = l 4 Xoc y x d 4 X + ! converges by the Direct Comparison Test. 

64 - IZc4^ = 2 J7 春 ； 0 < < iforx>0;/f I converges ^ 2 ^ converges by the 

Direct Comparison Test. 


65. 


dx 

x(ln x)p 


In xl 




—p + l 


ln2 ,. 

= b Hm o + 


i(ln2)* 


(a) f t 

以 i --、 ' 一 - D ^ U 1 r '" 」b 

the integral converges for p < 1 and diverges for p > 1 

( b ) JT ； [t = In x] ^ f and this integral is essentially the same as in Exercise 65 ⑻： it converges 

iverges for d < 1 


for p > 1 and diverges for p 


66 - + 

diverges. But lim f b ^ = 

b —» 00 ^ _ °° x + 1 

=lim (In 1) = 0 

b — oo 


=lim [In (b 2 + 1)] — 0 = lim In (b 2 + 1) = oo ^ the integral 

b —^ oo b ^ oo " 

lim [In (x 2 + l)] b = lim [In (b 2 + 1) — In (b 2 + 1)] = lim In 

b —> oo b ^ oo b —^ cx) 


noo 

—oo 


2x 


r b 2 + r 

,b 2 + 1 
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68 


- 叉 =i JT xe — X dx = b ^ hxe--e-1 ： = h lim 


b —^ oo 


e- b ) — (—0 • e— 0 — e— 0 ) =0+1 = 1; 


歹 = 去 /: ( e — x ) 2 dx = * JT e — 2x dx = b I H e — 2x ] : = h I e — 2b ) — I ㈠ e — 2 °) =° + 


b — oo 


4 ~ 4 


69. V = r 27rxe- dx = 2 tt dx = 2'U^ [-xe- 乂 — e 叫 


2tt 


lim 

.b ^ oo 


e_ b ) - 1 


27T 


70 


- V = /:兀 （ e — ” 2 dx = 7r JT e —& dx = V’oo [― 善 e — N : = V ’ J ] e — % + s ) = I 


b — oo 


71. A = 上 / (sec x — tan x) dx = lim [In |sec x + tan x| — In |sec x |] h Q = lim (in 11 + | — In 11 + 0|) 


lim In 11 + sin b| 二 In 2 

b — 芬 _ 1 1 


dx 


r r»7r/2 r»7r/2 a»7t/2 

7r sec 2 x dx — j 7r tan 2 x dx = 7r I (sec 2 x — tan 2 x) dx = I 7r [sec 2 x — (sec 2 x — 1)] 

= 7r f: /2(lx = 誓 

(b) S out e r = sec x \/1 + sec 2 x tan 2 x dx > 27r sec x(sec x tan x) dx = 丌 lim [tan 2 x] ^ 

tt (tan 2 b) = oo ^ S outel diverges; S taer = fj^ntan x^l+s^x dx 


lim_ [tan 2 b] —0 
> J Q / 27r tan x sec 2 x dx = 7r ^ lim [tan 2 x]q = 7r 

4 Sinner diverges 


lim_ [tan 2 b] -0 


7r lim (tan 2 b) = oo 

f- v J 


73. (a) f e _3x dx = lim [ — i e _3x l I = lim (— i e _3b ) — (— l e -3 ' 3 ) = 0 + J • e -9 = i e -9 

b ^ 00 L 3 」 3 b^oo v 3 y v 3 J 3 3 

^ 0.0000411 < 0.000042. Since e _x2 < e _3x for x > 3, then e _x2 dx < 0.000042 and therefore 

J q e _x2 dx can be replaced by e _x2 dx without introducing an error greater than 0.000042. 

(b ) 厂 e_x 2 dx= 0.88621 


74 . (a) V=f i \(^ 


dx = 7r b 1 Too H]' 


Lb^oo ㈠ ） -㈠) 


7r(0 + 1) = 7T 


(b) When you take the limit to oo, you are no longer modeling the real world which is finite. The comparison 
step in the modeling process discussed in Section 4.2 relating the mathematical world to the real world 
fails to hold. 


75. (a) 


y 
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556 Chapter 8 Techniques of Integration 

(b) > int((sin(t))/t, t=0..infinity); (answer is |) 



76. (a) 


y 


1 

0.8 

0.6 

0.4 


erf(x) = /o 


0.2 

o … .lb … .1’5 ' ' 2b 1 ' '2T x 


(b) >f:= 2*exp(-t A 2)/sqrt(Pi); 

> int(f, t=0..infinity); (answer is 1) 


77 •⑻ f(x )= 去 e_ x2/2 



f is increasing on (—oo, 0]. f is decreasing on [0, oo). f has a local maximum at (0, f(0)) = (0, 

(b) Maple commands: 

>f: = exp(-x A 2/2)(sqrt(2*pi); 

>int(f, x = —1..1); ^ 0.683 

〉 int(f，x = —2..2); ^ 0.954 

〉 int(f, x = -3..3); « 0.997 

(c) Part (b) suggests that as n increases, the integral approaches 1. We can take I f(x) dx as close to 1 as we want by 

u —n * 

r»oo n—n 

choosing n > 1 large enough. Also, we can make J f(x) dx and J f(x) dx as small as we want by choosing n large 
enough. This is because 0 < f(x) < e _x/2 for x > 1. (Likewise, 0 < f(x) < e^ 2 for x < —1.) 

Thus , 厂 f(x)dx< e-^dx. 

•J n n 

f e _x/2 dx = lim f e _x/2 dx = lim [ — 2e _x/2 ] c = lim [ — 2e _c/2 + 2e _n/2 ] = 2e _n/2 

^ n c— n c—^oo L 11 c—^oo L 

poo 

As n —^ oo, 2e _n/2 ^ 0, for large enough n, / f(x) dx is as small as we want. Likewise for large enough n, 

/ f(x) dx is as small as we want. 

—oo 


7 8 . ， since the left hand integral converges but both of the right hand 

integrals diverge. 
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79. (a) The statement is true since f f(x) dx = f f(x) dx + f f(x) dx, f f(x) dx = f f(x) dx 

tJ —oo —oo a b a 

and J f(x) dx exists since f(x) is integrable on every interval [a, b]. 

(b ) 厂 f(x) dx + 厂 f(x) dx 二厂 f(x) dx + 广 f(x) dx - T f(x) dx + 厂 f(x) dx 

«—oo t/ a J —oo •J a a 'J a 

= f b f(x) dx + 厂 f(x) dx + 厂 f(x) dx = 广 f(x) dx + 厂 f(x) dx 

—oo b 'J a t/ —oo b 

80. (a) f: f(x) dx = f: f(x) dx + £" f(x) dx = - f" f(-u) du + / o °°f(x) dx 

= f(—u) du + 上 f(x) dx = 2 J o f(x) dx, where u = —x 
(b) J: f(x) dx = J° f(x) dx + £ X f(x) dx = -f: f(-u) du + /^(x) dx 

=J o —f(u) du + 上 f(x) dx = —J o f(x) dx + 上 f(x) dx = 0, where u = —x 


f(x) dx 


81 


厂 

— oo 


dx 


dx 


•\/x 2 + 1 


3 y/x 2 + l 


1 + fl V^ + l ； fl Vx^+l diverges because x lim^ 


⑴ 


X^Poo 


\/x 2 + 1 


\/x 2 + 1 / 

【 0 + 去 = 1 and y diverges; therefore, J ! diverges 


poo poo r»cx} 

82. J 6 dx converges, since J 6 dx = 2 丄 6 dx which was shown to converge in 


VI+x 6 

Exercise 51 


\/l+x 6 


83 - IZ 点 :JZ 鈴； 為 =^ < h and f 。、 = c 1 iP co [_e—t = ciiPoo (_ e — c + 1 ) = 1 

泠 : 錯 = 2 J7 秦 converges 

84 ' IZfrf = ll^TJ + /— : 錶 ;/ 二錶 =where u = ^x, and since ^ > i (u > 1) and 
^ diverges, the integral 工 diverges diverges 


r*oo r»oo 

85. e |x| dx = 2 e- x dx = 2 

J -oo JO 


lim / 

b — ^ oo ^ 0 


e _x dx = —2 lim [e _x ] = = 2, so the integral converges. 

b ^ oo " 、一 


86 . 


r»oo 

J —oo 


dx 

5TW 


dx 

OTTT? 


(x+l) 2 


lim 广 


dx 

2 OTW 


lim 


+ I-iuTW + L 

tj] b 2 = oo, which diverges => J (x ^ x 1)2 diverges 


dx 

(x+1)^ 


97 r°° |sin x| + |cos x| 

5/ . J-OC ^W+l^ 


dx = 2 


r isin i+r sxi dx > 2 x" 


sin 2 x + cos 2 x 


dx = 2 lim 


dx 


b ^ oo 


dx 


2 lim [In |x + 1|]: = oo, 

b ^ oo 


which diverges l sin dx diverges 


r x 

J-oo (x 2 + l)(x 2 +2) 
xdx 

Jo (x^ + l)(x^ + 2) 


dx = 0 by Exercise 80(b) because the integrand is odd and the integral 
< ^ converges 


89. Example CAS commands: 
Maple: 

f := (x,p) -> x A p*ln(x); 

domain := 0..exp(l); 

fn 一 list := [seq( f(x,p), p=-2..2 )]; 
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558 Chapter 8 Techniques of Integration 

plot( fn 一 list, x=domain, y=-50..10, color= [red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4 ， l ， 2,0], 
legend=["p= -2 M , M p = -1 V'p = O'V’p = l M , M p = 2"], title= M #89 (Section 8.8) M ); 
ql := Int( f(x,p), x=domain ); 
q2 := value( ql ); 

q3 := simplify( q2 ) assuming p>-l; 
q4 := simplify( q2 ) assuming p<-l; 
q5 := value( eval( ql, p=-l )); 

11 ：= ql = piecewise( p<-l, q4, p=-l, q5, p>-l, q3 ); 

90. Example CAS commands: 

Maple: 

f := (x,p) -> x A p*ln(x); 
domain := exp(l)..infinity; 
fn 一 list := [seq( f(x,p), p=-2..2 )]; 

plot( fn 一 list, x=exp(l)..10, y=0..100, color= [red,blue,green,cyan,pink], linestyle=[l,3,4,7,9] ， thickness=[3,4,1,2,0], 
legend=["p = -2 M ,"p = -1 ， V'P = 0”，，’p = l M , M p = 2 ， ’] ， title=，，#90 (Section 8.8)”）; 
q6 := Int( f(x ， p) ， x=domain); 
q7 := value( q6 ); 

q8 := simplify( q7 ) assuming p 〉 -l; 
q9 := simplify( q7 ) assuming p<-l; 
qlO := value( eval( q6, p= : -1)); 

12 := q6 = piecewise( p<-l, q9, p=-l, qlO, p>-l, q8 ); 

91. Example CAS commands: 

Maple: 

f := (x,p) -> x A p*ln(x); 

domain := 0"infinity; 

fn 一 list := [seq( f(x,p), p=-2..2 )]; 

plot( fn 一 list, x=0..10, y=-50..50, color= [red,blue,green,cyan,pink], linestyle=[l ， 3,4,7,9], thickness=[3,4,1,2,0], 
legend=[ M p = -2 M , M p = -l M ,"p = 0 M , M p = l M ,"p = 2”] ， title=，，#91 (Section 8.8 )”）； 
qll := Int( f(x,p), x=domain ): 
qll =lhs(il+i2); 
vv = rhs(il+i2); 

、、 =piecewise( p<-l, q4+q9, p=_l, q5+ql0, p 〉 -l, q3+q8 ); 

、、 =piecewise( p<-l, -infinity, p=-l, undefined, p>-l, infinity ); 

92. Example CAS commands: 

Maple: 

f := (x,p) -> x A p*ln(abs(x)); 
domain := -infinity..infinity; 
fn 一 list := [seq( f(x,p), p=-2..2 )]; 

plot( fn_list, x=-4..4, y=-20..10, color= [red,blue,green,cyan,pink], linestyle=[l ， 3,4,7,9 ]， 
legend=[ M p = -2"，’，p = -1 V，p = 0 M , M p = l M , M p = 2 M ], title="#92 (Section 8.8) M ); 
ql2 := Int( f(x,p), x=domain ); 
ql2p := Int( f(x,p), x=0..infinity ); 
ql2n := Int( f(x,p), x=-infinity..O); 
ql2 = ql2p + ql2n; 

、、 =simplify( ql2p+ql2n ); 
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89-92. Example CAS commands: 

Mathematica: (functions and domains may vary) 

Clear[x, f, p] 

f[x_]:= x p Log[Abs[x]] 

int = Integrate[f[x], {x, e, 100)] 

int /. p 2.5 

In order to plot the function, a value for p must be selected. 
p = 3; 

Plot[f[x], {x ， 2.72, 10}] 

CHAPTER 8 PRACTICE EXERCISES 


f x\/ 4x 2 — 9 dx; 


u = 4x 2 -9 
du = 8x dx 


f v^du=|.|u 3 / 2 + C = 忐 (4x 2 - 9) 3/2 + C 


2. f 6x\/3x 2 + 5 dx; 


u = 3x 2 + 5 
du = 6x dx 


f v / udu = I u 3 / 2 + C = § (3x 2 + 5) 3/2 + C 


u = 2x + 1 
du = 2 dx 

(2x+ 1) 5/2 (2x+ 1) 3/2 


3. Jx(2x+ l) 1 / 2 dx; 


.^du= i (/u 3 / 2 du - fu 1 / 2 du) = i (|u 5 / 2 


10 


6 


c 


4. 


dx; 


u = 1 — x 

du = — dx 


y/l 

: I (1 - X ) 3 / 2 -2(1- X ) 1 / 2 + C 


r-^f du = /(>-^) du=|u 3 / 2 -2u 1 /2 + C 


5. 


x dx • 
V8x 2 +1 ’ 


U = 8x 2 + 1 

du = 16x dx 




i - 2U 1 / 2 + c = ^ + 1 + C 


6. 


x dx . 
y/9 - 4x 2 ’ 


u = 9 — 4x 2 
du = — 8x dx 


iff u = -l -^ 1/2 + c 


V9 - 4x 2 


c 


y dy . 
25 + y 2 ， 


u = 25 + y 2 
du = 2y dy 


I J ! In l u l + C = i In (25 + y 2 ) + C 


8. / 扭. 


4 + y 5 


U = 4 + y 4 
du — 4y 3 dy 


iJf 


ln|u|+C= iln(4 + y 4 )+C 


9. 


t 3 dt . 
\Z9-4t 4 , 


u = 9 —4t 4 
du = — 16t 3 dt 


T6 


16 


• 2U 1 / 2 + c = - +C 


10 . 


2tdt . 

F+T ? 


u = t 2 
du = 2t dt 


為 =tan -1 u + C = tan -1 1 2 + C 


11. / z 2 / 3 (z 5 /3 + l) 2 / 3 dz ； 


U = Z 5 / 3 + 1 

du = I z 2 / 3 dz 


I f u 2 / 3 du = I - I u 5 / 3 + C = 嘉 (z 5 / 3 + l) 5/3 +C 


u 3 / 2 ) + C 
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560 Chapter 8 Techniques of Integration 


12. f z _1 / 5 (1 + z 4 / 5 ) dz; 


U = 1 + Z 4 / 5 

du = I z -1 / 5 dz 


f u- 1 〆 2 du= l - 1 如 + C = § (1 + z 4 / 5 ) 


i q I sin 20 d0 • 
J (1 - cos 2d ) 2 ， 


14. 


15. 


cos 6 dd 
(1 + sin 9) 1 / 2 


u = 1 — cos 20 
du = 2 sin 20 d9 


u = 1 + sin ^ 
du = cos 6 d6 


/ 费 


2^ 


+ c ： 


1 


2(1 - cos 2d) 


c 


f^j 2 = 2U 1 / 2 + C = 2^/1 + sin 6» + C 


r sin t dt . 

U = 

: 3 + 4 COS t 

J 3 + 4 cos t 5 

du 

二 —4 sin t dt 


u = 1 + sin 2t 
du = 2 cos 2t dt 


16. 

17. f (sin 2x) e cos2x dx; 

18. f (sec x tan x) e secx dx; 

19. J e 0 sin (e 0 ) cos 2 (e 0 ) dO; 

20. f Q e sec 2 (e 0 ) dO 


$ J $ = — $ In |u| + C = — $ In |3 + 4 cos t| + C 


^ J ^ = I In |u| + C = I In |1 + sin 2t| + C 


u = cos 2x 
du = —2 sin 2x dx 


u = sec x 

du = sec x tan x dx 


|/e u du 二 一 |e u + C = — !e cos2x + C 


e u du = e u + C = e secx + C 


u = cos (e 0 ) 
du = — sin (e 0 ) • e 0 d 沒 


u = e 0 
du = Q e d6 


21. J 2 X 1 dx = + C 


f —u 2 du= — |u 3 + C = - 
f sec 2 u du = tan u + C = tan (e 0 ) + C 


cos 3 (e 0 


f dv . 

U = 

二 In v 

J v In v ? 

du 二 

=i dv 

V J 


r dv . 

u = 2 + In v 

J v(2 + lnv) 5 

du = - dv 

L v J 


25. 


26. 


27. 


28 . 



u = 2 + tan -1 x' 

J (x 2 +l)(2+tan- 1 x) 5 

i du=^ J 


c dx 


y/T^ 5 


2 dx • 
y/l -4x 2 ， 


dx 


u = sin x 

dx 


du 


Vl-X 2 


22. J 5 X 
= In |u|+C = ln |lnv| +C 

—= In |u| + C = In |2 + In v| + C 

J^ = In |u| + C = In |2 + tan -1 x| + C 


udu=|u 2 +C 二！ (sin -1 x) + C 


+ C 


u 二 2x 
du = 2 dx 


du 




sin -1 u + C = sin -1 (2x) + C 


dx 


^49-x 2 — 


-(.r 


du = i dx 


du 


-\/l — u 2 


sin -1 u + C = sin -1 ( 今 ） + C 
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29. 


f dt _ 

- 1 r 

dt . 

u = 


J \/l6-9t 2 

4 J 


du 二 

=| dt 



V 1 UJ 


4 J 


du 


\/l — u 2 3 


sin -1 u + C = ! sin -1 ( 學 ） + C 


f dt — 1 

f dt . 

u = | t 

J \/9-4t 2 3 

V- ⑼ 2 ’ 

du = | dt 


du 


2 j 7T^-2 sin u + c： 


(f)+c 


31. 


32. 


33. 


r ^ 

1 f 

dt . 

u = 


J 9 + t 2 — 

9J 1 


du 二 

H 

r ^ . 

U 

= 5t 


r d 

J 1 + 25 ^， 

du 

= 5dt 

— 5 

J i + 

r 4 dx 


4 f dx 

_ l 

J 5xy/25x 2 

-16 

25 J X # -碧 

5 


du 


tan -1 u + C 


( 臺 ） + c 


tan— 1 u + C = ♦ tan -1 (5t) + C 


I 警 I 


C 


34. 


6 dx 


xy 4x 2 — 9 


2 sec - 


m+c 


35. 


dx 


d(x - 2) 


V4x-x 2 — J y/A-ix-lf 


( 甲） + C 


36. 


dx 


V4X-X2-3 


' 7 g i 2L f = sin-i(x^2) + C 


37. 


dy _ _ _ 

y 2 — 4y + 8 — J (y - 2) 2 + 4 — 2 


tan- 1 (^) +C 


38. J t 2 + 4 t +5 = J (t+ 2)2 + 1 = tan 1 (t + 2) + C 


39. 


dx 


d(x-l) 


(x-l)Vx 2 -2x J (x-l)V(x-l) 2 -] 


sec x 


-1|+C 


40. 


dv 


d(v+l) 


(v+l)\/v 2 +2v _ J (v+l)V(v+1) 2 -1 


sec -1 |v + 1| + C 


41. f sin 2 x dx = 

42. J'cos 2 3x dx 


1 - cos 2x dx — — — sin 2x + c 


1 + cos 6x dx — x _|_ sin 6x + c 


43. / sin 3 f d6> = J (l - cos 2 |) (sin |) d6>; 


du 


I sin I dO 


I cos 3 I — 2 cos § + C 


-2 J^(l — u 2 ) du 


2u 3 


2u + C 


44. J sin 3 0 cos 2 0 d6 = J\l - cos 2 6) (sin 0) (cos 2 6) dO; 
_ 

— T _ T 


u = cos 6/ 
du = — sin 6 dO 


J (l-u 2 )u 2 du= / (u 4 - u 2 ) du 


u 5 u 3 + C — C(3s5 沒 — COS 3 6 + C 
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562 Chapter 8 Techniques of Integration 


45. J tan 3 2tdt = J (tan 2t) (sec 2 2t — 1) dt = J"tan 2t sec 2 2tdt — J tan 2t dt; 


u = 2t 
du = 2 dt 


^ J tan u sec 2 u du — | tan u du = | tan 2 u + | In |cos u| + C = | tan 2 2t + | In |cos 2t| + C 


=I tan 2 2t — I In I sec 2t| + C 

46. J6 sec 4 tdt = 6 J (tan 2 1 + 1) (sec 2 1) dt; 
= 2 tan 3 1 + 6 tan t + C 


u = tan t 
du = sec 2 1 dt 


»J(u 2 + 1) du = 2u 3 + 6u + C 


47. J' 2 sinx^os x = f = f csc 2x dx = — * In I esc 2x + cot 2x| + C 


48. 


二 I 2dx . 
cos 2 x—sin 2 x — J cos 2x ! 


2dx 


u = 2x 
du = 2 dx 


du 

cos u 


sec u du = In |sec u + tan u| + C 


In I sec 2x + tan 2x| + C 


49. fj 4 yj csc 2 y - 1 dy = fj 4 cot y dy = [In |sin y|]$ = In 1 - In ^ = In 

50. J\J cot 2 1 + 1 dt = j^ csc t dt = [— In |csc t + cot t|]^ 4 = — In |csc 孕 + cot 宇 | + In |csc J + cot 11 


In 


V2- 


+ ln 


a/2+1 


In 


V2+1 

y/2-l 


In 


(\/2 + l) (a/2H 


2-1 


In 3 + 2 


V 2 ) 


51. / o Vl-cos2 2xdx = / ； |sin2x|dx= /fsin 2x dx - Qin 2x dx = - [^]； /2 + [^]； /2 

= - (U) + [• _ ㈠)] = 2 

52 - JTV 1 - sin2 f dx = iTl C0S !l dx = £ cos I dx - iT C0S f dx = [2 sin |] ； - [2 sin |] 2 ； 

=(2 — 0) - (0 — 2) = 4 

53. J—:a/1 - cos 2t dt= a/2 /^Jsintl dt = 2^2 fj^sin t dt = -2^/2 cos t ^ = 2\fl [0 - (-1)] = 2^2 


54. J \/1 + cos 2t dt = \/2 J |cos t| dt = — \/2 J 1 cos t dt + ^cos t dt 

-V^C-l -0)+ v^tO-(-1)] = 2^2 


V2 [sint]^ /2 + [sin t] ^ /2 


55. /^=x-/^=x-2tan-i(|) 


C 


56. 


【 (x 2 + 9)-9x 
x 2 +9 


dx 


/(x-^)dx=f-|ln(9 + x 2 )+C 


57. dx= I [( 2x + !) + 2 x^l] dx = x + x 2 + 2 In |2x - 1| + C 

58. = /(2 + ^) dx = 2x + 8 In |x - 4| + C 


59 - 


y 2 


/^4=ln(y 2 +4)-itan-i(|) 


c 
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60. dy =/^+4/^ = 1 In(y2 + l)+4tan-iy + C 
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61. /^dt= 1-^+2]- 7 i ? = ^V / ^ + 2sin- 1 (i)+C 
=+/t = -2VT^ + ln |t|+C 


V4-t 2 

62 - 


63. 


dx 

sec x 


c dx 


(sin x)(l — sin x) 


sin x +1 


1 — sin 2 x 


dx 


sin x — 1 + cos 2 x 
cos 2 x 


dx 


f - f^-+ fdx 

J COS* 2 X J COS z X J 


tan x + x + C = x — tan x + sec x + C 


64- 


cot x dx 


【 dx 


(cos x)(l — cos x) 


cot X + CSC X — J COS X + 1 — J 

= f^T ^ /ife + / dx 


1 — COS 2 X 


dx 


cos x — 1 + sin 2 > 

sin 2 x 


dx 


+ cot x + x + C = x + cot X — CSC X + C 


65. / sec (5 — 3x) dx; 


y = 5 — 3x 
dy = —3 dx 

^ In I sec (5 — 3x) + tan (5 — 3x)| + C 


sec y • 


dy > 


sec y dy = — I In |sec y + tan y| + C 


66. J x esc (x 2 + 3) dx = * Jcsc (x 2 + 3) d (x 2 + 3) = — ! In |csc (x 2 + 3) + cot (x 2 + 3) | + C 


67. Jcot(|) dx = 4 j cot (I) d (I) = 4 In |sin (|)| +C 


68 


.J"tan (2x — 7) dx = tan(2x — 7) d(2x — 7) = — | In |cos (2x — 7)| + C = | In |sec (2x — 7)| + C 


69 


.JXyJ 1 — x dx; 


u = 丄 一 x 
du = — dx 


f (i — u)>/u du = J (u 3 / 2 — u" 2 ) du = I u 5 / 2 — I u 3 / 2 + C 


1(1— x) 5 / 2 - |(1 - X) 3 / 2 +C =-2 


(/T ^) 3 (yr^y 

3 5 


+ C 


70. J 3x-\/2x + 1 dx; 


u = 2x + 1 
du = 2 dx 


f 3 ( 甲） ^' 5^=3 


f (U 3 / 2 - U 1 / 2 ) du = I • I U 5 / 2 一聋 • I U 3/2 + C 


;(2x + l) 5 / 2 - i (2x + l) 3 / 2 + C = 3(v/ ^ rT)j — (%/ V T) + C 


10 


71. J z 2 1 dz; 


z = tan 6 


dz = sec 2 6 d9 
+ fsec 0 dO 


J a/ tan 2 0 \ • sec 2 6 dO = J sec 3 6 d6 

(FORMULA 92) 


d + I In I sec 沒 + tan 沒 | + C = +1 + | In z + y/1 z 2 


C 


72. J(16 + z 2 )' 3/2 dz; 
= 16 ( 16 ^ Z 2) 1/2 +C 


z 二 4 tan 6 
dz = 4 sec 2 6 d6 


4 sec 2 0 d9 
64 sec 3 6 d6 


T6 J cosd d0 = T6 sinO + C = 


+ c 
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564 Chapter 8 Techniques of Integration 


73. 


74. 


75. 


76. 


dy 


dy 


du 


二 In |sec 6 + tan 0\ + Ci 


\/l+u 2 


u = tan 6 
du = sec 2 6 d6 


sec 2 6 dd 

V 1 + tan 2 0 


In 


>/l + u 2 + u + Ci = In v/1 + (I) + I 


+ Ci = In 


sec 6 d6 


y/25 + f+y 
5 


In |y+ v/25 + y 2 | +C 


dy 


V25 + 9y 2 


dy 


du 


(f) 


Vl+u 2 


i In 


\/1 + u 2 + 1 


Ci from Exercise 73 


i ln|v/25+9y 2 + 3y|+C 


r dx . 

x = sin 沒 

】 x 2 y/l —\ 2 5 

dx = cos 6 dO 


x 3 dx . 
Vl-x 2 ， 


x 二 sin 沒 
dx = cos 9 


cos 9 dd 
sin 2 6 cos 6 


sin 3 6 cos 6 d6 

cos 6 


J esc 2 6 dO = — cot 沒十 C = 二 ^ 


— x 2 


c 


J sin 3 6 dO = J\l - cos 2 6) (sin 0) d6\ 


+ Q 


[u = cos 0] —>• — f (1 — u 2 ) du = —u + 誓 + C = — cos 0 ^ cos 3 6 = —\J 1 — x 2 + | (1 — x 2 ) 3 , 2 + C 

Note: Ans 三 _ x2 々 _ x2 — | \/l — x 2 + C by another method 


77. 


x 2 dx . 
\/l — x 2 ， 


x 二 sin 沒 
dx = cos 6 dO 


sin 2 6 cos 6 dO 


cos 0 


fsin 2 9 d9 


1 — cos 26 


dO 


16> - i sin 26> + C 


；^ ^ sin ^ cos 6 


sin~ x 
~2~ 


xi/l-x 2 

2 


c 


78. J \/4 — x 2 dx; 


x = 2 sin 沒 
dx = 2 cos 6 dO 


2 cos 0 - 2 cos 6 d6 = 2 ^(1 + cos 26) dO = 2 (^9 ^ sin 20) + C 


26> + 2 sin 6> cos <9 + C = 2 sin— 1 (•) +xa/1 - (f) 2 + C = 2 sin— 1 (■) + + C 


79. 


80. 


81. 


dx 


x = 3 sec 6 
dx = 3 sec 6 tan 0 dO 


\/x 2 — 9 ， 

二 In I sec 6 + tan 沒 | + Ci = In 


(f) 


3 sec 0 tan 6 d6 — / 3 sec d tan 6 dd 
y/9 sec 2 9-9 — J 3 tan 0 

1 +Ci =ln 


-a/x 2 — S 


J sec 0 dO 
Ci = In 


f 12 dx 

x = sec 6 

f 12 sec 6 tan 6 d9 

f 12 cos 6 dd . 

u = sin 沒 

J (x 2 - 1) 3/2 5 

dx = sec 0 tan 0 dO 

J tan 3 9 

J sin 2 9 ， 

du = cos 6 d6 


x + y/x 2 — 9 

r 12 du 

J 


+ c 


12 




c 


dw; 


12 
sin 6 


+ c 


12 ? 


Vx 2 - 


+ C 


w = sec 9 
dw = sec 6 tan 0 dO 


J (^-|) - sec 9 tan 6 d6 = J'tan 2 0 d6 = J (sec 2 ^ — 1) 


dO 


tan 沒一沒 + C = \/w 2 — 1— sec -1 w + C 


82. 


/ 学 dz; 


z = 4 sec 6 
dz = 4 sec 6 tan 8 dO 


4tand \l e e c c d e tanddd =4 j tan 2 6d9 = 4(tan 6> - 6>) + C 


\/z 2 — 16 — 4 sec -1 (!) + C 


83. u = ln(x+ 1), du = 為 ;dv = dx, v = x; 

Jln(x + 1) dx = x ln(x + 1) - f dx = x ln(x + 1) - Jdx + f 為 =x ln(x + 1) - x + ln(x + 1) + Ci 
=(x + 1) ln(x + 1) — x + Ci = (x + 1) In (x + 1) — (x + 1) + C, where C = Ci + 1 
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84. u = In x, du = 宇； dv = x 2 dx, v = ^ x 3 ; 

J'x 2 In x dx = I x 3 In x — J | x 3 (^) dx = y In x — ^ + C 


85. u = tan— 1 3x, du 


3 dx 
l+9x 2 


;dv = dx, v = x; 


tan -1 3x dx = x tan -1 3x 


I 


3x dx 
l+9x 2 


y = 1 + 9x 2 
dy = 18x dx 


x tan -1 3x 


dy 


x tan" 1 (3x) — - In (1 + 9x 2 ) + C 


86. u = cos -1 (I) , du = ; dv = dx, v = x; 

/ C0S -1 ㈤ dx = x cos -1 (!)+/^；[ d y y ： 4 _2 x X dx ] ^ XC0S_1 ⑷— • / 茨 

=x cos -1 (l) — \/4 — x 2 + C = x cos -1 (f) — ^\J 1 — (|) 2 + C 


87. e x 

(X + 1)2 -li!__► e x 
( — ) 

2(x + 1) » e x 

2 
0 


㈩ 


e x 


冷 J(x+ l) 2 e x dx = [(X + l) 2 — 2(x + 1) + 2] e x + C 


88 . 


x 2 



2x 

2 

0 



sin (1 — x) 
cos (1 — x) 

— sin (1 — x) 

— cos (1 — x) 

4 J x 2 sin (1 — x) dx = x 2 cos (1 — x) + 2x sin (1 — x) — 2 cos (1 — x) + C 


89. u = cos 2x, du = —2 sin 2x dx; dv = e x dx, v = e x ; 
l = J cos 2x dx = e x cos 2x + 2 J e x sin 2x dx; 
u = sin 2x, du 二 2 cos 2x dx; dv = e x dx, v = e x ; 

I = e x cos 2x + 2 e x sin 2x — 2 f e x cos 2x dx = e x cos 2x + 2e x sin 2x — 41 => 


e x cos 2x I 2e x sin 2x 


+ c 


90. u = sin 3x, du = 3 cos 3x dx; dv = e _2x dx, v 


J e _2x sin 3x dx 


; sin 3x + I j e _2x cos 3x dx; 

,—2x 


u = cos 3x, du = — 3 sin 3x dx; dv = e _2x dx, v 


- \ e _2x sin 3x + I 


» 3x — I J*e _2x sin 3x dx 


— I e _2x sin 3x — I e _2x cos 


3x-|l 


91. 


=> I = ^ (― I e _2x sin 3x — I e _2x cos 3x) + C = —吾 e _2x sin 3x — 舍 e _2x cos 3x + C 
J* = 2 In |x — 2| - In |x - 1|+C 


c dx 


x 2 — 3x + 2 


2dx 

^2 


92. f x 2 +4x + 3 二 \ = |x + 3|^Iln|x+l|+C 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


























566 Chapter 8 Techniques of Integration 


93 - J^TTF 


JO 


(^V) dx = ln |x|-ln|x+l| + 


C 


94. 


95. 


x+l 
x 2 (x—1) 


dx 


/(^T 




)dx = 2 In 


x-ll 


■ + C = —2 In |x| + 士 + 2 In |x — 11 + C 


sin 6 d6 . 
cos 2 6 + cos 6 — 2 ' 


[cos 0 = y] ^ —J 


dy 


y 2 +y-2 


r _i_ I r 

J y-1 ^ 3 J y + 2 


In 


y + 2 


+ C 


k In 


I cos 6 + 2 


, 6 


与 l+C: 


4 In 


I cos 6—1 I 
I cos 0 + 2 I 


c 


96. = - j ^ 


dx 

i r dx _ 

1 

r dx 

1 l n |sin0-2| 

x 2 +x-6 — . 

5 J x-2 

5 o 

1 x + 3 

5 111 1 sin 61 + 3 1 


+ C 


97. f 3x2 x C dx 


98. 


99. 


100 . 


101 . 


102 . 


4x dx 
x 3 +4x 


(v + 3) dv 
2v 3 - 8v 


16 


In 


4 dx 
W+A 


/( - 


(v-2) 5 (v + 2) 


.dx — J dx = 4 In |x| — | In (x 2 + 1) + 4 tan -1 x + C 
2 tan -1 (|) + C 




l 


8(v - 2) 1 8(v + 2) 




c 


r (3v — 7) dv 

f (-2)dv , 

^ dv i 

r dv 

=In 

(v-2)(v-3) 

J (v-l)(v- 2)(v - 3) 

J v-1 1 J 

v-2 十 

J v-3 

(v-1) 2 


dt . 

1 dt 

1 / dt 

t4+4t 2 + 3 ' 

_ 2J t 2 + l 

2 J i 2 + 3 

tdt — 

- 1 r tdt 

.if tdt 

t4-t 2 -2 

■ 3 J t 2 -2 

3 J t 2 + l 


dv = - I In |v| + A ln | v _ 2| + i 


C 


卜 2^ tan_1 (古） + C= 去 


In |v + 2| +C 




tan-1 古 + C 


/^ = g In |t 2 -2|-Iln(t 2 + l)+C 


103 - fjr^2dx=f(x+^^) dx = /xdx+|/^ + f/^ 
— ^ In |x + 2| + I In |x — 11 + C 


104. f^±l dx = f(l + ^±l)d x 


x(x-l) 


105. 


106. 


x 3 + 4x 2 
x 2 + 4x + 3 


dx 


/(X- 


3x 

x 2 + 4x + 3 


)dx : 


dx = fdx+ - /f = x + In |x - 1| - In |x| + C 

/; 


xdx +U 為 


dx 

2 J 1+3 


\ _ I In |x + 3| + I In |x + 1| + C 


2x 3 + x 2 -21x + 24 


x 2 + 2x - 8 

,2 , 2 


dx 


/[(2x-3)' 


x 2 + 2x - 

— 3x -|- ^ In |x + 4| + 全 In |x — 2| C 


dx 


/(2x-3)dx+i/^ + |/^ 


107. 


dx 


x (3*v/x+ l), 

V x + 1 


In 


■\/x + 1 + 1 


u = v^+T 

dx = 2u du 
+ C 


I J (u^-Ou = 5 J ^ ^ 5 J iT+T = 3 ln l u_ _ 3 ln l u+ +C 
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108. 


dx 


x(l + ^t) ， 


u = a/x 

dU = 嘉 

dx = 3u 2 du 


3u 2 du 

u 3 (l + u) 


du 


u(l + u) 


3 In 


C = 3 In 


+ C 


109. 


ds 


u = e s — 1 
du = e s ds 
ds= 


du 


u(u + 1) 


/^r + /T= ln I^TTl+C = ln|^|+C = ln|l^e-1+C 


110 . 


ds 


V eS + 1 ， 


u = >/e s + 1 
ds — 2udu 


In 


7 e s + 1 - 1 


Ve s + 1 + ] 


u 2 - 

-c 


2u du 
u (u 2 — 1) 


du 

(u + l)(u - 1) 


/^T-/^=ln|^i|+C 


111 . (a) 

(b) 




y/16-y 2 

_7^F;[y = 4sinx 


sin x cos x dx 


-4 cos x + C = - 4v/1 ^~ y2 + C = — 716 — y 2 + C 


112 .⑻ f^ = lf^ = ^+^ + C 

(b) f ; [x = 2 tan y] 一 J* 2 tan 匕巧 2 y dy = 2 f sec y tan y dy = 2 sec y + C = \/4-\-x 2 + C 


113 - (a) J^ = -lf d -^P 

(b) / 4 ^ ； [x = 2 sin 0 ] - 
= -iln|4-x 2 |+C 


2 sec y 

-1 In |4-x 2 | +C 

= / tan 0 d0 = — In |cos 6 »| + C = - In 


+ C 


114. (a) 
(b) 


t dt 
\/4t 2 — 

• tdt 
y/4t 2 - 


'%^ = W^i + c 


： 0 ] ^ secede = , J sec 2 Od0 


tan 6 

~T~ 


c 


\/4t 2 - 


+ c 


115. 


I X dx . 

U = 

= 9 一 x 2 . 

J 9-x 2 ， 

du = 

=— 2 x dx 


莹 = 一 ■ In |u| + C = In 士 + C = In ~-i - h C 


V9~X 2 


116 - /x(9-x2) = l It + Ts ~ . In |x| _ 忐 In |3 — x| — 忐 In |3 + x| +C 

=I In |x| - 長 In |9 - x 2 | + C 

117. f 9^2 = \ f rh + l f 条 =-* In |3 - x| + * In |3 + x| + C = * In | 肖 | +C 


118. 


r dx . 

x = 3 sin 沒 

J y/9 — x 2 ， 

dx = 3 cos 6 d 6 


3 cos 6 
3 cos 0 


d0 = Jd9 = 0 + C = sin " 1 f +C 


119. J sin 3 x cos 4 x dx = cos 4 x(l — cos 2 x)sin x dx = Jcos 4 x sin x dx — cos 6 x sin x dx 


COS 5 X I cos 7 x 


c 


120 . j cos 5 x sin 5 x dx 


sin 5 x cos 4 x cos x dx = J sin 5 x (1 — sin 2 x) 2 cos x dx 

sin 6 x 2sin 8 x 丄 sin 10 x 


f sin 5 x cos xdx — 2 J sin 7 x cos x dx + sin 9 x cos x dx = — + + C 
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568 Chapter 8 Techniques of Integration 

121. J tan 4 x sec 2 x dx =+ C 

122. f tan 3 x sec 3 x dx = J(sec 2 x - l) sec 2 x • sec x • tanxdx= f sec 4 x • sec x • tanxdx- f sec 2 x • sec x • tanxdx 

_ sec 5 x sec 3 x . 

— ] 3 ^ C 

123. J sin 5^ cos 60 dO = | J\sin(— 沒 ) + sin(ll^)) dO = sin(— d0 - \- sin(ll^) d9 = |cos (— 沒 ) 一 —cos 11 沒 + C 

— ^cos 0 _ 士 cos 110 + C 

124. J cos 36 cos 36 d6 = | J (cos 0 + cos 60) d9 = d6 ^ J'cos 66 dO = ^6 - {- 長 sin 6 沒 + C 

125. Jyj 1 + cos ( 臺 ) dt= f yjl\ cos 11 dt = 4\/2 | sin || + C 


126. J e 1 ^/tan 2 e l + 1 dt = J\ sec e l | e l dt = ln| sec e l + tan e l | + C 


127. |E S | < ^ (Ax) 4 M where Ax = ^ ; f(x) = - = x -1 4 f’(x) = -x~ 2 f"(x) = 2x~ 3 ^ f"(x) = -6x~ 4 

^ f( 4 )(x) = 24x -5 which is decreasing on [1, 3] maximum of f( 4 )(x) on [1,3] is f( 4 )(l) 二 24 4 M = 24. Then 
|E S | < 0.0001 4 (^) H)\24) < 0.0001 4 ( 孺 ）（ 古 ）< 0.0001 ^ ^ < (0.0001) ( 镙 ） ^ n 4 > 10,000 ( 孺 ) 
^ n > 14.37 4 n > 16 (n must be even) 


128. |E t | < ^ (Ax) 2 M where Ax = ^ = i ; 0 < f"(x) < 8 M = 8. Then |E T | < 10 -3 今吾 (^) 2 (8) < 10- 3 
^ 3^2 < 10~ 3 ^Y> 1000 ^ n 2 > 2^0 ^ n > 25.82 n > 26 


129. Ax ： 




Ax 


12 : 


E mf( Xi ) = 12 ^ T= (^)(12) = ^; 


E mf ( x i) 

i=0 

s 


18and 宇 = 告 4 


(ff)( 18 ) 



Xi 

f(Xi) 

m 

mf(Xi) 

Xo 

0 

0 

1 

0 

Xl 

丌 /6 

1/2 

2 

1 

X 2 

tt/3 

3/2 

2 

3 

X3 

7r/2 

2 

2 

4 

X 4 

2tt/3 

3/2 

2 

3 

X5 

57t/6 

1/2 

2 

1 

x 6 

7T 

0 

1 

0 


Xi 

f(Xi) 

m 

mf(Xi) 

xo 

0 

0 

1 

0 

Xl 

7r/6 

1/2 

4 

2 

X 2 

tt/3 

3/2 

2 

3 

X3 

7r/2 

2 

4 

8 

X 4 

2tt/3 

3/2 

2 

3 

X5 

5tt/6 

1/2 

4 

2 

X6 

7T 

0 

1 

0 


130. |f ⑷ (x)| <3^M = 3;Ax=^ = i. Hence |E S | < 10— 5 今（瑞） (i) 4 (3) < 10— 5 ^ < 10_ 5 ^ n 4 > f 

n > 6.38 => n > 8 (n must be even) 


131. y av = 36^0 fo [ 37sin (^( x_ 101))+25] dx = ‘ [-37 ( 礬 cos ( 盖 (x _ 101)) + 25x )] 『 

= 士 [( _37 ( 署 ) cos [ 盡 ( 365 — 101 )] + 25(365)) - (—37 ( 署 ) cos [ 盖 (0 — 101)] + 25(0))] 

= —娶 cos ( 盖 (264)) + 25 + 娶 cos ( 盖 (-101)) =- 娶 (cos ( 盖 (264)) - cos ( 盖 (-101))) +25 
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675 

2o [8.27 + I。— 5 (26T — 1.87T 2 )] dT = ▲ [8.27T + 啬 T 2 - ^ T 3 ] 』 

« ▲ [(5582.25 + 59.23125 - 1917.03194) - (165.4 + 0.052 - 0.04987)] « 5.434; 

8.27 + 10— 5 (26T - 1.87T 2 ) = 5.434 泠 1.87T 2 - 26T - 283,600 = 0 泠 T « 此 + 麵 ； 4 /“ 8 ) 7 )。 83 ’ 600 ) 
« 396.45° C 

133. (a) Each interval is 5 min = 士 hour. 

去 [2.5 + 2(2.4) + 2(2.3) + ... + 2(2.4) +2.3] = f| « 2.42 gal 
(b) (60 mph) (hours/gal) « 24.83 mi/gal 

134. Using the Simpson's rule, Ax = 15 => 警 = 5; 

mf(xO = 1211.8 ^ Area « (1211.8)(5) = 6059 ft 2 ; 

The cost is Area - ($2.10/ft 2 ) « (6059 ft 2 ) ($2.10/ft 2 ) 

=$12,723.90 => the job cannot be done for $11,000. 


135. f o7 ^ = b Hm_ = b l 丄 m 3 _ [sin-1 ⑴]: = b lim_ sin^ (|) - sin^ (|) = f - 0 = f 

136. f In x dx = lim [x In x — xl,! = (1 - In 1 — 1) — lim [b In b — bl = —1 — lim = -1 - lim »、 

Jo b — 0+ L Jb b^0 + L 」 b —0+ ⑴ b — 0+ (- 古 ) 

= 一 1 +0 = -1 

137 - f-i^ = f-i^ + fo ^ = 2 fo ^ = 2 ' 3 b 1 !!^ [y 1/3 ]: = 6 G— b 1 丄 m 0+ bl/3 ) = 6 

138 - f-2 (0+1) 3 / 5 = f-2 (0+1) 3 / 5 + f-l(0+I ) 3 / 5 + 上 : 〔 3/5 converges if each integral converges, but 
^ 1^0 ( 0 +I ) 3 / 5 二 1 and 桊 diverges 泠 / 二 ^|^ diverges 

139. r^t = r^- 2 -r ^=,1^ [ln|^|]-ln|^|=0-ln(I)=ln3 

140- 4 ^ dv = /r(^ + ^- 4 ^l) dv = [In v — 士一 ln ( 4 V — 1)]: 

— b [l n ( 4 上 i) - 士 ] - (In 1 - 1 - In 3) = In $ + 1 + In 3 = 1 + In I 

141. f x 2 e _x dx = lim [—x 2 e _x — 2xe _x — 2e _x ] ^ = lim (—b 2 e _b — 2be _b — 2e _b ) — (—2) = 0 + 2 = 2 

^ 0 b ^ (X) b-^oo 

142. f xe 3x dx = lim [| e 3x — ^ e 3 x l 0 = — ^ — lim (| e 3b — ^ e 3b )= —善 一 0 = — | 

j—oo b ^ —oo LJ y 」b y b —oo v ^ v 7 y y 

143 - I1Jt 9 = 2 r^T9 = I = I b 1 ^ [f tan_1 (y)]o = I b 1 丄匕 [i tan_1 (f)] - ! tan — 1 ⑼ 



X; 

f(Xi) 

m 

mf(Xi) 

Xo 

0 

0 

1 

0 

Xl 

15 

36 

4 

144 

X 2 

30 

54 

2 

108 

X3 

45 

51 

4 

204 

X 4 

60 

49.5 

2 

99 

X5 

75 

54 

4 

216 

X6 

90 

64.4 

2 

128.8 

X7 

105 

67.5 

4 

270 

x 8 

120 

42 

1 

42 
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570 Chapter 8 Techniques of Integration 


(l-f)-o 


144. 


J^^+T6 = 2 Jo 


WTT6 = 2 卜 ― 1 ⑴]。 = 2 卜 - 1 ⑶ ] —tan- 1 ⑼) 


2(f)-0 = 7T 


145 -上 = 1 and diverges ^ /； diverges 


146. 1 = J o e- u cos u du = 匕 lim [—e- u cos u ] :-上 e _u sin u du = 1 + ^ lim [e- U sinu]: — 上 （ e- u ) 


cos u du 


1=1+0 — I 4 21= l => I=| converges 


i47. r^ dz= r^ dz+ r^ dz= -ran^ 

J 1 Z J 1 z Je z 

= oo =>• diverges 


lim 

b — oo 


(In z) 2 


v - 0 + lim 

、 z / b — oo 


(lnb) 2 l 
2 — 2 


148. 0 < -^ < e _t for t > 1 and e _t dt converges => ^ dt converges 


poo 

149. / 

—oo 

noo 

150. 

U —oo 


2 dx 

e x + e -x 


dx 


7 r°° 2dx < r°°4dx ^ 「 2dx 

Z Jo e x + e_ x ^ Jo " 


dx 


converges 


dx 


x^(l+e x ) — J-oc x^(l+e*) 卞 J_ixMl+e*) 

lim H = lim 


fo ^(TT^) + fi - 


dx 


X ^ 0 ix=|l+eX)J X ^ 0 


x 2 (1 +e x ) ' J i x 2 (1 + e x ) 
r»l 

Jo 


x lim Q ( 1 + e x) = 2 and 丄等 diverges 今丄可 diverges 


Jo x 2 (1 +e x ) 




poo 
J —oo 


^ITT^) diverges 


151. 


1 x dx . 


J i+W ， 

卜為 J 


u 2 -2u du 


f (2u 2 - 2u + 2 - j^) du = § u 3 - u 2 + 2u — 2 In |1 + u| + C 


= 爭 -x + 2y/x - 2 In (1 + y/x) + c 
152. /^dx = -/(x+f±|)dx=-/xdx-|/ 


x + 2 2 J x — 2 


153. 


dx 


【 (x 2 + l ) 2 ， 


x = tan 9 
dx = sec 2 6 d6 


154. 


=In I sin 0\ — ^ sin 2 沒 + C = In 

/ 穿 dx ; 


sec 2 6 d6 — J cos 3 9 d6 
tan 9 sec 4 6 _ J sin 6 

/ \ 2 


y — I In |x + 2| — I In |x — 2| + C 
/(^)d(sin0) 


y/y? + \ 


2 \ y/^~- 


c 


u = 

du= 泰 


cos u-2u du 


2 J cos u du = 2 sin u + C = 2 sin y/x + C 


155. 


156. 


7±^ = JtBBw = ^~ 1 ^ 1 ^ c 


(t- 1) dt . 
Vt 2 - 2t 


u = t 2 - 2t 

du = (2t - 2) dt = 2(t - 1) dt 


Ifu = V^ + c = V^t + c 


157. J ； [u = tan 0] ^ J se fJ^ d = In |sec 沒 + tan 沒 | + C = In -\-u 2 + u 


C 
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Chapter 8 Practice Exercises 


158. JV cos dt = sin e l + C 

159. J 2 ~ c °- n ^ sinx dx = J 2 esc 2 x dx — J U + J esc x dx = —2 cot x + — In |csc x + cot x| + C 

=—2 cot x + esc x — In |csc x + cot x| + C 


160. f^de = J l -i^de = /sec 2 0d0 — /d0 = tan 0 - 0 + c 

161 - /sT^T = I f ^+9 + h. f + 12 f 3^ = T 2 ln 11^1 + 5 tan— 1 I +C 

162 - /f^ = /if|^=tan-i(sinx) + C 


163. 


(+1 

㈠ 


cos (26 + 1) 
isin(26> + l) 
cos (26 + 1) 


0 


164 丄 


(^=^00 



fo cos (20 +l)d0= I sin (20 +1)+1 cos (20 + 1) + C 
[T^-(_l)] =0+1 = 1 


165. 


x 3 dx 

x 2 — 2x + 1 


/(x + 2+ j ^ t ) dx=/(x + 2)dx + 3/^ 


dx 


166. 


167. 


专 + 2x + 3 In Ix — 11 — i + C 


de 


-Vo' 


1 +\/^ 


dx = 今 

2y/9 

d9 = 2(x- l)dx 

3/2 


:l + 々 )/ —4(1 + ^) 


1/2 


C = 4 


，2( x ^ l )dx =2 J y/x dx - 2 f ^ = I x 3/2 - 4X 1 / 2 + c 
^) 3 




+ C 


*2 sin y/x dx 
sec V ?， 


y = 


2 sin y.2y dy 
y sec y 


2 sin 2y dy = — cos (2y) + C = — cos (2-^/x) + C 


168- f^t 6 = /(x + ^) dx = ^ + f(^- 4 - ^) dx = f + In 


x 2 -4 


^T4 


+ C 


169 - / sin ycosy = f = f 2 csc ^ dy = - In |csc (2y) + cot (2y)| + C 

170 - f 炉 -29+4 = /(9- n -+3 = 手仿 11 — 1 (^") +C 


171. J dx = J tan x sec 2 x dx = f tan x * d(tan x) = ^ tan 2 x + C 


172. 


d(r+l) 


(r+l)Vr 2 +2r _ J (r+l)V(r+l) 2 - 


sec -1 |r + 1| + C 
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572 Chapter 8 Techniques of Integration 


173. 


(r + 2) dr 


(r + 2)dr 


V-r 2 -4r _ J y/4-(r + 2 ) 2 ， 


U = 4 - (r + 2) 2 
du = -2(r + 2) dr 


-= + — (r + 2) 2 +C 




174 - = I /4w = ? 加 ― 1 ⑴ + C 


175. 


sin 20 dd 
(1 +cos 2d) 2 


f 


d(l + cos 26) 


2 J (1+cos 20) 2 ~ 2(1+cos 26) + C = 耳 Sec 0 + C 


176. 


177. 


dx 


dx 


( X 2 - l) 2 _ J (1- X 2) 2 — 2(l-x2) 丁 4 

-M:: 


+ i In I I + C (FORMULA 19) 


1 + cos 4x dx 


cos 2x dx 


# sin 2x1 ^ 

- 7r/4 




178. / (15) 2x+1 dx= If (15) 2x+1 d(2x + 1 )= 全 


+c 


179. 


x dx . 
y/2 — x ， 


y = 2 — x 
dy = — dx 


( v ^) 3 

3 




f = I y 3 / 2 - 4y x /2 + c = I (2 - x) 3 / 2 - 4(2 - x) 1 / 2 + C 


+ C 


180. / dv; [v = sin 9} 


cos ^-cos d dd 
sm20 


(l-sin 2 0) dd 


-sin- 1 v - + C 


-J 


esc 2 6 dO — I dO = cot 0 — 6 C 


181. 


dy 


= J (y- y i) 2 + l = tan 1 (y - 1) + C 


182. In Vx - 1 dx; 


y = # 
dy 


dx 


2y/x-l 


J In y • 2y dy; u = In y, du = • ; dv = 2y dy, v = y 2 


4 J^2y In y dy = y 2 In y - Jy dy = y 2 In y - | y 2 + C = (x - 1) In y/x - 1 — | (x - 1) + Ci 
=^ [(x - 1) In |x - 1| - x] + (Ci + I) = I [x In |x - 1| - x — In |x — 1|] + C 


183. J 9 2 tan ( 沒 3 ) dO = ^ f tan (0 3 ) d (0 3 ) = | In |sec 1 + C 


184. 


x dx 


d(x 2 + l) 


V8-2x 2 -x 4 2 ^ ^9-(x 2 + 1) 2 


sm 


-1 / x 2 + l 


C 


185. 


z 2 {z 2 +4) dz ~ 4 


Id 


齡 dz=Iln|z|-i-iln(z 2 +4) 


C 


186. Jx 3 e x2 dx= i Jx 2 e x2 d(x 2 ) = i (x 2 e x ' — e x 》+ C =+C 


187. 


tdt 


y/9 - 4t 2 




188. J o y/\ + cos 59d9=y/2 f g cos (f) dd = [sin (f)] ^ /10 = ^ (sin | - 0) 


tt/10 
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Chapter 8 Practice Exercises 573 


189. 


r cot 9 d6 __ 

f cos 0 . 

x = sin 沒 

J 1 + sin 2 6 

J (sin 9) (1 +sin 2 9) 5 

dx = cos 0 dO 


dx 

x(l+x 2 ) 



=In I sin 沒 I 一 I In (1 + sin 2 沒） + C 
190. u = tan" 1 x , du = ^ ; dv = f , v = - i ; 

=-\ tan" 1 x + In |x| - - In (1 + x 2 ) + C = - +ln|x| - In ^/l +x 2 + C 


191. J tan 2 ^| dy ； [-^/y = x] f tanx 2 ^ xdx = In I sec x| + C = In |sec -y/y| + C 

192- — /^ 1 |^ ) = /,f T -/^=ln|x+l|-ln|x + 2|+C 

= H_+c = i n 韻 ) +c 

193. f = /(-l + 4302 ) d9 = - fd0 - f g ^2 + f e ^2 = _ 沒一 In |0 _ 2| + In + 2| + C 
= -0 + ln||±§|+C 

194. dx = f tan 2 x dx = J(sec 2 x - 1) dx = tan x - x + C 


195. 


cos (sin -1 x) dx 
y/l —x 2 ’ 


U = 

du 


sin x 

_ dx 
\/l — x 2 


;u du = sin u + C = sin (sin -1 x) + C = x + C 


196. 


cos x dx 
sin 3 x — sin : 


- / 


cos x dx 

(sin x) (1 — sin 2 x) 


I 


___ _ _ r 

(sin x) (cos 2 x) J sin 2x 


cos x dx 


-2 I esc 2x dx 


In I esc (2x) + cot (2x)| + C 


197. J sin I cos | dx = sin (| + |) dx = ^ J sin x dx = — | cos x + C 

198 - Iwfw dx = f^T 2 - / 為 = 士加 — 1 ( 含 )+! (x 2 + 2 )— 1 + c 

= vj tan_1 te) + ^+ 2 ) +c 


199. 


I 


e { dt 
1 + e l 


ln(l +e') +C 


201 . 


n 3 1 dt = J (tan t) (s 


X = 

In y 

lnydy . 

dx 

—dy 

y3 ， 

y 


dy = 

e x dx 


- 1) dt 

I ： 


tan 2 t 


dx 


J tan t dt = — In | sec t| + C 


/ ； xe-dx = b lim o [— fe -H 


b !!^ ( 这 - ▲) _ (° ~ i) = i 


202. / 3 + se tL X x +SinX dx 二 3 /cotxdx + f + / cos x dx = 3 In |sin x| + In |tan x| + sin x + C 


203 . 


j cot v dv 

/ cos v dv 

u = In (sin v) 

J In (sin v) — 

J (sin v) In (sin v) 5 

du = cosvdv 

L sin v J 


f ^ = In |u| + C = In |ln (sin v)| + C 
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574 Chapter 8 Techniques of Integration 


204. 


dx 


2dx 


2 dx 


(2x — l)\/x 2 — x 」 (2x — l)\/4x 2 — 4x ^ (2x— 1 )a/(2x — l) 2 - 


u = 2x — 1 
du = 2 dx 


du 


u^u 2 ] 


206. f eV3 + 4e 0 d6>; 


sec— 1 

|2x - 1| +C 

dx = 

f x 3 / 2 + C 

u 二 

: 4e s 

du = 

4e e dO 


207. 


208. 


sin 5t dt 
l + (cos 5t) 2 


u = cos 5t 
du = —5 sin 5t dt 


/ x/3 + u du = ^ • f (3 + u) 3 / 2 + C = - (3 + 4e°f /2 + C 
-^ f = — ^ tan -1 u -j- C = — ^ tan -1 (cos 5t) + C 


dv 


x = e v 
dx = e v dv 


dx 




209. f (27) 3S+1 A6 = i J(27) 39+1 d(36» + 1) 


sec -1 x + C = sec -1 (e v ) + C 


^(27) 3fl + 1 +C=i(w)+C 


3 In 27 


210 . 


sin x 


^ (+) 

x° - ► — COS X 

5x 4 ―-- ~► — sin x 

r. ( + ) 

20X* 3 - ► cos x 

60x 2 ―-- ~► sin x 
120x ― ~►—cosx 


120 

0 


sin x 


=^fx 5 sin x dx = -x 5 cos x + 5x 4 sin x + 20x 3 cos x - 60x 2 sin x - 120x cos x 
+ 120 sin x + C 


211 . 


212 . 


213. 


214. 


215. 


216. 


dr 




du= 


2\/r 


2u du 


^ = J(2 - du = 2u — 2 In |1 + u| + C = 2^/r - 2 In (l + ,/r) + C 


4x 3 - 20x 

x 4 - 10x 2 + 9 


dx = mm 9 ) =ln |x 4 -10x 2 +9|+c 


8dy 

厂 dy 

_ f2dy f4dy _ 

J y 2 ^ J y 3 

f dy 

y 3 (y + 2) 

J y 

J (y + 2) 

(t+l)dt . 

u 

= t 2 + 2t 1 

_ r ^ _ 

(#+2t)V 3 ， 

du = 

2(t+ l)dt 

J U 2 /3 


In 


y + 2 


2 2 


+ C 


8 dm 


y ~ 

3u" 3 + C = § (t 2 + 2t) 1/3 + C 


dm 


nn/49m 2 _4 7 ^ ⑷ 2 


u = In t 
du = 丰 


4 sec" 1 I 苧 I + C 


t(l + In t )^/(In t)(2 + In t ) ， 


du 


du 


(1 +u)a/u(2 + u) J (u + l)-v/(u+ l) 2 - 


sec -1 |u + 11 + C = sec -1 |ln t + 11 + C 
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Chapter 8 Practice Exercises 575 


217. If 


u = J q 1 + (t — l) 4 dt and dv = 3(x — l) 2 dx, then du = ^/l + (x — l) 4 dx, and v = (x — l) 3 so integration 


by parts 今丄 3 (x-l) 2 


/ o Vl + (t- l) 4 dt] dx = [(X - l) 3 / o Vl+(t - l) 4 dt 


J 0 '(X- l)Vl + (x-l ) 4 dx = [-i(l+(x- l) 4 ) 3 ’ 2 


\/ 8 - 


218. 


4v 3 + v - 1 

v 2 (v- l)(v 2 + l) 


731 + ^ 4v 3 + V - 1 


Av(v - 1) (v 2 + 1) + B(v - 1) (v 2 + 1) + Cv 2 (v 2 + 1) + (Dv 十 E) (v 2 ) (v - 1) 


0: 


-B 令 B = 1; 


-2； 


4 泠 D 


v=l: 4 = 2C =>■ C = 2; 
coefficient of v 4 : 0 = A + C + D 4 A + D 
coefficient of v 3 : 4 = —A + B + E — D 
coefficient of v 2 : 0 = A — B + C — E 4 C — D 
coefficient of v: 1 = —A + B => A = 0; 
in summary: A = 0, B = 1 ， C = 2, D = —2 and E = 1 

^ L dY = bl: X (^T + V — 2 + iqb? 

=lim [In (v — l) 2 — - + tan -1 v — In (1 + v 2 )l b 
b ^ oo L v J 2 

>-l) 2 


-2 (summing with previous equation); 


TT^) ^ 


lim 

b — oo 


In I 


l+b 2 


+ tan_i b 


(In 1 — - + tan i2 — ln5) = (0 — 0 + 号） — （0 - | + tan i 2 — In 5) 


I + In (5) + ! — tan -1 2 


219. u = f(x), du = f/(X) dx; dv = dx, v = x; 

XT f(x) dx =i x f(x) i '/2 2 ^ £/T xf dx =[¥ f (¥) —! f (f)] - £/T cos x dx 

= (¥ — ?)_ [sinx]^=f(3b - a) - [(-1) - 1] = f (3b — a) +2 

220. 上 = [tan -1 x]: = tan -1 a; J j ^2 = ^lim [tan -1 x]: = ^lim (tan— 1 b — tan -1 a) = ! — tan -1 a; 
therefore, tan -1 a = | — tan -1 a ^ tan -1 a = J a = 1 since a > 0. 


CHAPTER 8 ADDITIONAL AND ADVANCED EXERCISES 


1. 


u = (sin- 1 x) 2 , du = 2 ， ' 办 ;dv = dx，v = x; 

V 1 — x 2 

f (sin- 1 x) 2 dx = x (sin- 1 x) 2 - f 2 工 := 严 ; 


=sin_i x, du 

I 2x sin -1 x dx _ 
' x/l-x 2 — 

(sin -1 x) 2 dx 


dx 


-yr^ ;dv = 

2 (sin -1 x) \/l 


2x dx 
Vl~x 2 


,V = 


2\J 1 — x 2 ; 


=X 


x 2 — J 2 dx = 2 (sin -1 x) \/1 — x 2 — 2x + C; therefore 
(sin -1 x) 2 + 2 (sin -1 x) 1 — x 2 — 2x + C 


x(x+ 1) — X x+ l ， 

i —丄 _i_I i 

x(x+ l)(x + 2) — 2x x + 1 ' 2(x + 2) ? 

_ 1 _ 二丄— 1 I _ 1 _ 1 _ 

x(x + l)(x + 2)(x + 3) — 6x 2(x+ 1) ' 2(x + 2) 6(x + 3) ? 

x(x+1Kx + 2 1 )(x + 3Xx + 4) = 2S - S^TI) + W+Y) - 6?IT3j + 24fT+4) ^ the followin g P attern： 

--- —\、 -( — 1) - . therefore --- 

x(x+l)(x + 2)-- (x + m) — L (k!)(m-k)!(x + k)» ulclCAUiC J x(x+l)(x + 2) ••• (x + m) 
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576 Chapter 8 Techniques of Integration 


m . 

E (klXm-k)! ln|x + k| 


+ C 


3. u = sin -1 x, du 


dx 


^1 -x 2 


;dv = x dx, v 


x!, 
2 ' 


f x si 


sin -1 x dx 
婪 sin -1 x - 




sin x 


I 


X 2 dx . 
2\/l -x 2 ’ 


x = sin 6 
dx = cos 6 d9 


’ X sin- 1 xdx= f sin— 1 x _ Jsin 2 9cos9d9 


2 cos 6 


sin 2 9d8=^ sin" 1 x - | (f - 亨 ） + C = f sin— 1 x + singc ° se ~ e + C 


^ sin- 1 x + s in - lx + c 


4. J sin -1 dy; 

_ z 2 sin -1 z 


z = 

dz = 577 


zy 1 — z 2 — sin -1 
4 


2z sin -1 z dz; from Exercise 3, z sin -1 z dz 


C ^ / sin- 1 ^ dy = y sin" 1 0^ + 


c 


ysin- 1 0^+^ 


Vy-y 2 — sin_1 y/y 


+ C 


I dd _ I cos 2 9 j/i 

1 l-tan 2 0 — J cos 2 0 - sin 2 6 UC7 


’ d0 = ! f (sec 20 + l)d6» = ln|sec29+ 4 tan2g|+2g +C 


6. u = In 
fin 


( v ^+V^),du=(^^)(^ + ^)=^^;dv = dx,v = x; 
^i/x+ \/l + x ) dx = x In (W + >/l 


+ x 


x dx • 1^ I _x dx 

2 J ^/ (x+ i) 2 _i 


x + ^ ^ sec 0 

dx = I sec 0 tan 0 d9 


3 / = if (sec 2 9 - sec 9) d9 


tan 0 — In |sec 0 + tan 0\ 


c 


2\/x 2 +x — In bx + 1 + 2\/x 2 +x 


+ c 


令 In 


(W + \/l + x ) dx = x In ( W + \A" 


+ x - 


2y/ x 2 + x — In |2x+ 1 +2 a/x 2 +x 


+ c 


f dt . 

t = sin 沒 


r cos 6 d9 

f dd . 

" u = tan 0 一 
du = sec 2 6 dO 
. 汹=為 - 


dt = cos 6 dO 


J sin 9 — cos 6 

J tan 0 — 1 5 




1 I du 1 

2 J u 2 + l — 2 t 


In 


Vu 2 +1 


itan- 1 u + C=iln|^| 


du 

(u-l)(u 2 + l) 


I 沒 + c 


k In 


(t — \/l - t 2 ) — \ sin_i t + C 


8 . 


• (2e 2x — e x ) dx 
\J 3e 2x — 6e x — 1 


du 


=e x 

e x dx 


(2u — 1) du — 1 / (2u — 1) du 

\/3u 2 - 6u - 1 \pi J V(u - l) 2 - \ 


u — 1 = 泰 sec 6 
du = ^ sec 6 tan 6 dO 


含 J (为 sec 沒 + 1) (sec 沒） d 沒 =! J sec 2 ^ J*sec ^ 


tan 


沒 + 士 In I sec 9 + tan 6\ + Ci 


I \! 3u 2 _ 6u - 1 + * In 


u — 1 + '/(u — l) 2 — 


I (u - l) 2 - 1 + 
」+ (^ + 




75 


^ (u - 1) + 


(U - 1)2 


+ Ci 




73 


2w e 2x — 2e x —去 + In 


e x — 1 + a/ e 2x — 2e x 


+ C 


9. J^dx 


16 


J (x 2 +2y~4x 2 
2x + 2 I 2 


dx 


J (x 2 +2x + 2) (x 2 -2x + 2) 

2x-2 , 2 


dx 


x 2 + 2x + 2 丁 (x+l) 2 + l x 2 —2x+2 丁 (x - l) 2 + 1 


dx 
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Chapter 8 Additional and Advanced Exercises 


16 


In 


x 2 + 2x + 2 


x 2 - 2x + 2 


[tan -1 (x + 1) + tan -1 (x — 1)] + C 


10 . 


dx = 6 


l ln l 喆 I 


/ ( 占 


X 2 — X + 1 




5^ 


12 . 

1 

12 


In 


2x-l 
x 2 - x + 1 ~ 

X 2 — X + 1 


X 2 + X + 

2x + 


(-IY 


71 x 2 + x + 1 


(-+IY 


x 2 + x + 1 


2^3 tan" 1 -2^ 


tan 


dx 

-l ( 2x+r 

^7T, 


c 


11 - x^oo 


t dt = x ljp^ [— cos t 广 — x = x lim^ [-cosx + cos (-x)] = x lhn^ (-cosx + cosx) = x 0 = 0 


12. lim 

x —^ 0 + 




=> lim 

x — 0+ 


M dt diverges since 害 diverges; thus 


、i 


lim x I 

x — 0+ Jx 1 

lim x 厂令 

X ^ 0 + Jx 1 


- dt is an indeterminate 0 - oo form and we apply rHopital's rule: 

r x cos t 也 — ( cos X \ 

-dt = lim / 2 ^ = lim f/ = lim cos x = 1 

x — 0+ x x — 0+ x — 0+ 


13. E In V 1 4 = n^oo ^ln(l+ k ⑴）⑴ =J 。 ln(l + x) dx 

k=l k=l 

—^ In u du = [u In u — u] ^ = (2 In 2 — 2) — (In 1 — 1) = 2 In 2 — 1 = In 4 — 1 


u = 1 + x, du 二 dx 
x = 0 4 u=l ， x=l 4 u = 2 


14. lim V 

n — ^ z ~ J 


lim 


n ^°° to _ n ^ 00 to 


^i ? dx = [sin- 1 x]J = | 


§( 由 )(ng 


刚 r 




15. ^ = \J cos 2x => 1 


dy > 
,dx i 


\/2 [sin t] Q /4 


16- g ^ 1 


dy > 
,dx t 


1 + COS 2x = 2 COS 2 X； : 


(1-x 2 ) +4x 2 __ 1 + 2x 2 + x 4 
~(1-x 2 ) 2 ~ (1-x 2 ) 2 


£ /4 J 1 + (vW^i)" dt= f: /4 Vcos 2 1 dt 


娜 L 


: V2 '/l + ⑻ 2 dx 


,dx , 




L + x 2 


dx = £ ( _1 + r^) dx = £ ( _1 + + r^) dx = [ _x + ln I r 


^|]f 


㈠ + In 3) - (0 + In 1) = In 3 


dx : 

二 J 。 27rxy dx 

u = 

=1 — X 


du 

=—dx 


x 2 = 

(l—U) 2 



6tt J x 2 \/l — x dx; 


广 0 

■> —6tt J i (1 — u) 2 yu du 
- 6 丌工 (u" 2 — 2u 3 / 2 + u 5 / 2 ) du 
—6tt u 3 / 2 — 聋 u 5 / 2 + ! u 7 /2] ° = 6jT n ^ + 

盖 )=煢 
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578 Chapter 8 Techniques of Integration 


y 



19. V = />r( r =)( h ; t )d X 
= 2tt [xe x — e x ] J = 


27rxe x dx 


20. V 


27r(ln 2 — x) (e x — 1) dx 


2tt 

2tt 

2n 

2tt 


[(In 2) e x — In 2 — xe x + x] dx 


(In 2)e x -(ln 2)x - xe x + e x + f 


2 In 2 - (In 2) 2 - 2 In 2 + 2 + 


(ln2) 2 


27r(ln 2+1) 


(ln2) 2 


In 2 + 1 


21. (a) V = 7r [1 — (In x) 2 ] dx 

= 7r [x — x(ln x) 2 ] j + 27r In x dx 
(FORMULA 110) 

= 7r [x — x(ln x) 2 + 2(x In x — x)] j 
=n [—x — x(ln x) 2 + 2x In x ]] 

=n [—e — e + 2e — (—1)] = 7r 

(b) V = 7r(l — In x) 2 dx = 7r [1 — 2 In x + (In x) 2 ] dx 

= 7t[x — 2(x In x — x) + x(ln x) 2 ] ^ — 27r In x dx 
= 7t[x — 2(x In x — x) + x(ln x) 2 — 2(x In x — x)] ^ 

= 7r [5x — 4x In x + x(ln x) 2 ] ^ 

= 7r [(5e — 4e + e) — (5)] = 7r(2e — 5) 


22. (a) V = tt/ o [(e y ) 2 - l] dy = tt/ o (e 2y - 1) dy = tt [f - y] J = ?r 
(b) V = 7rJ o (e y — l) 2 dy = 7rJ^ (e 2y — 2e y + 1) dy = 7r [y — 2e y + 


y 




v 


2e+ 1 


(I 


= 7T 



2e + 


7r (e 2 — 4e + 5) 


23. (a) lim x In x = 0 => lim f(x) = 0 = f(0) ^ f is continuous 

x —> 0 + x —^ 0 + 
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(b) V = J o 7rx 2 (ln x) 2 dx; 

(|)(ln2)2-(f) b lim + 


u = (In x) 2 
du = (2 In x) 


dx 


dv = x 2 dx 

x 3 

V =T 


lim 

) — o+ 


(In x) 2 


/ ； (f)(21nx)f 


f lnx-f 


8(ln 2) 2 16(ln2) I 16 

~3 9 h 27 



25. M = In x dx = [x In x — x] ° = (e — e) — (0 — 1) = 1; 
M x = £ (In x) (^) dx = i (In x) 2 dx 
=I ([x(ln x) 2 ]°-2 f\xdx) = |(e-2); 


£ 


x In x dx 


x 2 In x 


2 


\I ； 


x dx 


x 2 In x - f 




(e 2 + 1); 


therefore, x : 


My 

m" 


¥ and y = t 


e-2 

2 


26. M 
M v 


I 2dx 
^0 y/1 —x 2 

广 1 2x dx 


2 [sin -1 x] J = 7r; 


,0 y/l-x 2 


-\/1 — x 2 


2； 


therefore, x : 


My 

m" 


- and y = 0 by symmetry 



27. 


£JT7Jdx = f；^dx； 


x 二 tan 0 
dx = sec 2 6 d6 


ntaa -1 
J 7r/4 


sec ^-sec 2 6 dd 
tan 6 


Z Usec6 T： 6± - 1] do = j 

"»tan _1 e 

7r/4 

(\/1 + e 2 - In 


)- 


] tan _ e 
7r/4 


\/2-ln(l + \/2)] = Vl +e 2 - In + |) — + In (1 + 


28. y = In x 4 1 + 1 石 


(I) =l+x 2 ^ S = 2- 
S = 2ttI \/1 -\-u 2 du; 

27r Q) [sec 0 tan ^ + In |sec 6 + tan 0\]^ 4 


u = tan 0 
du = sec 2 6 dO 


x\/ 1 + x 2 dy => S = 27tJ q e y -\/l + e 2y dy; 
27r J ^ sec 6 - sec 2 6 d6 


u = e y 
du = e y dy 


(\/1 + e 2 ) e + In \/1 + e 2 + e — n ^2 - 1 + In ^a/2 


29. L 


4 XVl + ⑻ 2 dx; X2/3 + y2 /3 = 1 今 y = (1 - X 2/3) 3 ’ 2 冷 I = - i (1 - ，) 1/2 (X-V3) (|) 
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580 Chapter 8 Techniques of Integration 




dy > 

,dx ； 


_ x 2/3 


x 2/3 




4 Jo \ 1 


l-x 2 / 3 
X 2 /3 i 


dx 


: 1 袅 =6[x 2/3 ]; = 6 


30. S = 2?r J 'f(x)Jl + [f(x)] 2 dx; f(x) = (l - x 2 / 3 ) 3/2 今 [f’(x)] 2 + 1 


^73 




S =2. r (i-x^/ 3 ) 


3/2 • dx 
# Vx^Ts 


- x2/3 ) 3/2 (x^)dx ； 


U = X 2 / 3 

du 


2 dx 

3 ^73 


4 • 17r / (1 — u) 3 / 2 du = —6tt f (1 — u) 3 / 2 d(l — u) 


-6tt - I [(1 - u) 5 / 2 ], 


127T 


3i- (r 


k ^ S ^ y = or y = — 一， 0 幺 x $ 4 


32. The integral f \/ 1 — x 2 dx is the area enclosed by the x-axis and the semicircle y = -\/l — x 2 . This area is half 


the circle's area, or | and multiplying by 2 gives 7r. The length of the circular arc y = \/ 1 — x 2 from x = — 1 to 
x=lisL = r \ / 1 


： I) 2 ^ = raA 


、 y/l —X 2 y 


dx 


dx 


circle’s circumference. In conclusion, 2 
33. (b ) 厂 e( x _ eX ) 

U —oo 


1 — x 2 dx 




dx = 丨 e( _eX ) e x dx 

U —oo 

lim f e (_eX) e x dx + lim f e (_eX) e x dx; 

b^+c» J o 


SL — > — OO J a 

u = e x 
du = e x dx 

ri 


r.e b 


aiKoJ，Udu + bijn^l e—Udu 
— lim [—e _u ]: a + lim [-elf 


-oo 1 


b —> —oo 


a 丄 ini oo [— - + e — (I + b ^ [— e — (e ” + i] 

(_I +e o) + (o+I) = l 


[v 1 — x 2 2 


(2 丌 ) = 7T since L is half the 


dx 


-1 v 1 — x 2 . 
⑻ 



34. u = ， du 


(T^F； dv = ny n - 1 dy，V = y n ; 

n^oo /o 1T7 d y = n^oo ( [iT^] n + fo TTf d y) 


0 +Jo TT7 
1 


lim 


2 n ^ oo 


f dy. Now, 0 < ^ < y 11 


今 O^niimoo Jo T+7 

=I + 0 = 每 


J o y n dy = n lim 


n^oo ETT=° ^ n^ocJo 1+7^ 


35. u = x 2 — a 2 du = 2x dx; 

J x (\/x 2 — a 2 ) dx = ^ J (y^) n du = * Ju n/2 du 

(xA) n 


\ (t+t) +C ， n_ -2 


u ( n +2)/2 

n + 2 


+ c ： 


n + 2 


- c = i& + c 


n + 2 


75 


-,-1 


[ sin_1 1] t 


dx 


< 


dx 


2」 0 Jo y/4 —x 2 Jo \/4 — x 2 — x 3 


< 


dx 




du 


\/A — 2x 2 y/l ^ 0 \/4 —u 2 
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37 - h (^fr _ -) dx = JiPoo X (^Ti 


2x 


)dx= lim [| ln(x 2 + 1) - | lnx]" 


lim 

b — oo 


In 


(x 2 + D a 


lim 


In 


(b 2 + D a 


-In 2 a 


b — oo 

integral diverges if a > |; for a 


?= L lim ^^-)=ooifa>i 


_ -r-= 丄 mi ir 、 ^ = cxj ii a ^ o => the improper 

b — oo b b ^ oo 2 r r 


lim 

b — oo 


揮 - 


lim 

b — oo 


’1 + 


W 


=> lim 

b — oo 


In (b2+ b 1)1/3 - In 2 1 / 2 


=H ln 1 — 辜 In 2)= — 空 ; if a < i : 0 < lim < lim & = lim (b + l) 2a — 1 = 0 

2 v 2 1 4 2 —b — oo b b ^ 00 b+1 b — 00 、 

. (b 〗 + I) 3 -| . • 

=> lim In - ~j—= —oo - the improper integral diverges if a < ^ ; in summary, the improper integ] 

b ^ oo D z 、 

X (^ 2 ^j — dx converges only when a = | and has the value — ^ 

“ ’ 戸 ) = i^ifWx G(X) = X 0 


38. G(x)= lim I e— xt dt 

b —> oo J Q 

=1 ifx > 0 


么 He-1: = ^ 


39. A = 尝 converges if p > 1 and diverges if p < 1. Thus, p < 1 for infinite area. The volume of the solid of revolution 

about the x-axis is V = 上丌 ( 去 ) 2 dx = 丌 尝 which converges if 2p > 1 and diverges if 2p < 1. Thus we want 

P 〉 ！ for finite volume. In conclusion, the curve y = x _p gives infinite area and finite volume for values of p satisfying 

^ <p^ L 


40. The area is given by the integral A 
p = 1: A 
p> 1: A 
L: A 


p< i ： 


lim [In xl' 
b^0 + 1 

lim [x 1 - p l: 
b^0 + 1 Jl 

lim [x 1 - p l: 
b^0 + 1 


I dx . 
lo XP ? 

lim In b = oo, diverges; 
b — 0+ 


1 - lim b'-P 
b — 0+ 

1 - lim 

b^0+ 


—oo, diverges; 

1—0, converges; thus, p > 1 for infinite area. 


The volume of the solid of revolution about the x-axis is V x = 7tJ q 备 which converges if 2p < 1 or 
p < ! ,and diverges if p > \ . Thus, V x is infinite whenever the area is infinite (p > 1). 

The volume of the solid of revolution about the y-axis is V y = 7r [R(y)] 2 dy = 丌 ^ which 
converges if ^ > 1 <=> p < 2 (see Exercise 39). In conclusion, the curve y = x _p gives infinite area and finite 
volume for values of p satisfying 1 < p < 2, as described above. 

41. e 2x (+) cos 3x 

2e 2x (—)~ - I sin 3x 

4e 2x (+y^*^ — ^cos 3x 


42. e 3 : 



I = 专 (3 sin 3x + 2 cos 3x) => I = 异 (3 sin 3x + 2 cos 3x) + C 


13 

"9" 1 - T 


sin 4x 


cos 4x + 苦 sin 4x 


16 


25 

16 


I = ^ (3 sin 4x — 4 cos 4x) ^ 


e 3x 

25 


(3 sin 4x — 4 cos 4x) + C 
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582 Chapter 8 Techniques of Integration 



sin x 


I = 一 sin 3x cos x + 3 cos 3x sin x + 91 —81 

v t sin 3x cos x—3 cos 3x sin x i r' 

O 1 = - g - + C 


sin 3x cos x + 3 cos 3x sin x 


44. cos 5x 


sin 4x 


sin 5x (—) 

-25cos 5x (+) 



cos 4x 


sin 4 


j cos 5x cos 4x — ^ sin 5x sin 4x + 籍 : 






I cos 5x cos 4x — ^ sin 5x sin 4x 




(4 cos 5x cos 4x + 5 sin 5x sin 4x) + C 


45. 


ae' 


sin bx 



cos bx 


I = — Y cos bx + 爭 sin bx — p- 

I = a2 e _^ b 2 (a sin bx — b cos bx) + C 



(a sin bx — b cos bx) 


46. 



cos bx 


^ sin bx 


^ sin bx + ^ cos 1 


cos bx 




( a 2 +b 2 、 




^^2 (a cos bx + b sin bx) + C 


京 （a cos bx + b sin bx) 


47. In (ax) (+) 1 

I = xln ㈣ 一 / ⑴ xdx = xln(ax)-x + C 

48. In (ax) (+) x 2 

i ~^(+) 

- ► 

I = * x 3 In (ax) — f (^) (y ) dx = I x 3 In (ax) — | x 3 + C 

49. (a) r(l) = f e _t dt = lim f e _t dt = lim [—e _t l« = lim [— 4 — (—1)1 =0+1 = 1 

Jo b —^ cx) ^ 0 b —^ oo b —> oo L e J 

(b) u = t x , du 二 xt x_1 dt; dv 二 e _t dt, v = —e _t ; x = fixed positive real 

=>• r(x + 1) = f t x e _t dt = lim [—t x e _t ]= + x f t x_1 e _t dt = lim (— S + 0 x e°) + xr(x) = xr(x) 

Jo b —> oo Jo b —> oo v e ’ 
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(c) r(n + 1) = nr ⑻ =n!: 

n = o: r(o + i) = r(i) = o!; 

n = k: Assume r(k + 1) = k! 
n = k+l: r(k+l + l) =(k+l)r(k+l) 

=(k+ l)k! 

= (k+l)! 

Thus, r(n + 1) = nr(n) = n! for every positive integer n. 


for some k > 0; 
from part (b) 
induction hypothesis 
definition of factorial 


50. (a) r(x)« andnr(n) = n! ^ n! 


n 

(f) n V^ 

calculator 


10 

3598695.619 

3628800 

20 

2.4227868 x 10 18 

2.432902 x 10 18 

30 

2.6451710 X 10 32 

2.652528 x 10 32 

40 

8.1421726 x 10 47 

8.1591528 x 10 47 

50 

3.0363446 x 10 64 

3.0414093 x 10 64 

60 

8.3094383 x 10 81 

8.3209871 x 10 81 

n 


( 營 ) "V^e" 12 " 

calculator 

10 

3598695.619 

3628810.051 

3628800 
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NOTES: 
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CHAPTER 9 FURTHER APPLICATIONS OF INTEGRATION 


9.1 SLOPE FIELDS AND SEPARABLE DIFFERENTIAL EQUATIONS 


1 . (a) y = e _x > 〆 =—e _x 2 y r + 3 y = 2 (—e _x ) + 3 e _x = e _x 

(b) y = e _x + e _ 3 x 〆 2 4 y’ = —e _x — | e _3x/2 ^ 2 y’ + 3 y = 2 (—e _x — | e _3x ") + 3 (e _x + e _3x/2 ) = e _x 

(c) y = e _x + Ce _3x/2 => y’ = —e _x — | Ce _3 " 2 => 2 y’ + 3 y 二 2 (—e _x — ! Ce _3x/2 ) + 3 (e _x + Ce _3x ") = e _x 

2 . (a) y = -i ^ y , = ^ = (-D 2 = y 2 

(b) y = - ^3 ^ y ; = (x+3) 2 = — ot+ 3) = y 2 

( c ) y = r+c ^ y r = (x+o 2 = [- r+c] — y 2 

3 . y=x/ 1 X f dt ^ 〆 =— 誓 dt+ 0 (f) # = _/；f dt + = -x (i £f dt) + = -xy + e>" 

=> x 2 y, + xy = e x 

4 y = 7TT7 ^ y^ = - i /； /TT^dt + ^ (v^) 

^y^=(f^)y+i 4y’ + I ^. y =i 

5 . y = e _x tan -1 ( 2 e x ) 4 y’ = -e~ x tan -1 ( 2 e x ) + e" x 1 + 占 # ( 2 e x ) = -e~ x tan -1 ( 2 e x ) + 

^ y’ = -y + ^ y’ + y = ； y (- In 2 ) = e+ ln2) tan - 1 ( 2 e -ln2 ) = 2 tan -1 1 = 2 (|) = | 


6. y = (x — 2) e _x2 => y’ = e _xi + (—2xe _x2 ) (x — 2) => y / = e _x2 — 2xy; y(2) = (2 — 2) e -22 = 0 


^ y 


^ xy，+ y = — sin x; y (|) 


' T f — sin x 1 (cos x \ _v 
^ y — — 丁 — j ^ y 

COS (7r/2) _ 

: (tt/ 2) = u 


\ =>• xy r = — sin x — y 


8 . y = Efj ^ y , 


lnX (lnx)^ 今 y’ = 忐 _ (W 


& xV 


_x^_ _ x 2 
In x (In x) 2 


^ x 2 y’ = xy — y 2 ; y(e) 


In e 


e. 


9. 2^/xy ^ = 1 ^ 2x"V/ 2 dy = dx ^ 2y" 2 dy = x" 1 / 2 dx 泠 f ly 1 ! 2 dy = Jx- 1 / 2 dx ^ 2(| y 3 / 2 ) 
= 2x" 2 + Q 4 § y 3 〆 2 — x 1 / 2 = C, where C = | Q 

10 . 砮 = ^ 2 s/y dy = x 2 y 1/2 dx y -1 / 2 dy = x 2 dx => f y _1 ’ 2 dy = Jx 2 dx => 2y" 2 = y + C 

^ 2y" 2 - ! x 3 = C 

11. ^ = e x_y => dy = e x e _y dx => e y dy = e x dx => J e y dy = J*e x dx ^ e y = e x + C 4 e y — e x = C 
12 •裝 = 3x 2 e _y 4 dy = 3x 2 e _y dx => e y dy = 3x 2 dx J^e y dy = 3x 2 dx 4 e y = x 3 + C 4 e y — x 3 二 C 
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586 Chapter 9 Further Applications of Integration 


13. 裝 =y/y cos 2 y/y ^ dy = (y/y cos 2 y / y) dx =>• se ^^ dy = dx J dy = J dx. In the integral on the left-hand 

side, substitute u = y/y 4 du = ^77 dy 2 du = -^dy, and we have J sec 2 u du = Jdx => 2 tan u = x + C 

^ —x + 2 tan yjy = C 

14. ^/2xy 砮 = 1 # dy = ^ dx ^ V^v^ dy = ^ dx 今 0 y 1 ’ 2 dy = x~ 1/2 dx ^ ^2 f y m dy = f x~ m dx 

^ ^2 C dy = ^ + C[ ^ ^2 y 3/2 = 3Vx ^2 (0^) 3 - 3^x = C, where C = !Ci 

15 . Ws = ey+v/x 今 S = ^ ^ d y = 誓 dx 今 e- y dy = ^ dx ^ e _y dy = J ^ dx. In the integral on the 

right-hand side, substitute u = -y/x ^ du = dx 2 du = 夫 dx, and we have J^e _y dy = 2 JV du 
4 — e _y = 2e u + Ci => — e _y = + C, where C = —Q 

16. (sec x) 裝 =e y+sinx => 裝 =e y+sinx cos x=> dy = (e y e sinx cos x)dx => e _y dy = e sinx cos x dx 
^ J^e _y dy = J e sinx cos x dx => —e _y = e sinx + Ci 4 e _y + e sinx = C, where C = —Ci 

17 . 裝 = 2x^1 — y 2 => dy = 2x^1 — y 2 dx =>■ y2 = 2x dx => y2 = J2xdx ^ sin -1 y = x 2 + C since |y| < 1 
4 y = sin(x 2 + C) 


18. ^ ^ ^ dy = ^dx => dy = <^dx = 奚 dx 今 e 2y dy = e x dx =4> f e 2y dy = Je x dx => ^ = e x + Ci 

^>e 2y 一 2e x = C where C = 2Ci 


19. y/ = x + y slope of 0 for the line y = —x. 

For x, y>0, y’ = x + y=> slope > 0 in Quadrant I. 
For x, y < 0 ， y' = x + y => slope < 0 in Quadrant III. 
For |y| > |x|，y > 0, x < 0, y’ = x + y 4 slope > 0 in 
Quadrant II above y = —x. 

For |y| < |x|, y>0 ， x<0 ， y’ = x + y# slope < 0 in 
Quadrant II below y = —x. 

For |y| < |x|，x > 0, y < 0, y’ = x + y 4 slope > 0 in 
Quadrant IV above y = — x. 

For |y| > |x|, x>0 ， y<0 ， y’ = x + y# slope < 0 in 
Quadrant IV below y = —x. 

All of the conditions are seen in slope field (d). 


y 

方 ，〆〆〆〆 一 4 

〆〆 

x --•-/〆〆. 

、 x -k x m2> ( 

\ x x 

_ > \ — i i * 

^rrrr^rrrr 


x ff ff ^ * i 

x a ^ i t 

+ -•-，〆〆〆 
'•- --•-〆〆〆 

\ ， x 

y + 方 _j«r 

XX 

飧亀 X 夂' •> + 


i 








44 


20. y / = y + 1 slope is constant for a given value of y, slope 
is 0 for y = — 1 ， slope is positive for y > 1 and negative for 
y < —1. These characteristics are evident in slope field (c). 





jtr j>r jf , 

-•* »•* jtr 一一 -•* -•* - j*- jm" Str 


-♦- -•- - -0 - • --•- -• - • - • - -0- 

-•« '•- 、、'•- -•« '•- '•- -•« '•« '•« 

乂 \ \ 乂乂 ' x ^2^ - 


^4>t 


x 
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Section 9.1 Slope Fields and Separable Differential Equations 587 


22. y ; = y 2 — x 2 => slope is 0 for y = x and for y = —x. 
For |y| > |x| slope is positive and for |y| < |x| slope is 
negative. Field (b) has these characteristics. 



25-36. Example CAS commands: 

Maple: 

ode := diff( y(x), x ) = y(x); 
icA := [0, 1]; 
icB := [0, 2]; 
icC := [0,-1]; 

DEplot( ode, y(x), x=0..2, [icA,icB,icC], arrows=slim, linecolor=blue, title="#25 (Section 9.1)"); 
Mathematica: 

To plot vector fields, you must begin by loading a graphics package. 

《 Graphics 、 PlotField 、 

To control lengths and appearance of vectors, select the Help browser, type PlotVectorField and select Go. 
Clear[x, y, f] 
yprime = y (2 — y); 

pv = PlotVectorField[{ 1, yprime}, {x, —5, 5}, {y, —4, 6}, Axes —» True, AxesLabel —> {x, y}]; 

To draw solution curves with Mathematica, you must first solve the differential equation. This will be done with 
the DSolve command. The y[x] and x at the end of the command specify the dependent and independent variables. 
The command will not work unless the y in the differential equation is referenced as y[x]. 
equation = y'[x] == y[x] (2 — y[x]); 
initcond = y[a] == b; 

sols = DSolve [{equation, initcond}, y[x], x] 
vals={{0, 1/2}, {0, 3/2}, {0,2}, {0,3}} 
f[{a— ， b_}] = sols[[l, 1,2]]; 


21. y' 


slope 


1 on y = —x and —1 on y = x. 


y r = —^ =>• slope = 0 on the y-axis, excluding (0, 0), 
and is undefined on the x-axis. Slopes are positive for 
x > o,y < 0 and x < 0, y > 0 (Quadrants II and IV )， 
otherwise negative. Field (a) is consistent with these 
conditions. 


y 

.Jtr ■ 4 』 - 

jtr 

jt ^ -•- -• - 

X M - 

^2■_ 


X X X 

， ♦• 十 M 




x x ^ ~ 

'm. '•k **1. '♦- ~*~ 

-•k -• — •- 

-•» '♦- '•- -♦- 


'•- '•- '•- 
'•- ^ 


-%- M M M ^ f 

1 .^- jar 〆 y 

~*r Jtr JK- M M M 
jtr /f 

jtr jr 


X 



♦ 

k 

4 

i- ^ 

♦ 

♦ 

• 

♦ 

♦ 

i 

〆 

X 

♦ 

♦ 

♦ 

i 

〆 

X 

X 

♦ 

i 

♦ 

t 

i 

X 

♦ 4 
i 

♦ 

♦ 

*2 
〆 i 
， . 

， T ' ' — — 

| | \ X ♦ 

r i f y 

^ M fl \ 

r Jtr Jtr AT Jt | 

| '•l 

s 

♦ 

* 

s 

s 

♦ 

♦ 

4 

k 

* 

♦ 

♦ 

♦ 

* 

* 

* 

X 

〆 ♦ 

♦ ♦ 

♦ ♦ 
i i 


一 

*2; 

♦ 

♦ 

♦ 

♦4 

- 耷 * ♦ k 4 

- 身 ■ ♦ \ k 今 4 ♦ ♦ 

f 〆〆 —\ 4 ♦ ♦ 

i 一一 〆 

♦ ♦ ♦ ♦ 〆 一 •- > 4 
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588 Chapter 9 Further Applications of Integration 


-I iol7§-d ： .5 ； ol2S 


t: 


(a) 


solnset = Map[f, vals] 

ps = Plot [Evaluate [solnset, {x, —5, 5}]; 

Show[pv, ps, PlotRange —> {—4, 6}]; 

The code for problems such as 33 & 34 is similar for the direction field, but the analytical solutions involve 
complicated inverse functions, so the numerical solver NDSolve is used. Note that a domain interval is 
specified. 

equation = y’[x] == Cos[2x — y[x]]; 
initcond = y[0] == 2; 

sol = NDSolve[{equation, initcond}, y[x], {x, 0, 5}] 
ps = Plot [Evaluate [y [x]/. sol, {x, 0, 5}]; 

N[y[x] /. sol/.x ^ 2] 

Show[pv ， ps, PlotRange — {0,5}]; 

Solutions for 35 can be found one at a time and plots named and shown together. No direction fields here. 
For 36, the direction field code is similar, but the solution is found implicitly using integrations. The plot 
requires loading another special graphics package. 

《 Graphics 、 ImplicitPlot 、 

Clear[x,y] 

solution[c_] = Integrate[2 (y — 1), y] == Integrate[3x 2 + 4x + 2, x] + c 

values = {—6, —4, —2, 0, 2, 4, 6}; 

solns = Map [solution, values]; 

ps = ImplicitPlot[solns, {x, —3, 3}, {y, —3, 3}] 

Show[pv, ps] 



-(c) 


d)l 


8 

2 



27 



26. 


\\\ 彡 
r\\\\\\n 

r : 〈 \\\\\n\ 

T\\\\^\\\n\ 

々\\\\\\\\三 

「广" "誉！ 

\/\\\\v\\\\l\ 
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Section 9.2 First-Order Linear Differential Equations 589 



9.2 FIRST-ORDER LINEAR DIFFERENTIAL EQUATIONS 

1. x I + y = e x I + (i) y = f , P(x) = i, Q(x) = f 

J P(x) dx = J'i dx = In |x| = In x, x > 0 => v(x) = e / p W ^ = e lnx = x 
y=4o /vW QW dx=i/x(f)dx=i(e^ + C) = ^,x>0 

2. e 1 I + 2e x y = 1 泠 | + 2y = e_ x , P(x) = 2, Q(x) = e_ x 
J P(x) dx = J^2 dx = 2x ^ v(x) = e/ p(x) dx = e 2x 

y = 去 /e 2x • e- x dx = 去 Je x dx = (e x + C) = e- x + Ce- 2x 

3. x〆 + 3y = _ ， x > 0 今 g + (•) y = 學， P(x) = ■ ’ Q(x) = _ 

J 1 曼 dx = 3 In |x| = In x 3 , x > 0 今 v(x) = e lnx3 = x 3 

y= . Jx 3 ( 学） dx= i /sin x dx = i (- cos x + C) = } x > 0 

4. y’ + (tan x) y = cos 2 x, — |<x<|=^^ + (tan x)y = cos 2 x, P(x) = tan x, Q(x) = cos 2 x 

/tan xdx= / 盖 dx = — In |cos x| = In (cos x)" 1 , - f < x < | ^ v(x) = e ta(cosx) ^ = (cos x)" 1 

y = (cos 1 !trl J "(cos x) _1 - cos 2 x dx = (cos x) J*cos x dx = (cos x)(sin x + C) = sin x cos x + C cos x 

5. x|+2y=l-I,x>0^| + (|)y=i-^,P(x)=? > Q(x)=i-| 

J 憂 dx = 2 In |x| = In X 2 , x > 0 泠 v(x) = e lnx2 = x 2 

y=Fp(i-?)dx=^/(x-l)dx=i(f-x + c) =1^1 + §^>0 

6. (1 + x)y' + y = y+ (x^) y = , P(x) = , Q(x) = ^ 

f dx = In (1 + x), since x > 0 ^ v(x) = e in(i+x) — \ 

y = rb i^ 1 + x ) (t^I) dx = /v^dx = ( 士 ) (I x 3 / 2 + c) = 3 ^, + 告 

7. 裝 一 * y = I e x/2 4 P(x) = — I, Q(x) = \ e x/2 f P(x) dx = — ^ x ^ v(x) = e _x/2 

^ y = ^4/2 f e _x/2 (I e x/2 ) dx = e x/2 f | dx = e x/2 (| x + C) = | xe x/2 + Ce x/2 

8. 装 + 2y = 2xe_ 2x 泠 P(x) = 2, Q(x) = 2xe_ 2x 泠 /P(x) dx = f2dx = 2x v(x) = e 2x 

y = ^ fe 2x (2xe _2x ) dx = ^ f2x dx = e _2x (x 2 + C) = x 2 e _2x + Ce _2x 
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590 Chapter 9 Further Applications of Integration 

9. 裝一⑴ y = 2 In x 4 P(x) = — - ， Q(x) = 2 In x 4 J"P(x) dx = -J ^ dx = — In x, x > 0 

^ v(x) = e _lnx = ^ y = xj (^) (2 In x) dx = x [(In x) 2 + C] = x (In x) 2 + Cx 

10. g + (=)y=^,x>0 ^ PW = 憂， Q(x )= 學今 f P(x) dx = / 曼 dx = 2 In |x| = lnx 2 , x > 0 

^ v(x) = e lnx2 = X 2 ^ y = i/x 2 (^) dx = i/cos x dx = ^ (sin x + C) = 

11 - | + (r3l)s=(^ ^ P(t) = ^ - Q(t) =^w ^ /p(t)dt= / 古 dt = 41n|t-l|=l n (t—l) 4 
^ v(t) = e 1 ——D 4 = (t - l) 4 ^ s = ^ f(t- l) 4 [^] dt = ^/(t 2 - 1) dt 
— 1 f _f, r ) _ _t , c 

—(t-1) 4 、3 L-riy — 3( t _ 1)4 (t-l)4 (t-1) 4 

12. (t + 1 ) 室 + 2s = 3(t + 1) + “+')2 > 荖 + (F^T) s = 3 + “+^ 户 4 P(X) = , Q ⑴ = 3 + (t + 1)— 3 

令 fp(t) dt = J 占 dt = 2 In |t + 11 二 In (t + l ) 2 令 v® = e ln ( t+1)2 = (t + l) 2 
^ s — ( t+ 1 1 )2 ^(t + l) 2 [3 + (t + l) -3 ] dt = (t. 1 ” 〗 J [3(t + l) 2 + (t + 1) _1 ] dt 
— ( t+ 1 1 )2 [(t + l) 3 + In |t + 11 + C] = (t + 1) + (t + l) -2 In (t + 1) + ( 上分 ,t > — 1 

13 . 盖 + (cot 6)r = sec 0 ^ P ( 沒 ） =cot 沒， Q(^) = sec 6 ^ = J^cot ^ = In |sin 6\ => \{6) = ef 0 |sin 

=sin 0 because 0 < 0 < ^ r = J\sin ^)(sec 0) dO = J tan 0 d6 = (In |sec 6\ + C) 

=(esc 6) (In I sec 9\ + C) 

14. tan 沒靠 + r = sin 2 沒 => 盡 + ☆ = > 盖 + (cot 0)r = sin 6 cos 0 P(^) = cot 6, Q(6) = sin 6 cos 9 

=> J P(6) dO = J cot ^ = In |sin 0\ = In (sin 6) since 0 < ^ < | =>• v ⑼ =e 111 — 0 ) = sin 沒 

今 r = S ^f(sin0)(sin0cos0)dd= 忐 /sin 2 0 cos 0 d0 = (^) (^ + c) = ^ ^ 

15. 室 + 2y = 3 4 P(t) = 2, Q(t) = 3 => f P(t) dt = /2 dt = 2t ^ v(t) = e 2 ' y = ^ / 3 e 2t dt 
= 善（昼 e 2t + C ) ; y (0) =1 今曼 + C =1 => C = —臺 4 y = 曼一臺 e- a 

16. I + _ = t 2 今 P(t) = - ， Q(t) = t 2 今 /P(t) dt = 2 In |t| ^ v(t) = e lnt2 = t 2 今 y = ./(t 2 ) (t 2 ) dt 

= ^JVd t =^(f +C )=“P ;y( 2) = l ^ f + f-1 = 

17. % + {l)y= SJ f => m = h Q(0) = ^ ^ fp(0) de = in \e\ ^ vw = = \e\ 

# y =^ ( 亨）必 = ! 如（亨 ） for ^ ^ 0 ^ y=^fsin0dO=^(-cos0 + C) 

= -I cos 0 + f ; y (f) = 1 ^ C = f =>• y = - i COS 0 + ^ 

18. 裝 一 （！）y = 沒 2 sec ^ tan ^ P ( 沒） = — 營， Q(^) = 0 2 sec 6 tan 6 JP(6) dO = —2 In |^| v(0) = e -21,1101 

= 6~ 2 => y = ^2 (^ -2 ) (6 2 sec 6 tan 0) d6 = 0 2 J sec 9 tan 6 d6 = 沒 2 (sec 沒 + C) 二沒 2 sec 沒 + C9 2 ; 

y (f) =2^2= (i) (2) + C ( 专 ) => C = — 2 =>• y = 6 2 sec 6 ^ — 2) 0 2 
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19. (x+l)g-2(x 2 +x)y 


e x2 


x+l S - 2 


Q(X) 


^-2xy 

泠 /P(x) dx = J-2x dx = —X 2 今 v(x) = e _x2 ^ y = ^ 


e* 2 


= (x + l) 2 => P( x ) = _ 2x, 


(X+l) 2 


dx 


^x 2 


o^W 


dx 


pX 2 「 (x+l)— 1 


c 




Ce x2 ;y(0) = 5 ^ -^+C = 5 ^ —l+C 


0+1 


=> C = 6 4 y = 6e 


,x 2 




20. ^ + xy = x =>• P(x) = x, Q(x) = x 4 J P(x) dx = Jxdx = ^ v(x) = e x2 / 2 y 


夫 / eX 


: 2 /2 


e x2 / 2 


( e x"2 


+ c 


4^; 7 (0) = -6 ^ 1 + C 


-6 C = —7 => y 




dt 

4 


-kt 


21. f —ky = 0 4 P(t) = _k, Q ⑴ = 0 ^ f P(t) dt = f-k dt = —kt => vO：) = e 

y= f (e- kt ) (0) dt = e kt (0 + C) = Ce kt ; y(0) = y 0 ^ C = y。4 y = y 0 e : 


,kt 


22. (a) | + 吾 v = 0 > P(t)= 吾， Q ⑴ = 0 4 /P(t)dt = 
^ y=^ /e kt / m .0dt= 去； v(0) = v 0 a c 


^ dt 

m 


m 


t = - ^ v(t) = e^" 1 




(b) 


dv 
dt 

Then v 




v ^ 


e(k/m)t 


_ — Vo 泠 c = Vo 泠 v = Vo e_( k » 

^ ^ dt In v = — 吾 t + C => v = e _( k / m )t+ c v = e _ ( k / m )t • e c . Let e c = Ci. 

-^orQ^Ci.Sov^vo e _( k 坤 


- Ci and v(0) = vo 


23. x / ^ dx = x (In |x| + C) = x In |x| + Cx => (b) is correct 


24 - Jcosxdx= ^(sinx + C) = tanx+^ 


=> (b) is correct 


25. Let y(t) = the amount of salt in the container and V(t) = the total volume of liquid in the tank at time t. 
Then, the departure rate is 错 (the outflow rate). 

(a) Rate entering = 错 • ^4^ = 10 lb/min 

(b) Volume = V ⑴ =100 gal + (5t gal - 4t gal) = (100 +1) gal 

(c) The volume at time t is (100 + t) gal. The amount of salt in the tank at time t is y lbs. So the 
concentration at any time t is 1Q Q +t lbs/gal. Then, the rate leaving = joo + t (Ibs/gal) • 4 (gal/min) 


ram lbs/min 


(d) I 


10 


4y v dy 
100 +1 — dt 


(T^i)y = io 今 p(t) 


100+t 


,Q(t) = 10 ^ f P(t) 


dt 


= 41n(100 + t ) 泠 V (t) = e 41n(100+t) = (100 + 1) 4 ^ y = /(100 + 1) 4 (10dt) 

=W + C) = 2(100 +1) + ^ ; y(0) = 50 ^ 2(100 + 0)+^, 

今 C =—(150)(100 ) 4 今 y = 2(100 +1) - 今 y = 2(100 + 1) —— 函 - 

(150)(100) 4 
(100+25) 4 


100 + t 


50 


dt 


(100+t)4 v (l + yfe ) 4 

(e) y(25) = 2(100 + 25) - « 188.56 lbs 泠 concentration = - ^ « 1.5 lb/gal 


26. (a) 柴 =(5 - 3) = 2 4 V = 100 + 2t 

The tank is full when V = 200 = 100 + 2t t = 50 min 

(b) Let y(t) be the amount of concentrate in the tank at time t. 

• 、 / ^gal) ( y lb W o gal \ ^ dy _ 5 3 / y \ ^ 

~ \mT2t^\) ^ dt - 2 ~ 2V50 + tJ ^ 




1 jb_ 


2(t + 50)y 


Q(t) = I; P ⑴ =! (soVt) 介 “) dt = |/ 

V(t) = e/ p ⑴ dt = e iw_ = (t + 50) 3 ’ 2 


t + 50 


dt 


\ln (t + 50) since t + 50 > 0 


x dx 
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592 Chapter 9 Further Applications of Integration 


= 差 （1 — e( _R/L )( 3L / R ))= 盖 （1 — e -3 ) ~ 0.9502 ^ amp, or about 95% of the steady state value 
=^ (1 — e (_R/L )( 2L / R )) = ^ (1 — e -2 ) « 0.8647 ^ amp, or about 86% of the steady state value 


32. (a) I + 芒 i = [ 4 P ⑴ =B , Q(t) = [ > J P ⑴ dt= /吾 dt = 吾 4 v(t) = e Rt ， L 

今 i = 忐 J> /L ® dt = ★ [k e 略 (l) +C ]=l + Ce - (聊 

(b) i(0) = 0 ^ 盖 +C = 0 泠 C = -签 ^ i=l - 雖 

(c) i=l ^ I = 0 O I + r i = 0 + (B)( 基） = 芒 ^ i = ^ is a solution of Eq. (11); i = Ce_( R / L )t 

33. y’ — y = —y 2 ; we have n = 2, so let u = y 1-2 = y _1 . Then y 二 u- 1 and 裝 =-ly _2 裝 4 装 =-y 2 裝 
=> —u -2 ^ — u _1 = —u -2 裴 + u = 1. With ef dx = e x as the integrating factor, we have 
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y(t) = / 説 + 50 ) 3/2dt = (t + 50)~ 3/2 [(t + 50) 5/2 + c] 今 y(t) = t + 50+ 

Apply the initial condition (i.e., distilled water in the tank at t = 0): 

y(0) = 0 = 50 + C = —50 5/2 =>• y(t) = t + 50 — ( t 工 ) 3 / 2 . When the tank is full at t = 50 ， 

y(50) = 100 — « 83.22 pounds of concentrate. 

27. Let y be the amount of fertilizer in the tank at timet. Then rate entering = 1 p • 1 = 1 ^ and the 

volume in the tank at time t is V(t) =100 (gal) + [1 (gal/min) — 3 (gal/min)]t min 二 （100 — 2t) gal. Hence 
rate out = ( 丽 3 = ^ lbs/min ^ G 一 Tofet) lbs/min ^ t + (loo^ 2 t) y = 1 

P(t)= 顶 hi ， QW = 1 ^ /P(0 dt = / 顶 hi dt = 31n( - 0 2 °' 2t) ^ v(t) = e (- 恤 (ioo- 2 职 

=(100- 2t )- 3 / 2 泠 y = (100 _ 1 21) _ 3/ , /(100 — 2t)_ 3 / 2 dt = (100 — 2t)_ 3 / 2 _ 2 ( 100 — : 斯 1 ’ 2 +c 
=(100 - 2t) + C(100 - 2t) 3 / 2 ; y(0) = 0 冷 [100 - 2(0)] + C[100 — 2(0 )] 3 / 2 泠 C(100) 3 / 2 = —100 
今 C = —(100)-" 2 = - i ^ y = (100 - 2t) - . Let f = 0 ^ f = -2 - (•) ( 腦 : 广 - 2 ) 

=—2 + Vl °o~ 2t =0 => 20 = 3/100 —2t 泠 400 = 9(100 - 2t) 400 = 900 - 18t 泠 -500= —18t 

=> t ~ 27.8 min, the time to reach the maximum. The maximum amount is then 
y(27.8) = [100 - 2(27.8)] - _- 2 足 7 . 8 )] 3/2 ~ 14.8 lb 

28. Let y = y(t) be the amount of carbon monoxide (CO) in the room at time t. The amount of CO entering the 
room is x ^) — ft 3 /min, and the amount of CO leaving the room is (^q) ( 备 ） = 15 q 0Q ft 3 /min. 

Thus ^ — _^ n_ l — v — pro — -J： — Oft) — vfO — e 1 / 15,000 

今 y = ^ / 1^0 e" 15 , 000 dt ^ y = e—(^55 W 15 , 讎 + C) = e— 仲 ， 000 (180# 15 ,_ + C); 
y(0) = 0 泠 0 = 1(180+ C) => C = -180 泠 y = 180 — 180e—'" 5 ，_. When the concentration of CO is 0.01% 
in the room, the amount of CO satisfies y = 0.45 ft 3 . When the room contains this amount we 

have 0.45 = 180 — 180e- t/15 > 000 = e -t/i5,ooo ^ t= — 15,000 In (^|^) « 37.55 min. 

29. Steady State = ^ and we want i = | =>■ I(r) = ^(1— e _Rt / L ) =4^ | = 1 — e _Rt//L — ^ = —e _Rt / L 

In ^ — — ^ — ^ In ^ — t t — ^ In 2 sec 

30. (a) | + gi = 0 idi = -gdt lni=-^+Ci ^ i = e Cl e_ Rt/L = Ce_ Rt / L ; i(0) = I ^I = C 

i = Ie _Rt / L amp 

(b) ^1 = Ie- Rt/L e~ Rt/L = 1 ^ -f =\n^ = -\n2 ^ t = | In 2 sec 

(c) t = ^ > i = I e (-Rt/ L )( L / R ) — i e -t amp 


IT fr 

3L I R2LR 

t t 

Xu/ 

a b 

/ _\ / _\ 

1 A 

3 
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e x ( 惡 + u)= 矣 (e x u) = e x . Integrating, we get e x u = e x + C^u=l + J = 


泠 y: 


e x + C 


34. y’ — y = xy 2 ; we have n = 2, so let u 二 y _1 . Then y 二 u- 1 and 费 =-y_ 2 裝裝 =—y 2 ^ = -u - 2 费 

Substituting:—u— 2 盖一 u _1 = xu— 2 ^ + u = —x. Using e/ dx = e x as an integrating factor: 

e X ( 砦 + u )= 基 ( eXu ) = -x e x e x u = e x (l - x) + C 今 u = e x (i-x) + c ^ y = u -i = eX _^ x + c 

35. xy, + y = y_ 2 4 y, + (^)y = (^)y -2 . Let u = y 1_ (- 2 ) = y 3 y = u 1/3 and y_ 2 = u_ 2/3 . 
g =3y 2 g 今 y' = I = Q)(|)(y- 2 ) = (|)(1)(^ 2/3 )- Thus we have 

G) ( 费 ) ( u_2/3 ) + ⑴ u 1 ’ 3 = ( 士 ) u_2/3 > 费 + (l) u = (i) L The integrating factor, v(x), is 
e/x dx = e 31nx = e lnx3 = x 3 . Thus 告 (x 3 u) = (|)x 3 = 3x 2 泠 x 3 u = x 3 + C 今 u = 1 + § = y 3 

^y = (i + §) 1/3 X 

36. x 2 y’ + 2xy = y 3 > y’+ Q)y = ( 去 ) y 3 . P(x) = (|),Q(x)= ( 去 )，n = 3. Let u = y 1 - 3 =y~ 2 . 

Substituting gives ^ 4 - (—2)(|)u = —2( 去 ） ^ + ( 亨 )u = Let the integrating factor, v(x), be 
ef(ir) dx = e lnx_4 = x -4 . Thus 基 (x _4 u) = -2x~ 6 x~ 4 u = |x -5 + C 4 u = 蠢 +Cx 4 = y _2 

泠 y=@+c x r 1/2 


9.3 EULER S METHOD 


1. yi = yo + (1 — 砮 ) dx = _1 + (1 — 孕） （ .5) = —0.25, 

y 2 = yi + (1 — 訏 ) dx = —0.25 + (1 — _ 2 . 5 5 ) (-5) = 0.3, 

y3 = y2 + (1 — 窘 ) dx = 0.3 + (l — (.5) = 0.75; 

Hx (x) y — 1 ^ P(x) = ^ , Q(x) = 1 4 f P(x) dx = dx = In |x| = In x, x > 0 4 v(x) = e lnx = x 
^ y =I J x .ldx=i(f+c);x = 2,y=-l -l = l + f ^C=-4 =>y=l~l 
y(3.5)= 罕 -;= 爭 《 0.6071 

2. yi = yo + xo (1 — yo) dx = 0 + 1(1 — 0)(.2) : .2, 

y 2 = Yi + Xi (1 - yi) dx = .2 + 1.2(1 - .2)(.2) = .392, 
y 3 = y 2 + x 2 (1 - y 2 ) dx = .392 + 1.4(1 一 .392X.2) = .5622; 

^ = x dx => -ln|l — y| = y+C;x=l,y = 0 => 一 lnl = |+ C => C = — 辜 => ln|l — y| = — 誓 + | 

今 y= 1 — e* 1 ^)/ 2 ^ y(1.6) « .5416 

3. yi = y 0 + (2x 0 y 0 + 2y 0 ) dx = 3 + [2(0)(3) + 2(3)](.2) = 4.2, 

y 2 = yi + (2x iyi + 2yi) dx = 4.2 + [2(.2)(4.2) + 2(4.2)](.2) = 6.216, 

y 3 = y 2 + (2x 2 y 2 + 2y 2 ) dx = 6.216 + [2(.4)(6.216) + 2(6.216)](.2) = 9.6969; 

g = 2y(x + 1 ) 泠 f =2(x+ 1) dx ^ In |y| = (x + l) 2 + C; x = 0, y = 3 In 3 = 1 + C 泠 C = In 3 - 1 
泠 In y = (x + l) 2 + In 3 - 1 y = e (x+i) 2 +i"3 -i = e ln3 e x2+2x = 3e x ( x+2 ) 今 y(.6) « 14.2765 

4. YI = yo + yg(l + 2x 0 ) dx = 1 + 1 2 [1 + 2(-l)](.5) = .5 ， 

y 2 = Yi + y?(l + 2 Xl ) dx = .5 + (.5) 2 [1 + 2(—.5)](.5) = .5 ， 
y 3 = y 2 + y|(l+ 2x 2 ) dx = .5 + (,5) 2 [1 + 2(0)](.5) = .625; 

与 =(1 +2x)dx 泠 - I =x + x 2 +C;x=-l,y= 1 —1 = —1 + (—l) 2 + C ^>C = —1 泠 I = 1 - x - x 2 

^ y = i-x-x 2 今 y(- 5 ) = i-.5-(.5) 2 = 4 
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5. yi = yo + 2x 0 e x ° dx = 2 + 2(0)(. 1) = 2, 

y 2 = yi + 2xie x " dx = 2 + 2(.l)e l2 (.l) = 2.0202 ， 
y 3 = y 2 + 2x 2 e x ^ dx = 2.0202 + 2(.2)e 22 (.l) = 2.0618, 

dy = 2xe x2 dx 泠 y = 〆 + C; y(0) = 2 泠 2=1+C 泠 C=1 >y = e x2 + l 4 y(.3) = e. 32 + 1 s 2.0942 

6 . yi = y 0 + (y 0 + e x 。— 2) dx = 2 + (2 + e 0 - 2) (.5) = 2.5, 

y 2 = yi + (yi + e Xl - 2) dx = 2.5 + (2.5 + e- 5 - 2) (.5) = 3.5744, 

y 3 = y 2 + (y 2 + e x 2 - 2) dx = 3.5744 + (3.5744 + e 1 - 2) (.5) = 5.7207; 

裝 一 y = e x — 2 4 P(x) = — 1 ， Q(x) = e x — 2 ^ J P(x) dx = —x => v(x) = e _x 4 y = ▲ J'e _x (e x — 2) dx 

=e x (x + 2e- x + C); y(0) = 2 泠 2 = 2 + C 泠 C = 0 今 y = xe x + 2 泠 y(1.5) = 1.5e 15 + 2« 8.7225 

7. yi = 1 + 1(.2) = 1.2, 

y 2 = l.2 + (1.2)(.2) =1.44 ， 
y 3 = 1.44+ (1.44)(.2) = 1.728, 
y 4 = 1.728 + (1.728X.2) = 2.0736, 
y 5 = 2.0736 + (2.0736)(.2) = 2.48832; 

^ =dx lny = x + Q ^ y = Ce x ; y(0) =1 泠 l=Ce 0 泠 C=1 泠 y = e x 泠 y(l) = e « 2.7183 

8 . yi =2+(f)(.2) = 2.4, 

y 2 = 2.4+( 琶 ）（ .2) = 2.8 ， 
y 3 = 2.8+(^)(.2) = 3.2, 
y 4 = 3.2+(^)(.2) = 3.6, 
y 5 = 3.6+(f|)(.2) = 4; 

y = Y ^ lny 二 lnx + C => y = kx; y(l) = 2 => 2 = k => y = 2x => y(2) = 4 


yi = —1 + 

(-1) 2 ' 

J 

(.5)= — 

.5 ， 

y2 = —.5 + 

■(- .5) 2 

L v/b 

(.5)= 

-.39794, 

y3 = —.39794 + 

(-.39794) 2 ' 
^2 . 

(.5)= - 

y4 = -.34195 + 

(- .34195) 2 ■ 

(-5)= - 

y 5 = -.27812, y 6 

= —.25745, y 7 = 

dy _ dx V 

F y 令 

_ 1 
y 

= 2^ + C;y(l) 


-.34195, 

-•30497, 
-.24088, y 8 : 
= - 1^1 


-.2272; 

:2 + C C = — 1 => y 


# 〜 (5) 


一 . 2880 


10. yi = l + (l-e°)Q) =1 ， 

y 2 = 1 + (1 -e 2 / 3 ) (i) = 0.68408 ， 
y 3 = 0.68408 + (0.68408 - e 4 / 3 ) (|) = —0.35245 ， 
y 4 = —0.35245 + (-0.35245 - e 6 / 3 ) Q) = —2.93295 ， 
y 5 = -2.93295 + (-2.93295 - e 8 / 3 ) (i) = -8.70790 ， 
y 6 = 一 8.7079 + (—8.7079 — e 10/3 ) Q) = 一 20.95441; 

y' —y — — e 2x => P(x) = —1 ， Q(x) = —e 2x => J P(x) dx = —x 今 v(x) = e _x => y = -^ e~ x (—e 2x ) dx 
=e x (—e x + C); y(0) =1 泠 1 = -1+C ^ C = 2 => y = — e 2x + 2e x 泠 y(2) = —e 4 + 2e 2 « —39.8200 


11. Let z n = y n _! +2y n _i(x n _i + l)dx and y n = y n -i + (y n -i(x n _i + 1) + z n (x n + l))dx with x 0 = 0, y 0 = 3, and dx = 0.2. 
The exact solution is y = 3e x ( x+2 ). Using a programmable calculator or a spreadsheet (I used a spreadsheet) gives the 
values in the following table. 
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X 

z 

y-approx 

y-exact 

Error 

0 

— 

3 

3 

0 

0.2 

4.2 

4.608 

4.658122 

0.050122 

0.4 

6.81984 

7.623475 

7.835089 

0.211614 

0.6 

11.89262 

13.56369 

14.27646 

0.712777 


12. Let z n = y n _i + x n _!(l — y n _i)dx and y n = y n _i + ( 、-“ 1 - y n -0 + x n (i -z n )j^ x w ith xo = 1 ， yo = 0, and dx = 0.2. 

The exact solution is y = 1 — e( 1_x2 ), 2 . Using a programmable calculator or a spreadsheet (I used a spreadsheet) gives the 
values in the following table. 


X 

z 

y-approx 

y-exact 

Error 

1 

— 

0 

0 

0 

1.2 

0.2 

1.196 

0.197481 

0.001481 

1.4 

0.38896 

0.378026 

0.381217 

0.003191 

1.6 

0.552178 

0.536753 

0.541594 

0.004841 


13 . 裝 = 2xe x2 ， y(0) = 2^ y n +i = y n + 2x n e x "dx = y n + 2x n e x »(0.1) = y n + 0.2x n e x ° 

On a TI-92 Plus calculator home screen, type the following commands: 

2 STO > y: 0 STO > x: y (enter) 

y + 0.2*x*e A (x A 2) STO > y: x + 0.1 STO > x: y (enter, 10 times) 

The last value displayed gives yEuier(l) ~ 3.45835 

The exact solution: dy = 2xe x2 dx > y = e x2 + C; y(0) = 2 = e 0 + C=>C = l4y=l+e x2 
^ Yexact(l) = 1 + e = 3.71828 

14. 裝 =y + e x - 2, y(0) = 2 今 y n+1 = y n + (y n + e x 。一 2)dx = y n + 0.5(y n + e x ° - 2) 

On a TI-92 Plus calculator home screen, type the following commands: 

2 STO > y: 0 STO > x: y (enter) 

y + 0.5*(y + e x — 2) STO > y: x + 0.5 STO > x: y (enter, 4 times) 

The last value displayed gives yEuler(2) ~ 9.82187 

The exact solution: 裝 — y = e x — 2 今 P(x) = 1, Q(x) = e x _ 2 4 fPMdx=-x V(x) = e _x 
^y = J^J e - x (e x - 2)dx = e x (x + 2 e - x + C);y(0) = 2 今 2 = 2 + C 今 C = 0 
y = xe x + 2 => yexact(2) = 2e 2 + 2 « 16.7781 

• 砮 => 0, y(0) = 1 => y n +i = y n + -^dx = y n + 譬 (0.1) = y n + 0.1 夸 

On a TI-92 Plus calculator home screen, type the following commands: 

1 STO > y: 0 STO > x: y (enter) 

y + 0.1*(-\/x /y) STO 〉 y: x + 0.1 STO > x: y (enter, 10 times) 

The last value displayed gives y Eu i er (l) ~ 1.5000 

The exact solution: dy = ^dx y dy = dx y = |x 3/2 + C; ( y (?)) — ^ \ — |(0) 3/2 + C C = 臺 

^ 2 " — |x 3/2 + ^ y = \j !x 3/2 + 1 => yexac/1) = \j ! ⑴ 3/2 + 1 ~ 1.5275 

16. 裝 =1 + y 2 ,y(o) = 0^y n+1 = y n + (1 + y^)dx = y n + (1 + y^)(0.1) = y n + 0.1(1 + g) 

On a TI-92 Plus calculator home screen, type the following commands: 

0 STO > y: 0 STO > x: y (enter) 

y + 0.1*( 1 + y 2 ) STO > y: x + 0.1 STO > x: y (enter, 10 times) 

The last value displayed gives yEuier(l) ^ 1.3964 

The exact solution: dy = (1 + y 2 )dx => j -^2 = dx tan _1 y = x + C; tan _1 y(0) = tan _1 0 = 0 = 0 + C=^C = 0 
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4 tan _1 y = x 4 y = tan x ^ yexact(1) = tan 1 ^ 1.5574 

17. (a) g = 2y 2 (x _ 1 ) 今 _ = 2(x _ l)dx ^ Jy 2 dy = /(2x - 2)dx ^ -y 1 = x 2 — 2x + C 

Initial value: y(2) = -i ^ 2 = 2 2 - 2(2) + C C = 2 
Solution: —y _1 = x 2 — 2x + 2 or y = — x 2 」 x+2 

乂⑶ = _ 3 2 -2(3) + 2 = = -0.2 

(b) To find the approximation, set yi = 2y 2 (x — 1) and use EULERT with initial values x = 2 and y = —暴 and step size 
0.2 for 5 Points. This gives y(3) « —0.1851; error « 0.0149. 

(c) Use step size 0.1 for 10 points. This gives y(3) ~ —0.1929; error « 0.0071. 

(d) Use step size 0.05 for 20 points. This gives y(3) ~ —0.1965; error ^ 0.0035. 

18. (a) 塞 =y — 1 > fv^T = f dx ln|y— 1| =x + C |y — 1| = e x+c 4 y _ 1 = 士 e c e x y = Ae x + 1 

Initial value: y(0) = 3 => 3 = Ae° + 1 => A = 2 
Solution: y = 2e x + 1 
y(l) =2e+l « 6.4366 

(b) To find the approximation, set yi = y — 1 and use a graphing calculator or CAS with initial values x = 0 and y = 3 
and step size 0.2 for 5 Points. This gives y(l) « 5.9766; error ^ 0.4599 

(c) Use step size 0.1 for 10 points. This gives y(l) « 6.1875; error « 0.2491. 

(d) Use step size 0.05 for 20 points. This gives y(l) « 6.3066; error « 0.1300. 

19. The exact solution is y = x 2 _^ + 2 ， so y(3) = —0.2. To find the approximation, let z n = y n _i + 2y^_ 1 (x n _i — l)dx and 
y n = y n _i + (Yn-i( x n-i — 1) + z„(x^ — l))dx with initial values xo = 2 and yo = Use a spreadsheet, graphing 
calculator, or CAS as indicated in parts (a) through (d). 

(a) Use dx = 0.2 with 5 steps to obtain y(3) « —0.2024 4 error « 0.0024. 

(b) Use dx = 0.1 with 10 steps to obtain y(3) ~ —0.2005 => error « 0.0005. 

(c) Use dx = 0.05 with 20 steps to obtain y(3) ~ —0.2001 => error ^ 0.0001. 

(d) Each time the step size is cut in half, the error is reduced to approximately one-fourth of what it was for the larger step 
size. 


20. The exact solution is y = 2e x + 1, so y(l) = 2e + 1 ~ 6.4366. To find the approximation, let z n = y n _i + (y n _i — l)dx 
and y n = y n _i + ( yn_1 _ 2 )dx with initial value y n = 3. Use a spreadsheet, graphing calculator, or CAS as indicated in 
parts (a) through (d). 

(a) Use dx = 0.2 with 5 steps to obtain y(l) « 6.4054 => error w 0.0311. 

(b) Use dx = 0.1 with 10 steps to obtain y(l) « 6.4282 今 error « 0.0084 

(c) Use dx = 0.05 with 20 steps to obtain y(l) ^ 6.4344 error « 0.0022 

(d) Each time the step size is cut in half, the error is reduced to approximately one-fourth of what it was for the larger step 
size. 

13-16. Example CAS commands: 

Maple: 

ode := diff( y(x), x ) = 2*x*exp(x A 2);ic := y(0)=2; 
xstar := 1; 
dx : = 0.1; 

approx := dsolve( {ode,ic}, y(x), numeric, method=classical[foreuler], stepsize=dx ): 
approx(xstar); 

exact := dsolve( {ode,ic}, y(x)); 
eval( exact, x=xstar); 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 







Section 9.3 Euler's Method 


597 


evalf( % ); 

17. Example CAS commands: 

Maple: 

ode := diff( y(x), x) = 2*y(x)*(x-l);ic := y(2)=-l/2; 
xstar := 3; 

exact := dsolve( {ode,ic}, y(x)); 
eval( exact, x=xstar); 
evalf( % ); 

approx 1 := dsolve( {ode ， ic}, y(x), 

numeric, method=classical[foreuler] 
approx 1 (xstar); 

approx2 := dsolve( {ode ， ic}, y(x), 

numeric, method=classical[foreuler] 
approx2(xstar); 

approx3 := dsolve( {ode ， ic}, y(x), 

numeric, method=classical[foreuler] 
approx3 (xstar); 

19. Example CAS commands: 

Maple: 

ode := diff( y(x), x) = 2*y(x)*(x-l);ic := y(2)=-l/2; 
xstar := 3; 

approx 1 := dsolve( {ode ， ic}, y(x), # (a) 

numeric, method=classical[heunform], stepsize=0.2 ): 
approx 1 (xstar); 

approx2 := dsolve( {ode,ic}, y(x), # (b) 

numeric, method=classical[heunform], stepsize=0.1 ): 
approx2(xstar); 

approx3 := dsolve( {ode ， ic}, y(x), # (c) 

numeric, method=classical[heunform], stepsize=0.05 ): 
approx3 (xstar); 

21. Example CAS commands: 

Maple: 

ode := diff( y(x), x ) = x + y(x);ic := y(0)=-7/10; 
xO := -4;xl := 4;y0 := -4; yl := 4; 
b:= 1; 

PI := DEplot( ode, y(x), x=x0..xl, y=y0..yl, arrows=thin, title="#21(a) (Section 9.3 )’’）： 

PI ； 

Ygen := unapply( rhs(dsolve( ode, y(x))), x,_Cl ); # (b) 

P2 := seq( plot( Ygen(x,c), x=x0..xl, y=y0..yl, color=blue ), c=-2"2 ): # (c) 

display( [P1,P2], title="#21(c) (Section 9.3 )’’）； 

CC := solve( Ygen(0,C)=rhs(ic), C ); # (d) 

Ypart := Ygen(x,CC); 

P3 := plot( Ypart, x=0..b, title="#21(d) (Section 9.3 )，’）： 

P3 ； 

euler4 := dsolve( {ode ， ic}, numeric, method=classical[foreuler], stepsize=(xl-x0)/4): # (e) 

P4 := odeplot( euler4, [x,y(x)], x=0..b, numpoints=4, color=blue ): 


#(b) 

,stepsize=0.2): 
#(c) 

,stepsize=0.1): 
#(d) 

, stepsize=0.05 ): 
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display( [P3 ， P4] ， title= ，， #21(e) (Section 9.3)，，）; 

euler8 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(xl-x0)/8 ): # (f) 

P5 := odeplot( euler8, [x,y(x)], x=0..b, numpoints=8, color=green ): 

eulerl6 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(xl-x0)/16 ): 

P6 := odeplot( eulerl6, [x,y(x)], x=0..b, numpoints=16, color=pink): 

euler32 := dsolve( {ode,ic}, numeric, method=classical[foreuler], stepsize=(xl-x0)/32 ): 

P7 := odeplot( euler32, [x,y(x)], x=0..b, numpoints=32, color=cyan ): 
display( [P3 ， P4 ， P5,P6,P7], title="#21(f) (Section 9.3) M ); 

< < N I h I 、 percent error 、 〉， # (g) 

< 4 I (xl-xO)/ 4 I evalf[5]( abs(l-eval(y(x),euler4(b))/eval(Ypart,x=b))*100 ) >, 

< 8 I (xl-xO)/ 8 I evalf[5]( abs(l-eval(y(x),euler8(b))/eval(Ypart,x=b))*100 ) >, 

< 16 I (xl-x0)/16 I evalf[5]( abs(l-eval(y(x),eulerl6(b))/eval(Ypart,x=b))*100 ) >, 

< 32 I (xl-x0)/32 I evalf[5]( abs(l-eval(y(x),euler32(b))/eval(Ypart,x=b))*100 ) > >; 


13-24. Example CAS commands: 

Mathematica: (assigned functions, step sizes, and values for initial conditions may vary) 

For exercises 13 - 20, find the exact solution as follows. Set up two error lists. 

Clear[x, y, f] 
f[x_,y_]:=2y 2 (x-1) 
a = 2;b = -l/2; 
xstar = 3; 

desol=DSolve[{y'[x] == f[x, y[x]], y[a] == b}, y[x], x] //Simplify 
actual [x_] = desol[[l, 1,2]]; 

{xstar, actual [xstar]} 
errorlisteuler = { }; 
errorlisteulerimp = { }; 
pa = Plot[actual[x], {x, a, xstar}] 

Euler's method with error at x*. The Do command is used with a sequence of commands that are repeated n times. 
a = 2;b = -l/2; 
dx = 0.2; 

xstar = 3; n = (xstar — a) /dx; 
solnslist = {{a,b}}; 

Do[ {new = b + f[a,b] dx, a = a + dx, b = new, AppendTo[solnslist, {a,b}]},{n}] 
solnslist 

error: actual [xstar] — solnslist[[n, 2]] 
relativeerror= error / actual [xstar] 

AppendTo [errorlisteuler, error] 

pe = ListPlotfsolnslist, PlotStyle ^ {Hue[.4], Pointsize[0.02]}] 

Show [pa, pe] 

Rerun with different values for dx, starting from largest to smallest. After doing this, observe what happens to the 
error as the step size decreases by entering the input command: errorlisteuler 
Improved Euler's method, with error at x* 
a = 2;b = -l/2; 
dx = 0.2; 

xstar = 3; n = (xstar — a) /dx; 
solnslist = {{a,b}}; 

Do[{newl = b + f[a,b] dx, new2 = b + (f[a, b] + f[a+dx, new 1])/2 dx, a = a + dx, b = new2, 

AppendTo [solnslist, {a,b}]},{n}] 

solnslist 

error= actual [xstar] — solnslist[[n, 2] 
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relativeerror= error / actual [xstar] 

AppendTo [errorlisteulerimp, error] 

peimp = ListPlot[solnslist, PlotStyle —> {Hue[.8], PointSize[0.02]}] 

Show [pa, peimp] 

Rerun with different values for dx, starting from largest to smallest. After doing this, observe what happens to the 
error as the step size decreases by entering the input command: errorlisteulerimp 

You can also type Show [pa, pe, peimp]. This would be appropriate for a fixed value of dx with each method. 

You can also make a list of relative errors. 

Problems 21-24 involve use of code from section 9.1 together with the above code for Euler's method. 

9.4 GRAPHICAL SOUTIONS OF AUTONOMOUS DIFFERENTIAL EQUATIONS 

1. y' = (y + 2)(y-3) 

(a) y = — 2 is a stable equilibrium value and y = 3 is an unstable equilibrium. 

(b) y" = (2y — 1)〆= 2(y + 2) (y — (y — 3) 


y '>0 ! y ’<0 ! y>o 




o ; 

2 

^ - 

，<0 

: y">0 

i 


/<0 

； y">o 

i 


0.5 


(C) 



2 . y 7 = (y + 2)(y — 2) 

(a) y = — 2 is a stable equilibrium value and y = 2 is an unstable equilibrium. 

(b) y ,, = 2yy , = 2(y + 2)y(y-2) 


y'>0 

y'<0 

y' > 0 

一 3 — 

2 -1 

0 1 : 

3 1 

y〃<0 

y">0 

y〃<0 

y〃>0 
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3 - y' = y 3 —y = (y+i)y(y — i) 

(a) y = _ 1 and y = 1 is an unstable equilibrium and y = 0 is a stable equilibrium value. 

(b) y" = (3y 2 — l)y’ = 3(y + 1) (y + 忐) y(y -士 ) (y — 1) 


y ，<0 

y '>0 

y '<0 

y ( >0 

- 1 . 5 1 」 

y "<0 

1 - 0.5 ' 

y ">0 

y "<( 

i 

y">C 

0:5 i 

y"<0 

1.5 

y">0 






(c) 


y 



4. y , = y(y-2) 

(a) y = 0 is a stable equilibrium value and y = 2 is an unstable equilibrium. 

(b) y" = (2y-2)y，= 2y(y-l)(y-2) 


y'>0 

y'<0 

y'>0 

- 1 ^ ( 

i ' 1 


1 3 

y 〃<0 

y 〃>0 

y 〃<0 

y ">0 


(c) 

y 



5. 


y’ = 办 y > o 


(a) There are no equilibrium values. 

( b ) 寸二奸 〆 =^^=\ 


/ >0 

0 12 3 4 

y">0 
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y’ = y — 办 y > o 

(a) y = 1 is an unstable equilibrium. 

(b) y" = (1 — ☆) y’ = (1 一 士 ) (y-^) = - l){y/y - i) 


y’< 0 

y'<0 

y>o 

… t 


0.5 

1.5 2 

y">0 

y"<0 

y">0 


0.25 



y’ = (y — l)(y — 2)(y — 3) 

(a) y = 1 and y = 3 is an unstable equilibrium and y = 2 is a stable equilibrium value. 

(b) y" = (3y 2 — 12y + ll)(y - l)(y - 2)(y — 3) = 3(y - 1) (y — ^)(y — 2) (y — ^)(y-3) 



y<o 

i y> o 

y’< 0 i 

/ >0 


1 





1 

0 


1 ； ； 2’ 

； 3? 


4 


/<o 

； y n >o ; y"<o 

/ >0 ; ， <0; 

/ >0 



(c) 
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8. y’= y 3 _y 2 = y 2 (y 一 1) 

(a) y = 0 and y = 1 is an unstable equilibrium. 

(b) y n = (3y 2 - 2y)(y 3 — y 2 ) = y 3 (3y - 2)(y - 1) 


y ; <0 

y' <0 

y，>0 

^ ( 

y"<0 

) ' 

y">0 

y〃<0 

L 

y ;/ >0 


2/3 



P ; >0 

P ; <0 

P〃<0 

P〃>0 


-0.3 (T5 1 n 2 



10. 普 =P(1 — 2P) has an unstable equilibrium at P = 0 and a stable equilibrium at P = 每 . 
0 = (1—4P)f =P(1—4P)(1—2P) 


P'<0 

P ; >0 

P'CO 

-0.5 1 


^ 0 

5 t 1 

P /f <0 

P〃>0 

P〃< 0 

P〃>0 


0.25 
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11. ^ = 2P(P — 3) has a stable equilibrium at P 


0 and an unstable equilibrium at P = 3. 


d 2 P 

d? 


2(2P -3)f = 4P(2P - 3)(P - 3) 


尸 , >o 


尸 , <o 


尸 ，>0 


ir 


0.5 ^1 

P">0 


2 2.5 

P"<0 


3.5 ^ 4 

P">0 


P 



12 •罢 = 3P(1 — P) (P — •) has a stable equilibria at P = 0 and P = 1 an unstable equilibrium at P = |. 

§ = -|(6P 2 - 6P+l)f = §P(P- ^)(P -|)(P-^)(P-1) 


P'>0 

P，<0 

P'>0 

P'CO 

- 0.5 1 ( 

P〃<0 

i ^ 

P">0 

0 

P〃<0 

5 

P〃>0 

" 5 

P" <0 

^ 1.5 

P〃>0 


w 0.21 « 0.79 


p 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


































604 Chapter 9 Further Applications of Integration 

13. 


Before Catastrophe After Catastrophe 

P P 



Before the catastrophe, the population exhibits logistic growth and P(t) ^ M。，the stable equilibrium. After the 
catastrophe, the population declines logistically and P(t) —> Mi, the new stable equilibrium. 


14. f = rP(M — P)(P — m), r, M, m > 0 

a b 

i 

P w <0\ P n >Q 


^>0 


尸嫌<0 


^>0 




P r <0 


，>0 


F<0 


m 


U 


The model has 3 equilibrium points. The rest point P = 0, P = M are asymptotically stable while P = m is unstable. For 
initial populations greater than m, the model predicts P approaches M for large t. For initial populations less than m, the 
model predicts extinction. Points of inflection occur at P = a and P = b where a = | [m + m — \/M 2 — mM + m 2 ] and 
b = ! [M + m 十 y/M 2 — mM + m 2 ] • 

(a) The model is reasonable in the sense that if P < m, then P —^ 0 as t —> oo; if m < P < M, then P —> M as t ^ oo; if 
P > M, then P ^ M as t ^ oo. 

(b) It is different if the population falls below m, for then P ^ 0 as t ^ oo (extinction). If is probably a more realistic 
model for that reason because we know some populations have become extinct after the population level became too 
low. 

(c) For P > M we see that 蓄 =rP(M — P)(P — m) is negative. Thus the curve is everywhere decreasing. Moreover, 

P 三 M is a solution to the differential equation. Since the equation satisfies the existence and uniqueness conditions, 
solution trajectories cannot cross. Thus, P ^ M as t —> oo. 

(d) See the initial discussion above. 

(e) See the initial discussion above. 


15. 莹 =g — 盖 v 2 , g, k, m > 0 and v(t) > 0 


Equilibrium: f = 

: g - 盖 V 2 = 

:o … 

Concavity: 益 = 

- 心)室 

= -2(^)(g-^v 2 ) 

⑻ 




j 


U ^<0 
dt 2 

: ^>0 

1 dt 2 - 



Img 

%=vir 


(b) 

y 



(c) Vtenninal = ^/^ = 178.9 f = 122 mph 
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19. L| + Ri = V 
Equilibrium: | = 
Concavity: 裔 = 


Phase Line: 




Tt 


o 


d 2 i 


*eq 


. V_ 


16. F = F p _F r 
ma = mg — 

f =g - ⑼二 VO 

Thus , 餐 = 0 implies v = (^) 2 , the terminal velocity. If v。< (^) 2 , the object will fall faster and faster, approaching the 
terminal velocity; if Vo > ( 辛 ) 2 , the object will slow down to the terminal velocity. 

17. F = F p - F r 
ma = 50 — 5|v| 

S = s(50-5|v|) 

The maximum velocity occurs when ^ = 0orv = 10 

18. (a) The model seems reasonable because the rate of spread of a piece of information, an innovation, or a cultural fad is 

proportional to the product of the number of individuals who have it (X) and those who do not (N — X). When X is 
small, there are only a few individuals to spread the item so the rate of spread is slow. On the other hand, when 
(N — X) is small the rate of spread will be slow because there are only a few indiciduals who can receive it during the 
interval of time. The rate of spread will be fastest when both X and (N — X) are large because then there are a lot of 
individuals to spread the item and a lot of individuals to receive it. 

(b) There is a stable equilibrium at X = N and an unstable equilibrium at X = 0. 

祭 =kf (N — X) - kX^ = k 2 X(N — X)(N - 2X) 4 inflection points at X = 0, X = f, and X = N. 



X 7 >0 


X ; <0 

0 

X〃>0 

N 

X 〃 < 0 

/2 

N 

X〃>0 



(d) The spread rate is most rapid when x = y. Eventually all of the people will receive the item. 


> 
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606 Chapter 9 Further Applications of Integration 


If the switch is closed at t = 0, then i(0) = 0, and the graph of the solution looks like this: 

y 
T 


As t —>• oo, it —> i s teady state = (In the steady state condition, the self-inductance acts like a simple wire connector and, as 
a result, the current throught the resistor can be calculated using the familiar version of Ohm's Law.) 



20. (a) 


⑻ 


(c) 


Free body diagram of he pearl: 






=kv 
dv 

zs —— 

dt 


W-mg 

Use Newton's Second Law, summing forces in 
mg - Pg - kv = ma ^ f - 




the direction of the acceleration: 


Equilibrium: 莹 = 盖 — v ) = 0 


Vterminal ~ 


(m-P)g 

k 


Concavity: 




^dv _ _(k \ 2 f (m- P)g 
m dt — \m) k 




(d) 


v 



9.5 APPLICATIONS OF FIRST ORDER DIFFERENTIAL EQUATIONS 

1. Note that the total mass is 66 + 7 = 73 kg, therefore，v = voe _ ^ k / m ^ => v = 9e _3 9t / 73 

(a) s(t) = /9e- 39t / 73 dt = _2i|0 e - 3 - 9t / 73 + C 

Since s(0) = 0 we have C = and lims(t) = lim (l — e- 3 9t / 73 )=« 168.5 

The cyclist will coast about 168.5 meters. 

(b) 1 = 9e~ 3 - 9t / 73 泠脊 =In 9 令 t = ^ 41.13 sec 

It will take about 41.13 seconds. 
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Section 9.5 Applications of First-Order Differential Equations 607 


y — v e -(k/m)t v _ 9 e -(59,000/51,000,000)1 y _ 9 e _59t/51，000 

⑻ s(t) = /9e- 观 / 51 ，_dt = e -59t/51,000 + c 

Since s(0) = Owe have C = and lims(t) = lim 152^22 (i — e - 59 t/ 5 i,_) = 459^00 _ 7780 m 

Woo Woo v 7 

The ship will coast about 7780 m, or 7.78 km. 

(b) 1 = 9 e - 59 t/ 5 i’ooo 泠 = ln 9 泠 t = 51 -°g ° ln9 « 1899.3 sec 

It will take about 31.65 minutes. 

The total distance traveled = ^ =>• ( 2 . 75 ) 039 . 92 ) _ 4 4 k = 22.36. Therefore, the distance traveled is given by the 

function s(t) = 4.91 (1 — e - ^ 22 - 36739 - 92 ) 1 ). The graph shows s(t) and the data points. 



t(sec) 


^ = coasting distance ^ (0-80)^49.90) — j 32 ^ ^ 

We know that ^ = 1.32 and ^ = 33 g 9 ) = 

Using Equation 3, we have: s ⑴ =^ (l — e - (㈣” = 1.32(1 — e _20t/33 ) « 1.32(1 — e - 0 606t ) 

(a) f = 0.0015P(150 - P) = ^P(150 — P)= 吾 P(M - P) 

Thus, k = 0.255 and M 二 150, and P 二 TT ^二 1 + ^°o. 255t 
Initial condition: P(0) = 6^6= 1 H =>1+A = 25=>A = 24 
Formula: P= t ② 0 . 255t 

(b) 100= mf 0 — 今 1 + 24e-°- 255t = I ^ 24e-°- 255t = | 泠 e-°- 255t = 去泠 一 0.255t = —In 48 

4 t = ^ 17.21 weeks 

125 = 1 + 2 工 0 _ 今 1 + 24e- a255t = f 泠 24e- a255t Q~°- 255t = ^ -0.255t = -In 120 




縫謹 28 


It will take about 17.21 weeks to reach 100 guppies, and about 21.28 weeks to reach 125 guppies. 


(a) f = 0.0004P(250 - P) = |^P(150 — P)= 备 P(M — P) 

Thus, k = 0.1 andM = 250, andP= 

Initial condition: P(0) = 28, where t = 0 represents the year 1970 
28 = y^o ^ 28(1 +A) = 250 #A=^ — 1 = 货《 7.9286 
Formula: P= 1 + 黑 _。 lt or approximately P = 1+7 H_ alt 

(b) The population P(t) will round to 250 when P(t) > 249.5 4 249.5 = 1 + ^ Q e _ 0-lt => 249.5(1 + 货 e -01t ) = 250 

泠 (249.5) (me- 011 ) = 0.5 今 e -o.it = _i|_ ^ _o.lt = In 5^ 泠 t = 10 (In 55,389 - In 14) « 82.8. 

It will take about 83 years. 


(a) Using the general solution form Example 2, part (c), 

t = (0.08875 x 10- 7 )(8 x 10 7 -y)y^y(t) = TT ^ = 1 + 八工 _, = 
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608 Chapter 9 Further Applications of Integration 

Apply the initial condition: 


y( 0 ) = 1.6 x 10 7 = 
(b) y(t) = 4 x 10 7 — 


8x10, v _8_ 

TTA ^ L6 


1 +4e _ 


# 4 e -0.71t = i > 


4 # y(l) = 2.69671 x 10 7 kg. 

— ~ 1.95253 years. 


8 . (a) If a part of the population leaves or is removed from the environment (e.g., a preserve or a region) each year, then c 
would represent the rate of reduction of the population due to this removal and/or migration. When grizzly bears 
become a nuisance (e.g., feeding on livestock) or threaten human safety, they are often relocated to other areas or even 
eliminated, but only after relocation efforts fail. In addition, bears are killed, sometimes accidently and sometimes 
maliciously. For an environment that has a capacity of about 100 bears, a realistic value for c would probably be 
between 0 and 4. 


(b) 


dP 

dT' 


： 0.001(100-P)P-1 



Equilibrium solutions: 著 = 0 = 0.001(100 — P)P 
P eq ~ 88.73 (stable) 


1 => P 2 - 100P + 1000 = 0 ^ Pen « 11.27 (unstable) and 


(c) 


dP 

dT 


： 0.001(100-P)P-1 



For 0 < P(0) <11, the bear population will eventually disappear, for 12 < P(0) < 88, the population will grow to 
about 89, the population will remain at about 89, and for P(0) > 89, the population will decrease to about 89 bears. 

9. (a) 餐 =1 + y 4 dy = (1 + y)dt => = dt => In |1 + y| = t + Ci => e ln l 1+y l = e t+Cl |1 + y| = e l e Cl 

1 + y = 士 C 2 e t => y = Ce l — 1, where C 2 = e Cl and C = 士 C 2 . Apply the initial condition: y(0) = 1 = Ce° — 1 
泠 C = 2 泠 y = 2d - 1. 


(b) 


餐 = 0.5(400 — y)y 4 dy = 0.5(400 — y)y dt => ( 400 d : y ) y = 0.5 dt. Using the partial fraction decomposition i 


Example 2, part (c), we obtain + ^z^)dy = 0.5dt 4 + 

/(} + =/200dt^ln|y|-ln|y-400| 

lr= 4 oo| — ^ 200 t+C! _ ^ 200 t p Ci ^ _y_ — c 2 e 200t (where C 2 


M dy 




e 


In 


、y _ 丽 

200 t + Ci ^ In 




= e 200t+Ci _ e 200t e Ci ^ 
‘200t 

400 


y 


y — 400 


y —400 

e Cl ) 4 y 


y — 400 


200 dt 

' 200 t + Ci 

士 C 2 e 200t 


= Ce 200t (where C = 士 C 2 ) ^ y = Ce 200t y — 400 Ce 200t 泠 (1 — Ce 200t )y = —400 Ce 200t 
=i + Ae Q - 2 oot, where A 


'c e 


- 士 . Apply the initial condition: 


y(o) = 2 




199 4 y(t) 


400 

- 199e- 200t 
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Section 9.5 Applications of First-Order Differential Equations 609 

10 . 菩 = r(M — P)P dP = r(M — P)Pdt ^ (m- ? p)p = rdt. Using the partial fraction decomposition in Example 6, part (c), 

we obtain + ff ^p)dP = rdt 4 (• + M^p)dP = rM dt 今 f (p ~ jr^)dP = JrM dt 
今 ln|P| — ln|P — M| = (rM) t + Q 今 ln|= (rM) t + Q 今 eHi^sl = e< rM ) t+Cl = e< rM ) t e Cl 
^ |p^m| = C 2 e( rM )t (where C 2 = e Cl ) ^ ^ = ± C 2 e( rM )t ^ = Ce( rM )t (where C = 土 C 2 ) 

泠 P = Ce( rM)t P — MCe (rM)t 泠 (1 — Ce( rM )t)P = - MCe( rM )t 泠 P = 放二 泠 P = t _ 二 _ |rM|t 
^ P ~ ， where A — — 士 . 


11. (a) f =kP 2 ^ Jp- 2 dP = Jkdt 今 —P - 1 =kt + C 今 P= g 
Initial condition: P(0) = P 。 P 。 = — 士 # C = 穿 
Solution: P = — kt _( 1/Po ) = i _ P kp ot 
(b) There is a vertical asymptote at t = ^ 


dP 


r 4 


12 •⑻ f = r(M - P)(P — m) > f = r( 1200 - P)(P - 100) ^ (1200 _ P)(P _ 100) 瓦 

3 (P_ 100)+(1200-P) dP _ i i n a r v ( 1 I 1 、 dP _ i I aa r ( _L 

— (1200-P)(P-100) dt — ^ V1200-P ' P -100/ dt — w ^ V1200-P 1 P-100 

^ /(l 205 Zp + p=Too) dP = f HOOrdt^ -ln(1200-P) + ln(P- 100) = 1100rt + Ci 
llOOrt + Cj 今 In 1 p - 100 


1100 


dP 


(1200-P)(P-100) dt — 

U)dP= 1100 rdt 


llOOr 


P- 100 


、 1200-P 1 P-1 

^ ln l»l = HOOrt + Q ^101^1 = llOOrt + C^ 1200 _ p 
where C = 土 e Cl 泠 P - 100 = 1200Ce 1100rt — CPe 1100rt 泠 P(1 + Ce 1100rt ) 


±e C le 1100rt^ P 


1200-P — 

1200Ce 1100rt + 100 


Ce 


1100rt 


=^P 


1200Ce lloQrt + 100 — 1200 + ^e- 11QOrt 

C e 1100rt+ i — ~i _l Ip-llOOrt 


=^P 


1200+100Ae 


where A 


(b) Apply the initial condition: 300 二 
(Note that P — 1200 as t — oo.) 

(c) f =r(M —P)(P - m) 4 


1 + ^ e - 1100 rt ^ 丄一 — 1 +Ae- 1100rt ^ vviim ^ — c* 

1200 + 腦 a 泠 300 + 300A= 1200+ 100A 泠 A : 


1+A 


dP 




2400 + 900Ae- 

^2 + 9e- 1100 




(M-P)(P-m) dt 

(m^p + =r(M-m) 4 f 


r => 


dP 


r(M — m) 今 ( ^ M -pt(p M m? f = r(M — m) 


1 


(M-P)(P-m) dt — (M-P)(P —m) dt 

m-p 1 |rr^)dP = Jr(M - m)dt 
—In (M — P) + In (P — m) = (M — m) rt + Ci => ln|^|| = (M-m)rt + C 1 ^^ = ± e c le (M-m) n 






P-m 

M-P 


=Ce (M — m ) rt where C = ±e Cl 泠 P — m = MCe( M - m ) rt — CPe( M - m) 1 


P(1 + Ce( M — m ) rt ) = MCe( M _ m ) rt + m 泠 P = =» P 


M+ J 


-(M—m) rt 


1 + 7 


—(M—m) rt 


泠 P 


M + mAe-( M _ m ) rt 

1 + Ae-( M - m ) rt 


A = 亡 . 

Apply the initial condition P(0) = Po 


Po 


泠 Po + PoA = M + mA 令 A : 




M(P 0 - m) + m(M- P 0 ) e -( M - m ) r 
(P 0 - m) + (M- P 0 )e-( M _ m ) rt 


(Note that P —> M as t ^ oo provided Pq > m.) 
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610 Chapter 9 Further Applications of Integration 

14. y = CX 2 ^ = C =>■ x 2 y ; - 2xy _ Q x 2 y’ = 2xy 
y r = ^. So for the orthogonals: ^ ^ 

2ydy = -xdx ^ y 1 = -y + C#y = ± y y + C, 
C > 0 


15. kx 2 + y 2 = 1 # 1 — y 2 = kx 2 4 ^ =k 

^ x2(2y)y ’: 4 (1 - y2)2x =04 —2yxV = (1 _ y 2 )(2x) 
y / = “ 二 【』 ( 产 ) ~ - J X y - . So for the orthogonals: 
g = I^^ li f !1 dy = xdx^lny^^ = f+C 


16. 2x 2 + y 2 = c 2 4 4x + 2yy ; = 0 4 y' = For 

orthogonals: 砮 = ^4, = g#lny=|lnx + C 
泠 In y = In x 1/2 + InCi 今 y = Q |x| 1/2 


17. y = ce _x ^ = c =>■ 


e~ x y / -y(e- x )(-i) 

(e- x ) 2 


= 0 


e _x y / = —ye_ x y f = —y. So for the orthogonals: 

s = ^y d y = dx ^-^= x + c 


4 y 2 = 2x + Ci 4 y = 士 -\/2x + Ci 


18. y = e-^lny = k X ^^=k^^)^=0 

=>■ (■) y, — In y = 0 => y,=So for the orthogonals: 
砮=命今 ylnydy = - X dx 

#b 2ln y — i(y 2 ) = (—! x2 )+c 

4 y 2 ln y - ^ = -x 2 + Ci 



y 



y 
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Section 9.5 Applications of First-Order Differential Equations 611 


19. 2x 2 + 3y 2 = 5 and y 2 = x 3 intersect at (1, 1). Also, 2x 2 + 3y 2 = 5=^4x + 6yy , = 0=^y / = —^ y’(l, 1) = —| 

— x 3 => 2yiy{ = 3x 2 ^ y( — ^ y((l, 1) = Since y r • y( = (—|) (|) = —1，the curves are orthogonal. 


20. (a) x dx + y dy = 0 誓 + = C is the general equation 

of the family with slope y' = For the orthogonals: 

y r = |#_ = Y4l n y = l nx + Cory = Cix 
(where Ci = e c ) is the general equation of the 
orthogonals. 


(b) x dy - 2y dx = 0 ^ 2y dx = x dy => I = f 

^ i ( 争 ) |lny = lnx +C^y = Qx 2 is 
the equation for the solution family. 
ilny-lnx = C^i^i=0^y^ = | 

=> slope of orthogonals is ^ ^ 

^ 2y dy = —x dx y 2 = — y + C is the general 
equation of the orthogonals. 



21. y 2 = 4a 2 — 4ax and y 2 = 4b 2 + 4bx (at intersection) 4a 2 — 4ax = 4b 2 + 4bx => a 2 — b 2 = x(a + b) 

(a + b)(a — b) = (a + b)x x = a — b. Now ， y 2 = 4a 2 — 4a(a — b) = 4a 2 — 4a 2 + 4ab = 4ab y = ± 2\/ab. 


Thus the intersections are at (a — b, 士 2\/S) • So, y 2 = 4a 2 — 4ax y{ = —^ which are equal to — 


4a 




and 


_ 4a 

2(—2 一） 

4b 


2-2 


\/ab^ 


-y^and at the intersections. Also, y 2 = 4b 2 + 4bx =^y! 1 = ^ which are equal to and 

and w ^ at the intersections. (y{) - (y 《） =— 1 . Thus the curves are orthogonal. 


y 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 
















612 Chapter 9 Further Applications of Integration 

CHAPTER 9 PRACTICE EXERCISES 

L s = v/y cos 2 yy^= dx 今 2 tan 7 y = x + c^ y = (tan - 1 (^)) 2 

2 . yf — ^( 二 1 ) 々 — 3(x + l) 2 dx 今 y - In y = (x + l ) 3 + C 

3. yy , = sec(y 2 )sec 2 x ^ 』洛 ) =sec 2 x dx => sm ^ y ) = tan x + C ^ sin(y 2 ) = 2tan x + Ci 

4. y cos 2 (x) dy + sin x dx = 0 ^ y dy = -^dx = = 士 ^ 或 + Q 

5. y f = xeV x - 2 泠 ddy = x>/x-2dx 泠 -e^ = 2(x-2); 】 (3 X+ 4) + c ^ e -y = -2(x-2)J(3x+4) - c 

泠 -y = In ~ 2(x ~ 2 | 3 5 /2(3x + 4) -C 令 y = -In - 取 -2 ):…“) -C 

6 . y r = xye x2 ^ = e x2 xdx In y = |e x2 + C 

7. sec x dy + x cos 2 y dx = 0 = — => tan y = —cos x — x sin x + C 

8 . 2x 2 dx — 3y/y esc x dy = 0 => 3y/ydy = =>• 2y 3/2 = 2(2 — x 2 )cos x + 4x sin x + C 

4 y 3/2 = (2 — x 2 )cos x + 2 x sin x + Ci 

9. y’ = 念 # ye-^dy = f > (y + l)e_y = —In |x| + C 

10. y’ = xe x_y csc y # y’ = ^csc y =>• 盖 ^dy = xe x dx ^ y (sin y — cos y) = (x — l)e x + C 

11. x(x- l)dy — y dx 二 0 泠 x(x — l)dy = y dx 泠争 ==>lny = ln(x - 1) - ln(x) + C 

4 In y = ln(x - 1 ) - ln(x) + In Ci ^ In y = ln( Cl(x x -1) ) 4 y = Cl(x x -1) 

12. y’ = (y 2 - ^(x- 1 ) ^ ^ = In x + C ^ ln(^|) = 21n x + In C[ ^ = Qx 2 

13. 2y , -y = xe ^ 2 -\y= fe^ 2 . 
p( x ) = v (x) = e /(4) dx = e -气 

e -x /2 yf _ i e -x /2 y _ ( e -x/ 2 ) (!) ( e x/ 2 ) — I ^ d_ ( e _x /2 y) — | ^ e _x/2 y=#+C=^y = e x/2 ( 誓 + C) 

14. y + y = e _x sin x => y r + 2y = 2e _x sin x. 
p(x) = 2 , v(x) = e / 2dx = e 2x . 

e 2 xy’ + 2e 2x y = 2e 2 x e _x sin x = 2e x sin x => ^ (e 2x y) = 2e x sin x => e 2x y = e x (sin x — cos x) + C 
^ y = e _x (sin x — cos x) + Ce— 2x 

15. xy , + 2y = 1 - x " 1 y ; + (|)y ={-^. 
v (x) = e 2 /f 二 e 21nx = e lnx2 = x 2 . 

x 2 y r + 2 xy = x - 1 ^ ^(x 2 y) = x- l^x 2 y=^-x + C^>y=|-^ + § 
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Chapter 9 Practice Exercises 613 


16. xy’— y = 2xln x => y’—（*)y = 21n x. 

v(x) = e - /* = e _lnx = ⑴ y’ - ⑴ 2 y = flnx 4 

s( ； -y) = l lnx ^i-y=[lnx] 2 +C^y = x[lnx] 2 + Cx 

17. (1 + e x )dy + (ye x + e _x )dx = 04(1+ e x )y / + e x y = -e _x = j^y = 

v(x) = e*^ ( 1+eX ) = = e x + 1 . 

(e x + l)y’ + (e x + l)( T ^)y = + 1) > 岳 [(e x + l)y] = 一 e- x 4 (e x + l)y = e- x + C 


18. 岩 + x — 4ye y = 0 => x’ + x = 4ye y . Let v(y) = ef dy = e y . Then e y x’ + xe y = 4ye 2y =>• 着 (xe y ) = 4ye 2y 

xe y = (2y — l)e 2y + C => x = (2y — l)e y + Ce _y 

19. (x + 3y 2 ) dy+ ydx = 0^ xdy + y dx = -3y 2 dy 盖 (xy) = —3y 2 dy # xy = -y 3 + C 

20. ydx + (3x — y _2 cos y)dx = 0 4 x’ + (0x = y _3 cos y. Let v(y) 二 = e 31ny = e lny3 = y 3 . 

Then y 3 x / + 3y 2 x = cos y and y 3 x = J cos y dy = sin y + C. So x = y- 3 (sin y + C) 


21 • 裝 = e~ x ~y- 2 e y dy = e - ( x+2 )dx 泠 e y = -e - ( x+2 ) + C. We have y(0) = -2, so e~ 2 = -e~ 2 + C 泠 C = 2e~ 2 and 
e y = — e _( x + 2 ) + 2e_ 2 4 y = ln(-e _(x+2) + 2e -2 ) 

22 - = iT^ ^ ^ ^ ln(ln y) = tan _1 (x) + C 4 y = e etan 1(x)+c . We have y(0) = e 2 4 e 2 = e’ 1(0)+C 

令 etan— 1 ⑼ +c = 2 ^ tan" 1 (0) + C = ln2^0 + C = ln2^C = ln2=^y = e e tan_1 ( x ) +ln2 

23. (x + 1 ) 塞 + 2y = x 4 y’ + ( 击 ) y = Let v(x) = Jm dx = e 21n ( x+1 ) = e 1 *. 1 ) 2 = (x+ l) 2 . 

Soy’(x + l) 2 + (^(x+lfy = ( x + ” 2 ^ 砉 [y(x + l) 2 ] = x(x +l)^y(x+l) 2 = /x(x+l)dx 
# y ( x + l) 2 = 誓 + 譬 + O y = (x + l) -2 (y + y+c).Wehavey(0) = 1 # 1 = C. So 
y=(x+l)- 2 (f+ f+ l) 


24. xg + 2y = x 2 + 1 今 y’ + (=)y = x+ i. Let v(x) = e,© dx = e lnx2 = x 2 . So x 2 y’ + 2xy = x 3 + x 

s(x 2 y) =x 3 +x^x 2 y=^ + f+ C^y=f + § + i.We have y(l) = 1 ^ 1 = | + C + | ^ C = i. 


Soy=f+ ^ + 


_ X 4 + 2x 2 + 1 
^4^^ 


25 .裝 + 3x 2 y = x 2 . Let v(x) = e / 3x2dx — e x \ So e x3 y’ + 3x 2 e x3 y = x 2 e x3 => ^ (e x3 y) = x 2 e x3 =>• e x3 y = |e x3 + C. 
We have y(0) = -1 4 e° 3 (-l) = |e° 3 + C#—1 = !+ C#C = —fand e x 'y = |e x ' - | | - |e~ x3 


26. xdy + (y — cos x)dx = 0 4 xy’ + y — cos x = 0 y’ + (^)y = Let v(x) = e*^ dx = e lnx = x. 

So xy f + x(^)y = cos x ^(xy) = cos x xy = J cos xdx => xy = sin x + C. We have y(|) = 0 =>• (f )0 = 1 + C 

泠 C = —l.Soxy = —l + sinx^y = ~ 1+ x sinx 


27. x dy — (y + y/y)dx = 0 => ( yH ^) = 警 > 21n(y/y +1) = In x + C. We have y(l) = 1 21n("\/I +1) = In 1 + C 

4 21n2 = C = ln2 2 = ln4. So21n(0^+ l ) 二 lnx + ln4 = ln(4x) ^ ln(0^+ 1) = -ln(4x) = ln(4x) 1/2 
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4 e ln(^y+l) = e ln(4x) 1Q ^ 1 = 2^ = (2^- l ) 2 

28. y~ 2 | = => ^-dx = ^ ^ = e x - e~ x + C. We have y(0) = l^^=e°-e° + C=^C=|. 

So 誓 =e x - e— x + 圣 今 y 3 = 3(e x - e~ x ) + 1 ^ y = [3(e x — e— x ) + 1 ] 1/3 

29. xy ， + (x - 2)y = 3x 3 e- x 今 y’ + (^)y = 3x 2 e~ x . Let v(x) = e /(^) dx = e x ~ 21nx = g. So 

$y'+$ (^)y = 3 今砉 (y . g) = 3 今 y • g = 3x + C We havey(l) =0^ 0 = 3(1) + C ^ C =-3 
^> y .g = 3x-3^y = x 2 e~ x (3x- 3) 


30. ydx+(3x-xy + 2)dy = 0^| + 3 ^f^=0^| + f-x=^?^|+(5-l)x=-^. 
P(y)= 參 — 1 => Jp(y)dy = 31n y — y => v(y) = e 31ny_y = y 3 e _y 

y 3 e _y x’ + y 3 e _y (參 —l)x = —2y 2 e _y => y 3 e _y x = f—2y 2 e~ y dy = 2e _y (y 2 + 2y 十 2) + C 

4 y 3 = 2(y 2 + 2y + 2)+Cey^ ^ haye y ( 2 ) = ^ _ 1 = 2(1 -2+《)+ Ce_ 1 # C = —4e and 

3 = 2(y 2 + 2y + 2)-4ey+ 1 
】 — x 


31. To find the approximate values let y n = y n _i + (y n -i + cos x n _i)(0.1) with xo = 0, yo = 0, and 20 steps. Use a 
spreadsheet, graphing calculator, or CAS to obtain the values in the following table. 


X 

y 

X 

y 

0 

0 

1.1 

1.6241 

0.1 

0.1000 

1.2 

1.8319 

0.2 

0.2095 

1.3 

2.0513 

0.3 

0.3285 

1.4 

2.2832 

0.4 

0.4568 

1.5 

2.5285 

0.5 

0.5946 

1.6 

2.7884 

0.6 

0.7418 

1.7 

3.0643 

0.7 

0.8986 

1.8 

3.3579 

0.8 

1.0649 

1.9 

3.6709 

0.9 

1.2411 

2.0 

4.0057 

1.0 

1.4273 




32. To find the approximate values let z n = y n _i + ((2 — y n _i)(2 x n _i + 3))(0.1) and 

y n = y n _! + ( P_ yn- 1 )(2x n _ 1 + 3 j + (2 - z n )(2 x n + 3) ) ( ai ) with initial va i ues x 0 = -3, y 0 = 1， and 20 steps. Use a 


spreadsheet, graphing calculator, or CAS to obtain the values in the following table. 


X 

y 

X 

y 

-3 

l 

-1.9 

-5.9686 

-2.9 

0.6680 

- 1.8 

-6.5456 

- 2.8 

0.2599 

-1.7 

-6.9831 

-2.7 

-0.2294 

- 1.6 

-7.2562 

- 2.6 

-0.8011 

一 1.5 

-7.3488 

-2.5 

-1.4509 

-1.4 

-7.2553 

-2.4 

-2.1687 

一 1.3 

-6.9813 

-2.3 

-2.9374 

- 1.2 

-6.5430 

- 2.2 

-3.7333 

- 1.1 

-5.9655 

- 2.1 

-4.5268 

- 1.0 

-5.2805 

- 2.0 

-5.2840 
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Chapter 9 Practice Exercises 615 

33. To estimate y(3), let z n = y n _i + (0.05) and y n = y n _i + \ 工 y ; -1 + 义二 2 严 )(0.05) with initial values 

X。 = 0, yo = 1, and 60 steps. Use a spreadsheet, graphing calculator, or CAS to obtain y(3) ~ 0.9063. 

34. To estimate y(4), let z n = y n -i + ( ' -1 ~ x 2y ° -1 +1 ) (0.05) with initial values xo 二 1， yo = 1， and 60 steps. Use a 
spreadsheet, graphing calculator, or CAS to obtain y(4) ^ 4.4974. 


35. Let y n = y n _i + (^_ 1+ ^_ 1+2 ) (dx) with starting values xq = 0 and yo = 2, and steps of 0.1 and —0.1. Use a spreadsheet, 
programmable calculator, or CAS to generate the following graphs. 

(a) ,_, 



[-0.2,4.5] by [-2.5,0.5] 


(b) Note that we choose a small interval of x-values because the y-values decrease very rapidly and our calculator cannot 
handle the calculations for x < —1. (This occurs because the analytic solution is y = —2 + ln(2 — e _x ), which has an 
asymptote at x = —In 2 « 0.69. Obviously, the Euler approximations are misleading for x < —0.7.) 



[-1,0.2] by [-10,2] 


36. Letz n = y n -i -( 忘二二 ) (dx) and y n = y n -i + \ ( 忘::二 + ( dx ) with startin g values x 0 = 0 and y 0 = 0, 

and steps of 0.1 and —0.1. Use a spreadsheet, programmable calculator, or CAS to generate the following graphs. 



37. x 1 1.2 1.4 1.6 1.8 2.0 

y -1 —0.8 -0.56 -0.28~~00404" 

g = x=^dy = xdx=>y = y + C; x = 1 and y = — 1 
1 = |+ C=^C=—y (exact) = y _ | 

4 y( 2 )= 誓 —I = 垂 is the exact value. 
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616 Chapter 9 Further Applications of Integration 


40. x 1 1.2 1.4 1.6 1.8 2.0 

y -1 ~~—1.2 -1.3667 -1.5130 -1.6452 -1.7688 

^ = .=>ydy = dx^>g=x + C;x=l and y = — 1 
\ — 1 + C C = —I y 2 = 2x — 1 

y(exact) = \/2x — \ y(2) = —\/3 ~ —1.7321 is the 

exact value. 

41. 裝 =y 2 - 1 => y’ = (y + l)(y — 1). We have y' = 0 => (y + 1) = 0, （y _ 1) = 0 => y = —1, 1. 

(a) Equilibrium points are — 1 (stable) and 1 (unstable) 

(b) y ， =y 2 -l $y" = 2yy’4y" = 2y(y 2 -l) = 2y(y+l)(y-l). So y" = 0 泠 y = 0, y =-1，y = 1. 


y~ jtr -- 

r jar jtr - jar 

rr 


j»r j»r 

jtr jtr jar jar jar jar j 



• '•- '•- 'fc.np ^ 


• '•- '•- '•- - '•- 


39. x 1 1.2 1.4 1.6 1.8 2.0 

y -1-1.2 -0.488 -1.9046 -2.5141 ~ -3.4192 

裝 = xy 今 f = xdx =Mn|y| =誓 + C 
^ y = eT +c = eT . e c = Cie^; x = 1 andy = _1 
— 1 = Qe 1/2 => Ci = _e 1 / 2 y(exact) = —e 1/2 - 
=—e ( x2_1 ) /2 4 y(2) = — e 3/2 « —4.4817 is the 
exact value. 


y - y 2 — 2y 2 + 2y 3 4 y" = 2y 3 - 3y 2 
= 0,2y—l=0 ， y—l=0=^y = 0，y 


0, 1—y = 0=> y = 0,l. 


38. x 


1.2 


1.4 


1.6 


1.8 


2.0 


y 


- 0.8 


-0.6333 - 0.4904 -0.3654 


-0.2544 




I dy = ^dx y = ln|x| + C; x = 1 and y 
-1 =lnl+C=>C = —1 => y (exact) = ln|x| - 
^ y(2) = In 2 — 1 « —0.3069 is the exact value. 






-2 


42. 装 =y — y 2 4 y’ = y(l — y). We have y’ = 0 4 y(l — y) = 0 ^ y = 

(a) The equilibrium points are 0 and 1. So, 0 is unstable and 1 is stable. 

(b) Let —► = increasing, ◄ — = decreasing. 

y / < 0 y 7 > 0 y ; < 0 

—^ - o -- >y 

y ， = y _ y 2 y = y r _ 2yy f y n = (y - y 2 ) - 2 y(y - y 2 )= 
=y(2y 2 — 3y + 1) 4 y" = y(2y - l)(y - 1). So, y 〃 = 0 令 y : 


d i>\ 

|<0 

室 <0 


会 <0 

今 >0 

dx 1 

会 <0 

4>o 

dx 2 




X 


J 

5 

5 

J 

»« 

X 

X 

X 

X 

y 

X 


3 

£ 

r 

r- 产 

- X 

- 

〆 

〆 

X 

〆 

jr 

jtr 

* 

i 

〆 

〆 

X 

二 

* 

* 

〆 

〆 

i * i ^ 

i * * y 

♦ ♦ * ， 

* i i ^ 

〆〆〆 > 

〆〆〆 声 
JC X > 

3 / 
〆 
i 
♦ 

♦ 

* 

♦ 

〆 

♦ 

* 

♦ 

♦ 

\ 

! 

f 

U- 


jr 


'♦- 

, 

\ 

-«2 ^ ^ ^ 

X X x » 

x ^ > 

y »» »» < 

> _ _ < 
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Chapter 9 Additional and Advanced Exercises 617 


y = 1 . 

Let —► = concave up, ◄ — — concave down. 

y " < o y" > o ,, 』 y" < o , y" > o 



43. (a) Force = Mass times Acceleration (Newton's Second Law) or F = ma. Let a = ^ = ^ • ^ = v^. Then 

ma = _mgR 2 s_ 2 4 a = —gR 2 s -2 => = —gR 2 s_ 2 => v dv = —gR 2 s _2 ds => Jv dv = f —gR 2 s _2 ds 

^ ^ + Cl ^ v 2 = ^ + 2Ci = + C. When t = 0, v = v 0 and s = R^>vg=^+C 

^ C = vg - 2gR ^ v 2 = ^ + vg - 2gR 

(b) If Vo = \/2gR, then v 2 = => v = \J =^, since v > 0 if Vo > y^2gR. Then ^ => ^/s ds = ^2gR 2 dt 

今 fs 1/2 ds = f ^/2gR 2 dt ^ |s 3/2 = v / 2gR 2 t + Ci ^ s 3/2 = (l^/2gR 2 )t + C; t = 0 and s = R 
今 R 3/2 = (l^gR 2 )(0) + C C = R 3/2 今 s 3/2 = (IV^gR^t + R 3/2 = (|Rv/2g)t + R 3/2 
= R 3/2 [(|R- 1/2 v^)t + l] =R 3/2 [( 3 #)t+l] =R 3/2 [(|f)t+l] ^s = R[l + (|f)t] 2/3 

44. 7 = coasting distance ^ (a86) [ 3a84) = 0.97 27.343. s ⑴ =^(l - e-^ 1 ) ^ s(t) = 0.97(1 — e _ (27.343/30.84)” 

s(t) = 0.97(1 — e _0 8866t ). A graph of the model is shown superimposed on a graph of the data. 



CHAPTER 9 ADDITIONAL AND ADVANCED EXERCISES 

1. (a) 室 =k 令 (c - y) => dy = 一 k 令 (y — c)dt ^ = -k.dt 4 f^ = -/k^dt ln|y - c| = —k 令 t + Q 

4 y — c = 士 e Cl e _k ^t. Apply the initial condition, y(0) =y 0 ^>yo = c + C^>C = yo — c 
4 y = c + (yo _ c)e_ k vt. 

(b) Steady state solution: yoo = limy(t) = lim [c + (yo — c)e—¥ 1 = c + (yo — c)(0) = c 

' ' t—^oo t—>oo L w / J ■ 


2. Measure the amounts of oxygen involved in mL. Then the inflow of oxygen is 1000 mL/min (Assumed: it will take 5 
minutes to deliver the 5L 二 5000mL); the amount of oxygen at t = 0 is 210 mL; letting A = the amount of oxygen in the 
flask, the concentration at time t is A mL/L; the outflow rate of oxygen is A mL/L (lb/sec). The rate of change in A, 盖， 
equals the rate of gain (1000 mL/min) minus rate of loss (A mL/min). Thus: 

^ = 1000 一 A 泠 = dt 泠 ln(A- 1000) = -t + C 泠 A — 1000 = Ce—At t = 0, A = 210, so C = —790 and 

A = 1000- 790e- 1 . Thus, A(5) = 1000- 790e~ 5 « 994.7 mL. The concentration is 9 ; 7 = = 99.47%. 
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618 Chapter 9 Further Applications of Integration 

3. The amount of CO 2 in the room at time t is A(t). The rate of change in the amount of CO 2 , 帶 is the rate of internal 
production (Ri) plus the inflow rate (R 2 ) minus the outflow rate (R 3 ). 

Ri = (20 !5£ i^ 2 )(30 students ) (黑 ft 3 ) (0.04 學) 《 1.39 豐 

R 2 = (lOOO £) (0.0004 聲 ) = 0.4 皆 

R 3=(To^5o)1_ = 0.1A 警 

登 =1.39 + 0.4 -0.1A= 1.79 - 0.1A 泠 A’ + 0.1A = 1.79. Let v(t) = e / 01dt . We have ^ (Ae/ 0 . ldt ) = 1.79e/ 01dt 

=> Ae 01t = / 1.79e 01 t dt= 17.9e 01t + C. At t = 0, A = (10,000)(0.0004) =4 ft 3 C0 2 泠 C = —13.9 
泠 A = 17.9 - 13.9e— alt . So A(60) = 17.9 — 13.9e— al ( 60 ) « 17.87 ft 3 of C0 2 in the 10,000 ft 3 room. The percent of 
C0 2 is 織 x 100 = 0.18% 


F+(v + u ) 罡 


4 d(mv) 

^ = -b ^ m 


d m4 C —!^ — (v + u) to4 F = m ^ +v to_ v ^— u to4 F = m ^— u ^. 


-|b|t + C. At t = 0, m = m。，so C = m。and m = mo — |b|t. 


Thus, F = (m 0 - |b|t)| -u|b| = -(m。_ |b|t)|g| 今莹 =-g + 今 v = -gt - uln( 22^ 


Q 


v = 0 at t = 0 Ci = 0. So v 
t = 0 4 y =-!gt 2 + c t+( 


-gt — uln 


mp - |b|t 、 


箸泠 y 


-gt — uln 


mp- |b|t 、 


dt and u = c, y = 0 at 


mp - |b|t 


)K 


mp - |b|t 、 
mo t 


5. (a) Let y be any function such that v(x)y = f v(x)Q(x) dx + C, v(x) = e 介 ( x ) dx . Then 

盖 ( v (x). y) = v (x) • y’ + y • v’(x) = v(x)Q(x). We have v(x) = e/ p(x)dx ^ v’(x) = = e/ p(x)dx P(x) = v(x)P(x). 
Thus v(x) • y’ + y • v(x) P(x) = v(x)Q(x) => y’ + yP(x) = Q(x) => the given y is a solution. 

(b) If v and Q are continuous on [a, b] and x G (a, b), then 盖 [/ x :v ⑴ Q(t)dt] = v(x)Q(x) 

☆ X v ⑴ Q(t) dt = f v(x)Q(x) dx. So C = yov(xo) — f v(x)Q(x) dx. From part (a), y(x)y = J v(x)Q(x) dx + C. 
Substituting for C: v(x)y = J v(x)Q(x) dx + yov(xo) — f v(x)Q(x) dx v(x)y = yov(xo) when x = x。. 


6 . (a) y’ + P(x)y = 0, y(xo) = 0. Use v(x) = e’ p ( x ) dx as an integrating factor. Then 基 (v(x)y) = 0 今 v(x)y = C 

=^y = Ce— 介 ㈨ dx and yi = Qe-/ p ㈨ 叔， y 2 = C 2 e-/ P ㈨ dx ， y! (x 0 ) = y 2 (x 0 ) = 0, yi - y 2 = (Ci - C 2 )e _ / p W dx 
=C 3 e _ / P ( x ) dx and yi —y 2 = 0 — 0 = 0. So yi — y 2 is a solution to y’ + P(x)y = 0 with y(xo) = 0. 

(b) 盍 (v(x)[ yi (x) — y 2 (x)]) = A( e /PWdx [e —/ P(x)dx(Ci —&)]) = A (Cl -C 2 ) = 砉 (C 3 ) = 0. 

/s(v(x)[yi(x) -y 2 (x)])dx = (v(x)[ yi (x) -y 2 (x)]) = /odx = C 

(c) yi = Qe-/ p ( x )' y 2 = C 2 e_/ P ㈨ dx ，y = yi - y 2 . So y(x 0 ) = 0 =» 也 一 C 2 e-/ P ( x ) dx = 0 

4 Ci — C 2 = 0 Ci = C 2 4 yi (x) = y 2 (x) for a < x < b. 
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CHAPTER 10 CONIC SECTIONS AND POLAR COORDINATES 


10.1 CONIC SECTIONS AND QUADRATIC EQUATIONS 


1. x = 誓泠 4p = 8 泠 p = 2; focus is (2,0)，directrix is x = -2 

2. x = - 誓泠 4p = 4 今 p=l; focus is (-1,0), directrix is x = 1 

3. y = —菩 = focus is (0, — |), directrix is y = | 

4. y = y => 4p = 2 P—^ focus is (0, 士 ), directrix is y = — | 

5. ^ — ^ c = y / 4+~9 = \^13 => foci are (士 0) ; vertices are (士 2, 0); asymptotes are y = ± | x 

6. ^ + y = l c = ^9 — 4 = yj~5 => foci are (0, 士 \/^) ; vertices are (0, 士 3) 

7. 誓 +y 2 = l=>c = yjl — \ = 1 => foci are (士 1,0); vertices are (士 \/^ ， 0) 

8. f — x 2 = l>c 二 y / 4H-T = \/~5 =>• foci are (0 ， 士 ; vertices are (0, 士 2); asymptotes are y = 士 2x 

9. y 2 = 12x =>x=g=>4p=12=>p = 3; 10. x 2 = 6y y — ^ ^ 4p = 6 ^ P — |» 

focus is (3, 0), directrix is x = —3 focus is (0, |), directrix is y = — | 


y 




11. x 2 = -8y ^ y = ^ ^ 4p = 8 ^ p = 2; 
focus is (0, —2), directrix is y = 2 


y 



12. y 2 = —2x => x = ^ ^ 4p = 2 => p = ^ ; 
focus is (― I ， 0) , directrix is x = | 

y 
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620 Chapter 10 Conic Sections and Polar Coordinates 


13- y = 4x 2 y = -|y 4p= i 今 p = i ; 

focus is (0, 点 ）， directrix is y = —点 


14. y = -8x 2 >y = -备 =>4p=| 4 
focus is (0, _ 士 )， directrix is y = 長 


y 




15. x = -3y 2 4 x = - 長 4p = I #p = 忐 ; 
focus is (— 吾 , 0) ， directrix is x = 長 


16. x = 2y 2 ^ x = -py => 4p = ! 4 p = 
focus is (|, 0) , directrix isx = — ^ 


y 




17. 16x 2 + 25y 2 = 400 4 ■ + 益 =1 
令 c = \/a 2 - b 2 = v/25^16 = 3 


18. 7x 2 + 16y 2 = 112 ^ + ^ = 1 

令 c = >/a 2 - b 2 = ^\6-l = 3 



y 



y 
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Section 10.1 Conic Sections and Quadratic Equations 


21. 3x 2 + 2y 2 = 6 ^ 誓 + 誓 =1 

泠 c = Va 2 — b 2 = ^3-2 = 1 


y 



x 2 y 2 . 

,, J 

t + y 1 


，- 

- 



22. 9x 2 + 10y 2 =90 ^ ^ ^ = 1 

泠 c = Va 2 - b 2 = ^10-9= 1 

y 



23. 6x 2 + 9y 2 = 54 ^ ^ ^ = 1 

=> c = \/a 2 — b 2 = a/9 — 6 = a/3 


24. 169x 2 + 25y 2 = 4225 泠 + ^ = 1 
泠 c = Va 2 - b 2 = ^169-25 = 12 



26. Foci: (0, ± 4) ， Vertices: (0, ± 5 ) 玲 a = 5, c = 4 b 2 = 25 - 16 = 9 => f g = 1 


27. x 2 — y 2 = 1 => c = \/a 2 + b 2 = -\/l + 1 = \/2; 
asymptotes are y = 士 x 


28. 9x 2 - 16y 2 = 144 ^ 赛 - 誓 =1 
=> c = \/a 2 + b 2 = \/l6 + 9 = 5; 
asymptotes are y = 士 | x 
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622 Chapter 10 Conic Sections and Polar Coordinates 


29. y 2 — x 2 = 8 誓—誓 =1 # c = \/a 2 + b 2 
=+ 8 = 4; asymptotes are y = 士 x 


30. y 2 — x 2 = 4 f —誓 =1 > c = \/a 2 + b 2 
=-\/4 + 4 = 2\/2; asymptotes are y = 士 x 



31. 8x 2 — 2y 2 = 16 4 誓 一 4 = 1 ^ c — "s/a 2 + b 2 
=y / 2+~8 = -\/l0; asymptotes are y = 士 2x 


32. y 2 - 3x 2 = 3 ^ ^ — x 2 = 1 =>c = \/a 2 + b 2 
=-\/3 + 1 = 2; asymptotes are y = 士 \/3x 




33. 8y 2 — 2x 2 = 16 4 ^ — y = 1 =>c = \/a 2 + b 2 
=\/2 + 8 = \/l0; asymptotes are y = 士 | 


34 . 64x 2 - 36y 2 = 2304 4 g = 1 #c = + b 2 

=\/36 + 64 = 10; asymptotes are y = 士！ 


y 




35. Foci: fo, 士 , Asymptotes: y = 士 x => c = yjl and ^ = 1 a. = b => c 2 = a 2 +b 2 = 2a 2 2 = 2a 2 

a = 1 4b=l y 2 - x 2 = 1 

36. Foci: (士 2, 0) ， Asymptotes: y = d= x =>• c = 2 and ^ ^ b = ^ c 2 = a 2 +b 2 = a 2 + y = ^ 

#4 =誓 # a 2 = 34a=V^4b=l > 誓 — y 2 = l 

37. Vertices: (士 3, 0) ， Asymptotes: y = =b | x =>• a = 3 and \ = \ => b = | (3) = 4 => 誓 — 在 =1 

38. Vertices: (0 ， 士 2) ， Asymptotes: y = 士 - x =>• a = 2 and § = 臺 => b = 2(2) = 4 => # — 赛 =1 
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Section 10.1 Conic Sections and Quadratic Equations 623 


39. (a) y 2 = 8x 4 4p = 8 => p = 2 => directrix is x = —2, 
focus is (2,0), and vertex is (0,0); therefore the new 
directrix is x = — 1， the new focus is (3, —2), and the 
new vertex is (1, —2) 



40. (a) x 2 二 —4y ^ 4p = 4 p = 1 ^ directrix is y = 1 ， 
focus is (0, 一 1)，and vertex is (0,0); therefore the new 
directrix is y = 4, the new focus is (—1,2), and the 
new vertex is (—1,3) 



41. (a) + ^ = 1 ^ center is (0,0), vertices are (—4,0) 

and (4, 0); c = \/ a 2 —b 2 = \/l =>• foci are 

and (-0) ; therefore the new center is (4,3), the 
new vertices are (0,3) and (8,3), and the new foci are 
(4± ^,3) 





42. (a) ^ — 1 ^ center is (0,0)，vertices are (0,5) 

and (0, —5); c = \/a 2 — b 2 = ^/l6 = 4 =>• foci are 
(0,4) and (0, —4); therefore the new center is (—3, —2), 
the new vertices are (—3,3) and (—3, —7), and the new 
foci are (—3,2) and (—3, —6) 


43. (a) = 1 => center is (0,0), vertices are (—4,0) 

and (4,0)，and the asymptotes are | = d= | or 
y = 士孕 ； c = \/a 2 + b 2 = a/ 25 = 5 4 foci are 
(—5,0) and (5,0); therefore the new center is (2,0), the 
new vertices are (—2,0) and (6,0), the new foci 
are (—3,0) and (7,0)，and the new asymptotes are 
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624 Chapter 10 Conic Sections and Polar Coordinates 

44. (a) ^ — y = 1 =>• center is (0,0)，vertices are (0, —2) 

and (0,2), and the asymptotes are | = 士含 or 

y = 士含 ； c = \/a 2 + b 2 = \/9 = 3 =>• foci are 

(0,3) and (0, —3); therefore the new center is (0, —2), 
the new vertices are (0, —4) and (0,0), the new foci 
are (0,1) and (0, —5), and the new asymptotes are 
y + 2=±^ 

45. y 2 = 4x ^ 4p = 4 4 p = 1 => focus is (1,0), directrix is x = — 1, and vertex is (0,0); therefore the new 

vertex is (—2, —3), the new focus is (—1, —3), and the new directrix is x = —3; the new equation is 

( y + 3) 2 = 4(x + 2) 

46. y 2 = — 12x 4p=12 4 p = 3 => focus is (—3,0), directrix is x = 3, and vertex is (0,0); therefore the new 

vertex is (4,3), the new focus is (1,3), and the new directrix is x = 7; the new equation is (y — 3) 2 = — 12(x — 4) 

47. x 2 = 8y 4p = 8 p = 2 => focus is (0,2), directrix is y = —2, and vertex is (0,0); therefore the new 
vertex is (1, —7), the new focus is (1, —5), and the new directrix is y = —9; the new equation is 

(x-l) 2 = 8(y + 7) 

48. x 2 = 6y => 4p = 6 => P = 暑 ^ focus is (0, |) , directrix is y = —暴, and vertex is (0,0); therefore the new 

vertex is (—3, —2), the new focus is (—3, — , and the new directrix is y = — |; the new equation is 

(x + 3) 2 = 6(y + 2) 


(y±2) 2 x 2 


y 4 T 



49. 誓十 ^ ■ = 1 > center is (0,0), vertices are (0,3) and (0, —3); c = \/a 2 — b 2 = - 6 = \ph 4 foci are (0, \/^) 

\/3) ; therefore the new center is (-2, -1)，the new vertices are (—2,2) and (—2, —4), and the new foci 


and ^0 
are ( —2, 一 1 士 


; the new equation is 


(x + 2) 2 丄 (y+1) 2 


50. 


4 + y 2 = 1 ^ center is (0,0), vertices are (>/2,0) and 0) ; c = \/a 2 — b 2 = \pl 

(—1,0) and (1,0); therefore the new center is (3,4), the new vertices are (3 士 4) , and the new foci 
are (2,4) and (4,4); the new equation is (x ~ 3)2 + (y — 4) 2 = 1 


1 = 1 4 foci are 


51. y + y = 1 =>• center is (0,0), vertices are 0) and (—0) ; c = \/a 2 - b 2 = — 2 = l ^ foci are 

(—1,0) and (1 ， 0); therefore the new center is (2,3), the new vertices are (2 士 \/3,3^ , and the new foci 
are (1,3) and (3,3); the new equation is + -^ 3 - = 1 


52 . 赛 + g = 1 # center is (0,0), vertices are (0,5) and (0, —5); c = —b 2 = \/25 — \6 = 3 => foci: 


(0,3) and (0, —3); therefore the new center is (—4, —5), the new vertices are (—4,0) and (—4, — 10), and the new 

/y A\2 

foci are (—4, —2) and (—4, —8); the new equation is 、 ’ 


16 


(y + 5) 2 
25 


53. ^ — y = 1 =>• center is (0,0), vertices are (2,0) and (— 2, 0); c = \/a 2 + b 2 = \/4 + 5 = 3 foci are (3,0) and 
(—3,0); the asymptotes are 士！ = 为 => y = 士 ; therefore the new center is (2,2), the new vertices are 
(4,2) and (0,2), and the new foci are (5,2) and (—1,2); the new asymptotes are y _ 2 = 士 ; the new 
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equation is 


(x-2) 2 

4 


(y-2) 2 

5 


54H 


^ center is (0,0)，vertices are (4,0) and (—4,0); c = \/a 2 + b 2 = \/l6 + 9 = 5 4 foci are (—5, 0) 
and (5, 0); the asymptotes are 士 $ = | ^ y = 士孕； therefore the new center is (—5, —1), the new vertices are 
(- 1 ,- 1 ) and (—9, — 1 ), and the new foci are (— 10 , — 1 ) and ( 0 , — 1 ); the new asymptotes are y + 1 
the new equation is 16 


士 


3(x + 5). 


55. y 2 — x 2 = 1 => center is (0,0), vertices are (0,1) and (0, — 1); c = \/ a2 + b 2 = y / TTT = => foci are 

(0， 士 a/ 2) ; the asymptotes are y = 士 x; therefore the new center is (—1, —1), the new vertices are (—1,0) and 

(—1, —2), and the new foci are (—1， 一 1 士 -\/2^ ; the new asymptotes are y+l= 士 （ x+1); the new equation is 
(y+l) 2 -(x+1) 2 = 1 

56. y - x 2 = 1 4 center is (0,0)，vertices are (0, \/^) and (0, - ; c = y/a 2 -\-b 2 =-y/3 + 1 = 2 ^ foci are (0,2) 

and (0, —2); the asymptotes are ± x = ^ ^ y = 士 \/3x; therefore the new center is (1 ， 3)，the new vertices 

are (1,3 士 \/3) , and the new foci are (1,5) and (1,1); the new asymptotes are y — 3 = 士 \/3 (x — 1); the new 
equation is (y ~ 3)2 - (x — l) 2 = 1 

57. x 2 + 4x + y 2 = 12 => x 2 + 4x + 4 + y 2 = 12 + 4 => (x + 2) 2 + y 2 = 16; this is a circle: center at 
C(-2,0)，a = 4 


58. 2x 2 + 2y 2 - 28x 十 12y + 114 = 0 泠 x 2 — 14x + 49 + y 2 + 6y + 9 = — 57 + 49 + 9 令 (x - 7) 2 + (y + 3) 2 = 1; 
this is a circle: center at C(7, — 3), a = 1 

59. x 2 + 2x + 4y — 3 = 0 4 x 2 + 2x + 1 = —4y + 3 + 14 (x + l) 2 = —4(y — 1); this is a parabola: 

V(-l,l), F(-1,0) 


60. y 2 — 4y - 8x — 12 = 0 令 y 2 - 4y + 4 = 8x + 12 + 4 令 （y - 2) 2 = 8(x + 2); this is a parabola: 
V(-2,2), F(0,2) 


61. x 2 + 5y 2 + 4x = 1 => x 2 + 4x + 4 + 5y 2 = 5 ^ (x + 2) 2 + 5y 2 = 5 ^ (x ^ 2)2 + y 2 = 1; this is an ellipse: the 

center is (—2,0), the vertices are (—2 士 0) ; c = \/a? — b 2 = \/5 — 1 = 2 => the foci are (—4,0) and (0,0) 

62. 9x 2 + 6y 2 + 36y = 0 令 9x 2 + 6 (y 2 + 6y + 9) = 54 泠 9x 2 + 6(y + 3) 2 = 54 ^ 誓 + = 1; this is an ellipse: 

the center is (0, —3), the vertices are (0,0) and (0, —6); c = \/a 2 — b 2 = ^9 — 6 = -y/3 ^ the foci are 

(0, -3 ± v^) 

63. x 2 + 2y 2 — 2x — 4y = -1 4 x 2 - 2x + 1 + 2 (y 2 - 2y + 1) = 2 =>• (x - l) 2 + 2(y - l) 2 = 2 

^ - + (y - l) 2 = 1; this is an ellipse: the center is (1,1), the vertices are (1 士 \/2,1^ ; 

c = \/ a2 - b 2 = \/2 — l = 1 => the foci are (2,1) and (0,1) 

64. 4x 2 + y 2 + 8x _ 2y = —1 4 4 (x 2 + 2x + 1) + y 2 — 2y + 1 = 4 泠 4(x + l) 2 + (y - l) 2 = 4 

(x + 1) 2 + - (y ~ 1 - = 1; this is an ellipse: the center is (—1,1), the vertices are (—1,3) and 
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626 Chapter 10 Conic Sections and Polar Coordinates 

(— 1 ， 一 1); c = \/a 2 — b 2 = \/4 — 1 = y/3 the foci are (—1，1 士 

65. x 2 — y 2 _ 2x + 4y = 4 x 2 — 2x + 1 — （y 2 _ 4y + 4) = 1 =>• (x - l) 2 — (y - 2) 2 = 1; this is a hyperbola: 
the center is (1,2), the vertices are (2,2) and (0,2); c = \/a 2 + b 2 = \/l + 1 = yjl => the foci are (1 士 2); 
the asymptotes are y — 2 = 士 （ x—1) 


66. x 2 - y 2 + 4x - 6y 二 6 4 x 2 + 4x + 4 - (y 2 + 6y + 9) = 1 4 (x + 2) 2 一 (y + 3) 2 = 1; this is a hyperbola: 

the center is (—2, —3), the vertices are (—1，—3) and (—3, —3); c = -\/a 2 + b 2 = -\/l + 1 = \/2 =>• the foci are 
(—2 士 —3) ; the asymptotes are y + 3 = 土 （x + 2) 

67. 2x 2 — y 2 + 6y = 3 => 2x 2 — (y 2 — 6y + 9) = —6 (y ~ 3) " — y = 1; this is a hyperbola: the center is (0,3)， 

the vertices are (0,3 士 ； c = \/a 2 + b 2 = + 3 = 3 the foci are (0,6) and (0,0); the asymptotes are 

赁 =± 含今 y=±V^x + 3 


68. y 2 - 4x 2 + 16x = 24 => y 2 — 4 (x 2 - 4x + 4) = 8 今 


1; this is a hyperbola: the center is (2,0)， 


the vertices are 


( 2 , 士 \/ 8 ) ; c = yj d? -\-b 2 = -\/8 + 2 = y/l0 => the foci are ( 2 , 士 \/ l 0 ) ; the asymptotes are 


78 




士 2(x - 2) 


69. 


y 



71. 



70. 
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73. 


74. |x 2 -y 2 | < 1 -1 < x 2 -y 2 < 1 -1 < x 2 - y 2 and 

x 2 — y 2 < 1 => 1 > y 2 — x 2 and x 2 — y 2 < 1 



=; Volume of the Cone: V 2 = | n (|) 2 h = 臺 7 7 (t) h = ZE ^ ; therefore Vi = 臺 V 2 


76. y = J'g x dx = g + C= ^+C;y = 0 when x = 0 =>• 0 二 + C ^ C = 0; therefore y = 餐 is the 
equation of the cable's curve 


77. A general equation of the circle is x 2 + y 2 + ax + by + c = 0, so we will substitute the three given points into 

a -|- c — 一 1 1 

this equation and solve the resulting system: b + c = —1 > c = | and a = b = — |; therefore 

2a + 2b + c = - 8 J 

3x 2 + 3y 2 — 7x — 7y + 4 = 0 represents the circle 


78. A general equation of the circle is x 2 + y 2 + ax + by + c 二 0, so we will substitute each of the three given points 

2a + 3b + c = -13 j 

into this equation and solve the resulting system: 3a + 2b + c = —13 > ^ a = 2，b = 2, and c 二 —23; 

—4a + 3b + c = —25 J 

therefore x 2 + y 2 + 2x + 2y — 23 = 0 represents the circle 

79. r 2 = (—2 — l) 2 + (1 — 3) 2 = 13 ^ (x + 2) 2 + (y — l) 2 = 13 is an equation of the circle; the distance from the 
center to (1.1,2.8) is (—2 - l.l) 2 + (1 — 2.8) 2 = \] 12.85 < \/~\3 , the radius => the point is inside the circle 


80. (x —2) 2 + (y—1) 2 = 5 泠 2(x-2) + 2(y—l)g=0 泠 g = —^f;y = 0 泠 （ x-2) 2 + (0—1) 2 = 5 
=> (x — 2) 2 = 4 x = 4 or x = 0 ^ the circle crosses the x-axis at (4,0) and (0,0); x = 0 

=>• (0 — 2) 2 + (y — l) 2 = 5 => (y — l) 2 = 1 =>■ y = 2ory = 0 => the circle crosses the y-axis at (0,2) and (0,0). 
At (4,0): 裝 =— 吕 = 2 => the tangent line is y = 2(x — 4) or y = 2x — 8 
At (0,0): 裝 =—= -2 the tangent line is y = —2x 
At (0,2): 塞 =—= 2 => the tangent line is y — 2 = 2x or y = 2x + 2 
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81. (a) y 2 = kx =>• x = f ; the volume of the solid formed by 




revolving Ri about the y-axis isVi = 上 7r dy 

=p 上厂 y 4 dy = 丌 ； the volume of the right 
circular cylinder formed by revolving PQ about the 
y-axis is V 2 = 7rx 2 \/kx => the volume of the solid 
formed by revolving R 2 about the y-axis is 

V 3 = V 2 —Vi = 47rx V^x Therefore we can see the 
ratio of V 3 to Vx is 4:1. 



(b) The volume of the solid formed by revolving R 2 about the x-axis is Vi = J ^ 丌 dt = 7rk t dt 
= ZE y^-. The volume of the right circular cylinder formed by revolving PS about the x-axis is 
V 2 = 丌 x = 7rkx 2 ^ the volume of the solid formed by revolving Ri about the x-axis is 
V 3 = V 2 - V；l = 7rkx 2 — 字 = 亨 . Therefore the ratio of V 3 to Vi is 1:1. 


82. Let Pi(—p, yi) be any point on x = —p, and let P(x, y) be a point where a tangent intersects y 2 = 4px. Now 

)=> ^ = y ; then the slope of a tangent line from Pi is 上 ~^ p ) — ^ ^ 


- 2 - 4px 泠 2y 处 


y — ^ dx 

;r 2 


=> y 2 — yyi = 2px + 2p 2 . Since x 
.2 Trl7 rf 2 

— —— —yj ^ ^ 

2p 


# ! y — yyi — 2p 2 = 0 今 y 


矣 ， we have y 2 - yyi = 2p ( 岩 )+ 2p 2 今 y: 

2yi ± \/4y? + 16p 2 


yyi 


； y 2 + 2p 2 


tangents from P! are = yi + ^ y?+4p2 
4 the lines are perpendicular 


and m 2 


=yi 士 \/y? + 4p 2 . Therefore the slopes of the two 

2p _ 4p 2 


yi-vy?+ 4 P 2 


=> 111^2 


y 卜 W + 4p 2 ) 


83. Let y = y 1 — ^ on the interval 0 < x < 2. The area of the inscribed rectangle is given by 
A(x) = 2x (Vr^)=4 X /r^ (since the length is 2x and the height is 2y) 

：0 ^ 4fl - — x 2 =0 泠 x 2 = 2 


=> A ， ⑻二 4'/l 


X 2 

T 




.Thus A^x) = 0 ^ 4 a/1 


X 2 

T 


x 2 


=> x = yjl (only the positive square root lies in the interval). Since A(0) = A(2) = 0 we have that A 
is the maximum area when the length is 2y/2 and the height is \/~2. 


4 


84. (a) Around the x-axis: 9x 2 + 4y 2 = 36 y 2 — 9 — f x 2 =>• y = 士 J9 — | x 2 and we use the positive root 




v = 2 丄 7T (々一 ! x 2 ) dx = 2 丄 7T (9 x 2 ) dx = 2 tt [9x - ■ x 3 ] 0 = 24?r 


(b) Around the y-axis: 9x 2 + 4y 2 = 36 x 2 = 4 — | y 2 => x = 士 |y 2 and we use the positive root 


V = 2 7T a/4 


； y 2 ) dy = 2 J o 7T (4 — _ y 2 ) dy = 2 tt [4y -砉 y 3 ] j = 16 tt 


85. 9x 2 - 4y 2 = 36 泠 y 2 = => y : 


士參 \/x 2 — 4 on the interval 2 < x < 4 => V 


= J 2 7rl 


\^/x 2 — 4) dx 


97T 


97T 


TJ 2 (X 2 — 4 ) dx —T 


4x 


97T 

T 


[(f-16) —(|-8)] 


罕 （I _ 8) = _ (56 - 24) = 24 tt 


86. x 2 — y 2 = 1 => x = ± ^/l + y 2 on the interval — 3<y<3 ^ v = J 7T(^i + y 2 ) d y = 2 丄 7 r (V 1 + y 2 ) d y 


I (l+y 2 )dy = 2 tt 


y + 


y!' 


247T 
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87. Let y = \ 16 —导 x 2 on the interval —3 < x < 3. Since the plate is symmetric about the y-axis, x = 0. For a 


vertical strip: ( x" , y 7 ) = I x, 


"6 -誓 x 2 


,length 


16 — y x 2 , width = dx =>• area = dA 


/l6 — ^x 2 dx 


=>• mass = dm = 6 dA = 16 — y x 2 dx. Moment of the strip about the x-axis: 

(^6yJ 16 — y x 2 ) dx = ^ (8 — I x 2 ) dx so the moment of the plate about the x-axis i 


/16-f X 2 


y dm 

M x = Jy dm= (8 - ■ x 2 ) dx = 5 [8 


27 


X 3 ]' 


326; also the mass of the plate is 


M = J 

4 u -- 
=126 


8\ 16 


1 and x 


x 2 dx = J 3 46^1 — (I x) 2 dx = 46 J 3 \/1 — u 2 du where u = | 3 du = dx; x = —3 

: 3 => u = 1. Hence, Ab J 3y /1 — u 2 du = \28 J t \/1 —u 2 du 


[\x\/ 1 — u 2 + sin -1 u] 


6tt( 5 y = ^ 


326 __ 16 
6n6 一 3n 


.Therefore the center of mass is (0, ||). 


88. y = Vx 2 + 1 ^ 砮 =|(x 2 + !)~ 1/2 ( 2x ) 


、办 


7^+T ^ (X 

、办 




( 


X 2 




m ^ S = Jo 2 丌 y\/ 1 + (l) dx = Jo Wx 2 +wf^dx = J o 2^2x2+ ldx; 


u = y/lx 
du = y/2 dx 


27T 

75 


ldu =^ 


U\/u 2 + 1 + In (u + y/u 2 l 


75 


2v/5 + In (2 + A) 


89. ^ ^ 盖 （ r A — r B ) = 0 => r A — r B = C, a constant => the points P(t) lie on a hyperbola with foci at A 

and B 


90. (a) tan /3 = m L ^ tan (3 = f ’(xq) where f(x) = y / 4px; 
f， « = I (4p X )_ 1/2 (4p) = ^ ^ ^(xo) = ^ 

= 並 4 tan /? = ^ • 
yo ^ yo 

(b) tan 6 = nipp = Zi 二 5 = 

v J 丫 rr X 0 -p X 0 -p 


(C) 


tan a = 


tan (j) — tan (3 
1 + tan 0 tan 0 


(yo _ 2p\ 
v x o-p yoj 


( 士 ) (I) 


yp - 2p(x 0 - p) _ 4px 0 - 2px 0 + 2p 2 _ 2p(x 0 + p) _ 2p 

y 0 (x 0 - p + 2p) — y 0 (x 0 +p) — yo(x 0 + p) — yo 



91. PF will always equal PB because the string has constant length AB = FP + PA = AP + PB. 


92. (a) In the labeling of the accompanying figure we have 
Y = tan t so the coordinates of A are (1 ， tan t). The 
coordinates of P are therefore (1 + r, tan t). Since 
l 2 + y 2 = (OA) 2 , we have l 2 + tan 2 1 = (1 + r) 2 
1 + r = \/1 + tan 2 1 = sec t => r = sec t — 1. 
The coordinates of P are therefore (x ， y) = (sec t, tan t) 
x 2 — y 2 = sec 2 1 — tan 2 1 = 1 


y 
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630 Chapter 10 Conic Sections and Polar Coordinates 


(b) In the labeling of the accompany figure the coordinates 
of A are (cos t, sin t), the coordinates of C are (1, tan t), 
and the coordinates of P are (1 + d，tan t). By similar 

trinnHn- d — OC d — \/l+tan 2 t 

triangles, ab ~ oa ^ T^Tt - ^I^ 

^ d = (1 — cos t)(sec t) = sec t — 1. The coordinates 
of P are therefore (sec t, tan t) and P moves on the 
hyperbola x 2 — y 2 = 1 as in part (a). 


y 



93. x 2 = 4py and y = p => x 2 = 4p 2 => x = 士 2p. Therefore the line y = p cuts the parabola at points (—2p,p) and 
(2p, p), and these points are \/[2p — (—2p)] 2 + (p — p) 2 = 4p units apart. 


94 - x^oo 


^ a/x 2 


■a 2 




- lim 

a x — oo 


X 2 - (x 2 - a 2 ) 

— b lim 

a 2 

,x + Vx 2 -a 2 . 

a x —> oo 

.x + \/x 2 — a 2 . 


\/x 2 — a 2 ; 
= 0 


ix^OC 


- y/x 2 — a 2 ) (x + \/x 2 — a 2 ) 
x+\/x2-a 2 


10.2 CLASSIFYING CONIC SECTIONS BY ECCENTRICITY 


1. 16x 2 + 25y 2 = 400 = 1 c = \/sl 2 —b 2 

=V25 - 16 = 3 ^ = |;F(±3,0); 

directrices are x = 0 d= - = 士 t|y = 士孕 

e (!) 3 


2. 7x 2 + 16y 2 = 112 => 装 +《 = 1 c = \A 2 — b 2 
= 八 16-7 = 3 ^ e= I = |;F(±3,0); 

directrices are x = 0 d= - = ± -A- = 士穿 
e (!) 3 




3. 


2x 2 -\-y 2 = 2 ^ x 2 + ^ = l 4 c = \/d? — \) 2 

= \/2^T=l ^ e=^ = ^;F(0, ±1); 


directrices are y = 0 士 ■ = 士 



士 2 


y 
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4. 2x 2 + y 2 = 4 => 誓 + # = 1 c = v^ 2 - b 2 

=^4^2 = ^ e = 5 = ^ ; F (o, ± a/2 )； 

directrices are y = 0 士 _ = 士 = ± 2y/2 


5. 


3x 2 + 2y 2 = 6 y + y = l c = \/ a2 - b 2 
= \/3^2=l ^ e= 卜士 ; F(0, 土 1); 


directrices are y = 0 士 ■ = 士 



士 3 


6. 


9x 2 + 10y 2 = 90 笤 + 誓 =1 ^ c = \/a 2 — b 2 
=VlO - 9=1 今 e=| = ^;F(±l,0); 


directrices are x = 0 ± f = ± 


(73) 


土 10 


7. 6x 2 + 9y 2 = 54 =>• ^ ^ = 1 #>c = \/a 2 - b 2 

=V^ ： 6= ^ e= 5 = ^； f(±^3,o); 

directrices are x = 0 士 _ = 士 = 士 3 \/3 


y 



y 



y 


1 3 

: G 


兰上 1 1 

10 9 | 

1 -Vio V -i - 

1 ~ 3 - 


vio' 1 ' 1 i 

i 


y 
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632 Chapter 10 Conic Sections and Polar Coordinates 


8. 169x 2 + 25y 2 = 4225 泠 + ^ = 1 ^ c = ^a 2 - b 2 

=\/l69 -25 = 12 # e = f = if ； F(0, ± 12); 

directrices arey = 0 士 § = 士 7 ^ = 士 # 

J e m) 12 


y 



9. Foci: (0, 士 3) ， e = 0.5 4 c = 3 and = ^ = 6 => b 2 = 36 — 9 = 27 = 1 

10. Foci: (土 8, 0 ) ， e = 0.2 泠 c = 8 and a = | = 為 = 40 今 b 2 = 1600 -64= 1536 泠 ^ ^ = 1 

11. Vertices: (0, ± 70 ) ， e = 0.1 泠 a = 70 and c = ae = 70(0.1) = 7 泠 b 2 = 4900 一 49 = 4851 泠扁 + ^ = 

12. Vertices: ( ± 10,0 ) ， e = 0.24 泠 a = 10 and c = ae = 10(0.24) = 2.4 泠 b 2 = 100 — 5.76 = 94.24 


13. Focus: (V^ ， 0) ， Directrix: x = => c = ae = \f5 and 營 = 士今譯=士今 ^ => e 2 = | 

^ e= ThenPF= ^PD ^ ^ (x - V^) 2 + (y - 0) 2 = ^ |x - ^ | ^ (x - V^) 2 +y 2 = 暮 (x - 忐 ) 2 
^ x 2 -2 N /5x + 5+y 2 = |(x 2 -i|x+f) ^ |x 2 +y 2 =4 ^ f+ ^ = 1 


14. Focus: (4,0), Directrix: x = y => c = ae = 4 and _ = y => = y =>• ^ = y => e 2 = | => e = ^ . Then 

PF = ^ PD ^(x - 4) 2 + (y - 0) 2 = ^ |x- y| => (x — 4) 2 + y 2 = | (x _ 訾) 2 今 x 2 - 8x + 16 + y 2 

= i(x 2 —fx +〒） 今 Ix 2 +y 2 = f ^ 南 + 南 =1 


15. Focus: (—4,0), Directrix: x = —16 4 c = ae = 4 and | = 16 ^ _ = 去 = 16=>e 2 = | Then 

PF = I PD 4 y^x + 4)2 + (y _ 0) 2 = I |x + 16| 4 (x + 4) 2 + y 2 = $ (x + 16) 2 ; x 2 + 8x + 16 + y 2 

=i(x 2 + 32x + 256) ^ |x 2 + y 2 =48 ^ g + 砻 =1 

16. Focus: (— \/^ ， 0) ， Directrix: x = —2\fl ^ c = ae = y/2 and ■ = 2\fl => 譯 = 2\/2 今兮 = 2\/l e 2 = | 

# e = 士 . Then PF = ☆ PD 4 ^/(x + v^) 2 + (y _ 0) 2 = ^ |x + => (x + + y 2 

=i (x + 2^y ^ x 2 + 2v^x + 2 + y 2 = 辜 (x 2 +4v^x + 8 ) 今 i x 2 + y 2 = 2 ^ ^ + ^ = 1 
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18. The eccentricity e for Pluto is 0.25 => e = ^ = 0.25 = \ 
=>• take c = 1 and a = 4; c 2 = a 2 — b 2 4 1 = 16 — b 2 
=> b 2 = 15 => b = \f\5 ; therefore, g g = 1 is a 
model of Pluto's orbit. 


19. One axis is from A(l, 1) to B(l, 7) and is 6 units long; the 
other axis is from C(3,4) to D(—1,4) and is 4 units long. 
Therefore a = 3, b = 2 and the major axis is vertical. The 
center is the point C(l, 4) and the ellipse is given by 

0^1)! + = 1 ； c 2 = a 2 _ b 2 = 32 _ 2 2 = 5 

4 c = therefore the foci are F (1,4 土 \/^) ， the 

eccentricity is e = ■= 幸 ， and the directrices are 

y = 4±f=4±*=4 士竽 . 


y 



20. Using PF = e • PD, we have y^(x — 4) 2 + y 2 = | |x — 9| (x — 4) 2 + y 2 = | (x — 9) 2 ^ x 2 — 8x + 16 + y 2 
=I (x 2 - 18x + 81)4 § x 2 + y 2 = 20 ^ 5x 2 + 9y 2 = 180 or _ + 益 =1. 


21. The ellipse must pass through (0,0) => c = 0; the point (—1,2) lies on the ellipse ^ —a + 2b = —8. The ellipse 
is tangent to the x-axis => its center is on the y-axis, so a = 0 and b = —4 ^ the equation is 4x 2 + y 2 — 4y = 0. 
Next, 4x 2 +y 2 — 4y + 4 = 4 4 4x 2 + (y — 24) 2 = 4 => x 2 + (y ^ 2)2 = 1 a = 2 and b = 1 (now using the 
standard symbols) => c 2 = a 2 — b 2 = 4—1 = 3 =>■ c = y/3 ^ e = ■ = f • 


22. We first prove a result which we will use: let nix, and 
m 2 be two nonparallel, nonperpendicular lines. Let a be 
the acute angle between the lines. Then tan a = ^~^ 2 2 . 

To see this result, let 6 \ be the angle of inclination of the 
line with slope mi, and 62 be the angle of inclination of the 
line with slope m 2 . Assume mi > m 2 . Then 0i > O 2 and we 


have a = 9i — 

— tan 6 \ — tan 62 
— 1 + tan 9 \ tan 62 

m 2 = tan 62 . 


Q 2 . Then tan a 

mi — m2 


l + mi m2 


tan { 6 \ — 沒 2) 

,since mi = tan 0 \ and and 
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Now we prove the reflective property of ellipses (see the 
accompanying figure): If _ + — = 1， then 
b 2 x 2 + a 2 y 2 = a 2 b 2 and y = - -\/a 2 — x 2 => y’ = r bx o . 
Let P(xq, yo) be any point on the ellipse 
泠 /( x o) = ^ 7=7 = • Let F!(c, 0) andF 2 (-c,0) 

be the foci. Then mpp, = and mpF 9 = —. Let a and 

丄 Xq _ C L Xq 十 C 

/3 be the angles between the tangent line and PFi and PF 2 , 
respectively. Then 


y 



tan a = 




b2x pyp ) 
a 2 yo( x o -c)/ 


Similarly, tan /3 = ^ . 


_ ~b 2 xg +b 2 x 0 c-a 2 yg _ b 2 x 0 c - (b 2 xg +a 2 yg) — b 2 x 0 c - a 2 b 2 _ b^_ 

— a 2 y 0 xo - a 2 y 0 c - b 2 x 0 yo — -a 2 y 0 c + (a 2 - b 2 ) x 0 yo — -a 2 y 0 c + c 2 x 0 yo — cy 0 

Since tan a = tan /?, and a and (3 are both less than 90°, we have a = (3. 


23. x 2 — y 2 = 1 => c = \/a 2 + b 2 = -\/l + 1 = => e = 營 

=^ = y/2 ; asymptotes are y = 士 x; F (士 , 0); 

directrices are x = 0 ± - = ± -\= 

e y/l 


24. 9x 2 — 16y 2 = 144 y = l => c = \/a 2 + b 2 

=^16 + 9 = 5 => = asymptotes are 

y = 士！ x; F (士 5,0); directrices are x = 0 士營 
= 士學 


25. y 2 — x 2 = 8 => f - 誓 =1 4 c = \/a 2 + b 2 

=a /8 + 8 = 4 => q = ^ = ~^= = -y/2; asymptotes are 

y = 士 x; F (0, 士 4); directrices are y = 0 士营 

== ±2 

V2 
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26. y 2 - x 2 = 4 $ — 誓 =1 # c = \/a 2 + b 2 

=\/4 + 4 = 2\fl 4 e = 登 = ; asymptotes 

are y = 士 x; F (0, 士 2\/^) ; directrices are y 二 0 士尝 
2 

Ti 




27. 8x 2 - 2y 2 = 16 4 誓一誓 =1 ^ c = Va 2 + b 2 

=yjl + 8 = \/Jo q = ^ = = y^5; asymptotes 

are y = 士 2x; F ( d= \/l0,0) ; directrices are x = 0 士营 


= 士 


T5 



28. y 2 — 3x 2 = 3 ^ ^ — x 2 = 1 c = \/a 2 + b 2 
= 1/3 + 1 = 2 => e=^ = 含 ； asymptotes are 
y = 士 ^/3x; F (0, 士 2); directrices are y = 0 士營 






29. 8y 2 — 2x 2 = 16 ^ f - 誓 =1 =>c = \/ a2 + b 2 

=\Jl + 8 = \/Io > e = ■ = = \/~5 ; asymptotes 

are y = 士 F (0 ， 士 \/l0^ ; directrices are y = 0 士營 


= 士 


T5 



y 




31. Vertices (0 ， 士 1) and e = 3 => a = 1 and e = | = 3 =>• c = 3a = 3 => b 2 = c 2 — a 2 = 9 — 1 二 8 => y 2 — y = 1 
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32. Vertices (士 2, 0) and 

e = 2 


a = 2 and q =- 

a 

= 2 泠 

c = 

: 2a = 

4 => b 2 = 

c 2 — a 2 = 16 - 4 = 12 

x 2 

^ T 

一匕一 1 

12 — 1 

33. Foci (士 3,0) and e = 

3 => 

c = 

= 3 and e = - = 3 

a 

^ c = 

: 3a 

^ a 

=1 ^ b 2 

= c 2 -a 2 = 9-1=8 

=> X 2 

—f 一 1 

8 — 1 

34. Foci (0, 士 5) and e = 

1.25 


c = 5 and e =-= 

a 

=1.25 二 

. 5 
" 4 

^ c : 

=fa # 5 

= |a^a = 4=>b 2 

= c 2 - 

a 2 


= 25-16 = 94 g - I = 1 

35. Focus (4,0) and Directrix x = 2 ^ c = ae = 4 and 營 = 2 => 譯 =2 => 去 = 2 4 e 2 = 2 4 e = \fl . Then 


PF = yjim ^ v/(x - 4) 2 + (y — 0) 2 = V^I^-21 ^ (x - 4) 2 + y 2 = 2(x - 2) 2 4 x 2 - 8x + 16 + y 2 
= 2 (x 2 _ 4x + 4) => —x 2 + y 2 = -8 今 f - ^ = 1 

36. Focus ^\/Io, 0^ and Directrix x = \/~2 ^ c = ae = \/l0 and | — \fl ^ = \/~2 => e 2 = \/~5 

泠 e= \fl. Then PF = \/5PD => J(^ - \Ao) 2 + (y-0) 2 = \/5 x-^2 => (x—v^^+y 2 
=(X - V^j X 2 - 2v / 10x+ 10 + y 2 = (x 2 - 20X + 2) ^ (1 — y/5^ x 2 + y 2 = 2^5 - 10 

(i - 外 2 y 2 ^ 1 ^ ^_ y'=\ 

2 ^ 5-10 2 ^ 5-10 2^5 10 - 2^5 

37. Focus (—2,0) and Directrix x = — | => c = ae = 2 and i = \ ^ ^ = \ ^ ^ — \ ^ e 2 = 4 => c = 2. Then 
PF = 2PD 今 ^(x + 2) 2 + (y - 0) 2 = 2 |x+ || => (x + 2) 2 + y 2 = 4(x+ i) 2 x 2 + 4x + 4 + y 2 

= 4 ( x 2 + x + i ) ^ _ 3x 2 +y 2 = _ 3 ^ x 2_£ =1 

38. Focus (—6,0) and Directrix x = — 2 =>■ c = ae = 6 and 營 = 2 => p = 2 多 = 2 => e 2 = 3 => e = \/ 3 . Then 
PF= a/3 PD => a/( x + 6 ) 2 + (y ^ °) 2 = \/3 |x + 2| 今 (x + 6) 2 + y 2 = 3(x + 2) 2 x 2 + 12x + 36 + y 2 

= 3 (x 2 + 4x + 4) 今 —2x 2 + y 2 = —24 今 ^ g = 1 

39. v^x — l) 2 + (y + 3) 2 = I |y — 2| => x 2 - 2x + 1+ y 2 + 6y + 9 = |(y 2 - 4y + 4) 今 4x 2 - 5y 2 — 8x + 60y + 4 = 0 

今 4 (x 2 — 2x + 1) — 5 (y 2 - 12y + 36) = -4 + 4- 180 - = 1 

40. c 2 = a 2 + b 2 => b 2 = c 2 - a 2 ; e = ^ ^ c = ea ^ c 2 = e 2 a 2 b 2 = e 2 a 2 — a 2 = a 2 (e 2 — 1); thus, 

妄 -g = 1 4 妄 — jrjL = 1; the asymptotes of this hyperbola are y = ± (e 2 - l)x 今 as e increases, the 
absolute values of the slopes of the asymptotes increase and the hyperbola approaches a straight line. 


41. To prove the reflective property for hyperbolas: 

|-^ = l ^ a 2 y 2 =b 2 x 2 -a 2 b 2 and| = ^ 

Let P(xq, yo) be a point of tangency (see the accompanying 
figure). The slope from P to F(—c, 0) is and from 
P to F 2 (c, 0) it is . Let the tangent through P meet 
the x-axis in point A, and define the angles ZFiPA = a 
and ZF 2 PA = (3. We will show that tan a = tan /?. From 
the preliminary result in Exercise 22, 


y 
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a2b2 , + x ° b2 ?= 芭 . In a similar 


manner, 


xoyoa 2 +yoa 2 c + x 0 yob 2 — x 0 yoc 2 +y 0 a 2 c — y 0 c 

— .Since tan a = tan [3, and a and /? are acute angles, we have a = /3. 


42. From the accompanying figure, a ray of light emanating from 
the focus A that met the parabola at P would be reflected 
from the hyperbola as if it came directly from B 
(Exercise 41). The same light ray would be reflected off the 
ellipse to pass through B. Thus BPC is a straight line. 

Let /? be the angle of incidence of the light ray on the 
hyperbola. Let a be the angle of incidence of the light ray 
on the ellipse. Note that a /3 is the angle between the 
tangent lines to the ellipse and hyperbola at P. Since BPC is 
a straight line, 2a + 2/3 = 180°. Thus a (3 = 90°. 



10.3 QUADRATIC EQUATIONS AND ROTATIONS 

1. x 2 — 3xy + y 2 - x = 0 => B 2 — 4AC = (― 3) 2 — 4(1)(1) = 5 > 0 ^ Hyperbola 

2. 3x 2 - 18xy + 27y 2 — 5x + 7y = -4 泠 B 2 - 4AC = (-18) 2 — 4(3)(27) = 0 今 Parabola 


3. 3x 2 - 7xy + v^Y 2 = 1 今 B 2 - 4AC = (― 7) 2 - 4(3) y/Yl ^ -0.477 < 0 ^ Ellipse 

4. 2x 2 — V^5xy + 2y 2 + x + y = 0 ^ B 2 - 4AC = 2 - 4(2)(2) = -1 < 0 ^ Ellipse 


5. x 2 + 2xy + y 2 + 2x — y + 2 = 0 泠 B 2 — 4AC = 2 2 — 4(1)(1) = 0 ^ Parabola 

6. 2x 2 - y 2 + 4xy — 2x + 3y = 6 今 B 2 — 4AC = 4 2 — 4(2)(—1) = 24 > 0 泠 Hyperbola 

7. x 2 + 4xy + 4y 2 — 3x = 6 泠 B 2 — 4AC = 4 2 — 4( 1)(4) = 0 泠 Parabola 

8. x 2 + y 2 + 3x - 2y = 10 ^ B 2 — 4AC = 0 2 — 4(1)(1) = —4 < 0 泠 Ellipse (circle) 

9. xy + y 2 - 3x = 5 ^ B 2 - 4AC = l 2 — 4(0)( 1) = 1 > 0 泠 Hyperbola 

10. 3x 2 + 6xy + 3y 2 — 4x + 5y = 12 泠 B 2 - 4AC = 6 2 - 4(3)(3) = 0 泠 Parabola 

11. 3x 2 - 5xy + 2y 2 - 7x — 14y = -1 今 B 2 - 4AC = (― 5) 2 — 4(3)(2) = 1 > 0 玲 Hyperbola 

12. 2x 2 — 4.9xy + 3y 2 - 4x = 7 =» B 2 — 4AC = (― 4.9) 2 - 4(2)(3) = 0.01 > 0 4 Hyperbola 

13. x 2 — 3xy + 3y 2 + 6y = 7 泠 B 2 - 4AC = (― 3) 2 — 4(1)(3) = -3 < 0 Ellipse 

14. 25x 2 + 21xy + 4y 2 - 350x = 0 泠 B 2 - 4AC = 21 2 — 4(25)(4) = 41 > 0 泠 Hyperbola 

15. 6x 2 + 3xy + 2y 2 + 17y + 2 = 0 泠 B 2 — 4AC = 3 2 - 4(6)(2) = —39 < 0 泠 Ellipse 
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638 Chapter 10 Conic Sections and Polar Coordinates 

16. 3x 2 + 12xy + 12y 2 + 435x — 9y + 72 = 0 令 B 2 - 4AC = 12 2 — 4(3)(12) = 0 泠 Parabola 

17. cot 2a = = y = 0 => 2a = | 4 a = ^ ; therefore x = x’ cos a — y r sin a, 

y = x’ sin a + y’ cos a =>■ x = x r ^ — y f ^ ,y = x f ^ y f ^ 

=> (¥ X’ _ # y’) (幸 X’ + # /) = 2 4 I X ,2 - i y ,2 = 2 ^ x ,2 一 y ' 2 = 4 今 Hyperbola 

18. cot 2 a = 二 0 => 2 a = | ^ a = |; therefore x = x f cos a — y r sin a, 

y = x’ sin a + y’ cos a => x = x’^ - 

^ (f x ’-fy’) 2 + (#x’ + f y’)(#x’-f y’) + (f x’ + 幸 y’) 2 =l 

^ !x ,2 -xy + | y ， 2 + | x ,2 -|y ,2 + !x ,2 + xy+b ,2 = l 4 I X ,2 + i y ,2 = 1 ^ 3x ,2 + y ,2 

19. cot 2a = = ~^= ^ 2a = ^ ^ a = |; therefore x = x, cos ot — 寸 sin a, 

y = x’ sin a + 5 / cos a =>■ x = 幸 x’ 一 ^ y’，y = | x’ + f y’ 

今 3(f ^- 1/) 2 + 2^3(^ x^+I/)(lx^ + f/) + (lx^+f/) 2 - 8 (f x^ly) 

+ 8\/3 (I x’ + f /) = 0 4x ’ 2 + 16y / = 0 => Parabola 

20 . cot 2 a = ^ 2 a = I 4 a = |; therefore x = x’ cos a — y r sin a, 

y = x’ sin a + y’ cos a => x = 幸 x’ 一 | y’，y = ! x’ + f y’ 

今 (#x’-*y ’) 2 —^3 (fx’-•〆)(“’+#〆 )+2 (} X ’ + f y ’) 2 = 1 4 i ^ 2 + |y 2 ： 

泠 X’ 2 + 5y ’ 2 = 2 ^ Ellipse 

21 . cot 2 a = 二 0 => 2 a = | =4^ a = |; therefore x = x r cos a — y ; sin a, 

y = x’ sin a + y’ cos a => x = 幸 x’ 一 幸 y’, y = 幸 x’ + f y’ 

4 (f /) 2 - 2 (f y)(f x^ + f/) + (f x^ + f y ) 2 = 2 ^ y ， 2 = l 

=> Parallel horizontal lines 

22 . cot 2 a = ~ "^3 ^ 2 a = ^ a = ^ ; therefore x = x’ cos a — y l sin a, 

y = x’ sin a + y’ cos a => x = ^x f — ^-y r ,y = ^ x r ^y f 

今 3(} X ’-f y’) 2 —20(} X ’-f y’）(f + I/) + (f + | yf = 1 ^ Ay' 2 = 1 

=> Parallel horizontal lines 

23. cot 2a = = 0 4 2a=! 4 a = 牙 ； therefore x = x’ cos a — y r sin o；, 

y = x’ sin a + y’ cos a => x = 幸 x’ 一 # y’，y = 幸 x’ + 幸 y’ 

今 y ) 2 + 2 v^(f y) (f + f/) + v^(#x^ + f y ) 2 

- 8 x, — ^ y,) + 8 x, + ^ y,) = 0 今 2^x , 2 + 8 ^y, = 0 Parabola 

24. cot 2a = 二 0 => 2a = ^ ^ a = ^ ; therefore x = x’ cos a — y r sin a, 

y = x’ sin a + y’ cos a =>■ x = 幸 x’ 一 幸 y’，y = 幸 x’ + f y’ 
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2 ，八 2 i+#y ， )-(#x，+f/)-(f x ， 一 f y ， )+l =0 # X ， 2 - ， - 2 v^x ， + 2 
0 => Hyperbola 


25. cot 2a : 

_ A-C _ 
B — 

. 3-3 _ 
2 — 

y = x’ sin a + y’ 

cos a - 

泠 3( 

: fx，- 

#y) 2 

=> Ellipse 


26. cot 2a 二 

A-C 

. 3-(-1) 

B 

4^/3 

y = x’ sin a + y’ 

cos a - 

泠 3( 



=> Hyperbola 


27. cot 2a : 

_ 14-2 _ 
16 

=! ^ 

and cos 

— / 1+ cos 2a . 

a - V 2 - 

28. cot 2 a = 

_ A-C _ 
_ B — 

- 4-1 _ 
-4 - 


0^2a=^^a=l 


;therefore x = x’ cos a — y r sin a. 


19 


-U ^ 2a ： 


^ a = ? ; therefore x = x’ cos a — y r sin a. 


^ 5x ,2 - 3〆 




竿 


(or sin a = and i 




=> cos 2a = — \ (if we choose 2a in Quadrant II); thus sin a 


1 — cos 2 q 


I) 2 

2 = 袁 and cos a 


1 + cos 2a 


i + H) 


2 —士 ⑽ sin a =士 and 


cos a = 


-2 、 

75 ' 


29. tan 2a = 2a ^ 26.57° => a ^ 13.28。sin a ~ 0.23, cos a ~ 0.97; then A’s 0.9, B ’《 0.0, 

C ^ 3.1, D 7 « 0.7, E ，《 -1.2, and F = -3 令 0.9x， 2 + 3.1 y ,2 十 0.7x ，一 l.2y , - 3 = 0, an ellipse 


30. tan 2a = ^~^ 2a ^ 11.31 。 => a « 5.65 0 4 sin a ~ 0.10, cos a ~ 1.00; then A / « 2.1 ， B ’《 0.0 ， 

C' » -3.1 ， D ’《 3.0, E’ 《 -0.3, and F’ = —7 泠 2.1 x’ 2 — 3.1 y’ 2 + 3.0x’ 一 0.3y’ — 7 = 0’ a hyperbola 

31. tan 2a = y ~^4 = 5 2a « 53.13° => a « 26.57 。 今 sin a « 0.45, cos a « 0.89; then A ’《 0.0, B’ 《 0.0 ， 

C' « 5.0, D' « 0, E ，《 0, and F = -5 5.0y ,2 - 5 = 0 or y’ = ± 1.0, parallel lines 

32. tan 2a = 2 ~-i& = 5 => 2a « 36.87° 今 o; « 18.43° => sin a « 0.32, cos a « 0.95; then A' « 0.0, B’ 《 0.0 ， 

C « 20.1 ， D ，《 0, E ，《 0, and F = —49 泠 20.1 y， 2 — 49 = 0, parallel lines 

33. tan 2a = ^ = 5 => 2a « 78.69。a « 39.35° => sin a « 0.63, cos a « 0.77; then A ’《 5.0, B ’《 0.0 ， 

C « -0.05, D' « -5.0, E’ 《 —6.2, and F’ = — 1 泠 5.0x ,2 - 0.05 y’ 2 - 5.Ox 7 - 6.2y’ - 1 = 0, a hyperbola 

34. tan 2a = = —1 =>• 2a « —45.00。a « —22.5° => sin a « —0.38, cos a « 0.92; then A ’《 0.5, B ’《 0.0, 

C' « 10.4, D ，《 18.4, F « 7.6, and F = 一 86 => 0.5 x ,2 + 10.4(y，) 2 + 18.4x ， + 7.6/ — 86 = 0, an ellipse 


35. a = 90° => x = x’ cos 90 。 一 / sin 90 。 = —y’ and y = x’ sin 90 。 + y’ cos 90 。 = x’ 

(a) ^ ^ = 1 (b) 妥—铵 =1 (c) x ’ 2 + y ’ 2 = a 2 

(d) y = mx y — mx = 0 => D = —m and E = 1; a = 90° 4 D’ = 1 and E / = m ^ my’ + x’ = 0 y’ = — g x’ 

(e) y = mx + b y — mx — b = 0 => D = —m and E = l; a = 90° => D’ = 1, E’ = m and F’ = —b 

4 my’ + x’ 一 b = 0 4 y ; = - ^ x ; + ^ 
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36. a = 180 o => x = x’ cos 180。 — y’ sin 180。 = —x’ and y = x’ sin 180。 + / cos 180° = —y r 

⑻峯 + 昝 =1 (b) 峯一昝 =1 (c) x ’ 2 + y ’ 2 = a 2 

(d) y = mx y — mx = 0 => D = —m and E = l; a = 180° ^ = m and E r = —l => —y’ + mx / = 0 

y’ 二 mx / 

(e) y = mx + b y — mx — b = 0 => D = —m and E = l; a = 180° => D’ = m, E’ = — 1 and F f = —b 

4 + mx / - b = 0 =>• y 二 mx f - b 

37. (a) A’ = cos 45。 sin 45。 = (#) = | ， B’ = 0, C = - cos 45。 sin 45° = - i,F = -1 

1/2 1/2 I /2 /2 r\ 

^ 会 x — I y = 1 x’ — y = 2 

(b) A’ = ! ， C’ = — ! (see part (a) above), D’ = E’ = B’ = 0, F’ = —a 4 | x ’ 2 — | y /2 = a =>■ x ’ 2 — y’ 2 = 2a 

38. xy = 2 4 x /2 — y /2 = 4 =>■ = 1 (see Exercise 37(b)) a = 2 and b = 2 => c = \/4 + 4 = 2\fl 

以=\ =時=办 

39. Yes, the graph is a hyperbola: with AC < 0 we have —4AC > 0 and B 2 — 4AC > 0. 

40. The one curve that meets all three of the stated criteria is the ellipse x 2 + 4xy + 5y 2 — 1=0. The reasoning: 

The symmetry about the origin means that (—x, — y) lies on the graph whenever (x, y) does. Adding 

Ax 2 + Bxy + Cy 2 + Dx + Ey + F = 0 and A(-x ) 2 + B(-x)(-y) + C(-y ) 2 + D(—x) + E(—y) + F = 0 and dividing 
the result by 2 produces the equivalent equation Ax 2 + Bxy + Cy 2 + F = 0. Substituting x = 1， y = 0 (because 
the point (1,0) lies on the curve) shows further that A = —F. Then — Fx 2 + Bxy + Cy 2 + F = 0. By implicit 
differentiation, —2Fx + By + Bxy’ + 2Cyy’ = 0, so substituting x = —2, y = 1, and / = 0 (from Property 3) 
gives 4F + B = 0 B — —4F the conic is —Fx 2 - 4Fxy + Cy 2 + F = 0. Now substituting x = —2 and y = 1 

again gives —4F + 8 F + C + F = 0 C = —5F the equation is now —Fx 2 — 4Fxy — 5Fy 2 + F = 0. Finally, 
dividing through by —F gives the equation x 2 + 4xy + 5y 2 — 1=0. 

41. Let a be any angle. Then A’ = cos 2 a + sin 2 a = 1, B’ = 0, C’ = sin 2 a + cos 2 a = 1, D’ = E’ = 0 and F’ = —a 2 

泠 x , 2 +y ,2 = a 2 . 


42. If A = C，then B’ = B cos 2a + (C — A) sin 2a = B cos 2a. Then a=| > 2a = | B’ = B cos | = 0 so the 
xy-term is eliminated. 

43. (a) B 2 - 4AC = 4 2 - 4(1)(4) = 0, so the discriminant indicates this conic is a parabola 

(b) The left-hand side of x 2 + 4xy + 4y 2 + 6x+12y + 9 = 0 factors as a perfect square: (x + 2y + 3 ) 2 = 0 

x + 2y + 3 = 0 => 2y = —x — 3; thus the curve is a degenerate parabola (i.e., a straight line). 

44. (a) B 2 - 4AC = 6 2 - 4(9)(1) = 0, so the discriminant indicates this conic is a parabola 

(b) The left-hand side of 9x 2 + 6 xy + y 2 — 12x — 4y + 4 = 0 factors as a perfect square: (3x + y - 2) 2 二 0 

3x + y — 2 = 0 => y = —3x + 2; thus the curve is a degenerate parabola (i.e., a straight line). 
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Section 10.3 Quadratic Equations and Rotations 


45. (a) B 2 — 4AC = 1 - 4(0)(0) = 1 今 hyperbola 

(b) xy + 2 x - y = 0 ^ y(x - 1 ) = - 2 x y = ^ 

(c) y = 舍今 g = and we want = -2, 

the slope of y = — 2 x ^ —2 = — 以 ] 1 ) 2 
4 (x—1) 2 =4=> x = 3orx=—1 ;x = 3 

y=—3 => (3, —3) is a point on the hyperbola 
where the line with slope m = —2 is normal 

the line is y + 3 = —2(x — 3) or y = —2x + 3; 
x = —1 => y=— 1 (— 1 , — 1 ) is a point on the 

hyperbola where the line with slope m = —2 is 
normal => the line is y + 1 = — 2 (x + 1 ) or 
y = —2x — 3 


V 



46. (a) False: letA = C= l,B = 2 B 2 — 4AC = 0 =>• parabola 

(b) False: see part (a) above 

(c) True: AC <04 —4AC > 0 今 B 2 — 4AC > 0 hyperbola 


47. Assume the ellipse has been rotated to eliminate the xy-term ^ the new equation is A’x ’ 2 + C’y ’ 2 = 1 => the 
semi-axes are ^ and ^ the area is tt = = ' Since B 2 — 4AC 

=B /2 — 4A’C’ = — 4A / C / (because B’ = 0) we find that the area is R2 as claimed. 


48. (a) A’ + C’ = (A cos 2 a + B cos a sin a + C sin 2 a) + (A sin 2 a — B cos a sin a ； + C sin 2 a) 

=A (cos 2 a + sin 2 a) + C (sin 2 a + cos 2 a) = A + C 

(b) D ’ 2 + E ’ 2 = (D cos a + E sin a ) 2 + (—D sin a + E cos a) 2 = D 2 cos 2 a + 2DE cos a sin o ： + E 2 sin 2 a 
+ D 2 sin 2 a — 2DE sin a cos a + E 2 cos 2 a = D 2 (cos 2 a + sin 2 a) + E 2 (sin 2 a + cos 2 a) = D 2 + E 2 


49. B /2 - 4A , C , 

=(B cos 2a + (C — A) sin 2a ) 2 — 4 (A cos 2 a + B cos a sin a + C sin 2 a) (A sin 2 a — B cos a sin o ； + C cos 2 a) 
= B 2 cos 2 2a + 2B(C — A) sin 2a cos 2a + (C — A ) 2 sin 2 2a — 4A 2 cos 2 a sin 2 a + 4AB cos 3 a sin a 

— 4AC cos 4 a — 4AB cos a sin 3 a + 4B 2 cos 2 a sin 2 a — 4BC cos 3 a sin a — 4AC sin 4 a + 4BC cos a sin 3 a 

— 4C 2 cos 2 a sin 2 a 

= B 2 cos 2 2a + 2BC sin 2a cos 2a — 2AB sin 2a cos 2a + C 2 sin 2 2a — 2AC sin 2 2a + A 2 sin 2 2a 

— 4A 2 cos 2 a sin 2 a + 4AB cos 3 a sin a — 4AC cos 4 a — 4AB cos a sin 3 a + B 2 sin 2 2a — 4BC cos 3 a sin a 

— 4AC sin 4 a + 4BC cos a sin 3 a — 4C 2 cos 2 a sin 2 a 

=B 2 + 2BC(2 sin a cos a) (cos 2 a — sin 2 a) — 2AB(2 sin a cos a) (cos 2 a — sin 2 a) + C 2 (4 sin 2 a cos 2 a) 

— 2AC (4 sin 2 a cos 2 a) + A 2 (4 sin 2 a cos 2 a) — 4A 2 cos 2 a sin 2 a + 4AB cos 3 a sin a — 4AC cos 4 a 

— 4AB cos a sin 3 a — 4BC cos 3 a sin a — 4AC sin 4 a + 4BC cos a sin 3 a — 4C 2 cos 2 a sin 2 a 
=B 2 — 8 AC sin 2 a cos 2 a — 4AC cos 4 a — 4AC sin 4 a 

=B 2 — 4AC (cos 4 a -\-2 sin 2 a cos 2 a + sin 4 a) 

=B 2 - 4AC (cos 2 a + sin 2 a) 2 
=B 2 - 4AC 
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10.4 CONICS AND PARAMETRIC EQUATIONS; THE CYCLOID 


1. x = cos t, y = sin t, 0 < t < 7r 

^ cos 2 1 + sin 2 1 = 1 => x 2 + y 2 = 1 


2. x = sin (2 兀 （1 — t))，y = cos (27r(l — t)), 0 < t < 1 
=> sin 2 (2 丌 (1 — t)) + cos 2 (2 丌(1 — t)) = 1 
4 x 2 + y 2 = 1 


3 * 



y 



3. x = 4 cos t, y = 5 sin t, 0 < t < 7r 


4. x = 4 sin t, y = 5 cos t, 0 < t < 27r 




16 cos 2 1 I 25 sin 2 t 


16 


25 




x?. _j_ Z!. 


16 


25 


16 sin 2 1 I 25 cos 2 1 — i x 2 i y 2 — 

1 一十 ~^ 25 ~ — 1 今冗十孖― 


y 



y 



5. x = t，y = 0 ， t>O 泠 


y 



6. x = sec 2 1 — 1, y = tan t, — | < t < | 
sec 2 1 — 1 = tan 2 t =>■ x = y 2 

y 



7. x = — sec t, y = tan t, — | < t < | 8. x = esc t, y 二 cot t，0 < t < 丌 

^ sec 2 1 — tan 2 t=l=>x 2 — y 2 = l ^ 1 + cot 2 1 = esc 2 1 => 1 + y 2 = x 2 x 2 - y 2 
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Then x = OG — BG = OG — PE = (a — b) cos ^ — b cos a = 

=(a — b) cos 沒 + b cos ( 0) . Also y = EG = CG — CE = (a — b) sin ^ — b sin a 
=(a — b) sin 沒 一 b sin (7T — 0) = (a — b) sin ^ — b sin ( Q) . Therefore 


(a — b) cos 沒十 b cos ( 0) and y = (a — b) sin 沒 一 b sin ( 0). 


Ifb 


then x = (a — 最 ） cos 6 \ cos 




os 30 = ^ cos 沒 + I (cos 0 cos 26 — sin 9 sin 26) 


*+ •+ h- 

j cos 0 + \ ((cos 0) (cos 2 6 — sin 2 6) — (sin 0)(2 sin 9 cos 6)) 
j cos 沒 + I cos 3 0 


4 i/ — 4 cos 0 sin 2 0 — ^ sin 2 6 cos 0 


- cos 9+1 cos 3 0 — ^ (cos 0) (1 — cos 2 6) = a. cos 3 0; 

(a — I) sin ^ — I sin ( a ~^() ? ) 0 ) = ^ sin 0 — | sin 30 = ^ sin 0 — | (sin 6 cos 26 + cos 6 sin 26) 
in ^ — I ((sin 9) (cos 2 9 — sin 2 6) + (cos 6)(2 sin 0 cos 6)) 


^ sin 

f sin 6 > 
3a 


6 >( 


1 0 + I sin 3 6 cos 2 8 sin 6 


^ sin 0 — ^ sin 6 cos 2 0 + I sin 3 6 


3a 


sin 6 > - f (sin 60 (1 — sin 2 0) 


I sin 3 6 


a sin 3 9. 


0； 


12. > 


< oo 
2 -x 2 
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10 . x = t 2 , y = \/t 4 + 1 , t > 0 


4 y 二 \A 2 + 1， x > 0 

\ y y 


X 



-^y-Vx 2 + i 

1 1 '-y. 

〆 

〆 

、 

% 

\ 

N 

、 

• 

/ 

* 

• 

\ 

\ 

、 

\ 

X 


i = 2 sinh t, y 二 2 cosh t, —oo < t 
=> 4 cosh 2 1 — 4 sinh 2 1 = 4 => y : 


x 


y 




x = t，y = V 4 一卜 ， u s t 
y = \/4 — x 2 





11 . x = — cosh t, y = sinh t, — oo < 1 < oo 
cosh 2 1 — sinh 2 t=l 今 x 2 — y 2 = l 


y 



13. Arc PF = Arc AF since each is the distance rolled and 
= ZFCP Arc PF = b(ZFCP); =0 
O Arc AF = a 6 » ^ a 6 > = b(ZFCP) ^ ZFCP = § 
ZOCG = f - 6 >; ZOCG = ZOCP + ZPCE 
=ZOCP + (f — a) . Now ZOCP = 丌 —ZFCP 
= 7T - § 6 >. Thus ZOCG = tt—§ 6 >+f — a 4 f — 

= 7T— O. = 7T — r 6 6 = 7T — 
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14. P traces a hypocycloid where the larger radius is 2a and the smaller is a 4 x = (2a — a) cos 沒 + a cos 沒 ) 
= 2a cos 0,0 < 0 < 2n, and y = (2a — a) sin ^ — a sin 0) = a sin 沒 一 a sin 沒 = 0. Therefore P traces the 
diameter of the circle back and forth as 6 goes from 0 to 27r. 


15. Draw line AM in the figure and note that ZAMO is a right 
angle since it is an inscribed angle which spans the diameter 
of a circle. Then AN 2 = MN 2 + AM 2 . Now, OA = a, 

^ = tan t, and ^ = sin t. Next MN = OP 

a a 

=>• OP 2 = AN 2 — AM 2 = a 2 tan 2 1 — a 2 sin 2 1 
OP = \/ a 2 tan 2 1 — a 2 sin 2 1 
=(a sin t)\/ sec 2 1 — 1 = .In triangle BPO, 
x = OP sin t = asm3 / = a sin 2 1 tan t and 

cos t 

y = OP cos t = a. sin 2 1 ^ x = a sin 2 1 tan t and y = a sin 2 1 . 


y 



16. Let the x-axis be the line the wheel rolls along with the y-axis through a low point of the trochoid 
(see the accompanying figure). 



Let 9 denote the angle through which the wheel turns. Then h = a 沒 and k = a. Next introduce x’y’-axes 
parallel to the xy-axes and having their origin at the center C of the wheel. Then x’ = b cos a and 
y’ = b sin a，where a = ^ — 6. It follows that x’ = b cos ( 誓一沒 ) =—b sin 沒 and y ; = b sin — 6) 

=— b cos 6 =>• x = h + x r = a 沒 一 b sin 沒 and y = k + y’ = a — b cos 6 are parametric equations of the trochoid. 



17. D= y(x — 2) 2 + (y— i ) 2 今 D 2 = (x - 2 ) 2 + (y - i ) 2 = (t - 2 ) 2 + (t 2 - i ) 2 ^ D 2 = t 4 _ 4t + 导 

=4t 3 —4 = 0 => t=l. The second derivative is always positive for t ^ 0 t = 1 gives a local 
minimum for D 2 (and hence D) which is an absolute minimum since it is the only extremum => the closest 
point on the parabola is ( 1 ， 1 ). 


18. D = ^ (2 cost — I) 2 + (sint —0 ) 2 今 D 2 = (2 cos t — |) 2 + sin 2 t ^ f 

= 2 (2 cos t — I) (—2 sin t) + 2 sin t cos t = (—2 sin t) (3 cos t — 暑 ) = 0 —2 sin t = 0 or 3 cos t — 暴 = 0 

t = 0 , 7 rort=! ， 警 . Now d2 d ( t 〒 2 ) = — 6 cos 2 1 + 3 cos t + 6 sin 2 1 so that 七丄? 2 ) (0) = —3 => relative 
maximum, d 公 ) (tt) = —9 => relative maximum, d 丄 ? ) (!) = !=> relative minimum, and 
d 忍 ) (y) — I ^ relative minimum. Therefore both t = | and t = 警 give points on the ellipse closest to 
the point (|, 0) ^ 1 , 罕 and 1 , — ) are the desired points. 
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22. (a) 


23. (a) 


y 



(b) 


y 


(C) 


y 
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646 Chapter 10 Conic Sections and Polar Coordinates 


24. (a) 



25. (a) 



(b) 


(b) 


x ■ -3 cos I + cos(-3t) 



26. (a) 


(c) 


y 



0<t <2 jt 


y 



x = 6 cos r+ 5 cos 3/， y - 6 sin 2/-5 sin 3r. 
0<t <2n 


⑻ 


⑹ 


y 



0<f 



jf = 6 cos 2/ + 5 cos 6t t >> == 6 sin 4/ — 5 sin 6r, 
0 < f < ^ 
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4. (a) (3, f + 2n7r) and (-3, f 

(b) (—3,1 + 2n7r) and (3 , 警 

(c) (3, - I + 2n 丌 ） and (-3, 

(d) (-3, - I + 2n7r) and (3, 


integer 


5. (a) x = r cos 9 = 3 cos 0 = 3, y = r sin 沒 

(b) x = r cos 0 = —3 cos 0 = —3, y = r s: 

(c) x = r cos 6 = 2 cos 宇 =— 1， y = r si 

(d) x = r cos 6 = 2 cos 字 = 1， y = r sin i 

(e) x = r cos 9 = —3 cos 丌 = 3, y = r sin 

(f) x = r cos 6 = 2 cos | = 1, y — r sin 0 

(g) x = r cos 0 = —3 cos 7/k = —3, y = r 

(h) x = r cos 6 = —2 cos (— f) = — 1, y ： 


9 


*e 


1 ,^ 3 ) 


6. (a) 

X = 

=\fl cos | 

(b) 

X = 

=1 cos 0 = 

(c) 

X = 

二 0 cos | = 

(d) 

X = 

二 — cos 

(e) 

X = 

二 —3 cos 誓 

(f) 

X = 

二 5 cos (tan" 


= 1， y = \fl sin I =] 
1， y = 1 sin 0 = 0 4 
0, y = 0 sin I = 0 4 


3\/3 , 
2 ， . 


-3 sin 警 


I ^ Cartesian coordinates are . 2 , 


m. 


(g) x = — 1 cos 77r = 1, y = — 1 sin 77T = 0 =>• Cartesian coordinates are (1,0) 

(h) x = 2-\/3 cos 亨 =—y — 2\/3 sin 宇 = 3 Cartesian coordinates are 3) 


10.5 POLAR COORDINATES 

1. a, e; b, g; c, h; d, f 2. a, f; 

3. (a) (2,1 + 2n7r) and (—2, | + (2n + l)7r), n an integer 

(b) (2, 2nn) and (—2, （ 2n + l)7r)，n an integer 

(c) (2, ^ + 2n7r) and (— 2 ,誓 + (2n + l)7r) ， n an integer 

(d) (2, （ 2n + l)7r) and (—2,2n7r), n an integer 


integer 

• 

an integer (-3,-n/4) 

(3.JI/4) 

an integer 

• 

(-3.n/4)) 

參 

(3 ，，《 M) 

• 


= 3 sin 0 = 0 => Cartesian coordinates are (3,0) 

in ^ —3 sin 0 = 0 => Cartesian coordinates are (—3,0) 

n 沒 = 2 sin 警 =-\/3 => Cartesian coordinates are 1, \f\ 

9 = 2 sin 宇 =Cartesian coordinates are (1, a/3^ 

6 = —3 sin 7r = 0 ^ Cartesian coordinates are (3,0) 

= 2 sin I = ^ Cartesian coordinates are (1 ， 

sin ^ —3 sin 27r = 0 =>• Cartesian coordinates are (—3,0) 

=r sin ^ = —2 sin (— |) = \^3 =>• Cartesian coordinates ai 


[=> Cartesian coordinates are (1,1) 
Cartesian coordinates are (1,0) 
Cartesian coordinates are (0,0) 


» ， h; c ， g; d，e 



h ( 2 , f ) 

(-2:0) 

(2，0)' 



+ +37rl437r4 
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Section 10.5 Polar Coordinates 649 



23. r cos 0 = 2^- x 二 2, vertical line through (2,0) 24. r sin ^ — 1 ^ y = — 1， horizontal line through (0, 一 1) 

25. r sin 沒 = 0 y = 0, the x-axis 26. r cos 0 = 0^- x = 0, the y-axis 

27. r = 4 esc 9 ^ r = ^ r sin ^ = 4 y = 4, a horizontal line through (0,4) 

28. r = —3 sec 6 ^ r = => r cos 6 = —3 => x = —3, a vertical line through (—3,0) 

29. r cos ^ + r sin ^ = 1 ^ x + y= l, line with slope m = — 1 and intercept b = 1 

30. rsin6> = rcos6> 彳 y = x, line with slope m = 1 and intercept b = 0 

31. r 2 = 1 =>• x 2 + y 2 = 1, circle with center C = (0,0) and radius 1 

32. r 2 = 4r sin 6 =>• x 2 + y 2 = 4y 4 x 2 + y 2 — 4y + 4 = 4 => x 2 + (y — 2) 2 = 4, circle with center C = (0,2) and radius 2 

33. r = sin g_ 2 C r sin 0 — 2r cos 0 = 5 =>■ y — 2x = 5, line with slope m = 2 and intercept b = 5 

34. r 2 sin 20 = 2 => 2r 2 sin 9 cos 0 = 2^ (r sin 6)(r cos 沒 ）=1 xy = 1， hyperbola with focal axis y = x 

35. r = cot 沒 esc 0 = (^|) (r sin 2 0 = cos 6 ^ r 2 sin 2 6 = r cos 0 => y 2 = x，parabola with vertex (0,0) 

which opens to the right 

36. r = 4 tan 9 sec 沒 => r = 4 4 r cos 2 ^ = 4 sin ^ r 2 cos 2 沒 = 4r sin ^ x 2 = 4y, parabola with 

vertex = (0,0) which opens upward 

37. r = (esc 0) e rcos0 ^ r sin 6 = e rcos0 => y = e x , graph of the natural exponential function 

38. r sin 沒 =In r + In cos 汐 =In (r cos 0) ^ y = In x, graph of the natural logarithm function 

39. r 2 + 2r 2 cos 沒 sin 沒 =1 => x 2 + y 2 + 2xy =1 => x 2 + 2xy + y 2 = 1 > (x + y) 2 = 1 =>• x + y = 士 1， two parallel 

straight lines of slope — 1 and y-intercepts b = 士 1 

40. cos 2 6 = sin 2 0 ^ r 2 cos 2 9 = r 2 sin 2 6 =>■ x 2 = y 2 =>• |x| = |y| =>• d=x = y, two perpendicular 

lines through the origin with slopes 1 and — 1, respectively. 

41. r 2 = -4r cos 0 ^ x 2 + y 2 = -4x ^ x 2 + 4x + y 2 = 0 4 x 2 + 4x + 4 + y 2 = 4 => (x + 2) 2 + y 2 — 4, a circle with 
center C(—2,0) and radius 2 
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650 Chapter 10 Conic Sections and Polar Coordinates 

42. r 2 = — 6 r sin 0 ^ x 2 + y 2 = — 6 y 4 x 2 + y 2 + 6 y = 0 4 x 2 + y 2 + 6 y + 9 = 9 => x 2 + (y + 3) 2 = 9, a circle with 
center C(0, —3) and radius 3 

43. r = 8 sin 0 4 r 2 = 8r sin 0 ^ x 2 + y 2 = 8y x 2 + y 2 - 8y = 0 => x 2 + y 2 — 8y + 16 = 16 

4 x 2 + (y — 4) 2 = 16, a circle with center C(0,4) and radius 4 

44. r = 3 cos 沒 # r 2 = 3r cos 9 ^ x 2 + y 2 = 3x x 2 + y 2 - 3x = 0 =>- x 2 - 3x + | + y 2 = 聲 

(x — I) 2 + y 2 = I, a circle with center C (|, 0) and radius | 

45. r = 2 cos 沒 + 2 sin 沒 4 r 2 = 2r cos 沒 + 2r sin 沒 4 x 2 + y 2 = 2x + 2y => x 2 — 2x + y 2 — 2y = 0 

=>• (x — l) 2 + (y _ l) 2 = 2, a circle with center C(l, 1) and radius \/~2 

46. r = 2 cos 沒 一 sin 沒 4 r 2 = 2r cos ^ - r sin 6 ^ x 2 + y 2 = 2x - y 4 x 2 — 2x + y 2 + y = 0 

=>• (x — l ) 2 + (y + I) 2 = I ， a circle with center C (1 ，一 |) and radius ^ 

47. r sin (沒 + !) = 2 r (sin 6 cos | + cos ^ sin |) = 2 =>• 幸 r sin 沒 + ! r cos 0 = 2^- ^ y + | x = 2 

=>■ \/3 y + x = 4, line with slope m = — and intercept b = 含 

48. r sin ( 警 —0) = 5 => r (sin 亨 cos 6 — cos 警 sin 0) = 5 =>• ^ r cos 0 + | r sin 0 = 5 => ^ x + | y = 5 

=>• \/3 x + y = 10, line with slope m = — \/3 and intercept b = 10 

49. x = 7 r cos 6 = 1 50. y = 1 > r sin 沒 =1 

51. x = y ^ r cos ^ = r sin ^ =>■ ^ \ 52. x — y = 3 r cos 沒 一 r sin 沒 = 3 

53. x 2 + y 2 = 4 => r 2 = 4 4 r = 2 or r = —2 

54. x 2 — y 2 = 1 => r 2 cos 2 0 — r 2 sin 2 6 = 1 ^ r 2 (cos 2 6 — sin 2 0) = 1 => r 2 cos 26 = \ 

55. f + ^ = 1 今 4x 2 + 9y 2 = 36 与 • 4r 2 cos 2 9 + 9r 2 sin 2 9 = 36 

56. xy = 2 ^ (r cos 6)(r sin 6) = 2 => r 2 cos ^ sin ^ = 2 2r 2 cos ^ sin ^ = 4 ^ r 2 sin 26 = A 

57. y 2 = 4x ^ r 2 sin 2 6 = Ax cos ^ r sin 2 0 = 4 cos 6 

58. x 2 + xy + y 2 = 1 4 x 2 + y 2 + xy = 1 4 r 2 +r 2 sin 6 cos 6 = 1 r 2 (1 + sin 9 cos 沒 ）=1 

59. x 2 + (y - 2) 2 = 4 4 x 2 + y 2 - 4y + 4 = 4 x 2 + y 2 = 4y 4 r 2 = 4r sin 6 ^ r = 4 sin 沒 

60. (x-5) 2 + y 2 = 25 令 x 2 - lOx + 25 + y 2 = 25 令 x 2 + y 2 = lOx 泠 r 2 = lOr cos (9 r = 10 cos 0 

61. (x - 3) 2 + (y + l) 2 = 4 => x 2 - 6x + 9 + y 2 + 2y + 1 = 4 x 2 + y 2 = 6 x - 2y - 6 ^ r 2 = 6r cos 0 - 2r sin - 6 

62. (x + 2) 2 + (y - 5) 2 = 16 4 x 2 + 4x + 4 + y 2 — lOy + 25 = 16 4 x 2 + y 2 = -4x + lOy - 13 4 r 2 
= 一 4r cos 沒 + lOr sin ^ — 13 

63. (0, 0) where 6 is any angle 
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64. (a) x = a r cos 6 = a. => r = r = a sec 0 

(b) y = b => r sin 沒 =b => r = r = b esc 6 

、 J J sin 6 

10.6 GRAPHING IN POLAR COORDINATES 


1. l+cos(-6>)=l + cos 0 = r ^ symmetric about the 
x-axis; 1 + cos (—0) ^ —r and 1 + cos (7r — 6) 

=1 — cos 6 ^ y ^ not symmetric about the y-axis; 
therefore not symmetric about the origin 


y 



2. 2 — 2 cos (—0) = 2 — 2 cos 0 = x symmetric about the 
x-axis; 2 — 2 cos (—6) ^ —r and 2 — 2 cos (tt — 9) 

二 2 + 2 cos 6 ^ r ^ not symmetric about the y-axis; 
therefore not symmetric about the origin 


3. 1 — sin (—6) = 1 + sin ^ r and 1 — sin (tt — 6) 

=1 — sin 沒 / —r 4 not symmetric about the x-axis; 
1 — sin ( 丌 一 沒 ）=1 — sin 沒 =r symmetric about 
the y-axis; therefore not symmetric about the origin 


y 



4. 1 + sin (—6) = 1 — sin 沒 / r and 1 + sin (tt — 6) 

=1 + sin ^ —r =>• not symmetric about the x-axis; 

1 + sin ( 丌 一 沒 ）=1 + sin 沒 =r 4 symmetric about the 
y-axis; therefore not symmetric about the origin 


y 



5. 2 + sin (—0) = 2 — sin 0 _ r and 2 + sin (n — 0) 

二 2 + sin 沒 / —r 4 not symmetric about the x-axis; 

2 + sin ( 丌 一 沒 ）= 2 + sin 沒 =r symmetric about the 
y-axis; therefore not symmetric about the origin 
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6. 1 + 2 sin (—0) = 1 一 2 sin 沒 # r and 1 -h 2 sin (7r — 6) 

=1 + 2 sin 沒 / —r => not symmetric about the x-axis; 

1 + 2 sin ( 丌 一 沒 ）=1 + 2 sin 沒 =r => symmetric about the 
y-axis; therefore not symmetric about the origin 



7. sin (― I) = — sin (I) = —r > symmetric about the y-axis; 
sin = sin (f), so the graph is symmetric about the 

x-axis, and hence the origin. 


8. cos (— = cos (I) = r symmetric about the x-axis; 

cos = cos ( 昼 ），so the graph is symmetric about the 

y-axis, and hence the origin. 



9. cos (—6) = cos 0 = r 2 => (r, —6) and (—r, —6) are on the 
graph when (r, 6) is on the graph => symmetric about the 
x-axis and the y-axis; therefore symmetric about the origin 


y 



10. sin (7T — 0) = sin 0 = r 2 ^ (r, 7T — 9) and (—r, 7T — 6) are on 
the graph when (r, 9) is on the graph =>■ symmetric about 
the y-axis and the x-axis; therefore symmetric about the 
origin 
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11. - sin (jt — 0) = — sin 6 = r 2 => (r, n — 9) and (—r, tt — 9) 

are on the graph when (r, 0) is on the graph symmetric 
about the y-axis and the x-axis; therefore symmetric about 
the origin 


y 



12. - cos (—0) = — cos 0 = r 2 ^ (r, —0) and (—r, —6) are on 

the graph when (r, 0) is on the graph ^ symmetric about 
the x-axis and the y-axis; therefore symmetric about the 
origin 


13. Since (士 r ， —0) are on the graph when (r, 6) is on the graph 
((士 r) 2 = 4 cos 2( — 6) => r 2 = 4 cos 2 沒 )， the graph is 
symmetric about the x-axis and the y-axis ^ the graph is 
symmetric about the origin 



14. Since (r, 9) on the graph (—r, 6) is on the graph 

((=b r) 2 = 4 sin 26 => r 2 = 4 sin 2 沒 ) ，the graph is 
symmetric about the origin. But 4 sin 2(—0) = —4 sin 20 
7^ r 2 and 4 sin 2(7r — 0) = 4 sin (2tt — 20) = 4 sin (—26) 
=—4 sin 26 ^ r 2 => the graph is not symmetric about 
the x-axis; therefore the graph is not symmetric about 
the y-axis 



15. Since (r, 6) on the graph (—r, 9) is on the graph 
((± r) 2 = — sin 20 => r 2 = — sin 20 ), the graph is 
symmetric about the origin. But — sin 2(—0) = —( — sin 26) 
sin 20 ^ r 2 and — sin 2(7r — 6) = — sin (27r — 20) 

= — sin (—29) = —( — sin 26) = sin 26 ^r 2 =>■ the graph 
is not symmetric about the x-axis; therefore the graph is 
not symmetric about the y-axis 


16. Since (士 r ， —0) are on the graph when (r, 9) is on the 
graph (( 士 r) 2 = — cos 2(—6) ^ r 2 = — cos 29), the 
graph is symmetric about the x-axis and the y-axis => the 
graph is symmetric about the origin. 
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17. 


! > r: 


〆 sin g+r cos 6 

〆 cos 9—r sin 9 


—1 => (—1, |), and 0 = — ^ => r 
^ (—1 ，一 I) ; r’ = 蛊 =—sin 沒 ; Slope 
==> Slope at (-l,f) is 

^2|-(-i C )°J| e - 1; S1 °P e at (- 1 ， - f) is 

— sin 2 (- |)+(-l) cos (_ I) _ i 
-sin (- I) cos (- f)-(-l) sin (- |) 


18. 沒 = 0 => r=—1 => (—1,0), and 0 = tt =^- r=—1 
=>• (-l,7r);r / = ^ = cos 6 ; 

oi nnp _ 〆 sin 6+x cos 9 — cos 6 sin 6+v_ cos 6 
P _ i 7 cos 9—r sin 6 _ cos 9 cos 9—r sin 6 

= 今 Slope at (-1,0) is 

一 1; Slope at (-1 ，幻 is : = 1 


y 




19. 0= \ => r ： 


4 (1 ， f); 1 


=> r 


^ (—l — 牙： M 


T 


=> r : 


^ (— 1 ，孕）； 


37T 

T 


^ l- = 1 ^ (1, 

2 cos 26; 




Slope = 


Slope at (l, I) i 


〆 sin g+r cos 9 

〆 cos 9—i sin 9 


IS 


_ 2 cos 26 sin 9+r cos 6 

2 cos 20 cos 9—r sin 6 
2 cos (I) sin(^)+(l)cos (^) 
2 cos (I) cos (5 ) -⑴ sin (5) 


1 ； 


Slope at (—1, — l) h 
Slope at (—1 ，誓 ） is 


2 cos (— I) sin (— $)+(—1) cos (— 牙） 
2 cos (— I) cos (— 牙 ）一 ( 一 1) sin (― $) 


2 cos | 

㈤ 

M 

» 

+(-l)cos ( 竽） 

2 cos ( 

: f) 

1 cos 

(誓: 

)-(-l)sin ( 竽 ) 


1 ； 


1 ； 


Siopeat^-^) is ；：[：；) ： ^(：|) 


20. 6> = 0 4 r = 1 4 (1,0); f # r = —1 4 (-1, |); 
0 = — ^ ^ r = —1 =4^ (—1, — |) ; ^ = 7r => r=l 
(l ， 7r);r’ = 盖 = -2sin26>; 

oi nnp _ 〆 sin 0-\-x cos 9 — —2 sin 26 sin 9+r cos 0 
P _ t 1 cos 9—t sin 6 


~ —1 sin 26 cos 9—r sin 9 

which is undefined; 


4 Slope at (1,0) is 
Slope at (-1,1) is : =0 ； 


Slope at (—1 ， 
Slope at (1,7r) is 


7 [\ : Q -2 sin 2( - I) sin (- |)+(-l)cos (- |) _ 

2 / —2 sin 2(—I) cos (—!)—(—1) sin (— 妄） ’ 


-2 sin 27 t sin 7r+cos 7r 

-2 sin 27 t cos 7r—sin 7r 


,which is undefined 


y 
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21- (a) 



22. (a) 



23. (a) 



24. (a) 



25. 



(b) 



(b) 


(b) 
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26. r = 2sec0 rcos0 = 2 ^ x=2 … ⑷ 



、 7Jl 、 -tt/4) 



29. (2, 宇） is the same point as (—2, — 牙）； r = 2 sin 2 ( — 牙 ) = 2 sin (— |) = —2 =>• (—2, — |) is on the graph 
> (2, 竽 ） is on the graph 


30. (I, 誓 ） is the same point as |; r = — sin ( 早 ) =—sin | | (— |, |) is on the graph =>• (|, 夸 ) 

is on the graph 


31. 1 + cos 6=1— cos 6 => cos 沒 = 0 => 0 = ^ 

4 r = 1; points of intersection are (l, |) and (1 ， 誓 ）. 
The point of intersection (0,0) is found by graphing. 


32. 1 + sin ^ = 1 — sin ^ =>• sin 沒 = 0 0 = 0,7r =>■ r = 1; 

points of intersection are (1,0) and (1,7r). The point of 
intersection (0,0) is found by graphing. 
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33. 2 sin ^ = 2 sin 29 ^ sin 6 = sin 29 ^ sin 9 
= 2 sin 0 cos 9 => sin ^ — 2 sin 6 cos 沒 = 0 
^ (sin 沒 )（1 — 2 cos 沒 ） = 0 4 sin 沒 = 0 or cos 0 = \ 
=> ^ = 0,7r, I, or — I; ^ = 0 or 7r => r = 0, 

沒二！ => r = \/3, and 0 = — ^ ^ r=— \/3 ； points of 
intersection are (0,0), (\/^, f ), and — f) 



34. cos 0=1— cos 0^2 cos ^ = 1 ^ cos 0 = ^ 

^ ^ = I, — I =>■ r=|; points of intersection are 
Q , I) and ( •，— f) • The point (0,0) is found by 
graphing. 


35. (\/5) = 4 sin 0 => ^ = sin 6 => 0 = | ，誓 ; points 
of intersection are !) and 誓 ). The 

points (\/^，一 f) an d ( \/^, - 誓 ) are found by 
graphing. 


36. \fl sin 6 = \fl cos 6 ^ sin 6 = cos Q =>• 沒 =| ，宇； 
0=1 o r 2 = 1 4 r = 士 1 and 6> = 宇 ^ r 2 =-l 
=> no solution for r; points of intersection are ( ± 1, |) 
The points (0,0) and (士 1, 誓 ） are found by graphing. 


37. 1 = 2 sin 26> 泠 sin 20 = \ ^ 26> = f , f ，爭，爭 
4 沒 = 告 ，g , 错，昔 ；points of intersection are 
(i ， H) ， (i ， 转 ) ， (1 ， 错 )， and (1 ， 帶 ) .No other 
points are found by graphing. 


y 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 












658 Chapter 10 Conic Sections and Polar Coordinates 


38. cos 20 = \fl sin 20 => cos 26 = sin 20 

0/1 _ 7T 57T 97T 137T v O _ 7[ 57T 97T 137T . 

^ 么 17 一 4 ， 1" ， 1" ， T " ^ 17 — 8 ? ~8~ J ~8~ 5 ~8~ 5 

e=l， 9 f ^r 2 = l^r=±l; 0 =f,ft 

=>■ r 2 = — 1 =>• no solution for r; points of intersection are 
( 1 ， I) and ( 1 ， 誓 ）. The point of intersection (0,0) is found 
by graphing. 

39. r 2 = sin 20 and r 2 = cos 20 are generated completely for 

0 < ^ < I. Then sin 26 = cos 26 => 29 = ^ is the only 
solution on that interval => ^ | => r 2 = sin 

4 r = 士 ; points of intersection are (士 - 4 ^, | 

The point of intersection (0,0) is found by graphing. 


2 ⑴ 4 


y 



40. 1 — sin I = 1 + cos | => — sin | = cos | =>• f = t , T 

r=l+cos^ = l-# ; 

0 = Y => r = 1 + cos 孕 =1 + ^ ; points of 
intersection are (1 - 誓，誓 ) and (1 + 穿，孕 ) • The 
three points of intersection (0,0) and (1 士幸 ，|) are 
found by graphing and symmetry. 


y 



57T 137T 

~6 ^ ~ 6 ~ 


41. 1 = 2 sin 20 泠 sin 26> 二 ^ 令 26> = 

沒 = 告 ， ff ，脊，错 ； points of intersection are 

(!> is) ' (!> if)' ( ! > Ti) ' and (!> ir) - The P oints 
of intersection (1 ， ll) ， （ 1，, (l, 帶 ^ and 
(1, 脊 ) are found by graphing and symmetry. 


17tt 

~6~ 


42. r 2 = 2 sin 26 is completely generated on 0 < ^ < ^ so 


that 1 

57T 




， T 


2 


2 sin 20 => sin 26 
普 ； points of intersection are (1, 吾 ） and (1, ) . The 

points of intersection (—1, 吾 ） and (—1, 转 ） are found 
by graphing. 


12 : 



43. Note that (r, 9) and (—r, 0 7r) describe the same point in the plane. Then r = 1 — cos 0 —l — cos (0 + tt) 

=—1 — (cos 6 cos 7r — sin 沒 sin 7r) = — 1 + cos 6 = —(1 — cos 0) = —r; therefore (r, 0) is on the graph of 
r = 1 — cos 6 (—r, ^ + 7r) is on the graph of r = —1 — cos 6 ^ the answer is (a). 
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r = l - cos e 



r = -1 - cos 9 



r = 1 + cose 


44. Note that (r, 6) and (—r, 0 7t) describe the same point in the plane. Then r = cos 20 ^ — sin (2(0 + 7r)) + |) 

= — sin (20 + 夸 ） =—sin (20) cos ( 夸） 一 cos (26) sin ( 誓 ） =—cos 20 = —r; therefore (r, 6) is on the graph of 
r = — sin (20 + !) => the answer is (a). 




y 
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48. (a) 



(d) 


y 



⑻ 


y 



(c) 




49. (a) r 2 = —4 cos 0 ^ cos 0 = ~^;r=l — cos 6 => r = 1 — (— $) => 0 = r 2 — 4r + 4 4 (r — 2 ) 2 = 0 

^ r = 2 ; therefore cos 9 = — ^ = —\ => 0 = 7r ^ (2, 7 r) is a point of intersection 

(b) r = 0 => 0 2 = 4 cos 0 ^ cos 0 = 0^- 沒 =!, 誓 => (0, ！）or (0, 誓 ） is on the graph; r = 0 => 0=1 — 

^ cos 6=1 =>• 沒 = 0 (0,0) is on the graph. Since (0,0) = (0, |) for polar coordinates, the graphs 

intersect at the origin. 

50. (a) Let r = f ( 沒 ） be symmetric about the x-axis and the y-axis. Then (r, 6) on the graph => (r, —6) is on the 

graph because of symmetry about the x-axis. Then (—r,—( — 沒 ) ） =(—r, 6) is on the graph because of 
symmetry about the y-axis. Therefore r = f ( 沒 ） is symmetric about the origin. 

(b) Let r = f ( 沒 ） be symmetric about the x-axis and the origin. Then (r, 6) on the graph ^ (r, -0) is on the 
graph because of symmetry about the x-axis. Then (—r, —0) is on the graph because of symmetry about 
the origin. Therefore r = f(0) is symmetric about the y-axis. 

(c) Let r = f(6) be symmetric about the y-axis and the origin. Then (r, 6) on the graph => (—r, —6) is on the 
graph because of symmetry about the y-axis. Then (—(—r), —0) = (r, —0) is on the graph because of 
symmetry about the origin. Therefore r = f(0) is symmetric about the x-axis. 


51. The maximum width of the petal of the rose which lies along the x-axis is twice the largest y value of the curve 
on the interval 0 < ^ < |. So we wish to maximize 2y = 2r sin 沒 = 2 cos 2^ sin ^ on 0 < ^ < |. Let 
f (沒 ） = 2 cos 2 沒 sin 沒 = 2 (1 — 2 sin 2 6) (sin 沒 ）= 2 sin 沒一 4 sin 3 6 => f f (0) = 2 cos 0—12 sin 2 6 cos 6. Then 
i'(6) = 0 2 cos 0 — \2 sin 2 0 cos 沒 = 0 => (cos ^)(1—6 sin 2 沒 ） = 0 cos 沒 = 0 or 1 — 6 sin 2 沒 = 0 4 沒 


sin6> 
= 2 


— ±i 

- 76 - 
㈤ ■ 


sin 


interval 0 < ^ < | 

2y/6 

~ 9 ~' 


Since we want 0 < ^ < |, we choose 0 
-4 

.Therefore the maximum width occurs at 0 


(75) => f ( 沒）二 2 sin 沒 一 4 sin 3 6 


= 2^6 ^ We can see from the graph of r = cos 26 that a maximum does occur in the 


sin 


(*)， 


and the maximum width 


is 


52. We wish to maximize y = r sin 0 = 2(1 + cos 6)(sm 6) =2 sin 9 2 sin 6 cos 6. Then 

% = ^ cos 0 + 2(sin 0)(— sin 6) -\-2 cos 9 cos 6 = 2 cos 6 — 2 sin 2 6 - \-2 cos 2 0 = 2 cos 6 A cos 2 9 — 2; thus 
黑 = 0 4 4 cos 2 0 2 cos 0 — 2 = 0 2 cos 2 0 + cos ^—1=0 => (2 cos 6 — l)(cos ^+1) = 0 => cos 9 = 

or cos 0 = —\ =>■ 沒 =! ，警，丌 . From the graph, we can see that the maximum occurs in the first quadrant so 
we choose 9 = ^ . Then y = 2 sin ! + 2 sin | cos ! = . The x-coordinate of this point is x = r cos | 

= 2(1+ cos |) (cos f) = I. Thus the maximum height is h = occurring at x = |. 
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Section 10.7 Area and Lengths in Polar Coordinates 

10.7 AREA AND LENGTHS IN POLAR COORDINATES 

1. A= I (4 + 2 cos 0) 2 dO = J o I (16 + 16 cos 0 + 4 cos 2 0) d0 = [8 + 8 cos 6 2 ( 1 + C 2 0S 26 ) ] 

=(9 + 8 cos 9 + cos 20) dO = [99 + 8 sin 0 + ^ sin 26] ^ = 187r 

2. A = I [a(l + cos 6)] 2 dO = | a 2 (1 + 2 cos 9 + cos 2 9) dO = ^ a 2 J q (l + 2 cos 0 + 1 + C 2 0S29 ) dO 

=^ a 2 J q (|+2 cos cos 26) dO = ^sl 2 [| 0 + 2 sin 0 + | sin 29] ^ = 17ra 2 

3 - A = 2/ ； /4 icos 2 20d0 = / ； /4 i±f^ d 0=i[0+^]； /4 =| 

4. A = 2 J* I (2a 2 cos 20) d0 = 2a 2 J ^ cos 29 dO = 2a 2 ^, 4 = 2a 2 

5. A = £ /2 ^(4 sin 20) d9 = fj 1 2 sin 26» dd = [- cos 29} V J 2 = 2 

6. A = ⑹ (2) (2 sin 30) d6» = 12 J^sin 30 d6» = 12 [- ^ = 4 

7. r = 2 cos 6 and r = 2 sin ^ => 2 cos 沒 = 2 sin 沒 

cos 9 = sin 6 =>• 沒 =|; therefore 

A = 2 jj /4 | (2 sin 0) 2 d0 = f: 4 sin 2 (9 d6» 

= f: /4 4 d 829 ) d0 = f: /4 (2-2 cos 29) dd 
=[26» - sin 29} q / 4 = f - 1 


8. r = 1 and r = 2 sin ^ ^ 2 sin ^ = 1 ^ sin 沒 =^ 

=> 沒 =I oi ■ 誓 ； therefore 

A = tt( 1) 2 - /J.^ 6 i [(2 sin Of - l 2 ] d6» 

= 7 r -/: / 6 ( 2 Sin 20 -s) d0 

= 77 - f w/6 (l - cos 26 - i) d6» 

= ^~C 6 ^- COSW ) d0 = 7T-[i0-^]^ 6 

= w _ (if _ 5 sin t) + (n * 5 sin I) = 471 


y 



y 
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9. r = 2 and r = 2(1 — cos 0) ^ 2 = 2(1 — cos 0) 

^ cos ^ = 0 =>• 0 = 士 f; therefore 

A = 2 / 0 " /2 |[2(1 - cos 6)] 2 d9+ iarea of the circle 

= 上 / 4(1—2 cos 0 H- cos 2 0) + (17r) (2) 2 

= f:’ 2 4(1 -2cos6>+ H d6» + 27r 

= / (4 — 8 cos ^ + 2 + 2 cos 26) dO + 27r 

=[6^ — 8 sin 0 + sin 29] + 2 丌 = 5 丌 _ 8 



10. r = 2(1 — cos 6 ) and r = 2(1 + cos 0 ) => 1 — cos 6 

=1 + cos 0 ^ cos 0 = 0^- ^ = I or ^ ; the graph also 
gives the point of intersection (0,0); therefore 

A = 2 f:’ 2 i [2(1 - cos 0)f d6> 十 2 fjj [2(1 + cos 0)] 2 d6 

=J q ’ 4(1—2 cos 6 + cos 2 6) dO 

+ J /2 4(1+2 cos 6 + cos 2 0) d6 

=f: 2 4(1 -2cos6>+ 1+c 2 os2 ” d6> + f 二 4(1 +2 cos (9 + 1+c 2 os2 ” dO 

= / (6 — 8 cos 6 - 2 cos 20) dO + J /2 (^ + 8 cos 6 - 2 cos 29) d6 

=[6^ — 8 sin 0 + sin 26] + [6^ + 8 sin 6 + sin 20] = 67r — 16 



11. r = \pb and r 2 = 6 cos 2Q ^ 3 = 6 cos 2^ => cos 2 沒 


4 


6 


(in the 1st quadrant); we use symmetry of the 


graph to find the area, so 
A = 4 £ /6 i (6 cos 26) - i (v^)' 


d9 


2 


£ /6 (6 cos 29 - 3) d9 = 2 [3 sin 29 - 30] q /6 


3v/3 


y 



12. r = 3a cos 0 and r = a(l + cos 6) ^ 3a cos 6 = a(l + cos 9) 


y 


4 3 cos 沒 =1 + cos 0 => cos 0 = ^ ^ = I or — I; 

the graph also gives the point of intersection (0,0); therefore 

A = 2 J q / I [(3a cos 0) 2 — a 2 (l + cos 6) 2 ] 

= J o (9a 2 cos 2 6 — d? — 2a 2 cos 0 — 2 ? cos 2 0) d6 

=J q (8a 2 cos 2 0 — 2a 2 cos 6 — sl 2 ) d6 

=J。/ [4a 2 (1 + cos 26) — 2a 2 cos 6 — a 2 ] dO 

= (3a 2 + 4a 2 cos 20 — 2a 2 cos 6) dO 

=[3a 2 ^ + 2a 2 sin 26 — 2a 2 sin 0] = 7ra 2 + 2a 2 (|) — 2a 2 
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13. r = 1 and r = —2 cos 0^1 = —2 cos 6 =>■ cos ^ 

=> 6 = in quadrant II; therefore 

A = 2£ /a i [(-2 cos Of - l 2 ] d6 = £ /3 (4cos 2 6 - 1) d6 
=£ /3 [2(1+cos 29) 一 1] d0 = £ /3 (1+2 cos 29) d9 
=[0 + sin 29] 2^3 = f + ^ 

14. (a) A = 2 J o I (2 cos(9 + l) 2 d(9 = J q (4 cos 2 0 + 4 cos 0 + 1) cW = 丄 [2(1 + cos 26) + 4 cos (9 + 1] d<9 

=/ (3 + 2 cos 2^ + 4 cos 9) d9 = [36 + sin 29 4 sin 9] f’ 3 二 2 丌 一 幸 + = 2 丌 + 

(b) A = (27r + — (7T — = 7r + 3\/3 (from 14(a) above and Example 2 in the text) 




16. r 2 = 6 cos 2 沒 and r = | sec ^ | sec 2 0 = 6 cos 26 ^ = cos 2 9 cos 20 ^ = (cos 2 0) (2 cos 2 ^ — 1) 

4 I = 2 cos 4 6 — cos 2 0 => 2 cos 4 6 — cos 2 0 — ^ = 0 ^ 16 cos 4 ^ — 8 cos 2 ^ — 3 = 0 


or cos 2 0 


^ =>• cos 沒 = 土 ^ (the second equation has no real 


4 (4 cos 2 6 + 1)(4 cos 2 ^ — 3) = 0 cos 2 ❹— 4 

roots) => 0 = I (in the first quadrant); thus A = 2 J o | (6 cos 26 — \ sec 2 0^ d0 = J* q / (6 cos 20 — | sec 2 0) 


d6 


[3 Sin2 0- ， tanC， 6 = 3 (#)- 赤 = 竽 - ㈤㈤ 


17. (a) r = tan 0 and r = esc 0 => tan 6 = (f) esc 0 

sin 2 6 = ( 幸 ) cos 6^1— cos 2 9 = ( 幸 ) cos 6 

^ cos 2 0 + (f) cos ^—1=0 cos 6 = — \/2 oi 

(use the quadratic formula) ^ | (the solution 

in the first quadrant); therefore the area of Ri is 



Ai = J o \ tan 2 0 dO = ^ J q / (sec 2 6 — 1) d6 =\ [tan 0 — 6]^ 4 = ^ (tan 牙 - |) 


AO=(#) 


esc \ — and OB 


㈤ 


令 AB 


/ i 2 -(#) 2 


2 


^ the area of R 2 is A 2 = | ( 幸 ) (¥) = i ; therefore the area of the region shaded in the text is 
2(^ — | + = | — f. Note: The area must be found this way since no common interval generate 


example, the interval 0 < ^ < | generates the arc OB of r = tan 6 but does not generate the segment AB of the line 

r = ^ esc 9. Instead the interval generates the half-line from B to +00 on the line r = ^ esc 9. 

(b) lim tan 9 = 00 and the line x = 1 is r = sec 6 in polar coordinates; then lim (tan 6 — sec 6) 

9 —> 7r/2 _ 6 7r/2 _ 

=lim d - -^) = lim (= lim (= 0 4 r = tan 6> approaches 

e tt/2 - Kcos9 cos9j e tt/ 2 - v cos0 ; e n/2 - K ~ smdJ 

r = sec 0 sis 0 —>• =>• 1 ' = sec 沒 （or x = 1) is a vertical asymptote of r = tan 0. Similarly, r = — sec 6 
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(or x 


-1) is a vertical asymptote of r = tan 0. 


18. It is not because the circle is generated twice from 沒 = 0 to 2tt. The area of the cardioid is 
A = 2 ^ (cos 0 1) 2 d9 = J q (cos 2 6 2 cos 6 1) d6 = J q ( 1 + c 2 os 29 + 2 cos 6 1) d0 


36 1 S1 -^ + 2 sin q = y . The area of the circle isA = 7r(|) = 牙 => the area requested is actually 


LT 


37T _ 7[ — 57T 
~2 4 ~ ~4~ 


19. r = ^ 2 , 0 < ^ < \/~5 ^ ^ = 26; therefore Length 




\/5 


/ ((9 2 ) 2 + (26>) 2 d6>= / \/6> 4 + 46> 2 d6> 


I 沒 I y/0 2 4 d9 = (since 0 > 0) f 沒 2 + 4 d 沒 ； [u = 6 2 4 => ~ du = 0 d6\ 0 = 0=^ u = 4, 


令 u = 9 


— 11 =! [|u 3 / 2 ]: 


19 

3 


20. r ： 


^,0<e<n ^ I = 表 ; therefore Length = £ ^ (^) + (^) dd = £ ^2 (f) AO 
=J\ e dd= [e e ] o = e" - 1 


21. r = 1 + cos 0 ^ ^ 


sin 6\ therefore Length 


^/(l + cos 6) 2 + (— sin 0) 2 d6 


£V2 + 2oos6dd = 2 J^^±^d9 = 4 /； d0 = 4 /；cos (f) d0 = 4 [2 sin |] 


22. r = a sin 2 |,O<0<7r, a>0 => ^ = a sin | cos |; therefore Length = J q y (a sin 2 |) 2 + (a sin | cos |) 2 d 沒 
= 工。 J a 2 sin 4 I + a 2 sin 2 | cos 2 | dO = a |sin || J sin 2 | + cos 2 | = (since 0 < ^ < 7r) a / sin (!) d 沒 


-2a cos 昼 ] 0 二 2a 


23. r: 


6 


l + cos 6 


,0 < 6> < f ^ 


dr _ 

dd — (1 + cos 9) 2 


6 sin 6 


疒 tt/2 

;therefore Length = / 


L + cos 6 ) 


6 sin 9 
(1 + cos 0) 2 


d6 


r d0 = 6 r i 丄 ! 




sin 2 9 Ad 
(1+cos Of U(7 


二 since 


l 


1 + cos 0 

6f:\ 1 


> OonO < 0 <|) 6 / 0 X/2 ( tt ^) 」 


2 + 2 cos 9 


d8 = 6v ^ J；' 2 


d0 


+ cos 0 / y (1+cos 6)- _ V Jo (1 + cos 6) 3 / 2 

3 上 / sec 3 I d0 = 6 上 / sec 3 u du = (use tables) 6 
[I In I sec u + tan u|] : ’ 4 )= 


1+2 cos 9 + cos 2 6 + sin 2 ^ 

d ^=3/； 2 | 


(1 + cos 6) 2 


2J 


sec 3 || 


sec u tan u 1 兀 /4 丄 1 
2 」 0 十 2 


r 


sec u du 


6 


(72 


V^ + ln(l +v^) 


24. r ： 


1 — cos 6 ? 2 


< 0 < 7T => 


dr _ —2 sin 6 

dd _ (1 — cos 6) 2 

d0 = X;Jr 


;therefore Length = 5/ 2 \j (l 


.1( 2 'l 2 | | 

(-2 sin 6 \ 

\ i-cose) ^ ' 

^ (1 — cos 9) 2 J 


dO 


sin 2 0 


X/2 Y (1 - cos d) 2 (1 丁 (1 - cos 9) 

(since 1-cos^ >0onf <0<^) 2 


2 _I / (1 - cos 6) 2 + sin 2 6 

cos 6 I y (1 — cos 6) 2 


1 — 2 cos 6 + cos 2 9 + sin 2 6 aq 
(1 — cos 9) 2 


dd 


2 1^/ 2 ( I-lose) \j ( 2 1 -COS°^ ^ = 2 V^ X/ 2 (l-COS 0)3/2 " 
J 2 csc 3 (|) d6 = (since esc |>0on|<^<7r) 2 


^ x ； 


de 


(2sin2!) 


3/2 


X/ 2 i csc3 fi dd 


esc 3 u du = (use tables) 
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Section 10.7 Area and Lengths in Polar Coordinates 665 


([一 cscucotu^ V2 + I csc udu^) =2(-L- [i ln|cscu + cotu|] = 2 ! In (W+ 1) 

=V^ + ln(l +0) 

25. r = cos 3 I => 盖 =—sin 曼 cos 2 |; therefore Length = 上 (cos 3 |) 2 + (— sin | cos 2 |) 2 d0 

= f : /4 \/ cos6 (I) + sin2 (j) cos4 (!) d0 = f: (cos 2 I) \/ cos 2 (f) + sin 2 d) dd = iT cos2 (f) de 



26. r = \J 1 + sin 20 ,0 < ^ < 7r\/2 => 盡 =! (1 + sin 2^) _1 / 2 (2 cos 26) = (cos 26)(1 + sin 2 沒 ) _1 ’ 2 ; therefore 

Length = J^y ( l + sin29)+ I ^- ) d9 = ^ + 册 

= = / 广一 : 

27. r = \/1 + cos 29 =>• 盡 =| (1 + cos 20)~ 1 ^ 2 (—2 sin 26)\ therefore Length = 上 ,^/(l + cos 20) + - (1 d 沒 

=£’ 2 y i+2cos2 f ： c C o°f2 2 / +slZ ^d^ = f: 〜 2 ~r^d0 = f:’ 2 加 = [㈣ ^ = 2 兀 

28. (a) r = a 4 盖 = 0; Length = \/a 2 + 0 2 |a| d6 = [a^] ^ = 27ra 

(b) r = a cos 6 => 盡 =—a sin 沒 ; Length = 上 \J (a cos 6) 2 + (—a sin 6) 2 a 2 (cos 2 6 4 - sin 2 6) d6 

= f Q |a| d6 = [a6>] J = vra 

(c) r = a sin 沒 => 盖 =a cos 6\ Length = 上 yj (a cos 6) 2 + (a sin 0) 2 a 2 (cos 2 0 + sin 2 9) d6 

=f Q |a| dO = [a0] o = Tra 


29. r = yj cos 20 ,0 < ^ < | => % ^ (cos 2 沒 ) _1 / 2 (— sin 20)(2)= 工 ;therefore Surface Area 

=JT (2 町 C0S 0 ) \j (Vcos 26， ) 2 + (tSI ) 2 de = Io / 4 ( 27T ^ COS 2d ) (C0S d) \ / C0S 20 + 函 dd 
= (2r\/cos 20) (cos 6)yJ dO = 2n cos 9 dO = [27r sin 9] q^ 4 = 7r-\/2 

30. r = \/^ e0/2 , 0 < ^ < | =>• ^ = \fl (|) e 0/2 = ^ e〜 2 ; therefore Surface Area 

= J g K/2 (sin 6») ^(V^e" 2 ) 2 + (#e 9 / 2 ) 2 d0 = £ ， 2 (2ir^/2e e ^ (sin 9 ) 扣 + i e 9 d6» 

=J q (27r\/5e 0/2 ) (sin 沒 ) 卻 =J: ^27r\/2e 0/2 ^ (sin 沒 )( 邊 e 0/2 ^ dO = 27r\/5 1 e 0 sin ^ 

= 27r\/5 [y (sin ^ — cos 0)\ n J 2 = tt\/~5 (e 7 ^ 2 +1) where we integrated by parts 

31. r 2 = cos 26 ^ r = \J cos 2d ; use r == \/cos 2d on [0, |] ^ % = \ ( cos 20) _ " 2 (— sin 26)(2)= 二 ; 
therefore Surface Area = 2 上 (2 丌 /cos 2 汐 ) (sin 0) yj cos 29 + = 益 cW = 4 丌 \/cos 26 (sin 6) ^ c ^ 2 e ^ 
= 47r J q / sin 6 dO = 4tt [— cos 0] ^ = 47r — ^ — (—1) = 2 兀 (2 — y^) 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



























































666 Chapter 10 Conic Sections and Polar Coordinates 


32. r = 2a cos ^ ^ % = —2a sin 0; therefore Surface Area 二 上 27r(2a cos 沒 )(cos 0)^/(2a. cos 9) 2 + (—2a sin 6) 2 d6 

= 4a7r (cos 2 6) 4a 2 (cos 2 6 + sin 2 0) d6 = 8a7r (cos 2 6) |a| = 8a 2 7r cos 2 6 dO 

= 8a 2 7r J:( H d 0 = 4a 2 7r £(1 + cos 20 ) d 6 = 4a 2 7r [ 6 + \ sin 20 ] n Q = 4a 2 7r 2 

33. Let r = f(6>). Then x = f( 0 ) cos 6 ^ ^ = f f ( 6 ) cos 6 - f(6>) sin 6> ^ ( 盖 ) 2 = [f’(6>) cos (9 - f( 0 ) sin 6>] 2 
=[f’(0)] 2 cos 2 6 — 2 f\ 6 ) f( 0 ) sin 6 cos ^ + [f(^)] 2 sin 2 9 \y = f( 6 ) sin 6 ^ 靠 =f ’ ⑼ sin 沒 + f(^) cos 6 

泠 ( 靠 ) 2 = [f(6>) sin 9 + f(0) cos 0} 2 = [f’(6>)] 2 sin 2 6> + 2f(6>)f(6>) sin 6> cos 6> + [f(6>)] 2 cos 2 0. Therefore 
(I) 2 + ( 旬 2 = [ f, W] 2 (cos 2 0 +sin 2 0) + _)] 2 (cos 2 0 + sin 2 0) = [f ， (0)] 2 + _)] 2 = r 2 + (|) 2 . 

Thus，L = £ V (|) 2 +(!) 2 de = f: — + ( 盏 ) 2 服 

34 . ⑻ r av = ^ J 。 a(l — cos 0 )d 0 = ^[ 0 - sin 0] ^ = a 
(b) r av = ^=5 fo a 册 = 忐 o' = a 

⑹ r av = fT/2 acos 0d0 = H asin 0 ]1 2 /2= f 

35. r = 2f(9), a<9<p ^ % = 2i\9) ^ r 2 + ( 盖 ) 2 = [2f(0)] 2 + [2f(0)] 2 ^ Length = _£ ^4[ 炒 )]2 + 4 [f'(0)] 2 d0 
— 2 J \J [f(0)] 2 + [f’(0)] 2 dd which is twice the length of the curve r = f(&) for a < 0 < /3. 

36. Again r = 2 f( 9 ) 泠 r 2 + ( 盖 ) 2 = [2f(6»)] 2 + [2f’(0 )] 2 泠 Surface Area = / 二 2 兀 [2 邱 ） sin 6»] ^ 4 [f( 9)] 2 + 4 [f'id )] 2 A 6 

: 4 工 2 丌 [f(0) sin 0] \J [f(0)] 2 + [f'(0)] 2 dO which is four times the area of the surface generated by revolving 
r = f( 0 ) about the x-axis for a < 6 < ( 3 . 


37. x ： 


[a(l + cos 0)] 3 (cos 6) dd | a 3 / (1 + 3 cos 0 + 3 cos 2 6 + cos 3 0) (cos 6) d9 


I / r 3 cos 6 d9 

•J JO_ _ u_ _ xJ u 

r 2 dd [a(l +cos d)] 2 dd a 2 (1+2 cos d + cos 2 9) dd 

=a [cos 9 + 3 ( 1 + ? s2e ) + 3 (1 - sin 2 0) (cos 6) + ( 1+c 2 os2e ) 2 ] dd 
/ o Z "[l + 2 cos ( 1+ c 2 os 2 e )fd^ 


(After considerable algebra using 


the identity cos z A 


2 八 — 1+cos 2A 、 a fo (|f+ f cos I cos 2^ - 2 cos ^ sin 2 ^ cos 49) dd 


J" (|+2 cos 0+5 cos 29) dd 


a [|| 0 + I sin 0 +1 sin 20 — I sin 3 0 + ^ sin A 0 \ ^ a ( 誓丌 ) 5 • 

— 3tt ~ 6 a； 


[le+2sme+\sm2e] 0 


y 


1 / r 3 sin 6 dd 


Jo r2d0 

6 = 2 丌 => u = 2a] 


[a(l + cos 0)] 3 (sin 9) d6 


-|u 3 du 


;[u = a(l + cos 6) =>• — - du = sin ^ d^; ^ = 0 =>• u = 2a; 


38 


3jt — 告 = 0. Therefore the centroid is (x, y) = (| a ， 0) 

|/Vsin9de _ l/Vsinffdfl _ fa 3 [-cos 9 ]； _ ® a 3 
y _ £r^de - 


a 2 7T 


a 2 7T 


a 2 7r — a 2 7r 

- — Therefore the centroid is (x, y) = (0, |^). 
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Section 10.8 Conic Sections in Polar Coordinates 667 


10.8 CONIC SECTIONS IN POLAR COORDINATES 


1. r cos (^ — |) = 5 4 r (cos 6 cos | + sin ^ sin f) = 5 4 cos ^ | r sin ^ = 5 4 ^x+|y = 5 => v^ x + y 

=10 4 y = —v^x+10 

2. r cos [0 —2 r (cos 6 cos 誓 + sin 沒 sin 誓 ）= 2 4 ^ r cos 沒 + 穿 r sin 沒 = 2 

泠 - #x+^y = 2 泠 ->/2x+v^y = 4 ^ y = x + 2v^ 

3. r cos ( 沒一警 ）= 3 4 r (cos 9 cos 誓 + sin 沒 sin 亨 ） = 3 4 | r cos ^ ^ r sin ^ = 3 

^ x — y = 3 x + -\/3 y = —6 y = - x - 2\/3 

4. rcos(0-(-|))=4 4 r cos (沒 + I) = 4 => r (cos 6 cos | — sin ^ sin |) = 4 

4 ^rcos 0 — ^r^\\\6 = A ^ ^x — = 4 \/2x — \/ly = 8 y = x — 4\/2 


5. r cos (^ — l) = \fl => r (cos 0 cos | + sin ^ sin |) 

— \P^ ^ ~^ 2 T cos 沒 + ^j rs in0 = \/2 x + -^ y 

=\/l ^ x + y = 2 y = 2 — x 


6. r cos (0 + 誓 ）=1 => r (cos 6 cos 警 —sin 0 sin 誓 ）=1 
^ ^ r cos 6 — ^rsinO = l ^ x + y = —\fl 

^ y = -x- y/l 


y 



7. r cos (0 — 夸 ）= 3 4 r (cos 6 cos 誓 + sin 0 sin y) = 3 
^ r cos ^ + ^rsin^ = 3 ^ —|x+^y = 3 
=> —x + \/3 y = 6 =>■ y = ^ x + 2-\/3 


y 
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668 Chapter 10 Conic Sections and Polar Coordinates 


8. r cos (0 + |) = 2 r (cos 6 cos ! — sin 0 sin |) = 2 
^ r cos 6 — 6 = 2 => | x — ^-y = 2 

4 x - y^y = 4 ^ y = ^-x— 



9. \/lx + \pl y = 6 => \/2 r cos 0 + \/2rsin 沒 = 6 4 r(f cos 沒十 f sin 沒 ) = 3 => r (cos | cos ^ + sin | sin 9 ) 
= 3 => r cos — I) = 3 


10. y/3 x — y = 1 => \/3r cos ^ — r sin ^ = 1 => r cos 沒 一 | sin 沒 )=| r (cos | cos ^ — sin | sin 6) 

=I ^ rcos (0+1) = I 

11. y = —5 ^ r sin ^ —5 =>■ —r sin 沒 = 5 => r sin (—沒 ） = 5 => r cos (f — (—沒 )） = 5 => r cos {6 + |) =5 

12. x = —4 r cos 6 = —4 => —r cos 0 = 4 => r cos (0 — tt) = 4 


13. r = 2(4) cos ^ = 8 cos 0 


14. r = -2(1) sin 6 =-2 sin 9 
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Section 10.8 Conic Sections in Polar Coordinates 


21. (x — 6) 2 + y 2 = 36 4 C = (6,0)，a = 6 
4 r = 12 cos 0 is the polar equation 


22. (x + 2) 2 + y 2 = 4 泠 C = (—2,0)，a = 2 
=> r = —4 cos 6 is the polar equation 



y 

r ■ -4 cos 9 
(x + 2) 2 + y 2 -4 

- x 



23. x 2 + (y — 5) 2 = 25 泠 C = (0,5 )， a = 5 
=> r = 10 sin 9 is the polar equation 


24. x 2 + (y + 7) 2 = 49 泠 C = (0, -7), a = 7 
=> r = —14 sin ^ is the polar equation 


y y 




25. x 2 + 2x + y 2 = 0 4 ( x + l) 2 + y 2 = 1 

C = (_l ， 0) ， a=l => r =—2 cos 沒 is 
the polar equation 


26. x 2 - 16x + y 2 = 0 => (x - 8) 2 + y 2 = 64 
=> C = (8,0)，a = 8 => r = 16 cos 6 is the 
polar equation 



y 



27. x 2 +y 2 + y = 0 x 2 + (y+|) 2 = 1 

C = (0, — , a = ^ r = —sin 0 is the 

polar equation 


28. x 2 +y 2 -|y = 0 ^ x 2 + (y-|) 2 = | 

=> C = (0,1) , a = I =>• r = I sin 0 is the 
polar equation 


y 
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670 Chapter 10 Conic Sections and Polar Coordinates 





y 


x--2 


r 4 

2-2 cos0 

-2 




29. e=l,x = 2 => k = 2 => r = y 


+ ( 1 ) cos 6 — 1 +cos 6 


30. e=l，y = 2 4 k = 2 => r = T+W^e = T+iO 

31. e = 5, y = —6 今 k = 6 泠 r — 6(5) - 

32. e = 2, x = 4 => k = 4 =>■ r = 


1 — 5 sin 0 _ 1—5 sin 6 


8 


1 + 2 cos 9 _ 1+2 cos 6 


33. e = x = 1 => k = 1 4 r = 


- (I) cos 6 ~ 2 +cos 6 


34. e = 恥 X = -2 4 k = 2 4 r = 卜 (、) cos0 = 4^0 


35. e = 去 ， x = —10 4 k = 10 r 


(D( 10 ) _ 10 

- ( 5 ) sin 9 5-sin 0 


36. e=!，y = 6 k = 6 ^ r 


- (I) sin 9 — 3+sin 0 


37 - r — l+cos 0 ^ e=l ， k=l => 


38. r = 


2 + cos 0 — 1 + (i) cos 9 


^ e=*，k = 6 4 x 二 6; 


a (1 — e 2 ) = ke 4 a 1 — ⑴ 


^ 4 a： 


=>• a = 4 =>• ea = 2 


39. r 


25 


4 r : 


(ii) — (I) 


10 — 5 cos 6 L 1 — cos 6 1 — (^) cos 9 

e = I, k = 5 => x = —5; a(l — e 2 ) = ke 


4 a 


-ar 


2 ^ 4 a ~ 2 ^ a ~ T ^ ea ~ 3 


40. r = 2 - 2 4 cos 6 ^ r ~ 1 -cos 0 


=>• e=l，k = 2 4 x = —2 
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41. 


400 

16 + 8 sin 6 




r = i + 




^ — 1 + (|) sin 0 


e = - ， k = 50 4 y = 50; a (1 — e 2 ) = ke 
^ a 1 — Q) 2 = 25 =>• I a = 25 => a = ^ 
^ ea=f 


y 




45. 


y 



0 s r s 2 cos 0 

0 

LJ 2 


46. 


y 



47. 



48. 


y 
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672 Chapter 10 Conic Sections and Polar Coordinates 

49. 50. 




51. 



r = 8/(4 + cos Q) 




54. 


y 



56. 



57. (a) Perihelion = a — ae = a(l — e), Aphelion = ea + a = a(l + e) 


Planet 

Perihelion 

Aphelion 

Mercury 

0.3075 AU 

0.4667 AU 

Venus 

0.7184 AU 

0.7282 AU 

Earth 

0.9833 AU 

1.0167 AU 

Mars 

1.3817 AU 

1.6663 AU 

Jupiter 

4.9512 AU 

5.4548 AU 

Saturn 

9.0210 AU 

10.0570 AU 

Uranus 

18.2977 AU 

20.0623 AU 

Neptune 

29.8135 AU 

30.3065 AU 

Pluto 

29.6549 AU 

49.2251 AU 
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Section 10.8 Conic Sections in Polar Coordinates 


58. Mercury: r 
Venus: r = 
Earth: r = 
Mars: r 
Jupiter: r = 
Saturn: r = 
Uranus: r 二 
Neptune: r 


1 + 0.2056 cos 6 
0.7233 


(0.3871) (1-0.2056 2 ) — 0.3707 

1 + 0.2056 cos 6 
• (0.7233) (1-0.0068 2 ) 

1 + 0.0068 cos 6 _ 1 + 0.0068 cos 6 

1 (1 -0.0167 2 ) _ Q.9997 

1 +0.0167 cos 9 _ 1 +0.0617 cos 9 
(1.524) (1 -0.0934 2 ) — 1,511 

1+0.0934 cosd 


(5.203)(1 -0.0484 2 ) _ 
1 + 0.0484 cos 9 ~ 

(9.539) (1 -0.0543 2 ) _ 
1 + 0.0543 cos 6 — 

(19.18) (1-0.0460 2 ) 

1 + 0.0460 cos 6 ' 

_ (30.06) (1-0.0082 2 ) 
" 1 + 0.0082 cos 6 


1+0.0934 cos0 
5.191 

'1 + 0.0484 cos 6 
9.511 

"1 + 0.0543 cos 6 
19.14 

— 1 + 0.0460 cos 6 
30.06 

_ 1 + 0.0082 cos 0 


59. (a) r = 4 sin ^ r 2 = 4r sin 6 ^ x 2 + y 2 = 4y; 
r = \pb sec 0 ^ r = ^ r cos 6 = \/3 

4 x = 0; x = y/3 ^ + y 2 = 4y 


^ 2 sin 0 cos 6 


73 


7/k_ 




or f ; <9 ： 


=> sin 20 

I ^ r 




^ 29 


or 


2, and 0 = \ 


^ r 


2x/3 ^ (2,1) and (20, 
of intersection in polar coordinates. 


are the points 


(b) 


4 y 2 — 4y + 3 = 0 (y — 3)(y —1) = 0 y = 3 
or y = 1. Therefore in Cartesian coordinates, the points 

of intersection are 3) and 1). In polar 
coordinates, 4 sin ^ = \/3 sec 0 =>• 4 sin 6 cos 0 = \/3 



60. (a) 


r = 8 cos 9 ^ r 2 
^ x 2 — 8x + y 2 


二 8x 
16; 


r = 2 sec 0 ^ r = ^ ^ r cos 9 


^ X : 


8r cos 9 ^ x 2 + y 2 
0 ^ (x — 4) 2 + y 2 = 

= 2 

2; x = 2 泠 2 2 - 8(2) + y 2 = 0 
4 y 2 = 12 => y = 士 2\/3. Therefore (2, 士 2\/3^ 

are the points of intersection in Cartesian coordinates. 

In polar coordinates, 8 cos ^ = 2 sec ^ ^ 8 cos 2 Q — 2 
^ cos 2 6 = ^ ^ cos 6 = ± I =>• 沒 =!, 警，誓 ， or 
0 = I and y r = 4, and 0 =^f and y 
r = —4 =>• (4, f) and (4, 亨 ） are the points of 


(b) 



18 cos 0 


intersection in polar coordinates. The points (—4, 亨 ） and (—4, 亨 ） are the same points. 
61. r cos ^ = 4 => x = 4 => k = 4: parabola => e = 1 4 r : 


1 + cos 6 


62. rcos(0-f)=2 ^ r (cos 0 cos I + sin ^ sin = 2 ^ r sin ^ = 2 => y = 2 ^ k = 2: parabola ^ e 
2 


^ r : 


- sin 6 
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63. (a) Let the ellipse be the orbit, with the Sun at one focus. 
Then r max = a + c and r— = a - c 4 卜：， 

imax I imrn 

_ (a + c)-(a-c) _ 2c _ c _ 

— (a + c) + (a — c) — 2a — a — 

(b) Let Fi, F2 be the foci. Then PFi + PF2 = 10 where 
P is any point on the ellipse. If P is a vertex, then 
PFi = a + c and PF 2 = a — c 
^ (a + c) + (a _ c) = 10 

2a = 10 => a = 5. Since e = ^ we have 0.2 = | 
c = 1.0 the pins should be 2 inches apart. 



64. e = 0.97, Major axis = 36.18 AU 4 a = 18.09, Minor axis = 9.12 AU 4 b = 4.56 (1 AU « 1.49 x 10 8 km) 

r= ke = a(l-e 2 ) = (18.09) [l-(0.97) 2 ] = 1.07 att 

— 1+e cos 6 — 1+e cos 6 _ 1+0.97 cos 6 — 1+0.97 cos 6 

(b) 6> = 0 今 r = « 0.5431 AU ^ 8.09 x 10 7 km 

(c) 0 = 7T ^ r= 。 35.7 AU« 5.32 x 10 9 km 


65. x 2 + y 2 — 2ay = 0 ^ (r cos 0) 2 + (r sin 0) 2 — 2ar sin ^ = 0 
r 2 cos 2 0 -\-r 2 sin 2 9 — 2ar sin ^ = 0 ^ r 2 = 2ar sin 0 
=> r = 2 sl sin 6 


66. y 2 = 4ax + 4a 2 (r sin 0) 2 = 4ar cos 9 + 4a 2 => r 2 sin 2 6 
= 4ar cos 0 + 4a 2 =>■ r 2 (1 — cos 2 6) = 4ar cos 0 + 4a 2 
^ r 2 — r 2 cos 2 6 = 4ar cos 0 + 4a 2 r 2 
=r 2 cos 2 6 + 4ar cos 6 + 4a 2 =>• r 2 = (r cos 9 + 2a) 2 
=> r = 士 （r cos 6 + 2a) => r — r cos ^ = 2a or 
r + rcos0 = -2a ^ r= TZ |^orr= ; 

the equations have the same graph, which is a parabola 
opening to the right 



67. x cos o ： + y sin o ： = p ^ r cos 0 cos a + r sin ^ sin a = p 
^ r(cos 0 cos a ： + sin ^ sin a) = p => r cos (6 — a) = ^ 



68. (x 2 + y 2 ) 2 + 2ax (x 2 + y 2 ) — a 2 y 2 = 0 

=>• (r 2 ) 2 + 2a(r cos 6) (r 2 ) — a 2 (r sin 9) 2 = 0 

4 r 4 + 2ar 3 cos 0 — a 2 r 2 sin 2 沒 = 0 

=> r 2 [r 2 + 2ar cos 沒 一 a 2 (1 — cos 2 6)] = 0 (assume r 7^ 0) 

4 r 2 + 2ar cos ^ — a 2 + a 2 cos 2 ^ = 0 

4 (r 2 + 2ar cos ^ + a 2 cos 2 沒 ) 一 a 2 = 0 

=> (r + a cos 0) 2 = a 2 ^ r + a cos 沒 = 士 a 

=> r = a(l — cos 沒 ）or r = —a(l + cos 6)\ 



r = a(±l - cos 0 ) 
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the equations have the same graph, which is a cardioid 


69 - 70. Example CAS commands: 

Maple: 

with( plots );#69 

f := (r,k,e) -> k*e/(l+e*cos(theta)); 

elist := [3/4,1,5/4]; # (a) 

PI := seq( plot( f(r,-2,e), theta=-Pi..Pi, coords=polar), e=elist): 

display( [PI], insequence=true, view=[-20..20,-20..20], title= M #69(a) (Section 10.8)\nk=-2"); 

P2 := seq( plot( f(r,2,e), theta=-Pi..Pi, coords=polar), e=elist): 

display( [P2], insequence=true, view=[-20..20,-20..20], title= M #69(a) (Section 10.8)\nk=2"); 
elist2 := [7/6,5/4,4/3,3/2,2,3,5,10,20]; #(b) 

P3 := seq( plot( f(r,-l,e), theta=-Pi..Pi, coords=polar), e=elist2 ): 

display( [P3], insequence=true, view=[-20..20,-20..20], title="#69(b) (Section 10.8)\nk=-l, e>l"); 
elist3 := [1/2,1/3,1/4,1/10,1/20]; 

P4 := seq( plot( f(r,-l,e), theta=-Pi"Pi, coords=polar), e=elist3 ): 
display( [P4], insequence=true, title=’’#69(b) (Section 10.8)\nk=-l, e<l"); 
klist := # (c) 

P5 := seq( plot( f(r,k,l/2), theta=-Pi..Pi, coords=polar), k=klist): 
display( [P5], insequence=true, title="#69(c) (Section 10.8)\ne=l/2, k<0”）; 

P6 := seq( plot( f(r,k,l), theta=-Pi..Pi, coords=polar), k=klist): 

display( [P6], insequence=true, view=[-4..50,-50..50], title="#69(c) (Section 10.8)\ne=l, k<0 M ); 

P7 := seq( plot( f(r,k,2), theta=-Pi..Pi, coords=polar), k=klist): 
display([P5], insequence=true, title="#69(c) (Section 10.8)\ne=2, k<0"); 

Mathematic a: (assigned function and values for parameters and bounds may vary): 

To do polar plots in Mathematica, it is necessary to first load a graphics package 

In the PoIarPlot command, it is assumed that the variable r is given as a function of the variable 6. 

〈〈 Graphics 、 Graphics 、 

f[6>_, k_,ec_]:= (k ec) / (1 + ec Cos[6»]) 

PolarPlot[{ f[6, -2, 3/4], f[6>, -2, 1], f[6>, -2, 5/4]}, {0, 0, 2tt}, PlotRange -> {-20, 20}, 

PlotStyle ^ {RGBColor[l,0, 0], RGBColorfO, 1,0], RGB Color [0, 0, 1]}]; 

PolarPlot[{ f[6, -1, 1], f[(9, -2, 1], f[<9, -3, 1], f[6>, -4, 1], f[6, -5, 1]}, {6, 0, 2tt}, PlotRange ^ {-20, 20}, 
PlotStyle ^ 

{RGBColor[ 1,0,0], RGBColor[0,1,0], RGBColor[0, 0, 1,, RGBColor[.5, .5,0], RGBColor[0, .5, .5]}]; 
The limitation on the range is primarily needed when plotting hyperbolas. 

Problem 70 can be done in a similar fashion. 


CHAPTER 10 PRACTICE EXERCISES 

1. x 2 = -4y >y = — 穿 =>4p = 4#p=l; 2. x 2 = 2y#^=y>4p = 24p=|; 

therefore Focus is (0, —1), Directrix is y = 1 therefore Focus is (0, |); Directrix is y = — | 
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3. y 2 = 3x ^ x —^ ^ 4p = 3 => p =|； 
therefore Focus is (|, 0), Directrix is x = —聋 


y 



5. 16x 2 + 7y 2 = 112 y + ^ = l 

c 2 = 16 — 7 = 9 => c = 3;e=^ = | 


y 



7. 3x 2 - y 2 = 3 泠 x 2 - f = 1 泠 c 2 = 1 + 3 = 4 
=> c = 2;e=【= y = 2; the asymptotes are 

y = 士 v^ x 



4. y 2 = — |x>X=-"^>4p=|>p=|; 
therefore Focus is 0) , Directrix is x = ■ 



6. x 2 + 2y 2 =4^- ^ + ^ = 1 ^c 2 = 4- 2 = 2 
泠 c= 72 ;e= ^ ^ 



8. 5y 2 - 4x 2 = 20 4 $ — f = 1 今 c 2 = 4 + 5 = 9 



9. x 2 = — 12y = y => 4p = 12 => p = 3 focus is (0, —3 )， directrix is y = 3, vertex is (0,0); therefore new 

vertex is (2,3), new focus is (2,0), new directrix is y = 6, and the new equation is (x — 2) 2 = — 12(y — 3) 

10. y 2 = lOx ^ ^=x=»4p=10^p=| ^ focus is (| ,0) , directrix is x = - 昼 ， vertex is (0,0); therefore new 
vertex is (— | ， 一 1) , new focus is (2, —1)，new directrix is x = —3, and the new equation is (y + l) 2 = 10 (x + |) 

11. 誓 + — = 1 = 5 and b = 3 c = \/25 — 9 = 4 => foci are (0 ， 士 4 ) ， vertices are (0, 土 5), center is 

(0,0); therefore the new center is (—3, —5), new foci are (—3, —1) and (—3, —9), new vertices are (—3, —10) and 
(—3,0), and the new equation is (x "^ 3)2 + ( y 工 5 5 ) 2 = 1 


12 . 备 + 右 =1 4 a = 13 and b = 12 => c = \J 169 — 144 = 5 4 foci are (士 5, 0) ， vertices are (士 13, 0), center 
is (0,0); therefore the new center is (5,12), new foci are (10,12) and (0,12), new vertices are (18,12) and 
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(—8,12)，and the new equation is (x ^ )2 + ( y 


13 - \ 




vertices are 


y 


a = 2\/2 and b = -\/2 c = + 2 = \/l0 => foci are (0, 士 ， 

0, 士 , center is (0,0), and the asymptotes are y = 士 2x; therefore the new center is (2, 2^/2 ^, new foci are 

2, 2^/2 ± v^), new vertices are (2,4\/^) and (2,0)，the new asymptotes are y = 2x - 4 + 2\/2 i 

—2x + 4 + 2\/2 ； the new equation is — ~~g^—^ - ^ x ~ 2)2 =1 


and 


14 - 


a = 6 and b = 8 
is (0,0) and the asymptotes are | 


c = y / 36~-j-64 = 10 => foci are (士 10, 0) ， vertices are (士 6, 0) ， the center 
二 士 |ory = 士等 x; therefore the new center is (—10, —3), the new foci are 


(—20, —3) and (0, —3), the new vertices are (—16, —3) and (—4, —3), the new asymptotes are y = |x+^and 


y = — I x — ^ ; the new equation is 


(x+10) 2 
~ 36 ~ 


(y + 3) 2 
64 


15. x 2 - 4x - 4y 2 = 0 =>• x 2 - 4x + 4 - 4y 2 = 4 (x — 2) 2 — 4y 2 = 4 4 (x ~ 2)2 - y 2 = 1, a hyperbola; a = 2 and 
b = 1 4 c = \/1 + 4 = \/~5 ; the center is (2,0), the vertices are (0,0) and (4,0); the foci are (2 士 \/5,0^ and 
the asymptotes are y = 士 


16. 4x 2 - y 2 + 4y = 8 => 4x 2 — y 2 + 4y — 4 = 4 4 4x 2 - (y — 2) 2 = 4 4 x 2 — (y ~ 2)2 = 1， a hyperbola; a = 1 and 
b = 2 c = \/1 + 4 = y/5 ; the center is (0,2), the vertices are (1,2) and (—1 ， 2)，the foci are (士 y/5, 2^ and 
the asymptotes are y = 士 2x + 2 


17. y 2 — 2y + 16x = —49 => y 2 — 2y + 1 = — 16x — 48 => (y — l) 2 = — 16(x + 3)，a parabola; the vertex is (—3,1); 
4p = 16 =>• p = 4 => the focus is (—7,1) and the directrix is x = 1 


18. x 2 — 2x + 8y = —17 x 2 — 2x + 1 = — 8y — 16 ^ (x — l) 2 = —8(y + 2), a parabola; the vertex is (1, —2); 

4p = 8 =>• p = 2 => the focus is (1, —4) and the directrix is y = 0 

19. 9x 2 + 16y 2 + 54x - 64y = -1 今 9 (x 2 + 6x) + 16 (y 2 -4y) = -1 ^ 9(x 2 + 6x + 9) + 16 (y 2 - 4y + 4) = 144 

4 9(x + 3) 2 + 16(y — 2) 2 = 144 4 (x j~ 6 3 ) 2 + 〜: 2 ) 2 = 1, an ellipse; the center is (—3,2); a = 4 and b = 3 

=> c = \/l6 — 9 = y/l ; the foci are (—3 士 \/^ ， 2) ; the vertices are (1,2) and (—7,2) 

20. 25x 2 + 9y 2 - lOOx + 54y = 44 泠 25 (x 2 -4x) + 9 (y 2 + 6y) = 44 ^ 25 (x 2 — 4x + 4) + 9 (y 2 + 6y + 9) 二 225 

=>■ ( x : 2 ) 2 + (y 工 5 3 ) 2 = 1, an ellipse; the center is (2, —3); a = 5 and b = 3 4 c = \/25 — 9 = 4; the foci are 

(2,1) and (2, 一 7); the vertices are (2,2) and (2, 一 8) 


21. x 2 + y 2 — 2x — 2y = 0 => x 2 — 2x + 1 + y 2 — 2y + 1 = 2 =>• (x — l) 2 + (y — l) 2 = 2, a circle with center (1,1) and 
radius = \/~2 

22. x 2 + y 2 + 4x + 2y = 1 => x 2 + 4x + 4 + y 2 + 2y + 1 = 6 =>• (x + 2) 2 + (y + l) 2 = 6, a circle with center (—2, —1) 
and radius = \/~6 

23. B 2 — 4AC = 1 — 4(1)(1) = -3 < 0 4 ellipse 24. B 2 — 4AC = 4 2 - 4( 1)(4) = 0 今 parabola 

25. B 2 - 4AC = 3 2 - 4(1)(2) = 1 > 0 今 hyperbola 26. B 2 — 4AC = 2 2 - 4(l)(-2) = 12 > 0 泠 hyperbola 
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678 Chapter 10 Conic Sections and Polar Coordinates 

27. x 2 — 2xy + y 2 =0 => (x — y) 2 = 0 => x — y = 0ory = x，a straight line 


28. B 2 - 4AC = (-3) 2 — 4( 1)(4) = -7 < 0 ^ ellipse 

29. B 2 — 4AC = l 2 — 4(2)(2) = —15 < 0 泠 ellipse; cot 2a = ^ = 0 泠 2a = | ^> a = | ； x = ^ ^ and 

+ f y ^ 2 (f /) 2 + (^x^f y) f y ，) +2 (f x ，+ # y ，) 2 —15 = 0 

泠 5x ,2 + 3y ,2 = 30 

30. B 2 — 4AC = 2 2 — 4(3)(3) = -32 < 0 ^ ellipse; cot 2a = ^ = 0 泠 2a = f o;=|;x = fx’ 一 fy’and 

+ f y ^ 3 (f y) 2 + 2(f y) (f x ，+f y) +3 (f x ，+f y) 2 = 19 

泠 4x’ 2 + 2y’ 2 = 19 

31. B 2 — 4 AC = (2\/^) — 4(1)(—1) = 16 => hyperbola; cot 2a = = * => 2a = ^ ^ a=|;x=fx’ 一 *y’ 

andy=Ix^+f / ^ (# x’— • y’) 2 + 20 (f x’- • y ’） （* x ’+ f y ’） 一 （| x ’+ f y ’) 2 = 4 

泠 2x ,2 - 2y ,2 = 一 4 泠 y， 2 - x ,2 = 2 

32. B 2 - 4AC = (-3) 2 — 4(1)(1) = 5 > 0 今 hyperbola; cot 2a = ^ = 0 泠 2a = f 今 a =|;x=#x ’ 一幸 y’ 

andy= f x ’ + f y ’ 今 （f x ’—# y ’) 2 — 3 (f x ’_f y ’）(f + f/) + (f /) 2 = 5 

=> I y ,2 — I x ,2 = 5 or 5y ,2 — x /2 = 10 

33. x = ! tan t and y = \ sec t => x 2 = ^ tan 2 1 34. x = —2 cos t and y = 2 sin t 4 x 2 二 4 cos 2 1 and 

and y 2 = \ sec 2 1 => 4x 2 = tan 2 1 and y 2 = 4 sin 2 1 4 x 2 + y 2 = 4 

4y 2 = sec 2 1 4 4x 2 + 1 二 4y 2 => 4y 2 — 4x 2 = 1 
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38. 
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y 


y 


0 < r < 6 cos 0 



39. 

d 

40. 

e 

41. 1 

42. f 

43. 

k 

44. 

h 

45. i 

46. j 

47. 

r = sin 沒 and r = 

1 + sin 沒 

sin ^ = 1 + sin 9 

泠 0= 1 

y 


so no solutions exist. There are no points of intersection 
found by solving the system. The point of intersection 
(0,0) is found by graphing. 



48. r = cos 6 and r = 1 — cos 9 => cos 6=1— cos 6 

^ cos G = l => 沒 = |, — I; 沒 =| => r = i ^ — I 

4 r=i. The points of intersection are (| ， f) and 
G ， — f) . The point of intersection (0,0) is found 
by graphing. 


y 



X 

cos 9 


49. r = 1 + cos 0 and r = 1 — cos 沒 => 1 + cos 0 = 1— cos 0 
^ 2 cos 0 = 0^- cos 0 = 0^ 沒 =!, 夸；沒 = |or 誓 
r = l. The points of intersection are (l, |) and (1, 夸 ）. 
The point of intersection (0,0) is found by graphing. 


y 
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50. r = 1 + sin 0 and r = 1 — sin ^ ^ 1 + sin 沒二 1 _ sin 沒 
^ 2 sin ^ = 0 =>• sin ^ = 0 ^ 6 = 0, n; 0 = 0 or n 
^ r = l. The points of intersection are (1,0) and (1,7r). 
The point of intersection (0,0) is found by graphing. 


y 



51. r = 1 + sin 0 and r = — 1 + sin 0 intersect at all points of 
r = 1 + sin 沒 because the graphs coincide. This can be 
seen by graphing them. 


y 



52. r = 1 + cos 6 and r = — 1 + cos 6 intersect at all points of 
r = 1 + cos 6 because the graphs coincide. This can be 
seen by graphing them. 


y 



53. r = sec 6 and r = 2 sin ^ ^ sec ^ = 2 sin ^ 

^ 1 = 2 sin ^ cos 6 =>• 1 = sin 2^ 26 = ^ 

x = 2 sin I = \/2 =>• the point of intersection is 
(\/^，f ) . No other points of intersection exist. 


54. x = —2 esc 6 and r = —4 cos 6^—2 esc 0 = —A cos 0 
^ 1 = 2 sin ^ cos 0 => 1 = sin 26 =>■ 20 = ^ , ^ 

^ e=^, 5 f;0=^ ^ r=-4 cos I = -2^2 ； 

0 = # r = —4 cos 孕 = 2\fl. The point of 

intersection is 誓 ) and the point (-2v^, is the 

same point. 


y 
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55. rcos (沒 + f) = 2 a/ 3 ^ r (cos 0 cos | — sin ^ sin 
= 2\/3 => I rcos ^ ^ r sin ^ = 2 

4 r cos 6 — \/3r sin ^ = 4\/3 =>• x — \/3y = 4\/3 
^ y = ^ x — 4 


56. r cos (0 — ^) = ^ ^ r (cos 0 cos + sin 6 sin 警 ) 

—^ ^ r cos 9 sinO = ^ => —x + y= l 

4 y = x + 1 


57. r = 2 sec 6» ^ r = ^ ^ r COS 0 = 2 ^ x=2 


y 



58. r = — \/2 sec 6 =>■ r cos 0 = —y/l =>• x = —\/2 


y 



x»-V2 



-V5 



59. r = 

二 一 | esc 0 => r sin ^ = 

-\ ^ y = -l 

i 




-3/2 

y = —3/2 

60. r = 

= 3 \/3 esc 0 =>■ r sin ^ = 

= 3\/3 y = 3^/3 

y 

^ y « 3^3 
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61. r = -4 sin ^ r 2 = -4r sin x 2 + y 2 + 4y = 0 
=>■ x 2 + (y + 2) 2 = 4; circle with center (0, —2) and 
radius 2. 



62. r = 3^/3 sin 9 ^ r 2 = 3\/3r sin 0 

^ x 2 +y 2 - 3^3y = 0 x 2 + (y - #) 2 = 罕 
circle with center (0, and radius 


63. r = 2\/2 cos 6 => r 2 = 2\f2x c( 
4 x 2 + y 2 - 2v^x = 0 fx 
circle with center 


V2)\f 

(0) and radius \J~2 


2； 


64. r = —6 cos 9 ^ r 2 = — 6r cos 0 => x 2 + y 2 + 6x = 0 
=>• (x + 3) 2 + y 2 = 9; circle with center (—3,0) and 
radius 3 



65. x 2 + y 2 + 5y = 0 ^ x 2 + (y+ f) 2 = f ^ C = (0, 一 昼 ) 
and a = f ; r 2 + 5r sin ^ = 0 r = —5 sin 6 


66. x 2 + y 2 - 2y = 0 泠 x 2 + (y — l) 2 = 1 泠 C = (0,1) and 
a = 1; r 2 — 2r sin 6> = 0 今 r = 2 sin 6> 


y 
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67. x 2 + y 2 - 3x = 0 ^ (x- |) 2 +y 2 = ? C= (暑， 0) 
and a = |; r 2 — 3r cos 0 = 0^ r = 3 cos 0 


r - 3 cos 0 


(*- I) +Z-I 

px, 

l (3^.0) J 


68. x 2 + y 2 + 4x = 0 今 (x + 2) 2 + y 2 = 4 4 C = (-2,0) 
and a = 2; r 2 + 4r cos ^ = 0 =>• r = —4 cos 9 


* -4 cos 6 


y (-2.0) j 


(x + 2) +y 


69. r = t + ^ ps ^ ^ e = 1 =>• parabola with vertex at (1,0) 



70. r: 


_8_ r= _4_ 

2 + cos 9 1 + cos 6 


^ q = b ^ ellipse; 


ke = 4 泠 |k = 4 泠 k = 8;k=L ea 泠 8 


(I) 


^ a = y => ea = Q) (y) = |; therefore the center is 
7r) ; vertices are (8,7T) and (|，0) 




8 


l 2 + cos 0 




f 

Vv (8/3.7C) 


r (8/3,0) 




71. r = i _ 2 6 cos d => q = 2 ^ hyperbola; ke = 6 => 2k = 6 
=> k = 3 => vertices are (2, tt) and (6, tt) 


72. r 


12 

3 + sin 0 


r 


-(!) sin 0 


=> e = J ; ke = 4 


4 lk = 4 ^ k=12;a(l-e 2 )=4 4 a [l - 

= 4 => a = I => ea = (士） （I) = I; therefore the 
center is ; vertices are (3, |) and (6, 



73. e = 2 and r cos 6 = 2^- x = 2is directrix => k = 2; the conic is a hyperbola; r 

4 


ke 


L + e cos 6 


^ r 


4 r 


1+2 cos 6 
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74. e = 1 and r cos 6 = —4 => x = —4 is directrix ^ k = 4; the conic is a parabola; r = l _ 七 os e r = x e 

x= 4 
— 1 — 1 - cos ^ 

75. e = iandrsin0 = 2 ^ y = 2 is directrix ^ k = 2; the conic is an ellipse; r = ^ r = i + ( |)lL 

> r- 2 

— 1 — 2 +sin 0 

76. e = ! and r sin 0 =-6 ^ y =-6 is directrix ^ k = 6; the conic is an ellipse; r = rr^ ^ r = 

^ r ~ 3-tin0 

77. A = 2i r 2 d6» = £(2 - cos Of dd = fj(4 — 4 cos 6» + cos 2 9) d9 = fj (4 - 4 cos 0 + 1 +c 2 os29 ) dd 

=J ; (警 一 4 cos 0 + d0 = [I 0 — 4 sin 6» + ^ = | tt 

78- A= / ； /3 i(sin 2 30) A6 = d0 = I [0 - 1 sin 60] f 

79. r = 1 + cos 29 and r = 1 ^ 1 = 1+ cos 2 沒 4 0 = cos 2 沒 4 2^ = | 沒 =|; therefore 
A = 4 £ /4 i [(1 + cos 26f - l 2 ] d6» = 2 /^(l + 2 cos 29 + cos 2 20- 1) d9 
= 2 £ /4 (2 cos 29+1 + d6 = 2 [sin 29+^9+ : /4 = 2 (1 + | + 0) = 2 + 牙 


80. The circle lies interior to the cardioid (see the graphs in Exercises 61 and 63). Thus, 

A = 2 J I [2(1 + sin 9)] 2 d9 — 7r (the integral is the area of the cardioid minus the area of the circle) 

=J 二 4 (1 + 2 sin 沒 + sin 2 0) d6 — 7r = J /2 (6 + 8 sin ^ — 2 cos 20) d6 — 7T = [66 — S cos 6 — sin 20] / 2 —丌 


[37T — (—37r)] — tt = 5 tt 


81. r ： 


-1 + cos 0 => 


! 4(1 — cos 6 ) 


dr 

d9 

d6 = 


—sin Length 


^/(—1 + cos 6) 2 + (— sin 9) 2 = I y / 2--2~cos _ ^ d 沒 


f/2sinf d0= [-4cosf]^ = (-4)(-1) - (-4)(1) = 8 


82. r = 2 sin 汐 + 2 cos 0, 0 < 0 < ^ ^ 盖 = 2 cos ^ — 2 sin 9\ r 2 + 


= 8 (sin 2 0 + cos 2 60 = 8 4 L = 


£ /2 \/^d0= 2^/2 0 


( 盖广 =(2 sin 0 + 2 cos 0) 2 + (2 cos 0 — 2 sin 6) 2 
20(f) =71^2 


83. r = 8 sin 3 (|) , 0 < 0 < f ^ § = 8 sin 2 (f) cos (f) ;r 2 + ( 盡 ) 2 = [8 sin 3 (f)] 2 + [8 sin 2 (f) cos (f)] 2 
= 64 sin 4 (f) ^ L= Jr—n"!) d0 = J；''8 sin 2 (f) d0 = d9 
= / ； /4 [4-4cos(f)] d6 =[40-6sin(f)]f = 4 (|) - 6 sin (|) - 0 = ^ - 3 


84 . 


r = Vl+cos20 ^ ^ = |(l+cos 29 )^\- 2 ^ 29 )= 今（盖 f 

v r 2 _i_ / dr \ ^ — i I „„„ I sin 2 26 — (1 + cos 29) 2 + sin 2 26 _ 1 + 2 cos 26 + cos 2 26 + sin 2 29 

^ 1 卞 —丄卞 LUb 卞 1 + cos 29 — 1 + cos 29 — 1+cos 29 

二 4 L = fS /2 V^de = [| - ( - I)] = 
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85. r = \J cos 20 => 盖 = 工 ;Surface Area = 27r(r sin 0) ^/r 2 + (^) 2 d0 

= 27r \/cos 20 (sin 0 ) cos 20 + ^ ^ ⑽ 2 tt \/cos 26 (sin 9) C( ^ 2 e 洲 = 上 〆2 丌 sin 沒 d 沒 

= [2n (— cos 9)] o^ 4 = 2 兀 (1 _ #) = (2 — \/2^ tt 

86. r 2 = sin 26 => 2r 盡 = 2 cos 20 r ^ = cos 20; Surface Area = 227r(r cos 0) y r 2 + ( 靠 ) 2 d6 

= 2j o 27r(cos 9) y r 4 + (r ^) 2 d0 = 2 27r(cos 0) \J (sin 20) 2 + (cos 20) 2 = 2 2n cos 6 dO 

= 2 [2tt sin 6] = 4n 

87. (a) Around the x-axis: 9x 2 + 4y 2 = 36 => y 2 = 9 — | x 2 => y = 士 ^9 - ^ x 2 and we use the positive root: 

V = 2 f 0 、 (V 9 -! x2 ) dx = 2 /: 兀 (9 一 I x 2 ) dx = 2 tt [9x x 3 ] 卜 24tt 

(b) Around the y-axis: 9x 2 + 4y 2 = 36 => x 2 =4-|y 2 => x = 士 」 A — | y 2 and we use the positive root: 

v = 2 f 0 、(\A - - y2 ) dy = 2 / 0 3 冗 ( 4 一拿 y 2 ) d y = 2?r [ 4 y - ^ y 3 ] o = 167r 

88. 9x 2 一 4y 2 = 36, x = 4 今 y 2 = 今、二 \ a/x 2 - 4; V = J\ (| Vx 2 一 4) 2 dx = 罕 £(x 2 - 4) dx 

=T [誓 _ 叫 ;= 罕 [(f _ 16) _ (I — 8)]= 罕 （f 一 f) = _ (32) = 24 tt 


89. Each portion of the wave front reflects to the other focus, and since the wave front travels at a constant speed 
as it expands, the different portions of the wave arrive at the second focus simultaneously, from all directions, 
causing a spurt at the second focus. 

90. The velocity of the signals is v = 980 ft/ms. Let ti be the 
time it takes for the signal to go from A to S. Then 
di = 980tiand d 2 = 980(ti + 1400) 

今 d 2 - di = 980(1400) = 1.372 x 10 6 ft or 259.8 miles. 

The ship is 259.8 miles closer to A than to B. 

The difference of the distances is always constant (259.8 
miles) so the ship is traveling along a branch of a hyperbola 
with foci at the two towers. The branch is the one having 
tower A as its focus. 



91. The time for the bullet to hit the target remains constant, say t = to. Let the time it takes for sound to 
travel from the target to the listener be t 2 . Since the listener hears the sounds simultaneously, ti = t。+12 
where t x is the time for the sound to travel from the rifle to the listener. If v is the velocity of sound, then 

vti = vto + vt 2 or vti — vt 2 = vto. Now vti is the distance from the rifle to the listener and vt 2 is the distance 
from the target to the listener. Therefore the difference of the distances is constant since vto is constant so 
the listener is on a branch of a hyperbola with foci at the rifle and the target. The branch is the one with the 
target as focus. 

92. Let (ri, ^i) be a point on the graph where ri = a 沒 i. Let (r 2 , 62 ) be on the graph where r 2 = a 沒 2 and 

0 2 = 0i 27r. Then ri and T 2 lie on the same ray on consecutive turns of the spiral and the distance between 
the two points is — ^ = a 沒 2 — a 沒 i = a ( 沒 2 — 沒 i) = 27ra, which is constant. 
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=>■ the center is (y, 0) ; x — 4 
1 or 


—18 . v _ 28 
一了 9 X - 了 

( x _ 28) 2 2 

therefore the equation is 、 ( 扭 + 和 


c c : 


28 


so that c 2 


a 2 — b 2 


25(x-fr 

144 


16 


2 . 


3. 


4. 


and the 


f 

cle 


94. 


93. 


k r + er cos 9 = k ^ >/x 2 + y 2 + ex = k ^ >/x 2 + y 2 = k — ex 4 x 2 + y 2 

x 2 — e 2 x 2 + y 2 + 2kex — k 2 = 0 (1 — e 2 ) x 2 + y 2 + 2kex — k 2 = 0 


(a) r = i + ecos^ 

=k 2 — 2kex + e 2 x 2 


(b) e = 0 4 x 2 + y 2 — k 2 = 0 => x 2 + y 2 = k 2 circle; 

0 < e < 1 #e 2 <l e 2 - 1 < 0 ^ B 2 - 4AC = 0 2 - 4 (1 - e 2 ) (1) = 4 (e 2 — 1) < 0 4 ellipse; 
e = 1 今 B 2 - 4AC = 0 2 - 4(0)( 1) = 0 令 parabola; 

e > 1 令 e 2 > 1 令 B 2 - 4AC = 0 2 — 4 (1 - e 2 ) (1) = 4e 2 — 4 > 0 泠 hyperbola 


(a) The length of the major axis is 300 miles + 8000 miles + 1000 miles = 2a a = 4650 miles. If the 
center of the earth is one focus and the distance from the center of the earth to the satellite's low point is 
4300 miles (half the diameter plus the distance above the North Pole), then the distance from the center 
of the ellipse to the focus (center of the earth) is 4650 miles — 4300 miles = 350 miles = c. Therefore 


7 

4650 miles — 93 - 


350 miles 


(b) r ： 


a(l~e 2 ) 


4 r : 


4650 1 - ㈤ 2 


430,000 


mile 


1 + e cos 6 A — (l + ^ cos 9 ) — 93+7 cos 6 

^PTER 10 ADDITIONAL AND ADVANCED EXERCISES 


Directrix x = 3 and focus (4,0) => vertex is (|, 0) 
p = ^ the equation is x — | y 



x 2 — 6x — 12y + 9 = 0 4 x 2 — 6x + 9= 12y 4 (x ~^ )2 = y => vertex is (3,0) and p 
directrix is y = —3 


=> focus is (3,3) 


x 2 = 4y ^ vertex is (0,0) and p = 1 => focus is (0,1); thus the distance from P(x, y) to the vertex is >/x 2 + ; 
and the distance from P to the focus is -\/x 2 + (y — l) 2 \/x 2 + y 2 = 2^/x 2 + (y - l) 2 

^ x 2 + y 2 二 4 [x 2 + (y — l) 2 ] 4 x 2 + y 2 = 4x 2 + 4y 2 — 8y + 4 3x 2 + 3y 2 — 8y + 4 = 0, which is a cii 


Let the segment a + b intersect the y-axis in point A and 
intersect the x-axis in point B so that PB = b and PA = a 
(see figure). Draw the horizontal line through P and let it 
intersect the y-axis in point C. Let ZPBO = 6 
=> ZAPC = 0. Then sin 6 


^ and cos 6 








cos 2 6 + sin 2 6=1. 


y 


A 


C 


O 




B 


Vertices are (0 ， 士 2) a = 2; e = ^ =>• 0.5 = | c = \ =>• foci are (0, 士 1) 

Let the center of the ellipse be (x, 0); directrix x = 2, focus (4,0), and e = | | — c = 2 => 

ci — 姜 (2 + c). Also c — ac — i a di — \ (2 + \ a.) 3 . — 会 + ^ a ■ a : 


2 + c 


i => a = 导 ； x _ 2 : 
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7. Let the center of the hyperbola be (0, y). 

(a) Directrix y = — 1， focus (0, —7) and e = 2 =>■ c — | = 6 => |=c — 6 => a = 2c — 12. Also c = ae = 2a 

^ a = 2(2a) — 12 ^ a = 4 c = 8; y — (—1) = ^ = ^ = 2 => y=l the center is (0,1); c 2 = a 2 + b 2 
^ b 2 = c 2 - a 2 = 64 — 16 = 48; therefore the equation is (y ~ 6 1)2 — ^ = I 

(b) e = 5 =>■ c—|=6 ^ = c — 6 =>■ a = 5c — 30. Also, c = ae = 5a a = 5 (5 a) — 30 =>• 24a = 30 ==> a = | 

c = 譬 ; y_(_l)=| = ¥ = | y = - I => the center is (0, - |); c 2 = a 2 + b 2 => b 2 = c 2 - a 2 
= 管 —I = f ; therefore the equation is — 南 =1 or 16 巧 ” — 餐 =1 

8. The center is (0,0) and c = 2 4 = a 2 + b 2 今 b 2 = 4 — a 2 . The equation isg — 裔 =1 今誉一爭 =1 

泠 f — (ir?) = 1 泠 49 (4 — a 2 ) — 144a 2 = a 2 (4 - a 2 ) ^ 196 - 49a 2 — 144a 2 = 4a 2 — a 4 泠 a 4 — 197a 2 + 196 

= 0 (a 2 — 196) (a 2 — 1) = 0 a = 14 or a = 1; a = 14 b 2 = 4 — (14) 2 < 0 which is impossible; a = 1 

b 2 =4—1=3; therefore the equation is y 2 — 誓 =1 

9. (a) b 2 x 2 + a 2 y 2 = a 2 b 2 ^ | = - g ； at ( Xl , yi ) the tangent line is y - Yl =( - 錯 )( x - Xl ) 

4 a 2 yyi + b 2 xxi = b 2 xf + a 2 yf = a 2 b 2 4 b 2 xxi + a 2 yyi — a 2 b 2 = 0 

(b) b 2 x 2 - a 2 y 2 = a 2 b 2 冷 g = ||; at (xi,yi) the tangent line is y — yi =( 錯 )(x - xj 
b 2 xxi — a 2 yyi = b 2 x^ — a 2 y^ = a 2 b 2 # b 2 xxi — a 2 yyi — a 2 b 2 = 0 

10. Ax 2 + Bxy + Cy 2 + Dx + Ey + F = 0 has the derivative ^ = ~Q^ 2 Cy+E ; at ( x i 5 Yi) the tangent line is 
y-yi = ( -dtf ) ( x - x i) ^ By Xl + 2C yyi + Ey - By lXl - 2Cy? - E Yl 

=— 2Axxx — Bxyx — Dx + 2Axf + Bxiyi + Dxx => 2Axx x + B(yx! + xyx) + 2Cyyi + Dx — Dx x + Ey — Eyi 
= 2Axf + 2Bxiyi + 2Cy^ . Now add 2Dxi + 2Eyi to both sides of this last equation, divide the result by 
2, and represent the constant value on the right by —F to get: 

Axxx + B (&±m) + Cyyi + D ( 宇 ） + E ( 中 ） =-F 
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15. (9x 2 + 4y 2 — 36) (4x 2 + 9y 2 - 16) < 0 

泠 9x 2 + 4y 2 - 36 < 0 and 4x 2 + 9y 2 - 16 > 0 
or 9x 2 + 4y 2 - 36 > 0 and 4x 2 + 9y 2 - 16 < 0 



16. (9x 2 + 4y 2 — 36) (4x 2 + 9y 2 — 16) > 0, which is the 
complement of the set in Exercise 15 


y 




18. x 2 + xy + y 2 < 3 => tan 2a = 古 which is undefined 
泠 2a = 90° 今 a = 45° ^ A ， 

=cos 2 45° + cos 45° sin 45° + sin 2 45° = |, B' = 0 ， 
C = sin 2 45° - sin 45。 cos 45。 + cos 2 45。 = | 

|x’ 2 + !y’ 2 <3 which is the interior of a 
rotated ellipse 



x 


19. Arc PF = Arc AF since each is the distance rolled; 

ZPCF= ^ Arc PF = b(ZPCF); 6 = 

^ Arc AF = a6» ^ a6> = b(ZPCF) ZPCF = (§) 6\ 

ZOCB = f - 6> and ZOCB = ZPCF - ZPCE 

= zpcf-(|- a ) = (§)0-(f - 和 i-e 

= ( b S P - （ f —«) 今 

=>• a = n — 9 — 0 => a = 7T — 0. 

Now x = OB + BD = OB + EP = (a + b) cos ^ + b cos a = (a + b) cos ^ + b cos (tt — ( 气土 ) 沒 ) 

= (a + b) cos ^ + b cos tt cos ((^^)沒) + b sin 7 r sin ((^^)沒) = (a + b) cos ^ — b cos ((^^)沒) and 
y = PD = CB — CE = (a + b) sin 6> — b sin a = (a + b) sin 6» - b sin ((^) 0) 

=(a + b) sin 沒 一 b sin 7r cos ((^^) ^) + b cos n sin ((^-^) 6) = (a + b) sin ^ — b sin ((^^) 沒)； 
therefore x = (a + b) cos ^ — b cos ((^^) 6) and y = (a + b) sin 沒 一 b sin ((^^) 6) 
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20. (a) x = a(t — sin t) ^ 餐 =a(l — cos t) and let 5 = 1 ^ dm = dA = y dx = y ( 奢 ） dt 

X 27T 

a 2 (l — cos t) 2 dt 


a 2 / (1—2 cos t + cos 2 1) dt 


(1 — 2 cos t + I + I cos 2t) dt = a 2 [| t — 2 sin t + 


sin 2t] 2?r 

4 」 0 


37 ra 2 ; x = x = a(t — sin t) andy" = ■ y = | a(l — cos t) => M x = f ^ dm = JV 


^dA 


a(l — cos t) a 2 (1 — cos t) 2 dt = | a 3 J 。（1 — cos t) 3 dt = 誓 J (1 — 3 cos t + 3 cos 2 1 — cos 3 1) dt 


J fo [1 - 3 cos t + I 4 
亨 . Therefore y = ^ 


3 cos 2t 


(¥) 

3?ra 2 


(1 — sin 2 1) (cost)] dt= f [f t-3 sin t + 一 s int + _ 


2tt 

0 


a. Also, M y 


x dm : 


x" ^ dA 


a 3 


a(t — sin t) a 2 (1 — cos t) 2 dt 
j — 2 cos t — 2t sin t + ^ t 2 - 


(t — 2t cos t + t cos 2 1 — sin t + 2 sin t cos t — sin t cos 2 1) dt 


cos 


2 t + 4 sin 2t + cos t + sin 2 1 + 


37 r 2 a 3 . Thus 


_ M y — 37r 2 a 3 


37ra 2 


7ra 


=> ( 丌 a, I a) is the center of mass. 


(b) x = § t 3 / 2 f t = t 1/2 and y = 2t" 2 4 箸 = f 1 / 2 ; let 5 = 1 ^ dm = dA = y dx = y (f) dt 
^ (H 1 / 2 ) (t 1 / 2 ) dt = 2tdt;x = x= ft 3 / 2 andy = | = t 1 / 2 M x = / y dm = f g t 1 / 2 (2t dt) 

=J 广 2t 3 ’ 2 dt = [• t 5 ’ 2 ] ^ = f^3. Also, M y = fx dm = fxdA= //^f t 3 ’ 2 (2t dt) 


21. (a) x = e 2t cos t and y = e 2t sin t 4 x 2 + y 2 = e 4t cos 2 1 + e 4t sin 2 1 = e 4t . Also $ = — tan 1 

t = tan -1 (I) => x 2 + y 2 = e 4tan_1 ( y ’ x ) is the Cartesian equation. Since r 2 = x 2 + y 2 and 
0 = tan— 1 (I), the polar equation is r 2 = e 40 or r = e 20 for r > 0 



22. r = 2 sin 3 (f) dr = 2 sin 2 (f) cos (f) d6 => ds 2 = r 2 dO 2 + dr 2 = [2 sin 3 (f)] 2 d6> 2 + [2 sin 2 (f) cos (f) dO] 2 

= 4 sin 6 (f) dO 2 + 4 sin 4 (f) cos 2 (f) dO 2 = [4 sin 4 (f)] [sin 2 (f) + cos 2 (f)] d6 2 = 4 sin 4 (f) d6 2 

=> ds = 2 sin 2 (|) d^. Then L = 上 2 sin 2 (!) d0 = [1 — cos ( 学 ) ]dO = \0 — \ sin ( 学 ) ]== 3 兀 

23. r = 1 + cos 6 and S = f 2irp ds, where p = y = r sin 沒 ； ds = yr 2 d6 2 + dr 2 

= a/(1 + cos 0) 2 d6 2 + sin 2 6 d6 2 \/\ -\-2 cos 0 -I- cos 2 6 + sin 2 6 d6 = -\/2 + 2 cos 6 d6 = ^4 cos 2 (!) dO 

= 2 cos (I) dO since 0 < ^ < |. Then S = 上 27r(r sin 9) - 2 cos (|) dO = J q / 47t( 1 + cos 6) - sin 6 cos (|) d6 
=/ 0 W/2 4tt [2 cos 2 (f)] [2 sin (f) cos (§) cos (|)] d6 = /,16 丌 cos 4 (f) sin (f) : 

二 (-327 T ) ⑼ _ (—逆)二 327 T -47 T 72 
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24. The region in question is the figure eight in the middle. 
The arc of r = 2a sin 2 (f) in the first quadrant gives 

^ of that region. Therefore the area is A = 4 上 ,| r 2 

= 4/ ； /2 i[2asinMI)] 2 d0 = 8a^/ ； /2 sin4(f) 

= 8a 2 / ； /2 sin2(|) [l-cos 2 (f)] d9 

= 8a 2 / ； /2 K(f)-sin2(f)cosMf)] dd 

d0 




1—cos 9 _ sin 2 6 
~~2 ~ . 



2a 2 £ ' (2 - 2 cos 

a 2 (¥-4) — 


)d0 = a 2 上 / (3 — 4 cos 9 + cos 29) d6 = a 2 [30 — 4 sin 0 + ^ sin 2d] 


25. e = 2 and r cos 0 = 2^ x = 2is the directrix => k = 2; the conic is a hyperbola with r : 


ke 


1 + e cos 6 


^ r : 


⑵⑵ = 4 

1+2 cos 9 _ 1+2 cos 6 


26. e = 1 and r cos 6 = —4 => x=—4is the directrix ^ k = 4; the conic is a parabola with r : 


ke 


1 — e cos 6 


^ r : 


⑷⑴ = 4 

1 — cos 9 _ 1 — cos 6 


27. Q = l and r sin 沒 = 2 4 y = 2 is the directrix => k = 2; the conic is an ellipse with r : 


ke 


1 + e sin 0 


^ r : 


Hi) 


1 + (!) sin 9 — 2 + sin 0 

28. e = 4 and rsin^ = —6 4 y=—6is the directrix => k = 6; the conic is an ellipse with r — ke 


1 — e sin 0 


^ r = l- 6 (|fsin g = 3^ 


29. The length of the rope is L = 2x + 2c + y > 8c. 


⑻ 


The angle A (ZBED) occurs when the distance 


CF = £is maximized. Now i = -\/x 2 — c 2 + y 


^ i = \/x 2 — c 2 

二 ’ AO 


L 


I = I (X 2 - c 2 r 1/2 (2x) 


2x — 2c 
2 : 


\/x 2 — c 2 


Thus ^ =0 ^ — 2 = 0 4 x = - c 2 

4 x 2 = 4x 2 一 4c 2 => 3x 2 = 4c 2 今多 =I 


^ 1 = ^ . Since 5 = sin f we have sin 会 = 誓 
泠 I = 60° 泠 A = 120° 



(b) If the ring is fixed at E (i.e., y is held constant) and E is moved to the right, for example, the rope will slip 


around the pegs so that BE lengthens and DE becomes shorter ^ BE + ED is always 2x = L — y — 2c ， 


which is constant => the point E lies on an ellipse with the pegs as foci. 

(c) Minimal potential energy occurs when the weight is at its lowest point => E is at the intersection of the 
ellipse and its minor axis. 
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30. + ^2 = 30 今 d + d 30 ; 也 + 4 ^ 

c C C 7 c c c 

=> d 3 + d 4 = 30. Therefore P and Q lie on an ellipse with 

Fi and F 2 as foci. Now 2a = d! + d 2 = 30 => a = 15 and 

the focal distance is 10 ^ b 2 = 15 2 — 10 2 = 125 
=> an equation of the ellipse is ^ ^ = 1. Next 

X 2 = Xi + v 0 1 = Xi + v 0 ( 畀 ) =Xi + 10. 


y 


P(x..yJ ■ — 

- CKx^.yJ 


> 



F^-IO.O) 

f^O.O) 


If the plane is flying level, then P and Q must be symmetric to the y-axis => Xi = — X 2 => X 2 = —X 2 + 10 

loyio 


X 2 = 5 =>■ — + 备 =1 ^ y 2 = y 2 = iU 3 1U since y 2 must be positive. Therefore the position of 

the plane is (5, 10 ^^ ) where the origin (0,0) is located midway between the two stations. 


31. If the vertex is (0,0)，then the focus is (p, 0). Let P(x, y) be the present position of the comet. Then 

^/(x — p) 2 + y 2 = 4 x 10 7 . Since y 2 = 4px we have ^(x — p) 2 + 4px = 4 x 10 7 (x — p) 2 + 4px = 16 x 10 14 . 
Also, x — p = 4 x 10 7 cos 60。 = 2 x 10 7 泠 x 二 p + 2 x 10 7 . Therefore (2 x 10 7 ) 2 + 4p (p + 2 x 10 7 ) = 16 x 10 14 
泠 4 x 10 14 + 4p 2 + 8p x 10 7 = 16 x 10 14 泠 4p 2 + 8p x 10 7 — 12 x 10 14 = 0 令 p 2 + 2p x 10 7 — 3 x 10 14 = 0 
=> (p + 3 x 10 7 ) (p — 10 7 ) = 0 =>• p = —3 x 10 7 or p = 10 7 . Since p is positive we obtain p = 10 7 miles. 

32. x = 2t and y = t 2 4 y = 穿 ； let D = ^ (x - 0) 2 + ( 誓 一 3) 2 = ^x 2 + ^- |x 2 + 9 = | x 2 + 9 

— 5 v x4 — 8x 2 + 144 be the distance from any point on the parabola to (0,3). We want to minimize D. Then 
砦 =! (x 4 - 8x 2 + 144)' 1/2 (4x 3 — 16x) = / 更 = 0 4 | x 3 - 2x = 0 ^ x 3 — 4x = 0 #x = 0or 
x = 士 2. Now x = 0 => y = 0 and x = 士 2 => y = 1. The distance from (0,0) to (0,3) is D = 3. The distance 
from (士 2,1) to (0,3) is D = y ( zb 2) 2 + (1 — 3) 2 = 2\/2 which is less than 3. Therefore the points closest to 
(0,3) are (士 2,1). 

33. cot 2a = = 0 => a = 45。 is the angle of rotation ^ A r = cos 2 45。 + cos 45。 sin 45。 + sin 2 45° = 暑， B' 二 0 ， 

and C = sin 2 45° - sin 45° cos 45° + cos 2 45。 = | 泠 | x ,2 + | y ,2 = 1 b = ^ and a = 0 令 c 2 = a 2 - b 2 

= 2—| = ! c = 泰 . Therefore the eccentricity is e = 羞 == ^/| ^ 0.82. 

34. The angle of rotation is a = | => A 7 = sin | cos 牙 =! ， B’ = 0, and C r = — sin | cos | | ^ ^ = 1 

4 a = \/l and b = yjl => c 2 = a 2 + b 2 = 4 => c = 2. Therefore the eccentricity is e = ■= 泰 =\/2. 

35. y/x-\- = l ^ x + 2 v /xy + y = 1 泠 2 v /xy = 1 - (x + y) 4 4xy = 1 — 2(x + y) + (x + y) 2 

泠 4xy = x 2 + 2xy + y 2 — 2x — 2y + 1 泠 x 2 — 2xy + y 2 — 2x — 2y + 1 = 0 泠 B 2 — 4AC = (― 2) 2 — 4(1)(1) = 0 

4 the curve is part of a parabola 

36. a = j A , = 2 sin ^ cos ^ = 1, B r = 0, C ; = —2 sin ^ cos ^ = — 1 ， D’ = — \/2 sin | = — 1 ， E’ = — \/2 cos ^ 

=— 1 , F，= 2 4 x ,2 _ / 2 — x，— / + 2 = 0 4 (x ,2 _ x，) — (/2 + y ，) =-2 ^ (x ,2 - x ; + - (y ,2 + y，+ *) 

=-2 ^ ( y \ ^ —— ( x ?) =1. The center is (x’ ， y’) = (|, _ 全 ） x = | cos | - (- |) sin | = 幸 and 
y = I sin I — I cos | = 0 or the center is (x ， y) = ^^,0^ . Next a = \/~2 => the vertices are 

(x,,y,) = (! , — !) and (! , —\/~2 — !) ^ x = ^ cos f — (V^ — |) sin | — 1 and 

y = ! sin I + (\/5 _ I) cos | = 1 or (x, y )= (幸 _ 1 ， 1) is one vertex, and x = | cos 牙 一 (__ !) sin | 
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2 


1 and y = ^ 
c 2 = 2 + 2 = 4 => c 
y = ^ sin I + § cos ^ 


+ f-\/2- 


—1 or (x, y) = (# + 1 ， -1) i 


is the other vertex. Also 


2 4 the foci are (x r , yO = (|, |) and Q , — => 


7 ： cos 


耷 sin 




and 


\fl or (x, y)= (— 穿 , y^) is one focus, and x = | cos | + | sin 牙 =and 
y = I sin I — I cos | = — or (x ， y) = — \/5) is the other focus. The asymptotes are 

y’ + I = 士 （ x’ — ！）in the rotated system. Since x = 士 x’ - 士 y’ and y=*x’ + ^j/ => x + y 

fx + f ： 

^x+ + i 


73 x， 


=>■ x + ^ y = x r and x — y 


切 ， 今 


i/I Y , a/? 

0 入 ~r o 


y = y ’； the asymptotes are 


± x + ^ y — I'j => the asymptotes are — \fl x+l = 0orx=-^ and \/2 y = 0 


!or 


y = 0. 


Finally, the x,-axis is the line through (f ， 0) with a slope of 1 (recall that a=|) y = x — ^ . 
The y’-axis is the line through 0^ with a slope of — 1 =>• y = -x + ^ . 


37. (a) The equation of a parabola with focus (0,0) and vertex (a, 0) is r 
through a = 45° gives r — 2a 


2a 


L + cos 6 


and rotating this parabola 


+ COS (0 — I) 

(b) Foci at (0,0) and (2,0) => the center is (1,0) =>■ a = 3 and c = 1 since one vertex is at (4,0). Then e 

=! . For ellipses with one focus at the origin and major axis along the x-axis we have r = 5 二 :)0 
= 3(1 - 暴 ） = 8 

1 — (I) cos 6 3 — cos 6 

(c) Center at (2,1) and focus at (0,0) => c = 2; center at (2, |) and vertex at (l, |) =>■ a = 1. Then e = 


2. Also k = ae 


⑴⑵ 


.Therefore r : 


ke 

L + e sin 0 


1 + 2 sin 0 


1 + 2 sin 0 


38. Let (di, 沒 i) and (d 2 , 02 ) be the polar coordinates of Pi and P 2 , respectively. Then 62 = 0\ 7r, and we have 


di 


3 

2 + cos 0 \ 


and d 2 


2 + ^+^) . Therefore i 


丄 


2 + cos 9 \ 


2 + cos (0i + 7r) 
3 


4 + cos + cos 6 \ cos 7r — sin sin 7r — 4 

3 — 3 • 


39. Arc PT = Arc TO since each is the same distance rolled. Now Arc PT = a(ZTAP) and Arc TO = a(ZTBO) 

4 ZTAP = ZTBO. Since AP = a = BO we have that AADP is congruent to ABCO => CO = DP OP is 
parallel to AB 泠 ZTBO = ZTAP = 0. Then OPDC is a square ^ r = CD = AB - AD - CB = AB - 2CB 
r 二 2a — 2a cos 0 = 2a(l — cos 9), which is the polar equation of a cardioid. 


40. Note first that the point P traces out a circular arc as the door 
closes until the second door panel PQ is tangent to the circle. 

This happens when P is located at ^ since ZOPQ is 

90° at that time. Thus the curve is the circle x 2 + y 2 = 1 for 
0 < x < . When x > , the second door panel is 

tangent to the curve at P. Now let t represent ZPOQ so that 
as t runs from | to 0, the door closes. The coordinates of P 


y 



are given by (cos t, sin t), and the coordinates of Q by 

(2 cos t, 0) (since triangle POQ is isosceles). Therefore at a fixed instant of time t, the slope of the line 
formed by the second panel PQ is m = 尝 = C0S sl t n _H t = — tan t =>■ the tangent line PQ is 
y — 0 = ( — tan t)(x — 2 cos t) ^ y = ( — tan t) x + 2 sin t. Now, to find an equation of the curve for 

< x < 1, we want to find, for fixed x, the largest value of y as t ranges over the interval 0 < t < |. We 

solve ^ = 0 (— sec 2 1) x + 2 cos t = 0 4 (— sec 2 1) x = —2 cos t => x = 2 cos 3 4 1. (Note that 

■ = (—2 sec 2 t tan t) x — 2 sin t < 0 on 0 < t < |, so a maximum occurs for y.) Now x = 2 cos 3 1 => the 
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corresponding y value is y = ( — tan t) (2 cos 3 1) + 2 sin t = —2 sin t cos 2 1 + 2 sin t = (2 sin t) (— cos 2 1 + 1) 
= 2 sin 3 1. Therefore parametric equations for the path of the curve are given by x = 2 cos 3 1 and y = 2 sin 3 1 
for 0 < t < I. In Cartesian coordinates, we have the curve x 2 〆 3 + y 2 / 3 = (2 cos 3 t) 2 ’ 3 + (2 sin 3 1) 2 ’ 3 
= 2 2 〆 3 (cos 2 1 + sin 2 1) = 2 2 〆 3 4 the curve traced out by the door is given by 
x 2 + y 2 = 1 for 0 < x < ^ 

x 2/3 + y2/3 = 2 2 / 3 for -^ < X < 1 

41. (3 = 如 -ih ^ tan /? = tan (洳 -也） = 二:二 ； 

the curves will be orthogonal when tan (3 is undefined, or 
when tan ^2 = ^ ^5) = rrj 

^ r 2 = —f ⑹ g ， (0) 


42_ r = sin 4 (|) 4 | = sin 3 (|) cos (|) 4 tan 咕 = sin3 S g;^) = tan (f) 



43. r = 2a sin 39 ^ ^ = 6a cos 30 => tan ^ | tan 36; when ^ |, tan -0 = ^ tan | 

^ ^=1 


44. 



(b) rO = 1 => r = 6~ l => 盡 = —6~ 2 ^ tan ^\ e=l 

= = —0 => lim tan ^ = —oo 
~ e e^oo 

from the right as the spiral winds in 
around the origin. 


45. tan % = = — cot ^ is — ^ at ^ |; tan -02 = = tan 6 is dX 6 = |; since the product of 

these slopes is —1，the tangents are perpendicular 

46. a(l + cos 6) = 3a cos 沒 > 1 = 2 cos 6 ^ cos ^ - or y r« 3 a cos d 
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47. ri 


i 

1 — cos 6 dd 


3 dr2 

1 + cos 9 dd 


(1-cos d) 2 ; r2 

1 + cos 6 = 3 — 3 cos 0^4 cos 0 = 2^ cos 6 

(1 — cos ^ ) 


3 sin 9 


3 


points (2, 士 f) ; tan * 
y/?> SLt 0 = 


(l+cos0) 2 ’ 1 — cos 6 — 1 + cos 6 

△ 0 = ^ ^>n=r 2 = 2 # the curves intersect at the 

i- C 0 S e is _ i at0 1 


id 


(1 — cos 0 ) 2 」 

therefore tan (3 is undefined at 0 


73 


；tan -02 


V 1+ cos ^ 


1 + cos 9 


sin 9 


IS 


L(l + cos 6») 2 J 


/ I 1 — COS ( — I i I I 1+cos ( — ?) 

—i I e=-,/s = - sin(- l) = 7 and tan 也 I e= , lz = sin( ： f) 3； 


since 1 + tan 也 tan 分 2 = 1 + ( — *) (\/5) =0^/3 
-\/3 =>■ tan /3 is also undefined 


at 6 




48. (a) We need i/j 0 = n, so that tan # = tan (tt — 0) 

= -tan..Nowta„^= lil = ^ 


=—tan ^ ^ cos 9 + cos 2 0 = sin 2 9 

cos 6 

=>• cos 6 + cos 2 6 = \ — cos 2 6 
2 cos 2 6 H- cos 沒 一 1 = 0 

cos 沒 =- or cos 0 = —1; cos 0 = ^ 9 = ± | 

r = ^ cos 0 = —1 =^- 0 = 7r ^ r = 0. 

Therefore the points where the tangent line 
is horizontal are (f> 士 ！） and (0, 丌 ). 

(b) We need ^ 0 = | so that tan ?/； = tan (| — 沒 ) =cot 6. Thus tan ^ 

sin 0 cos 6 => cos 6 



= 4 sin0 + sin0cos0 


(蛊厂-一 

\ or sin 沒 = 0; cos 6 


a(l+cos^) =cote 


2 ^ ^ 


I 2n 
士 T 


4 r : 


;sin 沒 = 0 4 沒 = 0 (not n, see part (a)) =>■ r = 2a. Therefore the points where the tangent line 


is vertical are (| ，士警 ） and (2a, 0). 


49- r 1 = TT ^ 

(. 

tan 


dri 

^ de 


(raF^dr 2 


b v dr2 

1 — cos 6 dd 

( b 、 




r a sin (9 1 

- :_ tan 咖 - 

v i — cos ty / 

I" —b sin 6 1 

L (l+cos ey 2 \ 


L(1 — cos 6)^ J 


tFet/ ^ 1 + tan 也 tan 岭 2 


l + (^)( 


1 — cos 9 、 
— sin 6 ) 


1 — cos 2 0 

sin 2 9 


0 => [3 is undefined => the parabolas are orthogonal at each 


point of intersection 
50. tan ^ 


(m) 


a(1 ~ c ° se) is 1 at61 = I ^ ^)=1 

a sin fl v. t a 


3 —4 + 4 cos ^=>3 = 4 cos 9 -\-4 cos 2 ^ (2 cos 0 + 3)(2 cos 沒 一 1) = 0 


51. r = 3 sec ^ => r=」~ 

COS v i;us u 

^ cos 0 = ^ox cos G = — l ^ 6 = ^ or ^ (the second equation has no solutions); tan — 4 ( 上 :/) 
=— 1 : 二 6 is — \/3 at I and tan 也 = 3 ^J e d c t ^ n e = cot 沒 is 士 at ! . Then tan [3 is undefined since 

1 + tan * tan * = 1 + ( 夫 )(—^/^) = 0 4 0 = f . Also, tan *1 5?r/3 = 0 and tan ^i| 57r/3 = ~ ^ 
4 1 + tan 也 tan 也 =1 + ( — 含） （ 0) 二 0 ^ tan (3 is also undefined ^ /? = |. 


52. tan ip : 


， se J(l) = 1 at 6» = I ^ ^ : 


tan (0 = tan 


3n 

T 


53 . 


1 — cos 6 _ 1 — sin 0 
(1 — sin ^ / 


^ 1 — cos ^ = 1 — sin ^ =>• cos ^ = sin ^ => 6 


tan -02 


[(l-sin0) 2 J 


1 — sin ^ 
cos 6 


~ C 0 S (I) 


• Thus at 6> = f ， tan 功 l = : sin (g 


f ； tan -01 
- \fl and 


L(i-cos e) 2 \ 


1 — cos 9 . 
-sin6 ， 
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54. 



1 ^ (3-. 


2 esc 20 


2 

sin 26 


2 sin 6 cos 9 

1 4 xy = 1 ， a hyperbola 

e 


: t 咕 = 沴 _ I 


. 37T 
4 


55. (a) tan a 

A=l 


( 裔 ) 




dr 


d0 


4 lnr : 


e 

tan a 


+ C (by integration) > r = Be 0/ (tana) for some constant B; 


>0, 


B 2 e 2 "( taim ) d6> 


B 2 (tanoQe 聊 


tan a 
~A~ 


Jg2^20 2 /(tana) — g2g20 a /(tana) j 


(if — rf) since x\ — B 2 e 202/ (tana) and if = B 2 e 20 " (tana) ; constant of proportionality K 


tana ； 

~T~ 


(b) tan a 


r v dr 

HI ® 


^ (I ) 2 


r 2 

tan 2 c 


=> r 2 +(|) 2 =r 2 


r 2 

tan 2 c 


j.2 [ tan 2 a + 1 
V tan 2 a 


2( sec 2 a 
\ tan 2 a 


^ Length 


■(=) de = j ： B^^ 




[B (sec a) q 6/ (tana) ] 


=(sec a) [Be 02 " tana) — Be 0l(tana) ] = K(r 2 — ri) where K = sec a is the constant of proportionality 

56. r 2 sin 29 = 2a 2 r 2 sin 6 cos 6 = d? => xy = a 2 and ^ 

裝 = 一襄 .If P(xi ， yi) is a point on the curve, the tangent 

a 2 


line is y — yi = — ^ (x — Xi), so the tangent line crosses 
the x-axis when y = 0 ^ —yi = 一錄 (x _ xi) 

=> = x — Xi x = + Xi = Xi + Xi = 2xi 


since 誓 

pq-V( 2x i - x i ) 2 + (o-yi ) 2 

OP 二 


1. Let Q be (2x 1? 0). Then 

a/x^ + and 



r = (xi — 0) 2 + (yi — 0) 2 = A/xf+yf => OP = PQ and the triangle is isosceles. 
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NOTES: 
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CHAPTER 11 INFINITE SEQUENCES AND SERIES 


T6 


11.1 SEQUENCES 

1 . ai = = 0 , ^2 = — — 5 ? ^3 — = 一 § ， a‘ = 

2. a i — n~ 1?a2 ~^!~^ a 3 — j[ — ^ a 4 — i» — 


3 - a i = = i ， a 2 = T 1 ! = - I > a 3 = = 5 > a 4 = 


4. ai = 2 + (— 1) = 1, — 2 + ( — 1) = 3, &3 = 2 + (— 1) = 1, a4 = 2 + (— 1) 


5. ai — 2 


歹 : ■ 士 ， a 2 = ^ = - ， a 3 = . = - ， a 4 = 务 = 喜 


2-1 


6. ai = = * ， a2 


:， ^ 


2 3 - 


,a4 


2 4 -l 




7. ai = l,a2 = l + 2 — 2 ,a 3~2~* _ 22~4 ,a4 ~4^~2 J ~T ,a5 ~T~^2 I ~T6 ,a6 

a 7 = 豈， a 8 = fl ， a 9 = 墨， a 10 = : 


63 

32 


o Q , — 1 — 1 Q „ — (}) — 1 Q . — (g ) —丄 — (A) — _X_ — _X_ — 1 — 1 

8 - ai _ 1, a2 — 2 ， a 3 — 3 _ 6 ， a 4 — 4 _ 24 ， a 5 — 5 _ 120 , a 6 _ 720 ， a 7 — 5040 , a 8 — 40,320 

1 

3,62p00 

1 a . — (- 1 )% 1 ) — _ I a4 — (-1)4 ㈠) —_ I a , — ( ~ 1)5 (~?) — I 

丄， d 3— 2 — 2 ,d4 — 2 — 4, d 5— 2 — 8, 



a 9 = 

l 

~ 362,880 

， ^10 _ 3 

9 . 

ai = 

二 2, a 2 二 

• (-1) 2 (2) 

2 


ae = 

= R ， a 7 

1 

~ ~ 32 7 

10. 

ai = 

二 一 2, a 2 

_ 1.(-2) 
_ 2 


^ a 8 = - 64 ? a 9 = J28 , aio 


256 


_1 — 以 ― 1 ) — -1 aA — 3 '(~i) — _ I a , — 4 •㈠) —_ 2 a _ I 

i ,cl 3 _ 3 _ 3 ,a 4 _ 4 — 2 ,<l 5 — 5 _ 5 ? a 6 — 3, 

a 7 = - I, a 8 = - ^ , a 9 = - § , aio = — 5 

11- ai = 1, a2 = 1, a3 = 1 + 1 = 2, a4 = 2 + 1 = 3, as = 3 + 2 = 5, = 8, a7 = 13, as = 21, ag = 34, aio 


12. 3.1 — 2, ~ _^3 ~ — ^ ? ^4 ~ () ~ ^ ? ^5 ~ (&j_) ~ — 1? ^6 ~ —2 ， a? — 2, ^8 ~ _1, ag 


j，aio 


13. a n = (—l) n+1 ， n= 1,2,... 
15. a n = (—l) n+1 n 2 ,n= 1,2,. 
17. a n = n 2 — 1 , n = 1 , 2, ... 
19. a n = 4n — 3, n = 1, 2, … 

21. a n = i + (; 1)n+1 ,n= 1 ， 2，... 


14. a n = (_l) n ， n= 1,2，... 
16. a n = (If" 1 ， n = 1, 2, ... 
18. a n = n — 4, n = 1 ， 2, … 
20. a n = 4n — 2, n = 1,2,... 


22. an = n-l + (-l)°(l) = L s J；n=1；2； 


23. 2 + (0.1) n = 2 => converges (Theorem 5, #4) 


55 
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24. lim n + ( ~ 1)n = lim 1 + ㈣ 

n —>■ oo n n ^ oo n 


=>■ converges 


n ，。o TT^-n^oo lfyrl = n 1 ^ f 


25. lim 


- 2n 


^ converges 


26. lim 


2n + 1 


lim 


n —> oo 1 -3-v/n n —>■ oo ( 


2 ^ + (yn) 




-00 4 diverges 


27. lim 


n^oo = n^oo 


-5 converges 


28. lim 2 — lim t 3 , = lim = 0 converges 

n —^ 00 n 2 + 5n + 6 n —^ cx) (n + 3)(n + 2) n ^ oo n + 2 & 

29. lim n2 ~ 2 '+ 1 = lim (n ~ = lim (n — 1) = oo => diverges 

n — oo n_i n ^ cx3 n — i n ^ oo ° 


30 lim = lim —— = oo diverges 

n ― > oo ~ 4n z n —^ i w \ a ° 




31. n lirn c (1 + (—l) n ) does not exist => diverges 32. ^lim^ (—l) n (l — does not exist ^ diverges 

33 - n^oo ( 皆） ( 1_ n) = n^oo (^ + ^) ( ! ~ s) = I ^ converges 

34. (2 — 辜 )(3 + 去 )=6 => converges 35. n lhn c (: 1 二 1 = 0 4 converges 

36. lim (— |) n = lim = 0 converges 

n —^ oo ^ n ^ oo ^ ° 


37 - n^oo V HTT = Vn^oo 5TT 


QiPoo 


y/2 => 


converges 


38. nljp^ ▲ = JiPoo (¥)。 = 00 今 diver g es 


39. 土 sin (f + D = sin (I + n)) 


sin ^ = 1 ^ converges 


40. nliPL n^cos(n^) = n lim oo (n^)(-l) D does not exist ^ diverges 


n —> oo n 


0 because — ^ < < ^ =>• converges by the Sandwich Theorem for sequences 


42. lim T 

n —^ oo ^ 


0 because 0 < ^ < ^ =>■ converges by the Sandwich Theorem for sequences 


43. lim = lim 


n ^ oo 2 n n ^ oo 2 n In 2 


0 converges (using l'Hopital’s rule) 


44 - n^oo ^= n 1 iP 00 ^=„ 1 l m 0O T=„ 1 H n 0O ¥=oo 泠 diverges (using FHSpital's rule) 


45. lim 


In (n + 1) 


n^oo ~VS n 1 -^ 


( sir ) 


n^oo ?TT=n 1 l ln oo 綠 =0 


converges 
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1 => converges 
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i R 

46. lim = lim tty = 1 => converges 

n —> oo in in n ^ oo ° 

47. 8 1 / 11 二 1 4 converges (Theorem 5, #3) 

48. n lim^ (0.03) 1/n = l ^ converges (Theorem 5, #3) 

49. lim (l + D n = e 7 ^ converges (Theorem 5, #5) 


50. lim (l — -) n = lim 

n — oo\ n/ n — oc 


(-D 


e _1 ^ converges (Theorem 5, #5) 


51. \/ 10n = n lirn c 10 1 / 11 • n 1 / 11 = 1 • 1 = 1 => converges (Theorem 5, #3 and #2) 

52. = n Hrn c (>/n) 2 = l 2 = 1 > converges (Theorem 5, #2) 


53. (^) = n |^ :/ n = y = 1 =>• converges (Theorem 5, #3 and #2) 

54. n lJin o (n + 旬 1 /〜. 4 ) = x lnn o x" x 二 1 > converges; (let x = n + 4, then use Theorem 5, #2) 

55. n Um o ^ 二 =t = 00 ^ diverges (Theorem 5, #2) 


lim 

n— »cxd 


56. lim fin n — ln(n + 1)1 = lim In (- 

n —> oo L J n ^ oo 


In ( lim 


In 1 = 0 => converges 


57. lim ^n= Urn 4^/n = 4 - 1 = 4 converges (Theorem 5, #2) 


58. lim v / 3^+ T = lim 32+(1/^ = n m 32 • 31/n 

n —> 00 n — oo n —> 00 


9 => converges (Theorem 5, #3) 


59. lim 


n" 


lim 


1-2-3 … (n-l)(n) 


< n^oo (n) = 0and nS >° ^ n^oo 蛊 = 0 今 converges 


60. n ljin^ = 0 => converges (Theorem 5, #6) 

61. JiPoo = n 1 iP 1 00 awy = oo # diverges (Theorem 5, #6) 


62. 

lim 

n —^ oc 

^55 — lim 
^ j n — oo 

If) 

= oo 

=> diverges 

(Theorem 5, #6) 


63. 

lim 

n —> oc 

/l\!/( lnn ) _ 
Vn/ — n 

iiFoo 

exp( 

irTJl ln (n))= 

lim exp (lnl-tonN = -： 

n—>00 r V In n / 

L => converges 

64. 

lim 

n — oc 

m(i + D n = 

：in C 

lim 

1 ^ oo 

(i + D n ) = 

In e = 1 =>• converges 

(Theorem 5, #5) 


65. (fH) n = n liPoo exp(nln(|±l))= n lim o exp 广師 > 广 — u ) 
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lim exp [ ] = lim exp I 

n ^ oo r \ (一 A) I n — oo r 


6n 2 


(3n+l)(3n-l), 


exp (I) — e 2 / 3 =>- converges 


66. ( 点 ) n = exp (n In ( 击 )） =exp ( lnn -g n + 1 ) 


n^oo eX P 




n^oo eX P 


n 2 、 
n(n+ 1) 


e =>■ converges 


67 - n^oo (2^TT) 1/n= n 1 H n oo X (2iTl) " = X n^oo eX P ln (^Tl)) = X n 1 ™ 
=x ^lim^ exp ( 2 ^+ 1 ) — xe ° = x, x > 0 => converges 


exp 


- ln(2n+ 1) 


In 1 - 


68. (1 — 去疒 =exp (nln(l-i)) = exp 

=ljin exp = e° = 1 ^ converges 




lim exp 

n ^ 00 r 


⑸几 






69. lim 


n ^-00 1^! =n 1 i m oo fr = ° ^ converges (Theorem 5, #6) 


70. lim 


(昔 r 


mir 


n—oo = n^oo WW^tlfliT = n—oo (ff 

(Theorem 5, #4) 


lim 


(ML 


0 => converges 


71. lim tanh n = lim e : 丁 e _: = lim ^ 


n —> oo 


n^oo -n^oo ^TT 


lim 


2e 2n 

2e^ 


lim 1 = 1^ converges 


72. lim sinh (In n) = lim 

n — oo n — oo l 


lim n- n ( 5 ) = oo => diverges 
n ^ oo ^ ° 


73. lim ^ 

n —^ (X) Zn 


= n 1 i m oo 


(e) _ lim -«))( 去 ) 


MT n4oo T 2 ' 2 




n2 n3 ) 


74. lim n (l — cos -) = lim ( 工 5 ) = lim -—— ( n )] ( n2 ) ― ij m sin (-) = 0 => converges 

n —> oo v n/ n ^ oo (_ 含） n —^ oo ( 士） n —> oo vn/ 。 


75. nliPL tan- 1 n = f ^ converges 


76 - n^oo 75 tan_1 n = 0 • I = 0 今 converges 


77 - n^oo 


G) n + jp =n 1 l m oo ((?) n 


0 ^ converges (Theorem 5, #4) 


78. 土 ^n2+n = exp 


In (n 2 + n) 


n lirn c exp = e 0 = 1 => converges 


79. lim = lim 2 _ nn)1! 

n — oo n n ^ oo n 


n 1 ^ 


200-199 (In n) 1! 


^=0 ^ converges 


80. lim 2^ = lim 

n —> oo yn n —> oo 


㈣ 

㈤ 


lim = lim 

n —> oo v n n —> oo y/n 


lim 5B40 
i —> oo vn 


0 => converges 
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81. 


82. 


n^oo 


: n _ ^4^) = 土 （n - 


lim 


lim 


n — > oo n+ y/n 2 — n n — > oo 


4 converges 


lim 


lim 


n ― > oo y/n 2 — l — \/n 2 + n n — > (X) \ \/n 2 — 1 — \/n 2 + n / \ yn 2 — l + \/n 2 + n / n — > oo 


)( 


\/n 2 — 1 + y^n 2 + n 、 


lim 


y/n 2 — 1 + -\/n 2 +n 




-2 converges 



83. lim - f - dx = lim ^ = lim - = 0 => converges (Theorem 5, #1) 

n —> oo n J i x n —> oo n n —> cxd n & v y 

84 - n^oo L、 dx = n^oo [l^p xFr]" = n^oo T^p (n^ " i) = p^T if P > 1 ^ converges 
85. 1, 1,2, 4, 8, 16,32,... = 1, 2°, 2 1 , 2 2 , 2 3 ,2 4 , 2 5 ,... 今 Xl = 1 and x n = 2 n - 2 for n > 2 


86. (a) 


(b) 


l 2 - 2(1) 2 = — 1 ， 3 2 - 2(2) 2 = 1; let f(a ， b) = (a + 2b) 2 - 2(a + b) 2 = a 2 + 4ab + 4b 2 — 2a 2 — 4ab - 2b 2 
= 2b 2 — a 2 ; a 2 — 2b 2 = —1 泠 f(a, b) = 2b 2 - a 2 = 1; a 2 - 2b 2 = 1 ^ f(a, b) = 2b 2 - a 2 = —1 


r 2 o — /a + 2b\ 2 a 2 +4ab + 4b 2 -2a 2 -4ab-2b 2 _ -(a 2 -2b 2 ) _ ±\ 

l n ~ ^ — V7+F/ _Z_ (I+b) 2 (a + b) 2 疋 


^ r n = 





2 


In the first and second fractions, y n > n. Let 營 represent the (n — l)th fraction where ^ > 1 and b > n — 1 
for n a positive integer > 3. Now the nth fraction is and a + b>2b>2n — 2>n => y n > n. Thus, 

lim r n = Jl. 

n ^ oo v 


87. (a) f(x) = x 2 — 2; the sequence converges to 1.414213562 ^ \/~2 

(b) f(x) = tan (x) — 1; the sequence converges to 0.7853981635 ~ | 

(c) f(x) = e x ; the sequence 1, 0, —1, —2, —3, —4, —5, ... diverges 


88. (a) 

(b) 

(c) 

(d) 


l-l m oo nf (D 


nlj^ntan- 


lim 

△x — 0+ 




lim 

△X 4 0+ 


f(0+Ax) - f(0) 


f’(0), where Ax 


⑼ 


TTQ2 


1, f(x) = tan—i x 


n lmi o n (e 1/n - 1) = f’(0) = e° = 1, f(x) = e x - 1 
▲ nln(l + ^)=f(0) = ▲ = 2, f (x) = In (1 + 2x) 


89. (a) 


(b) 


Ifa = 2n+l ， thenb= Lf 」 =L 4n2+ 2 4n+1 J = L2n 2 +2n+i\ = 2n 2 + 2n，c =「f 1 = [2n 2 + 2n + i] 
= 2n 2 + 2n + 1 and a 2 +b 2 =(2n+l) 2 + (2n 2 + 2n) 2 = 4n 2 + 4n + 1 + 4n 4 + 8n 3 + 4n 2 
= 4n 4 + 8n 3 + 8n 2 + 4n + 1 = (2n 2 + 2n + l) 2 = c 2 . 


a^oo 


rfi 


= a 1 i m oo 


2n 2 + 2n 

2n 2 +2n+l 


=1 or lim 

a ^ oo 


||j= a lim c sin 0 = (? lim / 2 sin 0 =l 


90. (a) (2n7r) 1 /^ exp d:” = n ljin c exp ()= n ljin o exp (盖） =e° = 1; 

n! ^ (^) \/2n7r, Stirlings approximation =>• « (^) (2J17T) 1 /( 2n ) « ^ for large values of n 


n 


n 

e 

40 

15.76852702 

14.71517765 

50 

19.48325423 

18.39397206 

60 

23.19189561 

22.07276647 
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91. (a) lim ^ = lim = lim = 0 

n ^ oo n c n ^ oo cn c 1 n — oo cn c 

(b) For all 6 > 0, there exists an N = e _ ( lne )/ c such that n > e -( lne )/ c In n > — ^ => In n c > In (^) 
z^>n c >i => |-^-0|<e^ lim 去 = 0 

e n c I n c I n ^ OO n 

92. Let {a n } and {b n } be sequences both converging to L. Define {c n } by c 2n = b n and c 2n -i = a n , where 

n = 1 ， 2, 3,... • For all e > 0 there exists Ni such that when n > N x then \d^ — L| < e and there exists N 2 

such that when n > N 2 then |b n — L| < e. If n > 1 + 2max{Ni, N 2 }, then |c n — L| < e, so {c n } converges to L. 

93. lim n 1//n = lim exp (- In n) = lim exp (-) = e 0 = 1 

94. lim x 1//n = lim exp (- In x) = e 0 = 1, because x remains fixed while n gets large 

95. Assume the hypotheses of the theorem and let e be a positive number. For all e there exists a N x such that 

when n > Ni then |a n — L| < e =>■ —e < a n — L < e ^ L — e < a n , and there exists a N 2 such that when 

n > N 2 then |c n — L| < e =>■ —e < c n — L < e ^ c n < L + e. If n > max{N 1? N 2 }, then 

L — c <C a n ^ b n ^ c n <C L ~h e |b n _ L| < e 4 n liPoo bn = L. 

96. Let e > 0. We have f continuous at L =>• there exists 6 so that |x — L| < 6 |f(x) — f(L)| < e. Also, a n ^ L there 

exists N so that for n > N |a n — L| < 6. Thus for n > N, |f(a n ) — f(L)| < e ^ f(a n ) — f(L). 

97. a n+1 > a n ^ HA 1 > ^ ^ ^ 3 n 2 + 3n + 4n + 4>3n 2 +6n + n + 2 

=> 4 > 2; the steps are reversible so the sequence is nondecreasing; <3 ^ 3n+l<3n + 3 
=> 1 < 3; the steps are reversible so the sequence is bounded above by 3 

qo „ > „ . (2(n+l) + 3)! (2n + 3)! (2n + 5)! (2n + 3)! (2n + 5)! (n + 2)! 

yo ' an + l — ^ ((n+l)+l)! / (n+1)! ^ (n + 2)! ? (n+1)! ^ (2n + 3)! ^ (n+1)! 

=> (2n + 5)(2n + 4) > n + 2; the steps are reversible so the sequence is nondecreasing; the sequence is not 
bounded since (( 2 二 f))!! = (2n + 3)(2n + 2)."(n + 2) can become as large as we please 

99. a n +i < a n =>■ ::+: 3 ;;! 1 < ^ < (n => 2.3 < n + 1 which is true for n > 5; the steps are 

reversible so the sequence is decreasing after as, but it is not nondecreasing for all its terms; ai = 6, a 2 = 18, 
a 3 = 36, a 4 = 54, = ~~ = 64.8 => the sequence is bounded from above by 64.8 

100. a n +i 2 a n 4 2_ n+T _ 25Fr- 2_ n _ |f ^ n _ n+T — 2^ ~ ^ ^nTT) ^ ； the steps are 

reversible so the sequence is nondecreasing; 2—^ — ^<2 the sequence is bounded from above 

101. a n =l — ^ converges because ^ ^ 0 by Example 1; also it is a nondecreasing sequence bounded above by 1 

102. a n = n — ^ diverges because n ^ oo and ^ ^ 0 by Example 1, so the sequence is unbounded 

103. a n = = 1 —辜 and 0 < ^ < ^ ; since ^ ^ 0 (by Example 1) => ^ 0, the sequence converges; also it is 

a nondecreasing sequence bounded above by 1 

104. a n = = (|) n — 姜 ; the sequence converges to 0 by Theorem 5, #4 
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105. a n = ((—l) n + 1) diverges because a n = 0 for n odd, while for n even a n = 2 (1 + 士 ） converges to 2; it 
diverges by definition of divergence 

106. x n = max {cos 1, cos 2, cos 3, . . •， cos n} and x n+ i = max {cos 1, cos 2, cos 3, • • •， cos (n + 1)} > x n with x n < 1 
so the sequence is nondecreasing and bounded above by 1 4 the sequence converges. 


107. If {a n } is nonincreasing with lower bound M, then {—a n } is a nondecreasing sequence with upper bound —M. 
By Theorem 1, {—a n } converges and hence {a n } converges. If {a n } has no lower bound, then {—a n } has no 
upper bound and therefore diverges. Hence, {a n } also diverges. 


108. a n > a n+ i 4^ > (n „+i +1 ^ n 2 + 2n + 1 > n 2 + 2n 1 > 0 and > 1; thus the sequence is 

nonincreasing and bounded below by 1 => it converges 


109. a n > a n+ i <^> 分 v // n~+T + \/ 2n 2 + 2n > ^/n + y/ 2n 2 + 2n 公 \/n + 1 > y/n 

and 1 ; thus the sequence is nonincreasing and bounded below by \J~2 ^ it converges 


110. a n > a n+1 妗 ^ 分 2 n+1 — 2 n+1 4 n > 2 n - 2 n 4 n+1 分 2 n+1 - 2 n > 2 n+1 4 n - 2 n 4 n+1 

公 2 — 1 > 2 * 4 n — 4 n+1 分 1 > 4 n (2 — 4) 1 > (—2) - 4 n ; thus the sequence is nonincreasing. However, 

a n =$ — @ = 2 n which is not bounded below so the sequence diverges 


111. ^=4+Q) n soa n >a n+1 ^ 4 + Q) n > 4 + Q) n+1 ^ Q) n > Q) n+1 ^ 1 > ^ and 
4 + (|) n > 4; thus the sequence is nonincreasing and bounded below by 4 4 it converges 

112. ai = 1, a 2 = 2 - 3, a 3 = 2(2 - 3) - 3 = 2 2 - (2 2 — 1) . 3, a 4 = 2 (2 2 - (2 2 - 1) - 3) - 3 = 2 3 - (2 3 - 1) 3, 
a 5 = 2 [2 3 _ (2 3 _ 1) 3] — 3 = 2 4 _ (2 4 — 1) 3,… ， a n = 2 n - 1 — (2 n ~ l - 1)3 = 2 卜 1 _ 3. 2 n ~ l + 3 

= 2 n ~ 1 (l - 3) + 3 = -2 n + 3; a n > a n+1 分 -2 n + 3 > —2 n+1 + 3 ^ -2 n > -2 n+1 1 < 2 

so the sequence is nonincreasing but not bounded below and therefore diverges 

113. Let 0 < M < 1 and let N be an integer greater than - Then n > N n > => n — nM > M 

4 n > M + nM n > M(n +1)4 > M. 


114. Since Mi is a least upper bound and M 2 is an upper bound, Mi < M 2 . Since M 2 is a least upper bound and Mi 
is an upper bound, M 2 < Mi. We conclude that Mi 二 M 2 so the least upper bound is unique. 


115. The sequence a n = 1 + is the sequence . This sequence is bounded above by |, 

but it clearly does not converge, by definition of convergence. 


116. Let L be the limit of the convergent sequence {a n }. Then by definition of convergence, for | there 

corresponds an N such that for all m and n, m > N =>• |a m — L| < | and n > N |a n — L| < |. Now 
|a m — a n | = |a m — L + L — a n | < |a m — L| + |L — a n | < I + I = e whenever m > N and n > N. 


117. Given an e > 0, by definition of convergence there corresponds an N such that for all n > N, 

|Li — a n | < e and |L 2 — a n | < e. Now |L 2 — Li| = |L 2 — a n + a n — Li | < |L 2 — a n | + |a n — Li | < e + e = 2e. 
IL 2 — L x I < 2e says that the difference between two fixed values is smaller than any positive number 2e. 

The only nonnegative number smaller than every positive number is 0, so |L X — L 2 | = 0 or Li = L 2 . 
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118. Let k(n) and i(n) be two order-preserving functions whose domains are the set of positive integers and whose 
ranges are a subset of the positive integers. Consider the two subsequences ak( n ) and ai( n ), where ak( n ) Li, 
ai( n ) —> L 2 and Li / L 2 . Thus |ak( n ) _ ai( n ) | —>• |Li — L 2 I > 0. So there does not exist N such that for all m, n > N 
|a m — a n | < e. So by Exercise 116, the sequence {a n } is not convergent and hence diverges. 


119. a 2 k —^ L ^ given an e > 0 there corresponds an Ni such that [2k > Ni => |a 2 k _ L| < e]. Similarly, 

a 2 k+i L [2k + 1 > N 2 =>• |a 2 k+i — L| < e] • Let N = max{Ni,N 2 }. Then n > N =>• |a n — L| < e whether 
n is even or odd, and hence a n ^ L. 


120. Assume a n —> 0. This implies that given an e > 0 there corresponds an N such that n > N =>■ |a n — 0| < e 

|a n | < e 11a n 11 < e ||a n | — 0| < e => |a n | —^ 0. On the other hand, assume |a n | 0. This implies that 

given an e > 0 there corresponds an N such that for n > N, | |a n | — 0| < e ^ | |a n | | < e => |a n | < e 
4 |a n — 0| < e 4 a n ― > 0. 

121. a/05 - 1 < 10 -3 ^ 一 1^5 < G) 1/n — 1 < ▲ 今 (S) n <\< (1555)" ^ 11 > in"*!) ^ n > 692 . 8 

4 N = 692; a n 二 (I) 1 〆 11 and lim a n = 1 

122. I#—l|<10-3 > -i4< nl/n - 1 <l4 ^ (^) n < n <O n ^ n>9123 > N = 9123; 

a n = \/n = n ly/n and lim a n = 1 

v n ^ 00 

123. (0.9) n < Hr 3 令 n In (0.9) < -3 In 10 泠 n> « 65.54 令 N = 65; a n = ( 备 ) n and n ljm^ a n = 0 

124. ^ < 10 -7 =>• n! > 2 n 10 7 and by calculator experimentation, n > 14 N = 14; a n = and n lim^ a n = 0 

125. (a) f(x) = x 2 - a ^ f (x) = 2x 泠 x n+1 = x n — ^ 泠 x n+1 = 2x °^~ a) = 4^ = 

(b) xi = 2, X 2 = 1.75, X 3 = 1.732142857, X 4 = 1.73205081, X 5 = 1.732050808; we are finding the positive 
number where x 2 — 3 = 0; that is, where x 2 = 3, x > 0, or where x = \/3 . 


126. xi = 1.5, x 2 = 1.416666667, x 3 = 1.414215686, x 4 = 1.414213562, x 5 = 1.414213562; we are finding the 
positive number x 2 — 2 = 0 ; that is, where x 2 = 2 , x 〉 0 , or where x = \[2. 


111 . Xi = l,x 2 = 1 +cos(l) = 1.540302306, x 3 = 1.540302306 + cos (1 + cos (1)) = 1.570791601, 

X 4 = 1.570791601 + cos (1.570791601) = 1.570796327 = | to 9 decimal places. After a few steps, the 
arc (x n _!) and line segment cos (x n _!) are nearly the same as the quarter circle. 

128. (a) Si = 6.815, S 2 = 6.4061, S 3 = 6.021734, S 4 = 5.66042996, S 5 = 5.320804162, S 6 = 5.001555913, 
S 7 = 4.701462558, S 8 = 4.419374804, S 9 = 4.154212316, S 10 = 3.904959577, S n = 3.670662003, 
S 12 = 3.450422282 so it will take Ford about 12 years to catch up 
(b) 11.8 

129-140. Example CAS Commands: 

Maple: 

with( Student[Calculusl]); 
f := x -> sin(x); 
a := 0 ; 
b := Pi; 
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plot( f(x), x=a..b, title="#23(a) (Section 5.1)"); 

N:=[ 100,200, 1000]; #(b) 

for n in N do 

Xlist := [ a+l.*(b-a)/n*i $ i=0"n ]; 

Ylist := map( f, Xlist); 
end do: 

for n in N do # (c) 

Avg[n] := evalf(add(y,y=Ylist)/nops(Ylist)); 
end do; 

avg := FunctionAverage( f(x), x=a..b, output=value ); 
evalf( avg); 

Function A verage(f(x),x=a. .b,output=plot); # (d) 

fsolve( f(x)=avg, x=0.5); 
fsolve( f(x)=avg, x=2.5); 
fsolve( f(x)=Avg[1000], x=0.5); 
fsolve( f(x)=Avg[1000], x=2.5 ); 

Mathematic a: (sequence functions may vary): 

Clear[a, n] 
a[n_]; = n 1 /n 

first25= Table[N[a[n]],{n, 1,25}] 

Limit[a[n], n ^ 8] 

The last command (Limit) will not always work in Mathematica. You could also explore the limit by enlarging your table 
to more than the first 25 values. 

If you know the limit (1 in the above example), to determine how far to go to have all further terms within 0.01 of the 
limit, do the following. 

Clear[minN, lim] 
lim= 1 

Do[{diff=Abs[a[n] - lim], If[diff< .01 ， {minN= n, Abort □ ⑴， {n ， 2, 1000}] 
minN 

For sequences that are given recursively, the following code is suggested. The portion of the command a[n_]:=a[n] stores 
the elements of the sequence and helps to streamline computation. 

Clear[a, n] 
a[l]= 1 ； 

a[nj; = a[n]= a[n - 1] + (l/5) (n -” 
first25=Table[N[a[n]], {n, 1, 25}] 

The limit command does not work in this case, but the limit can be observed as 1.25. 

Clear[minN, lim] 
lim= 1.25 

Do[{diff=Abs[a[n] - lim], If[diff< .01, {minN= n, Abort □ ⑴， {n, 2, 1000}] 
minN 


141. Example CAS Commands: 

Maple: 

with( Student[Calculusl]); 

A := n->(l+r/m)*A(n-l) + b; 

A(0) := A0; 

A(0) := 1000; r := 0.02015; m := 12; b := 50; # (a) 

ptsl := [seq( [n ， A ⑻ ] ， n=0..99 )]: 

plot( ptsl, style=point, title:”# 141(a) (Section 11.1) M ); 
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A(60 )； 

The sequence { A[n] } is not unbounded; 
limit( A[n], n=infinity ) = infinity. 

A(0) := 5000; r := 0.0589; m := 12; b := -50; # (b) 

ptsl := [seq( [n ， A ⑻ ] ， n=0..99 )]: 

plot( ptsl, style=point, title:’’# 141(b) (Section 11.1)"); 

A(60); 

ptsl := [seq( [n,A ⑻ ] ， n=0..199 )]: 

plot( ptsl, style=point, title:’’# 141(b) (Section 11.1)"); 

# This sequence is not bounded, and diverges to -infinity: 
limit( A[n], n=infinity ) = -infinity. 

A(0) := 5000; r := 0.045; m := 4; b := 0; # (c) 

for n from 1 while A(n)<20000 do end do; n; 

It takes 31 years (124 quarters) for the investment to grow to $20,000 when the interest rate is 4.5%, compounded 
quarterly. 

r := 0.0625; 

for n from 1 while A(n)<20000 do end do; n; 

When the interest rate increases to 6.25% (compounded quarterly) 

$ 20 , 000 . 

B := k -> (1+r/m) 八 k * (A(0)+m*b/r) - m*b/r; 

A(0) := 1000.; r := 0.02015; m := 12; b := 50; 
for k from 0 to 49 do 

printf( M %5d %9.2f %9.2f %9.2f\n", k, A(k), B(k), B(k)-A(k)); 
end do; 

A(0) := 'A(O)'; r := V; m := 'm'; b := V; n := 'n'; 
eval( AA(n+l) - ((l+r/m)*AA(n) + b), AA=B ); 
simplify( % ); 

142. Example CAS Commands: 

Maple: 

r := 3/4.; # (a) 

for k in $1"9 do 
A:=k/10.; 

L:= [0 ， A] ; 
for n from 1 to 99 do 
A:=r*A*(l-A); 

L :=L, [n,A]; 
end do; 

pt[r,k/10] := [L]; 
end do: 

plot( [seq( pt[r,a], a=[($ 1..9)/10] )] ， style=point, title="#142(a) (Section 11.1)”）; 

R1 := [1.1, 1.2, 1.5, 2.5, 2.8, 2.9]; #(b) 

for r in R1 do 
for k in $1"9 do 
A:=k/10.; 

L:= [0,A ]； 
for n from 1 to 99 do 
A:=r*A*(l-A); 

L :=L, [n,A]; 


,it takes only 22.5 years for the balance to reach 
#(d) 
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end do; 

pt[r,k/10] := [L]; 
end do: 

t := sprintf("# 142(b) (Section 1 l.l)\nr = %fr); 

P[r] := plot( [seq( pt[r,a], a=[($l..9)/10] )] ， style=point, title=t); 
end do: 

display([seq(P[r], r=Rl)], insequence=true ); 

R2 := [3.05,3.1,3.2,3.3, 3.35, 3.4]; # (c) 

for r in R2 do 
for k in $1"9 do 
A:=k/10.; 

L:= [0,A]; 
for n from 1 to 99 do 
A:=r*A*(l-A); 

L :=L, [n,A]; 
end do; 

pt[r,k/10] := [L]; 
end do: 

t := sprintf("# 142(c) (Section 1 l.l)\nr = %f", r); 

P[r] := plot( [seq( pt[r,a], a=[($l..9)/10])], style=point, title=t); 
end do: 

display([seq(P[r], r=R2)], insequence=true ); 

R3 := [3.46, 3.47, 3.48, 3.49, 3.5, 3.51, 3.52, 3.53, 3.542, 3.544, 3.546, 3.548]; 
for r in R3 do 
for k in $1"9 do 
A:=k/10.; 

L:= [0,A]; 

for n from 1 to 199 do 
A:=r*A*(l-A); 

L :=L, [n,A]; 
end do; 

pt[r,k/10] := [L]; 
end do: 

t := sprintf("# 142(d) (Section 1 l.l)\nr = %f", r); 

P[r] := plot( [seq( pt[r,a], a=[($l..9)/10])], style=point, title=t); 
end do: 

display([seq(P[r], r=R3)], insequence=true ); 

R4:= [3.5695]; # (e) 

for r in R4 do 
for k in $1"9 do 
A:=k/10.; 

L:= [0,A]; 

for n from 1 to 299 do 
A:=r*A*(l-A); 

L :=L, [n,A]; 
end do; 

pt[r,k/10] := [L]; 
end do: 

t := sprintf("# 142(e) (Section 1 l.l)\nr = %f", r); 


#(d) 
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P[r] := plot( [seq( pt[r ， a] ， a=[($l..9)/10])], style=point, title=t); 
end do: 

display([seq(P[r], r=R4)], insequence=true ); 

R5 := [3.65]; #(f) 

for r in R5 do 
for k in $1"9 do 
A:=k/10.; 

L:= [0,A]; 

for n from 1 to 299 do 
A:= r*A*(l-A); 

L :=L, [n,A]; 
end do; 

pt[r,k/10] := [L]; 
end do: 

t := sprintf("# 142(f) (Section 1 l.l)\nr = %f", r); 

P[r] := plot( [seq( pt[r,a], a=[($l..9)/10])], style=point, title=t); 
end do: 

display([seq(P[r], r=R5)], insequence=true ); 

R6 := [3.65, 3.75]; #(g) 

for r in R6 do 

for a in [0.300, 0.301, 0.600, 0.601 ] do 
A := a; 

L := [0,a]; 

for n from 1 to 299 do 
A := r*A*(l-A); 

L :=L, [n,A]; 
end do; 
pt[r,a] := [L]; 
end do: 

t := sprintf( n # 142(g) (Section 1 l.l)\nr = %f M , r); 

P[r] := plot( [seq( pt[r,a], a= [0.300, 0.301, 0.600, 0.601])], style=point, title=t); 
end do: 

display([seq(P[r], r=R6)], insequence=true ); 

11.2 INFINITE SERIES 


S n 


a(l-r°) — 2 (1-(1)°) 


(1 ~r) 


1 - (j) 


W~ ^ n^oo Sn = "T 


G) 


2. Sn = ^ = (^_-^T) ^ ^ Sn = ^ 


3. s n 

4. S n 

5. 


a(l -r 11 ) 


±K 


(1 _ r) 1 _ (— i) n ^ oo 


- (2) n 


^ s n = (“ — 曼 


l 


_ (- 2 ) ， a g eometr i c series where |r| > 1 =>• divergence 

1 ^ ^ s n = (u + (n … & 


(n + l)(n + 2) _ n 


^+ 2 ) 


2 n + 2 
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6. 


5 


n(n + 1) 




^ n^oo Sn 


7. 


* + 告 — 占 + ... , the sum of this geometric series is ^ 互 ) = l 


8. ^ ^ + 2^6 + ... , the sum of this geometric series is t >()” = ^ 


9. i + i^ + 点十 ...， the sum of this geometric series is 




10 . 5-! + ^-| 


…， the sum of this geometric series is -~~ 

一 1 _ 5) 


11. (5 + 1) + (I + I) + (I + I) + (I + ^) + … ,is the sum of two geometric series; the sum is 

10 + i = T 


(I) + ^TI) 


12. (5 - 1)+ (f - 5 ) + (I - 5 ) + (I - i) + ... ,is the difference of two geometric series; the sum i 


is 


% —r^y = 10 —i = ¥ 


13. (1 +1)+(| — !) + ($ + 士 ）+ (| — 士 ) + … ，is the sum of two geometric series; the sum is 


J_|_ 1 

-⑴十 1 + ⑴ 


2 +| = ^ 


14. 2 + S + 熹 + 盖 + … 


2(1 


i + A , 8 


25 ^ IB 


.•.) ; the sum of this geometric series is 2 


(!), 


f 


15. 


(4n — 3)(4n +1) — 4n — 3 4n + 
+ ( 5 ^ - toTl) = 1 1 


T ^ s n = (丄 一 I ) + G _ I ) + (* — H) + ... + 


4n-3) 


4n+ 1 


4 


n^oo Sn = 土 G 一 STTl) 


16. 


A 


(2n — l)(2n +1) — 2n — 


2n + 1 


A(2n + 1) + B(2n - 1) 
~(2n- l)(2n + 1)~ 


^ A(2n+ 1) + B(2n— 1) = 6 


=»• (2A + 2B)n + (A-B) = 6 ^ { A-B - 6 2A = 6 ^ A = 3 and B 


-3. Hence, 


k 

E 


(2n- l)(2n + 1) 


3 E - 2nTl) 


3 (l-2kTT) ^ the 画 is 3(1- 


2 k+ 1 > 


1 


1 


2 (k - 1)+1 


2 k + 1 


17. 


40n 


(2n- l) 2 (2n + l) 2 — (2n - 1) 丁 （ 2n - l) 2 丁 （2n + l) ^ (2n + l) 2 
_ A(2n - l)(2n + l) 2 + B(2n + l) 2 + C(2n + l)(2n - l) 2 + D(2n - l) 2 
_ (2n - l) 2 (2n + l) 2 

=> A(2n — l)(2n + l ) 2 + B(2n + l ) 2 + C(2n+ l)(2n — l ) 2 + D(2n - l ) 2 = 40n 
4 A ( 8 n 3 + 4n 2 - 2n - 1) + B (4n 2 + 4n + 1) + C ( 8 n 3 - 4n 2 - 2n + 1) = D (4n 2 - 4n + 1) = 40n 
泠 ( 8 A + 8 C)n 3 + (4A + 4B - 4C + 4D)n 2 + (-2A + 4B - 2C - 4D)n + (-A + B + C + D) = 40n 


8 A + 8 C= 0 


8 A + 8 C= 0 
A+ B-C+ D= 0 


B+ D 


0 


4A + 4B —4C + 4D= 0 ^ _ _ 彳 …^ _ 

# 《 -2A + 4B-2C-4D = 40 ^ ) -A + 2B - C - 2D = 20 ^ | 2B - 2D = 20 ^ ^ ~ ^ ^ 


-A+ B+ C+ D 


0 


-A+ B + C+ D 


0 


and D 


-5 => 


A + C = 0 
-A + 5 + C- 5 = 0 


C = 0 and A = 0. Hence, ^ 


40n 


(2n- l) 2 (2n + l) 2 
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1 1 

-5(1 

i 1 i i I i 

1 

i 

1 ) 

(2n - l) 2 (2n + l) 2 

l 1 

9 ^ 9 25 T 25 •. 

• (2(k -1) + iy 

(2k - l) 2 

(2k + iy 2 J 


— (2kw) ^ theSUm ^n^oo 5 G 一 (2kw) = 5 


18 . n^n t 1)2 = 去一 (JW ^ Sn = G — S) + (I — .) + (I — 忐 ) + ■ 


l 

1 

L 

1 1 

[(n-l) 2 



n 2 (n + l) 2 


今 n^oo Sn = n^oo 


1 

(n + l) 2 


19 


. Sn = G -夫) + (汰_*) + (*-*) + ..• + (☆ + *) + (大_ 


■\/n + 1 


=> lim s n = lim (1 - 

n —> oo n ^ oo \ yn + 1 y 


20 . s n = Q - ^j) + (^i - ▲) + (^r _ ^i) 
=> lim s n = 4 — I = 一 h 


+ ( 2 "(n_l) — 2 Vn) + ( 2 V n — 2 1 /( n + 1 )) 


2 2V(n+l) 


21 . s n =( 占 - 占 )+ ( 占 - 占 )+ ( 占 - 占 ) 

= ^\h + In (^+2) 泠 n^oo Sn = ^ ET 5 


1 


ln(n+ 1) 


ET^) 


1 


1 


In (n + 2) ln(n + 1). 


22. s n = [tan- 1 (1) — tan -1 (2)] + [tan -1 (2) — tan -1 (3)] + … + [tan -1 (n — 1) — tan -1 (n)] 


+ [tan -1 (n) — tan -1 (n + 1)] = tan -1 (1) — tan— 1 (n + 1) => lim s n = tan -1 (1) 2 ~ 4 2 


I〆 ")、 — 7T _ 7T _ 7T _ _ 7T 


23. convergent geometric series with sum 


( 75 ) 


桌 =2+0 


24. divergent geometric series with |r| = \fl >1 25. convergent geometric series with sum 


(i) 


-H) 


26. 土 （ _l) n+ W 0 4 diverges 


11 . n^oo cos (_ = n^oo (—l) n # 0 今 diverges 


28. cos (n7r) = (—l) n convergent geometric series with sum 


29. convergent geometric series with sum - ~~ 


~(5T 


30 - jiPoo ^ i = -oo ^ 0 ^ diverges 


• • • o is o 

31. convergent geometric senes with sum —— ^~r\ — 2 — — 


"W 


9" — 9" 


32. convergent geometric series with sum ——- 


W) 


33. difference of two geometric series with sum —— K 


1 -⑺ '-(I) 

34. lim (l — -) n = lim (1 + —) n = e _1 — 0 => diverges 

n—^ oq\ n / n — oo\ n 〆 ° 


2 — 2 
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35 . n^oo TW 


oo / 0 => diverges 


36. lim ^ = lim … n > lim n = oo ^ diverges 

n — oo n ! n — oo u--n n —^ oo ° 


37. E In(^) =E[ln(n)-ln(n+l)] ^ Sn = [In ⑴ -ln( 2 )] + [In ⑵ —ln(3)] + [In ⑶ —ln(4)] + ... 

n=l n=l 

+ [In(n — 1 ) — In(n)] + [In(n) — In(n + 1)] = ln(l) _ In(n + 1 ) = _In (n + 1 ) => n Hrn c s n = — oo, =>■ diverges 

38. nlim^ a n = In (^) = In Q) ^ 0 ^ diverges 


39. convergent geometric series with sum 


(f) 


40. divergent geometric series with |r| = ^ « ^2459 >1 


41. (-l) n x n = 它 (-x) n ; a = 1， r = -x; converges to 卜匕 ) =for |x| < 1 

n=0 n=0 

00 00 

42. ^2 (—l) n x 2n = (—x 2 ) n ; a = 1 ， 1 ' = —x 2 ; converges to t ^ x2 for |x| < 1 


43. a = 3, r = - ; converges to 


輪 = 占 for -1 < < 1 or 一 1 < x < 3 


44. E 4M^) n = E H3T ^) n ； 


a = 今 ， r : 


3 + sin x 


;converges to 


iiL 


= J A + , sm x 、 = 3 + sm x f or a u x (since \ < ^ — < \ for all x) 

45. a = 1, r = 2x; converges to x _ : 2x for |2x| < 1 or |x| < | 

46. a = 1， r = - 去 ； converges to ^ _ 卜 ) =for | 去 | < 1 or |x| > 1. 

47. a = 1, r = —(x + l) n ; converges to t + + t) = for |x + 1| < 1 or —2 < x < 0 

48. a = 1， r = ; converges to —— A _ x n = for | |<lorl<x<5 

一 、 1 - {^) X ~ 一 

49. a = 1， r = sin x; converges to { - for x — (2k + 1) |, k an integer 

50. a = 1， r = In x; converges to { _ 1 lnx for |In x| < 1 or e _1 < x < e 


51. 0.23 = 晶 ( 士 ) n = TTTT ： 

n=0 V100 


23 
) — 99 


_ uu 

52. 0.234 = 盖 （士） 



234 

、 looo ； 234 
999 


53 . 0 . 7 = 它忐 (忐 广 




f i \ ~ 9 

54. 0.d = }2 

To (lo) = 


lioj 

n=0 


1_ UJ 


55. 


o.o6=£ a-o)^)u- 0 r-M 

n—n 1 — I Ta 


_ A _ 丄 

(^) 55 T5 
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712 Chapter 11 Infinite Sequences and Series 


oo ( 414 ^ 

56 I 414 - 1 + V 414. (J_Y _ 1 , 11000 ； _ i , 414 _ 1413 

JU * 1 -^ 1 ^ _ 1 卞乙 1000 V10 3 / — 卞 ！ ， 1 、 _ 卞 999 — 999 

n=0 1 _ k 丽 J 

oo /"123\ 

124 , 123 / 1 \ n _ 124 , \io 5 J _ 124 , 123 _ 124 , 123 _ 123,999 _ 41,333 


57. 1.24123 = S w (w )= 错 + 


n=0 


(tp) 


Too ^ 10 5 - 10 2 —丽 + 99,900 — 99,900 — 33,300 


^ 142,857 \ 


58. 


a M9RS7 - ^ _i_ 142 , 857 f J_、 n - ^ _ a . 142,857 _ 3,142,854 _ 116,402 

J 卞 & l()« VW/ — J 卞卜 （ a) _ J 卞 10 6 - 1 999,999 — 37,037 


59 .⑻ E 


(n + 4)(n + 5) 


WE 


(n + 2)(n + 3) 


( C ) S (n - 3)( 


(n - 3)(n - 2) 


60 •⑻乙 


(n + 2)(n + 3) 


(b) E 


(n - 2)(n - 1) 


⑹ E 


5 


(n — 19)(n — 18) 


61. (a) one example is ! + $ + ! + 為 + •• 
(b) one example is — | | — 


16 


⑴ _ i 

_rr W — 


(c) one example is 1 — | | 

negative number. 


k , k I k 


16 


…； the series 2 , 4 




k where k is any positive or 


⑴ 


62. The series k(^) n is a geometric series whose sum is 、 2 人 、 =k where k can be any positive or negative number. 

n=0 


OO OO OO C50 / \ oo 

63. Let a n = bn = (|) n . Then £ a n = £ b n = ^ (|) n = 1, while (歆 ）=£ ⑴ diverges. 

n=l n=l n=l n=l ' ^ n=l 


oo oo 


64. Let a n = b n = Q) n . Then 公 a n = ^ b n = ^ ($) n = 1， while 公 (a n b n )= 公 ⑴ n = \ ^ AB. 


n=I n=l n=l 


OO OO OO / \ oo 

65. Let a n = ⑴ 11 and b n = Q) n . Then A = a n = ! ， B = 二 b n = 1 and [ (^) = E (|)° = 1 # f . 

n=l n=l n=l \ f n=l 

66. Yes: ^2 diverges. The reasoning: ^2 a n converges a n ^ 0 => — >• oo ^ diverges by the 


nth-Term Test. 


67. Since the sum of a finite number of terms is finite, adding or subtracting a finite number of terms from a series 
that diverges does not change the divergence of the series. 

68 . Let A n = ai + a 2 + . •. + a n and n lm^ A n = A. Assume ( a n + b n ) converges to S. Let 

S n — ( a i H - t>i) + (a 2 + b 2 ) + ••• + (a n + b n ) S n = (ai + a? + •.. + a n ) + (bi + b] + … + b n ) 

4 bi + b 2 + ••• + b n = S n — A n n Hm^ (bi + b 2 + _•. + b n ) = S — A 4 b n converges. This 

contradicts the assumption that E b n diverges; therefore, ( a n + b n ) diverges. 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 


























69. (a) 


2 


Section 11.3 The Integral Test 713 


- =5 ^ | = l-r ^ r=f;2 + 2(|)+2(f) 5 


M 

1 — r 


13 


(b) g = 5 今 

70. 1 + e b + e 2b + ...= 


A . 13 _ 13 ( 3_\ I 13 M 'i 2 — 13 (A、 3 
10 ， 2 2 V10J T 2 V 10/ / 2 \10) 


=1 — r 4 r 二 
T^F =9 ^ i = 1 - e b ^ e b = I 今 b = In ( 參 ) 


71. s n = 1 + 2r + r 2 + 2r 3 + r 4 + 2r 5 + ... + r 2n + 2r 2n+1 , n = 0, 1,... 

今 s n = (1 + r 2 + r 4 + ... + r 2n ) + ( 2 r + 2 r 3 + 2 r 5 + ... + 2 r 2n+1 ) ^ n lnn c s n 
= i±|,if|r 2 | < 1 or |r| < 1 


? + 


72. L - s n = = 产 °_ 

11 1 — r 1—r 1 —r 


73. distance = 4 + 2 


⑷ 0+(4) (i ) 2 


4+2 lRi)J =28m 


74. time = + 2 J (^) (|) + 2J (^) (|)^ + 2W (^) (|)" 


^9 +2 \/j9 


腰 






2 + ( 4 ^ ( 73 \ = (4-2x/3)+4x/3 = 4 + 2V^ 

\/4^9 / V2-v/3y _ V^(2_v^) — \/^9 (2 - y/^j 


^ 12.58 sec 


75. area : 


2 2 + ( v ^) 2 + (1) 2 + (^) ： 


4 + 2+1 


8 m 2 


76. area = 2 


「⑴ 2 


+ 4 


-⑴ 2 


+ 8 


「⑴ 2 


(? + g + + •••) 




77 •⑻ Li = 3, L 2 = 3 (I), L 3 = 3 (|) ， … ， L n = 3 n^oo ~ n^Poo ^ ~ 00 

(b) Using the fact that the area of an equilateral triangle of side length s is ^s 2 , we see that Ai = #， 

a 2 = A 1 + 3( 幸 ) Q ) 2 = 幸 + 禮， A 3 = A 2 + 3(4)( 幸 )( 去 )2 = ^ + if + , 

A 4 = A 3 + 3(4 ) 2 ( 幸 )( 秦 ) 2 ， A 5 = A 4 + 3(4 ) 3 ( 卓 )( 秦 ) 2 ’ … . ， 

A n = ^+E 3(4 ) k _ 2 ( 幸 )⑷ = f+ E 3y^4 ) k - 3 ⑷ k_1 = ^+3v^fe 銲 ）. 

k=2 、 / k=2 \k=2 / 

’ -+3^3(g |^)) + 3^3^) +3^3(^) = ^# 


lim A n = lim 

n — 00 n — 00 


78. Each term of the series [ 去 represents the area of one of the squares shown in the figure, and all of the 

n=l 

00 打 

squares lie inside the rectangle of width 1 and length ^2 (^) — ~r~r — 2. Since the squares do not fill the 

' : n =0 — 2 

00 

rectangle completely, and the area of the rectangle is 2, we have h <2 ' 

n=l 

11.3 THE INTEGRAL TEST 


1. converges; a geometric series with r = < 1 


2. converges; a geometric series with r =i < 1 
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714 Chapter 11 Infinite Sequences and Series 

3. diverges; by the nth-Term Test for Divergence, n lin^ = 1/0 


4. 


diverges by the Integral Test; dx = 5 In (n + 1) — 5 In 2 



5. diverges; E 




3 E 夫 ， which is a divergent p-series (p 


6. 


converges; 



= _2E 


▲ , which is a convergent p-series (p = 暑 ) 


7. converges; a geometric series with r =I < 1 

oo oo oo oo 

8 . diverges; ^ ^ —8 ^ ^ and since ^ ^ diverges, —8 ^2 士 diverges 

n=l n=l n=l n=l 


9. diverges by the Integral Test: ^ dx = | (In 2 n — In 2) => ^ dx 


10. diverges by the Integral Test: J 2 dx; 


t = In x 
dt= @ 

X 

dx = e l dt 


f°° te 1 / 2 dt 

Jln2 


b lim [ 2 e b / 2 (b _ 2 ) — 2 e( ln2 )/ 2 (ln 2 - 2 )] = oo 


11 . converges; a geometric series with r =<i 


12 . diverges; lim 


5 n 


lim 


5 n In 5 


n—>oo 4 n + 3 n —>oo 4 n In4 


n iiPoo(^)a) n =-/o 


13. diverges; ^ g 


-2 ^2 , which diverges by the Integral Test 

n=0 


14. diverges by the Integral Test: 

15. diverges; lim a n = lim 

。 n—>oo n ^ oo 

16. diverges by the Integral Test: 

—>• oo as n —> oo 


X 2 x^T = \ ln(2n - 1) —>■ oo as n —> oo 


-^-r = lim 
n+ i n ^ oo 


甲 =oo/0 


f n dx . 

u = Y^x+ 1 

Jl yx(y^+i) ? 

i du = ^ J 



17. diverges; lim ^ = lim 分 =lim ^ = oo _ 0 

18. diverges; lim a n = lim (1 + -) n = e _ 0 

19. diverges; a geometric series with r = &«1.44>1 

20. converges; a geometric series with r = ^ 0.91 < 1 


dx ^ oo 


■> oo 

lim [2te 1 / 2 - 4e t/2 ] 


=In (y^n + 1 ) — In 2 
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21. converges by the Integral Test: 


r _ 01 


^3 (In x) V(ln x) 2 : 


dx; 


u = In x 
du = - dx 


£uv^j du 


lim [sec -1 |u|]^ 3 = lim [sec -1 b — sec -1 (In 3)1 = lim [cos -1 ( 士） _ sec -1 (In 3)1 

b — oo b —^ oo b —^ oo L v D/ J 

cos -1 (0) — sec -1 (In 3) = ^ — sec -1 (In 3) « 1.1439 


22. converges by the Integral Test: x (i +\ n 2 x) dx 


JT r-^ 


+ (In x) 2 


dx; 


u = In x 
du = - dx 


fo lW du 


lim [tan -1 u] 0 = lim (tan -1 b — tan— 1 0) = f — 0 = f 

b ^ oo b ^ oo z 1 


in f M 

23. diverges by the nth-Term Test for divergence; n sin ⑴ = n lim c (丫 = lim^ = 

tanf 1 ) (~ \ 

24. diverges by the nth-Term Test for divergence; n ljin^ n tan (^) = n liin^ —= n ljin^ -― ^ 
= n Hm o sec 2 ( 士 ） = sec 2 0=1^0 


1^0 

I sec2 (D 




25. converges by the Integral Test: x :: 2x dx; 


u = e x 
du = e x dx 


f: TT^ du = n 1 H n oo 卜 - 


b lim o (tan- 1 b-tan^e) = l-tan- 1 e«0.35 


26. converges by the Integral Test: dx; 


u = 

=e x _ 

du = 

e x dx 

dx = 

i du 

U J 

21 n( 

-M = 

e+l/ 

u = 

tan -1 x 


/e ^0+^j dU = X (u - ^Tl) 


du 


= b 1 i m oo [ 2 ln = b^oo 2 ln (击) - 2 ln (6) = 2 In 1 - 2 In ( 击 ) =—2 In ( 击) 《 0_63 
27. converges by the Integral Test: dx; 


[ du -TT3?J 


£ ； 2 8udu=[4u 2 ]$ = 4(^-g)=^ 


poo 

28. diverges by the Integral Test: J dx; 

=lim $ (In b — In 2) = oo 

b ^ oo z 


U = X 2 + 1 

du = 2x dx 




poo 

29. converges by the Integral Test: / sech x dx = 2 lim 


b — oo J 1 1 + ( eX )' 




2 lim (tan -1 e b — tan— 1 e) = 7r — 2 tan -1 e ~ 0.71 

b — oo 


poo 

30. converges by the Integral Test: j sech 2 x dx 


lim 

b — oo 


. S6Ch2 ^x = b lim o [tanh x]J = (tanh b - tanh 1) 


b — oo 


1 — tanh 1 « 0.76 


31 . [a ln|x + 2 |-ln |x + 4|]^ b lim o -ln(f); 

^ lim ' 二 ’ =a b lim (b + 2) a_1 ~ | ^ — 1 ^ series converges to In (|) if a = 1 and diverges to oo if 

a > 1. If a < 1, the terms of the series eventually become negative and the Integral Test does not apply. From 
that point on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges. 
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716 Chapter 11 Infinite Sequences and Series 


poo 

32_ X (, 


2a 


b^oo 2i(b+Ij^ 


)dx = lim 

’ b ^ oo 

f 1， a 


In 


(x+l) 2a 


b^oo ln 綠 - ln ( 長)；綠 


b ^ oo 


x ^ the series converges to ln (|) = In 2 if a = ! and diverges to oo if 

oo, a < 2 ' — ■一 

if a < I. If a > I ,the terms of the series eventually become negative and the Integral Test does not apply. 
From that point on, however, the series behaves like a negative multiple of the harmonic series, and so it 
diverges. 


33. (a) 




(b) There are (13)(365)(24)(60)(60) (10 9 ) seconds in 13 billion years; by part (a) s n < 1 + ln n where 
n = (13)(365)(24)(60)(60) (10 9 ) ^ s n < 1 + ln ((13)(365)(24)(60)(60) (10 9 )) 

=1 + ln (13) + ln (365) + ln (24) + 2 ln (60) + 9 ln (10) « 41.55 


34. No, because ^ ^ ^ and ^ ^ diverges 

n=l n=l n=l 


35. Yes. If ^2 is a divergent series of positive numbers, then ( 垂） X] = ^2 (y) also diverges and f < a n . 

n=l n=l n=l 

oo 

There is no “smallest，' divergent series of positive numbers: for any divergent series ^ a n of positive 

n=l 

oo 

numbers ( 专 ) has smaller terms and still diverges. 


36. No, if ^2 a n is a convergent series of positive numbers, then 2 a n = [] 2a n also converges, and 2a n > a n . 

n=l n=l n=l 

There is no “largest" convergent series of positive numbers. 

n n 

37. Let A n = ^ ak and B n = 2 k a(2k) ， where {ak} is a nonincreasing sequence of positive terms converging to 

k=l k=l 

0. Note that {A n } and {B n } are nondecreasing sequences of positive terms. Now, 

B n 二 2a2 + 4 如 + + … + 2 n a(2n) = 2 叱 + (2a4 + 2a4) + (2ag + 2a§ + 2ag + 2as) + ... 

+ (2a(2n) + 2a(2 n ) + • • • + 2a^2 n )) ^ 2 ai + 2 叱 + (2a3 + 2a4) + (2a5 + 2 a§ + 2a7 + 2 ag) + .. • 

2 n_1 terms 

oo 

+ (2a( 2 n-i) + 2a( 2 n-i+i) + ••• + 2a(2”）= 2A(2n) <2^2 a k. Therefore if ^ ak converges, 

k=l 一 

then {B n } is bounded above => ^2 2 k a( 2 k) converges. Conversely, 

oo 

A n = ai + (&2 + & 3 ) + (a4 + a 5 + + a7) + •. • + a n < ai + 23.2 + 4a4 + • • • + 2 n a(2n) = ai + B n < ai + 2^a^2k) • 
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oo 

Therefore, if ^ 2 k a( 2 ” converges, then {A n } is bounded above and hence converges. 

k=l 


38. (a) a (2 n) = = 2 ^ 2 ) ^ E 2 n a ⑺ =E 2 n 51 ^ 2 )= 忐 E ^ which diverges 

n=2 n=2 n=2 

00 

泠 E 土 diverges. 

n=2 

00 00 00 

⑻ a(2” = 2=p ^ s 2 n a(2 n ) = J 2 2 n • 去 = E 

converges if < 1 or p > 1, but diverges if p < 1. 


oo n 

(^t) , a geometric series that 


noo 

39 . ⑻ / 2 


dx • 
x(ln x)P , 


u = In x 
du = ^ 


厂 u 

Jln2 


lim 

b — > oo 


-p+ 1 


=lim 

ln2 b ^ OO 


[b— p +1 — (In 2 )-p +1 ] 


-L- (i n 2) _p+1 , p > 1 

p_ 1 ’ =>• the improper integral converges if p > 1 and diverges 

oo, p < 1 " 。 


ifp< 1. Forp= 1: = b lirn^ [In (In x)]^ = b lirn^ [In (In b) - In (In 2)] = oo, so the improper 

integral diverges if p = 1 . 


(b) Since the series and the integral converge or diverge together, 


n(ln n)P 


converges if and only if p > 1 . 


40. (a) p = 1 => the series diverges 

(b) p = 1.01 => the series converges 

oo oo 

( c ) E = 3 E 5 (K) ； P = 1 4 the series diverges 

n=2 n=2 

(d) p = 3 => the series converges 


41. (a) From Fig. 11.8 in the text with f(x) = - and ^ , we have ^dx< 1 + | + | + ... + ^ 

<! + J>) dx In (n+ 1 )$ 1 + - + I + ." + g $ 1 In n 0 ^ In (n + 1 ) — In n 
< (1 + ! + ! + ..• +5) — In n < 1. Therefore the sequence {(1 +! + ! + ..• + ▲) _ Inn} is bounded above 
by 1 and below by 0 . 

(b) From the graph in Fig. 11.8(a) with f(x) = - , -j-r < f - dx = In (n + 1) — In n 

=> 0 〉 n 上 i — [In (n + 1) — In n] = (1 + | + | + ... + — ln(n-|-l)) — (1 + | + | + ... + 士一 Inn). 

If we define a n = 1 + ! = | + 士 一 In n, then 0 > a n+ i — a n =>• a n +i < a n =>■ {a n } is a decreasing sequence of 
nonnegative terms. 

42. e _x2 < e _x for x > 1, and / e _x dx = lim [—e _x ]! > = lim (—e _b + e _1 ) = e _1 => / e _x2 dx converges by 

^ 1 b ^ oo b —> oo v ’ ^ 1 

oo oo 

the Comparison Test for improper integrals => ^ e_n = 1 + X] e_n converges by the Integral Test. 

n=0 n=l 


11.4 COMPARISON TESTS 


1. diverges by the Limit Comparison Test (part 1) when compared with A= , a divergent p-series: 

n=l v 

0 = 1 


n^oo 


、 2>/n+ y/a 

(ts) 


lim - 3 r 

1 —> oo 2y/n + ^/n 


n^oo 


<2 + n- 1 / 6 ^ 
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718 Chapter 11 Infinite Sequences and Series 


2. diverges by the Direct Comparison Test since n + n + n>n + + 0 ^ n + ^i ， which is the nth 

oo 

term of the divergent series ^ or use Limit Comparison Test with b n = ^ 


3. converges by the Direct Comparison Test; ^ , which is the nth term of a convergent geometric series 

4. converges by the Direct Comparison Test; 1 + ^ 2 0S n < ^ and the p-series ^ converges 


5. diverges since lim 


7^0 


6. converges by the Limit Comparison Test (part 1) with ▲ ， the nth term of a convergent p-series: 

(㈣ 


lim d = lim 

n — oo / i ) n — oo \ n / 


7. converges by the Direct Comparison Test; ( 3n n + ! 广 < (^) n = Q) n , the nth term of a convergent geometric 


series 


8. converges by the Limit Comparison Test (part 1) with ▲ ， the nth term of a convergent p-series: 

㈤ 


n^oo 


、 \/n 3 + 2 / 


V ^ = n 1 i m oo V 1 + ^ 


9. diverges by the Direct Comparison Test; n > In n => In n > In In n 4 - 〈 ih 〈 huHTS) and S H 

n=3 

diverges 


10. diverges by the Limit Comparison Test (part 3) when compared with 士 ， a divergent p-series: 

n=2 


lim = lim 




n^oo 0^=n 1 l m oc 


n^oo i^ = K 1 i m oo (f) =5 n^oc 11 = 00 


11. converges by the Limit Comparison Test (part 2) when compared with ^ , a convergent p-series 


lim lim lim ⑴ 

n —> oo f J_ \ n —> oo n n ^ oo 1 

w) 


：2 lim 心 = 0 

n —> oo n 


12. converges by the Limit Comparison Test (part 2) when compared with X , a convergent p-series: 


lim W~= lim lim ⑴ =3 lim ^ = 3 lim 2 —) ⑴ 

1 n ^ oo n n ^ oo 1 " — 


6-0 = 0 


n—>oo n n ^ oo 1 


6 lim ^ 

n ^ oo n 


13. diverges by the Limit Comparison Test (part 3) with ^ , the nth term of the divergent harmonic series: 


lim 々巧 11 」 =lim 吞 =lim 

i — oo O n ^ oo in n n —> oc 


( l J 


lim 幸 = oo 

n — oo 2 
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14. converges by the Limit Comparison Test (part 2) with ^ , the nth term of a convergent p-series: 

[ 赞 L ^= n lim o gT = 8 n lim o ^ = 8 ^^ 7 ^ = 32 ^ ^ = 32 - 0 = 0 


n^oo 


<4^74j 


<4^74j 


15. diverges by the Limit Comparison Test (part 3) with ^ , the nth term of the divergent harmonic series: 

(l + lnn) 


( 1 ) 


n^oo I+K= n^oo (I) = n^oo 11 = 00 


16. diverges by the Limit Comparison Test (part 3) with ^ , the nth term of the divergent harmonic series: 


^(l+lnn) 2 y 


n 1 -^ 0 ^(IT 


n^oo 0+W= n^oo THTi^T = n^oo 2aftan) = n 1 ^ (|J = f = OO 


17. diverges by the Integral Test: 上 巧二 1 ) dx = 又 3 u du = ^lim [臺 u 2 ] : n3 = ^lim | (b 2 — In 2 3) = oo 


b — oo 


18. diverges by the Limit Comparison Test (part 3) with ^ , the nth term of the divergent harmonic series: 


1 • \ 1 + ln^ n 

n 1 ^ iir 


lim 


oo l+ln 2 n—n — oo 


^iPoo 2W~n = n^oo (|J = ! = 00 


19. converges by the Direct Comparison Test with * , the nth term of a convergent p-series: n 2 — 1 > n for 

n > 2 n 2 (n 2 — 1) > n 3 =>• n\/n 2 — 1 > n 3 / 2 ^ > —y ==== or use Limit Comparison Test with ^. 

20. converges by the Direct Comparison Test with ▲ ， the nth term of a convergent p-series: n 2 + 1 > n 2 

=> n 2 + 1 > y^n 3 / 2 => > n 3 / 2 4 ^ or use Limit Comparison Test with ^. 

oo oo oo 

21 . converges because ^2 二 E ▲ + X ] 安 which is the sum of two convergent series: 

n=l n=l n=l 

oo oo 

^2 ▲ converges by the Direct Comparison Test since ^ ^ , and ^ is a convergent geometric 

n=l n=l 

series 

oo oo 

22 . converges by the Direct Comparison Test: E + i?) and ^ + i? 9 the sum of 

n=l n=l 

the nth terms of a convergent geometric series and a convergent p-series 

23. converges by the Direct Comparison Test: 3 」+ 丄 < 士 r , which is the nth term of a convergent geometric 
series 


24. diverges; (宇 


^iPoo (5 + 55 ) = 3 ^ 0 


25. diverges by the Limit Comparison Test (part 1) with ^ , the nth term of the divergent harmonic series: 

n 1 ^o 1 if=x 1 L m O^ = 1 
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26. diverges by the Limit Comparison Test (part 1) with ^ , the nth term of the divergent harmonic series: 


lim ( 工 、 11 ) = lim 

n — oo ⑴ n^oo Vcos ; 




27. converges by the Limit Comparison Test (part 1) with \ , the nth term of a convergent p-series: 


n^oo 


f 10 n+l 、 

^n(n+lXn + 2)^ 

㈤ 


lim 4 x^x 0 = lim = lim 學 =10 

n —> oo + in + z n — oo + i n—>00 2 


28. converges by the Limit Comparison Test (part 1) with ^ , the nth term of a convergent p-series: 


5n 3 - 3n 


n^oo —(y 5 ” = n^oo -L^Sn-10 = n^oo 3n*-4；+ 5 - n Too 6n-4 


lim 


30n 


_1 7T OO 7T ^ 

29. converges by the Direct Comparison Test: ta ^ lA n < and 真 =f S ^tt is the product of a 

n=l n=l 

convergent p-series and a nonzero constant 

30. converges by the Direct Comparison Test: sec -1 n < ! 4 n < 货 and 與 =f S ^3 is the 

n=l n=l 

product of a convergent p-series and a nonzero constant 


㈣ 


31. converges by the Limit Comparison Test (part 1) with ^ : ljin^ K / n \ — lim coth n = _ lim 6 ° + 6 

n 一 … w) n 


lim 


n ^ 00 1 _ e _ 


32. converges by the Limit Comparison Test (part 1) with 4 : lim 


n^oo & 


㈣ 


i? . n，oo -JJY = ▲ 涵 n = ▲ 錶 


(A) 

33. diverges by the Limit Comparison Test (part 1) with n lmi o W — ^lim^ -^= = 1. 


34. converges by the Limit Comparison Test (part 1) with 


去:土 =n 1 l m oo ^ =1 


35. 


L + 2+3 + ...+n 


^n(n-hl)^ — n (n+ 1) 


.The series converges by the Limit Comparison Test (part 1) with 




lim 


n™00 TTV = n^oo = n^oo 2 ^ 


= lim i = 2. 

n oo 2n+l n ^ oo ^ 


36. 


1 + 2 2 +3 2 + •••+ n 2 — n(n+ l)(2n+ l) — n(n + l)(2n+ 1) — n 
6 


< ^ the series converges by the Direct 


Comparison Test 


1-0 


< 1 泠 -1 < ^ < 1 


37. (a) If n Hrn^ & 二 0, then there exists an integer N such that for all n > N, 

a n < b n . Thus, if [ b n converges, then a n converges by the Direct Comparison Test. 
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(b) If ^lnn^ ^ = oo, then there exists an integer N such that for all n > N, ^- > 1 ^ a n > b n . Thus, if 
b n diverges, then a n diverges by the Direct Comparison Test. 

oo 

38. Yes, ^2 ^ converges by the Direct Comparison Test because 脊 <a n 

n=l 

39. n lJin o ^ = oo ^ there exists an integer N such that for all n > N, ^ > 1 ^ a n > b n . If a n converges, 
then E b n converges by the Direct Comparison Test 

40. ^2 a n converges => n ljpi^ a n = 0 => there exists an integer N such that for all n > N, 0 < a n < 1 < a n 

^ converges by the Direct Comparison Test 


41. Example CAS commands: 

Maple: 

a := n -> l./n A 3/sin(n) 八 2; 

s := k -> sum( a(n), n=l..k); # (a)] 

limit( s(k), k=infinity); 

pts := [seq( [k,s(k)], k=l"100 )]: # (b) 

plot( pts, style=point, title="#41(b) (Section 11.4) M ); 

pts := [seq( [k,s(k)], k=1..200 )]: # (c) 

plot( pts, style=point, title= M #41(c) (Section 11.4)"); 

pts := [seq( [k,s(k)], k=1..400 )]: # (d) 


plot( pts, style=point, title="#41(d) (Section 11.4)’’）; 
evalf( 355/113); 

Mathematic a: 

Clear[a, n, s, k, p] 
a[n_]:= 1 / ( n 3 Sin[n] 2 ) 
s[k_]= Sum[ a[n], {n, 1, k}] 
points[p_]:= Table[{k, N[s[k]]}, {k, l,p}] 
points [100] 

ListPlot[points [ 100]] 
points [200] 

ListPlot[points [200] 
points [400] 

ListPlot [points [400], PlotRange ^ All] 

To investigate what is happening around k = 355, you could do the following. 
N[355/113] 

N [ 丌 - 355/113] 

Sin[355]//N 

a[355]//N 

N[s[354]] 

N[s[355]] 

N[s[356]] 
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11.5 THE RATIO AND ROOT TESTS 


1. converges by the Ratio Test: lim — = lim 

。 J n ^ oo a n n ^ oo 


.ijpi (i+D v ，2 a) = Hi 


(p+i) 


v/2 


2n+l 


A: ㈣ •為 




2 

2. converges by the Ratio Test: lim — = lim ^ ^ = lim (n + 1 ) - — 

° J n ^ oo a n n ^ oo f n- \ n — oc 


e n+l n 2 




lim 

n ^ oo 

a D+l 

二 lim 

n — oo 

V e n +! ) 

=lim 

n ^ oo 

(n + 1)! 

e n 

a n 一 

( 設） 

e n+l 

n!' 

lim 

n —> oo 

a n+l 

=lim 

n —> oo 

f(n+l)\\ 

Vlo 5 + r J 

=lim 

n ^ oo 

(n + 1)! 

10 n 
'"nT 

a n 

( 盖） 

10 n+1 


n — oo e 


5. converges by the Ratio Test: ^ i = n lim o 


(n+ I): 0 ) 

^ -n^oo (l + D 10 ^) 


10 


< 1 


6. diverges; a n = (^)" = (l + f ) n = e- 2 — 0 


7. converges by the Direct Comparison Test: = (|) n [2 + (—l) n ] < (|) n (3) which is the n th term of a convergent 

geometric series 


8. converges; a geometric series with |r| 


<1 


9. diverges; lim a n = lim (l — -) n = lim (1 + —) n = e -3 ^ 0.05 — 0 

10. diverges; lim a n = lim (1 — 士 ) n = lim f 1 + ( ^ } = e -1 / 3 ~ 0.72 ^ 0 

& n ^ cx) n ^ oo V 3n/ n ^ oo l n / ' 


11. converges by the Direct Comparison Test: ^ 〈吾 = 古 for n > 2, the n th term of a convergent p-series. 


. 、 l/n 


lim ^ 


12. converges by the nth-Root Test: lim= lim \ (ln = lim ( (ln n) ，l — mu — 
& J n^ooV 11 n—>oov n n ^ oo (n n ) 1/n n ^ oo n 

fl) 

=lim 平 = 0 < 1 

n — oo i 


13. diverges by the Direct Comparison Test: 士一各 = - > | (^) for n > 2 or by the Limit Comparison Test (part 1) 
with i. 


14. converges by the nth-Root Test: ^ ((i -去广广 

=n^oo d) = 0 < 1 
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15. diverges by the Direct Comparison Test: ^ for n > 3 


19. converges by the Ratio Test: ^ = n lim o 


.lipi (^) (1) (^f) = ! < 1 


a n+l 

=lim 

n ^ oo 

(n+l)ln(n+l) 

2 n _ 1 

a n 

2 n+1 

n In (n) 2 

a n+l 

=lim 

n ^ oo 

(n + 2)(n + 3) 

n! 

a n 

(n+1)! 

(n + l)(n + 2) 

a n+l 

a n 

=lim 

n ^ oo 

(n+1) 3 . e n — 
e n+l n 3 — 

4<i 

a n+l 

=lim 

n ^ oo 

(n + 4)! 

3!n!3 n i 

a n 

3!(n+l)!3 n+1 

(n + 3)! n J 

a n+l 

=lim 

n —> oo 

(n+l)2 n+1 (n + 2)! 3 n n! 

a n 

3 n+l( n+1 )| 

n2 n (n+ 1)! 


< 1 

0 < 1 


lim 


n + 4 


oo 3(n+1) 


< 1 


lim 

n ^ oo 

a n+l _ 

a n ~ 

=lim 

n ^ oo 

(n+1)! 
(2n + 3)! 

(2n + 1)! = lim 

n! n ^ oo 

lim 

n ^ oo 

a n+l _ 

a n ~ 

=lim 

n ^ oo 

(n+1)! 
(n+ l) n+1 

- ^ = lim (— 
n! n ^ oo 、 n- 


oo (2n + 3)(2n + 2) 


0 < 1 


lim 7 ~ 

n —oo (1 + i) 


士 < 1 


24. 


lim 

n ^ oo 

n/ n _ 

Y (lnn) n — 

lim 

n ^ oo 

lim 

n ^ oo 

J n 

=lim 

n — oo 

\j (In n ) n / 2 


姓 =lim. 士 = 0 < 1 


oo In n — n 4 oo Inn 


= n 1 !^, ^ =n ^ 1 

V^ln n n lim b y/\n n 


[lim A n /n . 
In —> oo v 


25. converges by the Direct Comparison Test: = • + 1 ; + 2) < n (n+i) ( n + 2) = (n+i)(n + 2 ) < i? 

which is the nth-term of a convergent p-series 


26. diverges by the Ratio Test: n lim^ 


lim 


n 3 


’oo (n +1) 3 


(I) 


> 1 


27. converges by the Ratio Test: lim — = lim 

。 J n ^ oo a n n ^ cx) 




0 < 1 


28. converges by the Ratio Test: lim — = lim — 

。 J n ^ oo a n n ^ oo 

approaches 1 + | while the denominator tends to oo 


lim 1+tan lfl =0 since the numerator 


n — oo n 


29. diverges by the Rati 。 Test: f 




30. diverges; a n+1 = ^ a n => a n+ i = (^) a n _i) a n+1 = (^) (^) (^rf a n-2) 

今 a n+i = ( 丄)(^)(爲 )••• Q) ai => a n+i = ^ a n+1 = ^ , which is a constant times the 
general term of the diverging harmonic series 


31. converges by the Ratio Test: lim — = lim 

^ J n — ^ rsr\ r» — v r> 




lim 


n ^ oo a n n ^ oo a n n ^ oo n 


0 < 1 
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32. converges by the Ratio Test: lim — = lim 

。 J n ^ oo a n n ^ oo 



lim 


n — oo 


Vr _ 1 

n — 2 


< 1 


( l + lnn ) & 

33. converges by the Ratio Test: lim = lim - ~ - ~ 匕 =lim 1+lnn = lim - = 0 < 1 

° J n ^ oo a n n ^ cx) a n n —^ oo n n —^ oo n 

34. n n H n > 0 and a! = ^ a n > 0; In n > 10 for n > e 10 ^ n + In n > n + 10 => nVio" >1 

=> a n+ i = m n a n > a n ; thus a n +i > a n > | ^ n ljin^ a n ^ 0, so the series diverges by the nth-Term Test 


35. diverges by the nth-Term Test: ai = ! , a 2 = 






a n 





n^oo 


a n 


=1 because 



is a subsequence of 



whose limit is 1 by Table 8.1 


36. converges by the Direct Comparison Test: ai = |, a 2 = (|) , a 3 = ( (|) j = (|) ， ^ 
=> a n = (|) n < G) n which is the nth-term of a convergent geometric series 




24 


37. converges by the Ratio Test: 芳 '1^ 2 ’( 2 :: + 1 )! . 黑 = 土 


n^oo ST 


5<1 


38. diverges by the Ratio Test: lim — = lim 

J n — i rw\ n — v n 


(3n + 3)! 


oo a n — n ^ oo (n + 1)! (n + 2)! (n + 3)! 


n!(n+ l)!(n + 2)! 
(3H)! 


㈣ 00 3 ( 辑 ）（ 語 ）= 3 • 3 • 3 = 27 > 1 


39. diverges by the Root Test: n ljpi^ 三 n ljpi^ = n ljrn^ 蛊 = oo > 1 


40. converges by the Root Test: n lim^ 
: lim i = 0 < 1 

_ n — oo n 


= n^oo /I? = n^oo 5^ = n^oo (n) (I) 0 … (¥) ⑸ 


41. converges by the Root Test: v / ^ = n lim oo ^ = n lim 


00 2 n In 2 


0< 1 


42. diverges by the Root Test: n Up oo ^ = n lip oo f = oo > 1 


43. converges by the Ratio Test: lim — = lim 1-3 .( 2n _ i)( 2n + ” 

^ J n — ^ n — v rv 


4 n 2 n n! 


n oo a n _ n oo 4 a + 1 2 a +\n+l)\ 


1-3 …… (2n - 1) 


lim 


2n + 1 


n — oo (4-2)(n +1) 4 


士 < 1 


44. converges by the Ratio Test: a n 

泠 lim ——逆土迎 - 


1-3 •• ■(2n - 1) 


l-2-3-4-- (2n - l)(2n) 


(2n)! 


一 （ 2.4 … -2n)(3 n + 1) — (2.4...2n) 2 (3 n + 1) — (2 n n!f (3 n + 1) 

(2 n n!) 2 (3 n + 1) _ (2n+l)(2n + 2)(3 n + l) 

n ^"oo [2 n+1 (n+ 1)!]^ (3 n+1 + 1) ( 2n ) ! _ n ^oo 2 2 (n + l) 2 (3 n+1 + 1) 


n^Foo 


< 1 


45. Ratio: lim 字 =lim 


n —• oo a n n ^ oo (n + 1 )p 

Root: 土 ^ = n lim o y^ = n lim o 士 


•f = n 1 iP 0 „ (?TT) P = P = 1 ^ no conclusion 
1 4 no conclusion 


oo (^/n) p ⑴ p 
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46. Ratio: lim — = lim 


(In n)P 


; oo a n n —>• oo (ln(n+ 1 ))p 

=(1)p = 1 => no conclusion 


lim 


In n 


oo ln(n+ 1 ) 


(l) 

n — 00 (sir) 


lim 


( lim 

〈n — oo n 


Root: ^ = ,1^ ^0^= ^§ a ,./n) p ;letf(n) = (ln n) 1/n ,thenlnf(n)= ^ 


oo 


•lim In f(n) = lim = lim = lim 冬 = 0 泠 lim (In n) 1 /" 

n — oo n — oo n n ^ cxd 1 n ^ oo n in n n —^ oo v y 

lim e lnf ( n ) = e 0 = 1; therefore lim A n /a^ 

n ^ ex) n —^ oo V 


(1 ㈣ 1 吖 


⑴ p 


n —^ oo 

=> no conclusion 


47. a n < ^ for every n and the series E 最 converges by the Ratio Test since n lim^ (^ 二 1 ) . $ = 盖 < 1 


=> a n converges by the Direct Comparison Test 

n=l 

11.6 ALTERNATING SERIES, ABSOLUTE AND CONDITIONAL CONVERGENCE 

oo oo 

1. converges absolutely converges by the Absolute Convergence Test since |a n | = ^ which is a 

n=l n=l 

convergent p-series 


2. converges absolutely =>• converges by the Absolute Convergence Test since |a n | = ^72 which is a 

n=l n=l 

convergent p-series 

3. diverges by the nth-Term Test since for n > 10 ^ ra > 1 ^ n^oo (is) n /0 ^ E (_l) n+1 a) n diverges 

n=l 

4. diverges by the nth-Term Test since n liin o ^ = n Hrn o 奶以 0 ) 1 。 = 00 (after 10 applications of L'Hopital's 
rule) 

5. converges by the Alternating Series Test because f(x) = In x is an increasing function of x => ^ is decreasing 

u n > u n+ i for n > 1; also u n > 0 for n 2 1 气 忐 = 0 

6. converges by the Alternating Series Test since f(x) = ^ f’(x) = 1 ~^ x <0 when x > e 4 f(x) is 


7. diverges by the nth-Term Test since ^ = n lm 


8. converges by the Alternating Series Test since f(x) = In (1 + x _1 ) => f’(x) 


1 Un = 

lim 

In n 

= lim 

00 n 

n ^ 00 


n —^ 00 

In n _ 

2 In n 

lim 

n ^ 00 

1 — 
2 — 

:! — 0 

1 + X- 1 ) 

今 f ， (x) = 

_ -1 
'x(x+l) 




< 0 for x > 0 f(x) is 


decreasing u n > u n +i ； also u n > 0 for n > 1 and n u n = n lmi o In (l + = In (1 + 土 )) = In 1 = 0 

9. converges by the Alternating Series Test since f(x) = f’(x) = < 0 f(x) is decreasing 


u n > u n ,. : also u n > 0 for n > 1 and lim u n = lim 

11 — 11 ' 1 11 — — n — v rvi 11 n — v or 


\A+i 


0 


10. diverges by the nth-Term Test since lim 


3^/^n 


lim 


n ^ 00 y/n+ 1 n ^ 00 1 + ( 士 ) 


3^0 
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11 . converges absolutely since 


[|a n | = (i 7 )) n a convergent geometric 



senes 


12. converges absolutely by the Direct Comparison Test since 


(~l) n+1 (0-l) n 

n 


=< ( 忐 ) n which is the nth 


term of a convergent geometric series 


13. converges conditionally since >0 and ^lmi^ = 0 =>■ convergence; but Xj l a n| — Zj ^ 

is a divergent p-series 

14. converges conditionally since t t + y n + 1 > 0 and Y^/n = 0 4 convergence; but 

oo oo oo 

^2 |a n | = ^2 T+~/n is a divergent series since > -^r and ^ * is a divergent p-series 

n=1 n=1 V V V n=1 


15. converges absolutely since ^2 |a n | =^2 and ^ which is the nth-term of a converging p-series 

n=l n=l 

16. diverges by the nth-Term Test since n lim^ )^ = oo 

oo 

17. converges conditionally since J+3 > (n+l) + 3 > 0 and n Urn o — 0 ^ convergence; but 厂 |a n | 

n=l 

oo oo 

=diverges because ^ and ^ is a divergent series 


18. converges absolutely because the series | 1 converges by the Direct Comparison Test since | ^ 

n=l 

19. diverges by the nth-Term Test since n Uin c = 1^0 

20 . converges conditionally since f(x ) 二 In x is an increasing function of x ^ = ^^ 3 ^ is decreasing 

00 00 

^ 3 h> 3 intn+I) > 0 for n 2 2 and^nn^ 3 ^ = 0 ^ convergence; but E l^nl = E E^?) 

n=2 n=2 

00 00 

=E 31k diverges because ^ ▲ and - diverges 

n=2 n=2 


21 . converges conditionally since f(x )= 去 + ^ => f,(x) = —( 吾 + 去 ） <0 => f(x) is decreasing and hence 

oo oo 

u n > u n+1 > 0 for n > 1 and n Hm o (去 + 士 ） = 0 4 convergence; but |a n | 

n=l n=l 

oo oo 

^ is the sum of a convergent and divergent series, and hence diverges 


22. converges absolutely by the Direct Comparison Test since 


(— 2) n+1 
n+5 n 


2 n+1 

n+5 n 


< 2 (|) n which is the nth 


term 


of a convergent geometric series 


23. converges absolutely by the Ratio Test: n lim^ ( ) — n 


<n+D 2 (f) J+1 l —2 
" 2 (D" — 5 


24. diverges by the nth-Term Test since a n = 10 1 /" =1/0 
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25. converges absolutely by the Integral Test since 


X ( tan ~ lx ) (t+f) 


dx = lim 

b — oo 


=lim 

b — oo 


(tan -1 b) 2 — (tan -1 l) 2 





(tan^x) 2 ] b 
^2^ , 


26. converges conditionally since f(x) = ^ f’(x) = — ['U 心 1 ] < 0 =>■ f(x) is decreasing 

=> u n > u n+1 > 0 for n > 2 and n lin^ 二 0 4 convergence; but by the Integral Test, 

n= b l Toc r (M) dx = b l^ [ln(lnx)] 卜 [In (In b) - In (In 2)] = oo 

OO C50 

今 E W = E m diverges 
n=l n=l 


27. diverges by the nth-Term Test since ^liin^ = 1^0 


28. converges conditionally since f(x) 

— 1 -㈤ -lnx+ ㈤ 


In x 


^ f ， (x) 


(i)(x-lnx)-(lnx)(l-^) 


(x — In x) 2 


(x — In x) 2 

⑴ 


< 0 ^ u n > u n+1 >Owhenn>eand n lim o ^ 


n^oo TTm =° ^ convergence; butn-lnn<n ^ ^r D > I ^ ^ ^ so that 

°° In 


^2 l a n| = X] n _^ n diverges by the Direct Comparison Test 


29. converges absolutely by the Ratio Test: j ( 二 • (1 ‘ n = n lini^ = 0 < 1 


30. converges absolutely since ^ |a n | = ^ (^) n is a convergent geometric series 

n=l n=l 

oo oo 

31. converges absolutely by the Direct Comparison Test since ^2 l a n| = ^2 n 2 + 2 n + 1 and 

n=l n=l 

n 2 + 2 n +1 < 各 which is the nth-term of a convergent p-series 

oo oo oo oo 

32. converges absolutely since E |a n | = E (nr^)° = E ( 盖 )。 =S (!)° is a convergent 

n=l n=l n=l n=l 

geometric series 


33. converges absolutely since l a n| = 


(-D n 




古 is a convergent p-series 


34. converges conditionally since ^2 cos n n7r = 乞 - is the convergent alternating harmonic series, but 

n=l n=l 

oo oo 

E l a n| = E H diverges 


35. converges absolutely by the Root Test: n Ijji^ ij/|a n | = n lim 


36. converges absolutely by the Ratio Test: n liin^ 


a n+l 


lim 

n — > oo 

( (n+l) n 
V (2n) n 

lim 

n ^ oo 

((n+1)!) 2 
((2n + 2)!) 


,1/n 


n ¥oo 爭 = 


lim 


(n+ l) 2 — l^i 

L oo (2n + 2)(2n+l) _ 4 ^ 1 
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37. diverges by the nth-Term Test since n lini^ |a n | = n Hrn^ 


(2n)! _ (n+l)(n + 2)---(2n) 


n ^ oo 2 u n! n n —^ oo 


2 n n 


n^oo 


(n + l)(n + 2)---(n + (n — 1)) 


> n 1 i m oo ( 手广 =00 ^° 


38. converges absolutely by the Ratio Test: lim 


n ^ oo 


a n+l 

a n 


(n+l)!(n+l)!3 n+1 (2n+l)! 

n^oo (2n + 3)! • n!n!3 n 


lim 


(n+l) 2 3 


00 (2n + 2)(2n + 3) _ 4 


I < 1 


y/n+l-y/n ■ y/n+l + y/n _ _ 


39. converges conditionally since v n +|~ v n • 》 ^ = y y n + \ + y ^ l an d | y n+ j + ^ 

oo 

decreasing sequence of positive terms which converges to 0 4 ^ converges; but 

oo oo 

S l a n| — S ~7 ~ —— 7 = diverges by the Limit Comparison Test (part 1) with -4=; a divergent p-series: 

n=l n=l v "V v 


n^oo 


■\/n+ 1 + ■ y /n 


lim 


\A 


lim 


y/n+l + y/n — rwoo /j + I +1 


40. diverges by the nth-Term Test since n lin^ 


’n 2 + n — n ] 


n^oo 


(\/n^ 


+ n — n 


' \/n 2 +n+n 、 
、 \/n 2 +n+ny 


lim 


lim 


n ^ oo ^/n 2 +n+n n ^ oo /i+i+i 


兴 o 


41. diverges by the nth-Term Test since n lirn^ (^/n + -\/n — y/nj = n lim^ n + -\/n — 


/n + y/n 

/n + \/n 


lim 




lim 


n — oo ^/n+yH+v^ — n — oo ^/l + ^ + l 

\A+ -\/ n +1 j 


7^0 


42. converges conditionally since | y n +1 1 is a decreasing sequence of positive terms converging to 0 

( i \ 

n^cx) TnTTnTT = n^oo 1+ /j^I = I 


=> converges; but n lrni^ - 


rj y/n + y/n+ 1 


»that 


\ Vn+ Vn+ 1 


(★) 

oo 

diverges by the Limit Comparison Test with ^2 ~r which is a divergent p-series 


43. converges absolutely by the Direct Comparison Test since sech(n) = en { < 單 = 吾 which is the 

nth term of a convergent geometric series 


44. converges absolutely by the Limit Comparison Test (part 1): ^ |a n | = ^2 


e n_ e -n 


Apply the Limit Comparison Test with the n-th term of a convergent geometric series: 


lim 


^ ^=2 


45. |error| < |(-1 ) 6 ⑴ | =0.2 


46. I error I < |(-1) 6 ( 士 ）| = 0.00001 


47. |error| < (-1) 


、6 (o.oi) 5 


48. |error| < |(-l) 4 t 4 | = t 4 < 1 


49. < j|e ^ (2n)! > 誓 = 200,000 ^ n > 5 ^ 1 


2! ^ 4! _ 6! 't' 8! 


« 0.54030 
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50. h K W ^ ^ < n! n > 9 1_1 + 秦 _ 士 + 古 _ 士 + 春 _ 士 + *= 0.367881944 

51. (a) a n > a n+ i fails since \ <\ 

OO CXD OO OO 

(b) Since ^ l a n| — S [Q) n + (^) n ] — S HY + S (|) n is the sum of two absolutely convergent 

n=l n=l n=l n=l 

series, we can rearrange the terms of the original series to find its sum: 

(5 + 5 + ^+...) -G + 3 + I + ---) = ~ I~(I) = • 一 1 = _ 5 

52. s 20 = 1 —3 + 5 - ? + .., + 0 - ^ « 0.6687714032 冷 s 20 + [ 去 》 0.692580927 

53. The unused terms are f] (-1,、= (-l) n+1 (a„ +1 - 屯 +2 ) + (-l) n+3 (^ +3 - a^) + ... 

j=n+l 

=(—l ) n+1 [(a n+1 — a n+2 ) + (a n+3 — a n+4 ) + ...]. Each grouped term is positive, so the remainder 
has the same sign as (—l) n+1 , which is the sign of the first unused term. 


54. s n = 古 + 為 + ^ + ... + ^ k(kTI) = ^ (e ^ kTl) 

k=l k=l 

— (l _ 2)+ (2 — 1) + (5 _ i) + (i_J)+... + ( 士 _ n +1) which are the first 2n terms 
of the first series, hence the two series are the same. Yes, for 


S n = E (卜 k+l) = C 1 _ 2) + (2 _ I) + (I ^ i) + (l _ 5 ) + **• + (占 _ n) + (n ~ S+l) = 1 ^ S+T 

k=l 

=> s n = n lim c (l — = l => both series converge to 1. The sum of the first 2n + 1 terms of the first 

series is (1 - ^r) H —— = 1. Their sum is lim s n = lim (1 - = 1. 

V n +1 / n+ 1 n —> oo n —^ oo 、 n +1 / 


OO OO OO OO 

55. Theorem 16 states that ^ l a n| converges => a n converges. But this is equivalent to a n diverges =>• l a n| 

n=l n=l n=l n=l 


diverges. 


OO OO 

56. |ai + a2 + … + a n | < |ai| + \^\ + ... + |a n | for all n; then ^ |a n | converges => a n converges and these 

n=l n=l 


imply that 


OO 

E a n 

n=l 


< E |a n | 


OO 

57. (a) l a n + b n | converges by the Direct Comparison Test since |a n + b n | < |a n | + |b n | and hence 

n=l 

oo 

(a n + b n ) converges absolutely 

n=l 

oo oo oo 

(b) E |b n | converges => —bn converges absolutely; since ^ a n converges absolutely and 

n=l n=l n=l 

oo oo oo 

b n converges absolutely, we have ^2 [a n + (—b n )] = (a n — b n ) converges absolutely by part (a) 

n=l n=l n=l 

oo oo oo oo 

(c) l a n| converges ^ |k| J^l a n| — E|ka n | converges 4 Eka n converges absolutely 

n=l n=l n=l n=l 

oo oo oo 

58. If a n = b n = (-l)n 士 ， then 乞 (-l) n \ converges, but ^ a n b n = I diverges 

V n=l V n=l n=l 


59. Si = — ^ , S 2 


2 + 1 


S3 


丄 

To 


丄 

12 


丄 

14 


1 _ ^ 

16 _ 18 


^ -0.5099, 
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S4 — S3 ^ ~ — 0.1766, 

丄 _丄_ 丄 _丄_ 丄 _丄_丄_丄_丄_ 丄〜 
M 24 26 28 30 32 34 36 38 40 42 44 

^6 — S5 + ^ ~ —0.312, 

87 -%_丄_丄_丄_丄_丄_丄_丄_丄_丄_丄 
— 5,6 46 48 50 52 54 56 58 60 62 64 


66 


« -0.51106 


0.4 

0.2 


1/2 


60. (a) Since |a n | converges, say to M, for 6 > 0 there is an integer Ni such that 


Nj-l 


|a n |-M 


< f 



Nj -1 (> 

E W - 

[i — l 00 \ 

E |an| + E |an| 

< f ^ 

00 

-E |a n | 


n=l \ 

n=l n=Ni J 


n=Nj 


< f ^ |a n | < 曼 • Also, [ a n 


n=Nj 


converges to L 公 for e > 0 there is an integer N 2 (which we can choose greater than or equal to Ni) such 

00 

that |s N2 - L| < I. Therefore, |a n | < | and |sn 2 — L| < |. 


n=Ni 


(b) The series ^ |a n | converges absolutely, say to M. Thus, there exists Ni such that 


E W-M 


< e 


whenever k > Ni. Now all of the terms in the sequence {|b n |} appear in {|a n |}. Sum together all of the 
terms in {|b n |}, in order, until you include all of the terms {lanl}^^, and let N 2 be the largest index in the 

N 2 N 2 00 

E |bn| - M 


sum ^2 |b n | so obtained. Then 


< e as well ^ ^|b n | converges to M. 


~ |a n | 


a n , if a n > 0 
0 , if a n < 0 • 


61. (a) If Yj l a n| converges, then a n converges and | S l a n| = S 

n=l n=l 

,, ( q if a ^ 

converges where b n 

00 

(b) If |a n | converges, then ^ a n converges and | ^ a n 

n=l n=l 

1 f n if > 

converges where c n 


a n + | a n| 

^ 2 ^ 


00 00 

E |a n | = E ^ 


0 , if a n > 0 
a n , if a n < 0 ' 


62. The terms in this conditionally convergent series were not added in the order given. 

63. Here is an example figure when N = 5. Notice that u 3 > U 2 > Ui and 113 >115 > 114 , but u n > u n+ i for 
n > 5. 
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— ， - 

— - u 2 - 

+u 3 - 

- .-u 4 —— 

- 扣 5 — 

^- -u 6 - 

- +u 7 

t==L 


*2 0 

*4 *6 

s 8 

1 S 1 S 7 

X 

s 5 

11.7 POWER SERIES 





1. lim Un+1 < 1 ^ lim X T 
n — > oo u n n ^ oo x n 

< 1 ^ |x| < 1 

-1 < 

x < 1 ; when x = 

OO 

—1 we have [ (— l) n , a divergent 

n=l 


series; when x = 1 we have 1 ， a divergent series 

n=l 

(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no values for which the series converges conditionally 


lim 

U n +1 

< 1 => lim 

(x + 5 ) n+1 

n — ^ oo 

U n 

n ^ oo 

(x + 5) n 


< 1 => |x + 5| < 1 —6 < x < —4; when x 


-6 we have 


(—l) n , a divergent series; when x = —4 we have 1， a divergent series 


(a) the radius is 1; the interval of convergence is —6 < x < —4 

(b) the interval of absolute convergence is —6 < x < —4 

(c) there are no values for which the series converges conditionally 


3. lim Hal < i ^ lim <1 泠 |4x+l|<l 泠 —1<4x+ 1<1 - 1 < x < 0; when x =- 

n —^ oo u n n —>• oo (4x+l) n 1 丨 2 ’ 

oo oo oo oo 

have ^2 (—l) n (—l) n = XI (—l) 2n = L l n , a divergent series; when x = 0 we have ^2 (—l) n (l) n 

n=l n=l n=l n=l 

oo 

二 ^ (—l) n , a divergent series 

n=l 

(a) the radius is ^; the interval of convergence is 一！ <x <0 

(b) the interval of absolute convergence is -5 < x<0 

(c) there are no values for which the series converges conditionally 


<1# |3x-2| n lim o (^)<1 ^ |3x-2|<l 

OO 

—l<3x — 2<1 => I < x < 1; when x = ! we have ^ which is the alternating harmonic series and is 

n=l 

oo 

conditionally convergent; when x = 1 we have ^ - , the divergent harmonic series 

n=l 

(a) the radius is |; the interval of convergence is | < x < 1 

(b) the interval of absolute convergence is | < x < 1 

(c) the series converges conditionally at x = | 


4. 


n^oo 


U n+ 1 

U n 


< 1 ^ n 1 ^ 


(3x - 2 ) n+1 


(3x - 2) n 


we 
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732 Chapter 11 Infinite Sequences and Series 


< 1 今 < 1 ^ ^ < 1 ^ | X —2| < 10 今 —10<x —2< 10 

oo oo 

—8 < x < 12 ; when x = —8 we have ^2 (—l) n ， a divergent series; when x = 12 we have a divergent 

n=l n=l 

series 

(a) the radius is 10 ; the interval of convergence is —8 < x < 12 

(b) the interval of absolute convergence is —8 < x < 12 

(c) there are no values for which the series converges conditionally 


5 . n^oo 


U n +1 

U n 


6 . lim < 1 lim ( 艺 ) ： < 1 ^ lim | 2 x| < 1 | 2 x| < 1 => — ^ < x < ^ ; when x = — ^ we have 

n ^ oo u n n ^ oo (2x) n n ^ oo 1 1 11 ^ ^ 2 

oo oo 

^2 (—l) n , a divergent series; when x = ♦ we have 1 , a divergent series 

n=l n=l 

(a) the radius is -; the interval of convergence is 一！ <x< i 

(b) the interval of absolute convergence is -5 < x< 5 

(c) there are no values for which the series converges conditionally 


7. 


^iPoo 


Un+l 

U n 


< 1 > n^oo 


(n+l)x n+1 (n + 2) 
(n + 3) • nx n 


<! ^ Wn^oo ^WRnT < 1 ^ l X l < 1 

=> —1 < x < 1; when x = — 1 we have ^ (—l) n ， a divergent series by the nth-term Test; when x = 1 we 


oo 

have ^2 a divergent series 

n=l 

(a) the radius is 1 ; the interval of convergence is —1 < x < 1 

(b) the interval of absolute convergence is —1 < x < 1 

(c) there are no values for which the series converges conditionally 


< 1 => |x + 2| < 1 |x + 2| < 1 

OO 

=> —I<x + 2<1 =>■ —3 < x < —1; when x = —3 we have a divergent series; when x = —1 we have 

n=l 

oo n 

^2 a convergent series 

n=l 

(a) the radius is 1; the interval of convergence is —3 < x < —1 

(b) the interval of absolute convergence is —3 < x < —1 

(c) the series converges conditionally at x = —1 


8 . 


n^oo 


U n +1 

U n 


< 1 ^ n^oo 


(x + 2) n+1 


(X + 2) n 


9 . n^oo 


Un+1 

U n 


< 1 ^ n 1 ^ 


x n+i ny^S 11 

(n+l) v / n+13 n + 1 • x n 


< l ^ ^ 


n^oo 


^tl) (\/n 


^oo nil. 


<1 


4 


OO 

'■j- (1)(1) < 1 |x| < 3 ^ —3 < x < 3; when x = —3 we have ^ ^rrr^ an absolutely convergent 


senes; 


when x = 3 we have ^2 a convergent p-series 


(a) the radius is 3; the interval of convergence is —3 < x < 3 

(b) the interval of absolute convergence is —3 < x < 3 

(c) there are no values for which the series converges conditionally 


10 . n^oo 


Un+1 

U n 


< 1 O lim 


I (x - l) n+1 y/H 


oo I \/n + 1 (x — l) n 


<1 今 Ix-lL/lim^ ^<1 ^ |x-l|<l 


—l<x— 1<1 => 0 < x < 2 ; when x = 0 we have 


(-i) n 


， a conditionally convergent series; when x = 2 
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Section 11.7 Power Series 733 


we have [ a divergent series 

n=l D 

(a) the radius is 1; the interval of convergence is 0 < x < 2 

(b) the interval of absolute convergence is 0 < x < 2 

(c) the series converges conditionally at x = 0 


, x ° + t \, < 1 ^ Ixl lim (^j) < 1 for all x 

(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 

12. lim < 1 => lim < 1 ^ 3 Ixl lim (-^t) < 1 for all x 

n — oo u n n ^ oo (n+1)! 3 n x n | 1 1 n ^ oo Vn+1 / 

(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 

< 1 ^ lim < 1 ^ x 2 lim (r^r) < 1 for all x 

n — oo (n+ 1)! x zn 十 1 n ^ oo Vn+ 1 / 

(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 


13. 




Un+l 

U n 


11 . 


n^oo 


U n +1 

U n 


< 1 


泠 n^oo 


14 - n^oo 


U n +1 

U n 


< 1 ^ n^oo 


(2x+3 ) 2n+3 


n! 


(n+1)! (2x + 3 ) 2n + 1 


< 1 ^ (2x + 3) 2 lim ( 士 ） < 1 for all x 

n ^ oo v n+l / 


(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 


15 . n^oo 


Un+1 

U n 


< 1 ^ n 1 ^ 


x n+1 _ \/n 2 + 3 
y(n+l ) 2 + 3 • ~~ 


=> —1 < x < 1; when x = — 1 we have 


(~D n 

1 V^ + 3 


< 1 ^ l X l Vn^oo < 1 ^ l X l < 

,a conditionally convergent series; when x = 


E 


， a divergent series 


Vn 2 + 3 

(a) the radius is 1; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) the series converges conditionally at x = —1 


16 - n^oo 


Un+1 

U n 


< 1 ^ n^oo 


x n+1 _ \/n 2 + 3 
y(n+l ) 2 + 3 • ~~ 


=> —1 < x < 1; when x = — 1 we have ^ —A — 

n=l v 

a conditionally convergent series 

(a) the radius is 1; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) the series converges conditionally at x = 1 


< 1 ^ l X l Vn^oo < 1 ^ l X l < 

oo 

,a divergent series; when x = 1 we have 


17 . n^oo 


Un+1 

U n 


< 1 ^ n^oo 


^ nliPoo ( 甲 ) <1 今 ¥ 


1 

1 we have 


1 

(-D D 

y/n 2 +3 ’ 


< 1 
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n(-5) n 


4 |x + 3| < 5 =>• -5<x + 3<5 ^ —8 < x < 2; when x = —8 we have E 

n=l 

OO CXO 

series; when x = 2 we have ^ 誓 =E n, a divergent series 

n=l n=l 

(a) the radius is 5; the interval of convergence is —8 < x < 2 

(b) the interval of absolute convergence is —8 < x < 2 

(c) there are no values for which the series converges conditionally 


(—l) n n, a divergent 


18 - n^oo 


U n +1 

U n 


< 1 ^ n^oo 


(n+l)x n+1 4 n (n 2 + 1) 
4 n+1 (n 2 + 2n + 2) • ^iix 5 ^ 


^ Tn^oo 


(n+l)(n 2 + l) 
n (n 2 + 2 n + 2 ) 


< 1 ^ |x| < 4 


=> —4 < x < 4; when x = —4 we have U , a conditionally convergent series; when x = 4 we have 

n=l 

oo 

, a divergent series 

n=l 

(a) the radius is 4; the interval of convergence is —4 < x < 4 

(b) the interval of absolute convergence is —4 < x < 4 

(c) the series converges conditionally at x = —4 


19 - n^oo 


U n +1 

U n 


< 1 > n^oo 


y / n+Tx n+1 3 n 

• y/n\ D 


< 1 今皁 Vn^oo ($) < 1 今皁 < 1 今 |X| < 3 
=> —3 < x < 3; when x 二 一 3 we have ^2 (—a divergent series; when x = 3 we have 

n=l 

oo _ 

^2 y^n, a divergent series 

n=l 

(a) the radius is 3; the interval of convergence is —3 < x < 3 

(b) the interval of absolute convergence is —3 < x < 3 

(c) there are no values for which the series converges conditionally 


20 - n^oo 


Un+1 

U n 


< 1 ^ n^oo 


l+ y/^TT (2x+5 ) n+1 
~~^S(2x+5) n ^ 


< 1 ^ + H 


<1 


今 |2x + 5| 


lim yfi 、 

t—>oo 

lim ^/n 

.n—oo v i 


< 1 => |2x + 5| < 1 => —I<2x + 5<1 => —3 < x < —2; when x = —3 we have 


乞 (— 1 ) VK, a divergent series since lim °\/n = 1 ; when x = —2 we have ^2 y/n, a divergent series 

n=l n=l 

(a) the radius is I; the interval of convergence is —3 < x < —2 

(b) the interval of absolute convergence is —3 < x < —2 

(c) there are no values for which the series converges conditionally 


21 _ n^oo 


U n +1 

U n 


< 1 ^ n^oo 


_< 一 1 (纖 d … xl ⑴ 

oo n 

=> —1 < x < 1; when x = — 1 we have ^ (—l) n (l + |)， a divergent series by the nth-Term Test since 

n=l 

n 00 n 

lim (l + = e # 0; when x = 1 we have (l + ^) , a divergent series 

n=l 

(a) the radius is 1 ; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no values for which the series converges conditionally 


22 . lim 

U n +1 

< 1 ^ lim 

ln(n+ l)x n+1 

< 1 => Ixl lim 

(stt) 

< 1 ^ Ixl lim ( 士） 

n —> oo 

U n 

n ^ oo 


1 1 n ^ oo 

(e) 

1 1 n — 00 、 n+ W 


< 1 |x| < 1 
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=> —1 < x < 1; when x = — 1 we have E (—l) n In n, a divergent series by the nth-Term Test since 

n=l 

oo 

lim In n ^ 0; when x = 1 we have ^ In n, a divergent series 

n=l 

(a) the radius is 1; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no values for which the series converges conditionally 


23. 


n^oo 


U n +1 

U n 


< 1 


泠 n^oo 


(n+ l) n+1 x n+1 


n n x n 


< 1 4 |x| 


Vn^oo 


㈣ 现 


^oo 


(n+1) < 1 


e |x| n Uin^ (n + 1) < 1 => only x = 0 satisfies this inequality 

(a) the radius is 0; the series converges only for x = 0 


(b) the series converges absolutely only for x = 0 

(c) there are no values for which the series converges conditionally 


24 - n^oo 


U n +1 

< 1 ^ lim 

(n+l)!(x-4) n+1 

U n 

n ^ oo 

n!(x-4) n 


< 


=> |x — 4| n lnn^ (n + 1) < 1 only x = 4 satisfies this 


inequality 

(a) the radius is 0; the series converges only for x = 4 

(b) the series converges absolutely only for x = 4 

(c) there are no values for which the series converges conditionally 


25. 


lim 


n —> oo 


U n +1 

U n 


< 1 ^ n^oo 


(x + 2) n+1 
(n+l)2 n+1 


n2 n 

(x + 2) n 


< 1 ^ 


^n^oo (nil) < 1 ^ ^ < 1 ^ > + 2|<2 


=> —2 < x + 2 < 2 => —4 < x < 0; when x = —4 we have , a divergent series; when x = 0 we have 


/_i \n+l . • 

2 ^ - ~~- — , the alternating harmonic series which converges conditionally 

n=l 

(a) the radius is 2; the interval of convergence is —4 < x < 0 

(b) the interval of absolute convergence is —4 < x < 0 

(c) the series converges conditionally at x = 0 


26 - n^oo 


U n +1 

U n 


< 1 令 

=> |x — 1| < I 




(-2) n+1 (n + 2)(x- l) n+1 
(-2) n (n+l)(x-l) n 


<14 2|x-l| n lim o ( 辑） <1 4 2 |x-l|<l 


< x 


1 < I ^ < x < I ； when x = - we have ^(n + 1), a divergent series; when x 


oo 

we have^(—l) n (n + 1), a divergent series 

n=l 

(a) the radius is -; the interval of convergence is H x< I 

(b) the interval of absolute convergence is ^ < x < I 

(c) there are no values for which the series converges conditionally 


27 - n^oo 


U n +1 

U n 


< 1 > n^oo 


x n+l 


n(ln n) 2 


(n+1) (In(n+1)” 


< 1 # |x| (土 击 ）（ n 


lim 


In n 


oo In (n+1) 


< l 




^ |x|(l) ^lirn^ ^ 1 < 1 ^ |x| ^lirn^ < 1 今 |x| < 1 4 —1 < x < 1: when x = —1 

OO n OO 

^2 n(\n n) 2 which converges absolutely; when x = 1 we have ^ which converges 

(a) the radius is 1; the interval of convergence is —1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) there are no values for which the series converges conditionally 


we have 
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28. 


n^oo 


U n +1 

U n 


< 1 ^ n^oo 


x n+l 


n In (n) 


(n + l)ln(n+l) • x n 


< 1 > |x| 


lim - 

— oo n 


(n 


lim 


In ⑼ 


oo ln(n+ 1) 


< 1 


|x| ( 1 )( 1 ) < l ^ |x| < 1 4 —1 < x < 1 ; when x 


oo 

-1 we have ^ , a convergent alternating series; 

n =2 


when x = 1 we have ^ which diverges by Exercise 38, Section 11.3 

n =2 

(a) the radius is 1 ; the interval of convergence is —1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) the series converges conditionally at x = —1 


29 - n^oo 


U n +1 

U n 


< 1 ^ n^oo 


(4x - 5) 2n+3 
(n+1) 3 / 2 * (4x-5) 2n + 1 


n 3/2 


< 1 ^ (4x - 5 ) 2 


n^oo ^TT 


, 3/2 


< 1 (4x - 5 ) 2 < 1 

OO 2n J oo 

=> |4x — 5| < 1 => —l<4x — 5<1 => 1 < x < I; when x = 1 we have ^ which is 

n=l n=l 


o Q\2n+1 . 

absolutely convergent; when x = | we have 3/2 ， a convergent p-series 

n=l 

(a) the radius is \; the interval of convergence is 1 < x < | 

(b) the interval of absolute convergence is 1 < x < | 

(c) there are no values for which the series converges conditionally 


30 - n^oo I 专卜 1 今 n^oo | ' (3^ | < 1 ^ 和 +^' ( 韻 ) < 1 今化 +1|<1 

•y r\ ( - l")n+l 

=> —1<3x+1<1 ^ — I < x < 0; when x = — ! we have L 1 , a conditionally convergent series; 

n=l 

OO J oo 

when x = 0 we have ^ n +1 = [ 2 n+ \ ， a divergent series 

n=l n=l 

(a) the radius is |; the interval of convergence is <x <0 

(b) the interval of absolute convergence is — | < x < 0 

(c) the series converges conditionally at x = — | 


31. 


lim 


n —>■ oo 


u n +i 

U n 


< 1 ^ n^oo 


(x + 7T) n+1 
y/n+l 


(X + 7T) n 


< 1 ^ Ix + Tl^iPoo 



< 1 


4 |x + 7r| ^lmi^ < 1 ^ |x + 7r| < 1 => —1<X + 7T<1 4 — 1— 7T<X<1_7T; 

oo oo 

when x = —1 — 7 r we have ^ , a conditionally convergent series; when x = 1 — 丌 we have 

n=l V n=l 


oo oo 


E ^ = E ^ ， a divergent p-series 

n=l V n=l 

(a) the radius is 1; the interval of convergence is (—1 — 7r) < x < (1 — 7r) 


(b) the interval of absolute convergence is— 1 — 7 r<x< 1 — 7 r 

(c) the series converges conditionally at x = —1 — 7 r 


32 . 





f x ^) 2n+3 

n^oo 

U n +1 

< 1 > n^oo 

(x y/ZJ 

Un 

2 n+1 



oo 

x = 0 we have ^ 

n=l 


(- 矿 1 


=-E 


2n+l/2 

~2^~ 


U-y/2] 2 

< 1 ^ - ~~lim 111 < 1 

x — \/l < \fl ^ — < x - \fl < \fl 4 0 < x < 2\fl \ when 

= —乞 \/~2 which diverges since lim a n # 0 ; when x = 

n=l 



oo 

we have 

n=l 


㈣ 2 ° +1 


=E 


= ^2 y/2, a divergent series 

n=l 
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Section 11.7 Power Series 737 


(a) the radius is \J~2\ the interval of convergence is 0 < x < 2y/l 

(b) the interval of absolute convergence is 0 < x < 

(c) there are no values for which the series converges conditionally 


33 - n^oo 


U n +1 

U n 




< 1 ^ lini |1|<1 (x-l) 2 <4 ^ |x^l|<2 


OO - 

=> —2 < x — 1 < 2 => —l<x<3;atx=—lwe have ^ ~ 4n = S 装 =S 1， which diverges; at x = 3 


\ 4 n 
/ 4n 

n=0 n=0 


we have ^ ^ ^ ^ 1, a divergent series; the interval of convergence is —1 < x < 3; the series 


/ [a _ / j 4n 

n=0 n=0 n=0 


oo og / 2 \ ri 

^2 x 4n = ^2 () is a convergent geometric series when —1 < x < 3 and the sum is 

n=ft n=0 \ ' 


4 


㈣ 


「 4-(x-l 


-x 2 + 2x — 1 — 3 + 2x — x 2 


34 - n^oo 


Un+1 

U n 


< 1 ^ n^oo 


(x+ l) 2n+2 9 n 


~9 [ + 1 ^ (x+ l) 2n 


< 1 泠 


(x+1) 2 


lim |1| < 1 # (x+1 ) 2 < 9 4 |x+ 1| < 


^ —3<x+l<3 => —4 < x < 2; when x = — 4 we have 


(~3) 2n 

9 n 


^2 1 which diverges; at x = 2 we have 

n=0 


oo ? oo 

S ~ 1 which also diverges; the interval of convergence is —4 < x < 2; the series 


n=0 9 ° n=0 


(x "^n^ 2n = E ( ( 手 ) 2 ) is a convergent geometric series when —4 < x < 2 and the sum is 

n=0 n=n ^ ' 


1 


9 


.⑼ 


「 9-(x+1)2~| 


9 — x 2 — 2x — 1 — 8 — 2x — x 2 


35 . n^oo 


Un+1 

U n 


< 1 ^ n 1 ^ 


UA-2)° 


2 n 


2 n+1 (v^-2) n 


< 1 I - \/x — 2| <C 2 =^- — 2 <C -y/x — 2 <C 2 =^- 0 <C <C 4 


4 0 < x < 16; when x = 0 we have ^2 (—l) n , a divergent series; when x = 16 we have ^ (l) n , a divergent 

n=0 n=0 

series; the interval of convergence is 0 < x < 16; the series 二 (is a convergent geometric series when 


0 < x < 16 and its sum is 


㈣ 


<2-^+l\ ~ A-yfi 


lim 

Un +1 

< 1 今 lim 

(lnx ) n+1 

n — ^ oo 

U n 

n ^ oo 



< 1 ^ |ln x| < 1 =>■ —l<lnx<l => e _1 < x < e; when x = e _ 
obtain the series E l n and ^ (—l) n which both diverge; the interval of convergence is e— 1 < x < e; 

n=0 n=0 


or e we 


E (Inxr 

n=0 


l -lnx 


when e _1 < x < e 


37 . n !l m oo 


Un+1 

U n 


< 1 ^ n^oo 


x 2 + l 


'n+1 


(jiTl) n 


< 1 今 ii m |1| < 1 

j n ― > oo 1 


x 2 - 


<1 # x 2 < 2 


3 n ^T5o 

=> |x| < yjl => —yjl < x < ; at x = 士 \fl we have ^ (l) n which diverges; the interval of convergence is 


n=0 


- \fl < x < \/l ; the series ^ 


X 2 - 


is a 


convergent geometric series when —\/2 < x < yjl and its sum i 


is 


3-x 2 - 1 


n=0 
3 

2^x2 
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738 Chapter 11 Infinite Sequences and Series 


38. lim < 1 => lim ( 。二 ) — • ( 2 2 \\ a < 1 => lx 2 — 11 < 2 => —\/3 < x < ^/3 ; when x = 士 we 

n —^ oo u n n —> oo 2 n 十 1 (x^ + 1) 11 v v ， v 

00 广厂 oo / ^ \ n 

have [ l n ，a divergent series; the interval of convergence is—v3<x<v3 ； the series ^ ) is a 

n =0 n =0 \ ’ 


convergent geometric series when — y/3 < x < \/3 and its ! 





39 - l 


(x-3) n - 


< 1 ^ |x — 3| < 2 => 1 < x < 5; when x = 1 we have ^2 ⑴ n which diverges; 


2 n+1 " (x - 3) n 

00 

when x = 5 we have XX—l) n which also diverges; the interval of convergence is 1 < x < 5; the sum of this 

n=l 

convergent geometric series is t / x _ 3 ^ = 占 .If f(x) = 1 — 全 (x — 3) + | (x — 3 ) 2 + … + ( — 全 ) n (x — 3) n + 


i+(_) 

=then f’(x) = — ^ + |(x — 3) + ... + (— n(x — 3 ) n — 1 + … is convergent when 1 < x < 5, and diverges 
when x = 1 or 5. The sum for f’(x) is (x ~ 2 1)2 , the derivative of . 


40. Iff(x)= l-|(x-3)+i(x-3 ) 2 + ... + (一 |) n (x — 3) n + … = 占 then f f(x) dx 

=x — (x ~ 3 ) 2 + (x ~ 2 3)3 + …+ (— |) n ( x ~^j n+1 + ... . Atx = 1 the series diverges; atx = 5 

n=l 

00 

the series ^ ( ~^ 2 converges. Therefore the interval of convergence is 1 < x < 5 and the sum is 

n=l 

2 In |x — 11 + (3 — In 4), since J dx = 2 In |x — 11 + C, where C = 3 — In 4 when x = 3. 


41. (a) Differentiate the series for sin x to get cos x = 1 —普 


¥ 


7 4 


9x 8 

"9f 






+ 




(b) sin 2 x 


x 4 x 6 

,x 8 

4! 6! 

+ 8! 

x 2n+2 

• (2n)! 

(2n + 2)! 

\ 2n 

： 2x-^ + 




=x 2 lim 

n ^ 00 

2 5 x 5 2 7 x 7 -_ 

5! 7! ^ 9! 


• • . The series converges for all values of x since 
0 < 1 for all x. 

= 2x-f 


((2n+lK2n + 2) y 
2 9 x 9 2 n x n , 


11 ! 


32x b 

~5T 


128x 7 

~W~ 


512x 9 


2048X 11 

11 ! 


(c) 2 sin x cos x = 2 [(0 • 1) + (0 • 0 + 1 • l)x + (0 • ^ + 1 • 0 + 0 • 1) x 2 + (0 • 0 - 1 • i + 0 • 0 - 1 • i) x 3 
+ (0-i + l- 0- 0- i- 0- i+ 0-l)x 4 +(0-0 + l- i+ 0- 0+ i- i + 0- 0 + l-^)x 5 

+ (0-gj + l- 0 + 0- jj+0 -jf+0-|+0-jj+0-l)x® + ...] = 2 x — — h —… 


2 x - 


2 3 x 3 , 2 5 x 5 

了 _ 


42 . (a) . (e x ) = 1 + 劈 + 餐 +菩 + 菩 + … = l+ x + 普 + 餐 + 装 +… =e x ; thus the derivative of e x is e x itself 

(b) J*e x dx = e x + C = x+ 誓 + 赛 +装 + 餐 + ...+C，which is the general antiderivative of e x 

(c) e _x = 1 — x + ■— 赛 + 忌—赛 + … ； e- x • e x = 1 • 1 + (1 • 1 — 1 • l)x + (1 . 备 -1 . 1 + 士 • 1) x 2 

+ (l * ^7 — 1 .士 + ^[•士一士 .秦 + ^[-1 — ^[. 1 )x 5 + ... =1+0 + 0 + 0 + 0 + 0 + ... 


43. (a) 


In I sec x| + C = 


J tan x dx = 



3 


2x 5 

15" 


17x 7 , 62x^ 
丽十 2835 


dx 


_ x 2 丄 X 4 丄 X 6 丄 17x 8 丄 
= T + 十孖十_十 


3 lx 10 
14075 


+ ... + C; x = 0 =>• C = 0 4 In I sec x| 


_ X 2 1 X 4 1 X 6 1 17x 8 I 3lx 10 
—T 十 II 十孖十 2520 14,175 


converges when — | < x < | 

(b) S ec 2 x=^ = A(x+f + ^ + ^ + fg + ...) =l+x 2 +^ + ^+ |f + ..^converges 
when — f < x < f 
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Section 11.8 Taylor and Maclaurin Series 739 


(c) sec 2 X = (sec x)(sec x) = (1 + 誓 + 餐 + 舊 + ...) ( 1 + y + ^ + w + ---) 

=1 + G + -) x 2 + ( 丟 + 5 + 壺 )x 4 + ( 晶 + 啬 + 啬 + 晶 ) x 6 + ... 

_ 1 I v 2 _L 2x 4 I 17x 6 I 62x 8 I 7T ^ Y ^ 7T 

44. (a) In |sec x + tan x| + C = J sec x dx = J(1 + 誓 + 餐 + + ... ) dx 

—x + ^- + ^； + + 72 576 + … + C;x = 0 C = 0 4 ln| sec x + tan x| 

=x + 誓 + 姿 + 觀 + ^^ +…， converges when — f <x< | 

(b) secxtanx= ^ = 盍 (1 + 誓 + 餐 + 餐 + ...)=\ + 誓 + 截 + 齋 + — , converges 

when — f < x < f 

(c) (sec x)(tan x) = ^1 + ^ + ^7 + + ...) ( x +t + 告 + + … ) 

= x+Q + |)x 3 + (^ + i + ^)x 5 + (^ + i + 4 + |g)x 7 + ...=x+^ + ^ + ^ + … ， 

-f < x < I 

OO OO 

45. (a) If f(x) = ^2 a nX n ， thenf( k )(x) = J] n(n — l)(n — 2)".(n — (k — 1))a n x n - k andf( k )(0) = k!ak 

n=0 n=k 

4 ak = ; likewise if f(x) = ^ b n x n , then bk = f °^ 0 ) ^ ak = bk for every nonnegative integer k 

n=0 

oo 

(b) If f(x) = E a n x n = 0 for all X， then f ( k )(x) = 0 for all x 4 from part (a) that a k = 0 for every 

n=0 

nonnegative integer k 

46. i 土 x = 1 + x + x2 + x3 + x4 + . •. x (i 2 x )2 = x (1 + 2x + 3x2-(- 4x3 + •. •) (i J x )2 


x + 2x 2 + 3x 3 + 4x 4 + …泠 x 

l + X 

( 1 -x ) 3 

= x(1+4x + 9x 2 + 

16x 3 + •• 

X + X 2 

.)9 (l-x) a 

x + 4x 2 + 9x 3 + 16x 4 + … 4 - 

l+l) 
⑴- 

= h + t + l 

+ H + ■■ 

oo 

- ^ E 

n=l 

n 2 A 

2^ = 6 


oo 

47. The series ? converges conditionally at the left-hand endpoint of its interval of convergence [—1,1); the 

n=l 


oo 

series ^2 converges absolutely at the left-hand endpoint of its interval of convergence [— 1 , 1 ] 


48. Answers will vary. For instance: 

oo oo oo 

(a) E(f) n (b) E(x+l) n (C) E(^) n 

n=l n=l n=l 

11.8 TAYLOR AND MACLAURIN SERIES 

1. f(x) = lnx, f^x) = i , f 〃⑴ =-i, f"(x)= 多 ; f(l) = In 1 = 0, f(l) = 1, f"(l) = — 1 ， f ，〃 (l) = 2 ^ P 0 (x) = 0, 
Pi(x) = (x-l), P 2 (x) = (x-l)-i(x^l) 2 , P 3 (x) = (x - 1) - i (x - l) 2 + 1 (x - l) 3 

2. f(x) = ln(l+x), f ， (x) = ^ = (1 + x)- 1 , f"( x ) = -(1 + x)- 2 , f"(x) = 2(1 + x)_ 3 ; f( 0 ) = In 1 = 0 , 

r ⑼=| = 1 ， f"(。）= —(I)— 2 = —1 ， f"'(0) = 2(1)- 3 = 2 今 P 0 (x) = 0, PJx) = x ， P 2 (x) = x f ， P 3 (x) 
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3. f(x)=i=x- 1 , f'(x) = -x- 2 , f"(x) = 2x- 3 , f w (x) = -6x- 4 ; f(2) = 1, f'(2) = - i, f"(2) = 1, f"'(x) = - ! 

Po(x) = 2 > Pi( x ) = 5 ^ 5 ( x — 2), P2OO = 5 — 5 (x — 2) + g (x — 2) 2 , 

P 3 (x) = i - i (x - 2) + I (x - 2) 2 - i (x - 2) 3 

4. f(x) = (x + 2)- 1 , f( x ) = —(x + 2)- 2 , f"(x) = 2(x + 2)~ 3 , f"(x) = —6(x + 2)_ 4 ; f(0) = (2)" 1 = i , f ， (0) = —(2)_ 2 
=_ 3 ， f 〃 (0) = 2(2) -3 = i , f"’ ⑼ =—6(2)— 4 = — I => Po(x) = \ , Pi(x) = I — I, P2OO = I — I + y , 

wH-f + 誓 - S 

5. f(x) = sinx, f’(x) = cos X ， f"(x) = — sin x ， f’’’(x) = — cos x; f (|) = sin | = f’ （牙 ） =cos | ^ , 

^ (f) = - sin I = - f , f-(|) = ^ cos f f ^ P 0 = f ,P!(x)=f+ f (x-f), 

P 2 (x)=# + #(x-|)-f (x-5) 2 ,P 3 (x)=f+ f (x^|) 2 -f(x -|) 3 

6. f(x) = cos x, f’(x) = — sin x, f /, (x) = - cos x, f’’’(x) = sin x; f (|) = cos | = 泰 ， 
f ，（ f)=- S inf = — 彔， f"(f) = —cosf = -$ ， f"(f)= S inf = $ 今 Po(x) = ^, 

Pl(X) = 75 - 73 ( X - ?) - P 2( x ) = ^ — 士 ( X _ 牙 ) — 点 ( X _ $) 2 ， 

Ps(X) = 士 — 士 ( X _ f) - 点 ( X - f) 2 + 点 ( X — f)3 

7. f(x) = ^ = X 1 / 2 , f ， (x) = (!) X- 1 / 2 , f w (x) = (- i) X- 3 / 2 , f’"(x) = (I) x- 5 / 2 ; f(4) = ^4 = 2, 

f ， (4) = (!) 4-V2 = 1 , f w (4) = (-： i) 4- 3 , 2 = -i ， f"'(4) = (I) 4- 5 /2 = 矗今 P 0 (x) = 2, Pi(x) = 2 + i (x - 4), 
P2OO = 2 + j (x — 4) — ^ (x — 4) 2 , P3(x) = 2 + * (x — 4) — 点 (x — 4) 2 + 盖 (x — 4) 3 

8. f(x) = (x + 4) 1 / 2 , f’(x)= ⑷ （x + 4 厂 " 2 , f 〃 ㈨ = (一 I) (x + 4)_ 3 / 2 , f 〃 ’(x)=( 暴 ）（x + 4)_ 5 / 2 ; f(0) = (4) 1 / 2 = 2 ， 
f' ⑼ =(!) (4)-!/2 = 1, f"(0)= ㈠) (4)- 3 ’ 2 = - 臺 9 f w (0) = (I) (4)- 5 /2 = Jg ^ P 0 (x) = 2, 

Pi( x ) = 2 + i x, P2OO = 2 + j x — ▲ x 2 , P3(x) = 2+ |x — 占 x 2 + 士 x 3 

OO OO _ . . 

9_ e x = E g 今 e-x = E ^ = l — x+ |； — 誓 + 系 —… 

n=0 n=0 

10. e x = 它罟今 e x/2 = E^r = 1 + | + ^l + il^T + 2 Q!+ ••- 

n=0 n=0 

11. f(x) = (1 + x)- 1 ^ f'(x) = —(1+x)_ 2 ， f"(x) = 2(1+x)_ 3 ， f'"(x) = —3!(1+x)_ 4 4 ... f«(x) 

=(-l) k k!(l +x)- k - 1 ;f(0) = l ， f’(0) = -l ， f"(0) = 2 ， f 〃 ’(0) = -3! ， ... ， f (k )(0) = (-l) k k! 

CXD 00 

泠 士 = 1—x + x 2 —x 3 + ... = E (-x) n = E (-l) n x n 

n=0 n=0 


12. f(x) = (1 - X)- 1 冷 f’(x) = (1 — X)- 2 , f"(x) = 2(1 — X)- 3 , f"’(x) = 3!(1 - X)- 4 今 … f«(x) 
=k!(l — x)- k -f(0) = 1 ， f(0) = 1, f 〃 (0) = 2, f"(0) = 3!, ... ,f«(0) = k! 

OO 

泠 1 4 I = 1+ X + X 2 +X 3 + ... = X 11 

n=0 


13. sin x 


E 

n=0 


(-l) n x 2n+, 

(2n+l)! 


=> sin 3x : 


E 

n=0 


(-l) n (3x) 2n+1 

(2n+l)! 


E 

n=0 


(—l) n 3 2n+1 x 2n+1 
^(2n+l)!^ 


3x 




¥ 


¥ 
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14. sin x = 


oo 


E 

n=0 


(-l) n x 2n+1 

(2n+l)! 


=>• sin 


V (-吨广 _ X X 3 ■ X 5 

to (2n+1) ! ~to ^W^-2-2^ + 2^51 


15. 7 cos(-x) = 7 cos x = 7 f ； 


(2n)! 


7x 2 - 7x 4 7x 6 

卞 "ii "6f 


…， since the cosine is an even function 


16. cos x = E 


(-l) n x 2n 

(2n)! 


^ 5 COS 7TX = 5 E 


(~l) n (7TX) 21 

(2n)! 


57T 2 X 2 I 57T 4 X 4 — 57T 6 X 6 
"~2! 1 4! 6F 


17. cosh x = 


E 


x 2n 

j2nV- 


y +^ 2 + i + x i + i . 


1-X+fy-fy + ly- 


x 2 , x 4 , x 6 
2! + 4! + 6! 


18. sinh x 


e x -e 


'l + X+ ^ + x3 


3! + ll 


•H 1 - 


x + 


x! _ x! _j_ xl 

2! 3! t 4! 


…) 


x+ It + It + It 


E 


x 2n+1 

(2n+l)! 


19. f(x) = x 4 - 2x 3 - 5x + 4 ^ f’(x) = 4x 3 — 6x 2 - 5, f"(x) = 12x 2 - 12x, f"’(x) = 24x - 12, f ⑷ (x) = 24 

泠 f ⑷ (x) = 0 if n > 5; f(0) = 4, f(0) = -5, f"(0) = 0, f"(0) = —12, f ⑷ (0) = 24, f( n )(0) = 0 if n > 5 

今 x 4 — 2x 3 - 5x + 4 = 4 - 5x — 劈 x 3 + 碧 x 4 = x 4 - 2x 3 - 5x + 4 itself 

20. f(x) = (x + l ) 2 泠 f ， (x) = 2(x + 1); f"(x) = 2 泠 f( n )(x) = Oifn > 3; f(0) = 1 ， f(0) = 2, f"(0) = 2, f( n )(0) = 0 if 

n>3 (x + l) 2 = 1 + 2x + I x 2 = 1 + 2x + x 2 

21. f(x) = x 3 - 2x + 4 ^ f’(x) = 3x 2 — 2, f 〃 (x) = 6x ， f"’(x) = 6 泠 f( n )(x) = Oifn > 4; f(2) = 8, f’(2) = 10 ， 
f"(2) = 12, f 〃 ’(2) = 6, f( n )(2) = Oifn >4 泠 x 3 — 2x + 4 = 8+ 10(x - 2) + 勞 (x — 2) 2 + | (x - 2) 3 

= 8 + 10(x 一 2 ) + 6(x — 2) 2 + (x - 2) 3 

22. f(x) = 2 x 3 + x 2 + 3x- 8 ^ f’(x) = 6x 2 + 2x + 3, f 〃 (x) = 12x + 2, f 〃 ’(x) = 12 => f ⑷ (x) = Oifn >4; f(l) = —2, 
f’(l)= ll ， f 〃 (l)= 14 ， f 〃 ’(l) = 12,f( n )(l) = 0ifn>4 今 2x 3 + x 2 + 3x - 8 

=-2 + ll(x - 1) + ^ (x - l) 2 + if (x - l) 3 = -2 + ll(x - 1) + 7(x - l) 2 + 2(x - l) 3 

23. f(x) = x 4 + x 2 + 1 泠 f’(x) = 4x 3 + 2x ， f"(x) = 12x 2 + 2, f"’(x) = 24x, f ⑷ (x) = 24, f( n )(x) = Oifn > 5; 

f(—2) = 21 ， f(-2) = —36, f"(-2) = 50, f"’( 一 2) = -48, f( 4 )(—2) = 24, f( n )(-2) = 0 if n > 5 泠 x 4 + x 2 + 1 

= 21- 36(x + 2) + f (x + 2) 2 - 普 (x + 2) 3 + 劈 (x + 2) 4 =21 - 36(x + 2) + 25(x + 2) 2 - 8(x + 2) 3 + (x + 2) 4 

24. f(x) = 3x 5 一 x 4 + 2x 3 + x 2 — 2 泠 f’(x) = 15x 4 - 4x 3 + 6x 2 + 2x, f"(x) = 60x 3 — 12x 2 + 12x + 2, 
f"’( x ) = 180x 2 - 24x + 12, f ⑷ (x) = 360x - 24, f( 5 )(x) = 360, f( n )(x) = 0ifn> 6; f(-l) = -7, 
f(-l) = 23, f"(-l) = —82, f 〃 ( 一 1) = 216, f ⑷ ( 一 1) = —384, f( 5 )(—1) = 360, f( n )(-l) = Oifn > 6 

泠 3x 5 — x 4 + 2x 3 + x 2 — 2 = -7 + 23(x + 1)— 劈 (x + l) 2 + 举 (x + l) 3 — 帶 (x + l) 4 + 帶 (x + l) 5 

=-7 + 23(x + 1) - 41(x+ l) 2 + 36(x + l) 3 — 16(x + l) 4 + 3(x + l) 5 

25. f(x ) 二 x — 2 今 f ， (x) = —2x- 3 ， f"(x) = 3!x- 4 ， f'"(x)= —4!x — 5 冷 fW(x) = (-l) n (n + 1)! x_ n _ 2 ; 
f(l) = l,f , (l)=-2,f /, (l) = 3!,f ,,, (l)=-4!,f( n )(l) = (-l) n (n+l)! ^ i 

OO 

=1 一 2(x — 1) + 3(x — l) 2 — 4(x - l) 3 + ... = £； (—l) n (n + l)(x — l) n 

n=0 
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26. f(x) = ^ f’(x) = (1 - x)- 2 , f"(x) = 2(1 - x)- 3, f’ 〃 (x) = 3! (1 - x)~ 4 ^ f ⑷ (x) = n!(l - x)~ n ~ u , 

oo 

f(0) = 0, f(0) = 1 ， f"(0) = 2, f"(0) = 3! => = X + x 2 + x 3 + ... = £ x n+1 

n=0 

27. f(x) = e x 泠 f(x) = e x , f"(x) = e x 泠 f( n )(x) = e x ; f(2) = e 2 , f’(2) = e 2 , _.. f( n )(2) = e 2 

今 e x = e 2 + e 2 (x — 2) + f (x — 2) 2 + g (x — 2) 3 + ... = f g (x - 2) n 

n=0 

28. f(x) = 2 X 泠 f’(x) = 2 X In 2, f"(x) = 2 x (ln if, f"’(x) = 2 x (ln 2 ) 3 今 f( n )(x) = 2 x (ln 2) n ; f(l) = 2, f’(l) = 2 In 2, 
f"(l) = 2(ln 2) 2 , f"’(l) = 2(ln 2) 3 , ... ， f( n )(l) = 2(ln 2) n 

泠 2 X = 2 + (2 In 2)(x - 1) + (x - l) 2 + (x — l) 3 + … =f ； 2(ln2) °[ x ~ 1)n 

n=0 


29. If e x = E (x — a) n and f(x) = e x ，we have f ⑷ (a) = e a f or all n = 0, 1, 2, 3,... 

n =0 

e^e^^ + ^ + ^ + .-.l =e a fl + (x - a) + . 1 atx = a 


30 . f(x) = e x => f( n )(x) = e x for all n 泠 f( n )(l) = e for all n = 0 , 1 ， 2 , ... 

e x = e + e(x 一 1) + 吾 (x_l) 2 + 备 (x_l )3 + ... = e l+(x—1) + ( x 2!*) — h ( x 3! 1 ) — h ... 


31. f(x) = f(a) + f'(a)(x - a) + ^ (x - a ) 2 + ^ (x - a ) 3 + ... ^ f'(x) 

=f (a) + f"(a)(x — a) + 3(x - a ) 2 + ... 泠 f"(x) = f 〃 (a) + f '〃 ⑻ (x - a) + ， 4 • 3(x - a ) 2 + • _ • 

今 f ( n )(x) = f ⑻ (a) + f ( n+ 1 )(a)(x -a) + (x - a ) 2 + ... 

泠 f(a) = f(a) + 0, f’(a) = f’(a) + 0, …， f( n )(a) = f( n )(a) + 0 


32. E(x) = f(x) — b 0 — bi(x — a) — b 2 (x — a ) 2 — b 3 (x — a ) 3 — ... — b n (x — a) n 
0 = E(a) = f(a) — bo =>• bo = f(a); from condition (b), 


li m f(x) - f(a) -bi(x-a)- b 2 (x - a ) 2 -b 3 (x-a ) 3 
x A =^a (x - a) n 

f r (x) - bj - 2b 2 (x - a) - 3b 3 (x - a ) 2 -. 
々 xWa n(x-a)n_i 

hi = f’(a) =>• x lim a 


0 


■ - b n (x a) n 
nbnU-af - 1 = 0 
f 〃 (x) _ 2 bg — 3 !b 3 (x — a) — ... — n(n — l)b n (x — a) n _ 


n(n — l)(x — a) n 2 

f’ 〃 (x) — 3 !b 3 — ... — n(n — l)(n — 2 )b n (x — a ) n_3 


0 


n(n — l)(n — 2 )(x — a) n 3 


0 


^ b 2 = 5 f " ⑻今 x lijp a 

=b 3 = i f " ⑻今 x lim a f( ° )w n ； n!b ° = 0 ^ b n = i f( n )(a); therefore, 
g(x) = f(a) + f’ ⑻ (x - a) + Qp (x - a) 2 + ... + ^ (x - a) n = P n (x) 


33. f(x) = In (cos x) 4 f’(x) = — tan x and f’’(x) = — sec 2 x; f(0) 
=> L(x) = 0 and Q(x) = — y 


0, f(0) = 0, f"(0) = — 1 


34. f(x) = e sinx ^ f’(x) = (cos x)e sinx and f 〃 (x) = (- sin x)e sinx + (cos x) 2 e sinx ; f(0) = 1 ， f’(0) = 1 ， 
f "(0) = 1 => L(x) = 1 + x and Q(x) = 1 + x + 誓 

35. f(x) = (1 — x 2 )' 1/2 ^ f’(x) = x (1 — x 2 厂 3/2 and f’’(x) = (1 - x 2 )' 3/2 + 3x 2 (1 - x 2 )' 5 / 2 ;f(0) = 1, 

f’(0) = 0, f"(0) = 1 冷 L(x) = 1 and Q(x) = 1 + f 

36. f(x) = cosh x => f’(x) = sinh x and f’’(x) = cosh x; f(0) = 1 ， f’(0) = 0, f’’(0) = 1 => L(x) = 1 and Q(x) = 1 + y 
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37. f(x) = sin x 4 f’(x) = cos x and f // (x) = — sin x; f(0) = 0, f’(0) = 1, f’’(0) = 0 4 L(x) = x and Q(x) = x 

38. f(x) = tan x ^ f’(x) = sec 2 x and f"(x) = 2 sec 2 x tan x; f(0) = 0, f’(0) = 1 ， f" = 0 今 L(x) = x and Q(x) = x 

11.9 CONVERGENCE OF TAYLOR SERIES; ERROR ESTIMATES 


1 . e x = l+ x+ | T + ...=Xl b ^ e _5x = 1 + (-5x) 


n=0 


1_ 5x+ 5V_5V 


E 


(-l) n 5 n x n 
^n! 


2. e x = 1 + X + _ + • 


E 


x n 

E! 


e 


—x/2 


(f) 


X _x^_x^_ 

2 卞 2 ^2! _ FIT 


E 


(_l) n x n 

2 n n! 


- „3 „5 

3. sin x — x _ + 51 


E 


5(-l) n+1 x 2n+1 
~(2n+l)!^ 


= ^ 5sin(-x )： 

n=0 


(-x) 


_ (~x) 3 
3! 




4. sin x : 


X 3 I X 5 


3! ^ 5! 


E 




g (fl! , (ff (fl! 

2 3! T 5! 7i 


E 


(-l) n 7T 2n+1 X 2n+1 

22n+i(2n+l)! 


5. COS x 二 E 


(2n)! 


4 cos yx + 1 = S 

n=0 


22 . (_l) n (X+l) 1 ， 


(2n)! 


n=0 


(~l) n (x+l) n 

^ w .~~ 




(x+ir 


(x+ir 

6 ! 


6. C0SX = E 發 

n=0 

_ 1 X 3 ■ _x^_x^_ 

—1 2-2! 2 2 -4! _ 2 3 -6! 


( _ I (x 3 


〖1/2、 


^ C 0 U 汰广 cos 


T > 


E 

n=0 


(—If 


(㈤ 

(2n)! 


E 

n=0 


(-l) n x 3n 

2 n (2n)! 


7. e x = E KT ^ xe x = x E 


x n 


,?厂 S i 


x n+l 


- + x2 + ll + 5T + S 


inx = £ wnr 今 x 2 
n=0 


sinx = x2 (£ 15nSr y 


^ (~l) n x 2n+3 _ y 3_x^_|_xI_x^ 

一 M + IT — TT 


9. cos x 二 E 


-l) n x 2n 

l2n)T 


=> y — 1 + COS X = y — 1 + 


(~l) P x 2n _x!_ 1 i 1 _x!_lx 1 _x!_ 1 _x!_ 2 ^. 

(2n)! — 2 丄卞 1 2 卞 4! 6! 卞 8! 10! 


2 ^ _ x! J_ x! _ 2 ^. 
4! 6! 8! 10! 


E 


(-l) n x 2r 

(2n)! 


: sinx 

n=0 


_X + 餐 


(A (-1) 心 +1 、 


, ,X 3 


x! 

3! 


5! 


x ： 

7! 


9! 




…）- 


x + It 


I ； 


fr + It 




E 


(-l) n x 2n+1 

(2n+l)! 


11 . 


COS x = E 

n=0 


-l) n x 2n 

"wr 


X COS 7TX : 


xE 

n=0 


(—l) n (7TX) 21 

(2n)! 


E 

n=0 


(-l)V n x 2n+1 

^( 2 H)!^ 
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12. cosx = E4? ^ x^cos(x2)=x2E t ^ = E4§r= x2 -^ + ^-f 

n=0 n=0 n=0 


13. cos 2 x = 1 + ^ = i + i E t + 

n=0 


(2x) 2 - (2x) 4 (2x) 6 - (2x) 8 

2! ^ 4! 6! ^ 8! 


(2x) 2 ■ (2x) 4 (2x) 6 I (2x) 8 

2.2! 卞 2-4! 2-6! 丁 2.8! 


i + E 


(—l) n (2x) 2n 
2 -(2n)! 


i + E 


(_l)n 2 2n~l x 2n 
( 2 ^)! 


2 - 2 COS 2X = 2 


14. sin 2 x = (I^2x) 

_ (-l) n+1 (2x) 2n _ (-l) n 2 2n_1 x 2n 

- ^ 2-(2 n)! — ^ 


~2 \~ ~ r ~4T ~6! ~ ~ r …) = ^§T "24T ^ 2^6T 


(2x) 2 丄 (2x) 4 (2x) 6 


(2x) 4 , (2x) 6 


(2n)! 


15. j^=x 2 = x 2 乙 （ 2x) n = E 2 n x n+2 = x 2 + 2x 3 + 2 2 x 4 + 2 3 x 5 


16. xln(l+2x)^xg： ( - 1)n n 1(2x)n = f ； (- 1 ) 二 2nxn+1 = 2x 2 — 




17. 


E x n = l+x + x 2 +x 3 + … 4 £(j^) = a^ 


1 + 2x + 3x 2 + … =nx 1 


n—1 


E (n+l)x n 

n=0 


18. 


(l-x ) 3 


M (lie) 


d f 1 


dx y (1—x) 2 


d_ 

dx 


(1 + 2x + 3x 2 + . • •) = 2 + 6x + 12x 2 


.• • = E n(n — l)x n 

n=2 


-2 


E (n + 2)(n+l)x n 

n=0 


19. By the Alternating Series Estimation Theorem, the error is less than 皆 4 |x| 5 < (5!) (5 x 10 -4 ) 


4 |x| 5 < 600 x 1(T 4 4 |x| < V6 x 10- 2 « 0.56968 


20. If cos x = 1 — 专 and |x| < 0.5, then the error is less than 


窨 I 


0.0026, by Alternating Series Estimation Theorem; 

x 2 - 


since the next term in the series is positive, the approximation 1 — y is too small, by the Alternating Series Estimation 
Theorem 


21. If sin x = x and |x| < 10 -3 , then the error is less than ( 10 3 ! 3 ) ^ 1.67 x 10 -10 , by Alternating Series Estimation Theorem 
The Alternating Series Estimation Theorem says R_ 2 (x) has the same sign as — 装 . Moreover, x < sin x 
4 0 < sin x — x = R 2 (x) => x < 0 -10 -3 < x < 0. 


22. ^TT^=1 + 卜 | + fg — … .By the Alternating Series Estimation Theorem the | error| < 


-x 2 


< 


( 0 . 01) 2 


1.25 x 10 


-5 


23. |R 2 (x)| 


e c x 3 


< 3(01)( | ) . 1)3 < 1.87 x 10— 4 , where c is between 0 and x 


24. |R 2 (x)| 


e c x 3 


< = 1.67 x 10_ 4 , where c is between 0 and x 
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25. |R 4 (x)| < I 夸 x 5 | = ^ = (i.i 3 ) - 0.000294 

26. If we approximate e h with 1 + h and 0 < h < 0.01，then |error | 〈字 < < 


、 001 (o.oi )、 


h 


= 0.00505h < 0.006h = (0.6%)h, where c is between 0 and h. 

27. |Ri|= <f = ||| W<-01 |x|=(l%)|x| ^ ||| <.01 ^ 0 < |x| < .02 


28. tan ^x — x — + — H - ••- ^ — tan ^1 — 1 — | + | _ ♦ + | error] <C 2 n ^_i < .01 

4 2n + 1 > 100 4 n > 49 


29. (a) sin x — x _ ^j + ^j _ + x —— 1 _ + — + — 1 and S 2 — 1 — j if L is the sum of the 


(b) 


series representing then by the Alternating Series Estimation Theorem, L — si = — 1 < 0 and 

L-s 2 = ^ - (l - f) > 0. Therefore 1 - f < ^ < 1 


The graph of y =, x 7 ^ 0, is bounded below by the 
graph of y = 1 — # and above by the graph of y = 1 as 
derived in part (a). 



30. (a) cos x= l — |y + |[ — fy 


••- 1 — cos x= lr — |[ + |y — |y 


… => 




x! _i_ 2 ^ _ x! 
4! 6! 8! 


if L is the sum of the series representing 


1 — COS X 
X 2 


,then by the Alternating Series Estimation Theorem 


1 — COS X 


L — Si 
(b) The graph of y 
the graph of y : 


< 0 and 


I — 装 ） > 0. Therefore \ 


X 2 / 1 — COS X / 

24 ^ ^ P ^ 、 


1 — cos 


^ 2 -^ is bounded below by 

x 2 


24 and above by the graph of 
y = ! as indicated in part (a). 



31. sin x when x = 0.1; the sum is sin (0.1) ~ 0.099833417 

32. cos x when x = |; the sum is cos ^ 0.707106781 

33. tan -1 x when x = |; the sum is tan — 1 (|) ^ 0.808448 

34. In (1 + x) when x = 7 r; the sum is In (1 + 7 r) ~ 1.421080 
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35. e x sin x = 0 + x + x 2 + x 3 (-秦 + 吾 ) + x 4 (-秦 + 秦 ) + x 5 ( 秦 -秦秦 + 忐 ) + x 6 (士 -秦秦 + 系 ) + … 
= x + x 2 + i x 3 _ 盖 x 5 一点 x 6 + … 

36. e x cos x = 1 + x + x 2 (-去 + 去 )+ x 3 (-去 + 去 )+ x 4 ( 去 - 士 * + 士 ) + x 5 ( 各—士去 + 去 )+ . •. 

= 1+x—|x 3 — |x 4 — ^x 5 + ... 


37. 

sin 2 x = 

_ / 1 — cos 2x \ _ 
V 2 ) — 

1 

2 

\ cos 2x = | 

_ 2 1 

( i - 筝 

, (2x) 4 

(2x) 6 , \ _ 2x 2 

6! 十 ... j _ 2! 

2 3 x 4 , 2 5 x 6 

4T ^ ~6\ • • ■ 


^ A 

^ dx 

(sin2 x) = A 

(2x 2 

2 3 x 4 , 2 5 x 6 

IT 卞 ~6T 

... 

)= 2x - 

(2x) 3 , 

3! 十 

(2x) 5 (2x) 7 , 

Ti - TT + … 泠 

2 sin x cos x 


= 2x - 

(2x) 3 , (2x) 5 

3! ^ 5! 

(2x) 7 

7! 

+ … =sin 2x, which checks 



38. 

COS 2 X : 

二 cos 2x + sin 2 x = 

( i -誓 + 


-窨 + 

(2x) 8 , 

8! 丁 . 

..) + (*-¥ + 

2 5 x 6 2 7 x 8 , \ 

6! 8! 卞 ...y 


— 1 _ 2x! _|_ 2V _ 2^x! I _ i Y 2 I 1 y 4 2 „6 ■ 1 Y 8 

—1 2! 十 4! 6! I • • ■ — 1 X ' 3 X 45 X 十 315 X 

39. A special case of Taylor's Theorem is f(b) = f(a) + f’(c)(b — a), where c is between a and b => 
f(b) — f(a) = f’(c)(b — a), the Mean Value Theorem. 

40. If f(x) is twice differentiable and at x = a there is a point of inflection, then f"(a) = 0. Therefore, 

L(x) = Q(x) = f(a) + f , (a)(x - a). 

41. (a) f ff < 0, f’(a) = 0 and x = a interior to the interval I f(x) — f(a) = (x — a ) 2 < 0 throughout I 

f(x) < f(a) throughout I => f has a local maximum at x = a 
(b) similar reasoning gives f(x) — f(a) = (x — a ) 2 > 0 throughout I => f(x) > f(a) throughout I => f has a 
local minimum at x = a 


42. f(x) = (1 - x)- 1 ^ f’(x) = (1 — x)- 2 ^ f 〃 (x) = 2(1 — x)- 3 4 f ⑶ (x) = 6(1 - x)_ 4 

4 f( 4 )(x) = 24(1 - x)- 5 ; therefore 古 《 1 + x + x 2 + x 3 . |x| < 0.1 今 {y < < y ^ < (f ) 5 

今 <x 4 (f ) 5 今 the error e 3 < maxf : (x)x4 < (0.1) 4 (y) 5 = 0.00016935 < 0.00017, since 弓 P = ^ 

43. (a) f(x) = (1 + x) k 今 f’(x) = k(l + x)^ 1 ^ f"(x) = k(k — 1)(1 + x) k ~ 2 ; f(0) = 1, f’(0) = k ， and f"(0) = k(k — 1) 

泠 Q(x) = 1 +kx+ 逆 p x 2 

(b) |R 2 (x)| = I x 3 | < |x 3 | < yjg => 0 < x < 10 g 1/3 or 0 < x < .21544 


44. (a) Let P = x + 7 T 4 |x| = |P — 7 r| < .5 x 10 _n since P approximates 7 r accurate to n decimals. Then, 

P + sin P = ( 7 r + x) + sin ( 7 r + x) = ( 7 r + x) _ sin x = 7 r + (x — sin x) 4 |(P sin P) — 7 r| 

=|sin x — x| < x 10 _3n < .5 x 10 _3n P + sin P gives an approximation to n correct to 3n 

decimals. 


45. If f(x )= 公 a n x n , then f ( k )(x ) 二公 n(n — l)(n — 2) - • .(n — k + l)a n x n_k and f ( k )(0) = k! ak 

n=0 n=k 

ak = for k a nonnegative integer. Therefore, the coefficients of f(x) are identical with the 
corresponding coefficients in the Maclaurin series of f(x) and the statement follows. 

46. Note: f even 4 f(—x) = f(x) 4 —f’(—x) = f ’ ⑴ # f’(_x) = —f’(x) => f’ odd; 
f odd => f(—x) = — f(x) ^ —f’(_x) = — f’(x) 4 f’(—x) = f’ ⑻ => f’ even; 
also, f odd 泠 f(—0) = f(0) 泠 2f(0) = 0 泠 f(0) = 0 
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(a) If f(x) is even, then any odd-order derivative is odd and equal to 0 at x = 0. Therefore, 
ai = a〗=as = … =0; that is, the Maclaurin series for f contains only even powers. 

(b) If f(x) is odd, then any even-order derivative is odd and equal to 0 at x = 0. Therefore, 
ao = a 2 = a 4 = • • • =0; that is, the Maclaurin series for f contains only odd powers. 


47. (a) Suppose f(x) is a continuous periodic function with period p. Let xq be an arbitrary real number. Then f 
assumes a minimum mi and a maximum m 2 in the interval [xq, xq + p]; i.e., mi < f(x) < m 2 for all x in 
[xq, Xq + p]. Since f is periodic it has exactly the same values on all other intervals [xq + p, xq + 2p], 

[xq + 2p, xq + 3p], …， and [xq — p, xq], [xq — 2p, xq — p ]， ... ， and so forth. That is, for all real numbers 
—00 < x < 00 we have mi < f(x) < m 2 . Now choose M = max {|mi | ， 卜丨 } • Then 
—M < — |mi| < mi < f(x) < m 2 < |m 2 | < M ^ |f(x)| < M for all x. 

(b) The dominate term in the nth order Taylor polynomial generated by cos x about x = a is (x — a) n or 
c : ⑻ (x — a) n . In both cases, as |x| increases the absolute value of these dominate terms tends to 00 , 
causing the graph of P n (x) to move away from cos x. 


48. (b) tan " 1 x = x — 誓 + 誓 —… 4 卜 1 广 

=! —誓 + ; from the Alternating Series 

Estimation Theorem, x ~ x — | < 0 





〉 0 泠 


< 


x — tan 
x 3 


< 1 - therefore, the lim 

j 〕 x ^ 0 x 


y 



49. (a) e— 17r = cos (— 7 r) + i sin (— 7 r) = — 1 + i(0) = —1 

(b) e-〆= cos(l)+isin(|)=^ + ^ = (i)(l+i) 

(c) e _i7r / 2 = cos (— |) + i sin (— |) 二 0 + i(— 1 ) = —i 


50. e 10 = cos ^ + i sin ^ => q~ 10 = e 1(_0 ) = cos (― 沒 ） + i sin (—0) = cos ^ — i sin 0; 
& e + e _i0 = cos 沒 + i sin 沒 + cos ^ — i sin ^ = 2 cos 6 ^ cos 0 = el ° + 2 e ~ ld ; 
c l9 — q~ i6 = cos 沒 + i sin 沒一 (cos 沒 一 i sin 沒 ）= 2i sin 9 => sin 0 = # ~ e ~' e 


51. e x = l+x+_ + f^ + x4 


卜料 聲 + 


4! ^ - 
(-⑷ ) 3 


^ e i0 

(_i 沒 ) 4 1 




e ie +e 


1 + 诏 + f- 


(j^r 


4! 


⑼ r 


l+i 6 > + 
. =1 






1+1 




dffr 

~3T 


m 3 1 ⑼ ) 4 
3! ^ 4! 

( i ^) 3 , 
3T + 

,4 


and 


(誓 


- 嘌 - 


e ie -e- ie 
^ 2 i~ 


e 4 e 6 1 

•耵一尕十… 


l+i^ + ^f- 


: cos O', 


agr 




3! 


0^ 

5l 


QJ_ 

7! 


(idf 
'~4T ' 


sin 6 






~4T ' 


52. c l6 = cos ^ + i sin ^ => Q~ ld = e 1 ) -0 ) = cos (—0) + i sin (—0) = cos ^ — i sin ^ 

(a) e i0 + Q~ i9 = (cos 沒 + i sin 沒 ） + (cos ^ — i sin = 2 cos 0 ^ cos 9 = 〆 = cosh \6 
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(b) e 10 — e _10 = (cos 沒 + i sin 沒）一 (cos 沒 一 i sin 沒 ）= 2i sin ^ => i sin 9 = e ^~ e 19 = sinh iO 

53. e x sinx=(l+x+_ + 餐 + |^ + ...)(x — 暮 + 盖 — 餐 + •••) 

=(1)X + (l)x 2 + (_ I + D X 3 + (— I + I) X 4 + (‘ _ 忐 + 去 )X 5 + … =X + X 2 + I X 3 _ 忐 X 5 + … ； 
e x • e lx = e( 1+1 ) x = e x (cos x + i sin x) = e x cos x + i (e x sin x) ^ e x sin x is the series of the imaginary part 

of e( 1+i ) x which we calculate next; e( 1+i ) x = Z (D# = 1 + (x + ix) + (x "^! lx)2 + (X "^! 1X)3 + (X "^! 1X)4 + … 

n=0 

= l+ x + ix+ 秦 (2ix 2 ) + 秦 (2ix 3 — 2x 3 ) + 士 (—4x 4 ) + 士 (—4x 5 — 4ix 5 ) + 春 (—8ix 6 ) + ... the imaginary part 
of e( 1+i ) x is x + 备 x 2 + 务 x 3 — 去 x 5 — 备 x 6 + …= x + x 2 + ! x 3 — 春 x 5 —春 x 6 + … in agreement with our 
product calculation. The series for e x sin x converges for all values of x. 

54. ^ (e( a+ib ))= 盖 [e ax (cos bx + i sin bx)] = ae ax (cos bx + i sin bx) + e ax (—b sin bx + bi cos bx) 

=ae^Ccos bx + i sin bx) + bie ax (cos bx + i sin bx) = ae( a+ib ) x + ibe( a+ib ) x = (a + ib)e( a+ib ) x 

55. (a) q i 6 i q 102 = (cos 仏 + i sin 0i)(cos 62 -\-i sin 62 ) = (cos ^icos 0 2 — sin 仏 sin 沒 2 ) + i(sin ^icos 62 + sin 0 2 cos 0{) 

=cos (沒 1 + 02 ) + i sin ( 沒 1 + 沒 2 ) = 4( 01+02 ) 

(b) e_ ie = cos(-0) + i sin(—0) = cos 0 - i sin 0 = (cos 0 - i sin 9) ( = 七 = ) = CQsg + isin9 = 去 

56. 错 e( a+bi ) x + Ci + iC 2 = (^) e ax (cos bx + isinbx) + Ci + iC 2 
=a^+b 2 ( a cos bx + ia sin bx — ib cos bx + b sin bx) + Ci + 1 C 2 

= a2 e : b2 [(a cos bx + b sin bx) + (a sin bx — b cos bx)i] + Ci + 1 C 2 

_ e^a cos bx + b sin bx) . ^ , ie^a sin bx — b cos bx) , . 

— h ll H ? + b2 h 1^2 ， 

e (a+bi)x _ e ax e ibx _ e ax (cos bx + i sin bx) = e ax cos bx + ie ax sin bx, so that given 
f e ( a + bi ) x dx = e ( a+bi ) x + Ci + iC 2 we conclude that f e® cos bx dx = e，X(a cos a ^ + 2 b sin bx) + Ci 
and /e ax sin bx dx = em(a sincos bx) + C 2 

57-62. Example CAS commands: 

Maple: 

f := x -> l/sqrt(l+x); 
xO := -3/4; 
xl := 3/4; 

# Step 1: 

plot( f(x), x=x0..xl, title="Step 1: #57 (Section 11.9 )’’）； 

# Step 2: 

PI := unapply( TaylorApproximation(f(x), x = 0, order: = l) ， x); 

P2 := unapply( TaylorApproximation(f(x), x = 0, order=2), x ); 

P3 := unapply( TaylorApproximation(f(x), x = 0, order=3), x ); 

# Step 3: 

D2f := D(D(f)); 

D3f:= D(D(D(f))); 

D4f:= D(D(D(D(f)))); 

plot( [D2f(x),D3f(x),D4f(x)], x=x0..xl, thickness:[0,2,4], color:[red,blue,green], title:’’Step 3: #57 (Section 11.9)"); 
cl := xO; 

Ml := abs( D2f(cl)); 
c2 := xO; 

M2 := abs( D3f(c2)); 
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c3 := xO; 

M3 := abs( D4f(c3)); 

# Step 4: 

R1 := unapply( abs(Ml/2!*(x-0) A 2), x ); 

R2 := unapply( abs(M2/3!*(x-0) 八 3)，x ); 

R3 := unapply( abs(M3/4!*(x-0) A 4), x ); 

plot( [R1 (x),R2(x),R3(x)], x=x0..xl, thickness=[0,2,4], color= [red,blue,green], title:’’Step 4: #57 (Section 11.9)"); 

# Step 5: 

El := unapply( abs(f(x)-Pl(x)), x ); 

E2 := unapply( abs(f(x)-P2(x)), x ); 

E3 := unapply( abs(f(x)-P3(x)), x); 

plot( [El(x),E2(x),E3(x),Rl(x),R2(x),R3(x)] ， x=x0..xl, thickness=[0,2,4], color= [red,blue,green], 
linestyle=[l ， l,l ， 3,3,3], title= M Step 5: #57 (Section 11.9)"); 

# Step 6: 

T ay lorApproximation( f(x), view=[x0. .x 1,DEFAULT], x=0, output=animation, order=1..3 ); 

LI := fsolve( abs(f(x)-Pl(x))=0.01, x=x0/2 ); # (a) 

R1 := fsolve( abs(f(x)-Pl(x))=0.01, x=xl/2 ); 

L2 := fsolve( abs(f(x)-P2(x))=0.01, x=x0/2 ); 

R2 := fsolve( abs(f(x)-P2(x))=0.01, x=xl/2 ); 

L3 := fsolve( abs(f(x)-P3(x))=0.01, x=x0/2 ); 

R3 := fsolve( abs(f(x)-P3(x))=0.01, x=xl/2 ); 

plot( [El(x) ， E2(x),E3(x) ， 0.01] ， x=min(Ll,L2,L3)..max(Rl,R2,R3), thickness=[0,2,4,0], linestyle= [0,0,0,2], 
color=[red,blue,green,black], view= [DEFAULT^..0.01], title= M #57(a) (Section 11.9 )，，）； 
absCf(x) 、 - 、 P 、 [l](x)) <= evalf( El(x0)); # (b) 

abs( 、 f(x) 、 - 、 P 、 [2](x)) <= evalf( E2(x0)); 
abs( 、 f(x) 、 - 、 P 、 [3](x)) <= evalf( E3(x0)); 

Mathematica: (assigned function and values for a, b, c, and n may vary) 

Clear[x, f, c] 

f[x_]= (1 + X) 3 ’ 2 

{a ， b}={-l/2,2} ; 

pf=Plot[ f[x], {x, a,b}]; 

poly 1 [x_]=Series[f[x], {x,0,l}]//Normal 

poly2[x_]=Series [f[x], {x ， 0,2} ]//Normal 

poly3 [x_]=Series [f[x], {x ， 0,3} ]//Normal 

Plot[{f[x] ， polyl[x] ， poly2[x],poly3[x]}, {x ， a ， b }， 

PlotStyle -> {RGBColorfl ,0,0], RGBColor[0,1,0], RGBColor[0,0,1 ], RGBColor[0,.5”5]}]; 

The above defines the approximations. The following analyzes the derivatives to determine their maximum values. 
f ， [c] 

Plot[f ， [ X ],{x,a,b}] ; 

f"[c] 

Plot[f”[x] ， {x,a ， b}] ; 

f"'[c] 

Plot[f'"[x],{x,a,b}]; 

Noting the upper bound for each of the above derivatives occurs at x = a, the upper bounds ml, m2, and m3 can be defined 
and bounds for remainders viewed as functions of x. 
ml=f ， [a] 
m2=-f M [a] 
m3=f ,n [a] 
rl[x_]=ml x 2 /2! 
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Plot[rl[x], {x,a,b}]; 
r2[x_]=m2 x 3 /3! 

Plot[r2[x], {x,a,b}]; 
r3[x_]=m3 x 4 /4! 

Plot[r3[x], {x,a,b}]; 

A three dimensional look at the error functions, allowing both c and x to vary can also be viewed. Recall that c must be a 
value between 0 and x, so some points on the surfaces where c is not in that interval are meaningless. 

Plot3D[f'[c] x 2 /2!, {x,a,b}, {c, a,b}, PlotRange ^ All] 

Plot3D[f"[c] x 3 /3!, {x, a,b}, {c,a,b}, PlotRange — All] 

Plot3D[f'"[c] x 4 /4!, {x,a,b}, {c,a,b}, PlotRange ^ All] 

11.10 APPLICATIONS OF POWER SERIES 


(1 + x) 1 / 2 = 1 + ix + 


1)(-l)x 2 , Q)H)(-I)x 3 


： X -| X2 + 1 ^ X3 - 


2 . (l+x) 1 / 3 = l + ^x + 


(i) (- i) x 2 I (?) (~ I) (~ I) x3 


..=1 + 臺 X — ^ X 2 + 


3.(1— x )-i/2 =1-1 (-X) + ㈠ ) ( ~p ( ~ x)2 + ㈠)㈠) ( ~ x)3 


4. (1 - 2x) J /2 = 1 + 1 (-2x) + 


Q) (-!) (_ 2x ) 2 , (j) Hliil) ( ~ 2x)3 


l + ix+|x 2 +^x 3 


1 —x—^x 2 — ^x 3 — 


5. (l + f)- 2 = l_2(f) + ( - 2X - 2 f (l) + »- 2 X-3K-4)(f)' + … =1 ^ X+ 3 X 2_I X 3 


1 x 2 I (~?) (- f) (X 2 ) I (― I) (― I) (- I) ( x2 ) 
3 A ^ 2! "T" 3! 


l+x+|x 2 + |x 3 + .. 


I x3 + i x6 — re x9 + . 


l x 2 + | x 4_14 x6 


2_ _4_ 40 

3x _ ~ 8b? 


6. (1 一 |)~ 2 = 1 — 2 (— f) + (- 2)( _ 3 2 |( - 昏 ) 2 + (-2)(-3X-4)(-iy 
T (1+ X 3 )~ 1/2 = 1 - 1 X 3 + ( ~ ^ (;!i) (X 3 ) 2 + (- D (- lj!(- I) (X 3 ) 

8. (1+x 2 ) _1/3 = 

9- (1 + 浐 = 1 + 沿 + M^Kil! + ⑴ ( 巧 - ⑽ V ...= 1 + -- 士 + - 

10. (i 一 ?) 1/3 = i + i(-|) + (_’ )2 + (*) (])( 3 ”) ㈠ ) 3 + … =l — 

11 . (l + x) 4 =l+4x+^ + ffi^ + m^ = l+4x + 6x 2 +4x 3 + x 4 

12. (l+x 2 ) 3 = l + 3x 2 + + = 1+3x 2 + 3x 4 + x 6 

13. (1 - 2x) 3 = 1 + 3(-2x) + (3X2) 2 (「 2x)2 + (3)(2)( 3 ) , ( ~ 2x)3 = 1 — 6x + 12x 2 — 8x 3 

14. (l^l) 4 = l+4(-|) + (4)(3) i^ + ⑷⑶， # + _( 2 ):;) (-^ = l-2x + fx^-lx3 + l ; x^ 

15. Assume the solution has the form y = a。+ aix + a 2 X 2 + … + a n _ix n_1 + a n x n + … 

g = ai + 2a ， 2X + . • • + na n x n —i + • • • 
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裝 + y = (ai + ao) + ( 2 a 2 + a!)x + (3a3 + a 2 )x 2 + ... + (na n + a n _i)x n_1 + ... = 0 
ai + ao = 0, 2a2 + ai = 0, 3a3 + a 2 二 0 and in general na n + a n _i 二 0. Since y = 1 when x = 0 we have 
^o—l- Therefore ai = — 1, a 2 = 诗 =* ， a 3 = 宁 =_ 為 ，… ， a n = _ a 广 — 


4 y=l— x +! x 2_i x 3 


(-i) n 


x n 


E 

n=0 


(—l) n x n 
n! 


16. Assume the solution has the form y = a。+ aix + a 2 X 2 + … + a n _ix n_1 + a n x n + … 

+ 2 a ， 2 X + .•. + na n x n_ i + ••• 

裝 _ 2y = (ai - 2a。）+ ( 2 a 2 — 2ai)x + (3a〗 — 2 ^)x 2 + … + (na n — 2a n _i)x n_1 + • •. 二 0 
=> ai — 2ao = 0, 2a2 — 2ai = 0, 3a3 — 2a2 = 0 and in general na n — 2a n -i = 0. Since y = 1 when x = 0 we have 
~ Therefore — 2^o ~ 2(1) — 2, ~ 豆及 l = 豆 （ 2) = ~2 ^ ~ ^ ^ = 3 ~ 3-2 ’ ， 

a n = (i)a n _i = (|) (^) a n _ 2 = f 4 y 二 1 + 2x + 誓 x 2 + | x 3 + … + 萏 x n + ... 


=1 + (2x) + 


(2x) 2 ■ (2x) 3 

2! T 3! 



=E 智 

n=0 


17 . Assume the solution has the form y = ao + aix + a2X 2 + … + a n _ix n — 1 + a n x n + … 

^ + 2a ， 2X + .. • + na n x n —1 + • •. 

裝 一 y = (ai _ a。）+ (2^2 — ai)x + (3a3 — a2)x 2 + ••_ + (na n — a n _i)x n_1 + ... =1 
ai — ao = 1 ， 2a2 — ai = 0 , 3a3 — a2 = 0 and in general na n — a n _i = 0 . Since y = 0 when x 二 0 we have 
a 。 = 0 . Therefore ai = 1 , a2 = y = -， a 3 = y ~ 3^2 » a 4 ~ t ~ 4^2 ，… 5 an ~ = nl 

y = 0 +lx+-x 2 + 2T2 叉 3 + 4.L2 x 4 + ... + X n + ... 

00 

— (l + lx + I X 2 + 3^2 X 3 + 4^2 X 4 + ... + ^jX n + •••) — 1 = E h — l=e x — 1 

n=0 


18. Assume the solution has the form y = ao + aix + a 2 X 2 + … + a n _ix n_1 + a n x n + … 

^ + 2a，2X + .•. + na n x n_ i + ... 

裝 + y = (ai + ao) + ( 2 a 2 + ai)x + ( 3 a 3 + a 2 )x 2 + ... + (na n + a n _i)x n_1 + .• • = 1 
ai + ao = 1 ， 2^2 + ai = 0, 3 a 3 + a? = 0 and in general na n + a n _i = 0. Since y = 2 when x 二 0 we have 
^0 — 2. Therefore ai = I — = —l, ^2 = ^ | ? ^3 — — — 3 ^ 2 » ••- = _ a : _1 — 

4 y = 2 — x+|x 2 - 為 x 3 + ... + x n + … = l + (l-x+|x 2 -^^x 3 + ...+ x n + •••) 


00 

= i + E 


n=0 


(-l) n x n 
~n!~ 


=1 + e- x 


19. Assume the solution has the form y = a。+ aix + a2X 2 + … + a n _ix n_1 + a n x n + ... 

=> g = ai + 2a ， 2X + .. • + na n x n_ i + • • • 

裝 一 y = (ai _ ao) + ( 2^2 - ai)x + (3a3 — a2)x 2 + … + (na n — a n _i)x n — 1 + ... = x 

^ ai — ao = 0, 2a2 — ai = 1, 3a3 — a2 = 0 and in general na n — a n _i = 0. Since y = 0 when x = 0 we have 

a。= 0. Therefore ai = 0, ^2 = 1 ^ ai — ^ a 3 = — 3T2» a 4 — ^ — 4^2 ，… » a n — — 

y — 0 + Ox + • X 2 + 2T2 乂 3 + 4.|.2 + + •. . + X n + ... 

00 

— (l + lx + I X 2 + 372 X 3 + 4^2 X 4 + ." +^jX n + …） —I — x = 七 ― 1—X = e x —X — 1 

n=0 

20. Assume the solution has the form y = ao + a!x + a2X 2 + … + a n _ix n_1 + a n x n + … 

=> g = ai + 2 a ， 2 X + .. • + na n x n_ i + • •. 

裝 + y = (ai + a。）+ ( 2^2 + ai)x + (3a3 + a2)x 2 + … + (na n + a n _i)x n — 1 + ... = 2x 

ai + ao = 0, 2^2 + a! = 2, 3a.^ + a? = 0 and in general na n + a n _i = 0. Since y = — 1 when x = 0 we have 
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— _ 1. Therefore = l, ^2 = | ? ^3 — — — 3^2 ? … ， a n = _ 二 _1 = 

y=—l + lx+|x 2 — ^ x3 + •.. + ^ x n + ... 

= (1 —lx+|x 2 - 忐 x 3 + ...+^x n + ...)-2 + 2 x=£ -2 + 2 x = e_ x + 2 x —2 

21. y r - xy = 3.1 -( 2 sl 2 — ao)x + (3a3 — ai)x + . • • + (na n — a n _ 2 )x n 1 + . • • = 0 4 ai = 0, 2 叱一 ao = 0, 3a3 — ai 
4a4 — a 2 = 0 and in general na n — a n _2 = 0. Since y = 1 when x = 0, we have a。= 1. Therefore a 2 = y = |, 

却 =f = 0, a 4 = 詈 = 占， a 5 = f = 0, ... ， a 2n = 2 -4-l -2n and a 2n+i = 0 
今 y=l + !x 2 + ^x 4 + 击 x 6 + ... + 2.4.5... 2n X 2n + ... = f ； 益 =E = e x2/2 

n=0 n=0 


22. y f — x 2 y = ai + 2a2X + (3a3 — ao)x 2 + (4a4 — ai)x^ + … + (na n — a n _3)x n 1 + ... = 0 4 a! = 0, a2 = 0 ， 

3a3 _ a。= 0, 4a4 — ai = 0 and in general na n — a n _3 = 0. Since y = 1 when x 二 0, we have a。= 1. Therefore 

^3 ~ "3^ ~ 3 ? ^4 ~ "4" ~ ^5 ~ "5^ ~ ^6 ~ ~ 3T6 5 • • • ? ^3n — 3.5.9.. ， 3 n ， ^3n+l — 0 and &3n+2 — 0 


泠 y: 


X 3 


3-6 


X 6 


3-6-9 


X 9 + … 


1 . 
3-6-9 - - -3n ' 


y3n 


E 蟊 =£| = # /3 

n=0 n=0 


23. (1 — x)y’ — y = (ai — a。）+ ( 2 a 2 — ai — ai)x + (3a 〗 一 2 a 2 — a 2 )x 2 + (4a‘ 一 3 a 3 — a 3 )x 3 + ... 

+ (na n — (n — l)a n _i — a n _i)x n i + .. • — 0 2 L\ — slq — 0 , 2^2 — 23.x — 0 , 3^3 — 3^2 = 0 and in 

general (na n — na n _i) = 0. Since y = 2 when x = 0, we have ao = 2. Therefore 

oo 

ai = 2 , a 2 = 2 , .. • , a n = 2 => y = 2 + 2 x + 2 x 2 + • •. = 2 x n = 

n =0 

24. (1 + x 2 ) y’ + 2xy = ai + (2a。+ 2ao)x + ( 3 a 3 + 2a ! 十 ai)x 2 + ( 4 a 4 + 2 a 2 + 2 a 2 )x^ + … + (na n + na n _ 2 )x n_ i + . 

= 0 => ai = 0, 2 a 2 + 2ao = 0, 3a〗+ 3ai = 0, 4a‘ + 4 a 2 = 0 and in general na n + na n _2 = 0. Since y = 3 when 

x = 0, we have a。= 3. Therefore a 2 = —3, a 3 = 0, a 4 = 3, •.. ， a 2 n +i = 0, a 2 n = (—l) n 3 

oo oo 

^ y — 3 — 3x 2 + 3x 4 —… =^2 3( — l) n x 2n = 3 (—x 2 ) = j _^ x 2 

n =0 n =0 

25. y — 3-0 H - a]_x + + • • • + a n x n + ... y fr — 2 叱 + 3. 2 ^ 3 x + •. • + n(n — l)a n x n 2 + . •. y" — y 

—( 2&2 — a。）+ (3. 2&3 — ai)x + (4. 3&4 & 2 )x 2 + . • • + (n(n — l)a n — a n _ 2 )x n_ 2 + • • • = 0 2 a] — a。= 0 ， 

3 • 2 a 3 — ai = 0, 4 • 3 a 4 一 a 2 = 0 and in general n(n — l)a n — a n -2 = 0. Since y’ = 1 and y = 0 when x = 0 ， 
we have a 0 = 0 and ai = 1. Therefore a 2 = 0, a 3 = & ， a 4 = 0, a 5 = ， … ， a 2 n+i = (2 n+\y. and 

^ 2 n — 0 y — x+jj-x^H-jj-x^ + ... = ( 2 n+ 1 )! = sinhX 

n =0 

26. y = ao + aix + a 2 X 2 + • • • + a n x n + ... y" 二 2 a 2 + 3. 2^x + • •. + n(n — l)a n x n — 2 + . •. 4 y" + y 

—(2 的 + ao) + (3 • 2 郎 + ai)x + (4 - 3 a 4 + a 2 )x 2 + … + (n(n — l)a n + a n _ 2 )x n_ 2 + ... = 0 2 a 2 + ao — 0, 

3 • 2 a 3 + ai = 0, 4 • 3 a 4 + a 2 = 0 and in general n(n — l)a n + a n _2 = 0. Since y’ = 0 and y = 1 when x = 0 ， 

we have a。= 1 and ai = 0. Therefore a 2 = — !, a〗= 0, a 4 = ， as = 0,… ， a 2 n +i = 0 and a 2 n = ^yr 

00 , n ■?„ 

^ y=l — |x 2 + +X 4 — … ( (2ny — C0S X 

n =0 

27. y — H - a]_x + ^ 2 ^ + • • • + a n x n + ... z 4 > y ,f — 2 a 2 + 3 • 2 ^ 3 x + • •. + n(n — l)a n x n 2 + . •. y" + y 

—( 2&2 + ao) + (3. 2&3 + ai)x + (4 • 3 a 4 + a 2 )x 2 + . • • + (n(n — l)a n + a n _ 2 )x n_ 2 + • •. = x 2 a 2 + ao — 0, 

3 • 2 a 3 + ai = 1, 4 - 3 a 4 + a 2 = 0 and in general n(n — l)a n + a n _2 = 0. Since y’ = 1 and y 二 2 when x = 0, 

we have a。= 2 and ai = 1. Therefore a 2 = — 1, a 3 = 0, a 4 = ☆ ， as = 0, … ,a 2 n = —2 - (2 ^, and 
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a 2n+i — 0 => y — 2 + x — x 2 + 2 * + ... = 2 + x — 2 [ - ― g n )! x = x + cos 2x 

n=l 

28. y — 3-0 H - a]_x + + .. • H- a n x n + .. • y" — 2a2 + 3.2^3x + .. • -1- n(n _ l)a n x n 2 + . • • y" — y 

— (2&2 — ao) + (3 . 2&3 — ai)x + (4 • 3a4 a 2 )x^ + ... + (n(n — l)a n — a n _2)x n_ 2 + • •. = x 23.2 — ao — 0, 

3 • 2a3 — 3 -i = 1, 4 - 3a‘ 一 a 2 = 0 and in general n(n — l)a n — a n -2 = 0. Since y’ = 2 and y = — 1 when x = 0, 
we have a 0 = —1 and = 2. Therefore a 2 = ^ ， a 3 = * ， a 4 = 邊， a 5 = 击 = 备， … ， a 2n = 蟲 

OO CXD 

and a 2n+ i = ^I)! ^ y=_l+ 2 x— ! 叉 2 + |^ 3 — ... =-l+ 2x-J](| 1 )!+E 


29. y = &o + (x — 2) + &2(x — 2) 2 + ... + a n (x — 2) n + ... 

=> y" = 2^2 + 3 * 2&3 (x — 2) + … + n(n — l)a n (x — 2) n ^ + ... y n — y 

— (2a2 — ag) + (3 - 2a3 — ai)(x — 2) 十 （4 • 3a4 — a 2 )(x — 2) 2 + … + (n(n — l)a n — a n _ 2 )(x — 2) n — 2 + ••• = _x 
=—(x — 2) — 2 2a2 — ao = — 2, 3 • 2a3 — ai = — 1， and n(n — l)a n — a n _2 = 0 for n > 3. Since y = 0 when x = 2, 

we have a。= 0, and since y’ = —2 when x = 2, we have ai = —2. Therefore a 2 = — 1, a 3 = — ! ， a 4 = i(—1) = 4 ^ ■ 

a 5 = 忐 （-*) = ••- a 2 n = and a 2n+1 = ( 2 HTI)!- Since ai = -2, we have a x (x - 2 ) = (-2)(x-2) and 

( 一 2)(x — 2) = ( 一 3 + l)(x 一 2) = ( 一 3)(x — 2) + (l)(x 2) = x — 2 一 3(x 2). 

4 y = x _ 2 — 3(x — 2) — 备 (x - 2) 2 — 盖 (x - 2) 3 — 吾 (x - 2) 4 — |j(x — 2) 5 —… 

4 y 二 x - 2 — 务 (x - 2) 2 — 蚤 (x - 2) 4 - 3(x - 2)x - ^(x-2 ) 3 - |；(x - 2) 5 -… 


4 y = x 


OO 

-2E 


n=0 


(x-2) 2n 

12H)T 


OV (x_2) 2n+1 

3 L (2n+l)! 
n=0 


30. y" _ x^y — 2a.2 H - 6S3X -f- (4 * 3^4 — &o)x^ + ... + (n(n — l)a n _ a n _ 4 )x n 2 + • •. = 0 2^2 — 0, 6^3 — 0, 

4 • 3a4 — ao = 0, 5 • 4as — ai = 0, and in general n(n — l)a n — a n _4 = 0. Since y , = b and y = a when x = 0, 
we have a。= a，ai = b, a 2 — 0, ^3 = 0, 3.4 = ? ^5 = 4 T 5 ? ^6 ~ 0 , ^7 = 0, as = 2-4 -t-s ^ ^ ~ 4 - 5 - 8-9 

=> y = a + bx + 合 x 4 + 為 x 5 + 34 a 7 . 8 x 8 + 4 . 5 b 8 . 9 x 9 + ... 


31. y" + x^y — 2a，2 6S3X -f- (4 * 3^4 -f- Sq)x^ + ... + (n(n — l)a n + a n _4)x n 2 + • •. = x 2^2 — 0, 6^3 — 1, 

4 • 3a4 + a。= 0, 5 • 4^ + ai = 0, and in general n(n — l)a n + a n _4 = 0. Since y , = b and y = a when x = 0, 
we have a 0 = a and ai = b. Therefore a 2 = 0, a 3 = 為， a4 = — ☆ ， a 5 = — 為， a 6 = 0, a7 = 2- ~^ 7 


令 y: 


a + bx+gx 3 —壺 x 4 -忐 x 5 


2-3-6-7 


X 7 + 


ax 8 


bx 9 


3.4.7.8 T 4-5-8-9 


32. y ,r — 2 y r + y = (2a2 — 2ai + ao) + (2 - 3a3 — 4a2 + ai)x + (3 * 4a4 — 2 - 3a〗+ a 2 )x 2 + • • • 

+ ((n — l)na n — 2(n l)a n _i + a n _ 2 )x n —2 + ... = 0 =>• 2 a 2 — 2a! + ao — 0, 2 * 3a3 4a2 + ai = 0, 

3 • 4a4 — 2 - 3a3 + a 2 = 0 and in general (n — l)na n — 2(n — l)a n _i + a n _2 = 0. Since y r = 1 and y = 0 when 
when x 二 0, we have ao = 0 and ai = 1. Therefore Si 2 = l, ^ ^ , 3.4 = ^ ^ and a n = ( n 上 )! 

OO CXD . OO 

# y = x + x2 + ! x3+ | x 4 + i x5HK .. = E ^ =E $ =xE g =xe X 

n=l n=0 n=0 


33. 


sin x 2 dx 




dx 




|E| < 媒 《 0.0000003 


1 0.2 3 -| 0.2 

« \ « 0.00267 with error 

」 0 L J 」 0 


34. 


[- 


dx 


x+f 


x + It 


x 3 1 x 4 
31 + 4! 


1 dx 


r (- 


X 2 I X 3 

6" + 24 


…) dx 


18 


0.2 

0 


« -0.19044 with error |E| < ^ ^ 0.00002 
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35 ' Jo 7TT7 dx = Jo I 
|E| < ^ = 0.000001 


T + T _ ••• ) dx 


X -— 

入 10 


0.1 


^ [x]q « 0.1 with error 


36 .丄 Vl+x 2 dx = J fl 

|E| < - 0.0000217 


1 + ^ — • j dx 


x+ 誓 - 


0.25 


0.25 


^ 0.25174 with error 


37 - Jo T dx 






dx 




3-3! 


5-5! 


7-7! 


0.1 




x?_ 

3-3! 


5-5! 


0.1 

0 


« 0.0999444611 ， |E| < « 2.8 


-12 


38. T exp (-x 2 ) dx = J o ^l-x 2 + ^- ^ + |- 
0.0996676643, |E| < « 4.6 x 10 — 12 


Jo 
« i 


dx 


Y — 2^. _L 2^. _L 2^1 

A 3 丁 10 丁 42 


0.1 


_ X 3 I X 5 _ X 7 

X — T To _ 42 


0.1 

0 


(^) (~ I) (~ I) (~ I) n 、 _7/2 , y 4、 4 


ill 

1 

⑴ _ 7 / 2 (x 4 ) 4 


39. (1 + X 4 ) 1/2 = ⑴ "2 + 平 (l)-l/2 ( x 4) + (iiizll ⑴ -3/2 ( x 4)2 + G) (_!) ㈠) ⑴ -5/2 ( x 4)3 


> J 。1 + 誓-誓 + f - 翟 


2 ! 

=1 + 
dx « 


X 4 

X 8 

T _ 

8 

x + 

X 5 

10 


« 0.100001 ， |E| < ^ « 1.39 x 10 — 11 


4o - £( 


1 — COS X 、 
X 2 ) 


dx 


ioV2 _ 81^10! 


dx « 


« 0.4863853764, |E| < ▲ « 1.9 x 10 — 10 


X 3 

3ir 


X 5 

5^6! 


x 7 

7^8! 


x 9 

M0! 


41. / 0 cos t 2 dt = J o (1 — f g - 眢 + … ）dt = [t - 备 + 4 — 二 + …。^ > I error I < ▲ « .00011 

42_ J o cosA/idt=J o (l — | + g_g + g_...)dt = [t_| + 5 ^ [ — — + 4 — ... 。 

泠 |error| < ▲ » 0.000004960 


43. 


F ( x ) = X (t 2 — 奋 + 眢 一 W + 

I error I < ^ 0.000013 



T _ 7^! + lf5!^T?7! + 


44. F(x) = / ； (t^t 4 +|；-^ 


+ 洽一 k 


dt : 


7-2! 


JL 

9-3! 


_ x! 
3 5 


7-2! 


9-3! 


n^y I error I < ~ 0.00064 


〜 x 3 x 7 I x 11 

~ 3 7-3! T 11.5! 


_t^_ 

114! 13-5 ! 卞 


45. (a) 
⑻ 


F(x) = J o (t_| + ^ — 4 + ...)dt= | — 备 + 备一 …. 0 。誓_苕 > I error I < ^ .00052 

I error I < 33^34 ^ .00089 when F(x) ~y — ^4 + 5 ^ — ^g+... + (—l ) 15 37^2 


46. (a) F(x) = J o (1 - 臺 + f —《 + •••) dt= 卜 _ 為 + 為一右 + 為一 … jx— _ + 參 — 妄 + _ 
4 |error| < 學《 .00043 

(b) |error| < ^2 ^ -00097 when F(x) ~ x — H - §2 _ 知 + … + ( _ 1 严 
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47. 去 (e x —(1+x)) 


1+x 


2 3! 


… —1 _ : 


1 + 吾 


3! ^ It 


...=> lim 


•0 


e x — (1 +x) 


x^O 


f[ + It 


48. I (e x - e~ x ) = i 


1+X+fy + fy + ly 


2+f+ f+ f+ ... ^ x lim o 


… ）—（1 — 


x+ It - It + It 


…) 


M2x + 


2x 3 , 2x 5 , 2x 7 


3! 1 5! 1 7! 


xiiPoo ( 2 


2x 2 i 2x 4 丄 2x 6 

+ "5f + 7T 


…) 


49. ★ 

:1 - COS t 

-ft: 

■ 1 [1 — 
- t 4 [ L 

f - G 

= 

lim (— 
t^0 V 

1 > t 2 

41 + 6! 

- $ + • 

.) = - 

50. i 

(-^+f 

+ sin 9 

) = ^ ( 

-0+f 

= 

^0 (si 

e 2 , 

_ 71 + 

备 -… 

) =lio 


2 + Hi + … .) 


t! I ti _ 








...H m o 


卜 ㈤ 


24 


3l ^ 5! 


5! 


7! 


9^ 

9l 


... 4 lim 

e^o 


sin 0 — 0 + 




M 


51 . 泰 (y - tan" 1 y) = ^ 


y- y 


y! 


+ 誓 




- A m 0 ^ 


lim 

y — 0 


誓 4 


…） 


i f _ 


52 tan -1 y — sin y 
• y 3 cos y 


…) 




y 3 I 23V 5 

'T 十 ~5T 


23y 2 


y 3 cos y 


y 3 cos y 


cos y 


^ = y^O ^^7- 


53. x 2 (-1 +e-" x2 ) = x 2 (-1 + 1 - i + ^4 - gif + ...) = —1 + 

=x^oo (— 1 + ^ ^ = _1 


_i _L 

2x 2 6x 4 


… =>■ 


lim x 2 (V" x2 - 1) 

L ^ OO \ / 


54. (x + 1) sin ( 击 ) =(x + 1) ( 击 - 邛二 ".! + 5>uTiF ） : 
^ 土 ( x + D sin (^Tl ) =鬼 G - 丽 W + 5luW 


3!(x+l) 2 丁 5!(x+l) 4 


… )=1 


55. 


ln(l+x 2 ) 

1 — COS X 


(M+f 






(1 X 2 

12! _ 4T" 




lim ” 1 亡 。 x > = lim 




x — 0 


1 — COS X 


x ^ 0 


(\ X 2 

i 2! _ 4f " 


2 ! = 2 


56. 


X 2 -4 . 

In (x — 1)— 

=lim 

x — 2 


(x — 2)(x + 2) 


(x-2)- 


(x-2) 2 


(x-2) 3 

3 


x + 2 


z2 , (x-2) 2 


今 x ， 2 岛 


x+2 


57. In ( 辑 ） =ln(l+x)-ln(l — x) 




誓 




(- 








2 x 


誓+誓 


…） 


58. ln(l+x) = x — 誓 + 誓 — 誓 + ... + + 

^ < w ^ nlO n > 10 8 when n > 8 7 terms 


^ error 


( _ 1)n -i x n 


nlO n 


when x = 0.1; 
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756 Chapter 11 Infinite Sequences and Series 


59. tan -1 x = x 


x! _L x! _ x! 4- x! 

3 T 5 7 T 9 


(-1 ) 卜 ix 2n _i 
^2n-l 


=>• error 


(-if- 1 : 


2n—1 


2n-l 


when x = 1; 


2n-l < IF # n > 甲 




500.5 =4> the first term not used is the 501 st we must use 500 terms 


60. tan -1 x = x 


x 3 , x 5 x 7 , x 9 


(~l) n ~ 


2n-l 


… 〜丄 1 % 


x 2n+1 2n-l 


^n^oo liril =x2 


2nTT 

4 tan -1 x converges for |x| < 1; when x = —1 we have ^ which is a convergent series; when x = 1 

n=l 

oo j 

we have ^ ^ n j_— which is a convergent series => the series representing tan -1 x diverges for |x| > 1 


61. tan -1 x = x 




X 3 I X 5 X 7 丄 X 9 

y _ y + t 


( _ 1)n -l x 2 n 

^2n- 1 


… and when the series representing 48 tan— 1 ( 長 ） has an 


error less than | . 10— 6 , then the series representing the sum 

48 tan -1 ( 為 ） +32 tan -1 ( 善） 一 20 tan— 1 (—) also has an error of magnitude less than 10 -6 ; thus 
I error I = 48 彳 【 _! < n > 4 using a calculator => 4 terms 


62. In (sec x) = tan tdt = J^ (t + f 


2t 5 

15 


+ … ）dt « 


T 


+ ••• 


63. (a) (1 - x 2 r V2 » 1 + f + 字 + 害 


=> sin -1 x«x+^- + ^ + |^; Using the Ratio Test: 


l-3-5---(2n-l)(2n+l)x 2p+3 2-4-6-• (2n)(2n +1) I . t . Y 2 i- 

n 4 oo 2-4-6-- (2n)(2n + 2)(2n + 3) l-3-5---(2n- 以加十 1 | 、 丄 ^ A n 4 oc 

泠 |x| < 1 4 the radius of convergence is 1. See Exercise 69. 


(2n + l)(2n+l) 


(2n + 2)(2n + 3) 


(b) 盖 (cos -1 x) = — (1 — x 2 ) -1 / 2 => cos -1 x = I 


sin x« 




X + 




< 1 


M) 


x! 

6 




64. (a) (1 +1 2 )' 1/2 « (1)— 1/2 + (—-) ⑴ -3 / 2 (t 2 ) + (_ D (_ ^, (ir5/2 (t2)2 + ㈠)㈠) (;,) (lr7/2 ( t2 ) 3 


I 


3-5t 6 


2 t 22 . 2 ! 2 3 -3! 


=>■ sinh -1 x « 


/:(] 


! + dt = x-f + f 


M 


(b) sinh- 1 (1) 


3 


0.24746908; the error is less than the absolute value of the first unused 


term, 蒂 ，evaluated at t 


4 384 1 40,960 

5 f i) 7 

^ since the series is alternating 4 I error I < « 2.725 x 1(T 6 


65. 


-(-x) 


— 1+x - x2+x 3 — ... 4 A (i =L) 


S(—bx — d+x 3 — 


1 — 2x + 3x 2 — 4x 3 


66. I ^ = l+x 2 +x 4 + x 6 + ." 4 ^( T ^) = ^ ? = ^(l+x 2 +x 4 + x 6 + .")=2x + 4x 3 + 6x 5 + … 

67. Wallis' formula gives the approximation 7r ~ 4 3 to produce the table 


n 〜 丌 


10 

3.221088998 

20 

3.181104886 

30 

3.167880758 

80 

3.151425420 

90 

3.150331383 

93 

3.150049112 

94 

3.149959030 

95 

3.149870848 

100 

3.149456425 
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Section 11.11 Fourier Series 757 


At n = 1929 we obtain the first approximation accurate to 3 decimals: 3.141999845. At n = 30,000 we still do 
not obtain accuracy to 4 decimals: 3.141617732, so the convergence to 丌 is very slow. Here is a Maple CAS 
procedure to produce these approximations: 
pie := 
proc(n) 
local i,j; 

a(2) := evalf(8/9); 

for i from 3 to n do a(i) := evalf(2*(2*i—2)*i/(2*i — l) A 2*a(i— 1)) od; 

[|j ， 4*a(j)] $ 0 = n-5 .. n)] 
end 


68. In 1 = 0; In 2 = In 
^ In 2 + 2 I 


.⑴ 


« 2 U 


0) 


j « 0.69314; ln3 = In 2 +In (|) = In 2 + In 


« 1.09861; ln4 = 21n 2 « 1.38628; In 5 = In 4 + In (5) = In 4 + In - 

« 1.60943; In 6 = In 2 + In 3 « 1.79175; In 7 = In 6 + In (g) = In 6 + In ' + « 1.94591; In 8 = 3 In 2 

« 2.07944; In 9 = 2 In 3 « 2.19722; In 10 = In 2 + In 5 « 2.30258 




"(s) 


69. (1 - X 2 )~ 1/2 = (1 + (-x 2 ))~ 1/2 = (1)-!/2 + (- I) ( l)-3/2 (_ x 2) + (-•) H)ar 5/2 (-x^) 

oo 

• =1 + E 


hfefcll (-l)(ir 7/2 (-A 3 

3! 


i , , l-3x 4 , l-3-5x 6 

1 T T T 2^2T "t" 2 3 -3! 


=> sin -1 x = 
where |x| < 1 


/ ； (i^T 1/2 dt = /；fi + E 


l-3-5 - (2n- l)x 2n 

^n! 


dt = x + 乞 


1.3.5."(2n-l)x 2n 

^n! 

1 

l-3-5 -(2n- l)x 2n+1 

2-4---(2n)(2n+ 1) 


70. [tan— 1 1] x °° = f — tan— 1 x = f: jfp = f: 

= f；( 

^ 加 ― 1 X= l^x + 3? _ 5F 

=lim 

b ^ —oo 



⑷ 1 

1 

+ ⑴- 


dt 


X Hi 


F ^ _ ? 


...)dt 




]!=x^3? + 5F _ 7F 

f-oc TTF 


.• , x > 1; [tan -1 1] ^ = tan -1 x + | 

i im _ [一 i + 忐 — 忐 + + - ….]: = _^ + 占 — —+ 士 —… ^ tan - 丄 x 


7T _ 1 

2 _ x 


3? _ 5? 


X < -1 


71- (a) tan (tan-i (n+l)-ta„- (n-l))= = 二 H = 1 

N N 

(b) tan -1 (^) = [tan -1 (n + 1) — tan -1 (n — 1)] = (tan -1 2 — tan -1 0) + (tan -1 3 — tan -1 1) 

n=l n=l 

+ (tan -1 4 — tan -1 2) + . • • + (tan -1 (N + 1) — tan -1 (N — 1)) = tan -1 (N + 1) + tan -1 N — | 

oo 

(C) E tan— 1 ( 吾 ） = n lim [tan -1 (N + 1) + tan— 1 N-f] = | + |- | = ^ 

n=l 11 

11.11 FOURIER SERIES 

1- ao = - JTl dx =l,a k = if: C0S kxdx=i[^]^ = 0,b k = i/"sin kx dx = I [-^ ]；" = 0. 

Thus, the Fourier series for f(x) is 1. 
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758 Chapter 11 Infinite Sequences and Series 


y 


1 


1 1 1 1 y 

0 

TT 77 3ir 2tt 


2 2 


2. a 0 


2 n 


ldx+ X - 1 


dx 


0, a k 


II 


cos kx dx 


-f 2 

•J 7T 


cos kx dx 


sin kx 
~k~ 


sin kx 


2tv 


o, 


r f* 2 ir 

sin kx dx — I sin kx dx 

= ^ (2_2COSk7r) = { k 0, keven' 

Thus, the Fourier series for f(x) is $ [ sin x + 气赵 



■ 



1 

cos kx 
k 

1 cos kx 
n ' k 




0 

7T • 


古 [(—cos k7r + 1) + (cos 2irk — cos 7rk)] 


sin 5x 



3. a 。 


2^ 


pir r*2ir 

Jo Xdx+ l ( x _ 2 « 


dx 


士 [ *7r 2 + \ (47r 2 — 7r 2 ) — 27r 2 ] = 0. Note, 


02tY p7V n27T 

I (x — 27r)cos kx dx =— 丄 u cos ku du (Letu = 2tt — x). So ak = 士 上 x cos kx dx + J (x — 2n) cos kx dx 

X 27T pTT OTV p27V 

(x — 27r)sin kx dx = J 。 u sin ku du (Letu = 2tt — x). So bk = ^ J o x sin kx dx + J (x — 27r) sin kx dx 


0. 


Note 


^ x sin kx dx = | [ — |cos kx + 占 sin kx]: = —| cos kn = |(— l) k+1 . 


Thus, the Fourier series for f(x) is (—l) k+1 

k=l ' 


y 



4. ao = 

s/o 

f ( X ) dx = 忐 / 0 \ 2 dx = h 2 ， 办 =ij 

^277 

o f(x) cos kx dx = 

i/Vcoskxdx 


l 

[(誓 . 


| sin kx + 吾 x cos kx 

7T 

= 4 cos k 丌 
o K 

—( _1 广 ( 条 )， bk 

=sin kx dx = 

“ f x 2 

TT JO 

l 


一丝、 

| cos kx + pX sin kx 

^ _ l \ { 2 

卩 - 


= 々(- ” k - 1) 吾 : 

-e(-i) 
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Section 11.11 Fourier Series 759 


4 

7rk 3 


7T 

k , 


7T 


k odd 
k even 


Thus, the Fourier series for f(x) is g7T 2 — 2 COS X + 



sin x + 善 cos 2x — I sin 2x —參 cos 3x + 


( 97t 2 — 4 、 


sin 3x + 



5 - a o = 2 ^/fe x dx= i(e 2 --l), a k = 士 /:V coskxdx= i[ ^(cos kx + k sin kx) ]^ = £^- y 
b k = O sinkxdx= i[ ‘(sin kx - k cos kx)]^ = 

Thus, the Fourier series for f(x) is 去 (e 2?r — 1) + e 1 ^ (i 2 ^ ~ V+i^). 



6 . a 。 = 忐 /: f ( x ) dx = ^£ eX dx = TF 1 ' a k = SiT f ( x ) coskxdx = W eX coskxdx = Mrfp( cos kx + ksinkx )]； 

( 也 ±5!1 kodd , r 2. , r 

_ b k = • J o f(x) sin kx dx = i j g e x sin kx dx 


7r(l+k 2 ) [ e -(-l) k -l] 


7r(l +k 2 ) ’ 

e^- 1 
7r(l +k 2 ) ’ 


k even 


^l+e^) 


k odd 
k even 


= Hrfp( sinkx - kcos ]«)]: = id^pyk(-i) k -i] H 2 ) ’ 

L ?r(l +k 2 ) ’ 

Thus, the Fourier series for f(x) is 

— 1 v 丄 v 丄 5^1 cos 2x + 2( 、: eT ) sin 2x — ^5^cos 3x + ^^sin 3x + ... 


27T 


27T -COSX+ ^r"sinx 


5tt 


lOn 


107T 



7 . a 。= sj„ f ( x ) dx= sJo cos x dx = 0, a k 


cos x cos kx dx 


sin(k— l)x , sin(k+l)x 
2(k_l) 十 2(k+l)」 0 


7T 


[| x+ i sin 2 x ]o> 


k/1 

k= 1 
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760 Chapter 11 Infinite Sequences and Series 


0, Ml 

L k= 1 


bk 


cos x sill kx dx 


cos(k— l)x I cos(k+ l)x 
2(k-1) 2(k+l) 


- 石 cos2x 


k/ 1 

k= 1 


2k 

7r(k 2 — 1) ’ 


〕， k odd 
k even 


Thus, the Fourier series for f(x) is |cos x + n (\^ k - 1 ) s ^ n kx. 


k even 



8 . a ° = ^J„ f W dx 


2^ 


r n2i 

2dx +X 


-x dx 


niv r*2K 

I 2 cos kx dx + I —x cos 

0 7T 


kx dx 


nATT 

|tt ， a k = IJ f(x) cos kx dx 


1 「 cos kx I x sin kx ] ^ — _1 + (—l) k 




p27T OTV p27T 

b k = 士 j 。 f(x) sin kx dx = 士 j。2 sin kx dx + j —x sin kx dx 


7rk 2 


E coskx 


- 志 ’ kodd 

0, k even 


(x cos kx 




2n 


e("+3 )， kodd 


I k even 

Thus, the Fourier series for f(x) is 1 — ^7r — f cos x + (^ + 3) sin x + |sin 2x — ^j：cos 3x + | + 3) sin 3x + 



9. J 。cos px dx = ^sin px 


27T 


0ifp/0. 


nl-K Z7T 

10. J。sin px dx = — ^cos px =—^[1 —l]=0ifp#0. 


p2iv r*2n i r 1 . 1 1 27T 

11 .上 cos px cos qx dx = J q |[cos (p + q)x + cos (p — q)x ]dx = 豆 [ 兩 sin (p + q)x + ^sin (p — q)x = 0 if p ^ q. 

f»27r p 2 k _ /~» 2 tv _ / \ 127T 

= 7T. 


If p = q then 人 cos px cos qx dx = J q cos px dx 


广 i 

lo 2 


(1 + cos 2px) dx = ! ( x + ^sin 2px) | 


12. j 。sin px sin qx dx = 丄 |[cos (p - q)x - cos (p + q)x ]dx = ! [ Asin (p — q)x — 击 sin (p + q)x ] f = 0 if p # q. 

p2n o2tv r»27r / \ I 2tt 

If p = q then J q sin px sin qx dx = 上 sin 2 px dx = J q 辜 (1 — cos 2px) dx = ^ (x - 去 sin 2px) | = 7r. 
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13. 


sin px cos qx dx 


广 i 

lo 2 


[sin (p + q)x + sin (p — q)x ]dx : 


2 L p + q 


cos (p + q)x + ^cos (p - q)x ] 


2vr 


27T 


—忐 COS 2px 


p — q . 


p27T f*27T p27T 

0. If p = q then 丄 sin px cos qx dx = J o sin px cos px dx = 丄 |sin 2px dx 


- 忐 (1 — 1 )= 0 . 


14. Yes. Note that if f is continuous at c, then the expression f ( c+ )^~ f ( c ) — f( c ) since f(c+) 二 lim f(x) = f(c) and 

z X—C+ 

f(c _ ) = lim f(x) = f(c). Now since the sum of two piecewise continuous functions on [0, 27r] is also continuous on [0, 27r], 

x—^c~ 

the function f + g satisfies the hypothesis of Theorem 24, and so its Fourier series converges to ( f+g )( c ) = ( f+ g)( c ) 
for 0 < c < 27r. Let Sf(x) denote the Fourier series for f(x). Then for any c in the interval (0, 27r) 

Sf 丄 fc) = (f+g)(c + ) + (f+g)(c~) _ i lim (f + g)(x) + lim (f + g)(x) ] — I lim f(x) + lim g(x) + lim f(x) + lim g(x) 

t+g 、 ） 2 2 x—^c + x^c - 2 x—>c + x—>c + x—>c _ x^c - 

=♦[ (f(c+) + g(c + )) + (f(c_) + g(c_)) ] = Sf(c) + s g (c), since f and g satisfy the hypothesis of Theorem 24. 

15. (a) f(x) is piecewise continuous on [0, 27r] and f’(x) = 1 for all x ^ 7 r => f’(x) is piecewise continuous on [0, 27r]. Then 

by Theorem 24, the Fourier series for f(x) converges to f(x) for all x ^ 7 r and converges to |(f( 7 r + ) + f( 7 r - )) 

=-(—7T + 7T) = 0 at X = 7T. 

oo 

(b) The Fourier series for f(x) is ^ (—l) k+ 2 S1 ^ kx . If we differentiate this series term by term we get the series 

k=l 

oo 

(—l ) k+1 2 cos kx, which diverges by the n th term test for divergence for any x since lim (—l ) k+1 2 cos kx 7 ^ 0 . 

k=i k ^°° 


16. Since the Fourier series in discontinuous at x = 丌 ， by Theorem 24, the Fourier series will converge to f ( c+ ) + f ( c ) Thus, 
at x = 7 r we have ^ = ^n 2 - 2 cos x + ( ^ 2 ~ 4 ^ sin x + |cos 2x — | sin 2x —善 cos 3x + ( 9 《 7 : 4 ) sin 3x + ... • 

°^ 2 = 去 7 T 2 — 2 cos 7 r + ( 71-2 ~ 4 ) sin 7 r + |cos 27r — I sin 2tt — 暴 cos 37 r + ( 9 27 ^ 4 ) sin 37 r + ... 

00 00 

^ ^T~ = ^ 2 + 2 +1 + 1 + .. . = ^7T 2 + 2(1 + I + g + • • • ) = |7T 2 + 2E 去 4 T = j 去 

n=l n=l 

00 00 00 

7T 2 7T 2 ry 1 v 7T 2 O 1 v 7T 2 1 

n=l n=l n=l 


CHAPTER 11 PRACTICE EXERCISES 

1. converges to 1, since lim a n = lim ( 1 + - )=1 

° n —> cx) n ^ oo \ n J 

2. converges to 0, since 0 < a n < 含 ， n 0 = 0, n lim^ 含 = 0 using the Sandwich Theorem for Sequences 

3. converges to — 1, since lim a n = lim = lim (‘ 一 1) = — 1 

4. converges to 1, since n Hm c a n = [1 + (0.9) n ] = 1+0=1 

5. diverges, since {sin 晉 } = {0,1, 0, — 1 ， 0,1, … } 

6. converges to 0, since {sin n7r} = {0, 0, 0, … } 

7. converges to 0, since lim a n = lim = 2 lim - = 0 

° n —> cxd n ^ cxd n n ^ oo i 
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lim 

n —> oo 

In (2n+l) 

lim 

n ^ oo 

(stt) 

n 

1 

lim 

n — oo 

/ n + In n 、 

二 lim 

n ^ oo 

峠 ) 

l n ) 

1 

lim 

n —> oo 

In (2n 3 + l) 

= lim 

n ^ oo 

( 6n 2 

U 3 + 

n 

1 

= lim (^-Y 

n ^ oo v n / 

= lim 

n —> oo 

( 1+ 


lim = lim - = 0 

n ^ oo n —> oo n 


e -5 by Theorem 5 


12. converges to - , since lim a n 二 lim (l + -) n = lim 1 = - by Theorem 5 

e’ n ^ oo 11 n ^ oo V n/ n ^ oo (1 + 5 ) e J 

13. converges to 3, since n Hm^ a n = n (^) 1 n = n Um^ 為 = 警 = 3 by Theorem 5 

14. converges to 1, since n lim Q a n = ^lim^ ( 言 )" n = j = 1 by Theorem 5 

(-2V n ln2) 


15. converges to In 2, since a n = n(2'/- - 1) = 


2V n - 


⑴ 


n^oo 






= 2 0 • In 2 = In 2 

16. converges to 1, since lim a n = lim \/2n + l = lim exp ( ln(2n+ ” 

° n ^ oo n — oo v n—>oo r \ n / 

17. diverges, since lim a n = lim (n +, 1)! = lim (n + 1) = oo 

18. converges to 0, since n lim^ a n = n = 0 by Theorem 5 


’ink) 


n lnn c exp =e 0 


19. 


_i_ - ii)_ (il ^ s 

(2n-3)(2n- 1) — 2n-3 2n- 1 ^ 


⑷⑴ 


0 w 


111 111 

2n - 3 2n - 1 




今 n^oo Sn = n^oo 


⑷ 

2n- 1 


20 . ^f?tt = ir + ktt s n = (^ +1) + (x + 1) + - + (^r + ^tt) = _ I + ^ n 1 -^ Sn 

21. 〜么一 = 今 Sn = G —4) + (4— !) + (! — 异） +•••+(A— A) 


n(n+l) 

^n^oc (―1 + 击） 一 1 


(3n-lX3n + 2) = 3^ _ 3K + 2 ^ S n = (I ~ f) + (f ~ |) + (| ~ A) + … .+ {^T ~ '3n + 2) 
= \~ 3^P2 ^ n^oo Sn = n^oo (t _ 3^l) = I 


22 . 


(4n — 3)(4n+ 1) — 4n —3 十 4n+l 


=> = (¥ + b) + (if + 吝 )+ (if + 吾 ) + … + ( 


4n — 3 4n + 1 > 


| + 4^I ^ n l Wbc Sl = i^iPoo (― I + 4^l) 


23. ^2 e _n =[] 去 ， a convergent geometric series with r = | and a = 1 the sum is 


n=0 n=0 


TU 
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24. ^2 (—l) n ^ S (— |) (x) n a convergent geometric series with r = — ^ and a = ^ the sum is 

n=l n=0 

㈠） —— 3 

HW — —5 

25. diverges, a p-series with p = ^ 

oo oo 

26. = n ? diverges since it is a nonzero multiple of the divergent harmonic series 


27. Since f(x) = ^ ^ f’(x) = — ▲ < 0 4 f(x) is decreasing 4 a n+1 < a n , and n lim^ a n = n liin o 大 = 0, the 

CXD n OO 

series ^=- converges by the Alternating Series Test. Since diverges, the given series converges 

conditionally. 

28. converges absolutely by the Direct Comparison Test since ^3 < ^3 for n > 1, which is the nth term of a 
convergent p-series 

29. The given series does not converge absolutely by the Direct Comparison Test since 〉 KTI ， which is 

the nth term of a divergent series. Since f(x) = 111( ^ +1) => f’(x) = — ( i n(x + 1 )) 2 (x+1 ) < 0 f(x) is 

decreasing a n+ i < a n , and ^liin^ \ ^ =0, the given series converges conditionally by the 

Alternating Series Test. 

3 °- r ^ dx= ^ dx = b 1 ™,, [―伽 x )n=-^5^ =nr2 ^ the serfes 

converges absolutely by the Integral Test 

31. converges absolutely by the Direct Comparison Test since 穿 < 吾 = 去 ， the nth term of a convergent p-series 

32. diverges by the Direct Comparison Test for e nD > n In (e nn ) > In n =>• n 11 > In n => In n 11 > In (In n) 

=> n In n > In (In n) => ln 1 ( 1 j n n n) > ^ , the nth term of the divergent harmonic series 


33 - n^oo 




n^oo 




=> converges absolutely by the Limit Comparison Test 


34. Since f(x) = 4 f’(x) = 3 ( x x ( 3 2 + ~^) <0 when x > 2 a n +i < a n for n > 2 and n ljjn o = 0, the 

series converges by the Alternating Series Test. The series does not converge absolutely: By the Limit 

Comparison Test, n ljin o = ~ Therefore the convergence is conditional. 


35. converges absolutely by the Ratio Test since n lirn^ 


n+2 n! 
(n+1)! • iTTT 


n^oo (^= 0<1 


36. diverges since a n = (⑽， does not exist 


37. converges absolutely by the Ratio Test since n lin^ 


3 n+1 n! 
(n+1)! * 3° 


lim 

n — 00 nH 


0< 1 
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38. converges absolutely by the Root Test since n lirn o = n Hjn o = n Hm o g = 0 < 1 

( 赤） 


39. converges absolutely by the Limit Comparison Test since n Hrn^ 


40. converges absolutely by the Limit Comparison Test since n ljm^ 


、 \/n(n + lXn + 2)^ 
⑸ — 




n(n + l)(n + 2) 
n 3 


\ n \/n^ — 1 / 


lim 


n 2 (n 2 - 1) 
^^ 


41 - n^oo 


U n +1 

U n 


< 1 ^ n 1 ^ 


(x + 4) n+1 n3 n 
(n+ l)3 n+1 • (x + 4) n 


< 1 ^ 


|x + 4| 


n^oo (FT!) < 1 ^ 


y + 4| 


< 1 


=> |x + 4|<3 4 —3<x + 4<3 => —7 < x < _1; at x = _7 we have ^ ^ ~~ ? the 


alternating harmonic series, which converges conditionally; at x = — 1 we have^ 盖二 ， the divergent 

n=l n=l 

harmonic series 

(a) the radius is 3; the interval of convergence is —7 < x < —1 

(b) the interval of absolute convergence is —7 < x < — 1 

(c) the series converges conditionally at x = —7 


42. lim 

n —^ oo 

all x 


U n +1 

< 1 ^ lim 

(x-l) 2n 

(2n-l)! 

U n 

n — ^ oo 

(2n+l)! 

( x _ 1 )2n-2 


< 1 与 ■ (X 一 1)2 lim 


1 


n — oo (2n)(2n+l) 


0 < 1 ， which holds for 


(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 


43 - n^oo 


U n +1 

U n 


< 1 ^ n^oo 


(3x-l)°- 


n 2 


(n+1) 2 (3x - l) n 


< 1 ^ l 3x — il niiPoo (dw < 1 ^ |3x -11 < 


4 —1<3x-1<1 =>• 0 < 3x < 2 =>• 0<x<|;atx = 0we have [ 


V (_l)n-l ( _l)n 




E 


(-l) 2n 


=—^2 去 ， a nonzero constant multiple of a convergent p-series, which is absolutely convergent; at x = | we 

n=l 

OO n _i n OO n _i 

have Y2 ( -1) : 2 ⑴ n = 乞 ( ~^r ， which converges absolutely 

n=l n=l 

(a) the radius is |; the interval of convergence is 0 < x < | 

(b) the interval of absolute convergence is 0 < x < | 

(c) there are no values for which the series converges conditionally 


44 - n^oo 


Un+1 

U n 


< 1 ^ n^oo 


n + 2 (2x+l) n+1 2n+l 


2 n 


2n + 3 ^^ n+1 (2x+ l) n 


<i# 鵠 • 譜 |<i 

， 2 


=> I 2 ? M (1) < 1 => |2x + 1| < 2 => —2 < 2x + 1 < 2 —3 < 2x < 1 | <x< |;atx = — |we have 

OO OO 

Y2 2 ^ + \ • = Y2 ( ~ 2 n + t^ which diverges by the nth-Term Test for Divergence since 

n=l n=l 

OO OO 

n iiPoo (iSr) = i / 0; at X = i we have - | = Earr> which diverges by the nth- 

n=l n=l 

Term Test 

(a) the radius is 1; the interval of convergence is -I< x <I 

(b) the interval of absolute convergence is < x < I 

(c) there are no values for which the series converges conditionally 
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45 - n^oo 


U n +1 

U n 


< 1 ^ n^oo 


x n+l 


n 11 


(n+l) n+1 * x 5 

=> 學 • 0 < 1， which holds for all x 

(a) the radius is oo; the series converges for all x 

(b) the series converges absolutely for all x 

(c) there are no values for which the series converges conditionally 


< 1 今 |x| n lim o \(^r[) n < 1 ^ T JiPoo (^+r) < 1 


46 - n^oo 


Un+1 

U n 


< 1 ^ n^oo 


x n+1 • 
x/n+l • "x 5 " 


< 1 |x| < 1 => |x| < 1; when x = -1 we have 

oo oo 

^2 , which converges by the Alternating Series Test; when x = 1 we have ^2 » a divergent 

n=l V n n=l v n 


p-series 

(a) the radius is 1; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 

(c) the series converges conditionally at x = —1 


47. lim ^ < 1 ^ lim (n + ；lf ：， - , < 1 泠 f lim < 1 ^ -^3 < x < ^3; 

n —> oo u n n —^ oo 彡十 (n+ i)x zn 5 n^oo \n+l/ v v 

oo oo _ 

the series ^2 — and , obtained with x = ± \/3, both diverge 

n=l 、 n=l V 

(a) the radius is \/3; the interval of convergence is — < x < \/3 

(b) the interval of absolute convergence is —\[^ < x < y/?> 

(c) there are no values for which the series converges conditionally 


48. lim M < 1 # lim • ( 2n +^ +1 < 1 ^ (x - l) 2 lim (^\) < 1 ^ (x - 1) 2 (1) < 1 

^ (x — l) 2 < 1 => |x—1|<1 4 —l<x—1<1 => 0 < x < 2; at x = 0 we have d 』 : 1 厂 1 

n=l 

f_J)3n+l (_Mn-l . . 

= 2 n +1 — 2 n + i which converges conditionally by the Alternating Series Test and the fact 

n=l n=l 

oo oo . 2n+l 00 nn 

that ^2 2n +1 diverges; at x = 2 we have ^ 2 ^ ( + ^^ , which also converges 

n=l n=l n=l 

conditionally 

(a) the radius is 1; the interval of convergence is 0 < x < 2 

(b) the interval of absolute convergence is 0 < x < 2 

(c) the series converges conditionally at x = 0 and x = 2 


49. 


lim 


n —^ oo 




2 ) 


U n +1 

< 1 ^ n^oo 

csch (n+ l)x n+1 

<! ^ Wn^oo 

e n+1 e n 1) 

U n 

csch (n)x n 

(^) 




Ixl lim 

1 1 n ^ oo 


< 1 泠 


|x| 


< 1 => —e < x < e; the series XX 士 e) n csch n, obtained with x = 士 e, 


both diverge since n ( ± e) n csch n ^ 0 

(a) the radius is e; the interval of convergence is —e < x < e 

(b) the interval of absolute convergence is —e < x < e 

(c) there are no values for which the series converges conditionally 


50 . n^oo 


Un+1 

U n 


< 1 ^ n^oo 


x n+1 coth (n+1) 
x n coth (n) 


< 1 => Ixl lim 

1 n — v nr 


< 1 4 |x| < 1 


oo 

=> —1 < x < 1; the series 士 l) n coth n, obtained with x = 士 1, both diverge since lim (士 l) n coth n ^ 0 

n=l 


(a) the radius is 1; the interval of convergence is — 1 < x < 1 

(b) the interval of absolute convergence is — 1 < x < 1 
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766 Chapter 11 Infinite Sequences and Series 


(c) there are no values for which the series converges conditionally 

51. The given series has the form 1—x + x 2 — x 3 + ... + (—x) n + •_. = -r-j— , where x= j ； the sum is - 

1 十 X 4 1 + (4 j 

52. The given series has the form x — 誓 + 誓 ― ...+( — l) n_1 f + … =In (1 + x)，where x = |; the sum is 
In (f) « 0.510825624 

53. The given series has the form x — ^ ^ . +(— l) n (2 ^+ 1 )； + … =sin x，where x = 丌 ; the sum is 

sin 7r = 0 

54. The given series has the form 1 — _ + 装 —… + (—l) n + … =cos x, where x = the sum is cos | 

55. The given series has the form 1 +X+ + |y + ... + jr + ••• =e x , where x = In 2; the sum is e ln ( 2 ) = 2 

56. The given series has the form x _ 誓 + 誓一 … + (_l) n ^n-\) + • • • — tan -1 x, where x = ☆ ; the sum is 

tan_1 fe) = ■ 


57. Consider as the sum of a convergent geometric series with a = 1 and r = 2x => 

OO CXD 

=1 + (2x) + (2x) 2 + (2x) 3 + ... = [ (2x) n = E 2 n x n where |2x| < 1 |x| < i 

n=0 n=0 



58. Consider as the sum of a convergent geometric series with a = 1 and r 二 —x 3 ^ 


l+x 3 




=1 + (—x 3 ) + (—x 3 ) 2 + (—x 3 ) 3 + ... = E (—l) n x 3n where |—x 3 | < 1 =>■ |x 3 | < 1 |x| < 1 

n=0 


59. sinx=E^ - 

n=0 


n=0 


V (^l)°x 2n+1 _ sin 2 x _ V (_1)° (t)~° + 1 _ ^ (_ lf2 W +1 

L (2n+l)! ^ 1,111 3 —乙 (2n+l)! — L 3 2n + 1 (2n+l)! 

n=0 n=0 n=0 


OO n i^ n OO f 

61. cosx=E ^ ^ cos (x 5 / 2 ) = E ^ 


-l) n (X 5 / 2 ) 


(2n)! 


E 


(-l) n x 5n 

(2n)! 


OO , _ OO 

62. cos x = E => cos \/5x = cos ((5X) 1 / 2 ) = 


(~D n ((5x)V 2 ) 2n = g (~l) n 5 n x n 


(2n)! 


(2n)! 


OO OO OO 

63. e x = E S ^ ^ ^ = E 

n=0 n=0 n=0 


7T n X n 

■^nf 


X n ^ ^ (_x^ _ ^ (_l)n x 2n 


64. e x = E ^ e- = E 


E 


65. f(x) = v / 3Tx 2 = (3 + x 2 ) 1 ’ 2 今 f’(x) = x (3 + x 2 ) _1/2 今 f’’(x) = —x 2 (3 + x 2 )' 3/2 + (3 + x 2 )' 1/2 
今 f" ⑴ = 3x 3 (3 + x 2 ) _5/2 —3x(3 + x 2 ) _3/2 ; f(-l) = 2 ， f(-l) = — ! ， f"(—1) = — | + ■ = | ， 


' ， ( 一 1) 


32 + 暑 = 啬 => \/3 + x 2 = 2 — 


(x + 1) , 3(x+l) 2 , 9(x+l) 3 


2 - 1 ! 


2 3 - 2 ! 


2 5 -3! 
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66. f(x) 二占 =(1 - x)- 1 今 f’(x) = (1 - x)- 2 =» f"(x) = 2(1 — x)- 3 =>• f"’(x) = 6(1 — x)~ 4 ; f(2) = -1 ， f’(2) = 1 ， 

f"(2) = -2, f w (2) = 6 泠 ^ = -1 + (x - 2) - (x - 2) 2 + (x - 2) 3 -... 

67. f(x) = ^ = (x + I)" 1 ^ f ， (x) = —(x + I)" 2 ^ f" ⑴ = 2(x + l)- 3 ^ f"(x) = -6(x+ 1)~ 4 ; f(3) = 

f ， (3) = _ i ， f"(3) = I ， f"(2 )= 孕今 ^ = i - i (x - 3) + i (x - 3) 2 - i (x - 3) 3 + ... 

68. f(x) = i = x- 1 ^ f(x) = -x-2 ^ f"(x) = 2x _ 3 今 f"(x) = -6x- 4 ; f(a) = i , f'a) 二 - 各， f"(a)= 吾， 
f"’ ⑻ = 孕冷 i = i - p ( x - a) + ^ (x - a) 2 - y (x - a) 3 + ... 


69. Assume the solution has the form y = a。+ a!x + a 2 X 2 + … + a n _ix n_1 + a n x n + … 

^ + 2 a 2 X + ... + na n x n_ 1 + •••=> ^ + y 

=(ai + a。) + ( 2 ci 2 + ai)x + (3a3 + a 2 )x 2 + .. • + (na n + a n _i)x n— ^ + ... = 0 slq = 0, 2 a 2 + ai = 0, 


3a3 + a 2 = 0 and in general na n + a n _i = 0. Since y = — 1 when x = 0 we have a。= —1. Therefore ai = 1 ， 



3-2 


,a4 


_a 3 

4 


4-3-2 


... ， a n 


(~D n _ (~D n+1 

(n—1)! _ n! 


^ y ： 


-1 + X - I X 2 + 3^2 X 3 


心 + … 


E 


(~D n x n — _ p -x 
n! — _ e 


70. Assume the solution has the formy = a。+ a!x + + ... + a n _ix n_1 + a n x n + … 

=> g = ai + 2 a 2 X + ... + na n x n_1 + •••=> ^ — y 

— (^i — a。) + ( 2 a 2 — ai)x + (3 郎一 a 2 )x 2 + . •. + (na n — a n _i)x n 1 + •. • = 0 =>■ a! — ao = 0, 2 a 2 — ai = 0, 


3 a3 — a 2 = 0 and in general na n — a n _i = 

二 0. Since y =- 

-3 when x = 0 we have ao = 

—3. Therefore ai = —3, 

a 2_y_y, a 3_y_ 兑， a n — Y 

- nf ^ y- 

3 — 3x — x 2 — ^2 x 3 —.. 

.# + … 

= -3(l+x+|^ + 餐 + ••• + 苔 + " 

\ oo 

.)=-3Eg: 

〆 n=0 

二 一 3e x 


71. Assume the solution has the form y = a 。 

+ aix + &2X 2 + 

•. • + an—ix n i + a n x n + ". 



+ 2 a 2 X + ... + na n x n 1 + … ^ + 2y 


— (^i H - 2ao) + ( 2&2 + 2ai)x + (3a3 + 2 a 2 )x 2 + … + (na n + 2a n _i)x n 1 + •••= 
have a 0 = 3. Therefore ai = — 2a 0 = —2(3) = —3(2) ， a 2 = — | ai = — | (—2 - 3) 
2 la ’20 = — 3 ( 卷 )，…， an = ㈠) u = ㈠) (3 ((U '))= : 

3(2x) + 3 学 x 2 — 3gx 3 + … + 3 x n + ... 


0. Since y = 3 when x = 0 we 


㈤ ， 


3 

’ (-l) n 2 n 
k n! 


a 3 


:a 2 


^ y = 3 


(2x) + 


(2x) 2 

2 ! 


(2xT 

3! 


(-l)n(2x) n 


3E 

n=0 


(~l) D (2x) n 

n! 


3e 


-2x 


72. Assume the solution has the formy = a。+ a!x + a 2 X 2 + ... + a n _ix n_1 + a n x n + … 

=> g = ai + 2 a 2 X + ... + na n x n_1 + •••=> ^ + y 

— (^i + ao) + ( 2 a 2 + ai)x + (3 郎 + a 2 )x 2 + . • • + (na n + a n _i )x n 1 + •. • = 1 =>• slq = 1, 2 a 2 + ai = 0, 
3a3 + a] = 0 and in general na n + a n _i = 0 for n > 1. Since y = 0 when x = 0 we have ao = 0. Therefore 

Q, — 1 — 1 — ~ a l — 1 — ~ a 2 — — ~^3 — 1 Q 

d l —— 丄 —— d 0 — 丄 ，— 2T _ — 2 ， d 3 — "l - — ^2 5 d 4 — ~ 4 ~ — ~ 4^2 ， • • • ， dn 


(-D° _ (~D° +1 


(n ) (n — 1)! — n! ^ 

_ x+ l x 2_^ x 3_ 丄 tD! 


0 + x- !x 2 + 為 x 3 


3-2 - 


X n 


+ 1 


-E 

n=0 


... 

n! 

(~D n x n 1 1 _ ] _ 


73. Assume the solution has the formy = a。+ aix + a 2 X 2 + ... + a n -ix n_1 + a n x n + … 

+ 2 a 2 X + ... + na n x n_1 + •••=> ^ — y 

=(ai — a。) + (2a2 ai)x + (3a3 — a 2 )x 2 + .. • + (na n — a n _i)x n ^ H-... = 3x => ai _ ao = 0, 2a2 — = 3, 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 






















768 Chapter 11 Infinite Sequences and Series 

3a3 — a 2 = 0 and in general na n — a n _i = 0 for n > 2. Since y = — 1 when x = 0 we have ao = —1. Therefore 

Q — — 1 q — 3 + ai — 2 Q — 包 — 2 Q — §3 _ 2 Q — a n _i _ 2 

d l — _ 丄 ， d 2 — — 2 ,d3— T — T — 4^2 ， •. .， d n — — El 

^ y = -1 - X + ( 善 )X 2 + ^2 x 3 + 4^2 X 4 + … + ^ X n + ... 

oo 

— 2 (l + x + -x2 + 為 x3 + 4.^.2 + ... + $x n + •••)—3 — 3x = 2y^ 七 — 3 — 3x = 2e x - 3x — 3 

n=0 


74. Assume the solution has the form y = ao + aix + a 2 X 2 + … + a n _ix n_1 + a n x n + … 
^ + 2 a 2 X + ... + na n x n_1 + •••=> ^ + y 


=(ai + a。) + ( 2 a 2 + ai)x + (3a3 + a 2 )x 2 + ... + (na n + a n _i)x n 1 + . •. = x =>• ai + ao — 0, 2 a 2 + ai = 1 ， 
3a3 + a 2 = 0 and in general na n + a n _i = 0 for n > 2. Since y = 0 when x = 0 we have ao = 0. Therefore 


ai = 0, a2 = 1 2 ai — I» a 3 — — — 3^2 5 ••- ， a n = a ^ _1 = ^r~ 

4 y = 0- 0x+!x 2 - 為 x 3 + _" + x n + … =(1 - x + ! x 2 — 為 x 3 + _ •. + x n + … —1 + x 


E 

n=0 


(~ l ) n x n 


—1 + x = e _ 


1 


75. Assume the solution has the form y = a。+ aix + a 2 X 2 + … + a n _ix n_1 + a n x n + … 




dy 

dx 


ai + 2a]x + .. • + na n x n ^ 




dy 


(ai — ao) + ( 2 a 2 — ai)x + (3a3 — a 2 )x 2 + ... + (na n — a n _i)x n 1 + •. 


x SLi — a。 = 0 ， 2^2 _ ^i — l? 


2 


3a3 — a 2 = 0 and in general na n — a n -i = 0 for n > 2. Since y = 1 when x = 0 we have ao 
a l — 1? ^2 — 1 $ ai — |?^3 — ^ — ^? a 4 — ^ — 4 ^ 2 ，…， a n = 

^ y = 1 + x+ (I) X 2 + 為 X 3 + 4^2 X 4 + ... + ^X n 

= 2 ( 1 +x+!x 2 + ^^x 3 + 4^2 x 4 + ". + HT x11 + •••) — 1 —x = 2^2 


[.Therefore 


x n 

KT 


- x = 2e x 


76. Assume the solution has the form y = a。+ aix + a 2 X 2 + … + a n _ix n_1 + a n x n + … 




dy 

dx 


ai + 2a2X + … + na n x' 


n—1 




•y 


— (ai — ao) + ( 2 a 2 — ai)x + (3a3 — a 2 )x 2 + . •. + (na n — a n _i)x n 1 + ... = _x ai — ao = 0, 2 a 2 ~ = — 1 ， 

3a3 — a 2 = 0 and in general na n — a n _i = 0 for n > 2. Since y = 2 when x = 0 we have a。= 2. Therefore 

a l —— a 2 —— 2 — 2 ， a 3 —— y —— 3 ^ 2 ， a 4 ——~4 _ 4-3-2 , • •. 5 — ~n~ 

^ y = 2 + 2x+^x 2 + 3^2 X 3 + X 4 + . 

oo 

x n 


( 1 +: 


b 2 


丄 v3 _|_ 1 _ v4 _ i _ 

3.2 丁 4 - 3-2 丁 ' 


"KI A 
士 X n + … 


n! 


1 + x = E 

n=0 


H + l+ x = e x + x+ l 


77. 


”/2 


JO 


exp (—x 3 ) dx 

l 

2M 


"1/2, 


x 3 + x6 


1 

2 7 - 7 - 2 ! 


78 .丄 x sin (x 3 ) dx 


2 10 - 10 - 3 ! 丁 

xfx 3 x9 


V. 一 
1 

2 13 - 13 - 4 ! 


x 9 , x 12 
31 4f 

1 

_ 2 16 - 16 - 5 ! 


f ... J dx 
« 0.484917143 


x 4 

X—V 


3 ! 


+ 


x 15 


7 ! 




[ x 5 

X 11 丨 x 17 

x 23 

x 29 

1 

5 

11 - 3 ! 1 17 - 5 ! 

23 - 7 ! 

「 29 - 9 ! 

0 


.J dx 
« 0.185330149 


r x 4 


x 7 

7^2! 


x 10 


x 1Q 

10^3! 


5! 


x 13 

I34l 


7 ! 


9 ! 


1/2 

0 


...I dx 


ri/2 f _ 

79. 1 


dx 


"1/2- 


X 2 丄 x 4 


9 


11 




dx 

+ 


X 


\ 

歹卞污 _ 一 


49 + It 


121 


1/2 

0 


9^ ' 5^ _ ^ ~ ll 2 -2 n ' 13 2 -2 13 — 15 2 -2 15 丁 17 2 .2 17 — 19 2 .2 19 丁 21 2 -2 21 

« 0.4872223583 
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f1/64 _! 

80. I dx 

Jo y/X 




5" ~ T 


dx 


^1/64 


[fx3/ 2 -A x7 /2 + ^ xl 


_4x 15/2 + …] 


1/64 

0 


x l/2_ l x 5/2 + l x 9/2_ 1 x 13/2 + …） dx 


+ ... « 0.0013020379 


、 3-8 3 21.8 7 了 55-811 105.8 15 


8L x^O 


7 sin x 
e 2x — 1 


lim 




x —0 (2x + ^ + %i- 


lim - 7 ^- 
x^O (2 + 


.㈡- 


2 2 x i 2 3 x 2 


IT 卞 "3T ' 


82 o 


-26 


6 — sin 6 


A 


〔1 +6> + 昝 + 昝 - 


•)-0 


0^_ _ 

' 2T — 3!"" 


-20 


2^ 


3! ^ 5T ' 


4 + s 去 - 


lim . 




l3! ^ 5!' 


「丄_幺 
(3! ~ 5T ' 


83 - (23T^ -?)= 


t 2 — 2 + 2 cost 
q 2t 2 (l—cost) 


lim 


e-2+2 


► 0 2t 2 I 


1 + f 




lim 


L 4l — 6 !' 


■ 0 t 4 - 


T- 


t^O 


1,4! SI" 


o 3 


12 


l? - 


84. lim M- h 
h^0 


h^O 


h^O 


h 2 , h 4 

_ IT 卞 IT ■ 






(h 2 

h 2 , h 4 

h 4 , h 6 

h 6 

l 2! 

3! t 5 ! 

4! 6 ! 

7! 




5! 


4! 


hi 

6 ! 


7! 


…） 


85. lim 


1 — cos 2 z 


q ln(l — z) + sin z 


z^O 


A 


M 


+ r- 


'T — T 


W- 


z^O 


£ _ 2£ _ Z 4 
_ T T 


T ' 


z 2 

,^ 

l 1 3 


(1 2 z 

Z 2 ^ 

、 2 3 

4 …) 


86 . lim -- - t— = lim 

y — 0 cosy-coshy y — 0 

=lim -7 -- v-= 

”0 -lU 




-fd 


+fi+^+S+- 


y^0 pffk 


87- x lim o (^ + ^ + s)= x lim o 



■) , r , 

X 3 

+ x 2 + S 


=^0 





=> ^ ^ = 0 and s — I = 0 => r = —3 and s = | 

88. (a) esc x « ^ + I esc x « => sin x « 

(b) The approximation sin x s is better than 
sin x « x. 



6a; 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 






































770 


Chapter 11 Infinite Sequences and Series 


89. (a) ^2 (sin ^ — sin 2 ^ + 1 ) = (sin | — sin !) + (sin ^ — sin 金 ) + (sin | — sin |) + •. • + (sin ^ — sin 

n=l 

oo _ cos 

+ … =(—l) n sin ^ ; f(x) = sin 士 => f’(x) = —- < 0 if x > 2 => sin 击 < sin ^ , and 

n=2 1 

oo 

lim sin 士 = 0 E (—l) n sin ^ converges by the Alternating Series Test 

n=2 

(b) I error I < |sin 去 | a 0.02381 and the sum is an underestimate because the remainder is positive 

90. (a) (tan ^ — tan = ^2 (—l) n tan ^ (see Exercise 89); f(x) = tan 士 => f’(x)= —— x2 < o 


2n+ 1 




tan < tan ^ , and ^lirn^ tan ^ = 0 ^ (—l) n tan 士 converges by the Alternating Series 


Test 


(b) I error I < |tan « 0.02382 and the sum is an underestimate because the remainder is positive 


91 - n^oo 


2.5.8.. (3n- l)(3n + 2)x n+1 2-4-6 - - (2n) 

2-4-6 -(2n)(2n + 2) • 2.5.8...(3n- l)x n 


< 1 l X l n^oo 齡 I < 1 $ W < 


=> the radius of convergence is 


92 - n^oo 


3-5-7---(2n+l)(2n+3)(x-l) n+1 4-9-14-• (5n-l) 


4-9.14...(5n-l)(5n+4) 


3-5-7---(2n+l)x n 


<! ^ id llrlH 1 ^ w<§ 


=> the radius of convergence is 


93. E ln(l - i)=E [ln(l + i)+ln(l-i)] = [ln(k + 1) - In k + ln(k - 1)-Ink] 

k=2 k=2 k=2 

― [In 3 — In 2 + In 1 — In 2] + [In 4 — In 3 + In 2 — In 3] + [In 5 — In 4 + In 3 — In 4] + [In 6 — In 5 + In 4 — In 5] 
+ .. • + [In (n + 1) — In n + In (n — 1) — In n] = [In 1 — In 2] + [In (n + 1) — In n] after cancellation 

今 E In (1 - 占 ） =In ( 學 ） ^ E ln(l-^)= In ( 皆 ） =In • is the 画 


94. E 


E (k^T ~ k + l) = H(f _ 3 ) + (I ~ i) + G _ ?) + (i _ s) +••- + (^2 _ n) 


(^T _ ^+l)] = 5(1+ 5 — 士一 iT+l) = 5 (i — 士一 ^+l) 


3n(n + 1) — 2(n + 1) — 2n 


^ E 




n^oo 5(1 — 士一 STl) 


2n(n+ 1) 


3n 2 — n — 2 

4n(n+ 1) 


95 .⑻ 土 


l-4-7---(3n-2)(3n+l)x 3n+3 


(3n)! 


(3n + 3)! l-4.7_.(3n —2)x 3n 

|x 3 | * 0 < 1 =>• the radius of convergence is oo 


< 1 4 |x 3 | lim 

1 n — ^ r> 


(3n + l) 


n oo (3n+l)(3n + 2)(3n + 3) 


1.4.7.(3n_2) 3 n v dy 
(3n)! 入 ^ dx 


(b) y = 1 + E 

n=l 

d 2 y — 1-4-7-•-(3n — 2) v 3n-2 

n=l 

/ oo 

x 1 + E 


E 




l-4-7---(3n-2) 3n-l 
^(3n- 1)!^ 入 


l-4-7-.(3n-5) 3n-2 


(3n-2)! 


= x-\-J2 ‘ TC, ^ x J1 


l-4-7--(3n~2) 3 n 
(3H)! A ‘ 


(3n-3)! 


xy + 0 ^ a = 1 and b = 0 


96. (a) 


x 2 


x 2 


:X 2 + X 2 (—X) + X 2 (—X) 2 + X 2 (—X) 3 + ... = X 2 — X 3 + X 4 — X 5 + , 


x — l-(-x) 

converges absolutely for |x| < 1 

oo oo 

(b) x = 1 ^ (—l) n x n = (—l) n which diverges 


(—l) n x n which 

n=2 
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Chapter 11 Practice Exercises 771 


97. Yes, the series^ a n b n converges as we now show. Since ^ a n converges it follows that a n —>• 0 a n < 1 

n=l n=l 

oo oo 

for n > some index N ^ a n b n < b n for n > N ^ a n b n converges by the Direct Comparison Test with ^ b n 


98. No, the series a n b n might diverge (as it would if a n and b n both equaled n) or it might converge (as it 

n=l 

would if a n and b n both equaled ^). 

oo oo 

99. V (x n+ i — x n ) = lim V(xk+i — Xk) = lim (x n+ i — Xi) = lim (x n+ i) — Xi => both the series and 

/ \ u 丁 i n — oo n 丁 1 n 4 oo \ 11 丁 1 n —> oo ^ x 

n=l k=l 

sequence must either converge or diverge. 


(i^) 


100. It converges by the Limit Comparison Test since n ~- = ^ Hm^ 

and so a n —>• 0. 


1 because E a n converges 


101. Newton's method gives x n+ i = x n — — x n + ^ , and if the sequence {x n } has the limit L, then 


39 _ 

40 ^ ^ 40 


+ ^ L = 1 and {x n } converges since 


TOF 


= 1<! 


102. 它 ^=a 1 + | + | L + 5i + ... > aj + (i) a 2 + Q + j) a 4 + (j + g + i + i) a 8 

n=l 

G + 忐 + H + … + 忐 ) ai6 + … > ^ (a 2 + a 4 + a 8 + ai 6 + ...) which is a divergent series 

103. a„ = ^ for n > 2 =» a 2 > a 3 > a 4 > ... , and ^ + ^ + ^ + ... =占 + 点 + 点 + … 

OO 

+ | + | + which diverges so that 1 + E HTTn diverges by the Integral Test. 

n=2 


104. (a) T = (o + 2 Q) 2 e 1/2 + e) = | e 1 / 2 + | e « 0.885660616 

(b) x 2 e x = x 2 (l+x + 誓 + ...)=x 2 +x 3 + 誓 + ... => f o ' (x 2 + x 3 + dx = y + 誓 + 畜 := 喆 = 0.68333 

(c) If the second derivative is positive, the curve is concave upward and the polygonal line segments used in 
the trapezoidal rule lie above the curve. The trapezoidal approximation is therefore greater than 

the actual area under the graph. 

(d) All terms in the Maclaurin series are positive. If we truncate the series, we are omitting positive terms 
and hence the estimate is too small. 

(e) J o 'x 2 e x dx = [x 2 e x — 2xe x + 2e x ] J = e-2e + 2e-2 = e- 2« 0.7182818285 

105. a 0 = f(x) dx = ±£ W ldx= I ， a k = i/ o "f(x) cos kxdx= *f:cos kx dx = 0. 
b k = i /: f(x) sin kxdx = i f ^sin kx dx =- 警 
Thus, the Fourier series of f(x) is ! — E 盖 sin kx 

k odd 
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y 


0 7T 7T 3jr 2 tt 

2 Y 


106. a 0 = ^ 

/> X + 

n27V 

/ 1 dx = 

7T 

2 + a k 

- n £xCOSkxdx+f\oskxdx 

_ 1 「 cos kx I x sin kx ] ^ 

— 7T L k 2 k 」 0 


(-i) k -i) 

= {— 气， 

k odd 

k even 





bk =- 

K 7T 

r*TT r»2n 

J o x sin kx dx + J sin kx dx 

_ i 

7T 

[sin kx x cos kx ] 77 cos kx 

L k Jo Trk 

27T 

7T 

(-i) k+I 

k 

- - ( _1 ) k ) 

= { H 1 _ i); 

k odd 

k even 








Thus, the Fourier series of f(x) is ^ + ^ ； 7r — |cos x + (l — ^)sin x — | sin 2x — 嘉 cos 3x + |(l — sin 3x + … 



107. a 0 = ^ 


JJ(7T - x) dx + £\x - 2tt) dx = 忐 f/ 0 "(7T _ X) d X — £ (n - u) 


du 


0 where we used the 


OTV p27T 

j 。 (7T — X) cos kx dx + J (X — 2n) cos 


kx dx 


.Using 


substitution u = x — 丌 in the second integral. We haveak = 

X 27T niv 

(x — 27r) cos kx dx = J o _(丌 _ u) cos(ku + k7r) du 

上 （ 7r - u) cos ku du, k odd 
/ — (7r — u) cos ku du, k even 

Thus a — J f Jo (^ — x ) cos kx dx, k odd 
[ 0, k even 

Now, since k is odd, letting v = 7r — x =>• | J ( 丌 一 x) cos kx dx = ~^f 0 v cos kv dv = —1(—p)= 告 ， k odd. (See 

Exercise 106). So, ak = *( 池 2 ’ kodd 
L 0, k even 

I (n — u) sin ku du, k odd 
0, k even 


Using similar techniques we see that bk 


I ， k odd 
0, k even 


Thus, the Fourier series of f(x) is ( 去 cos kx + 曼 sin kx). 

k odd 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 



























Chapter 11 Additional and Advanced Exercises 773 


y 



108. ao = ^J 0 |sin x| dx = ^ sin x dx = |. We have ak 


I sin x| cos kx dx 


ak 


bk 


r r»2n 

sin x cos kx dx — I sin x cos kx dx 

•J 7T 

{ 0, k odd r 

)Isin x cos kx dx, k even 


.Using techniques similar to those used in Exercise 107, we find 


(k 2 — 1)7T 


0, k odd 
4 k even 


^ Jo 

for all k. 


I sin x| sin kx dx 


\I> 


sin x sin kx dx 


J 、 27T 

si 

7T 


sin x sin kx dx 


Thus, the Fourier series of f(x) is | ( 

k even 


(k 2 -l)7T 、 


;kx). 


0, k odd 


sin x sin kx dx, k even 



CHAPTER 11 ADDITIONAL AND ADVANCED EXERCISES 


converges since (3n _ 2 ;( 2n+ i)/ 2 < (3n \^/2 and ^ (3n converges by the Limit Comparison Test: 


n^oo 


(▲) 


lim (3n^2) 3 / 2 = 3 3/2 
n — oo \ n / 


〈 (3n-2) 3 / 2 

noo 

2. converges by the Integral Test: / (tan -1 x) 


2 dx 
x 2 +l 


lim 

'(tan^x) 3 ' 

b 

=lim 

b — > oo 


l b ^ oo 


(tan -1 b) 7 T 3 

^3 192 


V _ 义、 
k 24 192 J 


192 


3. diverges by the nth-Term Test since n lin^ a n = n Hrn o (—l) n tanh n = lim (—l) n f} ~) = n liin c (—l) n 


does not exist 


4. converges by the Direct Comparison Test: n! < n n => ln(n!) < n In (n) => < n 

log n (n!) < n 4 log ° 3 n!) 〈占 ， which is the nth-term of a convergent p-series 

5. converges by the Direct Comparison Test: a x = 1 = ⑴品 2)2 , a 2 = ^ = (2)( 公 (3)2 ， a 3 =( ㈣ ） （韓 ) 

oo 

=(3xi4F' a4= ( 舄 ) (ft) (㈣ ) = 兩織尿 ， …今 1 + E (n+ i )(n ! 2 3Xn + 2)^ represents the 
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E 


10 3n + 2 


999 


+ E 

n=0 
999+237 

999 




412 

333 


16. 1 


_ 2 _ 

TO 


10 2 


7 


2 

w 


3 


7 

W 


1 + 乞 To^ + Yj To^t + £ WK 


( 苍） 

1 —( 忐 ) 


+ ⑷ 3 + (士) 




-(hr 


17 . s 


E 




+ 1? ^ S n 
n^oo (tan- 1 tan- 1 0) = 1 


f n dx ^ ^ _ f n dx 

Jn-iTT^ ^ bn Jo T+F 


18. lim 


Un+l 

U n 


lim (n+l)x n+1 (n+l)(2x+l) n 

1 4 A 00 (n + 2)(2x+l) n + 1 * nx n 


^iPlo kri 


(n+1) 2 
n(n + 2) 


I 2x+l 


< 1 


4 |x| < |2x+1|; if x > 0, |x| < |2x+1| x < 2x + 1 4 x > —1; if - | < x < 0, |x| < |2x + 1| 

=> —x < 2x + 1 4 3x > — 1 x > — i ; if x < — ! , |x| < |2x + 1| 4 —x < — 2x — 1 => x < — 1. Therefore, 


given series and 


(n + l)(n + 3)(n + 2) 2 n 4 


〈马 ， which is the nth-term of a convergent p-series 


6. converges by the Ratio Test: n^oo ^ = n^oo (n-lXn+l) = 0 < 1 


7. diverges by the nth-Term Test since if a n ^ L as n ^ oo, then L = j+l =>■ L 2 + L—1=0 


-1 士 \/^ 


^0 


8 . Split the given series into ^2 325 +T and [ 赛 ； the first subseries is a convergent geometric series and the 


second converges by the Root Test: n Hn^ y ^ = n Hm^ 




9 


¥ = 5 < 1 


9. f(x) = cos x with a = f ^ f(|) =0.5 ， f’ （ f) = — # ， f" (|) = —0.5, f’ 〃（ f)= 幸， f ⑷ （ f) =0.5; 
COS X = I — f (X _ f) - I (x - I 广 + 卷 (X — f) 3 + ... 

10. f(x) = sin x with a = 2tt 今 f(2?r) = 0, f’(27r) = 1 ， f ,, (2 7 r) = 0, f ,,, (2 7 r) = — 1 ， f( 4) (27r) = 0, f (5) (27r) = 1, 

f( 6 )(27T) = 0, f ⑺ (2tt) = — 1; sin x = (x — 2 tt) — - + 一 + ... 


11. e x = l+ x+ ^y + ^y + ... with a = 0 


12. f(x) = In x with a = 1 f(l) = 0, f’(l) = 1 ， f"(l) =-l ， f w (l) = 2, f ⑷ (1) = —6; 
Inx = (x - 1) - - - + ... 


13. f(x) = cos x with a = 22?r 泠 f(227r) = 1, f'(22n) = 0, f ,, (22?r) = -1, f’’’(227r) = 0, f^(22n) = 1, 
f( 5 )(227T) = 0, f( 6) (227T) = -1; cos x = 1 — I (x - 22n) 2 + ^ (x - 22tt) 4 - ^ (x - 22 tt) 6 + ... 


14. f(x)= tan— 1 x with a = 1 今 f(l) = | ， f(l) = l ， f"(l) = -1 f"'(l) 


tan x 


(x-l) _ (X-1) 2 , (x-1) 3 


12 


15. Yes, the sequence converges: c n = (a n + b n )" n => c n = b ((營广 + 1) " n # n lJin o c n = In b + lim ln (“: +1 ) 
= lnb = In b + 鮮 =In b since 0 < a < b. Thus, n lim, c n = = b . 


n+130999 
2103+ 
SS 200 I 999 

+ + 
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the series converges absolutely for x < —1 and x > — ^ . 


19. (a) Each A n+1 fits into the corresponding upper triangular region, whose vertices are: 

(n, f(n) — f(n+l)) ， (n+1 ， f(n+l)) and (n ， f(n)) along the line whose slope is f(n + 1) — f(n). 

All the A n 's fit into the first upper triangular region whose area is f(1) ~ f(2) ^ A n < f(1) ~ f(2) 

n=l 

(b) If A k = f ( k+1 2 ) + f ( k ) - £ k l f(x) dx, then 

E A k = fa) + f(2) + fC2) + f(3) + f(3) + ... + f(n-l) + f(n) _ £ f (x) dx _ £ f (x) dx —“ f (x) dx 


f(l) + f(n) 


+ E f(k) - /V(x) dx ^ E A k = t f(k)- 迎 — J:f (x) dx < 姐^， from 


k=l k=l 


part (a). The sequence Ak j* is bounded above and increasing, so it converges and the limit in 


question must exist. 

J2 f(k) — f(x) dx — |(f(l) + f(n)) , which exists by part (b). Since f is positive and 

E f(k) - dx 


(c) Let L = lim 

n —> oo 


Lk=l 


decreasing lim f(n) = M > 0 exists. Thus lim 

n— _ n ~^ OO 


k=l 


L + 2 (f(l) + M). 


20. The number of triangles removed at stage n is 3 n_1 ; the side length at stage n is ； the area of a triangle 
at stage n is ^ (^t) 2 . 

(a) #b 2 + 3f (|)+3 2 f (g)+3 3 幸 ( 幻 +… = 幸 b 2 g ; = f b 2 g(|) n 

(4 b 2 ) - 

(b) a geometric series with sum ' : ( J = \J 3b 2 

(c) No; for instance,the three vertices of the original triangle are not removed. However the total area removed 
is \^3b 2 which equals the area of the original triangle. Thus the set of points not removed has area 0. 


21. (a) No, the limit does not appear to depend on the value of the constant a 
(b) Yes, the limit depends on the value of b 


(C) 

/ -i COS 

s = (l 



In s = 


=lim i 

n ^ oo 

sin (J) — cos 
1 _ cos (n) 

(n) 


lim (l — 

cos (t) 


=e _ " b 


n ^ oo \ 

bn 

J 


oo 

E 

a n converges 

=>■ 

n 

lim 

oc 

)a n = 1 


i°(i - 宇 ) 


ttx - ^ lim In s 

(5) rwoo 


igg r isin( ^ +cos(i \ 


(4) 


1-0 


n lnn o s = e _1 « 0.3678794412; similarly, 


'n —> oo 


M + sin a n ^ n 


1/n 


n^oo ^： 


1+sin 


(A %、） 


1 +sin 0 


23 - n^oo 


l =>• the series converges by the nth-Root Test 

< 1 # |bx| < 1 4 


Un+l 

U n 


< 1 ^ n^oo 


b p+1 x n+1 • Inn 
ln(n+1) b n x n 


b <X< b 


5 泠 b= 士 


24. A polynomial has only a finite number of nonzero terms in its Taylor series, but the functions sin x, In x and 
e x have infinitely many nonzero terms in their Taylor expansions. 
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25 .夂 




x^O 


■ "3T 


…) ( x 


■ 3! ' 


x^O 


lim 

x ^ 0 

sin 2 x — sin x — x 


1 一给 + I [ —（餐一秦 


X 2 + ... 


is finite if a — 2 = 0 => a = 2; 


X 3 


It + j- 


26 - A 


cos ax — b 
"2?^ 


1 ^ x^O 


a 2 x 2 , a 4 x 4 
■ 丁 + ^r _ 


"^X 2- 


,•) — b 

丄 ^ = -1 


1 — b a 2 I a 2 x 2 


今 1 l ? 2 _ 7 + 48 


=> b = 1 and a = 士 2 


•••) = 


27. (a) ^ = 1 + ^ + p ^ C = 2 > 1 and X ； ^ converges 


( b ) ^ 


oo 

1 + 士 + 袅 => C = 1 < 1 and K diverges 


90 u n _ 2n(2n+1) — 4n 2 + 2n — i i ( 4 ) 

Z0 . ^ ~ (2n-l ) 2 " 4n 2 -4n+l — 丄十 —iT 

5n 2 — 

4n 2 — 4n + 1 


4 C = I > 1 and |f(n)| 


4n 2 - 4n + 1 


^n + ^) 


1+ m 


5n 2 


(4n2 4n+ 1) 


n 2 


after long division 


< 5 4 E u n converges by Raabe’s Test 


29. (a) ^2 a n = L => < a n X] a n — a n L => converges by the Direct Comparison Test 

n=l n=l n=l 

f a n ) 00 

(b) converges by the Limit Comparison Test: n lmi c ^~ an ^ = n Um o = 1 since ^ a n converges and 

n=l 

therefore lim a n = 0 

X 4 00 

30. If 0 < a n < 1 then |In (1 — a n )| = — In (1 — a n ) = a n + y + y + … < a n + + ... = ! : n a , 

a positive term of a convergent series, by the Limit Comparison Test and Exercise 29b 

oo oo 

31. (1 — x) _1 = 1 + E x n where |x| < 1 ^ ( 上 )2 = 羞 （1 — x) _1 = ^ nx 11-1 and when x = | we have 

n=l ( _ X ) X n=l 

4 = 1 + 2 G) + 3 G) 2 + 4 G ) 3 + ... +n Gr 1 + ••- 


32 •⑻ E x n+1 = ^ [； (n + l)x n = 帛導泠 Z>(n + l)x n ~ 

n=l n=l 

oo 2 o 

^2 n(n+1 ) — i — 2 x 2 


(1-x) 3 


^ En(n+l)x n 


(b) x = 


X n 


n(n + 1 ) 
~~x 5 ~ 


M) 


☆， w > 1 


X ' 


2 x 2 


^ x 3 -3x 2 +x—1=0 => x = 1 + ( 1 


y/51' 


1/3 


2 x 


孕 )" 3 


s 2.769292, using a CAS or calculator 


33. The sequence {x n } converges to | from below so e n =f — x n > 0 for each n. By the Alternating Series 
Estimation Theorem e n+ i ~ (e n ) 3 with |error| < ^ (e n ) 5 , and since the remainder is negative this is an 

overestimate 0 < Cn+l ^ \ (6n)3. 


oo 2 Q 

34. Yes, the series ^ln(l + a n ) converges by the Direct Comparison Test: l+a n < l+a n + ^ + ^r + ... 

n=l 


4 1 + a n < e an 4 ln(l + a n ) < a n 
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Chapter 11 Additional and Advanced Exercises 


35. (a) (1 ^ x)2 = 基 (yz^) = ^(l+x + x 2 +x 3 + ...) = l+2x + 3x 2 + 4x 3 + ... 

OO n _i 、 

(b) from part ⑻ we have 艺 n ( 暴广⑴ = ⑴ 


^nx n_1 


项」 


(c) from part (a) we have ^2 np n_1 q 


(1 -p) 2 


OO OO /1 \ 

36 .⑻ E p k = g 2 - k = ^ 
by Exercise 35(a) 


1 and E(x) = £ kp k = £ 


- k = i E k2'- k 


(i) 


MD] 


OO OO , , OO , 

(b) E Pk = E V = 5 S (I) = ( 5 ) 


( 1 ) 


RU 


00 00 , 00 

1 andE(x) = J2 k Pk = E | E k (f) 


k-1 




[i-(D] 


(C) S Pk = S ^ £1、 K K+1/ k 4 00 


S (^ - kTl) =, lim _ ( l ~~ kTl) = 1 and E(x) = E k Pk = E k (k(Ti 


k(k+l), 


^2 , a divergent series so that E(x) does not exist 


k=l 


(b) Rn 二 

R = 

(c) Rn 二 


Coe -„ kt „ = C 0 e-^(l-e-^) ^ R = n li ?looRn = ^ 

e -1 (1 -e~ 10 ) 


37. (a) R n = C 0 e_ kt 。+ C 0 e- 2kt ° + .. 

= e'y) Ri = e - 1 « 0.36787944 and R i0 = e « 0.58195028; 

^ « 0.58197671; R - R 10 « 0.00002643 泠 < Q.0001 


Co 


e' 1 (1 - e- ln ) r _ i 


4 = 5 4.7541659; R n > f ^ > (1) (^) 

e- n /io > 1 ^ e -n/io < I - i < ln(i) i > -ln(i) 4n> 6.93 ^ n = 7 


38 .⑻ R = ^ ^ Re kt 。=R + C 0 = C h ^ e kt » = 羑 ^ t 0 = i In 

(b) to = In e = 20 hrs 

(c) Give an initial dose that produces a concentration of 2 mg/ml followed every t。= In (^) ~ 69.31 hrs 
by a dose that raises the concentration by 1.5 mg/ml 

(d) t 0 = ^ In ( 晶 ） = 5 In ( 岑 ） ^ 6 hrs 


39. The convergence of |a n | implies that lim |a n | 二 0. Let N > 0 be such that |a n | < | => 1 — |a n | > \ 


n ^ oo 


^ < 2 |a n | for all n > N. Now |ln (1 + a n )| 

< |a n | + |a n | 2 + |a n | 3 + |a n | 4 + •. • = < 2 |a n |. Therefore ^2 ln(l + a n ) converges by the Direct 

n=l 

oo 

Comparison Test since |a n | converges. 


a n 


f + 誓 - h 


S |a n | + 


40. E ; 


1 


In n(ln (In n))P 

pb 


converges if p > 1 and diverges otherwise by the Integral Test: when p = 1 we have 


dx 


n=3 

b^oo Xlnx(ln(lnx)) — b 4 oo 

b f (In (In 3))~P +1 


dx 


lim 

b — oo 


(In (In x))-p +1 


lim [In (In (In x))] 3 = oo; when p 7 ^ 1 we have ^ Us xlnx(ln(lnx))P 

ifp> 1 
00 , if p < 1 
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778 Chapter 11 Infinite Sequences and Series 


41. (a) S 2 n +1 = y + y + y + ... + ^ + + •• 

=tl G _ D + t 2 G _ I) + ... +t 2n (忐一 2inr) + 

oo 

(b) {c n } = {(-l) n } E ^r- converges 

n=l 

(c) {c n } = {1,-1,—1,1,1,-1,-1,1,1,...} ^ the series 1 — I _ I + 盖 + 臺一去一今 + "• converges 

42. (a) (1 - t +1 2 - t 3 + … + (_l) n t n ) (1 + t) = 1 — t +1 2 - t 3 + … + (—l) n t n + t - t 2 +1 3 - t 4 + … + (_l) n t n+1 

=i+(_i) n t n+i 今 i -1+1 2 -1 3 +... +(_i) n t n — 4 

(b) /: 忐 dt=/:[l—t + t 2 + … +(-l)T + ^^] dt 今 [ln|l+t|]o 

=[t - I + f + + m 。 + X ( ~n+l t+ dt ^ ln I 1 + x l 

=x — 誓 + y — … .+ (?: x : +1 + R n +i, where R 11+ i = f g ( 乂 ) 11 : 1 广 1 也 
⑹ x>OandR n+1 =(-ir 1 / ； f^dt ^ |R n+ i| =/； ^ dt </； dt = 

(d) —1 < x <0andR n+1 = (-1 严 £ ^ dt ^ |R n+1 | = |/； ^ dt| </； |^| dt 

r^ dx = (1 -'|x|kI + 2) since |1 +1| 2 1 — |x| 

Ixl n+2 • 

(e) From part (d) we have |R n +i | < (i_| x |)( n+ 2 ) ^ the given series converges since 

niimo (i-'ixiHn + i) = 0 今 |R n+ i| — 0 when |x| < l.Ifx= l,by part (c) |R n +i| < - ^ 

Thus the given series converges to ln(l + x) for —1 < x < 1. 


t2n+l~t2n 


1 2 n+l 
2 n 

S k(k+l) 

k=l 


tk 


t2n+l 

2 n+l • 
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CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE 


12.1 THREE-DIMENSIONAL COORDINATE SYSTEMS 

1. The line through the point (2,3,0) parallel to the z-axis 

2. The line through the point (—1,0,0) parallel to the y-axis 

3. The x-axis 

4. The line through the point (1,0,0) parallel to the z-axis 

5. The circle x 2 + y 2 = 4 in the xy-plane 

6. The circle x 2 + y 2 = 4 in the plane z = —2 

7. The circle x 2 + z 2 = 4 in the xz-plane 

8. The circle y 2 + z 2 = 1 in the yz-plane 

9. The circle y 2 + z 2 = 1 in the yz-plane 

10. The circle x 2 + z 2 = 9 in the plane y = —4 

11. The circle x 2 + y 2 = 16 in the xy-plane 

12. The circle x 2 + z 2 = 3 in the xz-plane 

13. (a) The first quadrant of the xy-plane (b) The fourth quadrant of the xy-plane 

14. (a) The slab bounded by the planes x 二 0 and x = 1 

(b) The square column bounded by the planes x = 0, x = l,y = 0, y = 1 

(c) The unit cube in the first octant having one vertex at the origin 

15. (a) The solid ball of radius 1 centered at the origin 

(b) The exterior of the sphere of radius 1 centered at the origin 

16. (a) The circumference and interior of the circle x 2 + y 2 = 1 in the xy-plane 

(b) The circumference and interior of the circle x 2 + y 2 = 1 in the plane z = 3 

(c) A solid cylindrical column of radius 1 whose axis is the z-axis 

17. (a) The closed upper hemisphere of radius 1 centered at the origin 
(b) The solid upper hemisphere of radius 1 centered at the origin 

18. (a) The line y = x in the xy-plane 

(b) The plane y = x consisting of all points of the form (x, x, z) 
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19. 

⑻ 

x = 3 




(b) 

y = 

-1 



(C) 

z = —2 


20 . 

⑷ 

x = 3 




(b) 

y = 

-1 



(C) 

z — 2 


21 . 

⑷ 

z = 1 




(b) 

X = 

3 



(C) 

y = -1 


22 . 

⑻ 

x 2 +y 2 

= 4, z - 

= 0 


(b) 

y 2 + z 2 : 

= 4, x : 

= 0 

(C) 

X 2 十 z 2 = 

= 4，y 

23. 

⑻ 

x 2 + (y - 

-2) 2 = 

:4 ， z: 

= 0 

(b) 

(y- 

2) 2 

+ z 2 = 

: 4, x = 0 

(C) 

X 2 + z 2 = 

= 4，y 

24. 

⑻ 

(x + 3) 2 

+ (y— 

4) 2 = 

： l,z = 1 

(b) 

(y- 

4) 2 

+ (Z — 

1)2 = l， x= —3 





(C) 

(x + 3) 2 

+ (z - 

1) 2 = 

i,y = 4 









25. 

⑻ 

y = 3, z 

=-l 



(b) 

X = 

1 ， z 

= -1 


(C) 

x= l，y 

= 3 


26. y/x 2 + y 2 + z 2 = i/x 2 + (y — 2) 2 + z 2 =>■ x 2 + y 2 + z 2 = x 2 + (y — 2) 2 + z 2 => y 2 = y 2 — 4y + 4 4 y = 1 

27. x 2 + y 2 + z 2 二 25, z = 3 x 2 + y 2 = 16 in the plane z = 3 

28. x 2 + y 2 + (z — l) 2 二 4 and x 2 + y 2 + (z + l) 2 = 4 => x 2 + y 2 + (z — l) 2 = x 2 + y 2 + (z + l) 2 4 z = 0, x 2 + y 2 = 3 

29. 0 < z < 1 30. 0<x<2, 0<y<2, 0<z<2 

31. z < 0 32. z = /I — x 2 _ y 2 

33. (a) (x - l) 2 + (y - l) 2 + (z — l) 2 < 1 (b) (x - l) 2 + (y - l) 2 + (z — l) 2 > 1 

34. 1 < x 2 + y 2 + z 2 < 4 

35. |P!P 2 | = V(3-l) 2 + (3-l) 2 + (0-l) 2 = \/9 = 3 

36. |P!P 2 | = /(2+1) 2 + (5- l) 2 + (0 - 5) 2 = ^ = 5^2 

37. |P!P 2 | = \/(4 — l) 2 + (—2 一 4) 2 + (7 — 5) 2 = # = 7 

38. iPjPal = ^(2 —3) 2 + (3 —4) 2 + (4 一 5) 2 = 

39. |P!P 2 | = /(2 _ 0) 2 + (_2 一 0) 2 + (_2 一 0) 2 = v / 3 ： 4 = ^ 

40. |P!P 2 | = /(0-5) 2 + (0 - 3) 2 + (0 + 2) 2 = ^38 

41. center (—2,0,2), radius 2\J~2 42. center (—! ，一 ! ，一 !)，radius 

43. center (\/2, -\/5) , radius 44. center (0, - !， !) ， radius 
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Section 12.2 Vectors 781 

45. (x - l) 2 + (y — 2) 2 + O — 3) 2 = 14 46. x 2 + (y + l) 2 + (z - 5) 2 = 4 

47. (x + 2) 2 + y 2 + z 2 = 3 48. x 2 + (y + 7) 2 + z 2 二 49 

49. x 2 + y 2 + z 2 + 4x - 4z = 0 4 (x 2 + 4x + 4) + y 2 + (z 2 — 4z + 4) = 4 + 4 

4 (x + 2) 2 + (y — 0) 2 + (z — 2) 2 = (V^) => the center is at (—2, 0, 2) and the radius is \/8 

50. x 2 + y 2 + z 2 — 6y + 8z = 0 4 x 2 + (y 2 - 6y + 9) + (z 2 + 8z + 16) = 9 + 16 (x - 0) 2 + (y - 3) 2 + (z + 4) 2 二 5 2 

=> the center is at (0,3, —4) and the radius is 5 

51. 2x 2 + 2y 2 + 2z 2 + x + y + z = 9 x 2 + ix + y 2 + iy + z 2 + |z=| 

今 (x 2 + I x + ^) + (y 2 + I y + ^) + (z 2 + i z + ^) = | + ^ ^ ( x + \Y + (y + ?) 2 + (z + ^) 2 = ( 罕 ) 

=>• the center is at and the radius is 

52. 3x 2 + 3y 2 + 3z 2 + 2y — 2z = 9 今 x 2 +y 2 + |y + z 2 -|z = 3 ^ x 2 + (y 2 + | y + i) + (z 2 - | z + i) = 3 + | 

(x — 0) 2 + (y + I)」+ (z — j) 2 = =>■ the center is at (0, 一 臺 , j) and the radius is 

53. (a) the distance between (x, y, z) and (x, 0,0) is -y/y 2 + z 2 

(b) the distance between (x, y, z) and (0, y, 0) is \/x 2 + z 2 

(c) the distance between (x, y, z) and (0,0, z) is y^x 2 + y 2 


54. (a) the distance between (x, y, z) and (x, y, 0) is z 

(b) the distance between (x, y, z) and (0, y, z) is x 

(c) the distance between (x, y, z) and (x, 0, z) is y 


55. |AB| = 扣 - (—l)) 2 + (—1 - 2) 2 + (3 - l) 2 = V"4 + 9 + 4 = 扣 
|BC| = /(3 —l) 2 + (4— (— 1)) 2 + (5 —3) 2 = ^4 + 25 + 4 = 

|CA| = ^(- 1 - 3) 2 + (2-4) 2 + ( 1 - 5) 2 = ^16 + 4+16 = ^36 = 6 
Thus the perimeter of triangle ABC is \f\l + \/33 + 6. 


56. |PA| = 7(2 — 3) 2 + (—1 - l) 2 + (3 - 2) 2 = 0+ 4 +l = y/6 
|PB| = ^(4-3) 2 + (3- 1) 2 + (1 -2) 2 = y/l+4+1 = ^6 


Thus P is equidistant from A and B. 

12.2 VECTORS 

1. (a) (3(3), 3(-2)) = (9, -6) 

(b) ^9 2 + (-6) 2 = ^Tn = 

3. (a) (3+ (-2),-2+ 5) = (1,3) 
(b) ^/1 2 + 3 2 = y/iO 


2. (a) 〈 -2(—2) ， —2(5) 〉 = 〈 4,-10 〉 

(b) ^4 2 + (-10) 2 = ^/Il6 = 2a/29 

4. (a) 〈3 - (—2)，—2 - 5 〉 = 〈 5, - 7 〉 

(b) ^5 2 + (-7) 2 = Vt4 
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5. (a) 2u = 〈 2 ⑶， 2(-2) 〉 = 〈 6, -4 〉 

3v= (3(-2), 3(5)) = (-6, 15} 

2u - 3v = (6 - ( -4), -4-15) = 〈 12, —19 〉 

(b) ^/l2 2 + (-19) 2 = v/505 

7. (a) = 〈 |(3), |(-2) 〉 = 〈 ■ ， - 昏〉 

fv=(f(-2)4(5)) = (-f,4) 
Iu + fv=(l + H),-f+4) = (l,M) 

⑼猶+ (旱) 2 =孕 

9. <2-1,-1-3) = (1,-4) 

11. (0-2,0-3) = (-2, -3) 

12. AB = (2- 1,0- (-1)) = (1, 1), OD = (-2-( 


6. (a) -2u= 〈 -2(3) ，一 2(-2) 〉 = 〈 —6, 4 〉 

5v= (5(-2), 5(5)) = 〈 -10, 25 〉 

-2u + 5v= (-6 + (—10)，4 + 25) =〈 — 16, 29 〉 

(b) /(—16) 2 +29 2 = y/mi 

8 •⑻ = 〈_啬( 3 )， 一§(— 2 )〉=〈_ M ， H 〉 

il v= (if( _2 )> H( 5 )) = 〈 _ 苕， ft) 

一咅 u +{ fv = 〈一 |f + ( 一菩)，苕 + 苕〉 = 〈_3, 

(b) ^/(_3) 2 +( 苕 ) 2 = ¥ 

10. _ 0’ 手 — 0〉= (-1, 1} 


2-3) = (-1, -1), AB + CD = 〈 0, 0 〉 


13.〈cos 警 ， sin 警 〉 = 〈一 -’ 幸〉 


14.〈cos (- 竽)， sin (— 竽)〉 = 〈 — 士 ’ - 夫〉 


15. This is the unit vector which makes an angle of 120° + 90° = 210° with the positive x-axis; 

(cos 210。, sin 210 。〉 = 〈一幸,_|〉 

16. (cos 135。’ sin 135 。〉 = 〈-备 $〉 

17. P^P 2 = (2 — 5)i + (9 - 7)j + (—2 — (_l))k = -3i + 2j - k 

18. p!p 2 = (-3 - l)i + (0 — 2)j + (5 — 0)k = —4i 2j + 5k 

19. AB = (-10- (—7))i + (8 - (—8))j + (1 — l)k = -3i + 16j 

20. AB = (-1 - l)i + (4 - 0)j + (5 - 3)k = -2i + 4j + 2k 

21. 5u-v = 5(l, 1,-1)-(2, 0, 3) = (5, 5, -5 〉 - 〈 2, 0, 3〉 = 〈5 - 2, 5 — 0, -5 - 3 〉 = 〈 3, 5, 一 8〉= 3i + 5j 8k 

22. -2u + 3v= -2(-1, 0, 2) + 3 〈 1 ， 1 ， 1 〉 = 〈 2, 0, -4 〉 + 〈 3, 3, 3 〉 = 〈 5, 3, -1〉= 5i + 3j - k 
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23. The vector y is horizontal and 1 in. long. The vectors u and w are in. long, w is vertical and u makes a 45° angle with 
the horizontal. All vectors must be drawn to scale. 



24. The angle between the vectors is 120° and vector u is horizontal. They are all 1 in. long. Draw to scale. 



u +v + w = 0 


25. length = |2i + j — 2k| = ^/2 2 + l 2 + (—2) 2 = 3, the direction is|i+|j — |k =>■ 2i+j — 2k = 3(|i+|j — |k) 

26. length = 19i — 2j + 6k| = -\/81 +4 + 36 =11, the direction is 各 i — 吾 j + 吾 k 9i — 2j + 6k 
= 11 (n i_ nJ + n k ) 

27. length = |5k| = y / 25 = 5, the direction is k 4 5k = 5(k) 

28. length = | 暑 i + ! k| = ^ ^ = 1, the direction is | i + | k 暑 i+!k=l(!i+!k) 


29. length 二 


76 1_ 76 j_ ^ j 


( 大 ) 


= :, the direction is 


7S J — W 1 


(ts 1 





k 
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30. length = 

^ 4,i 


"73 j + 73 k 


(ti) 


1 ， the direction is i 


(v5 i+ 73 j 


73 1 




31. (a) 2i (b) -^3k (c) ^j+|k 

32 . ⑻ —7j (b) 一辛 (c) |i—!j — k 

33. |v| = \/12 2 + 5 2 = \/169 = 13; ^ ^ v = ^ (12i — 5k) the desired vector is 


(d) 6i - 2j + 3k 

( d ) 72 i+ 75j-^ k 
吾 （ 12i - 5k) 



= — + \/^j + \/^k 




k => the desired vector is 




35 . ⑻ 3i + 4j-5k = 5v^ (点 i+ 点 j 一士 k) ^ the direction ^ ^ i + ^ j - ^ k 
(b) the midpoint is (|,3, 參） 

36. (a) 3i — 6j + 2k = 7 ( 等 i — 夸 j + 亭 k) =>• the direction is.i — 夸 j + |k 
(b) the midpoint is (• ， 1 ， 6) 

37. (a) —i - j - k = W ^ i — 夫 j — 士 k) 泠 the direction is — 士 i - 士 j — 士 k 

(b) the midpoint is (|, |) 

38. (a) 2i — 2j — 2k = 2y/3 (夫 i — 夫 j — 士 k) 4 the direction is ^i- 士 j - 
(b) the midpoint is (1, —1, —1) 


39. AB = (5 — a)i + (1 - b)j + (3 - c)k = i + 4j - 2k 泠 5 - a = 1， 1 - b = 4, and 3 — c = —2 泠 a = 4, b = —3, and 
c = 5 A is the point (4, —3,5) 


40. AB = (a + 2)i + (b + 3)j + (c — 6)k = —7i + 3j + 8k 泠 a + 2 = —7, b + 3 = 3, and c — 6 = 8 泠 a = -9, b = 0, 
and c = 14 B is the point (—9,0,14) 

41. 2i + j = a(i + j) + b(i — j) = (a + b)i + (a — b)j => a + b = 2 and a — b=l => 2a = 3 => a = | and 
b=a-l=| 


42. i — 2j = a(2i + 3j) + b(i + j) = (2a 十 b)i + (3a + b)j 2a + b = 1 and 3a + b = —2 => a = —3 and 
b=l_2a = 7 => ui = a(2i + 3j) = —6i — 9j and U 2 = b(i + j) = 7i + 7j 

43. If |x| is the magnitude of the x-component, then cos 30 o = M ^ |x| = |F| cos 30° = (10) ( 誓 ) = 5 W lb 

泠 F x = 573i; 

if |yI is the magnitude of the y-component, then sin 30° = fej |y| = |F| sin 30 。 = (10) (!) = 5 lb => F y = 5 j. 
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44. If |x| is the magnitude of the x-component, then cos 45° = M ^ |x| = |F| cos 45° = (12) ( 空 ) = 6\/2 lb 

F x = —6\/2i (the negative sign is indicated by the diagram) 
if |yI is the magnitude of the y-component, then sin 45。 = ||| =>• |y| = |F| sin 45。 = (12) ( 幸 ) = 6\/2 lb 
=> F y = —6\/2j (the negative sign is indicated by the diagram) 

45. 25° west of north is 90。 + 25 0 = 115。 north of east. 800(cos 155°, sin 115。〉 s (-338.095, 725.046) 

46. 10。 east of south is 270。 + 10。 = 280 。 ” north” of east. 600〈cos 280。， sin 280°) « 〈 104.189 ， —590.885 〉 


47 .⑻ 
⑻ 


The tree is located at the tip of the vector OP = (5 cos 60°)i + (5 sin 60°)j = 善 i + j > P =( 暑， 

The telephone pole is located at the point Q, which is the tip of the vector OP + PQ 
=(|i+^j) +(10 cos 315 0 )i + (10 sin 315°)j = (善 + ^)i+ ( 誓 - j 

q = ^5 + 10^2 5x/3-10V2^ 


48. 


Let t = —5 — and s = . Choose T on OPi so that TQ is 

parallel to OP 2 , so that ATPiQ is similar to AOP 1 P 2 . Then 
= t 4 OT = tOPi so that T = (txi, tyi, tzi). 

Also, |Mj = s^TQ= sOP 2 = s(x 2 , y 2 , z 2 ). 

Letting Q = (x, y, z), we have that 

TQ =〈x - txi,y- tyi, z - tzi) = s(x 2 , y 2 , z 2 ) 

Thus x = txi + SX 2 , y = tyi + sy 2 , z = tzi + SZ 2 . 

(Note that if Q is the midpoint, then ^ = 1 and t = s = | 


Pi 


O 



P 2 


so that x = 备 xi + ! X2 = Xl 2 X2 ? y = yi = y2 ， z = Zl 2 22 so that this result agress with the midpoint formula.) 


49. (a) the midpoint of AB is M (|, |, 0) and CM = (| _ 1) i + (| — 1) j + (0 — 3)k =|i+|j — 3k 

(b) the desired vector is (!) CM = ! (! i + | j — 3k) = i + j — 2k 

(c) the vector whose sum is the vector from the origin to C and the result of part (b) will terminate 

at the center of mass 4 the terminal point of (i + j + 3k) + (i + j — 2k) = 2i + 2j + k is the point 
(2,2,1), which is the location of the center of mass 


50. The midpoint of AB is M (|,0, |) and (|) CM = | [(! + 1) i + (0 — 2)j + (昼 + 1) k] = |(|i — 2j + |k) 
=I i — I j + I k. The terminal point of(|i—|j + |k)+ OC = (|i — |j + |k)+ (—i + 2j — k) 

= |i+|j + |kis the point (|, |, |) which is the location of the intersection of the medians. 


51. Without loss of generality we identify the vertices of the quadrilateral such that A(0,0,0), B(xb, 0,0), 

C(x c , y c , 0) and D(xd, yd, Zd) ^ the midpoint of AB is Mab (y, 0,0) , the midpoint of BC is 
Mbc ( Xb 2 Xc , y , O), the midpoint of CD is Mcd ( Xc 2 Xd , y °^ yd , y) and the midpoint of AD is 

/X b Xc + X d \ 

Mad (^ , y , y) => the midpoint of Mab Mcd is ( -—— ^ — , yc ^ yd ，穿 ) which is the same as the midpoint 

( x b + x c , M , \ 

ofM AD M BC = ( 丁 2 + ' 中 , -j. 
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52. Let Vi, V 2 , V 3 , ... , V n be the vertices of a regular n-sided polygon and vj denote the vector from the center to 
Vi for i = 1, 2, 3,, n. If S = ^ Vi and the polygon is rotated through an angle of where 

i=l 

i = 1 ， 2, 3, … ， n, then S would remain the same. Since the vector S does not change with these rotations we conclude 
that S = 0. 


53. Without loss of generality we can coordinatize the vertices of the triangle such that A(0,0), B(b, 0) and 
C(x c ,y c ) a is located at ，夸 ）， b is at ( 学，夸 ） and c is at (! ， 0) . Therefore, E = (| + 营 ） i + ( 夸） j ， 

Bb = (y — b) i + ( 夸 ) j , and Cc =( 套 —x c ) i + ( — y c ) j Aa + Bb + Cc = 0. 

54. Let u be any unit vector in the plane. If u is positioned so that its initial point is at the origin and terminal point is at (x, y), 
then u makes an angle 6 with i, measured in the counter-clockwise direction. Since |u| = 1, we have that x = cos 6 and 

y = sin 6. Thus u = cos ^ i + sin ^ j. Since u was assumed to be any unit vector in the plane, this holds for every unit 
vector in the plane. 

12.3 THE DOT PRODUCT 


NOTE: In Exercises 1-8 below we calculate proj v u as the vector v, so the scalar multiplier of v is 

the number in column 5 divided by the number in column 2. 


v • u 

1. -25 

2. 3 

3. 25 

4. 13 

5. 2 

6 . ^/ 3-\/2 

7. 10 + 


|v| 

5 

1 

15 

15 

v/34 

^26 


|u| 

cos 6 

u cos 0 

proj v u 

5 

-1 

-5 

-2i + 4j - V^k 

13 

3 

13 

3 

3 (l i + 5 k ) 

5 

1 

3 

5 

3 

I(10i+llj-2k) 

3 

13 

45 

13 

15 

碁 （2 i+10j —Ilk) 


2 

^^34 


h (5j - 3k) 

3 

V^-V^ 

3y/2 

v/3-^ 



10 + 

10+/17 

10+ -/17 / CJ 


\/546 

y/26 

y/26 ^ 



9 . 0 = cos -1 

10. 9 = cos -1 

11 . 0 = cos -1 



( u v A _ ™-l ( (2)(1)+ (1)(2) + (0)(-1) \ 

、 |u| |v| ) ~ \ ^/ 2 1 2 3 4 5 6 7 + 1 2 + 0 2 v/l 2 + 2 2 + (-l) 2 ) 

(u v A — ^ c -l ( (2)(3)+ (-2)(0) + (1)(4) 、 

Vl u l M ) ~ V \/2 2 +(-2 ) 2 + l 2 ^3 2 + 0 2 + 4 2 ) 



=cos -1 ( = cos -1 (I) ^ 0.84 rad 


u-v 


(73) (\/3)+(-7)(1)+ (0)(-2) 


/(a/3) +(-7) 2 +0 2 J(a/3) +(1)2+ (-2)2 
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-1 ㈤ 


^ 1.77 rad 


12. 0 = cos' 


u-v 


cos 


( 1 )(- 1 )+( 72 ) ( 1 )+(->/ 2 )(l) 


/(1) 2 + (^2) +(-x/2) v /(-l)2 + (i)2 + ( i ) 2 


COS 




73) 


cos -1 « 1.83 rad 


13. AB = (3, l),BC = (-1, -3), and AC = <2, -2). BA = 〈 -3, -1〉，CB = (l,3),CA = (-2, 2). 


AB 


BA = a/IO, BC = CB = y/lO, AC = CA = 2^2, 


Angle at A = 008 -! 還偽丨 


Angle at B = cos" 1 (| B fp| 
Angle at C = cos- 1 ( 還谅 | 


COS - ^ I 3(2) + 1(-2) I _ cos _ l 

C0S 1 (/IO)( 2 ^)]- COS 


(tf) 


« 63.435° 


cos 


cos 


"M^ipf) =COS " 1(i)w 53 - 130O，and 


1(-2)+ 3(2) 

(\/io) { 2 V 2 ) 


(t?) 


« 63.435° 


14. AC = 〈 2, 4〉 and BD = 〈 4, —2〉. AC ■ BD = 2(4) + 4(—2) = 0, so the angle measures are all 90°. 


15. (a) cos a = cos P = ^ , cos 7 = M]vf = JVf anci 

cos 2 a + cos 2 /? + cos 2 7 =(^)V(^)V(^) 2 = ^^ = j||j = 1 

(b) |v| = 1 => cos a = 命 =a, cos /? = 南 =b and cos 7 = 命 = c are the direction cosines of y 


16. u = lOi + 2k is parallel to the pipe in the north direction and y = lOj + k is parallel to the pipe in the east 

direction. The angle between the two pipes is 沒二 cos -1 = cos- 1 ( y 1Q4 2 ^/ 1Q1 ) ~ 1.55 rad « 88.88 0 . 

17. u = y) + (u - ^ y) = f (i+j) + [(3j +4k) - |(i+j)]= ( 暴 i + 暑 j) + (—|i + 昼 j + 4k) ， where 
v • u = 3 and v • v = 2 

18. u = (^ v) + (u - ^ v) = I y + (u - I v) = ^ (i + j) + [Cj + k) - | (i+j)] = (! i + • j) + (- | i + - j + k ) ， 
where v • u = 1 and v • v = 2 


19. u=(^v) + (u-^v) =^(i+2j —k)+ [(8i + 4j —12k)— ( 学 i+f j- 誓 k)] 

=(T 1 + f j — T k ) + (fi — T j — f k ) ， where v • u = 28 and v - v = 6 

20. u=(^v) + (u-^v) = i(A) + [(i+j + k)- (i)A] =(i) + (j + k), wherevu= landv-v= l;yes 


21. The sum of two vectors of equal length is always orthogonal to their difference, as we can see from the equation 
(Vi + V 2 ) - (Vi - V 2 ) = Vi - Vi + V2 • Vi - Vi - y 2 - V2 * V 2 = |vi1 2 - |V2| 2 = o 

22. CA • CB = (—y + (— u)) • (—y + u) = v*v — v-u + u- v — u*u = |y| 2 — |u| 2 = 0 because |u| = |y| since both equal 
the radius of the circle. Therefore, CA and CB are orthogonal. 
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30. (xi + yj) • v = |xi + yj| |v| cos 6 < 0 when | < 0 < 7r. This 
means (x, y) has to be a point whose position vector makes 
an angle with y that is a right angle or bigger. 


31. v • ui = (aui + bu 2 ) • ui = aui • ui + bu 2 • ui = a |ui 卜 + b(U 2 • ui) = a(l) 2 + b(0) = a 

32. No, vineed not equal \ 2 . For example, i + j ^ i + 2j but i.(i + j) = i- i + i- j = 1+0=1 and 
i.(i + 2j) = i-i + 2i-j = 1+2-0= 1. 
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23. Let u and y be the sides of a rhombus 4 the diagonals are di = u + v and d 2 = — u + y 

^ di • d 2 = (u + v) * (— u + v) = — u u + uv — y-u + yy = |y| 2 — |u| 2 = 0 because |u| = |y| , since a rhombus 
has equal sides. 

24. Suppose the diagonals of a rectangle are perpendicular, and let u and v be the sides of a rectangle =>• the diagonals are 
di = u + v and d 2 = —u + v. Since the diagonals are perpendicular we have di • d 2 = 0 

分 (u + y) • (—u + v) = — u.u + u.v — v.u + v.v = 0 分 |v| 2 — |u| 2 = 0 ^ (|v| + |u|) (|v| — |u|) = 0 

(|v| + |u|) = 0 which is not possible, or (|y| — |u|) = 0 which is equivalent to |y| = |u| => the rectangle is a square. 

25. Clearly the diagonals of a rectangle are equal in length. What is not as obvious is the statement that equal 
diagonals happen only in a rectangle. We show this is true by letting the adjacent sides of a parallelogram be 
the vectors (vii + V 2 j) and (uii + U 2 j). The equal diagonals of the parallelogram are 

di = (vii + v 2 j) + (uii + u 2 j) and d 2 = (vii + v 2 j) - (u x i + u 2 j). Hence |di| = |d 2 | = |(vii + v 2 j) + (uii + u 2 j)| 

=| 0 ii + v 2 j) - (uii + u 2 j)| |(vi + ui)i + (v 2 + u 2 )j| = |(vi - ui)i + (v 2 - u 2 )j| 

4 \J (Vi + Ui) 2 + (v 2 + u 2 ) 2 = \/( v i - u i) 2 + ( v 2 — U 2) 2 V? + 2viUi + u? + + 2v 2 u 2 -h 

=v? - 2viUi + Uj + V 2 - 2v 2 u 2 +U 2 =>• 2(viUi + v 2 u 2 ) = -2(viUi + v 2 u 2 ) ^ V 1 U 1 + v 2 u 2 = 0 
=> (Vii + V 2 j) • (Uii + U 2 j) = 0 => the vectors (vii + V 2 j) and (uii + U 2 j) are perpendicular and the parallelogram 
must be a rectangle. 

26. If |u| = |v| and u + v is the indicated diagonal, then (u + y)-u = u- u + y*u=|u| 2 +y-u = u- y+|v| 2 
= u*v + y- y = (u + y)-y =>• the angle cos -1 ^ |u+ v [ [u| ) between the diagonal and u and the angle 

cos -1 ( d: ) between the diagonal and v are equal because the inverse cosine function is one-to-one. 

Therefore, the diagonal bisects the angle between u and v. 

27. horizontal component: 1200cos(8°) « 1188 ft/s; vertical component: 1200 sin( 8 °) « 167 ft/s 

28. |w|cos(33° - 15°) = 2.5 lb, so |w| = Then w = ^^(cos 33。， sin 33 。〉 《 (2.205, 1.432) 

29. (a) Since |cos 6\ < 1, we have |u • v| = |u| |y| |cos 6\ < |u| |y| (1) = |u| |v|. 

(b) We have equality precisely when |cos 0\ = 1 or when one or both of u and y is 0. In the case of nonzero 
vectors, we have equality when 沒 = 0 or 丌， i.e., when the vectors are parallel. 



Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 










Section 12.3 The Dot Product 789 


33. P(xi, yi) = P (xi, § — § xi) and Q(X 2 , y 2 ) = Q (X 2 , § — § X 2 ) are any two points P and Q on the line with b ^ 0 

^ PQ = (x 2 - xi)i + ^ (xi - x 2 )j PQ * v = [(x 2 - xi)i + ^ (x x - x 2 )j] • (ai + bj) = a(x 2 -xi) + b(g) (xi - x 2 ) 

— ^ 

= 0 y is perpendicular to PQ for b ^ 0. If b = 0, then v = ai is perpendicular to the vertical line ax = c. 
Alternatively, the slope of v is ^ and the slope of the line ax + by = c is — so the slopes are negative 
reciprocals => the vector y and the line are perpendicular. 

34. The slope of y is ^ and the slope of bx — ay = c is g ， provided that a 一 0. If a = 0, then v = bj is parallel to 
the vertical line bx = c. In either case, the vector y is parallel to the line ax — by = c. 


35. y = i + 2j is perpendicular to the line x + 2y = c; 
P(2,1) on the line ^ 2 -h 2 = c x + 2y = 4 



36. \ 二 —2i — j is perpendicular to the line — 2x — y = c; 
P(-l,2)ontheline (—2)(—1) — 2 = c 
^ —2x — y = 0 



37. v = — 2i + j is perpendicular to the line — 2x + y = c; 
P(—2, -7) on the line ^ (-2)(-2) - 7 = c 
^ — 2x + y = —3 


-2 



38. y = 2i — 3j is perpendicular to the line 2x — 3y = c; 
P(11,10) on the line (2)(11) — (3)(10) = c 
=> 2x — 3y = —8 
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39. y = i — j is parallel to the line — x — y = c; 

P(— 2, 1) on the line =>■ —(—2) — 1 = c 4 —x — y = 1 
or x + y = — 1. 


y 




41. v = —i — 2j is parallel to the line — 2x + y = c; 

P(l, 2) on the line ^ —2(1) + 2 = c =>• — 2x — y = 0 
or 2x — y = 0. 



42. y = 3i — 2j is parallel to the line — 2x — 3y = c; 
P(l, 3) on the line (-2)(1) - (3)(3 ) 二 c 
=> — 2x — 3y = — 11 or 2x + 3y = 11 


y 



43. P(0,0) ， Q(l,l)andF = 5j 泠 PQ = i + j and W = F • PQ = (5j) • (i + j) = 5 N • m = 5 J 


44. W = |F| (distance) cos 9 = (602,148 N)(605 km)(cos 0) = 364,299,540 N - km = (364,299,540)( 1000) N • m 
= 3.6429954 x 10 11 J 


45. W = |F| PQ cos0 = (2OO)(2O)(cos3Oo) = 2OOOA/^= 3464.1ON.m = 3464.1OJ 
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46. W = |F| 


PQ 


cos (9 = (1000)(5280)(cos 60。）= 2,640,000 ft • lb 


In Exercises 47-52 we use the fact that n = ai + bj is normal to the line ax + by = c. 


47. ni = 3i + j and 叱 = 2i — j 4 

48. m 十 j and 112 = + j # 

49. ni = — j and n 2 = i - \/^ j ^ 


cos 


n r n 2 

lm| M. 


cos 


Iml M 


、 7^ 


cos 


cos_1 ( = cos ~ 


73) = cos_1 (75) = ? 

- 1 (^)=-- 1 (-D 

( 舖 ㈤ 


2tt 

T 


50. ni = i + \/3j and n 2 = (1 - \/^) i + (1 + v^) j 


4 


cos 


Jml 1 吨 


_ 1 -V^+V^ + 3_ 

/T+3 ^1-2^+3 + 1+2^ + 3 


㈤ = cos_1 ㈤ 




51. ni = 3i — 4j and 112 = i 

52. ni = 12i + 5j and 112 = 2i — 2j => 


cos' 


n r n 2 

l"il M, 


: COS' 


’ 3 + 4 \ 


cos_1 ( 5 ^ 2 ) ^ 。. 14 rad 


: cos' 


ni-iij 

Jml l«2l 


cos_1 (twvi 


cos_1 (^3) wL18rad 


53. The angle between the corresponding normals is equal to the angle between the corresponding tangents. The 
points of intersection are (— and At (— f，|) the tangent line for f(x) = x 2 is 


i ^ y 


3x — 4 , and the tangent line for 


y - 聋 =f’ (— f) (X— (— 幸 )）#y = —v^(x+f) 

f(x) = (I) - x 2 is y - I = f (- 誓 ）( x - 譬 )） 今 y=W(x+_)+| = ^+\. The corresponding 
normals are Hi = + j and 112 = + j. The angle at (— 聋 ) is 沒 =cos -1 ( |:|:| ) 

= cos - 1 (_ 全） = 警 ， the angle is | and y. At ( 穿 , !）the tangent line for f(x) = x 2 is 


cos 


-1 -34 




y = 0 (x + 幸 ) + I = \/3x + I and the tangent line for f(x) = ! — x 2 is y = - y/3 ^x+ 幸 ) + | 
= — \/3x — I. The corresponding normals are ni = + j and 112 = \Z^i + j. The angle at (#, 


is 


cos 


ni 112 

Jnil |n 2 l 


COS 


-1 


、 7i 


货 ) 


(— I)= 警 ， the angle is I and 


2tt 

T. 


处 = - 丄今 the 
i + j is normal to the curve at that point. The 

ls y-# = *( x -o) 


54. The points of intersection are (0, and (0,— 幸 ). The curve x = 聲 一 y 2 has derivative 衣 =— 5 

tangent line at ( 0 , #) is y — ^ ^ (x — 0 ) => ni = 

curve x = y 2 — I has derivative 裝 = 去 # the tangent line at ( 0 , i 

=> 112 = -*i+jis normal to the curve. The angle between the curves is 0 = cos -1 ( |:| 工 | ) 

=cos -1 ^ y/i ~ 1 ^/i ! 1 = cos -1 ( 播 ) =cos - 1 (I) = I and 亨 . Because of symmetry the angles between 
the curves at the two points of intersection are the same. 

55. The curves intersect when y = x 3 = (y 2 ) 3 = y 6 => y = 0ory 二 1. The points of intersection are (0,0) and 
(1,1). Note that y > 0 since y = y 6 . At (0,0) the tangent line for y = x 3 is y 二 0 and the tangent line for 
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6 . uxv = (ixj)x(jxk) = kxi: 


:j => length = 1 and the direction is t 


V X u = -(U X v) = -j =>• length = 1 and the direction is —j 


7. u x y 


-2 -4 


2 2 


6 i — 12 k length = 6\/~5 and the direction is 


i_^ 

\/5 \/5 


v x u = —(u x v) = — ( 6 i — 12 k) ^ length = 6\/5 and the direction is — -4^ i + k 


y = is x = 0. Therefore, the angle of intersection at (0,0) is At (1,1) the tangent line for y = x 3 is 
y = 3x — 2 and the tangent line for y = is y = | x + | • The corresponding normal vectors are 

ni = -3i + j and n 2 = — * i + j 4 


cos -1 ( , ni ,? 2 1 ) = cos -1 (= ? 


I， the angle is ^ and 


Jml l«2l 




56. The points of intersection for the curves y = —x 2 and y = 3 y / x are (0,0) and (— 1, — 1). At (0,0) the tangent 
line for y = — x 2 is y = 0 and the tangent line for y = /x is x = 0. Therefore, the angle of intersection at (0,0) 
is At (—1 ， 一 1) the tangent line for y = — x 2 is y = 2x + 1 and the tangent line for y = 3 y^isy = \x- 
The corresponding normal vectors are ni = 2i — j and 叱 =^ i 




cos 


-1 l n r n 2 


J«i| l«2l 


+ 1 




JIL 

y/s ylo 


(☆)= 牙 ， the angle is f and 苧 . 


12.4 THE CROSS PRODUCT 


1 . u x y 


1 j k 

2 -2 -1 

1 0 -1 


3(|i+^j + |k) => length = 3 and the direction is|i+^j + |k; 


y x u = —(u xy) = —3(|i+|j+|k) =>• length = 3 and the direction i 


is 


|k 


2 . u x v 


1 j k 

2 3 0 

-1 1 0 


5(k) length = 5 and the direction is k 


v x u = _(u x v) = _5(k) 4 length = 5 and the direction is —k 


3. u x y 


i j k 

2-2 4 

-1 1 -2 


0 length = 0 and has no direction 


v x u = -(U x y) = 0 =>• length = 0 and has no direction 


4. u x y 


i j k 
1 1 -1 
0 0 0 


0 length = 0 and has no direction 


v x u = -(U x y) = 0 =>• length = 0 and has no direction 


5. u x y 


1 j k 

2 0 0 
0-3 0 


- 6 (k) => length = 6 and the direction is —k 


V X u = (U X v) = 6 (k) => length = 6 and the direction is k 


k 1 o 

• J o o 

• 1 cl-3 
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8. u x v 


1 j k 

2 _ 2 1 

1 1 2 


-2i — 2j + 2k =>• length = 2\/3 and the direction is —卜 i 


v x u = —(u x v) = —(— 2i — 2j + 2k) =>• length = 2\/3 and the direction is 士 j _ ~ 


73 J_r 73 

a 、 


k 



15. (a) PQ x PR = 


i j k 


PQ x PR 

1 1 -3 

-1 3 -1 

= 8i + 4j + 4k 4 Area = | 



(b) 


u = 


I PQxPR 


=±$(2i+j + k) 


V"64+ 16+ 16 = 
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i j k 


i j k 


i j k 

(b) u x v = 

5 —1 1 

0 1 -5 

# 0, u x w = 

5 -1 1 

-15 3 -3 

= 0, v x w = 

0 1 -5 

-15 3 -3 


^ u and w are parallel 


24. (a) u . v = 0, u x w = 0, u • r = — 3 兀， v.w = 0, v.r = 0, w.r = 0 => u 丄 v，u 丄 w, v 丄 w,v 丄 r 
and w 丄 r 


16. (a) PQ x PR 


i J k 

1 0 2 

2-2 0 


(b) u = 士 


PQxPR 

IpQxPrI 


4i + 4j — 2k => Area = ^ 
±i( 2 i + 2 j-k) 


PQ x PR = i y/W 


17. (a) PQ x PR 


i j k 

1 1 1 
1 1 0 


-i + j =>• Area : 


PQ x PR = i V 1 + 1 = # 


(b) u = 士 


PQxPR 


Ip^xPrI 


士士 （-i + j)= 士士 (i-j) 


18. (a) PQ x PR 


2 -1 

1 0 


-1 


2i + 3j + k => Area : 


PQ x PR = i ^/4 + 


( b ) U=± fc| =± ^ (2i + 3j + k) 


19. If u = aii + a 2 j + ask, y = bii + b 2 j + bak, and w = cii + C 2 j + 03 k, then u • (y x w) 


which all have the same 


interchanging of two pair of rows in a determinant does not change its value the vo 
2 0 0 



bi 

b 2 

b 3 


Cl 

c 2 

C 3 

V • (W X u)= 

Cl 

c 2 

C 3 

and w • (u x v)= 

ai 

a 2 

a3 


ai 

a2 

a3 


bi 

b 2 

b3 


|(u x y) • w| = abs 


0 2 0 
0 0 2 


20 . I (u x v) • w| = abs 


1 -1 1 

2 1 -2 

—1 2 -1 


4 (for details about verification, see Exercise 1 


21 . |(u x v) • w| = abs 


2 1 0 

2 -1 1 

1 0 2 


I— 7 1 =7 (for details about verification, see Exerci 


22 . |(u x v) • w| = abs 


1 1 —2 
— 1 0 -1 
2 4-2 


8 (for details about verification, see Exercise 19) 


23. (a) u . v = —6, u • w = —81, v • w = 18 => none 


4 


《i 


3 3 3 

a b c 

2 2 2 

a b c 

alblcl 


th. 


si 


lu. 


Is 

e 

m 

lu 


9) 


19) 
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Section 12.4 The Cross Product 795 


u and r are parallel 


25. 

PQ x F 

= 

PQ 

26. 

PQ x F 

= 

PQ 


27. (a) true, |u| = -\/af+~a|~Taf = yj\x - u 
(b) not always true, u • u = |u| 2 



i 

j 

k 


i 

j 

k 

(c) true, u x 0 = 

ai 

a2 

a3 

= Oi + Oj + Ok = 0 and 0 x u = 

0 

0 

0 


0 

0 

0 


ai 

a2 

a3 


(d) true, u x (—u) 


k 


Oi + Oj + Ok = 0 


(—a 2 a 3 + a 2 a 3 )i - (-aia 3 + aia 3 )j + (-aia 2 + aia 2 )k = 0 


ai a2 a3 
—ai — a2 — a3 

(e) not always true, ixj = k/ —k=jxi for example 

(f) true, distributive property of the cross product 

(g) true, (u x v) • v = u • (v x v) 二 u . 0 = 0 

(h) true, the volume of a parallelpiped with u, v, and w along the three edges is (u x v) • w = (v x w) • u = u • (v x w), 
since the dot product is commutative. 


28. (a) true, u . v = aibi + a 〗 b 2 + a 3 b 3 = biai + + b 3 a 3 = v • u 


(b) true, u x y 


i 

j 

k 


i 

j 

k 

ai 

a2 

a3 

= 

bi 

b 2 

b3 

bi 

b 2 

b 3 


ai 

a2 

a3 


—(v x u) 



i j k 


i j 

k 

(c) true, (— u) x y = 

—ai — a2 — 汶 3 

= 

ai a2 

a3 


bi b 2 b 3 


bi b 2 

b3 


-(u x v) 


(d) true, (cu) - v = (cai)bi + (ca 2 )b 2 + (ca 3 )b 3 = ai(cbi) + a 2 (cb 2 ) + a 3 (cb 3 ) = u • (cv) = c(aibi + a 2 b 2 + a 3 b 3 ) 
=c(u - y) 


u x (cv) 



i j k 


i j k 


i j k 

(e) true, c(u x v) = c 

ai a2 a3 

bi b 2 b 3 

— 

C3，i C^2 C3,3 

bi b 2 b 3 

=(cu) X v = 

ai a2 a3 

cbi cb2 cb3 


(f) true, u • u = a? + = (v^ a ? + ^ + a ?) 2 = l u l 2 

(g) true, (uxu)-u = 0.u = 0 

(h) true, u x v 丄 u and u x v 丄 v (u x v) • u = v • (u x v) 二 0 


29. (a) proj v u 


uv 

、風 


(b) ± (u x y) 


(c) 士 ((u x y) x w) 


(d) |(u x y) • w| 


30. (a) (u x y) x (u x w) 

(b) (u + y)x(u — v) = (u + v)xu — (u + y)xy = uxu + yxu - uxv — yxy 
= 0 + vxu — uxv — 0 = 2(v x u), or simply uxv 

(c) |u| |^| (d) |u x w| 


y x w 


i j k 
-1 1 1 
1 0 1 


(b) 



i j k 


i j k 


u x y = 

1 2 -1 

# 0, u x w = 

1 2 —1 

_ 0, u x r 二 


-1 1 1 


1 0 1 




i 

j k 


/ 0, v x r = 

-1 

7T 

1 1 

7T 

2 

# 0, w x r = 




k 


k 


7r.1 
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796 Chapter 12 Vectors and the Geometry of Space 

31. (a) yes, u x y and w are both vectors (b) no, u is a vector but y * w is a scalar 

(c) yes, u and u x w are both vectors (d) no, u is a vector but y • w is a scalar 

32. (u x y) x w is perpendicular to u x y, and u x y is perpendicular to both u and y =>• (u x y) x w is 
parallel to a vector in the plane of u and v which means it lies in the plane determined by u and v. 

The situation is degenerate if u and y are parallel so u x v = 0 and the vectors do not determine a plane. 
Similar reasoning shows that u x (y x w) lies in the plane of y and w provided v and w are nonparallel. 

33. No, y need not equal w. For example, i + j / —i + j, but ix(i+j) = ixi + ixj = 0 + k = k and 

i x (—i +j) = —ixi + ixj = 0 + k = k. 


34. Yes. Ifuxy = uxw and u • v = u • w, then u x (v — w) = 0 and u . (v — w) = 0. Suppose now that y ^ 
Then u x (v — w) = 0 implies that v — w = ku for some real number k 7 ^ 0. This in turn implies that 
u . (v _ w) = u • (ku) = k |u| 2 =0, which implies that u = 0 . Since u ^ 0 , it cannot be true that v 7^ w, so 
v = w. 


35. AB = -i + j and AD = -i - j 泠 AB x AD 


36. AB = 7i + 3j and AD = 2i + 5j 令 AB x AD 


37. AB = 3i — 2j and AD = 5i + j 今 AB x AD 


38. AB = 7i - 4j and AD = 2i + 5j ^ AB x AD 


39. AB = -2i + 3j and AC = 3i + j AB x AC 


i J k 

-1 1 0 


-1 

0 

j k 


3 0 

= 

5 0 


j k 


-2 0 


1 0 


j k 

-4 0 

5 0 

j 

k 

3 

0 

1 

0 


2 k area 


29k => area : 


13k => area 


43k 4 area : 


-Ilk => area : 


AB 


x AD 


AB x AD 


AB x AD 


29 


13 


AB x AD 


43 


AB x AC 


11 

T 


40. AB = 4i + 4j and AC = 3i + 2j 4 AB x AC 


i j k 

4 4 0 
3 2 0 


-4k area 


AB x AC 


41. AB = 6 i - 5j and AC = 1 li — 5j 4 AB x AC 


i j k 

6-5 0 
11-50 


25k =>• area 


AB x AC 


f 


42. AB = 16i — 5j and AC = 4i + 4j ^ AB x AC 


i j k 

16 -5 0 
4 4 0 


84k =>• area 


AS x 立 


42 


w. 
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Section 12.5 Lines and Planes in Space 797 


43. If A = aii + a 2 j and B = bii + b 2 j, then A x B 


i j k 

ai a 2 0 

bi b 2 0 


ai a2 

bi b 2 


k and the triangle's area is 


|A x B| 


士 


ai a2 

bi b 2 


.The applicable sign is (+) if the acute angle from A to B runs counterclockwise 


in the xy-plane, and (—) if it runs clockwise, because the area must be a nonnegative number. 


• • • • • • i — f — f 

44. If A = aii + a 2 j, B = bii + b 2 j, and C 二 cii + C 2 j, then the area of the triangle is 金 AB x AC . Now, 


AB x AC = 

i j k 

bi — di\ \^2 — 纹 2 0 


t>i — ai 

b2 — ^2 

k ^ 

AB x AC 


Ci — ai C 2 — a2 0 


ci - ai 

C2 — 3.2 

z 



=\ |(bi — ai)(C 2 — a 2 ) — (ci — ai)(b 2 — ^z)\ = \ |ai(b 2 — C 2 ) + a 2 (ci — bi) + (biC 2 — Cib 2 )| 
ai a 2 1 


= 士 I bi b2 1 

ci c 2 1 


The applicable sign ensures the area formula gives a nonnegative number. 


12.5 LINES AND PLANES IN SPACE 


1. The direction i + j + k and P(3, —4, —1) =>■ x = 3 + t,y = —4 + t ， z=—1+t 

2. The direction PQ = —2i — 2j + 2k and P(l ， 2, —1) =>• x = 1 — 2t, y = 2 — 2t, z = — 1 + 2t 

3. The direction PQ = 5i + 5j — 5k and P(—2,0,3) =>• x = —2 + 5t, y = 5t, z = 3 — 5t 

4. The direction PQ = — j — k and P( 1,2,0) ^ x = 1, y = 2 — t, z = —t 

5. The direction 2j + k and P(0,0,0) => x = 0, y = 2t，z = t 

6 . The direction 2i — j + 3k and P(3, —2,1) => x = 3 + 2t, y = —2 — t, z = 1 + 3t 

7. The direction k and P(l, 1,1) 4 x=l,y=l ， z=l+t 

8 . The direction 3i + 7j — 5k and P(2,4,5) => x = 2 + 3t, y = 4 + 7t, z = 5 — 5t 

9. The direction i + 2j + 2k and P(0, —7,0) => x = t, y = —7 + 2t, z = 2t 


10. The direction is A x B = 


i j k 

1 2 3 = —2i + 4j — 2k and P(2, 3, 0 ) 泠 x = 2 — 2t, y = 3 + 4t，z = -2t 

3 4 5 


11. The direction i and P(0,0,0) ^ x = t, y = 0, z = 0 

12. The direction k and P(0,0,0) 4 x = 0, y = 0, z = t 
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798 Chapter 12 Vectors and the Geometry of Space 

13. The direction PQ = i + j + 暴 k and P(0,0,0) => x = t, 
y = t, z = . t, where 0 < t < 1 


14. The direction PQ = i and P(0,0,0) => x = t, y = 0, z = 0, 
where 0 < t < 1 





15. The direction PQ = j and P(l, 1,0) =>• x = 1, y = 1 + t, 
z = 0, where — 1 < t < 0 


z 



16. The direction PQ = k and P(l, 1,0) =>• x = 1， y = 1， z = t ， 
where 0 < t < 1 


z 



17. The direction PQ = —2j and P(0,1,1) =>• x = 0, 
y = 1 — 2t, z = 1 ， where 0 < t < 1 


z 



18. The direction PQ = 3i - 2j and P(0,2,0) ^ x = 3t, 
y = 2 — 2t，z = 0, where 0 < t < 1 


z 
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Section 12.5 Lines and Planes in Space 799 


19. The direction PQ = -2i + 2j - 2k and P(2,0,2) 
^ x = 2 — 2 t, y = 2 t, z = 2 — 2 t, where 0 < t < 



20. The direction PQ = -i + 3j + k and P(1,0,-1) 

x=l — t,y = 3t, z = —1+t, where 0 < t < 1 



21. 3(x - 0) + (-2)(y — 2) + (_l)(z +1) = 0 3x - 2y - z = -3 

22. 3(x - 1) + (l)(y + 1) + (l)(z -3) = 0>3x + y + z = 5 


23. PQ = i - j + 3k, PS = -i - 3j + 2k ^ PQ x PS ： 

令 7(x — 2) + (—5)(y — 0) + (—4)(z — 2) = 0 泠 7x - 5y — 4z = 6 


i j k 

1 -1 3 

-1 -3 2 


7i — 5j — 4k is normal to the plane 


i j k 

-1 1 2 

-3 2 3 


i — 3j + k is normal to the plane 


24. PQ = -i+j + 2k,PS = —3i + 2j + 3k 泠 PQ x PS 

^ (-l)(x-l) + (-3)(y-5) + (l)(z —7) = 0 4 x + 3y-z 二 9 

25. n = i + 3j + 4k, P(2,4,5) = (l)(x - 2) + (3)(y - 4) + (4)(z - 5) = 0 x + 3y + 4z = 34 

26. n = i —2j + k,P(l ，一 2 ， l) = (l)(x-l) + (—2)(y + 2) + (l)(z—1) = 0 4 x-2y + z = 6 

^，fx = 2t+l=s + 2 f 2t — s = 1 f 4t — 2s = 2 

21 - \y = 3t + 2 = 2s + 4 ^ \3t-2s = 2 ^ \ 3t - 2s = 2 ^ t = 0 and s =-1; then z = 4t + 3 =-4s - 1 

=> 4(0) + 3 = (—4)(—1) — 1 is satisfied the lines do intersect when t = 0 and s = _ 1 ^ the point of 
intersection is x = 1， y = 2, and z = 3 or P(l, 2,3). A vector normal to the plane determined by these lines is 

k ( 

20 i + 12 j + k, where ni and 叱 are directions of the lines => the plane 


2 3 4 

1 2 -4 


ni x n 2 

containing the lines is represented by(—20)(x — 1) + (12)(y — 2) + (l)(z — 3) = 0 4 — 20x + 12y + z = 7. 


__ f x = t = 2 s + 2 ft — 2 s 二 2 . t _ , . _ , _ . ^ 

Ly = —t + 2=s + 3 l_t— s=l 

is satisfied => the lines do intersect when s = — 1 and t = 0 4 the point of intersection is x = 0 , y = 2 and z = 1 

1 j k 

or P(0, 2, 1). A vector normal to the plane determined by these lines is ni x 叱 =1 —1 1 

2 1 5 
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800 Chapter 12 Vectors and the Geometry of Space 


=— 6 i — 3j + 3k, where ni and 112 are directions of the lines => the plane containing the lines is represented by 
(- 6 )(x - 0) + (-3)(y - 2) + (3)(z -1) = 0 ^ 6 x + 3y - 3z = 3. 

29. The cross product of i + j — k and — 4i + 2j — 2k has the same direction as the normal to the plane 

k 

6 j + 6 k. Select a point on either line, such as P(—1, 2, 1). Since the lines are given 


4 n 


1 1 -1 

—4 2 -2 


to intersect, the desired plane is 0(x + 1) + 6 (y — 2) + 6 (z — 1) = 0 4 6 y + 6z=18 4 y + z = 3. 

30. The cross product of i — 3j — k and i + j + k has the same direction as the normal to the plane 

i j k 

1 —3 — 1 = —2i — 2j + 4k. Select a point on either line, such as P(0,3, —2). Since the lines are 

1 1 1 

given to intersect, the desired plane is (—2)(x — 0) + (—2)(y — 3) + (4)(z + 2) = 0 — 2x — 2y + 4z = —14 

4 x + y — 2z = 7. 


31. ni x 112 


1 j k 

2 1 -1 
1 2 1 


3i — 3j + 3k is a vector in the direction of the line of intersection of the planes 


=> 3(x — 2) + (—3)(y — 1) + 3(z + 1) = 0 => 3x — 3y + 3z = 0 => x — y + z = 0 is the desired plane containing 

Po(2,l,-l) 


32. A vector normal to the desired plane is P 1 P 2 x n 


2 0 
4 -1 


k 


2 


-2i — 12j — 2k; choosing Pi(l, 2,3) as a 


point on the plane => (—2)(x — 1) + (—12)(y — 2) + (—2)(z — 3) 二 0 => —2x — 12y — 2z = —32 => x + 6y + z : 
is the desired plane 


33. S(0,0,12),P(0,0,0)andv = 4i-2j + 2k ^ PS 


XV : 


i j k 

0 0 12 
4-2 2 


24i + 48j = 24(i + 2j) 


=> d 


I = — = \/5 • 24 = 2\/30 is the distance from S to the line 


34. S(0,0,0), P(5,5, -3) and y = 3i + 4j - 5k PS x y 


— 5 — 5 3 

3 4-5 


13i - 16j - 5k 


4 


d = | PSxV | = V169+ 256+ 25 = 遲 = 

~ M — v/9+16 + 25 " _ V 


3 is the distance from S to the line 


35. S(2,1,3), P(2,1,3) and v = 2i + 6 j ^ PS X v = 0 泠 d: 
(i.e., the point S lies on the line) 


PSxv 


M _ 


0 is the distance from S to the line 


36. S(2,1,-1), P(0,1,0) and v = 2i + 2j + 2k ^ PS x v 

_ a/56 

y/4 + 4 + 4 — ^12 


泠 d = l，: v l — 一 + 36 + 16 — 


1 j k 

2 0-1 

2 2 2 


2i - 6 j + 4k 


is the distance from S to the line 


16 
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Section 12.5 Lines and Planes in Space 


37. S(3, -1,4), P(4,3, -5) and v = -i + 2j + 3k =► PS 


XV : 


i j k 

1 -4 9 

-12 3 


—30i — 6j - 6k 


=> d 


|PSxv| 


V9 X^ 6 = ^ = ^ = ^ = ^isthe distance from S to the line 




38. S(—1,4,3), P(10,-3,0) and v = 4i +4k ^ PS x y ： 


i j k 

-11 7 3 
4 0 4 


28i + 56j - 28k = 28(i + 2j - k) 


泠 d 


I M I = =7 is the distance from S to the line 


39. S(2, -3,4), x + 2y + 2z = 13 and P(13,0,0) is on the plane PS = —lli - 3j + 4k and n = i + 2j + 2k 

40. S(0,0,0), 3x + 2y + 6z = 6 and P(2, 0, 0) is on the plane 4 PS = —2i and n = 3i + 2j + 6k 


=> d 


PS . n 


—6 

^ R 


a/9 + 4 + 36 


~h 


41. S(0,1,1) ， 4y + 3z = —12 and P(0, —3,0) is on the plane ^ PS = 4j + k and n = 4j + 3k 


=> d 


^•R 


16 + 3 


a/16 + 9 




42. S(2,2,3) ， 2x + y + 2z = 4 and P(2, 0, 0) is on the plane ^ PS = 2j + 3k and n = 2i + j + 2k 


=> d 


^•r| 


2 + 6 


^4+1+4 


43. S(0, — 1 ， 0), 2x + y + 2z = 4 and P(2,0,0) is on the plane => PS = —2i — j and n = 2i + j + 2k 


O d 


^•R 


-4-1+0 


\/4+l+4 


44. S(l ， 0, — 1 )， —4x + y + z = 4 and P(— 1 ， 0,0) is on the plane => PS = 2i — k and n = —4i + j + k 

^ d= PS ' m| = Ix/ifi+'i'+J = 7n = h ^ 


45. The point P(1, 0, 0) is on the first plane and S( 10,0, 0) is a point on the second plane => PS = 9i, and 
n = i + 2j + 6k is normal to the first plane => the distance from S to the first plane is d 

9 — , which is also the distance between the planes. 


p^-rI 


^ 1+4 + 36 


46. The line is parallel to the plane since v • n = (i + j — 每 k) • (i + 2j + 6k) = 1+ 2 — 3 = 0. Also the point 
S(l, 0, 0) when t = — 1 lies on the line, and the point P( 10, 0,0) lies on the plane => PS = — 9i. The distance 


from S to the plane is d = | PS • $ 
plane. 


W 


47. ni = i + j and 叱 = 2i + j — 2k 


VT+4 + 36 I — v^T 


|ni| | 叱 1 


,which is also the distance from the line to the 


1 (為 ） =cos_1 ㈤ 
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802 Chapter 12 Vectors and the Geometry of Space 

48. ni = 5i+j -kandn 2 = i - 2j + 3k 0 = cos -1 = cos -1 (^^=) = cos -1 (0) = | 

49. ni = 2i + 2j + 2k and n 2 = 2i - 2j - k ^ Q = cos -1 (^^) = cos -1 ( ^|^| ) = cos -1 ( 读 ) s 1.76 rad 

50. ni = i + j + k and n 2 = k ^ 6 = cos -1 ( |:|; 2 2 | ) = cos -1 « 0.96 rad 

51. ni = 2i + 2j — k and ii 2 =i + 2j + k 4 6 = cos -1 ( id^i ) — cos -1 ( ^^ 1 ) = cos -1 ( 5 ^) 。 0.82 rad 

52. ni = 4j + 3k and 叱 = 3i + 2j + 6 k 4 9 = ⑽- 1 ( 飾） =cos-1 (^ 5 ) = cos-1 (1)« 0.73 rad 

53. 2x — y 3z — 6 2(1 — t) — (3t) + 3(1 -h t) — 6 — 2t - 1 - 5 — 6 t —— 鲁 ^ ^ x — y ~ ——著 and z — ^ 

^ (I, 一 I ， I) is the point 

54. 6 x + 3y - 4z = -12 今 6(2) + 3(3 + 2t) — 4(—2 — 2t) = -12 今 14t + 29 = —12 ^ t = —钱泠 x = 2, y = 3 - 旱， 
and z = —2 + y ( 2 , — y, y) is the point 

55. x + y + z = 2 4 (1 + 2t) + (1 + 5t) + (3t) = 2 ^ 10t + 2 = 2 4 t = 0 4 x=l ， y=l and z = 0 

=> ( 1 ， 1 ， 0 ) is the point 

56. 2x - 3z = 7 泠 2(-1+ 3t)- 3(5t) = 7 泠 -9t - 2 = 7 泠 t = -1 泠 x = -1 - 3, y = —2 and z = -5 

=>■ (—4, —2, —5) is the point 


57. ni = i + j + k and 叱 =i + j ni x 112 


j k 
1 1 
1 0 


-i + j, the direction of the desired line; (1,1, —1) 


is on both planes => the desired line isx = 1— t，y = 1+t, z 


58. ni = 3i — 6j — 2k and 叱 = 2i + j — 2k 今 ni x 叱 


1 j k 

3 -6 -2 

2 1 -2 


14i + 2j + 15k, the direction of the 


desired line; (1,0,0) is on both planes => the desired line is x = 1 + 14t, y = 2t，z = 15t 


59. ni = i — 2j + 4k and n 2 = i + j — 2k 4 n x x n 2 


i j k 

1 -2 4 

1 1 -2 


6j + 3k, the direction of the 


desired line; (4,3,1) is on both planes =>• the desired line is x = 4, y = 3 + 6t, z = 1 + 3t 


60. ni = 5i — 2j and 叱 = 4j — 5k 4 ni x 112 


i j k 

5-2 0 

0 4-5 


lOi + 25j + 20k, the direction of the 


desired line; (1, —3,1) is on both planes the desired line is x = 1 + lOt, y = —3 + 25t, z = 1 + 20t 


61. LI & L2: x = 3 + 2t = 1 + 4s and y = —1 + 4t = 1 + 2s 4 { 4t-2s- _ 2 ^ f 2t — 4s 


-2 


、 、 2t — s = 1 

4 —3s = —3 =>• s = 1 and t = 1 ^ on LI, z = 1 and on L2, z = 1 => LI and L2 intersect at (5,3,1). 
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L2 & L3: The direction of L2 is ^ (4i + 2j + 4k) = | (2i + j + 2k) which is the same as the direction 
I (2i + j + 2k) of L3; hence L2 and L3 are parallel. 

Ll &L3: x = 3+ 2t = 3 + 2randv =—1 +4t = 2 + r 今 <[ 2t_2r = ? 今 I / _ 1 = ? 今 3t = 3 
- [4t— r = 3 4t — r = 3 

t = 1 and r=l => onLl,z = 2 while on L3, z = 0 LI and L2 do not intersect. The direction of LI 

is (2i + 4j — k) while the direction of L3 is | (2i + j + 2k) and neither is a multiple of the other; hence 

LI and L3 are skew. 


62. LI & L2: x = l+2t = 2 — s and y = —1—t = 3s ^ — \ =>■ —5s = 3 =>• s = — I and t = t => on LI, 

- L—t — 3s=l 5 5 

z = y while on L2, z=l — | = | => LI and L2 do not intersect. The direction of LI is (2i — j + 3k) 
while the direction of L2 is (—i + 3j + k) and neither is a multiple of the other; hence, LI and L2 are 
skew. 

L2 & L3: x = 2 — s = 5 + 2r and y = 3s=l—r | 3 ^ + ,:^ ^ 5s = 5 => s = l and r = —2 => on L2, 

z = 2 and on L3, z = 2 => L2 and L3 intersect at (1,3,2). 

LI & L3: LI and L3 have the same direction (2i — j + 3k); hence LI and L3 are parallel. 

63. x — 2 -|- 2t, y — 一 4 — t, z — 7 - 3tj x — 一 2 一 t, y — — 2 ^ t, z — 1 —暑 t 


64. 1 (x — 4) — 2(y — 1) + l(z — 5) = 0 => x — 4 — 2y + 2 + z — 5 = 0 => x — 2y + z = 7; 

-V^(x-3) + 2 v / 2(y + 2)-72(z-0) = 0 ^ ->/2x + 2^ ~V2z =-1^/2 

65. x = 0 t = — 垂， y = — |,z = — I =>• (0, 一垂 , _ |);y = 0 4 t = — l ， x=—l，z = — 3 => ( — 1 ， 0, - 3); z = 0 

4 t = 0, x 二 1, y 二 _1 => (1, — 1,0) 


66. The line contains (0,0,3) and 1 ， 3) because the projection of the line onto the xy-plane contains the origin 

and intersects the positive x-axis at a 30° angle. The direction of the line is \/3i + j + 0k the line in question 
y = t, z = 3. 


is x 


67. With substitution of the line into the plane we have 2(1 — 2t) + (2 + 5t) — (—3t) = 8 2 — 4t + 2 + 5t + 3t = 8 

4t + 4 = 8 => t=l the point (—1,7, —3) is contained in both the line and plane, so they are not parallel. 


68. The planes are parallel when either vector Aii + Bij + Cik or A2i + B2j + C2k is a multiple of the other or 
when |(Aii H- Bij + Cik) x ( 八 2 量 + B2j + C2k| 二 0. The planes are perpendicular when their normals are 
perpendicular, or(Aii + Bij + Cik) • (A2i + B2j + C2k) = 0. 


69. There are many possible answers. One is found as follows: eliminate t to get t = x—l=2 — y= 

x — 1 = 2 — y and 2 — y = x + y = 3 and 2y + z = 7 are two such planes. 

70. Since the plane passes through the origin, its general equation is of the form Ax + By + Cz = 0. Since it meets 
the plane M at a right angle, their normal vectors are perpendicular => 2A + 3B + C = 0. One choice satisfying 
this equation isA = 1，B = —1 and C = 1 =>• x — y + z = 0. Any plane Ax + By + Cz = 0 with 2A + 3B + C = 0 
will pass through the origin and be perpendicular to M. 
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71. The points (a, 0,0), (0, b, 0) and (0,0, c) are the x, y, and z intercepts of the plane. Since a, b, and c are all 
nonzero, the plane must intersect all three coordinate axes and cannot pass through the origin. Thus, 

營 + * + ■ = 1 describes all planes except those through the origin or parallel to a coordinate axis. 


72. Yes. If Vi and V2 are nonzero vectors parallel to the lines, then x y 2 7^ 0 is perpendicular to the lines. 

73. (a) EP = cEPi => -x 0 i + yj + zk = c [(xi — x 0 )i + yij + zik] => -x 0 = c(xi — x 0 ), y = cyi and z = czi, 

where c is a positive real number 

(b) At xi = 0 ^ c = 1 => y = yi and z = zi; at xi = xq =>■ xq = 0, y = 0, z = 0; x lim^ c = x lim^ x 「 二。 

= x lmi^ — 1 => c ^ 1 so that y — yi and z —> zi 

74. The plane which contains the triangular plane isx + y + z = 2. The line containing the endpoints of the line 
segment is x = 1 — t，y = 2t, z = 2t. The plane and the line intersect at (|, |, |) . The visible section of the line 

segment is \J (^) 2 + (|) 2 4 - (|) 2 = 1 unit in length. The length of the line segment is \/l 2 + 2 2 + 2 2 = 3 | 

the line segment is hidden from view. 

12.6 CYLINDERS AND QUADRIC SURFACES 


1. d, ellipsoid 
4. g, cone 
7. b, cylinder 
10. f, paraboloid 
13. x 2 +y 2 = 4 


z 



16. x = y 2 

z 



2. i, hyperboloid 

5. 1, hyperbolic paraboloid 

8. j, hyperboloid 

11. h, cone 

14. x 2 + z 2 = 4 


2 



17. x 2 +4z 2 = 16 


z 



3. a, cylinder 

6. e, paraboloid 

9. k, hyperbolic paraboloid 

12. c, ellipsoid 

15. z = y 2 — 1 


Z 



18. 4x 2 + y 2 = 36 


2 
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19. z 2 - y 2 = 1 

Z 



22. 4x 2 + 4y 2 +z 2 = 16 


z 




28. z= 18 - x 2 - 9y 2 



20. yz = 1 


Section 12.6 Cylinders and Quadric Surfaces 

21. 9x 2 + y 2 + z 2 = 9 



23. 4x 2 + 9y 2 + 4z 2 = 36 


4JC 2 + 9}^ + 4^： 2 = 36 
z 



26. z = x 2 + 9y 2 


Z 



24. 9x 2 + 4y 2 + 36z 2 = 36 


z 



27. z = 8 - x 2 - y 2 


z 



29. x = 4 — 4y 2 — z 2 


2 



30. y = 1 — x 2 - z 2 


Z 
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33. 4x 2 + 9z 2 = 9y 2 



z 




36. y 2 + z 2 — x 2 = 1 



39. z 2 — x 2 - y 2 = 1 


z 
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43. y 2 — x 2 = z 


z 



46. 4x 2 + 4y 2 = z 2 


z 



49. y = - (x 2 + z 2 ) 


z 



52. z = x 2 +y 2 + l 



55. x 2 + z 2 = y 


z 



44. x 2 = y 2 = z 


Section 12.6 Cylinders and Quadric Surfaces 

45. x 2 + y 2 + z 2 = 4 


x 2 + j 2 + z 2 = 4 




47. z = 1 + y 2 - x 2 48. y 2 — z 2 = 4 



Z 



50. z 2 - 4x 2 一 4y 2 = 4 


Z 



a: 2 + y 2 - z 2 = 4 
z 



z 



51. 16x 2 + 4y 2 = 1 


Z 



54. x = 4 - y 2 


Z 



57. x 2 + z 2 = 1 


Z 
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60. z = x 2 - y 2 — 1 


2 



63. X 2 + y 2 - 16z 2 = 16 

x 2 + y 2 - 16 ^= 16 


z 



z 




70. z = 1 - x 2 


z 
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73. yz = 1 


74. 


Section 12.6 Cylinders and Quadric Surfaces 809 



76. 4z 2 - x 2 — y 2 = 4 


z 



36x 2 + 9y 2 + 4z 2 = 36 


2 



75. 9x 2 + 16y 2 = 4z 2 


9x 2 + \6y 2 = 4Z 2 
z 



77. (a) If x 2 + f + . = 1 and z = c, then x 2 + f ^ 








+ 


~4(9-c2)1 


=> A = ab7r 


\/9 _ c 2 、 f 2\/9 — c 2 、 


27t (9 — c 2 ) 


(b) From part (a), each slice has the area 27r ( 9 Q — z ” , where —3 < z < 3. Thus V = 2 


T 


(9 — z 2 ) dz 




(9 - z 2 ) dz= f 


9z- # 


f (27 — 9) = 8 丌 

1 今 A 


( c ) ? + b 7 + ? 


=> 


a 2( C 2-z2) 

_ + 

b2( C 2- Z 2)' 

C 2 


C 2 


f a-y/ c 2 — z 2 ) ( b\/ c 2 — z 2 、 




V = 2 £,(c 2 -z 2 ) 


dz 


27rab 


C 2 Z — 莩 




(fc 3 ) 


.Note that if r = a = b = c, 


then V 


47TT 3 


which is the volume of a sphere. 


78. The ellipsoid has the form + r 2 + ^ — 1- To determine c 2 we note that the point (0, r, h) lies on the surface 
of the barrel. Thus, & + _ = l => c 2 = . We calculate the volume by the disk method: 

v = 兀 /—V dz . Now ，+ ? = 1 ^ y 2 = r2 ^ = r2 1 - = R 2 - 

今 V = 兀 /: [R 2 — z 2 ] dz = 7T [r 2 z - i (¥) z 3 ] ' = 2 tt [R 2 h - | (R 2 - r 2 ) h] = 2 tt (學 + f) 

=| 7rR 2 h + I 丌 r 2 h, the volume of the barrel. If r = R, then V = 27rR 2 h which is the volume of a cylinder of 
radius R and height 2h. If r = 0 and h = R, then V = 17rR 3 which is the volume of a sphere. 


79. We calculate the volume by the slicing method, taking slices parallel to the xy-plane. For fixed z, 


? + ^ 


z 

c 


gives the ellipse 


x 2 , y 2 

M (?) 


The area of this ellipse is 7r (ay^f) — (see Exercise 77a). Hence 


the volume is given by V = f dz = = 

、 ^ Jo c L zc 」 o 

A = 2E ^ 1 , as determined previously. Thus, V = 


Now the area of the elliptic base when z = h is 
=^ ( ZE ^) h = ^ (base)(altitude), as claimed. 
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80. (a) For each fixed value of z, the hyperboloid ^ 




1 results in a cross-sectional ellipse 


a 2( C 2 + z 2 ) 

■ + - 

b2( C 2 + Z 2 )' 





1. The area of the cross-sectional ellipse (see Exercise 77a) is 


A(z)= 丌 (- *\/c 2 + z 2 ) (• y^c 2 + z 2 、 


V 二 

(b) A 0 


A(z) dz 


7rab 


(c 2 + z 2 ) dz : 


7rab 


7rab 


(c 2 + z 2 ). The volume of the solid by the method of slices is 


c 2 z + 


Z 3] 


7rab 


(c 2 h + i h 3 ) 


攀 （ 3c 2 +h 2 ) 


A(0) = 7rab and A h = A(h) 


7rabh 


2+1 




7rabh 


2 + 


— ?rab 
- "^ 2 - 

c 2 +h 2 、 


(c 2 + h 2 ), from part (a) => V 


7rabh 


(3c 2 +h 2 ) 


[2 兀 ab +f?(c 2 +h 2 )] = § (2A 0 + A h ) 


(c) A m = A(|) = _(c 2 + f) = ff(4c 2 +h 2 ) 今 ^(A 0 + 4A m + A h ) 

= I [vrab + 学 (4c 2 + h 2 ) + 学 (c 2 + h 2 )]= 發 (c 2 + 4 c 2 + h 2 + c 2 + h 2 )= 發 (6c 2 + 2h 2 ) 
=( 3 c 2 + h 2 ) = V from part (a) 


81 . y = yi 泠營 


Xl _ 2L_ q a in tVip» r\1 \t 


=» Vertex (0, y!, 窜 )； writing the parabola as x 2 =- 香 z + 穿 we see that 4p = — f 今 p = —裘 
今 Focus (o,yi, 菩—旬 


82. The curve has the general form Ax 2 + By 2 + Dxy + Gx + Hy + K = 0 which is the same form as Eq. (1) in 
Section 10.3 for a conic section (including the degenerate cases) in the xy-plane. 


83. No, it is not mere coincidence. A plane parallel to one of the coordinate planes will set one of the variables 

x, y, or z equal to a constant in the general equation Ax 2 + By 2 + Cz 2 + Dxy + Eyz + Fxz + Gx + Hy + Jz + K 
= 0 for a quadric surface. The resulting equation then has the general form for a conic in that parallel plane. 

For example, setting y = yi results in the equation Ax 2 + Cz 2 + D’x + E’z + Fxz + Gx + Jz + K’ = 0 where 
D’ = Dyi, E’ = Eyi, and K’ 二 K + By^ + Hyi, which is the general form of a conic section in the plane y = yi 
by Section 10.3. 


84. The trace will be a conic section. To see why, solve the plane's equation Ax + By + Cz = 0 for one of the 
variables in terms of the other two and substitute into the equation Ax 2 + By 2 + Cz 2 + … + K = 0. The result 
will be a second degree equation in the remaining two variables. By Section 10.3, this equation will represent a 
conic section. (See also the discussion in Exercises 82 and 83.) 

85. z = y 2 86. z = 1 - y 2 




Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 














87. z = x 2 + y 2 
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88. z = x 2 + 2y 2 

(a) 




(b) 


(d) 




89-94. Example CAS commands: 

Maple: 

with( plots); 

eq := x 八 2/9 + y 八 2/36 = 1 - z 八 2/25; 

implicitplot3d( eq, x=-3..3, y=-6..6, z=-5..5, scaling=constrained, 

shading=zhue, axes=boxed, title="#89 (Section 12.6) M ); 

Mathematica: (functions and domains may vary): 

In the following chapter, you will consider contours or level curves for surfaces in three dimensions. For the purposes of 
plotting the functions of two variables expressed implicitly in this section, we will call upon the function ContourPlot3D. 
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To insert the stated function, write all terms on the same side of the equal sign and the default contour equating that 
expression to zero will be plotted. 

This built-in function requires the loading of a special graphics package. 

〈〈 Graphics 、 ContourPlot3D v 
Clearfx, y, z] 

ContourPlot3D[x 2 /9 - y 2 /16 — z 2 /2 - 1, {x, -9, 9}, {y, -12, 12}, {z, -5,5}, 

Axes —>• True, AxesLabel —^ {x, y, z}, Boxed ^ False, 

PlotLabel — "Elliptic Hyperboloid of Two Sheets"] 

Your identification of the plot may or may not be able to be done without considering the graph. 

CHAPTER 12 PRACTICE EXERCISES 


1. (a) 3(-3, 4) - 4(2, -5) = (-9 - 8, 12 + 20) = (-17, 32) 
(b) \/l7 2 + 32 2 = v / l313 


2. (a)〈-3 + 2, 4 _ 5 〉 = 〈 _1 ， -1) 
(b) ^(-1) 2 + (-1) 2 = 


3. (a) 〈 —2(-3) ， -2(4) 〉 = 〈 6, —8 〉 
(b) ^6 2 + (-8) 2 = 10 


4. (a) 〈 5(2) ， 5(-5) 〉 = 〈 10, 一 25 〉 

(b) JlO 2 + (-25) 2 = /725 = 5^29 


5. ? radians below the negative x-axis: 




[assuming counterclockwise]. 


6. 


〈#， 


,\/42+l2 


) (4i_j)= (友 _* j ) 


8. -5 


V(l) 2 +(5) 2 




9. length 


V^i + \/2j = V 2 + 2 = 2 , + V^j = 2 (大 i+ 泠 the direction is ^ i + ^ t 


10. length = |-i - j| = V 1 + 1 = V ^， 


W (—士 卜忐 j ) 今 the direction is- 忐 i. 


11. t = I ^ y = (—2 sin |)i + (2 cos !) j = — 2i; length = |—2i| = ^/4 + 0 = 2; —2i = 2(—i) => the direction is — i 

12. t = In 2 => v = (e ln 2 cos(ln 2) — e ln 2 sin(ln 2)) i + (e ln 2 sin(ln 2) + e ln 2 cos(ln 2)) j 

=(2 cos(ln 2) — 2 sin(ln 2)) i + (2 sin(ln 2) + 2 cos (In 2)) j = 2[ (cos(ln 2) — sin(ln 2)) i + (sin (In 2) + cos (In 2)) j ] 

length = \2[ (cos(ln 2) — sin(ln 2)) i + (sin(ln 2) + cos(ln 2)) j]| = 2\j (cos(ln 2) — sin (In 2)) 2 + (cos(ln 2) + sin(ln 2)) 2 
= 2-\/2cos 2 (ln 2) + 2sin 2 (ln 2) 二 2yJ~2\ 

2[ (cos(ln 2) - sin(ln 2))i + (sin(ln 2) + cos(ln 2)) j] = 2( (cos(ln2) ~ sin(ln2)) $( 蜂 2 )+ cos ( ln2 )) 」 ) 
direction = ( cos ( ln 2 ) _ sin ( ln 2 )) l + (sin(ln 2) + cos(ln 2)). 

— \/2 x /2 J 

13. length = |2i — 3j + 6k| = \/4 + 9 + 36 = 7, 2i — 3j + 6k = 7 (• i — • j + - k) 4 the direction is|i—|j + |k 
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14. length = |i + 2j - k| = i/ 1 + 4 + 1 = \/^， i + 2j - k = y/6 (^gi + 含 j — 古 k) 今 the direction is 




i c o V _ O 4i-j + 4k _ o 4i-j + 4k _ 8 \ 

^ ^ 1^1 x/4 2 + ( _ 1) 2 +4 2 — Z . ^/33 - 755 1 


卜 735 j + 7S k 


16.-5 


w 


⑴ i+ ⑴ k 


⑷ i+ ⑴ k 

I 16 

Y B 卞 B 


3i — 4k 


\/(i) 2 +a ) 2 — 

17. |y| = \/l + 1 = \fl, |u| = + 1 + 4 = 3, v.u = 3 ， u-v = 3, vxu: 


1 j k 

1 1 0 

2 1 -2 


u x V = -(y x u) = 2i - 2j + k, |v x u| = ^/4 + 4+ 1 =3,6 = cos -1 
|u| cos 6> = 表， proj v u = ( 瑞 ) v= |(i+j) 


= 2i + 2j — k 
fe) = 牙’ 


u • v = —3, v x u 


18. |v| = 02 + 12+22 = v/6, |u| = ^(-1) 2 + (-1) 2 = 0， V _ u = (1)(-1) + ⑴ (0) + ⑵ (-1) = -3, 

i j k 

1 1 2 =—i — j + k, u x v = —(v x u) = i + j — k ， 

-1 0 —1 

|v x u 卜 + + ^ = y/3,9 = cos- 1 ( 疏) = ⑽- 1 = ⑽- 1 ( 诗） 

=cos- 1 ( — 幸 ) =I 1 , |u| cos 0 = \/2 • (¥)= - 幸 ’ projv u = (■) v = _ (i + j + 2k) = _ 


19 - u =te) v+ 

where v • u = 8 and v • v = 6 


u_ w; v 


20 - u = (rr) v 


+ 


u —( 瑞） v 


(2i + j — k) + [(i + j — 5k) — | (2i + j — k)] = ! (2i + j _ k) — ! 


|(i-2j)+[(i+j + k)-(^) (i-2j)] =-|(i-2j)+(|i- 


where v • u = — 1 and v • v = 3 


21 . u x v 


i j k 

1 0 0 
1 1 0 



22 . u x v 


2 k 



(i + j + k) 

(5i + j+llk), 

M + k )， 
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24. u and v are parallel when u x v = 0 4 


4 4a — 40 = 0 and 20 — 2a = 0 4 


0 ^ (4a - 40)i + (20 - 2a)j + (0)k = 0 


10 


27. The desired vector is n x y or y x n since n x y is perpendicular to both n and y and, therefore, also parallel to 
the plane. 

28. If a = 0 and b ^ 0, then the line by = c and i are parallel. If a ^ 0 and b = 0, then the line ax = c and j are 

parallel. If a and b are both ^ 0, then ax + by = c contains the points 0) and (0, =>■ the vector 

ab (營 i — ■ j) = c(bi — aj) and the line are parallel. Therefore, the vector bi — aj is parallel to the line 
ax + by = c in every case. 

29. The line L passes through the point P(0, 0, 一 1) parallel to v = —i + j + k. With PS = 2i + 2j + k and 

k 

=(2 — l)i + (— 1 _ 2)j + (2 + 2)k = i — 3j + 4k, we find the distance 


PS 


xv 


2 2 1 

-1 1 1 


A _ | PSXV | _ y/l+9+16 _ 拉 — yjl% 

Q_ "TT _ Vi + i + i _ 1 _ 了 . 

30. The line L passes through the point P(2,2,0) parallel to y = i + j + k. With PS = — 2i + 2j + k and 


PS 


xv 


PSxv 


M 


i j k 

—2 2 1 

1 1 1 

_ Vl+9 + 16 

"x/1 + 1 + 1 


(2 — l)i + (1 + 2)j + (—2 — 2)k = i + 3j — 4k, we find the distance 


y/26 _ y/78 
7^ _ 丁 - 


31. Parametric equations for the line are x = 1 — 3t, y = 2, z = 3 + 7t. 


(b) volume = u • (y x w) 


1(1 - 0 )+ 1 ( 0 - 0 ) + 0 


25. (a) area = |u x v| 二 abs 


(b) volume = u • (v x w) 


26. (a) area = |u x v| 二 abs 


1 j k 
1 1 -1 

2 1 1 


|2i — 3j - k| = V 4 + 9 + 1 = y/H 

1 -1 


-1 -2 


1(3 + 2) + 1(-1—6)-1(-4+1) 


i j k 

1 1 0 
0 1 0 


814 Chapter 12 Vectors and the Geometry of Space 

23. Let v = vii + V 2 j + V 3 k and w = wii + W 2 j + W 3 k. Then |y — 2w| 2 = |(vii + V 2 j + V 3 k) — 2(wii + W 2 j + W 3 k)| 2 
=|(vi - 2wi)i + (v 2 - 2w 2 )j + (v 3 - 2w 3 )k| 2 = (\/(vi - 2w0 2 + (v 2 - 2w 2 ) 2 + (v 3 - 2w 3 ) 2 ) 2 
= (v? + V 2 + v?) - 4(viWi + v 2 w 2 + v 3 w 3 ) + 4 (w? + wf + wf) = |y| 2 - 4v • w + 4 |w| 2 
=|y| 2 - 4 |y| |w| cos 0 + 4 |w| 2 = 4 - 4(2)(3) (cos f) + 36 = 40 - 24 ⑴ = 40 - 12 = 28 ^ |v - 2w| = 

= 2Jl 


- 4-8 
2-4 
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43. The direction of the line is ni x 叱 


5i — j — 3k. Since the point (—5,3,0) is on 


both planes, the desired line is x = — 5 + 5t, y = 3 — t, z = —3t. 


same as the direction of the given line. 


44. The direction of the intersection is n x x n 2 


—6i -9j - 12k = -3(2i + 3j + 4k) and is the 


=> x + y + z= l 

39. (0, 一 I ， 一 I) ， since t = — 士 , y = —辜 and z = — | when x = 0; (—1,0, —3), since t = —1, x = —1 and z = —3 
when y = 0; (1, —1,0), since t = 0, x = 1 and y = — 1 when z = 0 

40. x = 2t,y = —t, z = —t represents a line containing the origin and perpendicular to the plane 2x — y — z = 4; this 
line intersects the plane 3x — 5y + 2z = 6 when t is the solution of 3(2t) — 5(—t) + 2(—t) = 6 

=>■ t=| (|, — | 5 — f) is the point of intersection 

41. ni = i and n 2 = i + j + y^2k => the desired angle is cos -1 ( C 2 | ) — cos_1 (!) = f 

42. n! = i + j and n 2 = j + k the desired angle is cos -1 f |nil'll ) ~ cos -1 Q) = | 


l + j + k is normal to the plane 4 (l)(x — 1) + (l)(y — 0) + (l)(z — 0) 二 0 


32. The line is parallel to PQ = Oi + j — k and contains the point P(l,2,0) =>- parametric equations are 
x=l,y = 2 + t, z = —tfor0<t< 1. 

33. The point P(4,0,0) lies on the plane x _ y = 4, and PS = (6 — 4)i + Oj + (—6 + 0)k = 2i — 6k with n 

=> d 


h, 

2 + 0 + 0 

|n| 

a/i + i+o 




34. The point P(0,0,2) lies on the plane 2x + 3y + z = 2, and PS = (3 — 0)i 十 （0 — 0)j + (10 + 2)k = 3i + 8k with 


n = 2i + 3j + k => d 


HI 


6 + 0 + 8 

|n| 


^4+9+1 

-k 

泠 ⑵ (X — 3 




35. P(3, -2,1) and n = 2i + j - k 今 (2)(x - 3) + (l)(y - (-2)) + (l)(z -1) = 0 泠 2x + y + z = 5 

36. P(-l,6,0)andn = i-2j + 3k ^ (l)(x - (—1)) + (—2)(y — 6) + (3)(z - 0) = 0 4 x-2y + 3z = -13 

37. P( 1, -1,2), Q(2,1,3) and R(-1,2, -1) PQ = i + 2j + k, PR = -2i + 3j - 3k and PQ x PR 
—9i + j + 7k is normal to the plane => (—9)(x — 1) + (l)(y + 1) + (7)(z — 2) = 0 

=> —9x + y + 7z 二 4 

38. P(1,0,0),Q(0, l,0)andR(0,0,1) ^ PQ = -i + j, PR = -i + k and PQ x PR 


i j k 

1 2 1 

-2 3 -3 


k 1 2 
IX 

• J 2 - 



•J2-2 
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51. n = 2i — j — k is normal to the plane n x y • 


to v and parallel to the plane 


Oi — 3j + 3k 二 一 3j + 3k is orthogonal 


52. The vector B x C is normal to the plane of B and C =4> A x (B x C) is orthogonal to A and parallel to the plane of B 
and C: 


B x C 


2i - 3j + k 


4 


|A x (B x C)| = \/4 + 9 + 1 = \/l4 and u = (—2i — 3j + k) is the desired unit vector. 


53. A vector parallel to the line of intersection is v = ni x 112 


i j k 

1 2 1 
1 -1 2 


5i - j - 3k 


=> |y| = \/25 + 1 + 9 = 2 ( 兩 ) =(5i — j — 3k) is the desired vector. 


54. The line containing (0,0,0) normal to the plane is represented by x = 2t, y = —t, and z = —t. This line 

intersects the plane 3x — 5y + 2z = 6 when 3(2t) — 5(—t) + 2(—t) = 6 => t = | =>• the point is (!，一 | ，一 -) 
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45. (a) The corresponding normals are ni = 3i + 6k and 112 = 2i + 2j — k and since ni • 112 
=(3)(2) + (0)(2) + (6)(—1) = 6 + 0 — 6 = 0, we have that the planes are orthogonal 

„ k 

(b) The line of intersection is parallel to ni x 112 


3 0 6 

2 2-1 


the intersection, solve 


— 12i + 15j + 6k. Now to find a point in 
= 1 

15x + 12y = 19 =>• x 二 0 and y 


3x + 6z = 1 J 3x + 6z = 1 

2x + 2y —z = 3 ^ \ 12x+12y-6z= 18 

(0, j!,-) is a point on the line we seek. Therefore, the line is x = — 12t, y = + 15t and z = l -h 6t. 


46. A vector in the direction of the plane's normal is n = u x v 


7i - 3j - 5k and P(l,2,3) on 


the plane 7(x - 1) - 3(y — 2) — 5(z — 3) = 0 => 7x — 3y — 5z = -14. 

47. Yes; v • n = (2i — 4j + k) • (2i + j + 0k) = 2- 2 — 4*l + l- 0 = 0 the vector is orthogonal to the plane's normal 

=> y is parallel to the plane 

— y I 

48. n • PPq > 0 represents the half-space of points lying on one side of the plane in the direction which the normal n 
points 


49. A normal to the plane is n = AB x AC 

(i + 4j)-(-i-2j-2k) _ I -1-8 + 01 
71 + 4+4 


1 j k 

2 0-1 
2-10 


-i — 2j — 2k => the distance is d 


50. P(0,0,0) lies on the plane 2x + 3y + 5z = 0, and PS = 2i + 2j + 3k with n = 2i + 3j + 5k 

A — n-PS _ 4 + 6+15 _ 25 

U — II — —/ . n 一 — — 7= 

V38 


i j k 


i j k 

1 2 1 

=-5i + 3j - k and A x (B x C)= 

2 一 1 1 

1 1 一 2 


-5 3 -1 



k 1 2 
.J 3 I 
•12 1 
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« 59.5° 


57. The intersection occurs when (3 + 2t) + 3(2t) — t = —4 => 


-1 ^ the point is (1, —2, —1). The required line 


must be perpendicular to both the given line and to the normal, and hence is parallel to 


1 j k 

2 2 1 

1 3 -1 


=—5i + 3j + 4k => the line is represented by x = 1 — 5t, y = —2 + 3t, and z = — 1 + 4t. 

58. If P(a, b, c) is a point on the line of intersection, then P lies in both planes =>• a — 2b + c + 3 = 0 and 
2a — b — c+l=0 (a — 2b + c + 3) + k(2a — b — c+l) = 0 for all k. 


59. The vector AB x CD 


3-2 4 

f 0 — f 


y (2i + 7j + 2k) is normal to the plane and A(—2,0, —3) lies on the 


plane => 2(x + 2) + 7(y — 0) + 2(z — (—3)) = 0 => 2x + 7y + 2z + 10 = 0 is an equation of the plane. 

60. Yes; the line's direction vector is 2i + 3j — 5k which is parallel to the line and also parallel to the normal 
—4i — 6j + 10k to the plane =>• the line is orthogonal to the plane. 


61. The vector PQ x PR 


-i — 1 lj — 3k is normal to the plane. 


-3 0 1 

(a) No, the plane is not orthogonal to PQ x PR. 

(b) No, these equations represent a line, not a plane. 

(c) No, the plane (x + 2) + 1 l(y — 1) — 3z = 0 has normal i + llj — 3k which is not parallel to PQ x PR. 

(d) No, this vector equation is equivalent to the equations 3y + 3z = 3, 3x — 2z = —6, and 3x + 2y = —4 

x= — | — |t, y = t, z=l — t, which represents a line, not a plane. 

(e) Yes, this is a plane containing the point R(—2,1,0) with normal PQ x PR. 


62. (a) The line through A and Bisx = 1+t, y = —t, z = — 1 + 5t; the line through C and D must be parallel and 

is Li ： x = 1 + t，y = 2 — t, z = 3 + 5t. The line through B and C is x = 1， y = 2 + 2s, z = 3 + 4s; the line 

through A and D must be parallel and is L 2 ： x = 2, y = — 1 + 2s，z = 4 + 4s. The lines Li and L 2 intersect 
at D(2,1,8) where t = 1 and s = 1. 

⑼⑽ ： ( Dr k ) =* 

(c) (Hll) BC = |§BC = f(j + 2k) where BA = i - j + 5k and BC = 2j + 4k 

(d) area = |(2j + 4k) x (i - j + 5k)| = 114i + 4j - 2k| = 6 

(e) From part (d), n = 14i + 4j — 2k is normal to the plane => 14(x — 1) + 4(y — 0) — 2(z + 1 ) 二 0 
4 7x + 2y — z = 8. 

(f) From part (d), n = 14i + 4j — 2k => the area of the projection on the yz-plane is |n • i| = 14; the area of the 
projection on the xy-plane is In • j| =4; and the area of the projection on the xy-plane is In - k| =2. 


56. The direction of the intersection is v = ni x 叱 


3i - 5j -h k 0 


cos' 




55. The line is represented by x = 3 + 2t，y = 2 — t, and z = 1 + 2t. It meets the plane 2x — y + 2z = —2 when 
2(3 + 2t) — (2 — t) + 2(1 + 2t) = - 2 t = — I the point is ( 号，警 ， 一 . 
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63. AB 二 一 2i + j + k, CD = i + 4j — k ， and AC = 2i + j 泠 n : 


(2i + j)-(-5i-j-9k) = 11 

^25 + 1 + 81 I — x/l07 


-5i — i — 9k => the distance is 


64. AB 二 一 2i + 4j - k，CD = i - j + 2k, and AC = -3i + 3j ^ n 


is d — 

65. x 2 + y 2 + z 2 = 4 

x 2 + y 2 + z 2, = 4 


12 

762 



68. 36x 2 + 9y 2 + 4z 2 = 36 


春 


71. x 2 + y 2 = z 2 



66. x 2 + (y — l) 2 +z 2 = 1 


69. z = - (x 2 + y 2 ) 

z = -(x 2 + y 2 ) 




i j k 

-2 4 -1 

1 -1 2 


7i + 3j — 2k => the distance 


67. 4x 2 + 4y 2 + z 2 = 4 



70. y = — (x 2 + z 2 ) 



73. x 2 + y 2 — z 2 = 4 

x 2 + y 2 - Z 2 = 4 



(_3i + 3j).(7i + 3j-2k) 
749 + 9 + 4 
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CHAPTER 12 ADDITIONAL AND ADVANCED EXERCISES 


1. Information from ship A indicates the submarine is now on the line Li ： x = 4 + 2t, y = 3t ， z = — ! t; 
information from ship B indicates the submarine is now on the line L 2 ： x = 18s，y = 5 — 6s, z = —s. The 
current position of the sub is (6,3, — |) and occurs when the lines intersect at t = 1 and s = ! . The straight 
line path of the submarine contains both points P (2, —1, — |) and Q (6,3, — i) ; the line representing this path 
is L: x = 2 + 4t, y = — 1 + 4t, z = — i • The submarine traveled the distance between P and Q in 4 minutes => 

a speed of thousand ft/min. In 20 minutes the submarine will move 20^/2 thousand ft from 

Q along the line L 4 20^/2= i/(2 + 4t — 6) 2 + (—1 + 4t — 3) 2 + 0 2 4 800 = 16(t — l) 2 + 16(t — l) 2 = 32(t - l) 2 
=> (t— 1) 2 = 響 = 25 => t = 6 the submarine will be located at (26,23, — |) in 20 minutes. 

2. H 2 stops its flight when 6 + 1 lOt = 446 令 t = 4 hours. After 6 hours, Hi is at P(246,57,9) while H 2 is at 
(446,13,0). The distance between P and Q is ^(246 - 446) 2 + (57 — 13) 2 + (9 - 0) 2 « 204.98 miles. At 150 
mph, it would take about 1.37 hours for Hi to reach H 2 . 

3. Torque = PQ x F 15 ft-lb = PQ |F| sin | = | ft - |F| ^ |F| = 20 lb 


4. Let a = i+ j + kbe the vector from O to A and b = i + 3j + 2k be the vector from O to B. The vector y orthogonal to a 
and b v is parallel to b x a (since the rotation is closkwise). Now b x a = i + j — 2k; proj a b = ( 諄 ) a = 2i + 2j + 2k 

(2, 2, 2) is the center of the circular path (1, 3, 2) takes radius = y 1 2 + (—l) 2 + 0 2 = \/2 arc length per 
second covered by the point is | \/2 units/sec = |y| (velocity is constant). A unit vector in the direction of v is 

= 76 i+ 76 j_ 76 k ^ v = l v l ( 綠 ) =1^(^ + 76 j_ 76 k ) = 


5. (a) If P(x, y, z) is a point in the plane determined by the three points Pi(xi , yi , zi), P 2 fc, y2 , Z 2 ) and 
P 3 ( x 3 , y 3 , z 3 ), then the vectors PPi, PP2 and PP3 all lie in the plane. Thus PPi • (PP2 x PP 3 ) = 0 



Xl 

— X 

yi 

-y 

Zl 

— Z 

4 

X 2 

— X 

y2 

-y 

Z2 

— z 


X 3 

— X 

ys 

-y 

Z 3 

— Z 


= 0 by the determinant formula for the triple scalar product in Section 10.4. 


(b) Subtract row 1 from rows 2, 3, and 4 and evaluate the resulting determinant (which has the same value 
as the given determinant) by cofactor expansion about column 4. This expansion is exactly the 
determinant in part (a) so we have all points P(x, y, z) in the plane determined by Pi(xi, yi, z x ), 
P 2 (x 2 ， y 2 ， z 2 ) ， andP 3 (x 3 ， y 3 ,z 3 ). 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 




























820 Chapter 12 Vectors and the Geometry of Space 


6. Let Li ： x = ais -hbi, y = a 2 s + b 2 , z = a 3 s + b 3 and L 2 : x = cit + di, y = c 2 t + d 2 , z = c 3 t + d 3 . IfLi || L 2 , 


0, 


since the first column is a multiple of the second column. The lines L! and L 2 intersect if and only if the 
(^is Cit + (bi — di) = 0 

system < a 2 S — C 2 t + (b 2 — d 2 ) = 0 has a nontrivial solution the determinant of the coefficients is zero. 
I a 3 s - c 3 t + (b 3 - d 3 ) = 0 



ai 

Cl 

bi 

-di 


kci 

Cl 

bi - di 

then for some k, aj = kc i? i = 1, 2, 3 and the determinant 

a2 

C2 

b 2 

- d 2 

= 

kc 2 

C2 

b 2 - d 2 


a3 

C 3 

b3 

- d 3 


kc 3 

C3 

b 3 — d 3 


(a) BD = AD — AB 

(b) AP=AB + iBD = i (AB + AD^ 

(c) AC = AB + AD, so by part (b), AP 


AC 


8. Extend CD to CG so that CD = DG. Then CG = t CF = CB + BG and t CF = 3 CE + CA, since ACBG is a 

— ^ — ^ — ^ 

parallelogram. If t CF — 3 CE — CA = 0, then t — 3—1=0 t = 4, since F, E, and A are collinear. 
Therefore, CG = 4 CF 4 CD = 2 CF => F is the midpoint of CD. 


9. If Q(x, y) is a point on the line ax + by = c, then PiQ = (x — xi)i + (y — yi)j, and n = ai + bj is normal to the 


line. The distance is 


proj n PiQ 


[(x - xQi + (y- yi)j]-(ai + bj) 
y/a 2 +b 2 


|a(x-xi)+b(y-yi)| 
\/a 2 + b 2 


|axi+byi -c| 
\/a 2 + b 2 


,since c = ax + by. 


10. (a) Let Q(x, y, z) be any point on Ax + By + Cz — D = 0. Let QPi = (x — xi)i + (y — yi)j + (z — zi)k, and 
n= - The distance is |proj n QP, | = |((x- Xl )i + (y - Yi)j + (z - Zl )k) • ( 二二二 ) 

_ IAxi + Byi + Czi — (Ax + By + Cz)| |Axi + Byj + Czj — D| 

^ y/A 2 + B 2 + C 2 — ^v/A 2 +B 2 +C 2 ^ * 

(b) Since both tangent planes are parallel, one-half of the distance between them is equal to the radius of the 
sphere, i.e., r = | t — (see also Exercise 17a). Clearly, the points (1,2,3) and (-1, —2, —3) 

are on the line containing the sphere's center. Hence, the line containing the center is x = 1 + 2t, 
y = 2 + 4t, z = 3 + 6t. The distance from the plane x + y + z — 3 = 0to the center is \/3 
今 1(1 + 2 t) + (2+4t) + (3 + 6t)-3| ^ ^ f rom part (a ) 泠 t = 0 今 the center is at (1,2,3). Therefore 

an equation of the sphere is (x — l) 2 + (y — 2) 2 + (z _ 3) 2 = 3. 


11. (a) If (xi,yi, Zi) is on the plane Ax + By + Cz = Di, then the distance d between the planes is 

d= ― 口二二 : 021 = |Ai + Bj + ck| ， since Ax ! + B yi +CZ! = Di,by Exercise 10(a). 

(b) d= J4 + 9+1 = Vu 

(c) l 2 ( 3 ) + (- 1 ): 2 (- 1 ) + 4 l = |2(3) + (-Dra+2(-i)-D| 泠 D = 8 or - 4 泠 the desired plane is 
2x — y + 2x 二 8 

(d) Choose the point (2,0,1) on the plane. Then l 3 J^I = 5 => D = 3 士 5\/~6 =>• the desired planes are 
x — 2y + z = 3 + 5 yj~6 and x — 2y + z = 3 — 5 y/6. 

— ^ — > 

12. Let n = AB x BC and D(x, y, z) be any point in the plane determined by A, B and C. Then the point D lies in 
this plane if and only if AD • n = 0 分 AD • (AB x BC) = 0. 
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plane and perpendicular to the plane of y and n =>• w = n x (y x n) 


i j k 

1 2 6 
4 -5 1 


32i + 23j — 13k is a 


vector parallel to the plane x + 2y + 6z = 6 in the direction of the projection vector proj P v. Therefore, 
projp V = proj w V= (v.|^) ^ = (j^) w = W=y| 2 W=iw=gi+gj-ifk 


14. proj z w = —proj z v and w — proj z w = v — proj z y => w 二 （w — proj z w) + proj z w = (v — proj z v) + proj z w 

= v-2 P roj z v = v-2 ( 淨 ） z 

15. (a) u x v = 2i x 2j = 4k 今 （u x v) x C = 0; (u • w)y — (y - w)u = Ov — Ou = 0; v x w = 4i => u x (v x w) = 0; 

(u • w)v — (u - v)w = 0v — Ow = 0 


10i-2j + 6k; 



i j 

k 


i j k 

(b) u x v = 

1 - 

1 1 

=i + 4j + 3k (u x v) x w = 

1 4 3 


2 1 

-2 


-1 2 -1 


(u . w)v — (v - w)u = —4(2i + j — 2k) _ 2(i — j + k) = — lOi — 2j + 6k; 



i j k 


i j k 

V X w = 

2 1 -2 

= 3i + 4j + 5k u x (v x w)= 

1 一 1 1 


-1 2 -1 


3 4 5 


-9i - 2j + 7k; 


(u . w)v — (u - y)w = —4(2i + j — 2k) — (—1)(—i + 2j — k) = —9i — 2j 十 7k 



i 

j k 


i 

j k 

(c) u X V = 

2 

1 0 

二 i — 2j — 4k => (u x v) x w = 

1 

-2 -4 


2 

-1 1 


1 

0 2 


(u . w)v — (v - w)u = 2(2i — j + k) _ 4(2i + j) = —4i — 6j + 2k; 



i j k 


i 

j k 

V X w = 

2 -1 1 

=—2i — 3j + k 4 u x (y x w)= 

2 

1 0 


1 0 2 


-2 

-3 1 


(u . w)v — (u - v)w = 2(2i — j + k) _ 3(i + 2k) = i — 2j — 4k 



i j k 


i j k 

(d) u x v = 

1 1 -2 

=—i + 3j + k (u x v) x w = 

-1 3 1 


-1 0 一 1 


2 4-2 


-4i - 6j + 2k; 


i - 2j - 4k; 


-lOi - 10k; 


13. n = l + 2i + 6k is normal to the plane x + 2y + 6z 




17. The formula is always true; u x [u x (u x y)J • w = u x [(u - v)u — (u • u)v] - w 
=[(u • v)u x u — (u . u)u x v] • w = — |u| 2 u x v • w = — |u| 2 u • v x w 


(u • w)v — (y - w)u = 10 (—i — k) — 0(i + j — 2k) — — lOi — 10k; 



i j k 


i j k 

x w = 

一 1 0 -1 

二 4i — 4j — 4k u x (v x w)= 

1 1 -2 


2 4-2 


4 -4 一 4 


-12i-4j - 8k; 


(u . w)v — (u - y)w = 10(—i — k) — l(2i + 4j — 2k) = — 12i — 4j — 8k 


u x (y x w) + v x (w x u) + w x (u x y) = (u • w)v — (u • v)w + (v - u)w — (v • w)u + (w • v)u — (w • u)y = 0 
[u * (v x i)]i + [(u - (y x j)]j + [(u - (v x k)]k = [(u x v) • i]i + [(u x v) • j]j + [(u x v) • k]k = u x y 
(u x y) • (w x r) = u • [v x (w x r)] = u • [(v • r)w — (v • w)r] = (u • w)(v • r) — (u • r)(y - w) 

U - W V - w 


r 

V 

r 

u 


\—/ \1/ \—/ 

ab c 

/l\ X_\ ^_\ 

6 . 
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18. If u = (cos a)i + (sin a)j and v = (cos /3)i + (sin /?)j , where /3 > a, then u x v = [|u| |y| sin (/? — a)] k 


i j k 

cos a sin a 0 
cos /? sin (3 0 

|u| = 1 and |y| = 1. 


(cos a sin /3 — sin a cos /?)k ^ sin (/3 — a) = cos a sin /? — sin a cos /3, since 


19. If u = ai + bj and y = ci + dj, then u • v = |u| |y| cos 0 => ac + bd = \/ a2 + b 2 \/c 2 + d 2 cos 6 
=> (ac + bd) 2 = (a 2 + b 2 ) (c 2 + d 2 ) cos 2 6 => (ac + bd) 2 < (a 2 + b 2 ) (c 2 + d 2 ) ， since cos 2 6 < l. 


20. w = proj v u 


M\r andr = u - y, = u - [mr 


21. |u + v| 2 = (u + v) • (u + y) = u • u + 2u • v + y • y < |u| 2 + 2 |u| |v| + |v| 2 = (|u| + |y|) 2 |u +v| < |u| + |v| 


22. Let a denote the angle between w and u, and f3 the angle between w and v. Let a = |u| and b 二 |v|. Then 

— w-u — (av + bu)-u — (av.u + bu-u) — (av-u + bu-u) — (av-u + ba 2 ) — v.u + ba 

COSQ； = RM = MM = |w| |u| = |w| |u| = Ha = > 

and likewise, cos (3 = u _^ ba . Since the angle between u and y is always < | and cos a = cos f3, we have 
that a = /3 ^ w bisects the angle between u and y. 


23. (ay + bu) • (bu — av) = av • bu + bu • bu — av • av — bu . av = bu • av + b 2 u • u — a 2 y • y — bu * av 
=b 2 a 2 — a 2 b 2 = 0, where a = |u| and b = |y| 


24. If u = ai + bj + ck, then u • u = a 2 + b 2 + c 2 > 0 and u-u = 0iffa = b = c = 0. 

25. (a) The vector from (0, d) to (kd, 0) is r k = kdi — dj 泠命 = 心乂 … 泠 命 = d2( 0 . The 

total force on the mass (0, d) due to the masses Qk for k = —n, —n + 1 ，... , n — 1 , n is 

17 _ GMm ( I GMm i — j i GMm 2i — j ^ , | GMm ( ni — j ^ , GMm / —i —j 、 

尤 — 十 i v^/T/ 十…十 wnw 十 "w ) 

I GMm ( — 2i — j ^ I I GMm ( — ni — j ^ 

+ -s¥~ 十 (n^+i)^ 

The i components cancel, giving 

- …一 (n2 + 1) “ 俨 ) j ^ the magnitude of the force is 

m(i+| ^). 

/ CO \ oo 

(b) Yes, it is finite: n ljm oo |F| = ^ ( 1 + W+W 1 ) is finite since £ (i2 + 2 1)3 /2 converges. 


26. (a) If x • y = 0, then x x (x x y) = (x • y)x — (x - x)y = —(x - x)y. This means that 


x ㊉ 歹 = 艾 + 歹+垚 




(-(x-x))y = x+ 1 - 


ixr 


c 4 — c 2 |x | 2 


y. Since x and y are 


orthogonal, then | 交 © 歹 | 2 = |x| 2 + 


JET 


c 2 + a/c 4 -c 2 |x | 2 


|y| 2 . A calculation will show that 


|x | 2 + 


|x | 2 


t 1 - 


c 2 + y c 4 — c 2 |x | 2 
\ 2 


c 2 = c 2 . Since |y| < c, then |y| 2 < c 2 so 




c 2 + a/c 4 — c 2 |x | 2 


|y| 2 < 


|x | 2 


c 2 + yc 4 — c 2 |x | 2 


c 2 . This means that 
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Chapter 12 Additional and Advanced Exercises 


I 交 ㊉ 歹 I 2 = | 交 |: 


H 2 


c 2 + a/c 4 — c 2 |x | 2 


|y| 2 <|x| 2 + 


间 2 


c 2 + v/c 4 — c 2 |x | 2 


We now have | 交 ㊉ 2 < c 2 , so | 充 ㊉ < c. 


(b) If x and y are parallel, then x x (x x y) = 6. This gives x ㊉ y = x+ /.> 

1 + 孑 


(i) If x and y have the same direction, then x ㊉ 歹 =] 
Since |y| < c, |x| < c, we have |y| ("l — —< c 


TWM 

c c 


and 




M 


今 |x| + |y|<c+aM =c ( 1 + M.f 




i —f) 今 |y|-M <c _| X | 

l x l + l 刃 < c. This means that |x ® y| < c. 


i+ 


WM 


(ii) If x and y have opposite directions, then x * y = — |x| |y| and X ㊉ 歹 =. 

Assume |x| > |y|, then ㊉ 歹 | = ^~^1| . Since |x| < c, we have |x| (l + <c(l + 學 : 
|x| + < c + |y| |x| — |y| < c — = c (1 


aia 


^ M<c. 




This means that |x 0 y| < c. A similar argument holds if |x| > |y|. 
( c ) c l™o 交 © 歹 = 交 + 歹 . 
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NOTES: 
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CHAPTER 13 VECTOR-VALUED FUNCTIONS 

AND MOTION IN SPACE 


13.1 VECTOR FUNCTIONS 

1. x = t + 1 and y = t 2 — 1 => y = (x — l) 2 — 1 = x 2 — 2x; y = ^ = i + 2tj =>• a=^=2j => y = i + 2j and a = 2j 


at t = 1 


2 . x = t 2 + 1 and y = 2t - 1 ^ x = ( 爭 ) 2 + 1 4 x = i (y + l) 2 + 1; v = | = 2ti + 2j a = f = 2i 

=> y = i + 2j and a = 2i at t = | 

3. x = e l and y = § e 2t ^ y = | x 2 ; y = | = e l i + | e 2t j ^ a = e l i+|e 2t j ^ y = 3i + 4j and a = 3i + 8 j att = In 3 

4. x = cos 2t and y = 3 sin 2t x 2 + ^y 2 = l;y=^ = (—2 sin 2t)i + (6 cos 2t)j a = ^ 

=(—4 cos 2t)i + (—12 sin 2t)j => v = 6j and a — — 4i at t = 0 

5. v = 莹 =(cos t)i — (sin t)j and a = 莹 =—(sin t)i — (cos t)j { 


=> fort= |,v(f) = ^i-^jand 
a (?) = ~ ^ j ； for t = I，v (I) = -j and 

a(|) = -i 




7. v = 室 =(1 — cos t)i + (sin t)j and a = 祭 


l ~ ^ v(tt) 



=(sin t)i + (cos t)j for t = 7r, v(7r) = 2i and a(7r) = — j 



8. v = 莹 =i + 2tj and a = ^ = 2j for t = —1, 
y(—1) = i — 2j and a(— 1) = 2j ; for t = 0, y(0) = i and 
a(0) = 2j ; for t = 1, v(l) = i + 2j and a(l) = 2j 


1 = 
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826 Chapter 13 Vector-Valued Functions and Motion in Space 


9. r = (t + l)i + (t 2 — 1) j + 2tk 泠 v = I = i + 2tj + 2k a = = 2j ; Speed: |v(l)| = ^/l 2 + (2(1)) 2 + 2 2 = 3; 

Direction: 蟲 = i + 2(1 3 )j + 2k = • i + - j + | k v(l) = 3 Q i + | j + f k) 

10 . r = (l+t)i + 長 j+fk 今 v=|=i+^j + t 2 k ^ a = § = ^j + 2 tk; Speed: |v(l)| 

I Z 7~2 i I 2 ⑴ i I 

= V 12 + (^) + (! 2 ) 2 = 2 ； Direction: 晶 = —— = l i+ ^j + l k ^ v( i) 

= 2 (2 i + 2 k ) 

11. r = (2 cos t)i + (3 sin t)j + 4tk => v = 室 = (—2 sin t)i + (3 cos t)j + 4k => a = 祭 =(—2 cos t)i — (3 sin t)j ; 
Speed: |v (I) I = yj (-2 sin |) 2 + (3 cos |) 2 + 4 2 = 2y ^； Direction: ^|||| 

=(- 2 ^ sin f)i + ( 2 ^ cos f) j + 2 ^k = -^i + ^k ^ v(f) = 2 V^(-*i+*k) 

12 . r = (sec t)i + (tan t)j + | tk => v = 莹 =(sec t tan t)i + (sec 2 1 ) j + | k =»• a = 祭 

=(sec t tan 2 1 + sec 3 1 ) i + (2 sec 2 1 tan t) j ; Speed: |y (|) | = yj (sec | tan |) 2 + (sec 2 |) 2 + (|) 2 = 2 ; 

Direction ： ^ = (sec I tan |) i+(sec^ g) j + = i i+ 2 j+ | k 今 v (|) = 2 (i i + | j + | k) 

13 . r = (2 In (t + l))i + t 2 j + ^ k \ = ^ = (^y) i + 2 tj + tk => a = ^ = {\.+ \) 2 i + 2 j + k; 

Speed: |v(l)| = ^ (^) 2 + ( 2 ( 1)) 2 + l 2 = y/ 6 \ Direction: ^ = ( 1 + 1 ) 二如 ⑴*" 

= 75 i+ 7i j + 75 k ^ v(l) = V6(^i+^j + ^k) 


14. r = (e _t ) i + (2 cos 3t)j + (2 sin 3t)k \ = -^ = (—e _t ) i — (6 sin 3t)j + (6 cos 3t)k ^ a 
=(e _t ) i — (18 cos 3t)j — (18 sin 3t)k; Speed: |y(0)| 


dt 2 


(-e°) + [-6 sin 3(0)] 2 


Direction: 識 = (- 作 - 他 ， + -_ = — * 彳 




[6 cos 3(0)] 2 = a/37 ； 

k) 


15. v = 3i + v^j + 2tkand a = 2k 泠 v(0) = 3i+ V^j and a(0) = 2k 泠 |v(0)| :如 + + 0 2 = s/u&nA 

|a(0)| = = 2; v(0) - a(0) = 0 => cos 0 = 0 4 6» = f 

16. v= - 32t) j and a = -32j 今 v(0) = ^i+^jand a(0) = -32j ^ |v(0)| = \j + (^f ) 2 

=1 and |a(0)| = ^(-32) 2 = 32; v(0) • a(0) = (f) (-32) = -\ 6^2 ^ cos 0 = = 一 f * 

17 - v = (pfr)i+ (pTl)j +t(t 2 + l) _1/2 kanda= [^ji] i - [^7] j + [^371] k ^ v(0) = j and 
a(0) = 2i + k 今 |v(0)| = 1 and |a(0)| = ^ 2 2 + l 2 = ^5; v(0) - a(0) = 0^-cos6» = 0^6»=| 

18. v= 營 (1 +t>" 2 i- 營 (1 - t)" 2 j + i k and a = | (1 + t)" 1 / 2 i + i (1 - t)" 1 / 2 j ^ v(0) = |i - |j + ^kand 

a ⑼ =I i + I j => |v(0)| = \J 、\丫 + (- j) 2 + Q) 2 = 1 and |a(0)| = \j (|) 2 + (|) 2 = 幸； v(0) • a ⑼ =| - | 

= 0 cos ^ = 0 ^ — \ 
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19. v = (1 — cos t)i + (sin t)j and a = (sin t)i + (cos t)j => y * a = (sin t)(l — cos t) + (sin t)(cos t) = sin t. Thus, 
v • a = 0 4 sin t = 0 =>■ t = 0 , 丌 ， or 2 丌 

20 . v = (cos t)i + j — (sin t)k and a 二（一 sin t)i — (cos t)k ^ v • a 二 一 sin t cos t + sin t cos t = 0 for all t > 0 

21. 上 [t 3 i + 7j + (t + l)k] dt = ^ ^ + t ^k=^；i + 7j+|k 

22 . 上 [(6 — 6 t)i + 3\Aj + ( 含） k] dt = [ 6 t — 3t 2 ]; i + [ 2 t 3 ’ 2 ] x j + [—4t _1 ] ? k = —3i + — 2 ) j + 2 k 

23. J」 /4 [(sin t)i + (1 + cos t)j + (sec 2 1 ) k] dt = [— cos t] i + [t + sin t ] :’二 j + [tan tC /4 k 
=( !L± |^) j + 2 k 

(sec t tan t)i + (tan t)j + (2 sin t cos t) k] dt = [(sec t tan t)i + (tan t)j + (sin 2 t)k] dt 
=[sec t] o /3 i+ [-ln(cost)]g /3 j + [- ! cos 2 t] k = i + (In 2 )j + | k 

25. (y i + 5 -zi j + — k) dt = = [In t] j i + [— In (5 — t)] j j + [| In t] = (In 4)i + (In 4)j + (In 2)k 

26 . 上 ( t2 i + j ^2 k) dt = [2 sin- 1 1] 0 i + \/3 tan- 1 1 〕 k = 7 ri + k 

27. r = f (-d — tj — tk) dt = ，岑 i — f j _ § k + C; r(0) = Oi - Oj — Ok + C = i + 2j + 3k 今 C = i + 2j + 3k 

今 r = (一 I + 1) i + (一 I + 2) j + ( 一！ + 3) k 

28. r= f [(180t)i+ (180t — 16t 2 )j] dt = 90t 2 i + (90t 2 - f t 3 ) j + C; r(0) = 90(0) 2 i + [90(0) 2 - f (0) 3 ] j + C 
=lOOj 今 C = lOOj 今 r = 90t 2 i + (90t 2 - f t 3 + 100) j 

29. r=/[(|(t+l) 1 /2) i + e -.j + (+) k] dt = (t + 1)3/2 i-e-'j + ln(t+l)k + C; 
r(0) = (0 + l) 3 / 2 i - e-°j + ln(0 + l)k + C = k C = -i+j + k 

冷 r = [(t+ 1) 3 / 2 —l]i+(l—e-t)j + [l+ln(t+l)]k 

30. r= / [(t 3 +4t)i + tj + 2t 2 k]dt= (g+2t 2 )i+!j+f k+C;r(0)= [^ + 2(0) 2 ] i + f j + ^ k + C 
= i+j ^ C = i+j ^ r = (^+2t 2 + l)i+(| + l)j+fk 

31. f t = /(—32k) dt=—32114 + (^; |(0) = 8i + 8j 泠 一 32(0)k + Q = 8i + 8j 泠 Ci = 8i + 8j 
泠 I = 8i + 8j - 32tk ;r = / (8i + 8j — 32tk) dt = 8ti + 8tj — 16t 2 k + C 2 ; r(0) = 100k 

泠 8(0)i + 8(0)j - 16(0) 2 k + C 2 = 100 k 泠 C 2 = 100 k 泠 r = 8 ti + 8 tj + (100 - 16t 2 ) k 

32 . 室 =^ — (i + j + k) dt = — (ti + tj + tk) + Ci; 塞 (P) = 0 =>■ — (Oi + Oj + Ok) + Ci = 0 => Ci = 0 

=> 室 =—(ti + tj + tk ); r = f —(ti + tj + tk) dt = — “ i+*j + * k) + C 2 ; r(0) = lOi + lOj + 10k 

— i + + j + i k) + C 2 = lOi + lOj + 10k 4 C 2 = lOi + lOj + 10k 
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^ r = (- ! + 10) i + (— ! + 10) j + (― I + 10) k 

33. rO；) = (sin t)i + (t 2 — cos t) j + e l k => v(^t) = (cos t)i + (2t + sin t)j + e l k; t。= 0 4 y(to) = i + k and 
r(to) = Po = (0 ，一 1,1) =>• x = 0 + t = t, y = —1, and z = 1 + t are parametric equations of the tangent line 

34. r ⑴ =(2 sin t)i + (2 cos t) j + 5tk ^ v ⑴ =(2 cos t)i — (2 sin t)j + 5k; to = 47r => y(to) = 2i + 5k and 

r(to) = Po = (0,2,207r) x = 0 + 2t = 2t, y = 2, and z = 20 丌 + 5t are parametric equations of the tangent line 

35. r ⑴ =(a sin t)i + (a cos t) j + btk ^ v ⑴ =(a cos t)i — (a sin t)j + bk; t。= 2 兀 => y(to) = ai + bk and 

r(to) = Po = (0, a, 2b7r) x 二 0 + at = at, y = a, and z = 27rb + bt are parametric equations of the tangent line 

36. r ⑴ =(cos t)i + (sin t) j + (sin 2t)k =>• v ⑴ =(—sin t)i + (cos t)j + (2 cos 2t)k ；to = I y(to) = —i — 2k and 
r(to) = Pq = (0, 1 ， 0) x = 0 — t = — t, y = 1, and z = 0 — 2t = — 2t are parametric equations of the tangent line 


37. (a) y(t) = 一 (sin t)i + (cos t)j => a(t) = — (cos t)i — (sin t)j ; 

(i) |v(t)| = (—sin t) 2 + (cos t) 2 = 1 => constant speed; 

(ii) v • a = (sin t)(cos t) — (cos t)(sin t) 二 0 4 yes, orthogonal; 

(iii) counterclockwise movement; 

(iv) yes, r(0) = i + Oj 

(b) v(t) = — (2 sin 2t)i + (2 cos 2t)j ^ a(t) = — (4 cos 2t)i — (4 sin 2t)j; 

(i) |y(t)| = \J4 sin 2 2t + 4 cos 2 2t = 2 => constant speed; 

(ii) y - a = 8 sin 2t cos 2t — 8 cos 2t sin 2t = 0 => yes, orthogonal; 

(iii) counterclockwise movement; 

(iv) yes, r(0) = i + Oj 

(c) v(t) = _ sin (t — I) i + cos (t - |) j a(t) = _ cos (t _ |) i — sin (t — |) j ; 

(i) |v(t)| = yj sin 2 (t — |) + cos 2 (t — |) = l ^ constant speed; 

(ii) y * a = sin (t — I) cos (t — |) — cos (t — |) sin (t — |) = 0 => yes, orthogonal; 

(iii) counterclockwise movement; 

(iv) no, r(0) = Oi — j instead of i + Oj 

(d) v(t) = — (sin t)i — (cos t)j =>• a(t) = — (cos t)i + (sin t)j ; 

(i) |v(t)| = (—sin t) 2 + (— cos t) 2 = 1 =>• constant speed; 

(ii) v • a = (sin t)(cos t) — (cos t)(sin t) 二 0 4 yes, orthogonal; 

(iii) clockwise movement; 

(iv) yes, r(0) = i - Oj 

(e) y(t) = — (2t sin t)i + (2t cos t)j => 日 ⑴ =—(2 sin t + 2t cos t)i + (2 cos t — 2t sin t)j ; 

(i) |v ⑴ I = [—(2i sin t) ] 2 + (2t cos t) 2 = "\/4t 2 (sin 2 1 + cos 2 1) = 2|t| = 2t, t > 0 

=> variable speed; 

(ii) y • a = 4 (t sin 2 1 + t 2 sin t cos t) + 4 (t cos 2 1 — t 2 cos t sin t) = 4t / 0 in general 

=>■ not orthogonal in general; 

(iii) counterclockwise movement; 

(iv) yes, r(0) = i + 0j 


38. Let p = 2i + 2j + k denote the position vector of the point (2, 2, 1) and let, u = T2^T2 iandy= T3 i+ 73 : 

Then r(t) = p + (cos t)u + (sin t)y. Note that (2,2,1) is a point on the plane and n = i + j — 2k is normal to 
the plane. Moreover, u and y are orthogonal unit vectors with u-n = y- n = 0 => u and y are parallel to the 
plane. Therefore, r(t) identifies a point that lies in the plane for each t. Also, for each t, (cos t)u + (sin t)v 
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is a unit vector. Starting at the point (2+ 2 — lj the vector r(t) traces out a circle of radius 1 and 

center (2,2,1) in the plane x + y — 2z = 2. 

39. 寮 =a = 3i — j + k v ⑴ = 3d — tj + tk + Ci; the particle travels in the direction of the vector 

(4 — l)i + (1 — 2)j + (4 — 3)k = 3i — j + k (since it travels in a straight line), and at time t 二 0 it has speed 

2 今 灿 ) =WTITT (3i-j + k) = Cl ^ ^ = v(t) =(3t+^ T )i-(t+^ T )j+(t+^ T )k 
^ r(t) = (| t 2 + l ) i - (I t2 + ☆ t) j + (- t2 + ☆ t) k + C 2 ; r ( 0 ) = i + 2j + 3k = C 2 

今 r ⑴ =(i t2 + ^T t + 1 ) i -G t2 + ^T t - 2 )j+(i t2 + ^T t + 3 ) k 

— t 2 + （3i — j + k) + (i + 2j + 3k) 

40. g=a = 2i+j + k v ⑴ = 2ti + tj + tk + Ci; the particle travels in the direction of the vector 

(3 — l)i + (0 — (—l))j + (3 — 2)k = 2i + j + k (since it travels in a straight line), and at time t = 0 it has speed 2 

^ v(0)= y 4 +i + i (2i + j + k) = Cl 今 f = v ( t)= ( 2t+ 7e) i+ ( t+ 7e) j + ( t+ 7e) k 

今 r (t) =(t 2 + 含 t)i+0t 2 + S t )j+() t 2 + 泰 t)k + C 2; r(0) = i-j + 2k = C 2 

^ r(t)=(t 2 + ^t+l)i+(|t 2 + $t—l)j+(|t 2 + it + 2)k=(*t 2 + it)(2i+j + k) + (i-j + 2k) 


41. The velocity vector is tangent to the graph of y 2 = 
component. Now, y 2 = 2x =>• 2y 裝二 2 4 裝 

vector i + I j ^ the velocity vector is v = 



2x at the point (2,2), has length 5, and a positive i 
( > = 為 =! => the tangent vector lies in the direction of the 


(1+。)=南(1+1』)= 2 々+^ 


42. (a) 



(b) v = (1 — cos t)i + (sin t)j and a = (sin t)i + (cos t)j ; |y| 2 = (1 — cos t) 2 + sin 2 1 = 2 — 2 cos t 4 |y| 2 is at a max 
when cos t=—1 t = 7r, 37t, 5n, etc., and at these values of t, |v| 2 = 4 =>• max |y| = V^ = 2；| V | 2 is at a min 
when cos t = 1 =>• t = 0, 2丌, 4丌, etc., and at these values of t, |v| 2 = 0 min |v| = 0; |a| 2 = sin 2 1 + cos 2 1 = 1 
for every t => max |a| = min |a| = \/I = 1 

43. y = (—3 sin t)j + (2 cos t)k and a = (—3 cos t)j — (2 sin t)k ； |y| 2 = 9 sin 2 1 + 4 cos 2 t => ^ (|y| 2 ) 

=18 sin t cos t — 8 cos t sin t = 10 sin t cos t; ^ (|y| 2 ) = 0 10 sin t cos t = 0 ^ sin t = 0 or cos t = 0 

4 t = 0,7rort = I，When t = 0,7r, |y| 2 = 4 ^ |y| = — 2; when t = ! ，誓， |v| = = 3. 

Therefore max |v| is 3 when t = !，夸， and min |v| = 2 when t = 0, 7r. Next, |a| 2 =9 cos 2 1 + 4 sin 2 1 
=> ^ (|a| 2 ) = —18 cos t sin t + 8 sin t cos t = —10 sin t cos t; ^ (|a| 2 ) = 0 —10 sin t cos t = 0 sin t = 0 or 

cos t = 0 ^ t = 0, 7r or t = !，夸 . When t = 0, 7r，|a| 2 = 9 ^ |a| = 3; when t = !，夸， |a| 2 = 4 ^ |a| = 2. 
Therefore, max |a| = 3 when t = 0,丌, and min |a| = 2 when t = !， 夸. 
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44. (a) r(t) = (ro cos 0)\ + (r。sin 沒 ) j , and the distance traveled along the circle in time t is vt (rate times time) 
which equals the circular arc length ro^ ^ ^ ^ r(t) = (ro cos g) i + (ro sin g) j 

(b) v(t) = I = (-v sin ^)i+(vcos^)j ^ a(t) = | ^ cos i + (- ^ sin j 

=—I j(r 0 cos g) i + (r 0 sin j = 一 J r(t) 

(C) F = ma ^ J)r 今 — —穿今 V 2 = 訾 

(d) T is the time for the satellite to complete one full orbit ^ vT = circumference of circle vT = 2tttq 

(e) Substitute v = 争 into v 2 — I^q. — T 2 = 4 T 2 is proportional to since ^ is a 

constant 


45. ^(y-y) = y- ^ + ^- y = 2y- ^= 2- 0 = 0 ^ y • y is a constant |y| = yjy - y is constant 

46. (a) I (u • v x w)= 莹 • (v x w) + u •去 (v x w)= 莹 • (v x w) + u •(莹 x w + v x 莹 ) 

=^ • (v x w) + u •寮 x w + u-v x ^ 

(b) Each of the determinants is equivalent to each expression in Eq. 7 in part (a) because of the formual in Section 12.4 
expressing the triple scalar product as a determinant. 

47. |[r-(|xf)] =|-(|xf)+r-(f xf)+r.(|x§)=r.(|xf),sinceA-(AxB) = 0 
and A • (B x B) = 0 for any vectors A and B 

48. u = C = ai + bj + ck with a, b, creal constants => ^ = ^i+^j + ^k = 0i + 0j + 0k = 0 


49. (a) u = f(t)i + g(t)j + h(t)k 今 cu = cf(t)i + cg(t)j + ch(t)k => ^ (cu) = cfi + c 莹 j + cfk 

= c(^i+|j + fk)=c^ 

(b) /u =/f(t)i +/g(t)j +/h(t)k ^ |(fu)= [f f(t) +/|] i + [f g(t) +/|]j+ [|Kt)+/f]k 
= |[f(t)i + g(t)j+ h ⑴ k] +/[fi+fj + fk] =|u+/f 


50. Let u = fi(t)i + f 2 (t)j + f 3 (t)k and v = gi(t)i + g 2 (t)j + g 3 (t)k. Then 
u + v= _ + gi(t)]i + _ + g 2 (t)]j + _ + g 3 (t)]k 
今 |(U + V) = 的 (t) + gi ⑴] i + 闽 (t) + g ， 2 (t)]j + [■ + g ， 3 (t)]k 

=[f{(t)i + f ⑻ j + f 糾 k] + [gi(t)i + g^(t)j + g ， 3 (t)k ]= 莹 + 莹； 

U-V= _) - gl(t)]i + _ - g 2 (t)]j + [f 3 (t) - g 3 (t)]k 

泠塞 (u - V) = 的⑴ -gi ⑴] i + _ - g ， 2 (t)]j + 的 (t) 一 g 冰 )] k 
=+ f ⑽ + — [g ； (t)i + g ； (t)j + g ， 3 (t)k] = f t - f t 


51. Suppose r is continuous at t = to. Then lim r(t) = r(to ) 公 lim [f(t)i + g(t)j + h(t)k] 

t ^ to t ^ to 

=f(to)i + g(to)j + h(to)k •<=> lim f(t) = f(t 0 ), lim g(t) = g(t 0 ), and lim h(t) = h(to ) 分 f, g, and h are 

t ^ to t ^ to t ^ to 

continuous at t = to. 


52 . 


t lim o Lr l( t) X r 2 (t)]= 


i 

j 

k 


i j k 

fiw 

f 2 (t) 

f 3 (t) 

= 

lim fi(t) lim f 2 (t) lim f 3 (t) 

t — to t — to t — t 0 

gi® 

g2(t) 

g3(t) 


lim gi(t) lim g 2 (t) lim g 3 (t) 

t ^ to t to t ^ to 


=lim ri(t) x lim r 2 (t) = A x B 

t 4 to t ^ to 
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53. r’(to) exists => f’(to)i + g’(to)j + h’(to)k exists => f’(to )， g’(to) ， h’(to) all exist 4 f, g, and h are continuous at 
t = to ^ r(t) is continuous at t = to 


54. (a) / b kr(t)dt= / [kf(t)i + kg(t)j + kh(t)k] dt = f [kf(t)] dti + f [kg(t)] dt j + / _] 

u a a a a a 


dtk 


f(t)dti 


g(t)dtj + / h(t)dtk =k / r(t) dt 


(b) 


_) 士 r 2 (t)]dt = J a ([fi(t)i + gi(t)j + hi(t)k] ± [f 2 (t)i + g 2 (t)j + h 2 (t)k]) dt 
f: ([fi ⑴土 f 2 (t)]i+ fcW 士 g 2 (t)]j + [hi(t) ± h 2 (t)]k) dt 

f: ^(t) ± f 2 (t)] dti + £ [ gl (t)± g 2 «] dtj + £ 叫⑴ ± h 2 (t)] dtk 


fi(t)dti 士 f 2 (t) dti 


gi(t)dtj± I g 2 (t) dt j 


hdt；) dtk 土 f h 2 (t)dtk 


=I ri(t)dt± I r 2 (t)dt 

U a u a 

(c) Let C = cii + c 2 j + c 3 k. Then 上 C • r ⑴ dt = 上 [cif(t) + c 2 g(t) + c 3 h(t)] dt 
=ci f f(t) dt + c 2 f g(t) dt + c 3 f h(t) dt = C- f r(t) dt; 

U a o a U a U a 

J a C x r(t) dt = J a [c 2 h(t) - c 3 g(t)] i + [c 3 f(t) - cih(t)]j + [cig(t) - c 2 f(t)] k dt 


c 2 丨 h(t)dt-c 3 I g ⑴ dt 


C 3 广 f(t) dt - ci fh(t) dt 

U a U a 


Cl I g(t)dt-c 2 / f(t) dt 


Cx / r(t) dt 


55. (a) Let u and r be continuous on [a, b]. Then ^lim u(t)r(t) = ^lim [u(t)f(t)i + u(t)g(t)j + u(t)h(t)k] 

=u(t 0 )f(t 0 )i + u(t 0 )g(t 0 )j + u(t 0 )h(t 0 )k = u(t 0 )r(t 0 ) ^ ur is continuous for every to in [a, b]. 

(b) Let u and r be differentiable. Then 羞 (ur) = ^ [u(t)f(t)i + u(t)g(t)j + u(t)h(t)k] 

= (tm+m gw + U (t) f )j + h (t ) + u ( t) f t ) k 

=[f(t)i + g(t)j + h(t)k]^+u(t) (I i + I j + 莹 k) = i ■莹 + u 莹 

56. (a) If Ri(t) and R 2 (t) have identical derivatives on I, then ^ = 醬 i + 普 j + ^k = 管 i + 管 j + 警 k 

=^ 眷 = 眷，警 = 誓，暫 = 警 4 fl(t) = + Cl ， gl(t) = g 2 (t) + C 2 , hi(t) = h 2 ⑴ + C 3 

fi(t)i + gi(t)j + hKt)k = [f 2 (t) + cji + [g 2 ⑴ + C 2 ]j + [h 2 ⑴ + c 3 ]k ^ Ri(t) = R 2 ⑴ + C，where 
C = cii + c 2 j + c 3 k. 

(b) Let R(t) be an antiderivative of r(t) on I. Then R’(t) = r(t). If U(t) is an antiderivative of r(t) on I, then 
U’(t) = r(t). Thus lT(t) = R^Oonl U(t) = R(t) + C. 


57. 


S r 1 ■⑺ dr = 羞 £ [ f ⑺ i + g ⑺ j + h(r)k] dr = | f:f(T) dri+| £'g(r) dr j + h(r) drk 

=f(t)i + g(t)j + h(t)k = r(t). Since ^ r(r) dr = r(t)，we have that r(r) dr is an antiderivative of 


If R is any antiderivative of r, then R ⑴ =r(r) dr + C by Exercise 56(b). Then R{a) = f r(r) dr + C 
:0 + C 今 C = R(a) ^ f r(T) dT = R(t) - C = R® - R(a) 4 广 r ⑺ dr = R(b) - R(a). 


58-61. Example CAS commands: 

Maple: 

> with( plots); 

r := t -> [sin(t)-t*cos(t),cos(t)+t*sin(t),t A 2]; 
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to := 3*Pi/2 ； 
lo := 0; 
hi := 6*Pi; 

PI := spacecurve( r(t), t=lo..hi, axes=boxed, thickness=3 ): 
display( PI, title= M #58(a) (Section 13.1) M ); 

Dr := unapply( diff(r(t),t), t); # (b) 

Dr(tO); #(c) 

ql := expand( r(t0) + Dr(t0)*(t-t0)); 

T := unapply( ql, t); 

P2 := spacecurve( T(t), t=lo..hi, axes=boxed, thickness=3, color=black): 
display( [P1,P2], title="#58(d) (Section 13.1 )’’）； 

62-63. Example CAS commands: 

Maple: 

a ：= 'a'; b := 'b'; 

r := (a,b,t) -> [cos(a*t),sin(a*t),b*t]; 

Dr := unapply( diff(r(a,b,t),t), (a,b,t)); 
tO := 3*Pi/2; 

ql := expand( r(a,b,t0) + Dr(a,b,t0)*(t-t0)); 

T := unapply( ql, (a,b,t)); 
lo := 0; 
hi := 4*Pi; 

P:= NULL: 

for a in [ 1, 2, 4, 6 ] do 

PI := spacecurve( r(a,l,t), t=lo..hi, thickness=3 ): 

P2 := spacecurve( T(a,l,t), t=lo"hi, thickness=3, color=black): 

P := P, display( [P1,P2], axes=boxed, title=sprintf("#62 (Section 13.1)\n a=%a",a)); 
end do: 

display([P], insequence=true ); 


58-63. Example CAS commands: 

Mathematica: (assigned functions, parameters, and intervals will vary) 

The x-y-z components for the curve are entered as a list of functions of t. The unit vectors i, j, k are not inserted. 
If a graph is too small, highlight it and drag out a corner or side to make it larger. 

Only the components of r[t] and values for tO, tmin, and tmax require alteration for each problem. 

Clear[r, v, t, x, y, z] 

r[t_]={ Sin[t] — t Cos[t], Cos[t] + t Sin[t], t2} 
t0= 3tt / 2; tmin= 0; tmax= 6n; 

ParametricPlot3D[Evaluate[r[t]], {t, train, tmax}, AxesLabel —> {x, y, z}]; 
v[t_]=r'[t] 

tanline [t_]= v[t0] t + r[t0] 

ParametricPlot3D[Evaluate[{r[t], tanline[t]}], {t, tmin, tmax}, AxesLabel —> {x, y, z}]; 

For 62 and 63, the curve can be defined as a function of t, a, and b. Leave a space between a and t and b and t. 
Clear[r, v, t, x, y, z, a, b] 
r[t_,a_,b_]:={Cos[a t], Sin[a t], b t} 
t0= 37r / 2; tmin= 0; tmax= 4 丌； 
v[t_,a_,b_]= D[r[t, a, b], t] 
tanline[t_,a_,b_] =v[tO, a, b] t + r[t0, a, b] 

pal=ParametricPlot3D[Evaluate[{r[t, 1, 1], tanline[t, 1, 1]}], {t,tmin, tmax}, AxesLabel ^ {x, y, z}]; 
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pa2=ParametricPlot3D[Evaluate[{r[t, 2, 1], tanline[t, 2, 1]}], {t,tmin, tmax}, AxesLabel ^ {x, y, z}]; 

pa4=ParametricPlot3D[Evaluate[{r[t, 4, 1], tanline[t, 4, 1]}], {t,tmin, tmax}, AxesLabel ^ {x, y, z}]; 

pa6=ParametricPlot3D[Evaluate[{r[t, 6, 1], tanline[t, 6, 1]}], {t,tmin, tmax}, AxesLabel ^ {x, y, z}]; 

Show [Graphic s Array [{pa 1, pa2, pa4, pa6}]] 


13.2 MODELING PROJECTILE MOTION 


(vo cos a)t (21 km)( ^^ 11 ) = (840 m/s)(cos 60°)t 




21,000 m 
(840 m/s)(cos 60 。） 


50 seconds 


2. R=Jsin2aand maximum R occurs when a 
泠 v Q = ^/(9.8)(24,500) m 2 /s 2 二 490 m/s 


45° ^ 24.5 km : 


^)( sin90 °) 


3. (a) t= = 2 („ n45 。) « 72.2 seconds; R : 


f sin 2a = (sin 90 。 ) 》 25,510.2 m 


(b) x = (v 0 cos a)t => 5000 m = (500 m/s)(cos 45°)t => 


9.8 m/s 2 

5000 m 


(500 m/s)(cos 45。) 


« 14.14 s; thus, 


y = (v 0 sin a)t — ^ gt 2 =>• y « (500 m/s)(sin 45°)(14.14 s) — | (9.8 m/s 2 ) (14.14 s) 2 « 4020 m 


(c) 


一（ V。 sin a) 2 

= ^ 5 ^ 


((500 m/s)(sin 45。)) 2 
2 (9.8 m/s 2 ) 


« 6378 m 


4. y = y 0 + (v 0 sin a)t — | gt 2 y = 32 ft + (32 ft/sec)(sin 30°)t — \ (32 ft/sec 2 ) t 2 y = 32 + 16t — 16t 2 ; 
the ball hits the ground when y 二 0 => 0 = 32+ 16t — 16t 2 => t=—lort = 2 => i = 2 sec since t > 0; thus, 
x = (v 0 cosa)t X = (32 ft/sec)(cos 30°)t = 32 (2) « 55.4 ft 


5. x = x 0 + (v 0 cos a)t = 0 + (44 cos 45°)t = 22^/lX and y = yo + (v 0 sin a)t — | gt 2 = 6.5 + (44 sin 45°)t — 16t 2 
= 6.5 + 22\/2t — 16t 2 ; the shot lands when y = 0 => t = 22 ‘968 + 416 K 2.135 S ec since t > 0; thus 
x = 22v^t « (22^2j (2.135) « 66.43 ft 


6 . x = 0 + (44 cos 40°)t « 33.706t and y = 6.5 + (44 sin 40°)t - 16t 2 « 6.5 + 28.283t - 16t 2 ; y = 0 
泠 t « 28.283+ V(28.283y+4I6 _ j 9735 sec s i nce t > 0; thus x « (33.706)(1.9735) « 66.52 ft 泠 the 
difference in distances is about 66.52 — 66.43 = 0.09 ft or about 1 inch 


7. (a) R = . sin 2a 10 m = ( 9 8 ^ 8 2 ) (sin 90°) =>■ Vq = 98 m 2 s 2 => v 0 ~ 9.9 m/s; 

(b) 6m » (sin 2a ) 泠 sin 2a « 0.59999 ^ 2a » 36.87。or 143.12 。 泠 18.4° or 71.6° 

8. Vo = 5 x 10 6 m/s and x = 40 cm = 0.4 m; thus x = (vq cos a)t ^ 0.4m = (5 x 10 6 m/s) (cos 0°)t 
4 t = 0.08 x 10 -6 s = 8 x 10 -8 s; also, y = y 0 + (v 0 sin a)t — ! gt 2 

今 y = (5 x 10 6 m/s) (sin 0。）（8 x 10~ 8 s) — | (9.8 m/s 2 ) (8 x 10~ 8 s) 2 = —3.136 x 10— 14 m or 
—3.136 x 10— 12 cm. Therefore, it drops 3.136 x 10 -12 cm. 


9. R = I sin 2a ^ 3(248.8) ft = (sin 18 。） ^ vg « 77,292.84 ft 2 /sec 2 ^ v 0 « 278.02 ft/sec « 190 mph 


10. v 0 =ft/sec and R = 200 ft 泠 200 


( 80y/I5 、 


32 J (sin 2a) ^ sin 2a = 0.9 ^ 2a ^ 64.2° => a s 32.1 。； or 

[f^^)(sin 32.1 0 )] 2 

2a ^ 115.8° ^ a « 57.9 。； If a « 32.1°, y max = LV J 2(32) —— 31.4 ft. If a s 57.9。，« 79.7 ft > 75 ft. In 
order to reach the cushion, the angle of elevation will need to be about 32.1°. At this angle, the circus performer will go 
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31.4 ft into the air at maximum height and will not strike the 75 ft high ceiling. 

11. x = (vq cos a)t => 135 ft = (90 ft/sec)(cos 30°)t t « 1.732 sec; y = (vo sin a)t — \ gt 2 

令 y ^ (90 ft/sec)(sin 30°)(1.732 sec) - | (32 ft/sec 2 ) (1.732 sec ) 2 ^ 29.94 ft o the golf ball will clip 

the leaves at the top 

12. V。 = 116 ft/sec, a = 45°, and x = (v。cos a)t 

=> 369 = (116 cos 45°)t 4 t « 4.50 sec; 
also y = (Vq sin a)t — ^ gt 2 
^ y = (116 sin 45°)(4.50) - i (32)(4.50) 2 
« 45.11 ft. It will take the ball 4.50 sec to travel 
369 ft. At that time the ball will be 45.11 ft in 
the air and will hit the green past the pin. 

13. We do part b first. 

(b) x = (vo cos a)t =»■ 315 ft = (Vo cos 20°)t Vo = tc H ; also y = (vo sin a)t — | gt 2 

^ 34 ft = (t sin 20°) - I (32)t 2 4 34 = 315 tan 20 。 一 16t 2 ^ t 2 ^ 5.04 sec 2 ^ 2.25 sec 

⑻ y 0 = (2.25XCOS20°) ~ 149 ft/seC 

14. R = 譬 sin 2a = I (2 sin a cos a) = ^ [2 cos (90 。一 a) sin (90 。 參 )] = 譬 [sin 2(90 。一 a)] 

15. R = ^ sin 2a 16,000 m = sin 2a 泠 sin 2a = 0.98 2a « 78.5。or 2a « 101.5° 泠 a « 39.3° 

or 50.7° 


Pin 



16. (a) R = sin 2a = 亨 sin 2a = 4 ( 兮 sin or 4 times the original range. 

(b) Now, let the initial range be R = y sin 2a. Then we want the factor p so that pvo will double the range 

sin 2a = 2 sin 2a^ =>• p 2 = 2 =>■ p = 2 or about 141%. The same percentage will approximately 

double the height: = a ) — 2 ( Vo = … p 2 = 2 p 二 \J~2. 

17. x = x 0 + (vo cos a)t = 0 + (vo cos 40°)t « 0.766 vot and y = yo + (vo sin a)t — | gt 2 = 6.5 + (vo sin 40°)t — 16t 2 

a 6.5 + 0.643 vot — 16t 2 ; now the shot went 73.833 ft ^ 73.833 = 0.766 vot => t « 96 v : 83 sec; the shot lands 

when y = 0 玲 0 = 6.5 + (0.643)(96.383) - 16 泠 0 « 68.474 — Vo « ^^§1 

« 46.6 ft/sec, the shot's initial speed 

18. y max = ^ ly ma x =and y = (v 0 sin a )t - | gt 2 4 池奢逆 = (Vo sin a)t _ ! # 

^ 3( Vo sin a) 2 = (8gVo sin a)t — 4g 2 t 2 =>• 4g 2 t 2 — (8gVo sin a)t + 3 (vq sin a) 2 = 0 2gt — 3vo sin o ： = 0 or 

2gt — v 0 sin a = 0 泠 t = ort= . Since the time it takes to reach y max is t max = ， 

then the time it takes the projectile to reach | of y max is the shorter time t = VQ ^ ^ or half the time it takes 
to reach the maximum height. 

19. § = f (~gj) dt = -gtj + Ci and f (0) = (v 0 cos a)i + (v 0 sin a)j => -g(0)j + Ci = (v 0 cos a)i + (v 0 sin a)j 
4 Ci = (v 0 cos a)i + (v 0 sin a)j > 塞 =(v 0 cos a)i + (v 0 sin a - gt)j ; r = f [(v 0 cos a)i + (v 0 sin a - gt)j] dt 
=(v 0 t cos a)i + (v 0 t sin a — I gt 2 ) j + C 2 and r(0) = x 0 i + y 0 j ^ [v 0 ( ； 0) cos a]i + [v 0 (0) sin a - | g(0) 2 ] j + C 2 
= x 0 i + y 0 j ^ C 2 = x 0 i + yoj r = (x 0 + v 0 t cos a)i-\- (y 0 + v 0 t sin a - | gt 2 )j => x = x 0 + v 0 t cos a and 
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y = yo + v 0 t sin a - ! gt 2 

20. From Example 3(b) in the text, Vo sin a = (68)(64) ^ vq sin 56.5° ~ 65.97 ^ v 0 ~ 79 ft/sec 

21. The horizontal distance from Rebollo to the center of the cauldron is 90 ft => the horizontal distance to the 

nearest rim is x = 90 - | (12) 二 84 泠 84 = x 0 + (v 0 cos a)t « 0 + t 4 84 = ):():) t 

=> t = 1.92 sec. The vertical distance at this time is y = y。+ (vo sin o；)t — \ gt 2 
« 6 + ^(68)(64)(1.92) — 16(1.92) 2 « 73.7 ft the arrow clears the rim by 3.7 ft 

22. The projectile rises straight up and then falls straight down, returning to the firing point. 

23. Flight time = 1 sec and the measure of the angle of elevation is about 64° (using a protractor) so that 

t = 1 = 2 v 。 尝 64 。 泠 v 0 « 17.80 ft/sec. Then y max = ⑴.；) 64 。) 2 « 4.00 ft and 

R = ^ sin 2a =>• R = sin 128° ~ 7.80 ft => the engine traveled about 7.80 ft in 1 sec => the engine 
velocity was about 7.80 ft/sec 

24. When marble A is located R units downrange, we have x = (vq cos a)i =>• R = (Vo cos a)t => t = Vp c ^ s ^ . At 

that time the height of marble A is y = y 0 + (v 0 sin a)t -^gt 2 = (v 0 sin a) ~\g 

=> y = R tan a — | g ( v 2 f s 2 a ) • The height of marble B at the same time t = Vq c ^ s a seconds is 

h = R tan a — | gt 2 = R tan a — | g ( y c :: 2 a ) . Since the heights are the same, the marbles collide regardless 
of the initial velocity vq. 


25. (a) At the time t when the projectile hits the line OR we 
have tan ; x = [Vo cos (a — f3)]t and 
y = [v 0 sin (a — P)]t — | gt 2 < 0 since R is 


below level ground. Therefore let 

|y| = I gt 2 - [v 0 sin (a - /3)]t > 0 

so that tan/3= 

Vo cos (a — /?) tan f3 = | gt — Vo sin {a 

> ^ — 2vo sin {a — (3) + 2vo cos (o ； — i3) tan (3 __ 丄 ， _ i_ 


P) 




A 



R 


when the projectile hits the downhill slope. Therefore, 

x 二 [v 0 cos(a - 奶 ] 2v ° + t cos (a-/3) tan /3 = 孕 [cos 2 (a - (3) tan /? + sin (a -/3) cos (a-/?)]. If X is 

maximized, then OR is maximized: 盖 = 令 [—sin 2{a — (3) tan f3 4 - cos 2{a — /?)] = 0 
^ — sin 2(a — (3) tan f3 + cos 2(a — /3) = 0 ^ tan f3 = cot 2(a — (3) ^ 2(a — /3) = 90° — /? 

^ a-(3=\ (90 。- (3) ^ a=\ (90。+ /?) = | of ZAOR. 

(b) At the time t when the projectile hits OR we have 
tan /? = I ； x = [vq cos (a + /3)]t and 
y = [v 0 sin(a + /?)]t- - gt 2 

. t O _ [Vo sin(Q + 則 t - |gt 2 _ [v 0 sin {ol + (3)-\ gt] 

P — [v 0 cos (a + P)]t — v 0 cos (a + (3) 

^ Vo cos (a + /3) tan /3 = \o sin (a + /3) — | gt 

泠 t = 2v oS in(a + /3)-2voCO S (a + /3)tan/j wWch j s the time 
g ? 


A 



when the projectile hits the uphill slope. Therefore, 
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x = [v 0 cos(a + /?)] 2v ° sin ^+^)-^o cos (a+P) tan f3 = [ sin (Q; + 奶 cos ( a + /?) — cos 2 (a + (3) tan /?] . If X is 

maximized, then OR is maximized: 盖 = 争 [cos 2(a + /?) + sin 2(a + /3) tan /3] = 0 
^ cos 2(a + /?) + sin 2(a + /?) tan /? = 0 ^ cot 2(a + /?) + tan /? = 0 => cot 2(a + /?) = — tan 
=tan (—/3) 2(a -\- (5) = 90° — (—/3) = 90° -\- (3 ^ a = ^ (90。— /3) = | of ZAOR. Therefore Vo would bisect 

ZAOR for maximum range uphill. 


26. (a) r(t) = (x ⑴) i + (y(t))j; where x(t) 

(b) y ma x = i ^+2.5= ( 145 7 4 23 °) 2 

(c) For the time, solve y = 2.5 + (145 sin 23°)t — 16t 2 

145 sin 23° + y(145 sin 23°) 2 + 160 


(145 cos 23° - 14)t and y(t) = 2.5 + (145 sin 23°)t - 16t 2 . 

2.5 « 52.655 feet, which is reached at t = v ° sin ^ = i 45 sm 23° ^ i 771 seconds. 

’ g ” 

0 for t, using the quadratic formula 


32 


32 « 3.585 sec. Then the range at t ~ 3.585 is about x = (145 cos 23° — 14)(3.585) 

« 428.311 feet. 

(d) For the time, solve y = 2.5 + (145 sin 23°)t — 16t 2 = 20 for t, using the quadratic formula 

145 sin 23° + y(145 sin 23°) 2 - 1120 


32 


« 0.342 and 3.199 seconds. At those times the ball is about 


x(0.342) = (145 cos 23° - 14)(0.342) « 40.860 feet from home plate and x(3.199) = (145 cos 23° - 14)(3.199) 
« 382.195 feet from home plate. 

(e) Yes. According to part (d), the ball is still 20 feet above the ground when it is 382 feet from home plate. 


27. (a) (Assuming that M x M is zero at the point of impact:) 

r(t) = (x(t))i + (y(t))j; where x(t) = (35 cos 27 。 )t and y(t) = 4 + (35 sin 27°)t — 16t 2 . 

(b) y max = (S。) 4 — ( 35si : 4 27 。) + 4 ^ 7.945 feet, which is reached at t = YQS^_a _ 35sm27° ^ q 497 seconds. 

(c) For the time, solve y = 4 + (35 sin 27°)t — 16t 2 = 0 for t, using the quadratic formula 

t = + y/{ 35 sin27 ) 256 ^ j 201 sec. Then the range is about x(1.201) = (35 cos 27°)(1.201) 

« 37.453 feet. 


(d) 


⑹ 


For the time, solve y = 4 + (35 sin 27°)t — 16t 2 = 7 for t, using the quadratic formula 


35 sin 27° + J (-35 sin 27。) 2 - 192 
32 


« 0.254 and 0.740 seconds. At those times the ball is about 


x(0.254) = (35 cos 27°)(0.254) « 7.921 feet and x(0.740) = (35 cos 27°)(0.740) « 23.077 feet the impact point, 
or about 37.453 — 7.921 ^ 29.532 feet and 37.453 — 23.077 « 14.376 feet from the landing spot. 

Yes. It changes things because the ball won't clear the net (y max ^ 7.945). 


28. The maximum height is y 


(v 0 sin a) 2 


and this occurs for x 


^ sin 2a : 


Vq sin o； cos a 


.These equations describe 


2g ~ “ g 

parametrically the points on a curve in the xy-plane associated with the maximum heights on the parabolic trajectories in 

Vq sin 2 a cos 2 a — (vj sin 2 a) (1 — sin 2 a) 

g 2 = ? 


terms of the parameter (launch angle) a. Eliminating the parameter a, we have x 2 


sin 2 c 


vg sin 4 c 


f (2y)-(2y ) 2 ^ f + 4y 2 _ ( 苧 ) y = 0 ^ + 4 [f 一 （|) y + 


A 


4g2 


# x 2 +4(y-J) 2 


A 

4g2 


,where x > 0 . 


29. i+k| = -gj^P(t) = k and Q(t) = -gj ^ /P(t) dt = kt ^ v(t) = e/ p « dt = 今菩 =_/v(t) Q(t) dt 
= —gc~ kt f e kt j dt = —ge _kt [ y 』+ Ci ] = — |j + Ce _kt , where C = —gCi ； apply the initial condition: 

塞 =(v 0 cos a)i + (vosin a)j = -|j + C ^ C = (v 0 cos a)i + (墨 + v 0 sin a)j 

t=o 

^ = (voe _kt cos a)i+ (-| + e _kt (| + v 0 sin a))j, r = J[ (v 0 e _kt cos a)i + (-| + e _kt (| + v 0 sin a))j ]dt 
= (—穿 e— kt cos a)i + (— 登一 ^ (| + vosin a)) j + C 2 ; apply the initial condition: 
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r(0)=0 = (—登 cosa ) i+ (—I — 宇 ) j + C 2 #C 2 = (登 cosa ) i+ (| + 宇 ) j 

r(t) — (y(1 — e _kt )cos (y(1 _ e_kt )sin o ： + 壺 ( 1 — kt — e _kt ))j 


30. (a) <t) = (x(t))i + (y ⑴ ) j; where x(t)= (晶 )（1 — e _ai2t )(cos 20。）and 
外 ) = 3 + (^|)(1- e_ ai2t )( S in 20。) + (^)(1- 0.12t- e" 0121 ) 


(b) Solve graphically using a calculator or CAS: At t ~ 1.484 seconds the ball reaches a maximum height of about 40.435 
feet. 

(c) Use a graphing calculator or CAS to find that y = 0 when the ball has traveled for « 3.126 seconds. The range is 
about x(3.126)= ( 黑 )(1 — e— 0 . 12 ( 3 . 126 )) (cos 20。）« 372.311 feet. 

(d) Use a graphing calculator or CAS to find that y = 30 for t ^ 0.689 and 2.305 seconds, at which times the ball is about 
x(0.689) ~ 94.454 feet and x(2.305) ~ 287.621 feet from home plate. 

(e) Yes, the batter has hit a home run since a graph of the trajectory shows that the ball is more than 14 feet above the 
ground when it passes over the fence. 

31. (a) r ⑴ =(x(t))i + (y(t))j; where x(t)= ( 丄 )(1 - e _a08t )(152 cos 20° — 17.6) and 
y(t) = 3 + ( 謊 ) (1 - e-_)( S in 20。) + ( 為 )(1 - 0.08t - e- 0 遍） 

(b) Solve graphically using a calculator or CAS: At t ~ 1.527 seconds the ball reaches a maximum height of about 41.893 
feet. 

(c) Use a graphing calculator or CAS to find that y = 0 when the ball has traveled for « 3.181 seconds. The range is 
aboutx(3.181) = (^)(1 — e_ a08 ( 3 . 181 ))(152 cos 20。 - 17.6) « 351.734feet. 

(d) Use a graphing calculator or CAS to find that y = 35 for t ~ 0.877 and 2.190 seconds, at which times the ball is about 
x(0.877) ~ 106.028 feet and x(2.190) ^ 251.530 feet from home plate. 

(e) No; the range is less than 380 feet. To find the wind needed for a home run, first use the method of part (d) to find that 
y = 20 at t « 0.376 and 2.716 seconds. Then define x(w) = (o^s) (l — e _008 ( 2 . 716 )) (152 cos 20。 + w)，and solve 
x(w) = 380 to find w « 12.846 ft/sec. 

13.3 ARC LENGTH AND THE UNIT TANGENT VECTOR T 

1. r = (2 cos t)i + (2 sin t)j + ^/5tk => \ = (_2 sin t)i + (2 cos t)j + 

4 |v| = J (—2 sin t) 2 + (2 cos t) 2 + (\/^) — V 4 sin 2 1 + 4 cos 2 1 + 5 = 3; T = ^ 

= (― I sin t) i + (I cos t) j + ^ k and Length = |y| dt = 3 dt = [3t] q = 37r 

2. r = (6 sin 2t)i + (6 cos 2t)j + 5tk \ = (12 cos 2t)i + (—12 sin 2t)j + 5k 

4 |v| = ^(12 cos 2t) 2 + (-12 sin 2t) 2 + 5 2 = ^144 cos 2 2t + 144 sin 2 2t + 25 = 13; T 二兩 

=(II cos 2t) i — (sin 2t) j + ^ k and Length = 上 |v| dt = 上 13 dt = [13t] J = 137r 



3. r = ti + § t 3 / 2 k ^ v = i + t" 2 k => |v| 


and Length = = [| (1 + t) 3 / 2 ] ® = f 

4. r = (2 + t)i-(t+l)j + tk ^ v = i-j + k |v| = V 12 + (― 1 ) 2 + 12 = W; T = 侖 = $ i — ★ j + 泰 k 


and Length 



\/3t 
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5. r = (cos 3 1 ) j + (sin 3 1 ) k 4 y = (—3 cos 2 1 sin t) j + (3 sin 2 1 cos t) k 4 | v| 


(—3 cos 2 1 sin t ) 2 + (3 sin 2 1 cos t) = (9 cos 2 1 sin 2 1 ) (cos 2 1 + sin 2 1 ) = 3 |cos t sin t|; 


T — _v_ — —3 cos 2 1 sin t : 
— |v| _ 3 |cos t sin t| 


3 sin 2 1 cos t 

3 I cos t sin t| 


k = (— cos t)j 十 (sin t)k, if 0 < t < |, and 


Length = 3 |cos t sin t| dt = / 3 cos t sin t dt = 工 〆 | sin 2t dt = [— | cos 2t] 


6 . r = 6 t 3 i- 2t 3 j - 3t 3 k 4 v = 18t 2 i — 6 t 2 j — 9t 2 k 4 |v| = yj (18t 2 ) 2 + (_ 6 t 2 ) 2 + (—9t 2 ) 2 = \/441t 4 = 21t 2 ; 

i - f j - 争 k and Length = f^lt 2 dt = [7t 3 ] I = 49 


T 


R = 盖 k : 


r = (t cos t)i + (t sin t)j + t 3 / 2 k ^ y = (cos t — t sin t)i + (sin t + t cos t)j + (t 1 / 2 ) k 

=> |v| = ^(cos t — t sin t ) 2 + (sin t + t cos t ) 2 + = \/l + t 2 + 2 t = -y/(t + l ) 2 = |t + 1 | = t + 1 , if t > 0 ; 


T 


V 

M 


f cos t — t sin t \ • 
V ^tTl^ ) 1 


t+1 


^)j 


f V2^ 

t+1 


k and Length = (t + 1) dt: 


\ +t 


f +7T 


8 . r = (t sin t + cos t)i + (t cos t — sin t)j ^ v = (sin t + t cos t — sin t)i + (cos t — t sin t — cos t)j 
=(t cos t)i — (t sin t)j ^ |v| = \J (t cos t ) 2 + (—t sin t ) 2 = = |t| = t if \fl < t < 2; T = 

2 

v ^ =1 


(¥) i — (¥) j = (cos t)i - (sin t)j and Length = dt : 


9. Let P(to) denote the point. Then y = (5 cos t)i — (5 sin t)j + 12k and 267 r 


\/25 cos 2 1 + 25 sin 2 1 + 144 dt 


13 dt = 13to => to = 2 兀， and the point is P(27r) = (5 sin 27r ， 5 cos 27r ， 2Att) = (0,5,247r) 


10. Let P(to) denote the point. Then v = (12 cos t)i + (12 sin t)j + 5k and 

_13 丌 =JJ V144 cos 2 1 + 144 sin 2 1 + 25 dt = f\3dt= 13t 0 to = — 7 r, and the point is 
P(-tt) = (12 sin (-7T), -12 cos (-tt), -5tt) = (0,12, -5tt) 

11. r = (4 cos t)i + (4 sin t)j + 3tk y = (—4 sin t)i + (4 cos t)j + 3k =>■ M = \J (—4 sin t ) 2 + (4 cos t ) 2 + 3 2 

=\/25 = 5 ^ s(t) = 5 dr = 5t =>■ Length = s (|)= 夸 


12 . r = (cos t + t sin t)i + (sin t — t cos t)j ^ y = (—sin t + sin t + t cos t)i + (cos t — cos t + t sin t)j 

=(t cos t)i + (t sin t)j |v| = \J (t cos t ) 2 + (t cos t ) 2 = = — t, since | < t < 7 r =>■ s(t) = J q t dr = ^ 

^ Length = s( 7 r) — s (|) = y — = 誓 

13. r = (e l cos t) i + (e 1 sin t) j H- e l k => y = (e 1 cos t — e l sin t) i + (e 1 sin t + e l cos t) j + e l k 

=> |v| = (e l cos t — e l sin t ) 2 + (e l sin 14- e 1 cos t ) 2 + (e 1 ) 2 = = 3e 2t = -\/3 e 1 # s(t) = /；^^dr 

=V^e 1 - \/3 ^ Length = s(0) — s(-In4) = 0 — (V^e -ln4 — V^) = ^ 

14. r = (1 + 2t)i + (1 + 3t)j + (6 - 6t)k 今 v = 2i + 3j — 6k 泠 |v| = ^2 2 + 3 2 + (-6) 2 = 7 泠 s(t) = JV dr = 7t 
今 Length = s(0) -s(-l) = 0 - (-7) = 7 
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15. r 


: (V^t) i + (\/2t) j +(1 -t 2 )k ^ v = x/21 + \/2j - 2tk ^ |v| = ^ (v^) + (0) + (—2t ) 2 = yj\ + 4t 2 
2V 7 ! +t 2 今 Length = dt = [2 (!a/ 1 +t 2 + . In (t + a/ 1 +t 2 ))] : = W + In (1 + a/?) 


16. Let the helix make one complete turn from t = 0 to t = 2tt. 
Note that the radius of the cylinder is 1 ^ the 
circumference of the base is In. When t = 2tt, the point P is 
(cos 27r, sin 27r, 27 t) = (1,0,27r) the cylinder is 2n units 
high. Cut the cylinder along PQ and flatten. The resulting 
rectangle has a width equal to the circumference of the 
cylinder = 2n and a height equal to 2n, the height of the 
cylinder. Therefore, the rectangle is a square and the portion 
of the helix from t = 0 to t = 2 兀 is its diagonal. 




17. (a) r = (cos t)i + (sin t)j + (1 — cos t)k, 0 < t < 27r => x = cos t, y = sin t, z 二 1 — cos t => x 2 + y 2 
=cos 2 1 + sin 2 1 = 1, a right circular cylinder with the z-axis as the axis and radius = 1. Therefore 
P(cos t, sin t, 1 — cos t) lies on the cylinder x 2 +y 2 = l;t = 0 ^ P( 1,0,0) is on the curve; t = | Q(0,1,1) 

is on the curve; t = tt => R(—1,0,2) is on the curve. Then PQ = — i + j + k and PR = — 2i + 2k 





PQ x PR = 


i j k] 

—1 1 1 = 2i + 2k is a vector normal to the plane of P, Q, and R. Then the 

-2 0 2 


plane containing P, Q, and R has an equation 2x + 2z = 2(1) + 2(0) or x + z = 1. Any point on the curve 


will satisfy this equation since x + z = cos t + (1 — cos t) = 1. Therefore, any point on the curve lies on the 
intersection of the cylinder x 2 + y 2 = 1 and the plane x + z = 1 4 the curve is an ellipse. 

(b) v = ( — sin t)i + (cos t)j + (sin t)k => |v| = yj sin 2 1 + cos 2 1 + sin 2 1 = \/1 + sin 2 1 > T = 兩 

= (_ s m(_ k 今 T(0)=j ， T(f)= 赁， T(4 = -j ， T(f ) =这 


(c) 


a = ( — cos t)i — (sin t)j + (cos t)k; n = i + k is 
normal to the plane x + z= 1 => n - a = — cos 14- cos t 
二 0 4 a is orthogonal ton ^ a is parallel to the 


plane; a(0) = — i + k, a (f) = -j, a ( 7 r) = i - k, 

a (f) 


(d) |v| = \/l + sin 2 1 (See part (b) 4 L 二 


1 + sin 2 1 dt 


z 



(e) L ^ 7.64 (by Mathematica) 


18 .⑻ r = (cos 4t)i + (sin 4t)j + 4tk => v = (—4 sin 4t)i + (4 cos 4t)j + 4k =>• |v| = (—4 sin 4t ) 2 + (4 cos 4t ) 2 + 4 2 


=\fyi — 4^/2 =>■ Length = ^ ~4\/2 dt = 4\/2 1 = 27r\/2 

(b) r = (cos I) i+ (sin 备 ) j + 备 k 4 v = (- | sin |) i + cos |) j -I 


M = \f (~2 sin kY + cos \Y + (lY = 

(c) r = (cos t)i — (sin t)j — tk => y = ( — sin t)i — (cos t)j 


4 + 4 


Length 




dt 


ft 


4?r 

0 


2?rV^ 


k ^ |v| = 1 / (— sin t ) 2 + ( — cos t ) 2 + (—l ) 2 = \pV 


\pl => Length = f yjl dt = \fli 


-2tt 


27ry/2 
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19. ZPQB = ZQOB = t and PQ = arc (AQ) = t since 

PQ = length of the unwound string = length of arc (AQ); 
thus x = OB + BC = OB + DP = cos t + t sin t, and 
y = PC = QB — QD = sin t — t cos t 


V 



20. r = (cos t + t sin t)i + (sin t +1 cos t)j y = (—sin t +1 cos t + sin t)i + (cos t — (t(—sin t) + cos t))j 
=(tcos t)i + (tsin t)j => |y| = yj (tcos t) 2 + (tsin t) 2 = =|t|=t, t>0=>T=|^ = + 

=cos ti + sin tj 

13.4 CURVATURE AND THE UNIT NORMAL VECTOR N 


r = ti + In (cos t)j => v = i + (~^ { ) j = i — (tan t)j =>• |y| = -y/l 2 + ( — tan t) 2 = \J sec 2 1 = |sec t| = sec t, since 
一 f < t < f T = 兩 = ( 土 ） 1 — (^i) J = (cost)i- (sin t)j ; 莹 =(-sin t)i — (cos t)j 

=> |^| = (— sin t) 2 + (— cos t) 2 = 1 4 N - 

K = M . I 豐卜士 . 1 = c ° s t. 


m 


(— sin t)i — (cos t)j ; 


2. r = In (sec t)i + tj v = ( sec s ^ nt ) i + j = (tan t)i + j |v| = -y/(tan t) 2 + l 2 = \J sec 2 1 = |sec t| = sec t, 
since-! <t< f ^ T= ( 黑 ） i - ( 土 ) j = (sin t)i + (cos t)j ; f = (cos t)i — (sin t)j 


4 


|^| = \j (cos t) 2 + (— sin t) 2 = 1 ^ N 


= m = 


(cos t)i — (sin t)j ; 


K = R ' I I = ' 1 = cos L 


3. r = (2t + 3)i + (5 — t 2 ) j 今 v = 2i - 2tj |v| = y/2 2 + (—2t) 2 = 2^/l+t 2 => T 


W _ 2^1+ t 2 2^1+t 2 - 


.dT 


yrr? (yrr ? 厂 (vTT ^) 3 

TTF ^ N= Ttl 


a+t 2 r 


\/l+t 2 -s/l+t 2 


^ Ifl 


J ； 


IdTI 


M ' I _ 2\/l+t 2 . 1+t 2 — 2(l+t 2 ) 3/ 


(yrr?) 




4. r = (cos t + t sin t)i + (sin t — t cos t)j ^ y = (t cos t)i + (t sin t)j => l v l = \/(t cos t) 2 + (t sin t) 2 = = |t| 

dT 


t, since t > 0 T=^y = (tcost)l + (t sin t)j = (cos t)i + (sin t)j ; * = (— sin t)i + (cos t)j 


4 


Ifl 


yj (— sin t) 2 + (cos t) 2 


=» N = jf| = (- sin t)i + (cos t)j; /t = 秦*|莹 | 


5. (a) K (x) = — • 柴 .Now, v = i + f’(x)j 今 |v(x)| = + [f’(x )] 2 今 T = ^ 


1 + [f(x)] 2 )— 1/2 i + f(x)(l + [f(x)] 2 )—’"j. Thus f (x) 


1/2 


-f / (x)f // (x) 

1 + 剛 ] 2 ) 


f" ㈨ 

〔 l+[f ㈨] 2 ) J 


艰 1 + 7 、 ' 7 、3/2 j 




dT(x) 



「 

dt 



i( 


-f'(X)f 〃 (X) 


- [f'wi 2 ) 


V 2 


f" ㈨ 

-[PW] 2 ) 


3/2 


/[f"W] 2 l 

:i + [f ， W] 2 ) 

1 

If" ㈨ 1 

/ i 



— 

|l + |f ㈨] 2| 
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Thus / <x) = (1 + ^^ 2 ) 1/2 • |iiV' X ()i ]2 


|f" ㈨ I 


(b) y = In (cos x)=> — 


dx 


、 1 + [ 卟)扩 

( 士 )（— sinx )= _ tanx 今 g =-sec 2 x ^ 


K _ I—sec 2 x| — sec 2 x 
_ [1 + (-tan x) 2 ] 3/2 _ l sec3x l 


cos x, since — | < x < | 


(c) Note that f"(x) = 0 at an inflection point. 


6 . (a) r = f(t)i + g(t)j = xi + yj 4 y = xi + yj => |v| = ^x 2 -\-y 2 => T : 
y(yx-xy). x(xy-yx). 


M 


dT 

dT 


(x 2 + y 2 )" 
|yx~xy|. 


(x 2 + y 2 )" 

南 .Ifl 


IdTI , / 

y(yx-xy) 

2 

x(xy-yx) * 

2 / 

1 * 1 - V 

(x 2 +fr J 

十 

(x 2 + y 2 ) 3/2 J 

—V 


\A 2 + f \/ 文 2 +夕 2 

(y 2 +x 2 )(yx-xy) 2 
(x 2 +y 2 ) 3 


|yx-xy| 


|yx-xy| 

Z3/2 - 


— |x 2 +y 2 | ? M III _ v^+7 |x 2 +y 2 | (x 2 +y 2 ) A 

(b) r(t) = ti + In (sin t)j, 0 < t < 7 r ^ x = t and y = In (sin t) ^ x = 1 , x = 0 ; y 

|—csc 2 t — 0| 

(l+cot 2 t)) 3/2 


cos t 
sin t 


cot t, y = — CSC 2 t 


4 k 


esc 2 t 
esc 3 t 


sm 1 


(c) Wt) = tan -1 (sinh t)i + In (cosh t)j => x = tan -1 (sinh t) and y = In (cosh t) => x = x ^° s ^ 21 = 
=sech t, x = — sech t tanh t; y 
=sech t 


= tanh t, y = sech 2 t => 


|sech 3 1 + sech t tanh 2 t| _ | ^ f | 

(sech^t + tanh^t) = l SeCni l 


7. (a) r(t) = f(t)i + g(t)j => v = f’(t)i + g’(t)j is tangent to the curve at the point (f(t), g(t)); 

n • v = [ - g’(t)i + f’(t)j] - [f’(t)i + g’(t)j] = —g’(t)f’(t) + f’(t)g’(t) = 0 ; -n • v = -(n • v) = 0 ; thus, 
n and —n are both normal to the curve at the point 

(b) r(t) = ti + e 2t j v = i + 2 e 2t j 4 n 二 — 2 e 2t i + j points toward the concave side of the curve; N = 命 and 
l„l = v^TT ^ N= 7 ^i +7r ^j 

(c) r(t) = yj A ~i 2 \ + tj ^ v = i+j =>■ n = —i— j points toward the concave side of the curve; 
N=f and |n| =^ ^ 今 N = - 1 (v^i + tj) 


8 .⑻ r ⑴ 

—n 
N = 


ti + i t 3 j => v = i + t 2 j => n = t 2 i — j points toward the concave side of the curve when t < 0 and 


=—t 2 i + j points toward the concave side when t > 0 => N 

赤 (-t 2 i + j)f Or t >0 


Vl+t 4 


(t 2 i — j) for t < 0 and 


(b) From part (a), |v| = V1 + t 4 T= ^ 


dT 

dt 




T3/2 j ^ 


Ifl 


4t 6 + 4t 2 
(1+t 4 ) 3 


N 




-2t 3 


W 2 J j 


-t 3 


tlx/l+t 4 


dT 


“1+t 4 ) 3 ’ 2 (1+t 4 ): 

N does not exist at t = 0, where the curve has a point of inflection; 卜 0 
= |^-^|=0att = 0 => N = 盖惡 is undefined. Since x = t and y = 
cubic power curve which is concave down for x = t < 0 and concave up for x 


(i+t 4 )' 

1 # 0 

二 0 so the curvature k, 

11 3 => y = I x 3 , the curve is the 
t > 0 . 


Ifl 


9. r = (3 sin t)i + (3 cos t)j + 4tk v = (3 cos t)i + (—3 sin t)j + 4k |v| = \J (3 cos t ) 2 + (—3 sin t ) 2 + 4 2 
=\/25 = 5 ^ T = ^ = (I cos t) i - (I sin t) j + I k 莹 =(-| sin t) i — （| cos t) j 

# Ifl = ^/(-f sint ) 2 + (-|cos t ) 2 = f 今 N= j|| =(-sint)i —( CO st)j ;K = [ 暑 = 臺 


10. r = (cos t + 1 sin t)i + (sin t — t cos t)j + 3k v = (t cos t)i + (t sin t)j 4 |v| = yj (t cos t ) 2 + (t sin t ) 2 = 

=|t| = t, if t > 0 =>• T = 兩 =(cos t)i — (sin t)j, t > 0 穿 =(—sin t)i + (cos t)j 

4 |^| = (— sin t ) 2 + (cos t ) 2 = 1 > N = =(— sin t)i + (cos t)j ; k | • 1 = 十 
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11 . r = (e l cos t) i + (e 1 sin t) j + 2 k => y = (e 1 cos t — e l sin t) i + (e l sin t + e 1 cos t)j => 
|y| = y (e l cos t — e l sin t ) 2 + (e l sin t + cos t ) 2 = \J 2 e 2t = ; 


T 




V 

M 


Ifl 




sin t + cos t 、 

、 ^72 ^ ) 




dT 

dF 






' V ^ ) 

# N= ■ 


cos t — sin t 

、 ~ 72 ~ y 

- cos t — sin t 

"""72 ~ y 


-sin t + cos t 

"""7S~ ； 


R . If I = ☆ . 1 = ☆ 


12. r = (6 sin 2t)i + (6 cos 2t)j + 5tk y = (12 cos 2t)i — (12 sin 2t)j + 5k 


今 M = 

= ^(12 

=(II cos 2 t) i - 

^ Ifl 

=v (- 


IdTI 

1 drl - ' 


i+ (C 

t 

j 丄 1 


M 


dT 


24 


COS 


2t). 


24 
~ 13 

\_ 24 

II * 13 


sin 2t ) 2 + (— j| cos 2t ) 2 = y| => N = = (— sin 2t)i — (cos 2t)j ; 


24 

169* 


13. r = (!) i + (!) j, t > 0 =» y = t 2 i + tj ^ |y| = -\-t 2 = t\/ 1 2 + 1, since t > 0 

t : I 1 i ^ dT — 1 : _t 

\/t 2 +t \/t 2 + 1 J dt _ ( t 2 + if 2 (t 2 + 1) 3/2 


泠 T 




IdTI _ 


( -t V 

1 dt 1 

V V(t 2 +D 3/ v 十 

V(t 2 + I) s/ V 


I i+t 2 

(t 2 + i ) 3 


泠 N 


i 


V^+T v^+T 


I; ^ = R • 丨莹 I 


ty/f + l t 2 +1 


t(t 2 + i). 


3/2 - 


14. r = (cos 3 1 ) i + (sin 3 t)j,0<t<| => y = (—3 cos 2 1 sin t) i + (3 sin 2 1 cos t) j 

=> |y| = \J (—3 cos 2 1 sin t ) 2 + (3 sin 2 1 cos t ) 2 = \J 9 cos 4 1 sin 2 1 + 9 sin 4 1 cos 2 1 = 3 cos t sin t, since 0 < t < | 


^ T — _Y_ 
^ 1 — | V | 


(— cos t)i + (sin t)j ^ 帶 =(sin t)i + (cos t)j ^ | 晋 | = V sin 2 1 + cos 2 1 : 


令 N 


=徽 


(sin t)i + (cos t)j; k = 南 .| 穿 1 


3 cos t sin t 


3 cos t sin t' 


15. r = ti + (a cosh 臺） j ， a 〉 0 4 v 

_v 


(sinh 盖 ) j => |v| = -J 1 + sinh 2 ⑴ =J cosh 2 ⑴ =cosh 盖 


^ T = w = (sech 备） i+ (tanh 圣 ) j ^ f = (一 ^ sech 备 tanh 圣） i+ (全 sech 2 圣 ), 


4 


Ifl 




Sech2 (a) tanh2 (a) + h Sech4 (a) = a Sech (a) 今 N = j|| = (-tanh 备 ) i + (Sech 臺 ) j ; 

Sech (a) = a Sech 2 (a)' 


cosh ' 


16. r = (cosh t)i — (sinh t)j + tk ^ v = (sinh t)i — (cosh t)j + k |v| = \J sinh 2 1 + (— cosh t ) 2 + 1 = \fl cosh t 

今 T= R= ( 73 tanht ) i_ 73 j+ ( 75 secht ) k ^ f = ( 7 ; sech 2 1 ) i - sech t tanh t) k 
4 |^| = yj I sech 4 1 + I sech 2 1 tanh 2 1 = secht N = = (secht)i — (tanht)k; 

K = R . If 卜 V^'T2 secht H sech2t . 

17. y = ax 2 => y’ 二 2ax => y n = 2a; from Exercise 5(a), ac(x)= ( 】 +H) 3/2 = |2a| (1 + 4a 2 x 2 )_ 3 ’ 2 

=>• k’(x) = — I |2a| (1 + 4a 2 x 2 ) 5 ’ 2 ( 8 a 2 x); thus, k’(x) = 0 => x 二 0. Now, k’(x) > 0 for x < 0 and zc’(x) < 0 for 
x > 0 so that k,(x) has an absolute maximum at x = 0 which is the vertex of the parabola. Since x = 0 is the 
only critical point for k(x), the curvature has no minimum value. 
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18. r = (a cos t)i + (b sin t)j v = (—a sin t)i + (b cos t)j a = (—a cos t)i — (b sin t)j => y x a 


i j k 

—a sin t b cos t 0 
— a cos t — b sin t 0 


=abk 4 |v x a| = |ab| = ab，since a > b > 0 ; z^t) = 


=ab (a 2 sin 2 1 + b 2 cos 2 1 ) 3 ’ 2 ; «’(t) = — | (ab) (a 2 sin 2 1 + b 2 cos 2 1 ) 5 ’ 2 ( 2 a 2 sin t cos t — 2 b 2 sin t cos t) 

——I (ab) (a 2 — b 2 ) (sin 2 t) (a 2 sin 2 1 + b 2 cos 2 1 ) - 5 ’ 2 ; thus, «/(t) = 0 ^ sin 2 t = 0 t = 0 , 7 r identifying 
points on the major axis, or t = ^ identifying points on the minor axis. Furthermore, ^(t) < 0 for 

0 < t < I and for 7 r < t < 誓； ^(t) > 0 for | < t < 7 r and 誓 < t < 2tt. Therefore, the points associated 
with t = 0 and t = 丌 on the major axis give absolute maximum curvature and the points associated with t = | 
and t = 誓 on the minor axis give absolute minimum curvature. 


19. K = 命今砮 =t =0 ^ -a 2 + b 2 = 0^a=±b^a = b since a, b > 0. Now , 盖 > 0 if 
a < b and ^|< 0 ifa>b =>• k is at a maximum for a = b and K(b) = b2 ^ b2 = ^ is the maximum value of k. 


20. (a) From Example 5, the curvature of the helix r(t) = (a cos t)i + (a sin t)j + btk, a, b > 0 is ac = a2 : b2 ; also 
|v| = \/a 2 + b 2 . For the helix r(t) = (3 cos t)i + (3 sin t)j + tk, 0 < t < 47 r, a = 3 and b = 1 4 K = 
and |v| = V^^ K=/ ； A^ dt= [^ t ]^ = i^ 

(b) y = x 2 => x = t and y = t 2 , — oo < t < oo r(t) = ti + 1 2 j =>• y = i + 2 tj |v| = \/l + 4t 2 ; 

T 一 1 I I 2t dT — -4t :丄 2 I dT I — / 16t 2 + 4 — 2 

1 — Vl+4t 2 x/l+4t2 J, dF - (l+4t2) 3/21 十 (l+4t2) 3/2j ，I dFl - V (l+4t 2 ) 3 — TW. 

K= TTT^' ™ = -Jy=^y -Then K = / ^ dt = /- dt 

=a 丄 inl oo r Twdt + b 1 ^ £ TT4F dt = a i inl oo [ tan — 1 2t ] ? + b [ tan — 1 纠 ；； 

=lim (— tan -1 2 a) + lim (tan -1 2 b) = f + f = 7 r 

a — — 00 、 7 b^oo V ) 2 2 


21. r = ti + (sin t)j 4 y = i + (cos t)j => |v| = ^/l 2 + (cos t ) 2 = \j 1 + cos 2 1 => |v (!) | = 1 H- cos 2 (!) = 1; T = 兩 

— i + cos t j dT _ sin t cos t : 丄 -sin t : | dT | — jsin t| • | dT | _ l sin fl — I — ^ tVmio ^ f 7L\ — I 1 — 1 

— Vl+cos2t ^ dT _ (l+ COS 2 t ) 3/21 十 (l+co S 2t) 3/2j ^ I dFl - I dTlt=| - l+co S 2(|) ~ T ~ ^DUS ^； - I 1 — 1 

=> p = j = l and the center is (f, 0 ) => (x — |) 2 + y 2 = 1 


22 - r = (2 In t)i — (t + I) j 4 v = i - (1 — 告 ) j > | v | = / 去 + (1 _ 長) 2 = =^ T= ^\ = FTT 1 _ 


dT _ ^(t 2 - 1 ): _ 4t I . IdTI 
dt — (t 2 +l) 2 (t 2 + l) 2j I dt I 


/4(t 2 -l) 2 + 16t 2 _ 

V 沪 +1) 4 


[- Thus k = 


J_ I dT I _ t 2 . 2 — 2t 2 

M * I dFl — t 2 + 1 . t 2 + l — ( t 2 + i) 2 


^ «(1 )= 吾 


=! => p = ^ = 2. The circle of curvature is tangent to the curve at P(0, —2) circle has same tangent as the curve 


v(l) = 2i is tangent to the circle ^ the center lies on the y-axis. If t 1 (t > 0), then (t — l ) 2 > 0 
4 t 2 — 2 t + 1 〉 0 4 t 2 + 1 > 2 t 4 > 2 since t > 0 => t+ + >2 4 — (t +|)<—2 4 y < —2 on both 


sides of (0, —2) =>• the curve is concave down =>• center of circle of curvature is (0, —4) =>■ x 2 + (y + 4 ) 2 = 4 
is an equation of the circle of curvature 
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23. y = x 2 泠 f ⑻二 2x and f"(x) = 2 


4 


K,= 


121 

(1 + (2x) 2 ) 3/2 


2 

(1+4x 2 ) 3/2 


24. y ： 


xl 

4 

=> Av 


O f (X) = X 3 and f"(x) = 3x 2 

_ I3x 2 | — 3x 2 


-(x 3 ) ： 


7172 


(1+x 6 )' 


372 


25. y = sin x =>• f’(x) = cos x and f"(x) = — sin x 


4 


|— sin x| _ I sin x| 

(1 + co s 2 x) 3 / 2 (1 + cos 2 x) 3 / 2 


26. y = e x 4 


=> Av 


f’(X) = e x and f"(x) = e x 
|e x | _ e x 

1 + (eX)2 ) 3 / 2 - (TT^T 




y 



27-34. Example CAS commands: 

Maple: 

with( plots); 

r := t -> [3*cos(t),5*sin(t)]; 
lo := 0; 
hi := 2*Pi; 
tO := Pi/4; 

PI := plot( [r(t)[], t=lo..hi]): 

display( PI, scaling=constrained, title="#27(a) (Section 13.4)"); 

CURVATURE := (x ， y ， t) - >simplify(abs(diff(x,t)*diff(y,t,t)-diff(y,t)*diff(x,t,t))/(diff(x,t) A 2+diff(y,t) A 2) A (3/2)); 
kappa := eval(CURVATURE(r ⑴ [] ， t) ， t=t0); 

UnitNormal := (x ， y ， t) ->expand( [-diff(y ， t) ， diff(x ， t)]/sqrt(diff(x ， t) 八 2+diff(y ， t) A 2)); 

N := eval( UnitNormal(r(t)[],t), t=t0 ); 

C := expand( r(t0) + N/kappa); 

OscCircle := (x-C[l]) A 2+(y-C[2]) A 2 = 1/kappa 八 2; 
evalf( OscCircle); 

P2 := implicitplot( (x-C[l]) A 2+(y-C[2]) A 2 = l/kappa A 2, x=-7..4, y=-4..6, color=blue ): 
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display([P1,P2], scaling=constrained, title="#27(e) (Section 13.4)"); 

Mathematic a: (assigned functions and parameters may vary) 

In Mathematica, the dot product can be applied either with a period M . M or with the word, "Dot". 

Similarly, the cross product can be applied either with a very small "x" (in the palette next to the arrow) or with the word, 

"Cross". However, the Cross command assumes the vectors are in three dimensions 

For the purposes of applying the cross product command, we will define the position vector r as a three dimensional vector 

with zero for its z-component. For graphing, we will use only the first two components. 

Clear[r, t, X ， y] 

r[t_]={3 Cos[t], 5 Sin[t] } 

t0= 7 r /4; tmin= 0; tmax= 2 丌； 

r 2 [t_]={r[t][[l]],r[t][[ 2 ]]} 

pp=ParametricPlot[r2[t], {t, tmin, tmax}]; 

mag [v_]=Sqrt[v.v] 

vel[t_]=r'[t] 

speed [t_] =mag [ vel [ t]] 

acc[t_]= vel'ft] 

curv[t_]= mag [Cross [vel [t] ,acc [t] ] ]/speed[t] 3 //Simplify 
unittan [t_]= vel [t]/speed [t]//Simplify 
unitnorm[t_]= unittan'[t] / mag [unittan'[t]] 
ctr= r[t0] + (1 / curv[t0]) unitnorm[tO] //Simplify 
{a,b}={ctr[[l]],ctr[[ 2 ]]} 

To plot the osculating circle, load a graphics package and then plot it, and show it together with the original curve. 
《 Graphics 、 ImplicitPlot 、 

pc=ImplicitPlot[(x - a)2 + (y - b)2 == l/curv[tO ] 2 , {x, - 8 , 8 },{y, - 8 , 8 }] 
radius=Graphics[Line[{ {a, b}, r2[t0]}]] 

Show[pp, pc, radius, AspectRatio 1] 

13.5 TORSION AND THE UNIT BINORMAL VECTOR B 


By Exercise 9 in Section 13.4，T = (• cos t) i + (— ■ sin t) j + | k and N = (— sin t)i — (cos t)j so that B = T x N 

k 

4 — (I cos t) i — (I sin t) j — | k. Alsoy = (3 cos t)i + (—3 sin t)j + 4k 


I cos t — I sin t ^ 
—sin t — cos t 0 


=> a = (—3 sin t)i + (—3 cos t)j ^ 


(—3 cos t)i + (3 sin t)j and y x a - 


i j k 

3 cos t —3 sin t 4 
—3 sin t —3 cos t 0 


(12 cos t)i — (12 sin t)j — 9k ^ |y x a | 2 = (12 cos t ) 2 + (—12 sin t ) 2 + (—9 ) 2 = 225. Thus 


3 cos t —3 sin t 4 
—3 sin t —3 sin t 0 
-3 cost 3 sin t 0 — 4.(-9 sin 2 t-9 cos 2 1) 


-36 


225 


225 




225 ~ 25 


2. By Exercise 10 in Section 13.4, T = (cos t)i + (sin t)j and N = (— sin t)i + (cos t)j ; thus B = T x N 

i j k 

cos t sin t 0 = (cos 2 1 + sin 2 1) k = k. Also y = (t cos t)i + (t sin t)j 
— sin t cos t 0 

^ a = (t(—sin t) + cos t)i + (t cos t + sin t)j ^ = (—t cos t — sin t — sin t)i + (—t sin t + cos t + cos t)j 

k 

0 


=(—t cos t — 2 sin t)i + (2 cos t — t sin t)j. Thus y x a 

=[(t cos t)(t cos t + sin t) — (t sin t)(—t sin t + cos t)]k = t 2 k => |y x a | 2 = (t 2 ) 2 = t 4 . Thus 


t cos t t sin t 

(—t sin t + cos t) (t cos t + sin t) 0 

2 /.9n2 
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t cos t t sin t 0 

cos t — t sin t sin t +1 cos t 0 
-2 sin t — t cos t 2 cos t — t sin t 0 q n 

= 芦 =u 


t 4 


3. By Exercise 11 in Section 13.4, T 


cos t — sin t 


B = TxN 


1 — sin (2t) 


i j k 

cos t — sin t sin t + cost 

x/2 72 U 

— cos t — sin t — sin t + cos t n 

^ ^ h ^ U 


丁 

cos 2 t — 2 cos t sin t + 


j and N 


- cos t — sin t 


"VT 


-sin t + cos t \ i . 


"7T 


Thus 


sin 2 t + 2 sin t cos t + cos 2 t 


sin (2t ) 、 


k = k. Also, y = (e 1 cos t — e l sin t) i + (e 1 sin t + e 1 cos t) j 


4 a = [ e l (—sin t — cos t) + e^cos t — sin t) ] i + [ e l (cos t — sin t) + e^sin t + cos t) ] j=(— 2 e t sin t) i + ( 2 e l cos t) j 


^ = — 2e l (cos t + sin t) i + 2e l (—sin t + cos t)j. Thus v x a 


i j k 

e^cos t — sin t) e^sin t + cos t) 0 
— 2 e l sin t 2 e l cos t 0 


2 e 2t k 


=»• |y x a| 2 = (2e 2t ) 2 = 4e 4t . Thus 


e l (cos t — sin t) e l (sin t + cost) 0 
—2e l sin t 2e l cos t 0 

-2e l (cos t + sin t) 2e l (—sin t + cos t) 0 


4e 4t 


0 


4. By Exercise 12 in Section 13.4, T = (cos 2t) i — (|| sin 2t) j + ^ k and N = ( — sin 2t)i — (cos 2t)j so 

i j k 

B = TxN= (II cos 2t) (—sin 2t) n ~ (A cos 2t) i — (^ sin 2t) j — || k. Also, 

(— sin 2t) (— cos 2t) 0 

y = (12 cos 2t)i — (12 sin 2t)j + 5k => a = (—24 sin 2t)i — (24 cos 2t)j and ^ = (—48 cos 2t)i + (48 sin 2t)j 


y x a 


12 cos 2 t 
—24 sin 2t 


j k 

-12 sin 2t 5 
-24 cos 2t 0 


(120 cos 2t)i — (120 sin 2t)j - 288k |v X a| 2 
(120 cos 2t ) 2 + (-120 sin 2t ) 2 + (-288) 2 = 120 2 (cos 2 2t + sin 2 2t) + 288 2 = 97344. Thus 


12 cos 2t — 12sin2t 5 
—24 sin 2t —24 cos 2t 0 
—48 cos 2t 48 sin 2t 0 


97344 


5-(-2448) 

97344 


10 

169 


5. By Exercise 13 in Section 13.4, T 


(t 2 + i) 1/ 


(t 2 + 


^j andN = y=i- y=j 


j so that B = T x N 


i 

j 

k 


t 2 

t 0 

Vt 2 + i 

x/t 2 + l 

0 

=—k. Also, y = t 2 i + tj => a = 2d + j => 樂 = 2i so that 

2 t 

1 0 

l 

0 2 + l 

-t 

0 2 + l 

0 


2 

0 0 


0泠 


6 . By Exercise 14 in Section 13.4, T = (— cos t)i + (sin t)j and N = (sin t)i + (cos t)j so that B = T x N 

i j k 

- cos t sin t 0 = —k. Also, v = (—3 cos 2 1 sin t) i + (3 sin 2 1 cos t) j 
sin t cos t 0 

=> a= |(-3 cos 2 tsint)i+ |(3 sin 2 1 cos t) j ^ cos 2 1 sin t)) i + |(|(3 sin 2 1 cos t)) j 

—3 cos 2 1 sin t 3 sin 2 1 cos t 0 

^(—3 cos 2 1 sin t) ^(3 sin 2 1 cos t) 0 




i ( 丢 ( 一 3 COS 2 1 sin t)) 盒 ( 丢 (3 sin 2 1 cos t)) 0 


0 泠 


0 


7. By Exercise 15 in Section 13.4, T 

i j k 

sech Q) tanh Q) 0 
-tanh(、）sech ⑴ 0 


=A = (sech 盖） i + (tanh 臺 ) j and N = ( — tanh 臺 ) i + (sech j so that B = T x N 
k. Also, v = i+ (sinh 臺 ) j 4 a =( 盖 cosh -) j 4 莹 = 去 sinh ⑴ j so that 
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1 sinh ⑴ 

0 icoshQ) 

0 X) 


0 

0 = 0 => t = 0 
0 


8 . 


By Exercise 16 in Section 13.4, T = ( 士 tanh i — j -|- sech t) k and N = (sech t)i — (tanh t)k so that 


B = TxN 


tanh t sech 1 


sech t 


tanh t 


(V3 


tanh t) i 


75 J 


a = (cosh t)i — (sinh t)j ^ = (sinh t)i — (cosh t)j and y x a 


- 4 = sech t) k. Also, v = (sinh t)i — (cosh t)j + k 


k 


sinh t — cosh t 1 
cosh t — sinh t 0 


(sinh t)i + (cosh t)j + (cosh 2 t — sinh 2 t)k = (sinh t)i + (cosh t)j + k 4 |v x a | 2 = sinh 2 1 + cosh 2 1 + 1. Thus 


sinh t — cosh t 1 

cosh t — sinh t 0 

sinh t — cosh t 0 _i 

sinh 2 t + cosh 2 1+1 _ sinh 2 1 + cosh 2 t + 1 — 2 cosh 2 t * 


9. r = (a cos t)i + (a sin t)j + btk ^ \ = (—a sin t)i + (a cos t)j + bk |v| = \J (—a sin t ) 2 + (a cos t ) 2 + b 2 

=\/a 2 + b 2 => a T = 去 |v| = 0 ; a = (—a cos t)i + (—a sin t)j |a| = \J (—a cos t ) 2 + (—a sin t ) 2 = — |a| 

=> a N = yj |a | 2 — = yj |a | 2 — 0 2 = |a| = |a| 4 a = (0)T + |a| N = |a| N 

10. r = (1 + 3t)i + (t - 2)j - 3tk 泠 v = 3i + j — 3k 泠 |v| = ^ 3 2 + l 2 + (-3 ) 2 = 泠 a T = 差 |v| = 0; a = 0 

今 a N = i^lal 2 - a? = 0 4 a = (0)T + (0)N = 0 

11. r = (t + l)i + 2tj + t 2 k ^ v = i + 2j + 2tk => |v| = ^l 2 + 2 2 + (2t) 2 = V"5 + 4t 2 泠 a T = | (5 + 4t 2 )' 1/2 (8t) 

= 4t (5 + 4t 2 ) " 2 => a T ⑴ = ^ = |;a = 2k => a(l) = 2k => |a(l)| = 2 今 a N = \J\&\ 2 - - (j) 2 

= = a(l) = ■ T + 牟 N 


12. r = (t cos t)i + (t sin t)j + t 2 k y = (cos t — t sin t)i + (sin t +1 cos t)j + 2tk 

^ |v| = y/ (cos t — t sin t) 2 + (sin t + t cos t) 2 + (2t) 2 = y/5t 2 l a T = | (5t 2 + l) _1 ^ 2 (10t) 

= y/ 5 t ^+1 ^ a T(0) = 0; a = (—2 sin t — t cos t)i + (2 cos t — t sin t)j + 2k => a(0) = 2j + 2k |a(0)| 

= \/2 2 + 2 2 = 2^2 => a N = ^|3| 2 -a? = J(2^y -0 2 = 2^2 => a(0) = (0)T + 2 V / 2N = 2^2N 

13. r = t 2 i+(t+it 3 )j+(t—|t 3 )k 今 v = 2ti+(l + t 2 )j + (l-t 2 )k ^ |v| = ^(21) 2 + (1+1 2 ) 2 + (1-1 2 ) 2 

=yjl (t 4 + 2t 2 + 1) = W (1 +1 2 ) 泠 a T = 21^2 ^ a T (0) = 0; a = 2i + 2tj — 2tk 泠 a(0) = 2i 泠 |a(0)| = 2 
今 a N = /|a| 2 - 努 =\/2 2 - 0 2 = 2 a(0) = (0)T + 2N = 2N 

14. r = (e l cos t) i + (e 1 sin t) j + -\Z2e l k =>■ y = (e 1 cos t — e l sin t) i + (e l sin t + e l cos t) j + 

=> |y| = yj (e 1 cos t — e l sin t) 2 + (e l sin t + e l cos t) 2 + (y^e 1 ) = \J 4e 2t = ^ slj = 2 e l ^ aT( 0 ) = 2 ; 

a = (e l cos t — sin t — e l sin t — e l cos t) i + (e l sin t + e l cos t + e l cos t — e l sin t) j + y^etk 

=(— 2 e l sin t) i + ( 2 e l cos t) j + \/2Q l k =>• a(0) = 2 j + \/ 2 k |a(0)| = \^ 2 2 + (\/^) — 
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4 



今 a(0) = 2T+ a/2N 


15. r = (cos t)i + (sin t)j — k v = ( — sin t)i + (cos t)j => |v| = sin t ) 2 + (cos t ) 2 = 1 => T = 沒 


(— sin t)i + (cos t)j => T(|)= — 呈 =(_ cos t)i — (sin t)j 




Ifl 




N= j|} = (-cost)i-(sin t)j ^N(f)=-^i-^j;B = TxN ： 


M 


: \J (— cos t ) 2 + (— sin t ) 2 

i j k 

- sin t cos t 0 
cos t — sin t 0 


4 B ( 牙） =k ， the normal to the osculating plane; r ⑴ = ^i+^j — k P = ( 幸 , 空， —1) lies on the 
osculating plane 0 (x - 幸 ) + 0 (y - f) + (z - (-1)) = 0 => z = -1 is the osculating plane; T is normal 

to the normal plane 4 ( - f) (x - f) + (#) (y - 穿 ) + 0 (z — (—1)) = 0 4 -誓 x+#y = 0 
=> —x + y = 0 is the normal plane; N is normal to the rectifying plane 

( 一 ^) (X—#) + (—#) (y— ¥) +0(Z_(_1)) = 0 4 -^x- ^y= -1 ^ x + y = is the 
rectifying plane 

16. r = (cos t)i + (sin t)j + tk =>• v = (_ sin t)i + (cos t)j + k |y| = \J sin 2 1 + cos 2 1 + 1 = T = A 


(— 夫 sint ) i+ ( 忐 cost ) j + 泰 k ^ 帶 


(* 


Ti 


cos t i + — 7 = sin 1 




\ cos 2 1 + I sin 2 1 = 4= => N : 


= (— cos t)i — (sin t)j ; thus T(0)= 
I dfl 




Ifl 

'k and N(0) 


^ B(0) 


k 


o i i 

u 75 75 


j H- k, the normal to the osculating plane; r(0) = i => P(1 ， 0,0) lies on 
-10 0 — 

the osculating plane => 0(x — 1) — ^ (y — 0) + ^ (z — 0) = 0 =>• y — z = 0is the osculating plane; T is normal 
to the normal plane =>• 0(x — 1) + -^ (y — 0) + ^ (z — 0) = 0 =>• y + z = 0is the normal plane; N is normal to 
the rectifying plane => —l(x — 1 ) + 0 (y — 0 ) + 0 (z — 0 ) = 0 4 x=lis the rectifying plane 


17. Yes. If the car is moving along a curved path, then k, ^ 0 and a N = At |y | 2 ^ 0 ^ a = a T T + a N N ^ 0. 

18. |y| constant ^ a T =^|v|=0 a = a N N is orthogonal to T => the acceleration is normal to the path 


19. a 丄 v 4 a 丄 T => a T = 0 ^ 去 jv! = 0 4 |v| is constant 


20. aO；) = a T T + a N N, where a T = ^ |y| = ^ (10) = 0 and a N = k |v| 2 = 100k => a = 0T + 100«N. Now, from 

Exercise 5(a) Section 13.4, we find for y = f(x) = x 2 that k = - ! f ( X )L 仍 =： - 2 ni o /9 = - 2 n ; also, 

w ’ w [l + ( f'( x )) 2 ] 3/2 [1 + ( 2 x ) 2 ] 3/2 ( 1 + 4 x 2 ) 3/2 

r(t) = ti + t 2 j is the position vector of the moving mass => y = i + 2 tj =>• |v| = \/l + 4t 2 
泠 T = - 7^0 + 2tj). At (0,0): T(0) = i, N(0) = j and k(0) = 2 泠 F = ma = iii(100k)N = 200mj ; 

At( v / 2 , 2 ): t(^ 2 ) = i (i + 2v/2j) = | i + ^ j , N (v^) = ^ ^ i + i j , and k (v^) = ^ F = ma 

= m(10(k)N= (f m) =-^mi+f mj 

21. a = a T T + a N N, where a T = ^ |v| = ^： (constant) = 0 and a N = k |v| 2 F = ma = mn |v| 2 N => |F| = nvt |v [ 2 
=(m |y| 2 ) k,, a constant multiple of the curvature k, of the trajectory 
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22. a N = 0 4 k|v| 2 =0 4 ^ = 0 (since the particle is moving, we cannot have zero speed) => the curvature is zero 
so the particle is moving along a straight line 

23. From Example 1, |y| = t and a N = t so that a N = « |v| 2 ^ Ac = j^- = ^ = Y ， t^0 => p = ^ = t 

24. r = (xq + At)i + (yo + Bt)j + (zq + Ct)k => v = Ai + Bj + Ck ^ a = 0 => y x a = 0 => k = 0. Since the curve 
is a plane curve, t = 0. 


25. If a plane curve is sufficiently differentiable the torsion is zero as the following argument shows: 
r = f(t)i + g(t)j 4 v = f’(t)i + g’(t)j a = f’’(t)i + g’’(t)j + g’’’(t)j 


4 


f'(t) g 7 ⑴ o 

f" ⑴ g 7 ，⑴ o 
f " ⑴ g^t) 0 
Ivxal 2 


26. From Example 2, t = ?(b) = O ; r’(b) = 04 ^"^2 = 0 ^a 2 -b 2 = 0 ^ b = ±a 

=> b = a since a, b > 0. Also b < a =>■ r , > 0 and b > a => t’ < 0 so r max occurs when b = a 4 r max = a2 : a2 

一丄 
— 2k 


27. r® = f(t)i + g(t)j + h ⑴ k 今 v = f’(t)i + g’(t)j + h’ ⑴ k; v • k = 0 今 h’ ⑴ = 0 h(t) = C 

O r(t) = f(t)i + g(t)j + Ck and r(a) = f(a)i + g(a)j + Ck = ❶泠 f(a) = 0, g(a) = 0 and C = 0 ^ h(t) = 0. 


28. From Example 2, v = —(a sin t)i + (a cos t)j + bk => |y| = + b 2 T : 


V 

R 


(a sin t)i + (a cos t)j + bk]; ® = ^=p [—(a cos t)i — (a sin t)j] ^ N = jf| 


7 a 2 +b 2 

—(cos t)i — (sin t)j ; B = T x N 

b cos t i I a k ^ dB 


k 

b 


\/a 2 + b 2 y a 2 + b 2 y a 2 + b 2 

- cos t — sin t 0 


\/a 2 + b 2 




w 


+ f = 7^F[ (bc0St)i + (bsint)j ]>^- 

(f . N ) = (-7^)(- 


N =- 


\/a 2 + b 2 x 


b 

a 2 +b 2 


\/a 2 + b 2 

,which is consistent with the result in 


Example 2. 


29-32. Example CAS commands: 

Maple: 

with( Linear Algebra); 
r := < t*cosO：) I t*sin(t) 11 >; 
tO := sqrt(3); 
rr := eval( r, t=t 0 ); 
v := map( diff, r, t); 
vv := eval( v, t=t 0 ); 
a := map( diff, v, t); 
aa := eval( a, t=t 0 ); 

s := simplify(Norm( v, 2 )) assuming t::real; 
ss := eval( s, t=t 0 ); 

T := v/s; 

TT := vv/ss ; 

ql := map( diff, simplify(T), t): 

NN := simplify(eval( ql/Norm(ql,2), t=t0 )); 
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BB := CrossProduct( TT, NN ); 

kappa := Norm(CrossProduct(vv,aa),2)/ss A 3; 

tau := simplify( Determinant(< vv, aa, eval(map(diff,a,t),t=tO) >)/Norm(CrossProduct(vv,aa),2) A 3 ); 
a_t := eval( diff( s, t), t=t 0 ); 
a_n := evalf[4]( kappa*ss A 2 ); 

Mathematic a: (assigned functions and value for tO will vary) 

Clearft, v, a, t] 

mag [ vector」:=S qrt [vector, vector] 

Print["The position vector is ", r[t_]={t Cos[t], t Sin[t], t}] 

Print["The velocity vector is ", v[t_]= r'[t]] 

Print[’’The acceleration vector is ", a[t_]= v'[t]] 

Print["The speed is M , speed[t_]= mag[v[t]]//Simplify] 

Print["The unit tangent vector is ", utan[t_]= v[t]/speed[t] //Simplify] 

Print["The curvature is ", curv[t_]= mag [Cross [v[t],a[t]]] / speed [t ] 3 //Simplify] 

Print[’’The torsion is M , torsion[t_]= Det[{v[t], aft], a'[t]}] / mag [Cross [v[t] ,a[t] ] ] 2 //Simplify] 

Print["The unit normal vector is ", unorm[t_]= utan'[t] / mag[utan'[t]] //Simplify] 

Print["The unit binormal vector is ", ubinorm[t_]= Cross[utan[t],unorm[t]] //Simplify] 

Print[’’The tangential component of the acceleration is ", at[t_]=a[t].utan[t] //Simplify] 

Print["The normal component of the acceleration is an[t_]=a[t] .unorm[t] //Simplify] 

You can evaluate any of these functions at a specified value of t. 
t0= Sqrt[3] 

{utan[t 0 ], unorm[t 0 ], ubinorm[t 0 ]} 

N[{utan[t0], unorm[t0], ubinorm[t0]}] 

{curv[t 0 ], torsion[t 0 ]} 

N[{curv[t0], torsion [tO]}] 

{at[t 0 ], an[t 0 ]} 

N[{at[t0],an[t0]}] 

To verify that the tangential and normal components of the acceleration agree with the formulas in the book: 
at[t]== speed’[t] //Simplify 
an[t]==curv [t] speed[t ] 2 //Simplify 

13.6 PLANETARY MOTION AND SATELLITES 


i 3 " — ^ 4 T 2 = 高 a 3 => T 2 = ( 6.6726 xio - 11 Nm 2 k^- 2 ) ( 5.975 x 10 24 kg) (6,808,000 m) 3 
« 3.125 x 10 7 sec 2 => T « \/3125 x 10 4 sec 2 « 55.90 x 10 2 sec ~ 93.2 min 


2. e = 0.0167 and perihelion distance = 149,577,000 km and e = 鵠 


4 0.0167 


(149,577,000,000 m)vg 


(6.6726xl0- n Nm 2 kg- 2 ) (1.99xl0 30 kg) 

=> Vo ~ \/9.03 x 10 8 m 2 /sec 2 « 3.00 x 10 4 m/sec 


=> Vo ~ 9.03 x 10 8 m 2 /sec 2 


3. 92.25 min = 5535 sec and 妄 = 黑 4 a 3 = 齋 T 2 

泠 a 3 = (6 - 6726x 10-11 Nm 2 4 y) ( 5 . 975xltfM kg) (5535 sec ) 2 = 3.094 x 10 20 m 3 泠 a « V3.094 x 10 20 m 3 
= 6.764 x 10 6 m « 6764 km. Note that 6764 km « |(12,757 km + 183 km + 589 km). 

4. T = 1639 min = 98,340 sec and mass of Mars = 6.418 x 10 23 kg => a 3 = 齋 T 2 

= (6 - 6726X 10-11 Nm 2 kg^)(6.418xl0^kg) (98,340 sec ) 2 _ L0 49 X 10 22 m 3 ^ a « \/l.049 x 10 22 

= 2.19 x 10 7 m = 21,900 km 
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5. 2a = diameter of Mars + perigee height + apogee height = D + 1499 km + 35,800 km 

泠 2(21,900) km = D + 37,299 km D = 6501 km 

6. a = 22,030 km = 2.203 x 10 7 m and T 2 = 黑 a 3 

4 T 2 = ( 6 . 6720 X 10 - 11 Nm^kg- 2 ) ( 6.418 x 10 23 kg) (2.203 x 10’ m) 3 = 9.856 x 10 9 sec 2 
=> T « \! 9.856 x 10 8 sec 2 « 9.928 x 10 4 sec « 1655 min 


7. (a) Period of the satellite = rotational period of the Earth =>■ period of the satellite = 1436.1 min 
= 86 166 sec. a 3 = GMT2 a 3 = ( 6 - 6726xl0 ~ n Nm 2 kg_ 2 ) (5.975xio 24 kg) (86,166 sec) 2 

« 7.4980 X 10 22 m 3 泠 a « V74.980 x 10 21 m 3 « 4.2168 x 10 7 m = 42,168 km 

(b) The radius of the Earth is approximately 6379 km => the height of the orbit is 42,168 — 6379 = 35,789 km 

(c) Symcom 3, GOES 4, and Intelsat 5 


8. T= 1477.4 min = 88,644 sec 泠 a 3 = 

_ (6.6726xlO -11 Nm 2 kg- 2 ) (6.418xl0 23 kg) (88,644 sec) 2 
= 4^2 ' 

« 2.043 x 10 7 m = 20,430 km 


8.524 x 10 21 m 3 ^ a« 《 8.524 x 10 21 m 3 


9. Period of the Moon = 2.36055 x 10 6 sec 4 a 3 


GMT 2 

4n 2 


= (6 ' 6726x10 " 1 NnAg - 2) (5 - 9 4 7 ^ 1024 ^ (2 - 36055xl ° 6sec)2 « 5.627 x 10 25 m 3 ^ a« ^5.627 x 10 25 
« 3.832 x 10 8 m = 383,200 km from the center of the Earth. 

: ^(^xlO-nNmy) (5.975x10^ kg) ^ l x 10 7,-1/2 


10. r = ^ v 2 = ^ |v| 


T 2 


11. Solar System: p- 


47H 


Earth: 

Moon: 


(6.6726x 10- n Nm 2 kg- 2 ) (1.99xl0 30 kg) 

4丌 2 


^ 2.97 x 10 -19 sec 2 /m 3 ; 


l! __ 

a 3 — (6.6726xl0- n Nm 2 kg- 2 ) (5.975xlO 24 kg) 


« 9.902 


-14 


sec 2 /m 3 ; 


T 2 


47T 2 


GM(e+l) 

ro 


=> V 0 


/GM(e+l) 

ro 


F _ (6.6726x 10- 11 Nm 2 kg- 2 ) (7.354x 10 22 kg) 
12 ' e = SM ^ 1 ^ V 0 

Circle: e = 0 4 vq = 

Ellipse: 0 < e < 1 => 

Parabola: e = 1 => vq 
H yperbola: e > 1 => vq > 


8.045 x 10— 12 sec 2 /m 3 ; 


r„ < V 0< 

,2GM 
ro 


/2GM 

ro 


13. r = ^ ^ v 2 = ^ ^ 


^ which is constant since G, M, and r (the radius of orbit) are constant 


14. AA= 1 |r(t + At) xr(t)| ^ ^ 


rJ ^ x r(t) 


r(t + At)zrffl + itt) x r ⑴ 


r(t +At)-r(t) 


At 


X r(t)| = 


Al J 


r(t + At)-r(t) 


At 


X r(t) 




r(t+ ^ t - r(t) x r(t) 


dr I 
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15. T= ( 煞 ) V / T^ ^ T^ = ( 黯 ) (l-e 2 )= ( 錄 ) [l-(l|-l) 2 ] (fromEquation 32) 

2GMr 0 Vo-r§v^l _ (4?r 2 a 4 ) (2GM -r 0 v§) 

G^ivP 」 一 r 0 G 2 M 2 

=(47r 2 a 4 ) ( 2G 2 V 0 gm V °) (m) = (47r 2 a 4 ) (^) (^) (from Equation 35) > T 2 = 齋 ^ ^ 

16. Let rAB(t) denote the vector from planet A to planet B at time t. Then ^(t) = r B (t) — r A (t) 

=[3 cos (7rt) — 2 cos (27rt)]i + [3 sin (7rt) — 2 sin (27rt)]j 

=[3 cos (7rt) — 2 (cos 2 (7rt) — sin 2 (7rt))] i + [3 sin (7rt) — 4 sin (7rt) cos (7rt)]j 

=[3 cos (7rt) — 4 cos 2 (7rt) + 2] i + [(3 — 4 cos (7rt)) sin (7rt)]j => parametric equations for the path are 
x ⑴ = 2 + [3 — 4 cos (7rt)] cos (7rt) and y(t) = [3 — 4 cos (7rt)] sin (7rt) 



17. The graph of the path of planet B is the limacon 
at the right. 



Path of B 


18. (i) Perihelion is the time t such that |r(t)| is a minimum. 

(ii) Aphelion is the time t such that |r(t)| is a maximum. 

(iii) Equinox is the time t such that r(t) • w = 0. 

(iv) Summer solstice is the time t such that the angle between r(t) and w is a maximum. 

(v) Winter solstice is the time t such that the angle between r(t) and w is a minimum. 

CHAPTER 13 PRACTICE EXERCISES 


1. 


r(t) = (4 cos t)i + ( \f2 sin i 


and y = \fl sin t 4 + y 


4 x = 4 cos t 

1 ； 

(-4 sin t)i + (\/^ cos t) j and 

(—4 cos t)i — sin t) j ; r(0) = 4 i ， v(0) = , 


a(0) = -4i;r ( 牙 ） =2v^i+j，v ( 牙） =-2 々 +j ， 
a (|) = —2-\/2i — j ； |v| = \/16 sin 2 1 + 2 cos 2 1 


y 





sM 


14 sin t cost 
\J 16 sin 2 1+2 cos 2 t 


at t = 0: a T = 0, a N 




0 = 4, « 


M 2 


2； 


V8+1 





Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 

























I sec 2 1) i 


2. r(t) = sec t) i + tan t 

4 x 2 - y 2 = 3; v = (sec t tan t) i + (y^ 
and 

a = sec t tan 2 1 + \/3 sec 3 1) i - (2\/^ sec 2 1 tan t) j ; 

r(0) = ， v(0) = ， a(0) = x/3i ； 

|v| = \/3 sec 2 1 tan 2 1 + 3 sec 4 1 

v „ _ d_ | v | _ 6 sec 2 1 tan 3 t+ 18 sec 4 1 tan t • 

T dt I I 2 v^3 sec 2 1 tan 2 1 + 3 sec 4 1 ， 

at t 二 0: aj = 0, an = -^|a| 2 — 0 = \/3, 

-—_^N_ — — J_ 

K _ M 2 _ 3 - 73 


Chapter 13 Practice Exercises 

4 x = \pi sec t and y = \[z tan t 4 誓—誓 =sec 2 1 — tan 2 1 = 1; 


853 



3. r 


Vi+t 2 \/i+t 2 " 


=> y : 


^ | V 卜 V[-t(i+ t 2 r 3/2 ] +[(i+t 2 r 3 ’ 2 

d |v 


—t(i+t 2 r 3/2 i+(i+t 2 ) _3/2 j 

:- We want to maximize |v| : 柴 = 。: and 


T - 0 泠 {n% 


0 


0- For t < 0, > 0; for t > 0, < 0 ^ |v| max occurs when 


o # M, 


4. 


r = (e l cos t) i + (e l sin t) j y = (e 1 cos t — e l sin t) i + (e l sin t + e l cos t) j 
=> a = (e 1 cos t — e l sin t — e l sin t — e l cos t) i + (e l sin t -h e l cos t + e l cos t — e l sin t) j 

=(—2e l sin t) i + (2e l cos t) j . Let 0 be the angle between r and a. Then 9 = cos -1 ( 


-2e 2t sin t cos t+2e 2t sin t cos t 


yj (e l cos t) 2 +(e l sin t) 2 \J (—2e l sin t) 2 +(2e l cos t) 2 


COS 


0 、 


cos -1 0 


I for all 1 


5. y = 3i + 4j and a = 5i + 15j y x a = 3 

5 




K = 


|vxa| 



j k 

4 0 = 25k ^ |v x a| = 25; |v| = y/3 2 + 4 2 = 5 

15 0 


6. 


k = + 0 = e x (1 + e 2x )' 3/2 ^ 裝 =e x (1 + e 2x ) - 3/2 + e x - | (1 + e 2x )' 5/2 (2e 2x ) 

=e x (l + e 2x )' 3/2 - 3e 3x (1 + e 2x )' 5/2 = e x (l + e 2x )' 5/2 [(l +e 2x ) - 3e 2x ] =e x (l + e 2x )' 5/2 (1 - 2e 2x ); 

裝 = 0 => (1 — 2e 2x ) = 0 今 e 2x = I =>■ 2x = — In 2 =>• x=-*ln2 = - In \/~2 => y = ; therefore k is at a 


maximum at the point ( — In 


^ 75 ) 


7. r = xi + yj y = ^ i + ^ j an d v.i = y 4 箸 =y. Since the particle moves around the unit circle 

x 2 +y 2 = l,2x|+2y|=0 ^ | = 一 g (y) = — x . Since | = y and | = Hx, we have 

v = yi — xj => at (1,0), v = — j and the motion is clockwise. 


8. 9y = x 3 => 9 ^ = 3x 2 ^ => 菩 =! x 2 莹 . If r = xi + yj, where x and y are differentiable functions of t, 
then v = 室 i + 室 j. Hence y ♦ i = 4 =>• ^ = 4 and y-j = ^ = |x 2 ^ = | (3) 2 (4) = 12 at (3,3). Also, 
a = 祭 i + ㈤ and y = (|x) (^) 2 + Qx 2 ) 祭 . Hence a • i = -2 ^ 祭 =—2 and 
a • j = § = I (3)(4) 2 + - (3) 2 (-2) = 26atthe point (x,y) = (3,3). 
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9. 塞 orthogonal to r ^ 0=^.r=| 塞 -r + 善 r • 害塞 (r-r) 4 r • r = K ， a constant. If r = xi + yj ， where 
x and y are differentiable functions of t, then r • r 二 x 2 * 4 + y 2 ^ x 2 + y 2 = K，which is the equation of a circle 
centered at the origin. 


10. (b) y = (7r — 7r cos 7rt)i + (7r sin 7Tt)j 

a = (7r 2 sin 7rt) i + (7r 2 cos 7rt) j ; 
v(0) = 0 and a(0) = 7r 2 j ; 
y(l) = 27ri and a(l) = — 7r 2 j ; 
y(2) = 0 and a(2) = 7r 2 j ; 
y(3) = 27ri and a(3) = — 7r 2 j 


r(r) = (Trr - sin 7rr)i + (I — cos 7rr)j 



(c) Forward speed at the topmost point is |v(l)| = |v(3)| = 27r ft/sec; since the circle makes \ revolution per 
second, the center moves 丌 ft parallel to the x-axis each second => the forward speed of C is 丌 ft/sec. 


11. y = y 0 + (v 0 sin a)t — | gt 2 ^ y = 6.5 + (44 ft/sec)(sin 45°)(3 sec) — | (32 ft/sec 2 ) (3 sec) 2 = 6.5 + 66y / 2 — 144 
« —44.16 ft ^ the shot put is on the ground. Now, y = 0 4 6.5 + 22y // 2t — 16t 2 = 0 => t ~ 2.13 sec (the 
positive root) ^ x « (44 ft/sec)(cos 45°)(2.13 sec) ~ 66.27 ft or about 66 ft, 3 in. from the stopboard 


12. y max = yo + 


(vo sin a) 2 
^2g^ 


7 ft I [(80 ft/sec)(sin 45 。)] 2 
' 11 (2) (32 ft/sec 2 )^ 


« 57 ft 


13. x = (v 0 cos a)t and y = (v 0 sin a)t 一 ！ gt 2 泠 tan 沴 = 盖 == 〜：二少 


vq cos a 


Vo cos a tan 0 = Vo sin a — 去 gt 4 
hits the upward slope. At this time 
X = (v 0 COS a) ( 2vo Sina-2vocos a tan0^ 

=) (vg sin a cos a — Vq cos 2 a tan 0). Now 
S ( 1 )( 


2vq sin a — 2 vq cos a tan c, 


g 


0 R =^ ^ 0 R 


Vq sin a cos a — Vq cos 2 a tan 0 、 
cos (j) . 


^ 2v o ( 


:， )( 

2vq cos a . \ ( 

、 ^g^ ) V 


sin a _ cos o ： tan <?!> \ 
cos 0 cos 0 J 

sin a cos cp — cos a sin q 

COS 2 (f) 


2 g°cos ^) [sin (a _ (/))]. The distance OR is maximized 


,which is the time when the golf ball 

y 



when x is maximized : 盖 


( 令 )(cos 2a + sin 2a tan 0) = 0 =>■ (cos 2a + sin 2a tan 命 ） = 0 => cot 2a + tan < 

4 cot 2a = tan (—(/)) => 2a = | + 0 => a 


0 7[ 

2 T 4 


14. R = I sin 2a 4 Vq 


Rg 


sin 2 a ; f or 4325 yards: 4325 yards = 12,975 ft => Vo 
« 644 ft/sec; for 4752 yards: 4752 yards = 14,256 ft 4 Vo = 


/ (12,975 ft) (32 ft/sec 2 ) 
(sin 90。) 


(14 ' 25 (s^9oT SeC2) W 675 ft/SeC 


15. (a) R = ^ sin 2a ^ 109.5 ft = ( 32 ^) ( sin 90 。）^ v o = 3504 ft 2 /sec 2 泠 v 0 = \/3504 ft 2 /sec 2 
« 59.19 ft/sec 

(b) x = (Vo cos a)t and y = 4 + (v。sin a)t — \ gt 2 ; when the cork hits the ground, x = 177.75 ft and y = 0 
4 177.75 = (v 。 士 ) t and 0 = 4 + (v 。 t- 16t 2 今 16t 2 = 4+ 177.75 4 t = 

泠 0iiJpV2 = 4(177.75)^2 ^ 74 58 ft/sec 

u t ^181.75 
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16. (a) x = vq( cos 40°)t and y = 6.5 + Yo(sin 40°)t — | gt 2 = 6.5 + vo(sin 40°)t — 16t 2 ; x = 262 ^ ft and y = 0 ft 
4 262 吾 =v 0 (cos 40 o )t or v 0 = and 0 = 6.5 + 


(cos 40°)t 


262.4167 (sin40°)t-16t 2 t 2 = 14.1684 
262.4167 


(cos 40°)t 

^ t ^ 3.764 sec. Therefore, 262.4167 « vo(cos 40°)(3.764 sec) => Vo ~ (cos sec) => Vo ~ 91 ft/sec 

(b) y max =y 0 + « 6.5 + ((91 : 匕，尸 » 60 ft 


2 g 


(2)(32) 


17. x 2 = (vq cos 2 a) t 2 and (y + | gt 2 ) 2 = (vq sin 2 a) t 2 x 2 + (y + | gt 2 ) 2 = Vgt 2 

18. S = i v^+f = ^ X 2 + y 2 - s 2 = x 2 +y 2 - 

_ (x 2 +y 2 ) (x 2 +y 2 ) - (x 2 x 2 +2xxyy+ y 2 y 2 ) _ x 2 y 2 + y 2 x 2 - 2xxyy _ (xy-yx) 2 
= F+f = F + f = x 2 +y 2 

^ + f _^2 = \iy^m - _^±r “ 2 丄 ' v2 、 3/2 ' 




y/x 2 + f ^ ^/x 2 +y2-s 2 = 'ixy-y^l = 戈二 P 
Q ttO 2 ) i + J^sin Q tt 6 2 ) dO } ^ =cos ( 字 ) i + sin ( 誓 ) j => |y| = 1; 


19. r(t)= 

a(t) = —7rt sin ( 


宇 ） i + 7rt cos ( 誓 ) j v x a 


: 7Ttk => AC = = 7Tt ； |v(t)| 


ds 


cos ( 誓） sin ( 字） 0 

7rtsin ( 字） 7rtcos ( 字 ） 0 
^ s = t + C; r(0) = 0 4 s(0) = 0 4 C = 0 4 tz = tts 


20. s = a0 ^ 0^1 <^=1 + 1 ^ t = \ ^ k= |i| = isincea>0 


I a I a 


21. r = (2 cos t)i + (2 sin t)j + t 2 k ^ \ = (—2 sin t)i + (2 cos t)j + 2tk |y| = y /(—2 sin t) 2 + (2 cos t) 2 + (2t) 2 


= 2\/1 + t 2 => Length = / 2\/1 +1 2 dt = t^l + t 2 + In t + \/1 + t 2 

22. r = (3 cos t)i + (3 sin t)j + 2t 3 / 2 k v = (—3 sin t)i + (3 cos t)j + 

4 |v| = (—3 sin t) 2 + (3 cos t) 2 + (3tV 2 ) 2 = ^9 + 9t = 3-\/1 +1 ^ Length 二 3^/l + t dt = [2(1 + t) 3 〆 2 ] 

=14 

23. r= |(1+ t) 3 / 2 i + I (1 - t) 3 / 2 j + |tk ^ v=|(l+ t) l/2 i - | (1 - t)" 2 j + | k 

^ |v| = a/[|( 1+ t)i/2] 2 + [- I (1 - t)i/ 2 ] 2 +(I) 2 = 1 ^ T^fd+t^i-ld-t^j+ik 


7r/4 


’l + g+lnl 


'1 + 


7T 2 

16, 


^ T(0)= + = i(l+t)- 1 /2 i+ 1 (l_ t )-l/2j ^ 哿⑼ 


= o 1 + T .1 => 


I dT 

I dF 


⑼ I = # 


今 N( 0 ) = T^i+T^j ； B( 0 ) = T ⑼ x N( 0 )= 

= 1(1+ t)~ 1/2 i +4(1- t)-V2j ^ a(0) = i i 


1 j k 

2 _ 2 1 

3 _ 3 3 

V ； 75 0 


1 j k 

2 _ 2 1 

3 _ 3 3 

I I o 

1 1 ^ 


9 ' 1 9 


j + .k 泠 |v x a| = ^ ^ k(0) 


"575 

i+ 573 

j + ^ k ; 

■ fj h 

h |k ^ v(0) x a(0) 

|vxa| _ 

|v| 3 " 

—㈤ 

一 


2 

3 

1 

3 

2 1 

— 3 3 

5 0 



(1 + t)_ 3 / 2 i + i(l - t)_ 3 / 2 j 今 a(0)= 


泠 t(0)= 


-I l o 


0 =>• (I ， I ，0 ) is the point on the 


G) ⑷ = i 

W 5 


curve 
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24. r = (e l sin 2t) i + (e l cos 2t) j + 2e l k => y = (e 1 sin 2t + 2e l cos 2t) i H- (e 1 cos 2t — 2e l sin 2t) j + 2e l k 


=> |y| = y (e l sin 2t + 2e l cos 2t) 2 + (e l cos 2t — 2e l sin 2t) 2 + (2e 1 ) 2 = 3e l 4 T : 


V 


(I sin 2t + I cos 2t) i + (! cos 2t — | sin 2t) j + | k =>■ T(0 )' 


r j + t k; 


dT 

dF 


(I cos 2t — I sin 2t) i + (— | sin 2t - 


1 2t) j 豐 (0) = !i—|j=> |^- (0)| = § \/~5 




泠叫 0) = = 士 i — 士 j ; B(0) = T(0) x NW = 


1 j k 

2 12 

3 3 3 

丄 _2^ 0 

75 U 


J75 i+ i75 j ^573 k; 


a = (4e l cos 2t — 3e l sin 2t) i + (—3e l cos 2t — 4e l sin 2t) j + 2e l k =>■ a(0) = 4i — 3j + 2k and v(0) = 2i + j + 2k 

k 

= 8i + 4j - 10k 今 |v x a| = ^/64 + 16+ 100 = 6^5 and |v(0)| = 3 


4 y(0) x a(0) 


2 12 
4-3 2 


^ «(0) = ^ ; 

a 二 (4e l cos 2t — 8e l sin 2t — 3e l sin 2t — 6e l cos 2t) i + (—3e l cos 2t + 6e l sin 2t — 4e l sin 2t — 8e l cos 2t) j + 2e l k 
=(—2e l cos 2t — lie 1 sin 2t) i + (—11 e l cos 2t + 2e l sin 2t) j + 2e l k => a(0) = —2i — 11 j + 2k 


> T(0) 


2 1 2 
4—3 2 

-2-112 _ -80 _ 4 . t _ q ( 0 5 1 5 2 ) is on the curve 


|vxa|" 


180 — 9 


25. r = ti + 全 e 2t j 4 v = i + e 2t j # | v | = + e 4t 4 T 


e 2t 


dT _ -2e 〜 

dT — h 丄。 4t、 3 / 2 


2e z, 


(l + ef (l +e 4t) 

B (In 2) = T(ln 2) x N(ln 2) 


Wi ^ f dn2) 


V1 + e 4t 置 1 V1+ e 4t J ^T(ln2)= v ^i + ^ ? j; 

今 N(ln2) = — 

k 


-32 


* * 0 


k; a = 2e 2t j ^ a(ln 2) = 8j and v(ln 2) = i + 4j 


=> v(ln 2) x a(ln 2) 


i j k 

14 0 
0 8 0 


v^7 

二 8k 4 |y x a| = 8 and |y(ln 2)| = \/l7 => «(ln 2) 


17\/l7 


;a = 4e 2t j 


=> a(ln 2) = 16j => r(ln 2) 


1 4 o 

0 8 0 
0 16 0 


vxa 


0; t = In 2 (In 2,2,0) is on the curve 


26. r = (3 cosh 2t)i + (3 sinh 2t)j + 6tk y = (6 sinh 2t)i + (6 cosh 2t)j + 6k 


|y| = y /36 sinh 2 2t + 36 cosh 2 2t + 36 = 6\/2 cosh 2t T 


V 

M 


(75 


tanh 2t 


72' 


(vs 


sech 2t) k 


^ T ( ln2 ) = I#I i+ *j+i7^ k ;^ = fesech 221 ) 1 —fe sech2ttanh2t ) k 今 f ㈣ 


(^) (吾广卜 ( 士 )( 吾） (l^) k= ^7； i_ ^ |f (ln2)| = J (^) + (-^7；) 


冷 N(ln 2) = A i - |f k; B(ln 2) = T(ln 2) x N(ln 2) 

T7 u 一 n 

a = (12 cosh 2t)i + (12 sinh 2t)j 4 a(ln2)=12(^)i+12(f)j = fi+f jand 


k 


15 1 8 

lly/2 ~^/2 \ly/2 


0 


15 j j_i _ o t . 

lly/2 y/2^ 17V^ K ’ 


v(ln 2) = 6 ( 譬 ) i + 6 ( 导 ) j + 6k = 竽 i + 孕 j + 6k =>• v(ln 2) x a(ln 2) 


45 51 6 

4 4 u 

51 45 

2 2 


-135i+ 153j - 72k 泠 |v x a| = 153^/2 and |y(ln 2)\ = ^ ^/2 ^ K(ln 2) = 153V ^ 3 = 晶； 

( 孕 A 
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a = (24 sinh 2t)i + (24 cosh 2t)j ^ a(ln 2) = 45i + 51 j r(ln 2) 

t = In 2 =>• (y, 警 ， 6 In 2) is on the curve 

27. r = (2 + 3t + 3t 2 ) i + (4t + 4t 2 ) j — (6 cos t)k 令 v = (3 + 6t)i + (4 + 8t)j + (6 sin t)k 
4 |v| = 7(3 + 6t) 2 + (4 + 8t) 2 + (6 sin t) 2 = ^25 + lOOt + 100t 2 + 36 sin 2 1 
泠带 =I (25 + lOOt + 100t 2 + 36 sin 2 1)' 1/2 (100 + 200t + 72 sin t cos t ) 泠 a T (0)= 带 （ 0) = 10; 
a = 6i + 8j + (6 cos t)k => |a| = \/6 2 + 8 2 + (6 cos t) 2 = yj 100 + 36 cos 2 1 |a(0)| = \J 136 

令 a N = ^/|a| 2 - a? = x/136 - 10 2 = = 6 ^ a(0) = 10T + 6N 


T 

T 

6 


51 

45 

0 


2 

2 


45 

51 

0 

_ 32 


867 9 


28. r = (2 + t)i+(t + 2t 2 )j + (l+t 2 )k 4 v = i + (1 + 4t)j + 2tk 4 |v| = ^l 2 + (1 + 4t) 2 + (2t) 2 
=\/2 + 8t + 20t 2 泠 # = - (2 + 8t + 20t 2 )' 1/2 (8 + 40t ) 泠 a T = ^ (0) 二 2^2; a = 4j + 2k 

4 |a| = 1 / 4 2 + 2 2 = y/20 a N = ^/|a| 2 - a? 


'20 


- (2 二 ^/n = 2^3 ^ a(0) = 2^2T + 2^3N 


29. r = (sin t)i + (\/5 cos【)j + (sin t)k => v = (cos t)i — (^\/2 sin j + (cos t)k 

# |v| = J (cos t) 2 + (-0 sin t) + (cos t) 2 = \fl # T = 奋 = (夫 cos t) i — (sin t)j + (士 cos t) k; 


dT 

dF 


(—士 sin t ) i _ ( cos 切 


sint k 4 |f 


… f =( 一由 


sin t) i — (cos t)j 


V v W 

sin t) k; B = T x N 


sin t) + (— cos t) 2 + 


Ti 


sin t 




COS t 


sm t 为 cos t 


73 


sin t — cos t 


75 


sin t 


i — k; a = (— sin t)i — cos t) j - (sin t)k ^ y x 
V^i- \/ 2 k ^ | v x a| = V^4 = 2 ^ 


— |vxa| _ 2 

K - wr-pf 


cost — \J~2 sin t cost 
—sin t — \J~2 cos t — sin t 

为 ;a = ( - cos t)i + (v^ sin t) j - (cos t)k 




cos t 

— y/2 sin t 

cos t 


—sin t 

—-\/2 cos t 

—sin t 

(cos t) (\/^) - (\/^ sin t) (0) + (cos t)( 

— cos t 

\[2 sin t 

— cos t 


|vxa| 2 


4 


30. r = i + (5 cos t)j + (3 sin t)k y = (—5 sin t)j + (3 cos t)k => a = (—5 cos t)j — (3 sin t)k 

=> y - a = 25 sin t cos t — 9 sin t cos t = 16 sin t cos t; y - a = 0 16 sin t cos t = 0 4 sin t = 0 or cos t = 0 

^ t = 0, I or 7r 


31. r = 2i + (4 sin I) j + (3 — ^) k 4 0 = r • (i — j) = 2(1) + (4 sin 臺 ) (一 1) 4 0 = 2 — 4 sin * 4 sin ■ = | 4 臺 =| 
^ t = I (for the first time) 


32. r ⑴ =ti + t 2 j + t 3 k y = i + 2tj + 3t 2 k => |y| = \/1 + 4t 2 + 9t 4 =>■ |v(l)| = y/l4 

# T ⑴ = 为 i 

(x — 1) + (y — 1) + (z — 1) 二 0 or x + 2y + 3z = 6 is an equation of the normal plane. Next we 
calculate N(l) which is normal to the rectifying plane. Now, a = 2j + 6tk =>• a(l) = 2j + 6k y(l) x a(l) 




-^= k, which is normal to the normal plane 
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858 Chapter 13 Vector-Valued Functions and Motion in Space 


33. r = e l i + (sin t)j + ln(l — t)k => y = e l i + (cos t)j — (y—k => v(0) = i + j — k; r(0) = i =>• (1 ， 0, 0) is on the line 

=> x=l+t，y = t, and z = —t are parametric equations of the line 

34. r = cos t) i + sin t) j + tk v = (-sin t) i + (^y/2 cos t) j + k v ⑴ 

= (— \/5sin 牙 ) i+ (\/^cos f) j + k = —i+j + k is a vector tangent to the helix when t = | 4 the tangent line 

is parallel to v (^) ; also r ( 牙 ) =(y^ cos |) i + (V^ sin j + | k => the point (1, 1， ！) is on the line 
=> x=l — t ， y=l+t，and z = | + t are parametric equations of the line 

35 . ⑻ ASOT « ATOD ~ ^ 63§0 = 6380+437 

^ yo = W ^ yo « 5971 km; 

( b ) VA = /: 2 —“( I ) 2 办 

= 27r /r i V63802-y 2 (- 7 J|L F ) dy 
= 2 兀/二 76380 办 = 2 兀[ 638 叫: 

=16,395,469 km 2 « 1.639 x 10 7 km 2 ; 

(C) percentage visible « 二溫 ^ 3.21% 

CHAPTER 13 ADDITIONAL AND ADVANCED EXERCISES 

1. (a) The velocity of the boat at (x, y) relative to land is the sum of the velocity due to the rower and the 

velocity of the river, or v = [_ ▲ (y — 50) 2 + 10] i - 20j . Now, ^ = —20 y = —20t + c; y ⑼ = 100 
今 c = 100 4 y = —20t + 100 ^ v = [- ▲ (—20t + 50) 2 + 10] i — 20j = (— f t 2 + 8t) i — 20j 
泠 r(t )=( —吾 t 3 + 4t 2 ) i - 20tj + Ci ； r(0) = 0i+ lOOj lOOj = Ci r(t) 

=( -苔 t 3 + 4t 2 ) i + (100- 20t)j 

(b) The boat reaches the shore when y = 0 => 0 = — 20t +100 from part (a) ^ t = 5 

^ r(5)=( — 吾 • 125 + 4 • 25) i + (100 — 20.5)j = (— ^ + 100) i 二 ^ i; the distance downstream is 
therefore ^ m 

2. (a) Let ai + bj be the velocity of the boat. The velocity of the boat relative to an observer on the bank of the 

river is y = ai + b — 3x ^q ~ x) j . The distance x of the boat as it crosses the river is related to time by 
x = at ^ v = ai+[b-M20^1j = ai+ (b+^_60at)j ^ r(t) = ati+(bt+^^3M)j + C; 


y 



6 i-6 j + 2k ^ |y(l) x a(l)| = ^76^ «(1) = = ^ ; | = |v(t)| ^ || 


i (1 +4t 2 +9t 4 )' 1/2 (8t + 36t 3 ) 

暴 ( D + 裸(#) : 


22 


,SO 


a=^T + K(|) 2 N 4 2j + 6k 


N 4 N: 


逸 ㈠ 1 




k) > 


T 


(x-l)-f(y-l)+f(z-l) 


0 or 1 lx + 8y — 9z = 10 is an equation of the rectifying plane. Finally, B(l) = T(1) x N(l) 


(慕)（为)⑷ 


-11 


k 


-8 9 


Vl9 


(3i -3j + k) ^ 3(x - 1) — 3(y - 1) + (z — 1) = 0 or 3x - 3y + z 


1 is an equation of the osculating plane. 


k 3 6 

• J 2 2 

•1 1 ± 
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r(0) = 0i + 0j 4 C = 0 => 犷 ⑴ =ati + (bt + j . The boat reaches the shore when x = 20 

今 20 = at 今 t=f an dy = 0 今 0 = b (f) + ^^ =， + 


= 2000 b+ 8000 - 12,000 > b = 2; the speed of the boat is = |v| = /a 2 + b 2 = \/a 2 + 4 =>• a 2 = 16 
4 a = 4; thus, y = 4i + 2j is the velocity of the boat 

(b) r(t) = ati + (bt + a'-: 12 ) j = 4ti + (2t + 徭一菩 ) j by part (a), where 0<t<5 

(c) x = 4t and y = 2t + 盖 — 呈 ^ 

= 嘉 t 3 - f t 2 + 2t = 嘉 t (2t 2 — 15t + 25) 

=—t(2t — 5)(t — 5), which is the graph of 
the cubic displayed here 



3. (a) r(0) = (a cos 0)i + (a sin 0)j + Mk => 莹 =[(—a sin 0)i + (a cos 6)j + bk] 蒂； |v| = y / 2gz : 

dd 


III 




' 2gz 
a 2 + b 2 


I 2gb6 
a 2 +b 2 




de I 

dt I e= 2 ir 


' 47Tgb 
a 2 +b 2 


2 a 


/u\ d6 
( b ) ® 




i^TF ^ ^e = \ dt ^ 2 沒 " 2 


2 gbe 


a^+b 2 t + C;t: 


0 泠 


I 7Tgb 

a 2 +b 2 

= 0 4 c = o 


20 1 / 2 


' 2gb 
a 2 + b 2 




gbt 2 

2(a 2 +b 2 ) 


\z = W z = 


gbV 

2(a 2 +b 2 ) 


(c) v(t) = % = [(—a sin 9)i + (a cos 9)j + bk] ^ = [(—a sin 6)\ + (a cos 6)} + bk] 


4 v(t)= 

d 2 r 


(—a sin 6)i + (a cos 沒 ) j + bk 
a 2 + b 2 


gbt 


gbt 


、 \/a 2 + b 2 / ^/a 2 + b 2 


T; 


^ = [(-a cos 0)i - (a sin 6»)j] (f) + [(-a sin 9)i + (a cos 6»)j + bk] || 


gbt 




^2 ) [(—a cos 0)\ — (a sin 0)j] + [(—a sin 0)\ + (a cos 0)j + bk] 


A 


(—a sin 沒 ) i + (a cos 6)\ + bk 


gb 

\/a 2 + b 2 


\/a 2 + b 2 

T + al" 


(Tafej+H^J [(-COS0)i-(sin0)j] 

{ 

N (there is no component in the direction of B). 


gbt 


gbt 

a 2 + b 2 


爲， 


from part (b) 


4. (a) r(6) = (ad cos 0)i H- (a.9 sin 6)} + b 沒 k => 室 =[(a cos 0 — aO sin 6)\ + (a sin 9 sl6 cos 0)j + bk] ^ 
|v| = v^=l 室 l = (a 2 + a 2 沪 +b 2 ) 1/2 (f) 今 罢： 

(b) s = 上 |v| dt = 上 (a 2 + a 2 0 2 + b 2 )" 2 璧 dt = 上 (a 2 + a 2 0 2 + b 2 )" 2 d 。 = 上 (a 2 + a 2 u 2 + b 2 )" 2 du 
= 上 a ^/ a2 $b 2 + u 2 du = a \/c 2 + u 2 du, where c = 八 3 ;广 


4 s = a I v^ 2 + u 2 + 誓 In u + \/c 2 + u 2 


=f [oVc 2 + 0 2 + c 2 


In ^ + yjc 2 6 2 — c 2 In 



5. r = 尺 +e)' ^ = W e)ro(es y ; M = 0 o a + e)ro(esin^) = q (1 + e)r 0 (e sin 9) = 0 

1 + e cos 6 dd (1 + e cos 0) z , dd (1 + e cos d) z v / u\ / 

=> sin 沒 = 0 4 6 = 0 or 7r. Note that ^ > 0 when sin 沒 〉 0 and 盖 < 0 when sin 0 < 0. Since sin ^ < 0 on 
—7r < ^ < 0 and sin ^ > 0 on 0 < ^ < 7r, r is a minimum when ^ = 0 and r(0) = ^ = r 。 
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860 Chapter 13 Vector-Valued Functions and Motion in Space 

6. (a) f(x) = x—1 — |sinx = 0 =>• f(0) = — 1 and f(2) = 2—1 — |sin2>| since |sin 2| < 1; since f is continuous 
on [0,2], the Intermediate Value Theorem implies there is a root between 0 and 2 
(b) Root« 1.4987011335179 


7. (a) v = f i + 餐 j and v = I u r + r f = (I) [(cos (9)i + (sin 6»)j] + (r f) [(- sin 6)\ + (cos 6>)j] ^ y • i = f and 

v • i = 羞 cos 0 — r 寮 sin 0 ^ ^ cos 0 _ r 营 sin 0; v • j = 祭 and v • j = 室 sin 0 + r 蓄 cos 0 

^ | = |sin0 + rf cos0 

(b) u r = (cos 6)i + (sin 6)\ v • u r = 莹 cos 6 ^ sin 6 

=(^ cos 6 — r^ sin 0) (cos 0) + ( 羞 sin 0 + r ^ cos 9) (sin 6) by part (a), 

# v * u r = I ； therefore, | = 莹 cos 6> + 室 sin <9; 
ue = —(sin 6)\ + (cos 6)\ => v • 叫 = —祭 sin 0 + 室 cos 9 

=(^ cos 0 — i •餐 sin 0) (— sin 0) + sin 0 + r ^ cos 6) (cos 6) by part (a) ^ v ♦ = r ^ ; 

therefore, r 釜 = 一莹 sin 0 + 荖 cos 0 

8. r = m ^ I = f'(e) f t => ^ = f"(0) (f ) 2 + f'(0) ； V = I u r + r f u e 

i 1/2 r i 1/2 

=(cos 0 I — r sin 0 f) i + (sin 0|+rcos0f)j ^ | v |= [(|) 2 +r 2 (f) 2 ] = [(f ) 2 + f 2 ] (f )； 

|y x a| = |xy — yx|, where x = r cos 6 and y = r sin 6. Then ^ = (—r sin 0 ) 莹 + (cos 6) ^ 

今 § = (-2 sin 的 f I — (r cos 0) (f) 2 — (r sin 9) § + (cos ；| = (rcos 0) f + (sin 0) | 

§ = (2 cos 6») f - (r sin 9) (f ) 2 + (r cos 0) + (sin 9) |f . Then |v x a| 

=(after much algebra) r 2 (f ) 3 + r f | - r f g +2f(|) 2 = ( 莹 ) 3 (f2 — f. f" + 2(ff) 

3 K — Jvxa| — f2-f.f" + 2(f) 2 


9. (a) Let r = 2 — t and 0 = 3t ^ ^ = —1 and 蓄 = 3 4 裔 = 祭 = 0_ The halfway point is (1,3) ^ t = 1; 

v=^u r + r 盖 u 沒 v(l) = —u r + 3u^; a = ^ — r ( 蓄） u r + r ^ + 2 ^ ^ =>■ a(l) = — 9u r — 6ii6/ 

(b) It takes the beetle 2 min to crawl to the origin => the rod has revolved 6 radians 

^ L = X \j 师 )] 2 + [f'W] 2 册 =f 0 \/(2 - ! 广 + (- J) 2 d9 = f o ^4 - f + f + i dd 

=f: 七 -'f + (P dd = i £ 相 -6)2 + 1 d0 = i y/{6 -6)2 + 1 + iln|0-6 + ^-6) 2 +1| 

= \/37 - ^ In (\/37 - 6) w 6.5 in. 


10. L(；t) = r(t) x mv ⑴ => 普 = (著 x mv ) + (r x m 祭 ) => 告 =(v x my) + (r x ma) = r x ma; F 


ma ^ — 




=> ^=rxma = rx 


kl 3 


(r x r) = 0 => L = constant vector 


11. (a) u r x Uff = 


i j k 

cos 0 sin 6 0 

— sin 6 cos 6 0 


=k a right-handed frame of unit vectors 


(b) ^ = ( — sin 6)\ + (cos 6)\ = and ^ = ( — cos 6)\ — (sin 6)} = —u r 

(c) From Eq. (7 )， v = hi r + yOuq + zk => a = v = (ru r + rUr) + (r + + r^u^) + z k 

= (ir •— u r + (r^ + 2r + z k 


12. (a) x = r cos ^ dx = cos ^ dr — r sin ^ dO; y = r sin ^ ^ dy = sin 沒 dr + r cos 0 d6\ thus 
dx 2 = cos 2 6 dr 2 — 2r sin 6 cos 0 dr d0 + r 2 sin 2 6 d6 2 and 
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dy 2 = sin 2 6 dr 2 + 2r sin 6 cos 0 dr dO r 2 cos 2 6 d6 2 dx 2 + dy 2 + dz 2 = dr 2 + r 2 d0 2 + dz 2 
(c) r = e 0 => dr = q 6 d6 (b) 
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NOTES: 
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CHAPTER 14 PARTIAL DERIVATIVES 


14.1 FUNCTIONS OF SEVERAL VARIABLES 


1. (a) Domain: all points in the xy-plane 

(b) Range: all real numbers 

(c) level curves are straight lines y — x = c parallel to the line y = x 

(d) no boundary points 

(e) both open and closed 

(f) unbounded 

2. (a) Domain: set of all (x, y) so that y — x > 0 => y > x 

(b) Range: z > 0 

(c) level curves are straight lines of the form y — x = c where c > 0 

(d) boundary is — x 二 0 4 y = x, a straight line 

(e) closed 

(f) unbounded 

3. (a) Domain: all points in the xy-plane 

(b) Range: z > 0 

(c) level curves: for f(x, y) = 0, the origin; for f(x, y) = c > 0, ellipses with center (0,0) and major and minor 
axes along the x- and y-axes, respectively 

(d) no boundary points 

(e) both open and closed 

(f) unbounded 

4. (a) Domain: all points in the xy-plane 

(b) Range: all real numbers 

(c) level curves: for f(x, y) = 0, the union of the lines y = 士 x; for f(x, y) = c / 0, hyperbolas centered at 
(0,0) with foci on the x-axis if c > 0 and on the y-axis if c < 0 

(d) no boundary points 

(e) both open and closed 

(f) unbounded 

5. (a) Domain: all points in the xy-plane 

(b) Range: all real numbers 

(c) level curves are hyperbolas with the x- and y-axes as asymptotes when f(x ， y) — 0, and the x- and y-axes 
when f(x, y) = 0 

(d) no boundary points 

(e) both open and closed 

(f) unbounded 


6. (a) Domain: all (x, y) ^ (0, y) 

(b) Range: all real numbers 

(c) level curves: for f(x, y) = 0, the x-axis minus the origin; for f(x, y) = c # 0, the parabolas y = cx 2 minus the 
origin 

(d) boundary is the line x = 0 
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(e) open 

(f) unbounded 


7. (a) Domain: all (x, y) satisfying x 2 + y 2 < 16 

(b) Range: z>\ 

(c) level curves are circles centered at the origin with radii r < 4 

(d) boundary is the circle x 2 + y 2 = 16 

(e) open 

(f) bounded 


8. (a) Domain: all (X ， y) satisfying x 2 + y 2 < 9 

(b) Range: 0 < z < 3 

(c) level curves are circles centered at the origin with radii r < 3 

(d) boundary is the circle x 2 + y 2 = 9 

(e) closed 

(f) bounded 


9. (a) Domain: (x, y) / (0,0) 

(b) Range: all real numbers 

(c) level curves are circles with center (0,0) and radii r > 0 

(d) boundary is the single point (0,0) 

(e) open 

(f) unbounded 

10. (a) Domain: all points in the xy-plane 

(b) Range: 0 < z < 1 

(c) level curves are the origin itself and the circles with center (0,0) and radii r > 0 

(d) no boundary points 

(e) both open and closed 

(f) unbounded 

11. (a) Domain: all (x, y) satisfying —1 < y — x < 1 

(b) Range: - | < z < | 

(c) level curves are straight lines of the form y — x = c where —1 < c < 1 

(d) boundary is the two straight lines y = 1 + x and y = — 1 + x 

(e) closed 

(f) unbounded 

12. (a) Domain: all (x, y), x # 0 

(b) Range: - | < z < | 

(c) level curves are the straight lines of the form y = cx, c any real number and x ^ 0 

(d) boundary is the line x = 0 

(e) open 

(f) unbounded 

13. f 14. e 15. a 


16. c 


17. d 


18. b 
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42. f(x, y, z) = In (x 2 + y + z 2 ) at (—1 ， 2, 1) 4 w = In (x 2 + y + z 2 ); at (—1 ， 2, 1) 4 w = In (1 + 2 + 1) = In 4 

4 In 4 = In (x 2 + y + z 2 ) 4 x 2 + y + z 2 = 4 

43. g(x, y,z) = ^2 ( x n 卞 z 《） at (In 2, In 4,3) =>• w — ^ (H = e( x+y )/ z ; at (In 2, In 4, 3) => w — e (in 2 +in 4)/3 

n=0 n=0 

= e ( ln8 )/ 3 = e ln2 = 2 ^ 2 = e ( x +y)/z # 也 =In 2 

z 

44. g(x,y,z) = f x y v = + at (°> b 2 ) ^ w= [sin-^l^+Isec- 1 !]^ 

=sin — 1 y — sin -1 x + sec -1 z — sec — 1 (V^) w = sin -1 y — sin -1 x + sec -1 z — |; at ( 0 , 2 ) 

^ w = sin -1 i — sin -1 0 + sec — 1 2 — | = | => | = sin -1 y - sin -1 x + sec -1 z 

45. f(x, y, z) = xyz and x = 20 — t, y = t, z = 20 => w = (20 — t)(t)(20) along the line => w = 400t — 20t 2 

泠當 = 400 - 40t; # 二 0 泠 400 — 40t = 0 泠 t = 10 and 穿 = -40 for all t yes, maximum at t = 10 
^ x = 20 - 10 = 10 , y = 10 , z = 20 4 maximum off along the line is f( 10 , 10 , 20 ) = ( 10 )( 10 )( 20 ) = 2000 

46. f(x, y, z) = xy — z and x 二 t — l，y = t — 2，z = t + 7=> w = (t — l)(t — 2) — (t + 7) = t 2 — 4t — 5 along the line 

=> 穿 =2t — 4; 棠 = 0=> 2t — 4 = 0 => t = 2 and 祭 = 2 for all t yes, minimum at t = 2 => x = 2 — 1 = 1 ， 

y = 2 — 2 = 0, and z = 2 + 7 = 9 minimum of f along the line is f(l, 0,9) = (1)(0) — 9 = —9 

1 /2 

47. w = 4 ( 孕 ) 1/2 = 4 [ ( 290 =) ] 一 》 124.86 km 泠 must be | (124.86) « 63 km south of Nantucket 

48. The graph of f(xi, X 2 , X 3 , X 4 ) is a set in a five-dimensional space. It is the set of points 

(xi, X 2 ， X 3 , X 4 , f(xi, X 2 , X 3 , X 4 )) for (xi, X 2 , X 3 , X 4 ) in the domain of f. The graph of f(xi, X 2 ， X 3 ， •.. ， x n ) is a set 
in an (n + l)-dimensional space. It is the set of points (xi, X 2 , X 3 ,... , x n , f(xi, X 2 , X 3 , … ， x n )) for 
(Xi, X 2 , X 3 , … ， x n ) in the domain of f. 

49-52. Example CAS commands: 

Maple: 

with( plots); 

f := (x,y) -> x*sin(y/ 2 ) + y*sin( 2 *x); 
xdomain := x=0..5*Pi; 
ydomain := y=0..5*Pi; 
x 0 ,y 0 := 3*Pi,3*Pi ； 

plot3d( f(x,y), xdomain, ydomain, axes=boxed, style=patch, shading=zhue, title= M #49(a) (Section 14.1)"); 
plot3d( f(x,y), xdomain, ydomain, grid=[50,50], axes=boxed, shading=zhue, style=patchcontour, orientation:[-90,0], 
title= M #49(b) (Section 14.1) M ); #(b) 

L := evalf( f(x0,y0)); # (c) 

plot3d( f(x,y), xdomain, ydomain, grid:[50,50], axes=boxed, shading=zhue, style=patchcontour, contours:[L], 
orientation:[-90,0], title=’’#49(c) (Section 14.1)"); 

53-56. Example CAS commands: 

Maple: 

eq := 4*ln(x 八 2+y 八 2+z 八 2)=1; 

implicitplot3d( eq, x=-2"2, y=-2..2, z=-2"2, grid=[30,30,30], axes=boxed, title= M #53 (Section 14.1) M ); 
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57-60. Example CAS commands: 

Maple: 

x := (u ， v) -> u*cos(v); 
y := (u ， v) ->u*sin(v); 
z := (u,v) -> u; 

plot3d( [x(u,v),y(u,v),z(u,v)], u=0..2, v=0..2*Pi, axes=boxed, style=patchcontour, contours=[($0..4)/2], shading=zhue, 
title="#57 (Section 14.1)”）; 


49-60. Example CAS commands: 

Mathematica: (assigned functions and bounds will vary) 

For 49 - 52, the command ContourPlot draws 2-dimensional contours that are z-level curves of surfaces z : = f(x,y). 

Clear[x, y, f] 

f[x_, y_]:=x Sin[y/2] + y Sin[2x] 

xmin= 0; xmax= 57r; ymin= 0; ymax= 5tt; {x0, y0}={37r, 37r}; 

cp= ContourPlot[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, ContourShading —> False]; 

cp0= ContourPlot[ [f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, Contours —> {f[x0,y0]}, ContourShading —^ False, 
PlotStyle ^ {RGBColorf 1,0,0]}]; 

Show[cp, cpO] 

For 53 - 56, the command ContourPlot3D will be used and requires loading a package. Write the function f[x, y, z] so that 
when it is equated to zero, it represents the level surface given. 

For 53, the problem associated with Log[0] can be avoided by rewriting the function as x2 + y2 +z2 - el/4 
〈〈 Graphics 、 ContourPlot3D' 

Clear[x, y, z, f] 

f[x_, y_, z_]:= x 2 + y 2 + z 2 — Exp[l/4] 

ContourPlot3D[f[x,y, z], {x, —5, 5}, {y, —5, 5}, {z, —5, 5}, PlotPoints — > {7, 7}]; 

For 57 - 60, the command ParametricPlot3D will be used and requires loading a package. To get the z-level curves here, 
we solve x and y in terms of z and either u or v (v here), create a table of level curves, then plot that table. 
«Graphics v ParametricPlot3D v 
Clear[x, y, z, u, v] 

ParametricPlot3D[{u Cos[v], u Sin[v], u}, {u, 0, 2}, {v, 0, 2p}]; 
zlevel= Table[{z Cos[v], z sin[v]}, {z, 0, 2, .1}]; 

ParametricPlot[Evaluate[zlevel],{v, 0, 2 丌 }]; 

14.2 LIMITS AND CONTINUITY 


lim 


(x,y) — (0,0) 


3x 2 -y 2 + 5 _ 3(0) 2 — 0 2 +5 — 5 
x 2 +y 2 + 2 — 0 2 + 0 2 + 2 — 2 


2 . 

3. 

4. 


lim 


(x,y) — (0,4) 

lim 


(x,y) — (3,4) 

lim 


( x ， y ) — ( 2 , 一3) 


W =r '^ =0 

a/x 2 + y 2 — 1 = 1/32+42 



^l = ^/24 = 
=(g) 2 = M 



5. lim sec x tan y = (sec 0) (tan f) = (1)(1) = 1 

(x,y)^ (0,1) 
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6 - (x ， y) ，_ ⑽ (識 


COS I 


0 2 +0 3 
0 + 0+1 


cos 0=1 


(x,y)^7o,ln2) 


e x -y = e 0_ln2 = e ln ⑷ 


8. lim In |1 +x 2 y 2 | = In |1 + (1) 2 (1) 2 | = In 2 

(x,y 卜 （ 1,1) 


9, (^ yfto ^) 甲 


(x , y) %, 0) ㈣ (宁卜 ⑼㈣ 


10. ( )lim(i i) cos ( 3 -\/|xy| — l) = cos ( 3 >/(l)(l) - 1) = cos 0=1 




12 ' (x.y) 1 ^!^) = ^Tfj 


x 2 -: 


13 - ( H ) 锌 Wd (卜 ㈣ - 1 )二 0 


14. lim -二 lim (x + y)(x _ y) = lim (x + y) = (1 + 1) = 2 

x 兴 y 

15. lim xy-y- 2 x + 2 = lim ( 卜 1 ?- 2 ) = lim (y _ 2) = (1 — 2) = — 1 

(X,y) — (1,1) x (x,y) ^ (1,1) x (x,y)4(l ， l) 

1 1 

1 f. 1 ™ _y + 4 _ — 1 ™ y + 4 — lirn 1 — 1 — 1 

(x,y) ^(2,-4) x^ y -x y + 4x^4x - (x ， y) !^ 2 ^ 4) x(x-l X y + 4) — (x , y) ^ _ 4) 4^0 - 2(2^1) - 2 

y 一 —4, x ^ x 2 y 一 —4, x ^ x 2 x # x 2 

17. lim x-y + 2 ^- 2 ^ = Hm (^-^)(^+^ + 2 ) = Hm (^+ /^ + 2) 

(x,y 卜 (0,0) V^-V^ (x，y 卜 (0,0) 办-七 (x,y 卜 (0,0) W V ^ ) 

=(\/0+\/0 + 2) =2 

Note: (x, y) must approach (0,0) through the first quadrant only with x — y. 


18. lim 


x + y-4 


xii 丄丄 ~ / . ^ — mil 

(x,yH2,2) V^-2 (x,y)^(2,2) 

x + y ^4 x + y 7^4 


(Hf 2 ) ' ',、％”、 （㈣ + 2) 




+2+2 =2+2=4 


(x,y) — (2,2) 
x + y 7^4 


19. lim 


lim 


y/2\-y-2 


lim 


(x,y) — (2,0) 2x- y -4 - ( x ,y)^(2,0) (7^ + 2) (7^ — 2) — (x ， y) — (2,0) V / 2^ + 2 

2x-y“4 2x-y“4 

= 1 — _X_ = I 

— V(2)(2)-0 + 2 — 2 + 2 — 5 


20. lim 


~\/x ~ \/y+i 


lim 


\A- 

Wy+ l ) 


Vy+i 


lim 


(x,y) ^ (4,3) x-y- 1 _ ( x ,y) ^ (4,3) (v^+x/y+l) (\/^~ v")^) _ (x,y)^(4,3) V^+W+^ 

x-y 多 1 x-y“l 
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i _ _j_ _ 1 
\/4 +v / 3TT — 2 + 2 — 4 


21. lim 

P — (1,3,4) 



12 + 4 + 3 _ 19 
了卞 5 卞 3 — 一'12^ — 12 


22. lim 


2 xy + yz — 2 ( 1 )(-!) + (- 1 )(- 1 ) — -2 + 1 _ _ 1 

x 2 + z 2 - 1 2 + (-1) 2 " "ITT ~ ~ 2 


23 - p 4^3,0) (- 2 x + cos^y + sec^ z) = (sin^ 3 + cos^ 3) + sec^ 0 = 1 + = 2 


24. lim tan -1 (xyz) = tan -1 (— i ♦ f • 2) = tan -1 (— f) 


25. lim ze- 2y cos 2x - 3e _ 2 ⑼ cos 2 tt = (3)(1)(1) = 3 

_P — ( 丌， 0, 3) 

26. lim In Wx 2 -h y 2 z 2 = In a/0 2 + (― 2) 2 + 0 2 = In \/~A = In 2 

P^(0, -2,0) V J V v 


27 . ⑻ All (x,y) 

(b) All (x, y) except (0,0) 

28. (a) All (x, y) so that x ^ y 
(b) All (x,y) 

29. (a) All (x, y) except where x = 0 or y = 0 
(b) All (x,y) 

30. (a) All (x, y) so that x 2 — 3x + 2 ^ 0 =>• (x — 2)(x — l) ^ 0 =>• x ^ 2 and x 7 ^ 1 
(b) All (x, y) so that y ^ x 2 


31. (a) All (x,y,z) 

(b) All (x, y, z) except the interior of the cylinder x 2 + y 2 = 1 

32. (a) All (x, y, z) so that xyz > 0 
(b) All (x, y, z) 

33. (a) All (x, y, z) with z ^ 0 

(b) All (x, y, z) with x 2 + z 2 / 1 


34. (a) All (x, y, z) except (x, 0,0) 

(b) All (x, y, z) except (0, y, 0) or (x, 0,0) 


35. 


lim - / 2 X , 2 = lim —— / 2 X 2 = lim —— = lim —— = 

(x,y) ^ (0,0) V x +y x — 0+ V x2 + x2 x — 0+ V 2 l x l x ^ 0+ V 2x 
along y = x 
x > 0 

('yfto,。) — 7^7 = „0- - 7W\ = - 75^0 = x^o- Vi = 7i 

along y = x 
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36. lim X o = lim 4 X \ 2 = 1 ； lim 4 X , 4 2 = lim . 0 , 2 = lim ^ \ 

(x ， y) 4 ( 0 , 0 ) x +y x — o x4 + ° 2 ? (x,y)^( 0 , 0 ) x 切 x^O x 4 + (x 2 ) 2 x^O 2x4 2 

along y = 0 along y = x 2 


37 - (x.yfto.O) ^7 =^0 ^ ^ different limits for different values of k 

along y = kx 2 


38. lim = lim , x ^, = lim t^t = lim ; if k > 0, the limit is 1; but if k < 0, the limit is — 1 

( x ， y )4(0,0) ㈣ x^O 1^)1 x^O 1^1 x — 0 |k| 

along y = kx 
k^O 


39. ( )lim( 。 o) = li m 0 = irt ^ different limits for different values of k, k 7 ^ — 1 

along y = kx 
k ^-1 


40. lim = lim =>• different limits for different values of k, k ^ 1 

(x ， y 卜 ( 0 , 0 ) x _y x —0 x _ kx l ~ k r 

along y = kx 

Ml 

41. lim x2 +^ 2 = different limits for different values of k, k / 0 

(x， y ) — (o,o) y x ^ 0 kx2 k 卞 

along y = kx 2 
k^O 


42. lim -^― — lim 2 x : 2 = => different limits for different values of k, k _ 1 

(x,y 卜 (0,0) x -y x^O x 2 - 1 ^ 2 卞 

along y = kx 2 
k^l 


43. No, the limit depends only on the values f(x, y) has when (x, y) ^ (x 0 , y 0 ) 


44. If f is continuous at (xq, yo), then lim f(x, y) must equal f(xo, yo) = 3. If f is not continuous at 

(x ， y) — (x 0 ,y 。） — ^ 

(x 0 ,yo), the limit could have any value different from 3, and need not even exist. 


45 - (x,y) 1 l m ( 0 ) 0 ) G 一字 ) =land (x ， y) %，。）U ^ = by the Sandwich Theorem 


46. Ifxy>0, lim = lim 2 xy _( 孕 ) 

(x,y) —( 0 , 0 ) H (x,y)^( 0 , 0 ) ^ 


(^)%,0) (2 ' 


lim = lim 2 = 2 ; if xy < 0 , lim 2 ㈣ ,( 6 ^ 

(x ， y) 4 ( 0 , 0 ) ㈣ (x,y)^( 0 , 0 ) (x,y)^( 0 , 0 ) ㈣ 

= lim (2 + 孕 ) =2 and lim = 2 lim 

(x, y ) — ( 0 , 0 ) V 6J (x,y)^( 0 , 0 ) 1 圳 (x,y)^( 0 , 0 ) 

Theorem 


二 = lim 

(x,y) — (0,0) 

4 - 4 cos i 

[^y| — L 


-^y-m 


2, by the Sandwich 


47. The limit is 0 since |sin (^) | < 1 =>• — 1 < sin < 1 => —y < y sin < y for y > 0, and —y > y sin > y for 
y < 0. Thus as (x, y) ^ (0,0), both —y and y approach 0 => ysin(^) ^ 0, by the Sandwich Theorem. 

48. The limit is 0 since cos < 1 —1 < cos (0 - 1 —x < x cos ( 多 ) $ x for x > 0, and —x > x cos (♦) 2 x 

for x < 0. Thus as (x, y) ^ (0,0), both —x and x approach 0 4 x cos ( 多 ) —> 0, by the Sandwich Theorem. 
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49. (a) f(x, y)| y=mx = = i^tTn^ = sin 20. The value of f(x, y) = sin 20 varies with 0, which is the line's 

angle of inclination. 

(b) Since f(x, y)| = sin 20 and since —1 < sin 20 < l for every 6, lim f(x, y) varies from — 1 to 1 

y — (x,y) ^ (0,0) 

along y = mx. 

50. |xy (x 2 -y 2 )| = |xy| |x 2 ^y 2 | < |x| |y| |x 2 +y 2 | = | x 2 +y 2 | < |x 2 + y 2 | 

= (x 2 +y 2 ) 2 ^ | x ^ £ ^|<^±^=x 2 +y 2 ^ - (x 2 +y 2 )g (x 2 +y 2 ) 

=>• lim xy x 2 ~ y , = 0 by the Sandwich Theorem, since lim ± (x 2 + y 2 ) = 0; thus, define 

(x ， y) —(0,0) ’ x2 ” 2 ’ （ x ， y) — (0,0 ) 、 ” 

f(0,0) = 0 


51 - — 


kt — xy 一 w r 3 cos 3 6 — (r cos 6) (r 2 sin 2 0) 一 r (cos 3 6 — cos 6 sin 2 6) 一 ^ 

WTf = r A ™ 0 r^cos^ + r^sin^ = r A ™ 0 I = U 


52 - C0 H^ 


r ， 0 ⑽ 


lim cos 
r ^ 0 


r (cos 3 6 — sin 3 6) 


cos 0=1 


53 、 、 lim, 一 '‘ = r lim n = lirn (sin 2 0) = sin 2 0\ the limit does not exist since sin 2 0 is between 


(x,y)-(0 ,0) W r —0 

0 and 1 depending on 6 


r —> 0 


54 . (X.^O.O) = ^0 ^= r i m 0 does not exist for cos 0 = 0 


55. lim tan -1 

(x,y 卜 （ 0,0) 


N + |y| 
W+f 


if r —> 0+, then lim tan - 

r — 0+ 


lim tan 

r ^ 0 

|r| (|cos 6\ + |sin 0|) 


|r cos d\ + |r sin 9\ 
? 


lim tan - 

0+ 


lim tan - 

— 0 

|cos 6\ + |sin 6\ 


|r| (|cos 6\ + |sin 0|) 
? 


f ; if r ^ 0 _ , then 


lim tan— 

r ^ 0 _ 


|r| (|cos 9\ + |sin 6\) 
? 


力 ― tan 


-if |cos ^1 + |sin 6\ 


5 => the limit is 




56. lim ^2 T , y ,2 = lim_ r cos " r sin " ^ = lim^ (cos 2 0 — sin 2 0) = lirn^ (cos 20) which ranges between 


r ^ 0 


r — 0 


1 and 1 depending on ^ the limit does not exist 


57. 


58. 


(x ， y) h T(0,0) ln 


"3x 2 -x 2 y 2 + 3y 2 
x 2 +y 2 


ln 


3r 2 cos 2 9 — r 4 cos 2 6 sin 2 6 + 3r 2 sin 2 6 ' 


=lim In (3 — r 2 cos 2 0 sin 2 沒 ）=ln 3 => define f(0,0 ) 二 ln 3 

r — o 

lim 2^2 = lim ( 2r cos 沒 ) (〆 sin2 沒 ) =lim 2r cos 沒 sin 2 沒 = 0 => define f(0,0) = 0 
(x,y)^(0,0) x +y r — 0 r2 r — 0 


59. Let 6 = 0.1. Then ^/x 2 + y 2 < 6 ^ -\/x 2 + y 2 <0.1 # x 2 + y 2 < 0.01 今 |x 2 + y 2 — 0| < 0.01 |f(x,y) — f(0,0)| 

< 0.01 = e. 

60. Let ^ = 0.05. Then |x| < S and |y | 〈△今 |f(x,y) - f(0,0)| = - 0| = < |y| < 0.05 = e. 

61. Let <5 = 0.005. Then |x| < 6 and |y| < «5 ^ |f(x,y) - f(0,0)| = |^-0| = ||^| < |x + y| < |x| + |y| 

< 0.005 + 0.005 = 0.01 = e. 
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62. Let 6 = 0.01. Since -1 < cosx < 1 l<2 + cosx<3 ^ |< 2+( ! osx < 1 ^ < | 2 +tosxl ^ l x + yl 

< |x| + |y|. Then|x| <^and|y| <«5 ^ |f(x, y) - f(0,0)| = | - 0| = | | < |x| + |y| < 0.01 + 0.01 

= 0.02 = e. 


63. Let 8 = i/0.015. Then ^x 2 + y 2 + z 2 < 6 ^ |f(x, y, z) — f(0, 0, 0)| = |x 2 + y 2 + z 2 — 0| = |x 2 + y 2 + z 2 | 

=(Vx 2 + t 2 +x 2 ) 2 < (y0.015)」= 0.015 = e. 

64. Let 6 = 0.2. Then |x| < 6, |y| < 6, and \z\ < 6 |f(x ， y, z) — f(0,0,0)| = |xyz — 0| = |xyz| = |x| |y| |z| < (0.2) 3 

= 0.008 = e. 

65. Let S = 0.005. Then |x| < 6, |y| < 8, and \z\ < 6 ^ |f(x, y, z) - f(0,0,0)| - | x 2 ^ y + + J +l — 0 
= X 2 ^ 2 y + + J +1 < |x + y + z| < |x| + |y| + |z| < 0.005 + 0.005 + 0.005 = 0.015 = e. 

66. Let 6 = tan- 1 (0.1). Then |x| < 6, |y| < 6, and |z| < <5 => |f(x, y, z) — f(0,0,0)| = |tan 2 x + tan 2 y + tan 2 z| 

< |tan 2 x| + |tan 2 y| + |tan 2 z| = tan 2 x + tan 2 y + tan 2 z < tan 2 6 + tan 2 6 + tan 2 6 = 0.01 + 0.01 + 0.01 = 0.03 
=e. 


67. lim f(x, y, z) = lim (x + y + z) = x。+ yo + Zo = f(xo, yo, zq) => f is continuous at 

(x ， y ， z) — (x 0 ， y 0 ， z 0 ) (x,y,z) ^ (x 0 ,yo,z 0 ) ' ^ 

every (x 0 , y 0 , z 0 ) 


68. lim f(x, y, z) = lim (x 2 + y 2 + z 2 ) = + Zg = f(xo, yo, zq) => f is continuous at 

(x,y,z) ^ (x 0 ,y 0 ,z 0 ) (x ， y ， z) — (x 0 ， y 0 ， z 0 ) ^ ^ ^ 

every point (x 0 ,y 0 ,z 0 ) 

14.3 PARTIAL DERIVATIVES 


I _ 4x di - 

丄 . dx — 外入 ， dy — D 

3. |=2x(y + 2),|=x 2 -l 
5.|= 2y(xy - 1), | = 2x(xy - 1) 
7 — x di _ y 

.dx y/ x 2 + y2 ’ dy x 2 _|_ y2 


2. I=2x-y,| = -x + 2y 

4. § = 5y - 14x + 3, § = 5x - 2y - 6 

6. § = 6(2x - 3y) 2 , | = - 9(2x - 3y) 2 


df_ = _ 

dx — 於 3 +(i) 


df_ _ 1 

dy ~ 3 ^ + ( 1 ) 


Q — _1 v \ — _1 df _ 1 立 〆 Y '7 、 一 _1 

y . d^. ~ ~ (x + y) 2 瓦、 A 卞 (x + y) 2 ^ dy ~ ~ (x + y) 2 界 V 入卞 P — — ( x + y )2 

in df = (x 2 +y 2 )(l)-x(2x) = y 2 — x 2 df = (x 2 + y 2 ) ( 0 ) - x(2y) ^ 2xy 

dx - (x 2 +y 2 ) 2 — (x 2 + y 2 ) 2 ? dy - (x 2 +y 2 ) 2 — (x 2 +y 2 ) 2 


i i _ _ (xy- l)(l)-(x + y)(y) _ -y 2 - 1 _ (xy-l)(l)-(x + y)(x) - -x 2 - 1 

dx ~ ~ (xy - l ) 2 — (xy - l ) 2 5 dy ~ (xy - l ) 2 — (xy - l ) 2 


1 ? 迸 — i . A (i\ — - y _ _ y di _ l . A (i\ - 1 — x 

.dx — 1 + ⑴ 2 dx Vx/ — x 2 1 + (Z ) 2 — x 2 +y 2 ， ay — i + Q ) 2 dy Vx/ — x j + (y^ 2 l — x 2 + y 2 


13. ■ = e ( x +y+i) .•蠢 (X + y + 1) = e (x+ y +1 )， f = e ( x +y+” • f (x + y + 1) = e( x 竹樹 
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14 . 菪 = 一 e 一 x sin (x + y) + e- x cos (x + y) ， 募 =e _x cos (x + y) 

15 - § = 击 • 蠢 ( x + y )= 击 ， 鸯 =$ •悬 ( x + y ) = $ 

16. 鼗 =e x y • 蠢 (xy) • In y = ye xy In y ， 骞 =e” • 悬 (xy) • In y + e x ^ • ^ = xe x ^ In y + 亨 

17. 盖 = 2 sin (x — 3y) •蠢 sin (x — 3y) = 2 sin (x — 3y) cos (x — 3y) •羞 (x — 3y) = 2 sin (x — 3y) cos (x — 3y), 
募 = 2 sin (x — 3y) •悬 sin (x — 3y) = 2 sin (x — 3y) cos (x — 3y) •悬 (x — 3y) = —6 sin (x — 3y) cos (x — 3y) 


18. 羞 = 2 cos (3x — y 2 ) * ^ cos (3x — y 2 ) = —2 cos (3x — y 2 ) sin (3x _ y 2 ) • 基 (3x _ y 2 ) 

=—6 cos (3x — y 2 ) sin (3x — y 2 ), 

募 = 2 cos (3x _ y 2 ) •悬 cos (3x — y 2 ) = —2 cos (3x — y 2 ) sin (3x — y 2 ) • 务 (3x — y 2 ) 

= 4y cos (3x — y 2 ) sin (3x — y 2 ) 

19. % = yx y _\ f = x y In x 20. f(x,y) = 4+ and f 

ox J oy \ t j / ( n y x In y oy y(m y 尸 

21. i = -g(x), 骞 =g(y) 

22. f(x,y) = £ (xyf, |xy| < 1 今 f( x ， y) = 士 今 | = -• | d — X Y) = (T^yF and 

n=0 

— _1 A — Y\r\ — x 

dy ~ ~ (1 -xy) 2 dy^ L ~ ”）一 (1 _ xy) 2 

23. fx = 1 + y 2 , f y = 2xy, f z = -4z 24. f x = y + z, f y = x + z, f z = y + x 

25. f x = l ， f y = - ^ y2 y +z2 J z = ~ y y2 z +z 2 


26. f x = -x(x 2 +y 2 + z 2 )~ 3/2 , f y = -y(x 2 + y 2 + z 2 )~ 3/2 , f z =-z (x 2 + y 2 + z 2 )~ 3/2 


27. f x 


yz 


， fy 


y/l — x 2 y 2 z 2 ’ y \/l — x 2 y 2 z 2 ’ z ^/l — x 2 y 2 z 2 


,fz 


xy 


28. f x 


:， fy 


x + yz| ^/(x + yz) 2 -l ’ y |x + yz| ^/(x + yz) 2 - 


:，fz 


|x + yz| V(x + yz) 2 —] 


29. f x 


l 

x + 2y + 3z 


， fy = r 


， f z 


3 


+ 2y + 3z ’ z — x + 2y + 3z 


30. f x = yz _ i - 基 (xy) = = 孕， f y = z ln(xy) + yz - 悬 ln(xy) = z ln(xy) + g - 昜 (xy) = z ln(xy) + z, 

f z = y In (xy) + yz •羞 In (xy) = y In (xy) 

31. f x = —2x e -( x2 +y 2 + z2 ) ， f y = —2ye-( x2 +y 2 + z2 ) ， f z = -2z e _ ( x2 +f+ z2 ) 


32. f x = -yze-^ 2 , f y = —xze-xyz ， f z = —xye - 平 

33. f x = sech 2 (x + 2y + 3z), f y = 2 sech 2 (x + 2y + 3z), f z = 3 sech 2 (x + 2y + 3z) 

34. f x = y cosh (xy — z 2 ), f y = x cosh (xy — z 2 ) ， f z = — 2z cosh (xy — z 2 ) 
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35. 

di - 
a ~ 

- — 27r sin (27rt — a), ^ = sin (27rt — 

a) 


36. 

dg _ 
~ 

= V 2 e (2u/v) •蠢 （孕） = 2ve ( 2u , v )， 聋二 

： 2ve (2u / v) + v 2 e (2u/v) •!；(•) 

= 2ve (2u / v) - 2ue (2u/v) 

37. 

dh _ 
d~P - 

=sin (j) cos 0, ^ = p cos (j) cos 6, || 

=—p sin (j) sin 6 


38. 

dg _ 
di ~ 

二 1 — cos 0, || = r sin 6, || = —1 




39_ Wp = V ， W v 二 P + 誓 ， Wg = 寒 ’ W v 二专 = .警 ’ W g =-— 


40. 

dA _ 

~dE - 

= Ik = 2 ' If = 

m dA _ k _i_ p dA 一 —— 
q ， dm _ q ' 5 dq _ 

km 丄 h 

• 7 十泛 




41. 

df _ 
瓦 - 

= l+y,| = l+x, 

d 2 f _ n d 2 f . 
~ df ' 

= o, 蟲 : 

_ a 2 f _ i 

_ L 




42. 

df 

沅 ~ 

df dH 

=y cos xy, 劳 =x cos xy, =- 

-y 2 sin xy, 

0 = -x 2 sinxy, 

d 2 f 

dydx 

d 2 f 
~ d^dy 

=cos xy — xy sin xy 

43. 

dg _ 
~ 

二 2xy + y cos x, ^ = 

=x 2 - sin y + sin x，0 

0 • d 2 

= 2y - y sin x ， 巧 

g _ 

-cos y, 

蘇 = 兹 = 2x + cos x 

44. 

dh _ 
^ - 

= e^|=xe^ + l,0=0,0 = 

xe y d 2 h 

AC ? dydx 

-_9!k - e y 

dxdy C 




45. 

dr _ 
^ 一 

. 丄 dx_ _ 丄 
- x+y ? dy — x+y ’ dx 2 

_ —1 d 2 r 

一 (x+y) 2 9 dy 2 

— —1 
— (x+y) 2 ’ 

d 2 r __ d 2 r _ -1 
dydx _ dxdy _ (x+y) 2 




46 - _ = 77 ^ • 基 (|) = (—?) 

谷 2 S _ y(2x) _ 2xy a 2 s _ 

ax 2 — ( x 2 +y 2)2 — ( x 2 +y 2)2 » 5y 2 ~ (5 

d 2 s _ d 2 s _ (x 2 +y 2 )(-l) + y(2y) _ 
dydx — dxdy _ ( x 2 +y 2 ) 2 -- 

ah dw — 2 dw _ 3 d 2 w _ —6 anr j d 2 w — —6 

1 ' ~d\ ~ 2x + 3y ? ~dy ~ 2x + 3y 5 dydx — (2x + 3y) 2 ? dxdy — (2x4- 3y) 2 

48. ^ = e x + In y + ^ ^ ^ + In x, |^ = = i + 1, and = i + i 

ox J \ , oy y , ayox y ■ x , oxoy y x 

49. 替 =y 2 + 2xy 3 + 3x 2 y 4 , 劈 = 2xy + 3x 2 y 2 + 4x 3 y 3 , 錶 = 2y + 6xy 2 + 12x 2 y 3 , and 
|^=2y + 6xy 2 + 12x 2 y 3 

50. 窠 =sin y + y cos x + y, 鸯 =x cos y + sin x + x, = cos y + cos x + 1, and 

= cos y + cos X + 1 


l 

_ -y ds — 

1 

.A(i\ - 


1 


— x 2 +y 2 ? dy ~ 


dy Vx/ - 

- U/ 

[i+an 


~x(2y) _ 

c 2 + y 2 ) 2 " 
y 2 -x 2 
(x 2 +y 2 ) 2 


x 2 + y 2 


2xy 


(x2+y2)^ 


51. (a) x first (b) y first (c) x first (d) x first (e) y first (f) y first 

52. (a) y first three times (b) y first three times (c) y first twice (d) x first twice 


877 
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53. f x (l,2)= lim 

h —> 0 




[l_(l+h) + 2_6(l+h) 2 ] —(2_6) 
h 




-h-6(l + 2h + h 2 ) + 6 
h 


h lim o -^= h l lmo (-13-6h) = ^13, 


f (1 2) = lim SSMMMM) = [l-l + (2 + h)-3(2 + h)]-(2-6) = lim (2-6-2h)-(2-6) 

yV ，卜 h — 0 h —h — 0 h _h — 0 h 

=lim (-2) = -2 
h — 0 


54. ^(-2,1) = ^ 


f(~2 + h, l)-f(-2,l) 




[4 + 2(-2 + h)-3-(-2 + h)]-(-3 + 2) 
h 




h^O 1 = 1 ' 


y( - ⑶心 


f(-2,l+h)-f(-2,l) 


lim 


[4-4-3(l+h) + 2(l+h 2 )]-(-3 + 2) 


h^O 


h^O 


(-3-3h + 2 + 4h + 2h 2 ) + l 


心 ㈣) 


55. fz(xo,yo,z 0 ) = h lim o 


f(xp, yo,z Q +h)~ f(x 0 ,yp,z 0 ). 

h ， 


f z (l,2,3) - lim f(^,3 + h) -f(l,2,3) = nm 2(3 + h^-2(9 ) = 脑 


12h + 2h 2 


h^O 


h — O 


h^O 


h lim o (12 + 2h)=12 


56. fy(x 0 ,yo,z 0 ) 




f( x Qiyo + h, zp) —f(xp,yo,zo). 


h 


f y (-1 ， 0, 3) = h lim Q f(-i.h,3)-f(-i.o,3) 


h^o 


(2h 2 + 9h) - 0 
h 


lim (2h + 9) = 9 

h —> 0 


57. y+(3z 2 |)x + z 3 -2y|=0 ^ (3xz 2 - 2y) | 


-y — z 3 => at (1,1,1) we have (3 — 2) dz 




I 


58- (_)z + x + ⑴ 2x|=0 今 （ z+ 卜 2x)| = —x 今 at (1,-l ； r 3) we have (-3 - 1 - 2) | 


dx _ I 
di ~ 6 


i 2 = b 2 + c 2 — 2bc cos A => 2a = (2bc sin A) 瓷 => 棠 = bc A ; also 0 : 
今 2ccosA-2b = (2bcsinA)f ^ f = 气 ^ 2 


: 2b — 2c cos A + (2bc sin A) 


60. 


sin A — sin B 
da 

M 


h (sin A) Jr- — a cos A ^ , . * 、 

^ ^ - ~ — = 0 今 (sm A) 


da 


(s^a) ll =b (- CScBc0tB ) ^ - 


dB 


况 - aC0S 
b esc B cot B sin A 


A = 0 ^ || = ^;also 


61. Differentiating each equation implicitly gives 1 = v x In u + (^) u x and 0 = u x In v + (^) v x or 

(In u)v x + ⑸ u x = l 
(^)v x + (lnv)u x = 0 


^ v x 


I 0 In v I 

Inu I 

S In v 


In v 

(In u)(ln v) — ] 


62. Differentiating each equation implicitly gives 1 = (2x)x u — (2y)y u and 0 = (2x)x u — y u or 


(2x)x u - (2y)y u = 1 
(2x)x u — y u = 0 


X u 


1 

_2y 

0 

-1 

2x 

-2y 

2x 

—1 


-2x + 4xy _ 2x - 4xy 


and 


y u 


2x 1 
2x 0 

-2x + 4xy — -2x + 4xy — 2x - 4xy — 1 -2y 


—2x 


2x 


;nexts = x 2 +y 2 ^ 瓷 = 2x 瓷 + 2y | 


2x I 


l 


2x - 4xy 


+ 2 y 「 


2 y> 


1 I 2y — l+2y 
1 — 2y 丁 1 — 2y — 1 — 2y 


63. |=2x,|=2y,| 


-4z => 


d 2 f _ o d 2 f . o d 2 f 
^ df — ^ 


- 4 今 0 + 0 + 0 = 2 + 2 + (- 4 . 


1 or 


—1 or 
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64 • 鼗 =-6xz ， 募 =-6yz, 鼗 = 6z 2 - 3 (x 2 + y 2 ) ， —6z, p = -6z, = 12z => M + W + M 

= —6z — 6z + 12z = 0 

65 • 篕 =— 2e _2y sin 2x, j- = — 2e _2y cos 2x, 0 = —4e _2y cos 2x, 祭二 4e _2y cos 2x =>• 综 + 妈 
= 一 4e _2y cos 2x + 4e _2y cos 2x = 0 

迸一 x di _ y 纪 1 — y 2 -x 2 赶 — x 2 -y 2 . _ y 2 -x 2 , x 2 -y 2 _ 0 

DO . 石 — ^+7 ? % PT7 ，茨 ？— (x 2 +y 2 ) 2 ， W— (x 2 +y 2 ) 2 ^ 屁十研 — (x 2 +y 2 ) 2 十 (x 2 +y 2 ) 2 

67. § = - i (x 2 +y 2 + Z 2 ) _3/2 (2x) = —x (x 2 +y 2 + z 2 )~ 3/2 , | = - I (x 2 + y 2 + z 2 )~ 3/2 (2y) 

=—y(x 2 +y 2 + z 2 )- 3/2 , | = -i(x 2 + y 2 + z 2 )- 3/2 (2z) = (x 2 + y 2 + z 2 )" 372 ; 

0 = - (x 2 + y 2 + z 2 )~ 3/2 + 3x 2 (x 2 + y 2 + z 2 )~ 5/2 , 0 = ^ (x 2 + y 2 + z 2 )~ 3/2 + 3y 2 (x 2 + y 2 + z 2 )~ 5/2 , 
g = -( x 2+y2 + z 2 )- 3/2 + 3z 2 (x 2 +y 2 + z 2 )- 5/2 ^ g + g + g 

=(x 2 + y 2 + Z 2 ) _3/2 + 3x 2 (x 2 +y 2 + z 2 ) _5/2 l + f- (x 2 + y 2 + z 2 ) _3/2 + 3y 2 (x 2 + y 2 + z 2 ) _5/2 _ 

+ f- (x 2 +y 2 + z 2 ) _3/2 + 3z 2 (x 2 +y 2 + z 2 ) _5/2 l = -3 (x 2 + y 2 + z 2 ) _3/2 + (3x 2 + 3y 2 + 3z 2 ) (x 2 + y 2 + z 2 ) _5/2 
= 0 

68 . 藍 = 3e 3x+4y cos 5z, = 4e 3x+4y cos 5z, = —5e 3x+4y sin 5z; 益 = 9e 3x+4y cos 5z, = 16e 3x+4y cos 5z, 

窓 =—25e 3x+4y cos 5z => |4 + |^| + = 9e 3x+4y cos 5z + 16e 3x+4y cos 5z — 25e 3x+4y cos 5z = 0 

69. 瓷 =cos (x + ct), 营 =c cos (x + ct); 祭 =—sin (x + ct), 祭 =—c 2 sin (x + ct)=> 穿 =c 2 [— sin (x + ct)] 

_ n 2 a 2 w 
~ L 

70 . 替 =—2 sin (2x + 2ct), 穿 =—2c sin (2x + 2ct); 祭 =—4 cos (2x + 2ct) ， 祭 = 一 4c 2 cos (2x + 2ct) 

令祭 =c 2 [-4 cos(2x + 2ct)] = c 2 祭 

71. 替 =cos (x + ct) — 2 sin (2x + 2ct), 穿 =c cos (x + ct) — 2c sin (2x + 2ct); 

祭 =—sin (x + ct) — 4 cos (2x + 2ct) ， 穿 =—c 2 sin (x + ct) — 4c 2 cos (2x + 2ct) 

# 祭 =c 2 [— sin (x + ct) — 4 cos (2x + 2ct)] = c 2 ^ 

70 _ 1 _ c . d 2 w _ -1 d 2 w _ -c 2 a 2 w _ 2 I" -1 ] _ 2 5 2 w 

/Z . I — ^+ct 5 ~dt ~ ~ (x + ct ) 2 ， ~ (x + ct) 2 ~dF ~ L [(x + ct) 2 J _ L 硬 

73. 瓷 = 2 sec 2 (2x — 2ct), 瓷 =— 2c sec 2 (2x — 2ct); 祭 = 8 sec 2 (2x — 2ct) tan (2x — 2ct), 

祭 = 8c 2 sec 2 (2x — 2ct) tan (2x — 2ct)=> 祭 =c 2 [8 sec 2 (2x — 2ct) tan (2x — 2ct)] = c 2 祭 

74. 尝 =—15 sin(3x + 3ct) + e x+ct , 穿 =—15c sin (3x + 3ct) + ce x+ct ; 祭 =—45 cos (3x + 3ct) + e x+ct , 

每 = —45c 2 cos (3x + 3ct) + c 2 e x+ct 今穿 = c 2 [-45 cos (3x + 3ct) + e x+ct ] = c 2 0 

7 c dw __ df d\x _ df / \ . d 2 v/ _ / \ (d 2 f \ _ J2 r 2 d 2 f . dw _ df du^df . 5 2 w _ ( 5 2 f \ 

n - ~di - dt - ( ac ) ^ ~d^ - ( ac ) ( ac ) - a 

- q 2 _ „ 2 n 2 dH — r 2 dH\ _ 2 ^ 2 w 

—d ^ ~dF ~ d L W ~ L \ d d^J~ L 
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76. If the first partial derivatives are continuous throughout an open region R, then by Theorem 3 in this section of the 

text, f(x, y) = f(x 0 ,yo) + f x (x 0 , yo) Ax + f y (x 0 , yo) Ay + eiAx + e 2 Ay, where 6i, e 2 ^ 0 as Ax, Ay —> 0. Then as 

(x, y) —> (xq, yo), Ax —> 0 and Ay —> 0 =>• lim f(x, y) = f(xo ， yo) - f is continuous at every point 
" ^ ~ (x,y) ^ (x 0 ,y 0 ) ^ — 

(x 0 ,y 0 ) in R. 


77. Yes, since f xx , f yy , f xy , and f yx are all continuous on R, use the same reasoning as in Exercise 76 with 
f x (x, y) = fx(x 0 ,yo) + fxx(x 0 ,yo) Ax + f X y(x 0 , y 0 ) Ay + eiAx + e 2 Ay and 

f y (x, y) = f y (x 0 ,y 0 ) + f yx (x 0 , y 0 ) Ax + f yy (x 0 , y 0 ) Ay +tiAx +? 2 Ay. Then lim f x (x, y) = f x (x 0 , y 0 ) 

(x,y) ^ (x 0 ,y 0 ) 


and lim f y (x ， y) = f y (x 0 , y 0 ). 
(x,y) ^ (x 0 ,y 0 ) 

14.4 THE CHAIN RULE 


1. (a) ^ = 2x, = 2y, 奢 =_ sin t ， 室 =cos t ^ = — 2x sin t + 2y cos t = —2 cos t sin t + 2 sin t cos t 

= 0; w = x 2 + y 2 = cos 2 1 + sin 2 1 = 1 4 祭 = 0 
(b) ^ (7T) = 0 

2. (a) 替 = 2x ， 营 = 2y ， 莹 =—sin t + cos t ， 菩 =—sin t - cos t 今莹 

=(2x)( — sin t + cos t) + (2y) (— sin t — cos t) 

= 2(cos t + sin t)(cos t — sin t) — 2(cos t — sin t)(sin t + cos t) = (2 cos 2 1 — 2 sin 2 1) — (2 cos 2 1 — 2 sin 2 1) 
= 0; w = x 2 + y 2 = (cos t + sin t) 2 + (cos t — sin t) 2 = 2 cos 2 1 + 2 sin 2 1 = 2 => ^ = 0 

(b) 當 ⑼ = 0 


Q — 1 — 1 5w 

* ^ ^ dx — z ? dy — z 5 dz 


_ -(x + y) dx 


z 2 


dt 


—2 cos t sin t, g = 2 sin t cos t, dz 




dw 

dT 


I cos t sin t + I sin t cos t + ^ 


dt 

cos 2 1 + sin 2 t 


dt 


1 ； W 


cos 2 1 


sin 2 1 




dw 

dT 


⑼莹 


(3)= 1 


A — 2x 5w — 2y 

外 . l 勿 系 — x 2 +y 2 +z 2 ? dy ~ x 2 +y 2 +z 2 , 

-2x sin t . 2y cost 
x 2 + y 2 + z 2 ' x 2 + y 2 + z 2 


2 z 




dw 

dT 

16 


dv/ 

dz 


4Z1- 1 / 2 
x 2 + y 2 + z 2 


dx 


x 2 + y 2 + z 2 5 dt 


一 sin t ， 室 


cos t, 奢 = 2「" 2 


-2 cos t sin t + 2 sin t cos t + 4 (4t 1//2 ) t _1 / 2 
cos 2 t + sin 2 t+ 16t 


; w = In (x 2 + y 2 + z 2 ) = In (cos 2 1 + sin 2 1 + 16t) = In (1 + 16t) 




dw 

dT 


16 


^T6t 


(b) f ⑶ =| 


5. (a) 


(b) 


dw — 5w — 5w _ _ 1 dx _ 2t dy — 1 dz _ v dw — 4yte x . 2e x —虻 

灰 _ ，务 ，瓦 — ?+T 5 dt — P+T 5 dt — c ^ dT — PTT 卞 t^TI ~ z 

= ( 辦, 1 : 广 + 1 ) + 2 |f + h i 1) 一 _ = 4t tan -1 1 + 1; w = 2ye x 一 In z = (2 tan -1 1) (t 2 + 1) — t 

今莹 =(p^x) (t 2 + 1) + (2 tan- 1 1) (2t) 一 1 = 4t tan- 1 1 + 1 

棠 ⑴ = ( 4) ⑴⑸ +1 = 77+1 


6. (a) g = -ycosxy, ^ = - x cos xy, f = 1, | = 1, | = 1, | = e" 1 ^ f = -y cos xy - ^ +e'- 1 
=—(In t)[cos (t In t)] — 1 cos ? ln t) + e 1 - 1 = —(In t)[cos (t In t)] — cos (t In t) + e t_1 ; w = z — sin xy 
=e t_1 _ sin (t In t)=> 當 =e t_1 — [cos (t In t)] [In t + t ⑴ ] =e t_1 — (1 + In t) cos (t In t) 

(b) 當 （1) = 1-(1+0)(1) = 0 
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7 .⑻ + ( 血 + T 

= 4(ucosv) u ln(usinv) + 4(u 7 sl v n )( v sinv) = (4 cos v) In (u sin v) + 4 cos v; 
l = _l + ,l = ( 4eX ln W + (f)(ucos v) = -(4e x In y) (tan v) + 

=[—4(u cos v) In (u sin v)](tan v) + 4(u co : J^ u v cos v) = (—4u sin v) In (u sin v) + 4u s ^ s y 2 v ; 
z 二 4e x In y = 4(u cos v) In (u sin v)=> 瓷 =(4 cos v) In (u sin v) + 4(u cos v) ( u s ^ n v v ) 

=(4 cos v) In(u sin v) + 4 cos v; also 堯 =(—4u sin v) In(u sin v) + 4(u cos v) (^g^v) 

=(-4u sin v) ln(u sin v) + 

(b) At (2,1) : |^ = 4 cos I In (2 sin |) + 4 cos | = 2\/2 In \fl + 2\/2 = \fl (In 2 + 2); 

I = (-4)(2) sin I In (2 sin f) + ⑷從 ^) = 一 4^ 111^2 + 4^/2 = 一 2 力 In 2 + 4 々 


8.⑻ I 


y cos v x sin v — (u sin v)(cos v) — (u cos v)(sin v) 

x 2 + y 2 x 2 +y 2 — u 2 


(-usinv) + 


yu sin v xu cos v — — (u sin v)(u sin v) — (u cos v)(u cos v) 

x 2 + y 2 x 2 + y 2 — u 2 


-sin 2 v - cos 2 v = — 1; z = tan -1 = tan -1 (cotv) => = 0 and 费 =( i + cot 2 v ) (- esc 2 v) 


sin 2 v + cos 2 v 


⑻ At (1.3,|): |=0and| 


9. (a) f f | + 鸯 | + f I = (y + Z Xl) + (x + Z Xl) + (y + X )( V ) = X + y + 2 Z + V (y + x) 

= (u + v) + (u-v) + 2uv + v(2u) = 2u + 4uv;^ = |f | + | + I 

=(y + z)(l) + (x + z)(—1) + (y + x)(u) = y - x + (y + x)u = —2v + (2u)u = -2v + 2u 2 ; 
w = xy + yz + xz = (u 2 — v 2 ) + (u 2 v — uv 2 ) + (u 2 v + uv 2 ) = u 2 — v 2 + 2u 2 v => 裳 = 2u + 4uv and 
裝 =—2v + 2u 2 

(b) At Q, l) : 瓷 = 2 ⑷ +4 (I) (1) = 3 and 祭 =-2(1)+ 2 (I) 2 = 一暴 


10. (a) 瓷 =( x 2 +#+ z2 ) (e v sin u + ue v cos u) + ( x2+ 》? + z2 ) (e v cos u - ue v sin u) + ( p+p + p ) (e v ) 

=(uVvsin^u^^u + uvO (e v sinu + ue v cos u) 

+ (u^^sin^u + uVWu + u^^) (e v cos u - ue v sin u) 

( u 2 e 2v sin 2 u + u 2 e 2v cos 2 u + u 2 e 2v )(e v ) = b 

窘 =( x 2 +# +z 2 ) (ue v sinu) + ( x . + ^ + z^) (ue v cos u) + ( x . + p + z .) (ue” 

= (u^l®tt4^^cosSi+a?p) ( ueV sinu ) 

+ (u^^sin^u+ U uVWu + u^^) (Ue v COS U) 

+ (u^sinn + uVvcos^u + u^^) (ue v ) = 2; w = In (u 2 e 2v sin 2 u + u 2 e 2v cos 2 u + u 2 e 2v ) = In (2u 2 e 2v ) 
=In 2 + 2 In u + 2v 盒 =■ and 窈 = 2 


11. (a) 


At (-2,0): 

dw 

~ 

2 

'^2 — 

二一 

1 and 

dw 

57 — 

: 2 

_ du dp 
d\ ~ dp d\ 

1 5u 
+ 9q 


du 

aF 

dr — 
瓦 _ 

_J _ 

q-r 

J_ r -P 
^ (q-r) 2 

du _ du dp 

j_ du 


du 

dr _ 

_J_ 

r_p 

dy ~ dp dy 

+ dq 

<9y 十 

aF 

苏一 

q-r 

(q-r) 2 


(2x + 2y + 2z) — (2x + 2y — 2z) 
(2z-2y)2 


— _J_r-p I p-q 

—q_r (q-r) 2 丁 (q - r) 2 

z . du — 谷 u 谷 p I 
(z — y) 2 ? dz — <9p <9z 卞 
q-r + r-p-p + q — 2q-2p _ 
(^) 2 — - 


— q-r + r-p + p-q _ n . 

— — U ， 

— q — r — r + p + p — q — 2p — 2r 
= = (^r? 

t du dr 

-4y = y . 

"(2z-2y)2 — — ， 
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n — p-q — 2y — y . _ rv du __ (z-y)-y(-l) — z 

U — ^7 — 2z-2y — ^ 瓦 — U ，务 — ^(z-y) 2 ^ — (z-y) 2 

—— y 
_ — (^y? 

⑼ At (\/^ ， 2, 1) : 费 = 0, 劈 = (1^2) 2 = 1， an d 碧 =(i -if = —2 


and 


du _ (z-y)(0)-y(l) 
dz _ (z — y) 2 


12. (a) 费 =(cos x) + (rev sin- 1 p) (0) + (qe^ sin- 1 p) ⑼ == y zif -f < x < I ； 

| = (0) + (re qr sin- 1 p)(f) + (qe^ r sin- 1 p) (0) = z ' p = = xzy 2 " 1 ; 

菪 =Vi e -P 2 (0) + (re qr sin_1 P) (2z ln y) + (qe qr sin -1 p) (-去 ） = (2zre qr sin- 1 p) (In y) - lp 
=(2z) ⑴ (y z x ln y) — ( z2 ln 【 2 ) (y z ) x — X y z ln y; u = e zlny sin- 1 (sin x) = xy z if—|<x<| => 费 =y z ， 
劈 =xzy z_1 , and 崇 ==xy z ln y from direct calculations 

w At (i，m = (r 1/2 = 必 I = ⑴ h) g )( _1/2)_1 =- ¥ ， I = (£> (r 1/2 m (!) 




IS — dx. _i_ dy I dw dz 

瓦 T — 系沉十 务沉十瓦沉 



u 


dw — 谷 w dx. _|_ 谷 w dy ■ dw dz 
5v — 



v 
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i n dw — dw dx. I 谷 w dy dx. _i_ 谷 w dy 



r 


99 dx _|_ dy ■ dw dz ■ dw dv 

LL . 兩一瓦 哥十 瓦 而十瓦哥十瓦而 


W 
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23. ^ 


— dx I <9w dy — dy 
ds _ dx ds ' dy ds _ dy ds 


since ^ = 0 



«9x I gw dy 

5s 卞 3s 

W 




25. Let F(x, y) = x 3 - 2y 2 + xy = 0 F x (x, y) = 3x 2 + y 
andF y (x ， y) = —4y + X 今 | | 


26_ Let F(x, y) = xy + y 2 — 3x — 3 = 0 今 F x (x, y) = y - 3 and F y (x, y) = x + 2y 泠 g = — 奇 =— 

^ |(-1.D = 2 7 

27. LetF(x ， y) = x 2 +xy + y 2 —7 = 0 今 F x (x, y) = 2x + y and F y (x, y) = x + 2y ^ | 

今 砮 (m 

28. Let F(x, y) = xe y + sin xy + y — In 2 = 0 F x (x, y) = e y + y cos xy and F y (x ， y) = xe y + x sin xy + 1 

今 I - - I = - xef + + /s^； y + i 今 |(0, In 2) =-(2 +In 2) 

29. Let F(x, y ， z) = z 3 — xy + yz + y 3 — 2 = 0 F x (x, y, z) = -y ， F y (x, y, z) = -x + z + 3y 2 , F z (x, y, z) = 3z 2 + y 


3 dz — F x 

- 3z 2 + y — 3z 2 + y # 加 “， 1 ， 1 )- 

.1 . dz _ F y _ 

• 4 ，％ — — g _ 

-X + z + 3y 2 — X - z - 3y 2 

3z 2 + y _ 3z 2 +y 


_ 3 

_ — 4 



30. Let F(x, y ， z)= 

x + y + z _1=0 ^ F x (x,y,z)= 

— 去， F y (x ， y ， z) =- 

- 長， F z (x,y, z)= —去 

dz __ F x 

泠反 —— g 

一 ㈣ =- •今 l( 2 , 3 , 6 ) = 

_Q- 返 — _ Ex — _ 
A dy F z _ 

㈢ | = —卜 |(2,3,6) 

31. Let F(x, y, z)= 

sin (x + y) + sin (y + z) + sin (x + z) 

= 0 4 F x (x, y, z) : 

二 cos (x + y) + cos (x + z), 


F y (x, y, z) = cos (x + y) + cos (y + z), F z (x, y, z) = cos (y + z) + cos (x + z)=> 窘 =—g 

=-cos(x + y) + cos(x + z) |z ( } = _ V ^ = = _ cos (x + y) + cos (y + z) 祭 ( )= —i 

cos (y + z) + cos (x + z) ax v ? ? y ’ dy F z cos (y + z) + cos (x + z) ay v ? ? y 

32. Let F(x, y, z) = xe y + ye z + 2 In x — 2 - 3 In 2 = 0 => F x (x, y, z) = e y + ■ ， F y (x, y ， z) = xe y + e z ， F z (x ， y ， z) = ye z 

_ Fx — _ ( ey + 曼 ) ^ dz(\ in 2 In 3) — _ _. 赵 一 一么 一一 xey+eZ ^ (\ In 2 In 3) — _ ^― 

33. 誉=尝騖 + 穿誉 + |ff=2(x + y + z)(l) + 2(x + y + z)[-sin (r + s)] + 2(x + y + z)[cos (r + s)] 

= 2(x + y + z)[l — sin (r + s) + cos (r + s)] = 2[r — s + cos (r + s) + sin (r + s)][l — sin (r + s) + cos (r + s)] 



⑴ +f (o)+i(-i) = 
(-!)+1(!)+£(0)= 
(o) + I(—i) + £a) = 


42. (a) 穿 =f x 瓷 + f y — = f x cos 0 + f y sin 9 and = f x (-r sin 0) + f y (r cos 0) 4 } 替 = 一 f x sin 6 -\-f y cos 9 

(b) ^ sin ^ = f x sin 0 cos ^ + f y sin 2 0 and 謀 =—f x sin 沒 cos ^ + f y cos 2 6 

^ f y = (sin 0) ^ + (^) |^ ; then ^ = f x cos 0 + [(sin 0) ^ + (^) ] (sin 6) => f x cos 6 

= 窠 -( 如 2 0 )莹一 {^f^) 窺 =(1 - Si，f - 窺泠 f x = (cos0) 莹一（甲）窈 

(0 (fx) 2 = (cos 2 0) ( 替 ) 2 - H) + (^)( 窈 ) 2 and 

⑹ 2 = ( 血 2 0 ) (t) 2 + (_^)( 莹窬 ) + (^)( 窈 ) 2 今⑹ 2 +(f y ) 2 =(t) 2 +i m 2 
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dr I r=l,s=- 


2(3)(2) = 12 


34. 砮 = 瓷 | + 劈窠 + f |=y ( 穿 ) +x(l)+ ⑴⑼ = ( U + v)(f) + # 今瓮 I 
=-8 


u=—l,v=2 


⑴⑸個 


35 . 替 = 瓷 _ + 驽 I = (2x - J) (-2) +(D(D=[2(u-2v+D-(-2) + 


泠癸 | u=0 ， v=0 = - 7 


瓷 = 毚瓷 + 鸯砮 = (y cos x y + sin y)(2u) + (x cos xy + x cos y)(v) 

=[uv cos (u 3 v + uv 3 ) + sin uv] (2u) + [(u 2 + v 2 ) cos (u 3 v + uv 3 ) + (u 2 + v 2 ) cos uv] (v) 
今 =0 + (cos0 + cos0)(l) = 2 



dz I 

u=0,v=: 

dz _ 

dz 

dx _ 

- 

- 

— 

dz _ 

dz 

dx _ 

— 

dx 

~ 

dz _ 

_ dz 

dq — 

沉 — 

-而 

茨 I _ 


37 dz — dz dx — ( 5 \ u _ 

du ~ dx du ~ Vl+x 2 / c — 

dz — dz dx — ( 5 \ / 1\ 

d\ _ dx <9v — V 1 + x 2 / \V/ 


1 + (e u + In v) 2 


e u v 5z| 二 

I u=ln2,v=l 

(v) ^ §L=ln2,v= 


1 + 5 (2) 2 ⑵ = 2; 


dz — dz ( \/v + 3\ — / 1_ 、 ( \/ v + 3 、 

— dq 5u _ V q y 、 1 + u 2 J 、 ^/v + 3 tan- 1 u / \ 1 +u2 / 


(tan- 1 u)(l+u 2 ) 


dz 

5u u=l,v=—2 


(tan- 1 1) (1 + V 2 ) 


• dz — dz dq — (1 \ ( tan -1 u 
? — dq ^ — \^qy \2^/w + 3 


J_A ( tan -1 u 、 

3 tan -1 u/ \2\/v + 3 / 


d\ I u=l,v=—2 


39 . V = IR 今 f =Randf =I;f = f ^ + ||f =R^+If ^ -0.01 volts/sec 
=(600 ohms ) 羞 + (0.04 amps)(0.5 ohms/sec) ^ = —0.00005 amps/sec 


40. V = abc ^ ^ = + + = (be) % + (ac) ^ + (ab) ^ 


▼ — 1 dt — 加 dt 1 ab dt 1 dc dt ~ dt i V—/ dt I dt 

=> 穿 I a=1 b=2c=3 = (2 m)(3 m)(l m/sec) + (1 m)(3 m)(l m/sec) + (1 m)(2 m)(—3 m/sec) = 3 m 3 /sec 
and the volume is increasing; S = 2ab + 2ac + 2bc 4 f ^ f t + m ft + % ft 
= 2(b + c ) 莹 + 2(a + c ) 莹 + 2(a + b) 窑 4 f I a=l b=2 c=3 

= 2(5 m)(l m/sec) + 2(4 m)(l m/sec) + 2(3 m)(—3 m/sec) = 0 m 2 /sec and the surface area is not changing; 


/a 2 +b 2 + c 2 ^ f = § 餐 + §莹 + §餐 


/a 2 + b 2 + c 2 


(a|+bf+c|) ^ f 


a=l,b=2,c=3 


=() [(1 m)(l m/sec) + (2 m)(l m/sec) + (3 m)(—3 m/sec)] = — m/sec < 0 => the diagonals are 
decreasing in length 


aflc§aflc§aflc§ 

II -I II 

llcgawwllaz 

afllafllafll 
+ + + 
avlcsavl^yavlaz 
Mavaflavaflav 

+ + + 
u- X u- y u- z 
COI 5 谷及 coa 

aflauaflauaflau 


aflaxafl^yaflaz 


aflax 

d 

.an 」 

， aflavaflaw 

aflcl + + 

- aflauaflav 
aflauI I 
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/iq _ <9w du I <9w dv _ „ <9w . v \ ^ d ( 、” d f dw\ 

4J * ^ w xx- 瓦十 x 瓦 VarJ 十 y 沅 \d^) 

_ , v / a 2 w , a 2 w dy\ 丄 ' r ( d 2 w du , d 2 w dw\ _ <9w , v /^ v 5 2 w , w 5 2 w 、丄 , v 5 2 w , ^ <9 2 w 、 

— 瓦十 x l 滅况十 茨^十 y di) - d^^ x [ x d^^~y ) ^ y \ x ^ ~^y d^J 

_ dw ， x 2 d^w , 9 XV ^ 2 w I v 2 5V . w _aw_awau,awav__ v aw， x aw 

_ <9u 卞 A au 2 卞 zxy av<9u 卞 y <9v 2 , w y — ay _ au ay 卞 <9v <9y _ > 洳卞入 <9v 

w — — — v (^. du \ x ( <9 2 w 5u I dv\ 

^ Wyy — 加 y 、 《 9u 2 (9y 卞 d\du dy 广 x \d\idv dy 卞 dv 2 dy) 

= - 窈 - y(-y0 + x 為 ;) + x (-y£^ + x 0) = - 瓷 + y 2 |f - 吻嶷 + / 祭 ; thus 

W XX + w yy = (X 2 + y 2 ) 0 + (x 2 + y 2 ) 0 = (x 2 + y 2 )(w uu + w vv ) = 0, since w uu + w vv = 0 

44 . 窆二 f(u)(l) + gVXl) = f(u) + g^v) ^ w xx = f " ⑻⑴ + g"(v)(l) = f " ⑼ + g>); 

% = f ， ⑻ (i) + g ， (v)(—i) ^ Wyy = f" ⑻ （ i 2 ) + g ,, (v)(i 2 ) = -f"(u) — g"(v) ^ w xx + Wyy = 0 

45. f x (x, y, z) = cos t, f y (x, y, z) = sin t, and f z (x, y, z) = t 2 +1 - 2 f = §f + 募莹 + 菪 | 

=(cos t)(— sin t) + (sin t)(cos t) + (t 2 + t — 2)(1) = t 2 + t — 2; 輩 = 0 => t 2 +t — 2 = 0 t = —2 
ort=l;t=—2 => x = cos (—2), y = sin (—2), z = —2 for the point (cos (—2), sin (—2), —2); t = 1 =>■ x = cos 1, 
y = sin 1, z = 1 for the point (cos 1, sin 1 ， 1) 

46. 莹 = 瓷 | + 穿 | + 瓷 | = (2xe 2 y cos 3z) (-sint) + (2x 2 e 2 y cos 3z) ( 忐 ） + (-3x 2 e 2 y sin 3z) (1) 

=— 2xe 2y cos 3z sin t + 2 一 《:？ 3z — 3x 2 e 2y sin 3z; at the point on the curve z = 0 t = z = 0 

今莹 1 (1 ， 1112 , 。） =0+ ? ^— 0 = 4 


47. (a) 鼗 = 8x - 4y and 鼗 = 8y - 4x 4 莹 = 鼗 f + 努莹 =( 8x — 4y)(- sin t) + (8y - 4x)(cos t) 

=(8 cos t — 4 sin t) (— sin t) + (8 sin t — 4 cos t)(cos t) = 4 sin 2 1 — 4 cos 2 1 => g = 16 sin t cos t; 

^ = 0 4 sin 2 1 — 4 cos 2 1 = 0 => sin 2 1 = cos 2 1 sin t = cos t or sin t = — cos t => t = | ，警，誓，孕 on 

the interval 0 < t < 2tt; 


d 2 T 

W 

d 2 T 

dt 2 

d 2 T 

dt 2 " 


d 2 T 

W 


16 sin 


> 0 => T has a minimum at (x, y) 


16 sin 誓 cos 誓 < 0 => T has a 


maximum 


t=? 


t= 7 f 


at (x ， y) = ^ ； 

16 sin 宇 cos 誓 > 0 T has a minimum at (x, y)= (— 穿， 一； 

at(x ， y) = 5 - 


16 sin cos ^ < 0 => T has 


a maximum 


(b) T = 4x 2 -4xy + 4y 2 泠 5T 


dx 


8x — 4y, and 


dr 

dy 


8y — 4x so the extreme values occur at the four points 


found in part (a): T (-f ,f)=T(f ,-f )=4(1)-4(-1)+4(1) =6,the maximum and 
T (¥ ， ¥) = T (_ f ， - 穿 ） = 4 (!) - 4 (!) + 4 (!) = 2, the minimum 


48. (a) 


dT 

m : 

= yandf =x ^ f 

莹 + 筹 f = y (-2 a/ 2 sin t) + x ( 力 COS t) 



= 

(\/5 sin t) (-2\/5 sin t) + (2\/5 cos t) cos t) = -4 sin 2 1 + 4 cos 2 1 : 

二 -4 sin 2 1 + 4 (1 - sin 2 1) 

= 4-8 sin 2 1 => 祭 =- 

-16 sin t cost t; 呈 = 0 4 4 — 8 sin 2 1 = 0 => sin 2 1 = 

=\ sin t: 

" ± 73 ^ 

誓，宇，孕 。 n the interval 0 < t < 2tt; 



d 2 T 

w 

= -8sin2(|)=- 

t= 4 

-8 => T has a maximum at (x, y) = (2,1); 



d 2 T 

dt 2 

4 =-8 sin 2( 誓 ） = 

8 T has a minimum at (x, y) = (—2,1); 
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5 = —8 sin 2 —8 => T has a maximum at (x, y) = (—2, — 1); 

t= 4 ~ 

7 = —8 sin 2 ( 宇 ） = 8 => T has a minimum at (x, y) = (2, —1) 

t= T 

(b) T = xy — 2 => 爱 =y and 筹 =x so the extreme values occur at the four points found in part (a): 
T(2,1) = T(— 2, —1) = 0, the maximum and T(—2,1) = T(2, —1) = —4, the minimum 


d 2 T 

W 

d 2 T 

dt 2 


49. G(u, x) = g(t, x) dt where u = f « ^ f 


5G du 
du dx 


5G dx 
dx dx 


i(u, x)f(x) + £ g x (t, x) dt; 


thus 


F(x) = J o \A 4 + x 3 dt F’(x) = ^ / (x 2 ) 4 + x 3 (2x) ~h f 0 £ \A 4 + x 3 dt = 2x^7x 8 + x 3 + f Q 2 Jf +x , 


dt 


50. Using the result in Exercise 49, F(x) = J 2 \/t 3 + x 2 dt = — ^ \/t 3 + x 2 dt => F’(x) 


’(x 2 ) 3 + X 2 X 2 一 J 厂 羞 Vt 3 +x 2 dt] = 一 xVx 6 +x 2 + 


*x 2 ^/t 3 + x 2 


dt 


14.5 DIRECTIONAL DERIVATIVES AND GRADIENT VECTORS 


1. 篑 = _ 1 ，募 = 1 ▽ f = —i + j ; f(2,1) = 一 1 

=> —l=y — xis the level curve 


y 



9 — 2x v df_ /i - \ \ — 1 • — 2y 

^ ^ 巧 _ 丄， 苏 — PTF 

^ I (1, D=1 ^ Vf=i + j;f(l ， l) = ln2 泠 ln2 

二 In (x 2 + y 2 ) 2 = x 2 + y 2 is the level curve 


3. = —2x 4 塞 (_1，0) = 2; 劈 =1 

=> Vg = 2i+j;g(-l,0) = -l 
=> —1 = y — x 2 is the level curve 


4. _=x ^ |(v^,i) = v^;| = -y 

|(72,l) =-l ^ V g=V / 2i-j ； 

g (^2, l) = i ^ 善 = f 一 S or 1 = x 2 — y 2 is the level 
curve 


y 



y 



5. §=2x+l => |£(l,l,l) = 3 ;|=2y ^ | (1,1,1) = 2; f =-4z + lnx ^ |(l ， l ， l) = —4; 

thus ▽ f = 3i + 2j — 4k 
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6. 


I = — 6xz + ^ 篇 ( 1 ， 1 ， 1 ) = _ 导 ; 募 =_ 6 yz 4 募 ( 1 ， 1 ， 1 ) = 一 6 ; 篕 = 6 z 2 - 3 (x 2 + y 2 ) + 

^ f (1,1,1)= I ； thus ▽ f = — y i _ 6 j + ^ k 


df_ __x_|_ 1 

5 x _ ( x 2 + y 2 + z 2)3/2 丁 X 

dl = _z_, 1 

占 Z — ( x 2 + y 2 + z 2)3/2 丁 Z 


4 


_ 23 . 
_ 54 , 


8 . |= e 〜 SZ 牛爲今 I ( 0 , 0 , 1 ) = f + 1 ； § = cos z + sin-ix ^ |( 0 , 0 ,|) = f ; 
m. = —e x+y sin z 今篕 （ 0 , 0 , f) = - ! ; thus ▽ f = (^|^) i + ^ j ~ | k 

9. u=^ = ^L = fi+|j;f x (x,y) = 2y ^ f x (5,5) = 10; f y (x, y) = 2x - 6 y ^ f y (5,5) = —20 
=> Vf= 10i — 20j 今 (D u f) Po = vf-u= 10(!) —20(f) = -4 

10- u = 侖 = JKt-Af =fi-fj ； fx(x,y) = 4x 今 f x (-l,l) = -4;f y (x,y) = 2y ^ f y (—1 ， 1) = 2 
=> ▽ f = —4i + 2j 今 (D u f) Po = v f. u = 一譬 —| = —4 

11 - U = 侖 = ^ 122 + +52 = li* + nJ' gx(X,y) = 1 + + 2xy^/4^ 2 - 1 ^ gx(l, 1) = 3 ； gy(X, y) 

= —竽 + 2 x y% / 4 x^y 2 - 1 ^ g〆 1 ，^ = ^ V g = 3i - j => (D u g)p。= Vg' u =lf^B = T5 

12 - u = M = = ^ 3 J ； h x( x 5 y) = + 今 h x (l,l) = !; 

hy( x 5 y)=( 々 )+ 1 + v ; 2 )^) 今 M 1 ，!) = I ^ vh=^i+|j ^ (D u h)p 0 = ▽ h • u = ^5 一 

— _ 3 _ 

— 2/13 

13. U = 兩 = ^X&~+ 2 ^2f = f i+ f j ^ ^l^fxhy’z) = y+ z 今 f x (l, -1,2) = 1; f y (x, y, z) = x + z 

=» f y (l,—l ， 2) = 3;f z (x ， y ， z) = y + x 泠 f z (l ，一 1 ， 2) = 0 今 V f=i + 3j ^ (D u f) Po = vf.u= f + 孕 = 3 

14_ u = 雨 == '參 i • 由 j + 念 k ; f x ( x ， y ， z) = 2x f x (l, 1,1) = 2; f y (x, y, z) = 4y 

=» f y (l,l,l) = 4;f z (x,y,z) = ^ 6 z ^ f z (l,l,l)= -6 ^ vf=2i + 4j-6k 今 (D u f) Po = vf_u 

= 2 (*) + 4 te) _ 6 te ) =0 

15. u= j^i = 义 + + / 2 : 2 二 ) 2 = |i+ - |k ； g x (x,y,z) = 3e x cosyz => g x (0,0,0) = 3; g y (x, y, z) = -3ze x sin yz 

^ g y (0,0,0) = 0; g z (x ， y, z) = -3ye x sin yz 泠 g z (0, 0, 0) = 0 泠 ▽ g = 3i 泠 （ D u g) P 。= ▽ g • u = 2 


16. u — — yit ^ 22 + 2 2 = *i+ij + ik; h x (x ， y ， z) = —y sin xy + ■ => h x ( 1 ， 0 , ！）= 1 ; 

h y (x ， y ， z) = —x sin xy + ze yz 4 h y (l, 0 , |) = \\ h z (x ， y ， z) = ye yz + ■ 4 h z (l, 0 , \) = 2 ^ ▽ h = i + | j + 2 k 
=> (D u h) Po = V h *u= I + I + I = 2 


17. 


▽ f=( 2 x + y)i + (x + 2 y)j 4 ▽ f(-l, 1) =-i + j > u 
most rapidly in the direction u = — 夫 i 


i+j 


研 — V(-l) 2 + l 2 _ 一方 1 十方 J ’ 

j and decreases most rapidly in the direction — u = 表 i 


fincreases 

~ 75 j; 


(D u f) Po = v f * u — I V f I — and (D_ u f) Po = -\/l 
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18. ▽ f = ( 2 xy + ye xy sin y) i + (x 2 + xe xy sin y + e xy cos y)j => ▽ f(l ， 0 ) = 2 j u = = j ; f increases most 

rapidly in the direction u = j and decreases most rapidly in the direction — u = —j ; (D u f) P 。= ▽ f • u = | ▽ f | 

= 2 and (D_ u f) Po = -2 


19. 


3 


+ z j - yk ^ V f(4,1,1) 


5 j — k u 


yf 

Ml 


i-5j-k 

^1 2 + (-5) 2 +(-1) 2 


=i — j — k; f increases most rapidly in the direction of u = i 
most rapidly in the direction -u = -^i+^j + ^k; (D u f) P 。= ▽ f. u : 
(D_ u f) Po = -3^/3 


I vf| 


k and decreases 
/ 3 and 


20 . v g = e yi + xeyj + 2 zk > ▽ g (l ， ln 24 ) = 2 i + 2 j + k 4 u= 蟲 = = 臺 k; 

g increases most rapidly in the direction u=|i+|j + |k and decreases most rapidly in the direction 
一 U= — — (D u g)p 0 = ▽ g • u = I ▽ g| = 3 and (D_ u g) P 。= — 3 


21 - Vf=(i + i)i + 


、 ."y) J + (z + D k ^ Vf(l ! l,l) = 2i + 2j + 2k = 75 i+ ^j + 75 

f increases most rapidly in the direction u 二 -^i+-^j + -^k and decreases most rapidly in the direction 

-U =— 士 (D u f)p 0 = ▽ f • U = I ▽ f| = 2V^ and(D_ u f)p 0 = -2^ 


k; 


22 . ▽ h = i + + 1 ) j + 6 k => ▽ h(l, 1 , 0 ) = 2 i + 3j + 6 k => u = 蟲 = 

=fi + 爭 j + fk;h increases most rapidly in the direction u = 拳 i+.j + |k and decreases most rapidly in the 
direction -u = -fi- f j- f k; (D u h) Po = ▽ h • u = | ▽ h| = 7 and (D_ u h) Po = -7 


23. vf=2xi + 2yj 泠 v f (^2, = 2^2i + 2^2 j 

4 Tangent line: 2\fl — + 2\/l — = 0 

=> v^ x + v^y — 4 

24. vf=2xi-j^ vf(V^,l) =2 々 - j 

=> Tangent line: 2\/2 — — (y — 1) = 0 

y = 2\/2x — 3 



25. V f=yi + xj ^ ▽ f(2, _2) = — 2i + 2j 
=> Tangent line: — 2(x — 2) + 2(y + 2) = 0 
4 y = x - 4 
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26. ▽f=(2x-y)i + (2y —x)j 4 ▽ f(— 1 ， 2) =—4i + 5j 
=> Tangent line: —4(x + 1) + 5(y — 2) = 0 
=> —4x + 5y — 14 = 0 



27. vf =yi + (x + 2y)j => ▽ f(3,2) = 2i + 7j ; a vector orthogonal to ▽ f is v = 7i — 2j => u = 上一一 ly ~ 2] 


R — ^7 2 + (-2) 2 


― 1 —㈤ 


j and —u 


755 1 十 755 


j are the directions where the derivative is zero 


28.vf = 

^ u 


4xy 2 


4x 2 y 


j => ▽ f(l, 1) = i — j ; a vector orthogonal to ▽fisv = i+ j 
何 = ^y l2 + l2 二 * i + 士 j an d —u = ~ ~ are the directions where the derivative is zero 


(x 2 +y 2 r (x 2 +y 2 ). 

_ X — ; +j 


29. vf=(2x-3y)i + (-3x + 8y)j 令 ▽ f(l ， 2) = —4i + 13j 泠 | vf(l,2)| = V(~ 4 ) 2 + ( 13 ) 2 = ； no, the 

maximum rate of change is y^l85 <14 

30. vT = 2yi + (2x-z)j —yk 泠 ▽ T(l, —1,1) = -2i + j + k 泠 | ▽ T(l, - 1 ， 1)| = 八 (-2) 2 + l 2 + l 2 = no, the 
minimum rate of change is > —3 


31. V f = fxd, 2)i + f y (l, 2)j and u x = i + -^ j ^ (D ui f)(l, 2) = f x (l, 2) ( + f y (l, 2) 

= 2^ ^ f x (l ， 2) + f y (l ， 2) = 4 ; u 2 =—j 泠 (D U2 f)(l,2) = f x (l,2)(0)+ f y (l,2)(-1) = -3 ^ —f y (l,2) = —3 
泠 f y (l, 2) = 3; then f x (l,2) + 3=4 ^ f x (l, 2) = 1; thus ▽ f(l, 2) = i + 3j and u = 南 = 

雌， v f 5 


32 . ⑻ (D u f) P = 2 a/ 3 I ▽ f I = 2 a/ 3; u = 兩 = + ^_ 1)2 = — $ k ; thus u = 晶 

今 Vf—Vflu 今 Vf=2V^ ( 汰 i+*j— 由 k) =2i + 2j — 2k 
(b) v = i + j ^ ^ (D u f) Po = v f • u = 2 (^) + 2 ^ 2(0) = 2V~2 


33. The directional derivative is the scalar component. With ▽ f evaluated at Pq, the scalar component of ▽ f in 
the direction of u is ▽ f • u = (D u f) Po . 


34. Dif= vf-i = (f x i + f y j + f z k).i = f x ;similarly，Djf = ▽ f • j = f y andD k f = vf-k 二 f z 

35. If (x, y) is a point on the line, then T(x, y) = (x — x 0 )i + (y — yo)j is a vector parallel to the line => T . N = 0 

=> A(x — xq) + B(y — y 0 ) = 0, as claimed. 

36 . ⑻ vdC 響 i + 訾 j + 響 k = k(f)i + k(_)j + k(|)k = k(fi + _j + fk)=k V f 

(b) V(f + g)=^)i+^i)j + ^ilk= (| + |)i+ (| + |)j+ (I + _)k 

= i i+ _i + _j + _j + i k +_k =( 羞 i+_j + 篕 k) + (_i+,j+_k)=vf+vg 

(c) ▽ (f — g) = ▽ f — ▽ g (Substitute —g for g in part (b) above) 
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(d) V(fg) = ^i+^j + ^k= (|g+|f)i+ (|g + |f)j+ (|g+_f)k 

= dg) i +(l f ) i+ (|s)j + (l f ) j + (i g ) k+ (^ f ) k 

= f(|i+|j + |k)+g(|i+|j + |k) =f V g + gVf 


(e) V 



=攀+黎+參=(譬)1+(琴) 



k 


fi+|j + |k) 


14.6 TANTGENT PLANES AND DIFFERENTIALS 


1. (a) ▽ f = 2xi + 2yj + 2zk =>• ▽ f(l ， 1 ， 1) = 2i + 2j + 2k => Tangent plane: 2(x — 1) + 2(y — 1) + 2(z — 1) = 0 

4 x + y + z = 3; 

(b) Normal line: x = 1 + 2t, y = 1 + 2t, z = 1 + 2t 

2. (a) ▽ f = 2xi + 2yj - 2zk 泠 ▽ f(3, 5, 一 4) = 6i + lOj + 8k 泠 Tangent plane: 6(x _ 3) + 10(y - 5) + 8(z + 4) = 0 

4 3x + 5y + 4z = 18; 

(b) Normal line: x = 3 + 6t，y = 5 + 10t，z = —4 + 8t 

3. (a) ▽ f = — 2xi + 2k => ▽ f(2, 0, 2) = — 4i + 2k =>• Tangent plane: —4(x — 2) + 2(z — 2) = 0 

=>• — 4x + 2z + 4 = 0 => — 2x + z + 2 = 0; 

(b) Normal line: x = 2 — 4t, y — 0, z = 2 + 2t 

4. (a) ▽ f = (2x + 2y)i + (2x — 2y)j + 2zk => ▽ f(l ， 一 1 ， 3) = 4j + 6k 4 Tangent plane: 4(y + 1) + 6(z — 3) = 0 

=> 2y + 3z = 7; 

(b) Normal line: x = 1， y = — 1 + 4t，z = 3 + 6t 

5. (a) v f — (—7T sin 7 tx — 2xy + ze xz ) i + (—x 2 + z) j + (xe xz + y) k 4 ▽ f(0,1,2) = 2i + 2j + k => Tangent plane: 

2(x — 0) + 2(y - 1) + l(z - 2) = 0 泠 2x + 2y + z — 4 = 0; 

(b) Normal line: x = 2t, y = 1 + 2t, z = 2 + t 

6. (a) ▽ f = (2x — y)i — (x + 2y)j — k vfdl ，一 l) = i — 3j — Tangent plane: 

l(x - 1) - 3(y - 1) - l(z + 1) = 0 泠 x — 3y — z = —1; 

(b) Normal line: x = l+t，y = 1— 3t, z = —1—t 

7. (a) ▽ f = i + j + k for all points =>▽ f(0, l ， 0) = i+ j + k => Tangent plane: l(x — 0) + l(y — 1) + l(z — 0) = 0 

4 x + y + z—1=0; 

(b) Normal line: x = t，y = l+t，z = t 

8. (a) ▽ f = (2x - 2y — l)i + (2y — 2x + 3)j — k 泠 ▽ f(2, -3,18) = 9i - 7j - k ^ Tangent plane: 

9(x - 2) - 7(y + 3) - l(z - 18) = 0 9x-7y-z = 21; 

(b) Normal line: x = 2 + 9t, y = —3 — 7t, z = 18 — t 

9. z = f(x, y) = In (x 2 + y 2 ) 泠 f x (x, y) = and f y (x, y) = 泠 f x (l,0) = 2 and f y (l,0) = 0 泠 from 

Eq. (4) the tangent plane at (1,0,0) is 2(x — 1) — z = 0or2x — z — 2 = 0 
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10. z = f(x,y) = e—W ) 泠 f x (x,y) =—2xe-( x2+ y 2 ) andf y (x,y) = —2ye-( x2+ y 2 ) 泠 f x (0,0) = 0 and f y (0,0) = 0 

=> from Eq. (4) the tangent plane at (0,0,1) is z — 1 = 0 or z = 1 

11. z = f(x,y)= yy-x 今 fx(x, y) = - | (y - and f y (x, y) = | (y - x )_" 2 今 f x (l, 2) = - | and f y (l, 2) = i 

=> from Eq. (4) the tangent plane at (1,2,1) is — | (x — 1) + ^ (y — 2) — (z — 1) = 0 => x — y + 2z — 1 = 0 

12. z = f(x, y) = 4x 2 + y 2 => f x (x, y) = 8x and f y (x, y) = 2y f x (l, 1) = 8 and f y (l, l) = 2 ^ from Eq. (4) the 

tangent plane at (1 ， 1,5) is 8(x — 1) + 2(y — 1) — (z — 5) = 0 or 8x + 2y — z — 5 = 0 

13. ▽ f = i + 2yj + 2k 今 ▽ f(l ， 1 ， 1) = i + 2j + 2k and ▽ g = i for all points; v = ▽ f x ▽ g 

i j k 

二 1 2 2 = 2j — 2k =>• Tangent line: x = 1， y = 1 + 2t, z = 1 — 2t 
10 0 


14. vf = yzi + xzj+ xyk => ▽ f(l ， 1 ， 1) = i + j + k; ▽ g = 2xi + 4yj + 6zk 4 ▽ g(l, 1 ， 1) = 2i + 4j + 6k; 

i j k 

1 1 1 = 2i — 4j + 2k Tangent line: x = 1 + 2t, y = 1 — 4t, z 二 1 + 2t 

2 4 6 

15. ▽ f = 2xi + 2j + 2k 4 ▽ f (1 ， 1, |) = 2i + 2j + 2k and ▽ g = j for all points; v = ▽ f x ▽ g 

i j k 

v = 2 2 2 = —2i + 2k =>• Tangent line: x = 1 — 2t, y = 1, z = ! + 2t 
0 1 0 

16. ▽ f = i + 2yj + k => ▽ f (|, 1 ， |) = i + 2j + k and ▽ g = j for all points; v = ▽ f x ▽ g 

i j k 

二 1 2 1 =—i + k=> Tangent line: x=| — t ， y=l ， z=|+t 

0 10 — — 


17. v f — (3x 2 + 6xy 2 + 4y) i + (6x 2 y + 3y 2 + 4x) j - 2zk =>• ▽ f(l ， 1,3) = 13i + 13j — 6k; ▽ g = 2xi + 2yj + 2zk 

1 j k 

4 ▽ g(l, 1 ， 3) = 2i + 2j + 6k ; v = ▽ f x ▽ g => v = 13 13 — 6 = 90i — 90j Tangent line: 

2 2 6 


x = 1 + 90t, y = 1 — 90t, z = 3 


18. V f=2xi + 2yj ^ V f(^ V / 2, V / 2,4^=2 v /2i + 2 v /2j-, V g = 2xi+2yj^k => V g (v^, 

_ _ i j k 

= 2\fl\ + 2\/2j — k; v = V f x V g ^ v = 2\fl 2a/ 2 0 = —2i/2i + 2\/2 j ^ Tangent line: 

2a/2 2^2 - 1 

x = a/ 2 — 2v^2t, y = \[2 + 2\/2t, z — 4 


、 x 2 + y 2 + z 2 J 1 ' 
_ 3i + 6j-2k 
一 ^3 2 +6 2 + (-2) 2 


、 x 2 + y 2 + z' 


、 x 2 + y 2 + z 2 


|k > Vf(3,4,12) 


I k => 


anH c\f = ( V7 f • li、rk 


\ /-t \ /~v 


20. V f = (e x cos yz) i - (ze x sin yz) j - (ye x sin yz) k ▽ f(0, 0, 0) = i ; u = 兩 =+ ^ 
= 75 i+ 73 j ^75 k ^ Vf-u= ^anddf=( V f-u) ds = ^ (0.1) « 0.0577 
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21. ▽ g = (1 + cos z)i + (1 — sin z)j + (—x sin z — y cos z)k ▽ g(2, — 1,0) = 2i + j + k; A = PoPi = —2i + 2j + 2k 

今 u 十 =^V3 i+ V3j + V3 k ^ Vg-u = 0anddg = (vg-u)ds = (0)(0.2) = 0 

22. ▽ h = [—Try sin (7rxy) + z 2 ] i — [ttx sin (7rxy)] j + 2xzk => ▽ h (— 1, —1, —1) = (it sin 7r + l)i + (7r sin 7r)j + 2k 

=i + 2k; v = PqPi = i + j + k where Pi = (0,0,0) =>• u = 兩 == 士 i+*j + *k 

泠 ▽ h . u = $ = W and dh = ( ▽ h . u) ds = ^3(0A) ^ 0.1732 

23. (a) The unit tangent vector at (-, 幸 ) in the direction of motion isu = ^ i — | j ; 

▽ T = (sin 2y)i + (2x cos 2y)j ^ ▽ T ( • ，幸 ）=(sin W) i + (cos v^) j ^ D U T 幸 ） =▽ T • u 
=^ sin ^3 - i cos ^3 ~ 0.935° C/ft 

(b) r(t) = (sin 2t)i + (cos 2t)j 今 v(t) = (2 cos 2t)i — (2 sin 2t)j and |v| = 2; 莹 = 藍 f + 筹祭 

=▽ 丁 _ v = ( ▽ T . 侖 ) |v| = (D U T) |v|, where u = 侖 ； at (•. ， 幸 ) we have u = # i - | j from part (a) 

=>• 呈 =(^ sin • cos a/^) • 2 = \/^ sin i/3 — cos a/3 « 1.87 。 C/sec 

24. (a) ▽ T = (4x — yz)i — xzj — xyk => ▽ T(8, 6, —4) = 56i + 32j — 48k; r(t) = 2t 2 i + 3tj — t 2 k => the particle is 

at the point P(8,6, —4) when t = 2; y(t) = 4ti H- 3j — 2tk => v(2) = 8i + 3j — 4k => u = 兩 

= — 今 D u T ( 8 , 6 ，— 4 )= VT_«= 為 [56.8 + 32.3 — 

⑻ f =11 聲 f I = V T-v = ( V T-u)|y| ^ at t = 2, f = D U T^ 2 v(2) = |^) ^9 = 736° C/sec 

25. (a) f(0,0)=1, f x (x, y) = 2x 泠 f x (0,0) 二 0, f y (x, y) = 2y 泠 f y (0,0) = 0 泠 L(x, y) = 1 + 0(x - 0) + 0(y -0)=1 

(b) f(l,l) = 3,f x (l,l) = 2,f y (l,l) = 2 ^ L(x,y) = 3 + 2(x- l) + 2(y — l) = 2x + 2y- 1 

26. (a) f(0,0) = 4,f x (x ， y) = 2(x + y + 2 ) 泠 f x (0,0) = 4, f y (x, y) = 2(x + y + 2 ) 泠 f y (0,0) = 4 

4 L(x, y) = 4 + 4(x — 0) + 4(y — 0) = 4x + 4y + 4 
(b) f(l,2) = 25 ， f x (l,2) = 10 ， f y (l ， 2) = 10 今 L(x ， y) = 25 + 10(x - 1) + 10(y - 2) = 10x+ 10y-5 

27. (a) f(0,0) = 5, f x (x, y) = 3 for all (x, y), f y (x, y) = —4 for all (x ， y) 4 L(x, y) = 5 + 3(x - 0) - 4(y — 0) 

= 3x — 4y + 5 

(b) f(l, 1) = 4, f x (l, 1) = 3, f y (l, 1) = -4 今 L(x,y) 二 4 + 3(x - 1) - 4(y - 1) = 3x - 4y + 5 

28 . ⑻ f(l, 1) = 1, f x (x,y) = 3x 2 y 4 ^ f x (l, 1) = 3, f y (x,y) = 4x 3 y 3 今 f y (l, 1) = 4 

4 L(x, y) = 1 + 3(x — 1) + 4(y — 1) = 3x + 4y — 6 
(b) f(0,0) = 0, f x (0,0) = 0, f y (0,0) = 0 ^ L(x, y) = 0 

29. (a) f(0,0) = 1, f x (x ， y) = e x cos y 令 f x (0,0) = 1, f y (x, y) = -e x sin y 令 f y (0,0) = 0 

^ L(x ， y) = 1 + l(x - 0) + 0(y - 0) = x + 1 

(b) f(0 ， f) =0 ， f x (0 ， f) =0 ， f y (0 ， f) = 一 1 今 L(x ， y) = 0 + 0(x — 0)—l(y—f) =-y+| 

30. (a) f(0,0)=1, f x (x,y) = —e 2 ” 泠 f x (0,0) = —1 ， f y (x, y) = 2e^- x ^ f y (0,0) = 2 

泠 L(x,y) = 1 - l(x - 0) + 2(y - 0) = —x + 2y + 1 
(b) f(l,2) = e 3 , f x (l,2) = -e 3 , f y (l,2) = 2e 3 ^ L(x,y) = e 3 — e 3 (x - 1) + 2e 3 (y - 2) 

=—e 3 x + 2e 3 y — 2e 3 
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31. f(2,1) = 3, f x (x, y) = 2x — 3y 今 f x (2,1) = 1 ， f y (x,y)= -3x ^ f y (2,1) = -6 ^ L(x, y) = 3 + l(x - 2) - 6 (y - 1) 

= 7 + x - 6 y; f xx (x, y) = 2, f yy (x, y) = 0, f xy (x, y) = -3 ^ M = 3; thus |E(x,y)| < (|) (3)(|x — 2| + |y - 1 |) 2 

< (I) ( 0.1 + 0 . 1) 2 = 0.06 

32. f(2,2)= ll,f x (x ， y) = x + y + 3 今 f x (2,2) = 7, f y (x ， y) = x + ! — 3 泠 f y (2,2) = 0 
今 L(x, y) = 11 + 7(x — 2) + 0(y - 2) = 7x - 3; f xx (x, y) = 1, f yy (x, y) = - ， f xy (x, y) = 1 
今 M 二 1; thus |E(x,y)| < (i)(l)(|x -2| + |y-2|) 2 < Q) (0.1 + 0.1 ) 2 = 0.02 

33. f(0,0) = 1, f x (x, y) = cos y => f x (0,0) = 1, f y (x, y) = 1 - x sin y => f y (0,0)=1 

令 L(x, y) = 1 + l(x — 0) + l(y — 0) = x + y + 1; f xx (x, y) = 0, f yy (x, y) = —x cos y, f xy (x, y) = - sin y 泠 M = l; 

thus |E(x,y)| < (i)(l)(|x| + |y|) 2 < (|) (0.2 + 0.2) 2 = 0.08 

34. f(l,2) = 6 ， f x (x ， y) = y 2 -y sin(x—1 ) 今 f x (l, 2) = 4, f y (x ， y) = 2xy + cos (x — 1 ) 今 f y (l ， 2) = 5 

泠 L(x ， y) = 6 + 4(x - 1) + 5(y - 2) = 4x + 5y - 8 ; f xx (x, y) = —y cos (x - 1) ， f yy (x, y) = 2x ， 
f xy (x, y) = 2y — sin(x — 1); |x — 1| < 0.1 => 0.9 < x < 1.1 and |y — 2| < 0.1 => 1.9 < y < 2.1; thus the max of 
|f xx (x, y)| on R is 2.1, the max of |f yy (x, y)| on R is 2.2, and the max of |f xy (x, y)| on R is 2(2.1) — sin (0.9 — 1) 

<4.3 ^ M = 4.3; thus |E(x,y)| < (-) (4.3) (|x — 1| + |y — 2 |) 2 < (2.15)(0.1 + 0.1 ) 2 =0.086 

35. f(0,0) = 1, f x (x ， y) = e x cos y 今 f x (0,0) = 1, f y (x, y) = -e x sin y 令 f y (0,0) = 0 

4 L(x, y) = 1 + l(x — 0) + 0(y — 0) = 1 + x; f xx (x, y) = e x cos y ， f yy (x, y) = -e x cos y, f xy (x ， y) = —e x sin y; 

|x| < 0.1 => —0.1 < x < 0.1 and |y| <0.1 => —0.1 < y < 0.1; thus the max of |f xx (x, y)| on R is e 01 cos (0.1) 

< 1.11, the max of |f yy (x, y)| on R is e 01 cos (0.1) < 1.11, and the max of |f xy (x, y)| on R is e 01 sin (0.1) 

<0.12 泠 M = 1.11; thus |E(x,y)| < (^) (1.11) (|x| + |y |) 2 < (0.555)(0.1 + 0.1 ) 2 = 0.0222 

36. f(l ， l) = 0 ， f x (x ， y)=i 泠 f x (l,l)=l,f y ( x ， y )= 会今 fy(l,D= 1 ^ L(x,y) = 0+l(x—l)+l(y— 1 ) 

=x + y - 2; f xx (x, y)= - 去， f yy (x, y) = - # , f xy (x, y) = 0; |x — 1| < 0.2 4 0.98 < x < 1.2 so the max of 
|fxx(x, y)| on R is (Q ^ 8)2 < 1.04; |y — 1| < 0.2 =>• 0.98 < y < 1.2 so the max of |f yy (x, y)| on R is 

( 0^2 < 1.04 ^ M= 1.04; thus |E(x,y)| < (i) (1.04)(|x- 1| + |y- 1 |) 2 < (0.52)(0.2 + 0.2 ) 2 = 0.0832 

37. (a) f(l ， 1 ， 1) = 3, f x (l, 1 ， 1) = y + z| (M ； 1 ) =2, f y (l ， 1 ， 1) = x + z| (M；1) = 2, f z (l, 1 ， 1) = y + x| (1 ， u) = 2 

L(x ， y ， z) = 3 + 2(x _ 1) + 2(y _ 1) + 2(z _ 1) = 2x + 2y + 2z _ 3 

(b) f(l, 0,0) = 0, f x (l, 0,0) = 0, f y (l, 0,0) = 1, f z (l, 0,0) = 1 ^ L(x,y,z) = 0 + 0(x-l) + (y-0) + (z-0) 

=y + z 

(c) f(0,0,0) = 0, f x (0,0,0) 二 0, f y (0,0,0) = 0, f z (0, 0, 0) = 0 4 L(x, y,z) = 0 

38. (a) f(l, 1,1) = 3, f x (l,l,l) = 2x| (11>1) = 2, f y (l,l,l) = 2y| (w) = 2, f z (l, 1,1) = 2z| (11J) = 2 

L(x, y, z) — 3 -f - 2(x _ 1) + 2(y _ 1) + 2(z _ 1) = 2x + 2y + 2z — 3 

(b) f(0,1,0)= 1, f x (0,1,0) = 0, f y (0,1,0) = 2, f z (0,1,0) = 0 => L(x, y,z)= l + 0(x - 0) + 2(y - 1) + 0(z - 0) 

= 2 y- 1 

(c) f(l, 0,0) = 1, f x (l, 0,0) 二 2, f y (l, 0,0) 二 0, f z (l, 0,0) = 0 ^ L(x, y,z) = l + 2(x - 1) + 0(y 一 0) + 0(z — 0) 

= 2 x— 1 
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(b) f(l,l, 0 )= y 2 ,f x (l, 1 , 0 )= i,f y (l, 1 , 0 )- i,f z (l,l, 0 ) = 0 

今 L(x, y, z) = \/2 + ^ (x — 1) + -^ (y — 1) + 0(z — 0) = x + -^ y 

(c) f(l, 2,2) = 3, f x (l,2,2)= i, f y (l, 2,2) = I ， f z (l ， 2,2) = | ^ L(x,y, z) = 3 + i (x - 1) + | (y ^ 2) + f (z - 2) 

=|x+|y+|z 

40 . ⑻ f (| ? 1, l) = fx (l ， 1, l) = yC0 Z SXy I (| ， 1 ， 1 ) = 0, fy (f ， 1 ， 1) = XC0 Z SXy I (! ， 1 ， 1 ) = 0, 

fz (f ， 1 ， 1 ) = ^ 2 xy . — — 1 L ( x 5 y? z ) — 1 + 0 (x — l) + 0 (y — 1 ) — l(z — 1 ) = 2 — z 

( 歹， i ， i) 

(b) f(2,0,1) 二 0, f x (2,0,1) 二 0, f y (2,0,l) = 2, f z (2,0,1) = 0 ^ L(x, y ， z) = 0 + 0(x - 2) + 2(y 一 0) + 0(z - 1) = 2y 

41. (a) f(0, 0, 0) = 2, f x (0,0,0) = e x | ( 0 , 0 , 0 ) = 1 ， f y (0,0,0) = - sin (y+ z)| (0 , 0 , 0) = 0, 

f z (0,0,0) = — sin(y + z)| (0 0 0) = 0 L(x, y, z) = 2 + l(x — 0) + 0(y — 0) + 0(z — 0) = 2 + x 

(b) f(0,|,0) = l,f x (0,|,0) = l,f y (0 ? |,0) =-l,f z (0,|,0) =-l ^ L(x,y,z) 

=1 + 1 (x — 0)—1 (y — f) — l(z — 0 ) = x — y — z + 吾 + 1 

(c) f (0,1,1) = 1 ， f x (0, 牙， I) = 1 ， f y (0, I ， I) = — 1 ， f z (0,1, f) = — 1 => L(x, y, z) 

= l + l(x — 0 )—l(y — |) — l(z — |)=x — y — z+| + l 

42- (a) f(l ， 0 , 0 ) = 0 ， f x (l, 0 , 0 )=^ TT |( i()o )= 0 ， f y (l ， 0 , 0 )=^f TT |( i()() )= 0 ， 

f Z (l ， 0, 0) 二 0#Tr| ( 1 ,o,o ) =0 ^ L(X5 y ， z) = 0 

(b) f(l ， 1 ， 0) 二 0, f x (l ， 1,0) = 0, f y (l, 1,0) 二 0, f z (l, 1,0) =1 => L(x,y,z) = 0 + 0(x - 1) + 0(y - 1) + l(z - 0) = z 

(c) f(l ， 1,1) = f ， f x (l, 1 ， 1) = ! ， f y (l, 1,1)= 善 , f z (l ， hl)=l => L(x, y,z) = f + i (x - 1) + i (y - 1) + i (z - 1) 

= i x +iy + l z + ? _ i 

43. f(x,y, z) = xz — 3yz + 2 at P 0 (l, 1,2) => f(l ， 1 ， 2) = _2; f x = z ， f y = —3z, f z = x — 3y => L(x, y, z) 

=—2 + 2 (x — 1 ) — 6 (y — 1 ) — 2 (z — 2 ) = 2 x — 6 y — 2 z + 6 ; f xx = 0 , f yy = 0 , f zz = 0 , f xy 二 0 , f yz = —3 
^ M = 3; thus, |E(x,y,z)| < (i) (3)(0.01 + 0.01 + 0.02 ) 2 = 0.0024 

44. f(x, y, z) = x 2 + xy + yz + $ z 2 at P 0 (l, 1,2) => f(l ， 1 ， 2) = 5; f x = 2x + y, f y = x + z, f z = y + ! z 

=> L(x, y ， z) = 5 + 3(x — 1) + 3(y — 1) + 2(z — 2) = 3x + 3y + 2z — 5; f xx = 2, f yy = 0, f zz = f xy = 1, f xz = 0, 
f yz = 1 今 M = 2; thus |E(x,y,z)| < Q) (2)(0.01 + 0.01 + 0.08) 2 = 0.01 

45. f(x, y, z) = xy + 2yz — 3xz at P 0 (l, 1,0) => f(l, 1 ， 0) = 1; f x = y — 3z ， f y = x + 2z ， f z = 2y — 3x 

=> L(x, y ， z) = 1 + (x — 1) + (y — 1) — (z — 0) = x + y — z — 1; f xx 二 0, fyy = 0, f zz = 0, f xy = 1, f xz = — 3 ， 

f yz = 2 ^ M = 3;thus|E(x,y,z)| < Q) (3)(0.01 + 0.01+0.01 ) 2 = 0.00135 

46. f(x, y, z) = \fl cos x sin (y + z) at P 0 (0,0, |) f (0,0, |) = 1; f x = sin x sin(y + z), 

f y = \fl cos x cos (y + z), f z = \[l cos x cos (y + z) L(x, y ， z) = 1 — 0(x — 0) + (y — 0) + (z — |) 

=y + z - $ + 1 ; fxx = -\pi cos x sin (y + z) ， f yy = cos x sin (y + z), f zz = - cos x sin (y + z), 
f xy = —-\/2 sin x cos (y + z), f xz = sin x cos (y + z), f yz = — y/2 cos x sin (y + z). The absolute value of 
each of these second partial derivatives is bounded above by \^2 => M 二 \J~2\ thus |E(x, y, z)| 

< (i) (v^) (0.01 +0.01 +0.01 ) 2 = 0.000636. 



896 Chapter 14 Partial Derivatives 


47. T x (x, y) = e y + e _y and T y (x, y) = x (e y — e _y ) 4 dT = T x (x, y) dx + T y (x, y) dy 

=(e y + e _y ) dx + x (e y — e _y ) dy => dT|( 2 ln2 ) = 2.5 dx + 3.0 dy. If |dx| <0.1 and |dy| < 0.02, then the 
maximum possible error in the computed value of T is (2.5)(0.1) + (3.0)(0.02) = 0.31 in magnitude. 

48. V r = 27rrh and Vh = 7rr 2 => dV = V r dr + Vh dh => ^ = 2?rrhdh = . dr + ★ dh; now | j - 100| < 1 and 

I 营 • 100| 100| < |(2 f) (100) + (f) (100)| < 2 • 100| + | 普 . 100| < 2(1) + 1=3^3% 

49. V r = 27rrh and Vh = 7rr 2 => dV = V r dr + Vh dh => dV = 27rrh dr + nr 2 dh =>• dV|( 5 12 ) = 120 丌 dr + 25 丌 dh; 

|dr| < 0.1 cm and |dh| < 0.1 cm dV < (120 tt)(0.1) + (25tt)(0.1) = 14.5tt cm 3 ; V(5,12) = 300 tt cm 3 

=> maximum percentage error is 士 x 100= 士 4.83% 

50 . ⑻長 = 忐 + 忐今 - ^ dR = - ^ dR x - i dR 2 dR = ( 是 ) dRi + ( 最 ) dR 2 

(b) dR = R 2 [⑷ dl^ + ⑷ dR 2 _ 

^ dR l (100,400) = R2 [(W dRl + (W dR2 ] ^ R Wil1 be m ° re 

sensitive to a variation in R x since 

(c) From part (a), dR = ( 是 ) dRi + ( 最 ) dR _2 so that Ri changing from 20 to 20.1 ohms => dRi = 0.1 ohm 

and R 2 changing from 25 to 24.9 ohms => dR 2 = —0.1 ohms; ^ ^ =>• ohms 

4 dR l (20,25) = (0. 1 ) + (-0.1) ^ 0.011 ohms 4 percentage change is 警 | (2025) x 100 

=P| x 100 = 0.1% 

51. A = xy => dA = x dy + y dx; if x > y then a 1-unit change in y gives a greater change in dA than a 1-unit 
change in x. Thus, pay more attention to y which is the smaller of the two dimensions. 

52. (a) f x (x ， y) = 2x(y + 1) f x (l ， 0) = 2 and f y (x, y) = x 2 f y (l, 0) = l => df = 2 dx + 1 dy => df is more 

sensitive to changes in x 

(b) df=0 ^ 2dx + dy = 0 今 2| + 1= 0 今 | = — ^ 

53. (a) r 2 = x 2 + y 2 ^ 2r dr = 2x dx + 2y dy ^ dr = f dx + f dy 今 dr|( 3 , 4) = (|) ( ± 0.01) + (f) (± 0.01) 

=± 007 = ± 0 014 今 I 宇 x tool = I ± mm x 100| = 0.28%; d9 = dx+ dy 

5 I r 115 I (D +i (D + 1 

=pr? dx + dy ^ d0| (3 , 4) =( 豈 ）（ 土 0.01) + ( 蠢 ）（± 0.01) = 

=> maximum change in dO occurs when dx and dy have opposite signs (dx = 0.01 and dy = —0.01 or vice 
versa) dO = ^ ± 0.0028; 0 = tan" 1 (|) « 0.927255218 |f x 100| = 1 0 . 92125521 s x 100 l 

« 0.30% 

(b) the radius r is more sensitive to changes in y，and the angle 0 is more sensitive to changes in x 

54. (a) V = 7rr 2 h => dV = 27rrh dr + 7rr 2 dh =>• at r = 1 and h = 5 we have dV = 10 丌 dr + 7r dh => the volume is 

about 10 times more sensitive to a change in r 

(b) dV = 0 => 0 = 27rrh dr + 7rr 2 dh = 2h dr + r dh = 10 dr + dh dr = — & dh; choose dh = 1.5 

=> dr = —0.15 => h = 6.5 in. and r = 0.85 in. is one solution for AV « dV = 0 

55. f(a ， b ， c ， d) = a ^ = ad — be 4 f a = d ， f b = —c, f c = —b, f d = a => df = d da _ c db — b dc + a dd; since 

|a| is much greater than |b|, |c|, and |d|, the function f is most sensitive to a change in d. 
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56. u x = e y ， u y = xe y + sin z, u z = y cos z => du = e y dx + (xe y + sin z) dy + (y cos z) dz 

=> du| ( 21n3 ” = 3 dx + 7 dy + 0 dz = 3 dx + 7 dy => magnitude of the maximum possible error 
< 3(0.2) + 7(0.6) = 4.8 

57. Qk = i (^)- 1 / 2 (f) ， Qm = | (T )_ 1/2 (f) ， and Q h = I ( 气 M )- 1/2 (f) 

^ dQ=i (T)— 1 / 2 (f) dK+ - (^)- 1/2 (f)dM+I (^)- 1/2 (f) dh 
=1 ( 譬 ) _1/2 [f^dK+f dM-^dh] ^ dQ|( 2 , M ,_) 

=i H 20 ) ~ 1/2 dK + w dM ~ ( 2 ()o ( 溫 0) dh = (0.0125)(800 dK + 80 dM - 32,000 dh) 

=> Q is most sensitive to changes in h 

58. A = * ab sin C => A a = ! b sin C ， A b = - a sin C, A c = | ab cos C 

=> dA = b sin C) da + a sin C) db + ab cos C) dC; dC = |2°| = |0.0349| radians, da = |0.5| ft, 
db = |0.5| ft; at a = 150 ft, b = 200 ft, and C = 60。， we see that the change is approximately 
dA = ! (200)(sin 60 。） |0.5| + | (150)(sin 60 。） |0.5| + ^ (200)( 150)(cos 60 。） |0.0349| = 士 338 ft 2 

59. z = f(x,y) g(x,y,z) 二 f(x,y)-z 二 0 4 g x (x, y, z) = f x (x, y), g y (x, y, z) = f y (x, y) and g z (x, y, z) = -1 

^ gx(x 0 ,yo, f(x 0 ,yo)) = fx(x 0 , yo), gy(x 0 ,yo, f(x 0 ,yo)) = fy(x 0 , yo) and g z (x 0 ,y 0 , f(x 0 ,yo)) = -l ^ the tangent 
plane at the point P 0 is f x (x 0 , y 0 )(x - x 0 ) + f y (x 0 , y 0 )(y - Yo) — [z — f(x 0 , y 0 )] = 0 or 
z = f x (x 0 , y 0 )(x - x 0 ) + f y (x 0 , y 0 )(y — yo) + f(x 0 , yo) 

60. ▽ f = 2 xi + 2 yj = 2 (cos t + t sin t)i + 2 (sin t — t cos t)j and y = (t cos t)i + (t sin t)j => u = 兩 
= X: 以 S = (cos t)i +(sin t)j since t > 0 今 （ D u f) P 。= ▽ f • u 

= 2 (cos t + t sin t)(cos t) + 2 (sin t — t cos t)(sin t) = 2 

61. ▽ f = 2 xi + 2 yj + 2 zk = (2 cos t)i + (2 sin t)j + 2 tk and y = ( — sin t)i + (cos t)j + k =>• u = 命 

= ( 管 ) i+ ( 芝 ) j+* k # (Duf)p„=vf-» 

=( 2 cos 0 (=^)+(2 sin t)(^)+(2t) ^ ^ (D u f) ( 子） = 泛 ’ (D u fX0) = 0 and 

62. r = 0i+ -i(t + 3)k 泠 v = -t _1 / 2 i+ | — *k; t 二 1 令 x = 1， y = 1， z = —1 泠 P 0 = (1 ， 1 ， -1) 

and y(l) = ^ i + ^ j - ^ k; f(x, y, z) = x 2 + y 2 - z - 3 = 0 => ▽ f = 2xi + 2yj - k 

=> ▽f(l ， l ，一 l) = 2 i + 2 j — k; therefore v = * ( ▽ f) => the curve is normal to the surface 

63. r = >/ti + + (2t — l)k => v = ^ t _1 / 2 i + \ t _1 ’ 2 j + 2k; t = 1 => x=l ， y=l ， z=l=> P 0 = (1,1,1) and 

v(l) = - i + - j + 2 k; f(x,y,z) = x 2 + y 2 - z — 1 = 0 4 ▽ f = 2 xi + 2 yj - k 4 ▽ f(l ， 1 ， 1) = 2 i + 2 j - k; 
now y(l) - ▽ f(l, 1 ， 1) = 0, thus the curve is tangent to the surface when t = 1 

14.7 EXTREME VALUES AND SADDLE POINTS 

1. f x (x, y) = 2x + y + 3 = 0 and f y (x, y) = x + 2y — 3 = 0 => x=—3 and y = 3 => critical point is (—3,3); 
fxx(—3,3) = 2, f yy (—3,3) = 2, f xy (—3, 3) = 1 => f xx fyy — fxy = 3 > 0 and f xx > 0 今 local minimum of 
f(-3,3) = -5 
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2. f x (x, y) = 2x + 3y — 6 = 0 and f y (x, y) = 3x + 6 y + 3 = 0 => x = 15 and y = —8 => critical point is (15, — 8 ); 
f xx (15, — 8 ) = 2, f yy (15, — 8 ) = 6 , f xy (15, — 8 ) = 3 => f xx fyy — fxy = 3 > 0 and f xx > 0 => local minimum of 
f(15, - 8 ) = -63 

3. f x (x, y) = 2y — lOx + 4 = 0 and f y (x, y) = 2x — 4y + 4 = 0 4 x = | and y = | => critical point is (|, !); 
fxx (I ， f) = —10, f yy (I ， I) = —4, f xy (|, |) = 2 => f xx fyy — 给 = 36 > 0 and fxx < 0 => local maximum of 

f(!4) = o … ^ 

4. f x (x, y) = 2y — lOx + 4 = 0 and f y (x, y) = 2x — 4y = 0 => x = t an d y — | critical point is (|, 善） ； 

fxx (I ， I) = -10, fyy (I ， I) = -4, f xy (I ， I) = 2 fxxfyy - fxy = 36 > 0 and fxx < o local maximum of 
f (4 2 \ _ _ 28 

5. f x (x, y) = 2x + y + 3 = 0 and f y (x, y) = x + 2 = 0 => x = —2 and y = 1 =>• critical point is (—2,1); 

f xx (-2, 1 ) = 2, fyy(-2, 1 ) = 0 , f X y(-2, 1 ) = 1 泠 fxxfyy - f x 2 y = - 1 < 0 4 saddle point 

6. f x (x, y) = y — 2 = 0 and f y (x, y) = 2y + x — 2 = 0 => x = —2 and y = 2 => critical point is (—2,2); 
fxx(-2,2) = 0, f yy (-2,2) = 2, f X y(-2,2) = 1 => f xx f yy — f x 2 y = — 1 < 0 4 saddle point 

7. f x (x, y) = 5y — 14x + 3 = 0 and f y (x, y) = 5x — 6 = 0 => x = | and y = 磬 => critical point is ( 誉， ff); 

fxx (f ? ff) — 一 14, fyy (■，■)= 0, f xy ( 香， II) = 5 => f xx fyy — ff y = — 25 < 0 => saddle point 

8 . f x (x, y) = 2y — 2x + 3 = 0 and f y (x, y) = 2x — 4y = 0 => x = 3 and y = | => critical point is (3, |); 

fxx (3,1) = - 2, fyy (3, ！）= —4, f xy (3, |) = 2 => f xx fyy — = 4 > 0 and f xx < 0 local maximum of 

f(3 ， l) = ^ " _ 

9. f x (x, y) = 2x — 4y = 0 and f y (x, y) = —4x + 2y + 6 = 0 x = 2 and y = 1 => critical point is (2,1); 

f xx ( 2 , 1 ) = 2 , fyy( 2 , 1 ) = 2 , f xy ( 2 , 1 ) = —4 今 fxxfyy — f x 2 y = -12 < 0 > saddle point 

10. f x (x, y) = 6x + 6y — 2 = 0 and f y (x, y) = 6x + 14y + 4 = 0 今 and y = — | critical point is (||, — |); 

fxx (xi，- I) = 6, f yy ({§， - I) = 14, f xy (if,- I) = 6 fxxfyy - = 48 > 0 and f xx > 0 => local minimum of 



11. f x (x, y) = 4x + 3y — 5 = 0 and f y (x, y) = 3x + 8 y + 2 = 0 => x = 2 and y = — 1 critical point is (2, —1); 
f xx (2, — 1) = 4, f yy (2, —1) = 8 , f xy (2, — 1) = 3 4 fxxfyy — f^y = 23 > 0 and f xx > 0 local minimum of 
f( 2 ,-l) = —6 

12. f x (x, y) = 8 x _ 6 y — 20 = 0 and f y (x, y) = — 6 x + lOy + 26 = 0 x = 1 and y =- —2 => critical point is (1 ， —2); 

f xx (l, —2) = 8 , f yy (l, —2) = 10, f xy (l, ~2) = —6 => f xx f y y — ff y = 44 > 0 and f xx > 0 => local minimum of 

f(l,-2) = —36 

13. f x (x, y) = 2x — 2 = 0 and f y (x, y) = — 2y + 4 = 0 x=l and y = 2 => critical point is (1,2); f xx (l, 2) = 2, 

fyy( 1 , 2 ) = — 2 , f xy (l, 2 ) = 0 f xx fyy — ff y = —4 < 0 => saddle point 

14. f x (x, y) = 2x — 2y — 2 = 0 and f y (x, y) = — 2x + 4y + 2 = 0 => x=l and y = 0 critical point is (1 ， 0); 

fxx(l ， 0) = 2, fyy(l ， 0) = 4, f xy (l ， 0) = —2 f xx fyy - f^ y = 4 > 0 and f xx > 0 => local minimum of 

f(i,o) = o 
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15. f x (x ， y) = 2x + 2y = 0 and f y (x, y) = 2x = 0 => x = 0 and y = 0 critical point is (0,0); f xx (0,0) = 2, 

fyy(0,0) = 0, f xy (0,0) = 2 => f xx fyy — ff y = —4 < 0 => saddle point 

16. f x (x, y) = 2 — 4x — 2y = 0 and f y (x, y) = 2 — 2x — 2y = 0 => x = 0 and y = 1 => critical point is (0,1); 

f xx (0,1) = —4, f yy (0,1) = —2, f xy (0, l) = ~2 ^ f xx fyy — ff y = 4 > 0 and f xx < 0 local maximum of f(0,1) = 4 

17. f x (x, y) = 3x 2 — 2y = 0 and f y (x, y) = —3y 2 — 2x = 0 =>• x = 0 and y = 0, or x = — | and y = | critical points 

are (0,0) and (-•,•); for (0,0): f xx (0,0) = 6x| (00) = 0, f yy (0,0) = _6y| (00) = 0, f xy (0,0) = —2 

fxxfyy — fxy = — ^ < 0 => saddle point; for (— |, |) ： f xx ( — |> |) = — 4, f yy (—•，•）= —4, f xy (—■，■)= —2 

=> fxxfyy — f^y = 12 > 0 and f xx < 0 =>• local maximum of f (— |, |) = ™ 

18. f x (x, y) = 3x 2 + 3y = 0 and f y (x, y) = 3x + 3y 2 = 0 x = 0 and y = 0, or x = —1 and y = — 1 => critical points 
are (0,0) and (-1,-1); for (0,0): f xx (0,0) = 6x| (0 0) = 0, f yy (0,0) = 6y| (0 0) = 0, f xy (0,0) = 3 4 f xx fy y - f x 2 y 

=—9 < 0 ^ saddle point; for (-1,-1): f xx (— 1 ， _1) = —6, f yy (— 1 ， _1) = —6, f xy (— 1 ， _1) = 3 => f xx f y y _ ff y 
= 27 > 0 and f xx < 0 => local maximum of f(— 1 ， —1) = 1 

19. f x (x, y) = 12x — 6 x 2 + 6 y 二 0 and f y (x, y) = 6 y + 6 x = 0 今 x = 0 and y = 0, or x = 1 and y = — 1 => critical 
points are ( 0 , 0 ) and ( 1 ， - 1 ); for ( 0 , 0 ): f xx ( 0 , 0 ) = 12 - 12 x| (。。） = 12 , f yy ( 0 , 0 ) = 6 , f xy ( 0 , 0) = 6 ^ f xx f yy - 

= 36 > 0 and > 0 => local minimum of f(0,0) = 0; for (1, —1): f xx (l, — 1) = 0, f yy (l, —1) = 6, 
f xy (l, — 1) = 6 今 fxxfyy ' f^y — ~36 < 0 =>• saddle point 

20. f x (x, y) = — 6x + 6y 二 0 4 x = y; f y (x, y) = 6y — 6y 2 + 6x = 0 => 12y — 6y 2 = 0 ^ 6y(2 — y) = 0 => y = 0 or 

y = 2 ^ (0,0) and (2,2) are the critical points; f xx (x ， y) = — 6, f yy (x, y) = 6 — 12y, f xy (x, y) = 6; for (0,0): 

f xx (0,0) = —6, f yy (0,0) = 6, f xy (0,0) = 6 > fxxfyy - fxy = — 72 < 0 4 saddle point; for (2,2): f xx (2,2) = -6 ， 
fyy (2,2) = — 18, f xy (2, 2 ) = 6 => f xx fyy — ff y = 72 > 0 and f xx < 0 => local maximum of f(2,2) = 8 

21. f x (x, y) = 21 x 2 — 4y = 0 and f y (x, y) = y 2 — 4x = 0 x = 0 and y = 0, or x = | and y = ! => critical points are 

(0,0) and (I ， I); for (0,0): f xx (0,0) = 54x| (。❹) = 0, f yy (0,0) = 2y| (0 。) = 0, f xy (0,0) = —4 4 f xx f yy - f x 2 y 

= -16<0 ^ saddle point; for (|, |) : f xx (|, |) = 24, f yy (|, |) ^ |, f xy (!，！) = -4 4 fxxfyy - ^ = 48 > 0 
and f xx > 0 => local minimum of f |) = — || 

22. f x (x, y) = 24x 2 + 6 y = 0 4 y = -4x 2 ; f y (x,y) = 3y 2 + 6 x = 0 => 3 (—4x 2 ) 2 + 6 x = 0 => 16x 4 + 2x = 0 

=> 2x ( 8 x 3 + 1) = 0 x 二 0 or x = — ! (0,0) and — l) are the critical points; f xx (x, y) = 48x, 

fyy(x, y) = 6 y, and f xy (x ， y) = 6 ; for (0,0): f xx (0,0) = 0, f yy (0,0) = 0, f xy (0,0) = 6 => f xx f yy - =-36 < 0 

=> saddle point; for (― 士， _1) : f xx ( — 士， _1) = —24, f yy (― ^, — l) = —6, f xy (― 士， _1) = 6 
4 fxxfyy - fxy — 108 > 0 and f xx < 0 local maximum of f (— 士， —1) = 1 

23. f x (x, y) = 3x 2 + 6x = 0 x = 0orx = —2; f y (x, y) = 3y 2 — 6y 二 0 => y = 0ory = 2 the critical points are 
(0,0) ，（ 0,2) ，（ —2,0)，and (-2,2); for (0,0): f xx (0,0) = 6x + 6| (0 0) = 6, f yy (0,0) = 6y - 6| (0 0) = -6 ， 

f xy ( 0 , 0 ) = 0 fxxfyy — fxy — —36 < 0 saddle point; for ( 0 , 2 ): f xx ( 0 , 2 ) = 6 , f yy ( 0 , 2 ) = 6 , f xy ( 0 , 2 ) = 0 
4 f xx fyy — fxy = 36 > 0 and f xx > 0 => local minimum of f(0,2) = —12; for (—2,0): f xx (—2,0) = — 6 ， 
fyy(— 2, 0) = — 6 , f xy (—2,0) = 0 f xx fyy — ff y = 36 > 0 and f xx < 0 => local maximum of f(—2,0) = —4; 

for (—2,2): f xx (—2,2) = - 6 , f yy (—2,2) = 6 , f xy (—2,2) = 0 => f xx f yy — =—36 < 0 => saddle point 
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24. f x (x, y) = 6 x 2 — 18x = 0 4 6 x(x — 3) = 0 => x = 0orx = 3; f y (x, y) = 6 y 2 + 6 y — 12 = 0 4 6 (y + 2)(y —1) = 0 

=> y = —2 or y = 1 => the critical points are (0, —2), (0,1), (3, —2), and (3,1); f xx (x, y) = 12x — 18 ， 

fyy(x ， y) = 12 y + 6 , and f xy (x, y) = 0; for (0, - 2 ): f xx (0, - 2 ) = -18, f yy (0, - 2 ) = -18, f xy (0, - 2 ) 二 0 
=> f xx fyy — fxy = 324 > 0 and f xx < 0 => local maximum of f(0, —2) = 20; for (0,1): f xx (0,1) = —18, 
f yy (0,1) = 18, f xy (0,1) = 0 ^ fxxfyy - f x 2 y = -324 < 0 令 saddle point; for (3, -2): f xx (3, -2) = 18, 
f yy (3, -2) = -18, f xy (3, -2) = 0 泠 fxxfyy - f x 2 y = -324 < 0 泠 saddle point; for (3,1): f xx (3,1) = 18 ， 
f yy (3,1) = 18, f xy (3,1) = 0 ^ fxxfyy — fxy — 324 > 0 and f xx > 0 => local minimum of f(3,1) = —34 

25. f x (x, y) = 4y — 4x 3 = 0 and f y (x, y) 二 4x — 4y 3 = 0 4 x = y => x (1 — x 2 ) = 0 x = 0, 1, —1 =>• the critical 

points are ( 0 , 0 ), ( 1 , 1 ), and (- 1 ,- 1 ); for ( 0 , 0 ): f xx ( 0 , 0 ) = - 12 x 2 | (00) = 0 , f yy ( 0 , 0 ) = - 12 y 2 | (00) = 0 ， 

f xy (0,0) = 4 泠 fxxfyy - f x 2 y = -16 < 0 ^ saddle point; for (1,1): f xx (l ， 1) =-12, f yy (l ， 1) = — 12, f xy (l ， 1) = 4 
=> fxxfyy — f^y = 128 > 0 and f xx < 0 => local maximum of f(l, 1 ) = 2 ; for (— 1 , — 1 ): f xx (— 1 , — 1 ) = — 12 , 
f yy (—1, —1) = —12, f xy (—1, — 1) = 4 f xx f yy — ff y = 128 > 0 and f xx < 0 local maximum of f(—1, —1) = 2 

26. f x (x, y) 二 4x 3 + 4y = 0 and f y (x, y) = 4y 3 + 4x = 0 4 x=—y => — x 3 + x = 0 => x(l — x 2 ) 二 0 => x = 0, 1,—1 

4 the critical points are (0,0) ，（ 1 ，一 1), and (—1 ， 1); f xx (x,y) = 12x 2 , f yy (x, y) = 12y 2 , and f xy (x, y) = 4; 

for (0,0): f xx (0,0) = 0, f yy (0,0) = 0, f xy (0,0) = 4 4 f xx f yy — ff y = —16 < 0 saddle point; for (1, —1): 
f xx (l, — 1) = 12, f yy (l, — 1) = 12, f xy (l, — 1) = 4 f xx f yy — ff y = 128 > 0 and f xx > 0 local minimum of 
f(l,-l)=-2;for(-l,l): fxx(-l, 1) = 12, f yy (-l, 1) = 12, f xy (-l, 1) = 4 ^ f xx f yy - f x 2 y = 128 > 0 and 
f xx > 0 => local minimum of f(— 1 , 1 ) = —2 

27. f x (x, y) = ( x2 + ~ 2 X _ =0 and f y (x, y) = ( x2 ^2 = 0 => x = 0 and y = 0 the critical point is (0,0); 

fxx= d ， f yy = fd ， f xy = (x2+ 8 ；/_ lri ； fxx(0,0) = -2, f yy (0,0) = -2, f xy (0,0) = 0 

=> f xx f yy — ff y = 4 > 0 and f xx < 0 =>■ local maximum of f(0,0) = — 1 

28. f x (x, y)= — 各 + y = 0 and f y (x, y) = x —^=0 => x=l and y = 1 => the critical point is ( 1 , 1 ); 

f xx = 吾 ， fyy = 吾， f X y = 1 ; f xx (l ， 1 ) = 2 , f yy (l ， 1 ) = 2 , f xy (l, 1 ) = 1 # f xx f yy - = 3 > 0 and f xx > 2 4 local 

minimum of f(l, 1) = 3 

29. f x (x, y) = y cos x = 0 and f y (x, y) = sin x = 0 => x = nn, n an integer, and y = 0 => the critical points are 
(n 7 r, 0), n an integer (Note: cos x and sin x cannot both be 0 for the same x, so sin x must be 0 and y = 0); 

f xx = — y sin x, fy y = 0, f xy = cos x; f xx (n7r ， 0) = 0, f yy (n7r ， 0) = 0, f xy (n7r, 0) = 1 if n is even and f xy (n7r, 0) = _1 
if n is odd => f xx f yy — f^ y = — 1 < 0 =>■ saddle point. 

30. f x (x, y) = 2e 2x cos y = 0 and f y (x, y) = — e 2x sin y = 0 => no solution since e 2x 7 ^ 0 for any x and the functions 
cos y and sin y cannot equal 0 for the same y => no critical points => no extrema and no saddle points 

31. (i) On OA, f(x ， y) = f(0, y) = y 2 — 4y + 1 on 0 < y < 2; 

f’(0 ， y) = 2y-4 = 0 泠 y = 2; 
f(0,0)= 1 and f(0,2) =-3 

(ii) On AB, f(x, y) = f(x, 2) = 2x 2 — 4x — 3on0<x< 1; 
f(x ， 2) = 4x-4 = 0 泠 x = 1; 
f(0,2) = -3 andf(l,2) = -5 

(iii) On OB, f(x, y) = f(x, 2x) = 6 x 2 — 12x + 1 on 
0 < x < 1 ; endpoint values have been found above; 

f’(x, 2x) =12x—12 = 0 x=l and y = 2, but (1,2) is not an interior point of OB 
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(iv) For interior points of the triangular region, f x (x, y) = 4x — 4 = 0 and f y (x, y) = 2y — 4 = 0 

=> x = 1 and y = 2, but (1,2) is not an interior point of the region. Therefore, the absolute maximum is 
1 at (0,0) and the absolute minimum is —5 at (1,2). 

On OA, D(x, y) = D(0, y) = y 2 + 1 on 0 < y < 4; 

D’(0, y) = 2y = 0 4 y = 0; D(0,0) = 1 and 
D(0,4) = 17 

On AB, D(x, y) = D(x, 4) = x 2 — 4x + 17 on 

0 < x < 4; D ; (x, 4) = 2x — 4 = 0 4 x = 2 and (2,4) ~ 1 ~~ 1 ~ *"5 

is an interior point of AB; D(2,4) = 13 and 
D(4,4) =D(0,4) = 17 

On OB, D(x, y) = D(x, x) = x 2 + 1 on 0 < x < 4; 

D’(x, x) = 2x = 0 => x = 0 and y = 0, which is not an interior point of OB; endpoint values have been found 
above 

(iv) For interior points of the triangular region, f x (x, y) = 2x — y = 0 and f y (x, y) = —x + 2y = 0 => x = 0 and y = 0, 
which is not an interior point of the region. Therefore, the absolute maximum is 17 at (0,4) and (4,4), and the 
absolute minimum is 1 at (0,0). 

33. (i) On OA, f(x, y) = f(0, y) = y 2 on 0 < y < 2; 

f^O, y) = 2y = 0 => y = 0 and x = 0; f(0,0) = 0 and 

f(0,2) = 4 

(ii) On OB, f(x, y) = f(x, 0) = x 2 on 0 < x < 1; 

f'(x, 0) = 2x = 0 => x = 0 and y = 0; f(0,0) = 0 and 

f(l,0)= 1 

(iii) On AB, f(x, y) = f(x, — 2x + 2) = 5x 2 — 8x + 4 on 
0 < x < 1; f’(x, —2x + 2) = lOx — 8 = 0 泠 x =. 
and y = j ; f (j, |) = endpoint values have been found above. 

(iv) For interior points of the triangular region, f x (x, y) = 2x = 0 and f y (x, y) = 2y = 0=^ x = 0 and y = 0, but (0,0) is 
not an interior point of the region. Therefore the absolute maximum is 4 at (0,2) and the absolute minimum is 0 at 
(0,0). 
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32. (i) 

(ii) 

(iii) 


34. (i) 


(ii) 


(iii) 


(iv) 


On AB, T(x,y) = T(0, y) = y 2 on -3 < y < 3; 

T(0,y) = 2y = 0 泠 y = 0 and x = 0; T(0,0) = 0 ， 

T(0, -3) = 9, and T(0,3) = 9 

On BC, T(x, y) = T(x, 3) = x 2 — 3x + 9 on 0 < x < 5; 

T’(x, 3) = 2x — 3 = 0 => x = I and y = 3; 

T(|,3) = fandT(5,3) = 19 
On CD, T(x, y) = T(5, y) = y 2 + 5y - 5 on 
-3 < y < 3;r(5, y) = 2y + 5 = 0 泠 y = - | and 
x = 5;T(5, - 昼 ） = - f , T(5, -3) = -11 andT(5,3) = 19 
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On AD, T(x, y) = T(x, —3) = x 2 — 9x + 9 on 0 < x < 5; T’(x, — 3) = 2x — 9 = 0 => x = | and y = —3; 


T ( 書 , —3) = - f ,T(0,-3) = 9andT(5,-3)= -11 


(v) For interior points of the rectangular region, T x (x, y) = 2x + y_6 = 0 and T y (x, y) = x + 2y = 0 => x = 4 
and y = —2 =>• (4, —2) is an interior critical point with T(4, —2) = —12. Therefore the absolute maximum 
is 19 at (5,3) and the absolute minimum is —12 at (4, —2). 
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35. (i) On OC, T(x ， y) = T(x, 0) = x 2 — 6x + 2 on 

0 < x < 5; T’(x ， 0) = 2x — 6 = 0 => x = 3 and 
y = 0; T(3,0) = -7, T(0,0) = 2, and T(5,0) = -3 

(ii) On CB, T(x, y) = T(5,y) = y 2 + 5y - 3 on 
-3 < y < 0; T’(5 ， y) = 2y + 5 = 0 泠 y = —暑 and 
x 二 5; T (5, — 昼） = — 孕 and T(5, - 3) = —9 

(iii) On AB, T(x, y) = T(x, -3) = x 2 - 9x + 11 on 
0 < x < 5; T’(x, —3) = 2x — 9 = 0 => x = | and 
y= -3 ； T(|, —3) = — f and T(0, —3) = 11 

(iv) On AO, T(x,y) = T(0, y) = y 2 + 2 on —3 < y < 0; T’(0, y) = 2y = 0 => y = 0 and x = 0, but (0,0) is 
not an interior point of AO 

(v) For interior points of the rectangular region, T x (x, y) = 2x + y — 6 = 0 and T y (x, y) = x + 2y = 0 今 x = 4 
and y = —2, an interior critical point with T(4, —2) = —10. Therefore the absolute maximum is 11 at 
(0, —3) and the absolute minimum is —10 at (4, —2). 

36. (i) On OA ， f(x, y) = f(0, y) = -24y 2 on 0 < y < 1; 

f’(0, y) = —48y = 0 => y = 0 and x 二 0, but (0,0) is 
not an interior point of OA; f(0,0) = 0 and 
f(0,1) = -24 

(ii) On AB, f(x, y) = f(x, 1) = 48x - 32x 3 — 24 on 
0 < x < 1; f’(x, 1) = 48 - 96x 2 = 0 => x = ^ and 

y 二 1， or x =- 夫 and y = 1， but (- 泰 ,1) is not in 

the interior of AB; f ( 夫， 1) = 16\/2 — 24 and f(l ， 1) = —8 

(iii) On BC ， f(x, y) = f(l, y) = 48y -32- 24y 2 onO < y < 1; f’(l, y) 二 48 — 48y = 0 令 y = 1 and x = 1, but 
(1,1) is not an interior point of BC; f(l, 0) = —32 and f(l, 1) = —8 

(iv) On OC, f(x, y) = f(x, 0) = —32x 3 on 0 < x < 1; f’(x ， 0) = — 96x 2 = 0 => x = 0 and y = 0, but (0,0) is not an 
interior point of OC; f(0,0) = 0 and f(l, 0) = —32 

(v) For interior points of the rectangular region, f x (x, y) = 48y — 96x 2 = 0 and f y (x, y) = 48x — 48y = 0 

x = 0 and y = 0, or x = | and y = - ， but (0,0) is not an interior point of the region; f (|, =2. 

Therefore the absolute maximum is 2 at (|, |) and the absolute minimum is —32 at (1,0). 

37. (i) On AB, f(x, y) = f(l, y) = 3 cos y on - | < y < |; 

f’(l,y) = — 3 siny = 0 => y = 0andx=l; 
f(l ， 0) = 3 ， f(l ， -f) = ^2,andf(l,f) = ^ 

(ii) On CD, f(x, y) = f(3, y) = 3 cos y on - | < y < |; 
f’(3, y) = —3 sin y 二 0 => y 二 0 and x = 3; 
f(3,0) = 3, f (3, — I) = and f (3,1) = 

(iii) On BC ， f(x ， y) = f (X ， 牙 ） =f (4x — x 2 ) on 
1 < x < 3; f (x, I) = ^(2 - x) = 0 ^ x = 2andy = |;f(2, |) =2v^ ， f(l ， f) = ^ , and 
f (3, f) = ^ 

(iv) On AD, f(x,y) = f(x,-|) - ^ (4x - x 2 ) on 1 < x < 3; f (x, 一牙 ） =- x) = 0 => x = 2 and y = — !; 
f(2,— ;) = 2v^ ， f(l ， _|)= 半， andf(3, 一 I)= ㈤ 

(v) For interior points of the region, f x (x, y) = (4 — 2x) cos y = 0 and f y (x, y) = — (4x — x 2 ) sin y = 0 => x = 2 
and y = 0, which is an interior critical point with f(2,0) = 4. Therefore the absolute maximum is 4 at 
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(2,0) and the absolute minimum is at (3, — f) , (3, |) , (l, — |) , and (1，|) • 

38. (i) On OA, f(x,y) = f(0 ， y) = 2y + 1 on 0 < y < 1; 

f’(0, y) = 2 no interior critical points; f(0,0) = 1 

and f(0,1) = 3 

(ii) On OB, f(x ， y) = f(x ， 0) = 4x + 1 on 0 < x < 1; 
f(x,0) 二 4 no interior critical points; f(l, 0) = 5 

(iii) On AB, f(x, y) = f(x, —x + 1) = 8x 2 — 6x + 3 on 
0 < x < 1; f’(x, —x + 1) = 16x — 6 = 0 => x = I 
and y = I; f (I ， I) = y , f(0,1) = 3, and f(l,0) = 5 

(iv) For interior points of the triangular region, f x (x, y) 二 4 — 8y = 0 and f y (x ， y) = — 8x + 2 = 0 

^y=|and x = 士 which is an interior critical point with f (^, |) = 2 . Therefore the absolute maximum is 5 at 
(1,0) and the absolute minimum is 1 at (0,0). 

nb 

39. Let F(a, b) = J (6 — x — x 2 ) dx where a < b. The boundary of the domain of F is the line a = b in the 
ab-plane, and F(a, a) = 0, so F is identically 0 on the boundary of its domain. For interior critical points we 

have: 餐 =—(6 — a _ a 2 ) = 0 => a = —3, 2 and 需 = (6 — b — b 2 )=0 b = —3, 2. Since a < b, there is only 

one interior critical point (—3,2) and F(—3,2) = J 3 (6 — x — x 2 ) dx gives the area under the parabola 
y = 6 — x — x 2 that is above the x-axis. Therefore, a = —3 and b = 2. 

40. Let F(a, b)= 丄 （24 — 2x — x 2 ) ’ dx where a < b. The boundary of the domain of F is the line a = b and 

on this line F is identically 0. For interior critical points we have: 签 =-(24 — 2a — a 2 )" 3 = 0 => a = 4, — 6 
and 需 =(24 — 2b — b 2 ) 1 ’ 3 = 0 => b = 4, —6. Since a < b, there is only one critical point (—6,4) and 

X 4 *i /o 

6 (24 — 2x — x 2 ) dx gives the area under the curve y = (24 — 2x — x 2 ) 7 that is above the x-axis. 
Therefore, a = —6 and b = 4. 

41. T x (x, y) = 2x — 1 = 0 and T y (x, y) = 4y = 0 => x = | and y 二 0 with T (| ， 0) = — * ; on the boundary 

X 2 +y 2 = 1 ： T(x ， y) = -x 2 - x + 2 for -1 < x < 1 ^ T ， (x,y) = — 2x — 1 = 0 今 x = - i and y = ± ^ ; 

T (— ! ，譬） = 聲 ’ T (— ! ，〜萄 = 聲 ’ TIM, 0) = 2, and T(l, 0) = 0 泠 the hottest is 2 i ° at (- 餐 ） and 
- 響 ）; the coldest is _ 盖 。 at (!, 0). 

42. f x (x, y) = y + 2 - I = 0 and f y (x, y) = x- i= 0 x = | and y = 2; f xx (! ， 2 )= 吾 | 卽 ） = 8 ， 

fyy (•, 2) = ★ = 5 , fxy (5,2) = 1 ^ f X xfyy 一 f x 2 y = 1 > 0 and f xx > 0 4 a local minimum of f (|,2) 

= 2-lni=2 + ln2 

43. (a) f x (x ， y) = 2x — 4y 二 0 and f y (x, y) = 2y — 4x = 0 x = 0 and y = 0; f xx (0,0) = 2, f yy (0,0) = 2, 
f xy (0,0) = —4 f xx fyy — f^y = —12 < 0 =>• saddle point at (0,0) 

(b) f x (x,y) = 2x — 2 = 0 and f y (x,y) = 2y — 4 = 0 x = 1 and y = 2; f xx (l, 2) = 2, f yy (l, 2) = 2, 
f xy (l, 2) = 0 => fxxfyy — f^y = 4 > 0 and f xx > 0 =>• local minimum at (1,2) 

(c) f x (x, y) = 9x 2 — 9 = 0 and f y (x, y) = 2y + 4 = 0 => x = 士 1 and y = —2; f xx (l, —2) = 18x| ^ _ 2 ) = 18, 
f yy (l, —2) = 2, f xy (l, ~ 2 ) 二 0 => f xx fyy — ff y = 36 > 0 and f xx > 0 => local minimum at (1, —2); 
f xx (-l, ~ 2 ) = —18, f yy (-l, -2) = 2, f xy (-l, —2) = 0 泠 fxxfyy - f x 2 y = -36 < 0 令 saddle point at (—1, —2) 
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44. (a) Minimum at (0,0) since f(x, y) > 0 for all other (x, y) 

(b) Maximum of 1 at (0,0) since f(x, y) < 1 for all other (x, y) 

(c) Neither since f(x, y) < 0 for x < 0 and f(x, y) > 0 for x > 0 

(d) Neither since f(x, y) < 0 for x < 0 and f(x, y) > 0 for x > 0 

(e) Neither since f(x, y) < 0 for x < 0 and y > 0, but f(x, y) > 0 for x > 0 and y > 0 

(f) Minimum at (0,0) since f(x, y) > 0 for all other (x, y) 

45. If k = 0, then f(x, y) = x 2 + y 2 f x (x, y) = 2x 二 0 and f y (x, y) = 2y = 0 4 x = 0 and y 二 0 => (0,0) is the only 

critical point. If k / 0, f x (x, y) = 2x + ky = 0 4 y = — | x; f y (x, y) = kx + 2y = 0 4 kx + 2 (— | x) = 0 

=> kx — y — 0 (k — 含 ） x 二 0 x = 0ork = 士 2 y = (0) = 0 or y = ± x; in any case (0,0) is a 

critical point. 

46. (See Exercise 45 above): f xx (x, y) = 2, f yy (x, y) = 2, and f xy (x, y) = k => f xx f yy — f^ y = 4 — k 2 ; f will have a 
saddle point at (0,0) if 4 — k 2 < 0 => k > 2 or k < —2; f will have a local minimum at (0,0) if 4 — k 2 > 0 

=> —2 < k < 2; the test is inconclusive if 4 — k 2 = 0 => k 二 土 2. 

47. No; for example f(x, y) = xy has a saddle point at (a, b) = (0,0) where f x = f y = 0. 

48. If f xx (a, b) and f yy (a, b) differ in sign, then f xx (a, b) f yy (a, b) < 0 so f xx f yy — f^ y < 0. The surface must therefore have a 
saddle point at (a, b) by the second derivative test. 

49. We want the point on z = 10 — x 2 — y 2 where the tangent plane is parallel to the plane x + 2y + 3z = 0. To 
find a normal vector to z = 10 — x 2 — y 2 let w = z + x 2 + y 2 — 10. Then ▽ w = 2xi + 2yj + k is normal to 
z = 10 — x 2 — y 2 at (x, y). The vector ▽ w is parallel to i 十 2j + 3k which is normal to the plane x + 2y + 3z 
= 0 if 6xi + 6yj + 3k = i + 2j + 3k or x = - and y = |. Thus the point is (■，|， 10 - — - .) or Q, ! ， 蠻 ). 

50. We want the point on z = x 2 + y 2 + 10 where the tangent plane is parallel to the plane x + 2y — z = 0. Let 

w = z _ x 2 — y 2 — 10, then ▽ w = —2xi — 2yj + k is normal to z = x 2 + y 2 + 10 at (x, y). The vector ▽ w 
is parallel to i + 2j — k which is normal to the plane if x = | and y = 1. Thus the point Q, 1, ^ + 1 + 10) 
or (!, 1, 孕 ） is the point on the surface z = x 2 + y 2 + 10 nearest the plane x + 2y — z = 0. 


51. No, because the domain x > 0 and y > 0 is unbounded since x and y can be as large as we please. Absolute 
extrema are guaranteed for continuous functions defined over closed and bounded domains in the plane. 

Since the domain is unbounded, the continuous function f(x, y) = x + y need not have an absolute maximum 
(although, in this case, it does have an absolute minimum value of f(0,0) = 0). 

52. (a) (i) On x = 0, f(x ， y) = f(0, y) = y 2 — y + 1 for 0 < y < 1; f’(0, y) = 2y—1=0 4 y=! and x = 0; 

f(0,i) = |,f(0,0)= l,andf(0,l)= 1 

(ii) On y = 1 ， f(x ， y) = f(x, 1) = x 2 + x + 1 for 0 < x < 1; f’(x ， l) = 2x+l=0 4 x= — | and y = 1 ， 
but (― 1,1) is outside the domain; f(0,1) = 1 and f(l, 1) = 3 

(iii) On x = 1, f(x,y) = f(l, y) = y 2 + y + 1 for 0 < y < 1; f’(l ， y) = 2y + 1 = 0 4 y = —善 and x = 1， but 
(l, — I) is outside the domain; f(l ， 0) = 1 and f(l ， 1) = 3 

(iv) On y = 0, f(x, y) = f(x, 0) = x 2 — x + 1 for 0 < x < 1; f’(x ， 0) == 2x — 1 = 0 => x = ^ and y = 0; 
fQ,0) = |;f(0,0)= l ， andf(l ， 0)= 1 

(v) On the interior of the square, f x (x, y) = 2x + 2y — 1 = 0 and f y (x, y) = 2y + 2x — 1 = 0 => 2x + 2y = 1 
4 (x + y) = - . Then f(x, y) 二 x 2 + y 2 + 2xy — x — y + 1 = (x + y) 2 _ (x + y) + 1 = ^ is the absolute 
minimum value when 2x + 2y = 1. 



(b) The absolute maximum is f(l ， 1) = 3. 
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maximum ] 


(b) l = i 


53. (a) 莹 = 鼗莹 + 募室 = 莹 + 窠 =—2 sin t + 2 cos t = 0 今 cos t = sin t => x = y 

(i) On the semicircle x 2 + y 2 = 4, y > 0, we have t = | and x = y = a/ 2 => f (\/^, V^) = 2\/2. At the 

endpoints, f(— 2, 0) = —2 and f(2,0) = 2. Therefore the absolute minimum is f(_2,0) = —2 when t = 7r; 
the absolute maximum is f ( \/^, \/^) = 2\/2 when t = |. 

(ii) On the quartercircle x 2 + y 2 = 4, x > 0 and y > 0, the endpoints give f(0, 2) = 2 and f(2,0) = 2. 
Therefore the absolute minimum is f(2,0) = 2 and f(0, 2) = 2 when t = 0, | respectively; the absolute 

maximum is f (V^ ， V^) = 2\/2 when t = !. 

(b) ^ = _^ + _^=yf+x^ = -4sin 2 t + 4cos 2 1 = 0 4 cos t = 士 sin t 4 x = 士 y. 

(i) On the semicircle x 2 + y 2 = 4, y > 0, we obtain x = y = \pl at t = | and x = _ \^2, y = at 

t = 誓 • Then g (^/5, — 2 and g (—\/^，= —2. At the endpoints, g(—2,0 ) 二 g(2,0) 二 0. 

Therefore the absolute minimum is g (― \/^， = — 2 when t = 宇 ；the absolute maximum is 
g (\/2 5 = 2 when t= 

(ii) On the quartercircle x 2 + y 2 = 4, x > 0 and y > 0, the endpoints give g(0,2) = 0 and g(2,0) 二 0. 
Therefore the absolute minimum is g(2,0) 二 0 and g(0,2) = 0 when t = 0, | respectively; the absolute 

maximum is g (\/^，\/^) = 2 when t = |. 

(c) 票 = 费奢 + 鸯室 = 4x 奢 + 2y 祭 =(8 cos t)(—2 sin t) + (4 sin t)(2 cos t) = — 8 cos t sin t = 0 

今 t = 0, |, 7r yielding the points (2,0), (0,2) for 0 < t < 7r. 

(i) On the semicircle x 2 + y 2 = 4, y > 0 we have h(2,0) = 8, h(0,2) = 4, and h(—2,0) = 8. Therefore, 
the absolute minimum is h(0,2) 二 4 when t = |; the absolute maximum is h(2,0) = 8 and h(—2,0) = 8 
when t 二 0 , 丌 respectively. 

(ii) On the quartercircle x 2 + y 2 = 4, x > 0 and y > 0 the absolute minimum is h(0,2) = 4 when t = |; the 
absolute maximum is h(2,0) = 8 when t = 0. 


54. (a) 寮 = 羞爱 + _ 室 = 2 當 + 3 餐 =—6 sin t + 6 cos t = 0 => sin t = cos t => t = | for 0 < t < 7r. 

(i) On the semi-ellipse, ^ ^ = 1, y > 0, f(x, y) = 2x + 3y = 6 cos t + 6 sin t = 6 ( 幸 ） + 6 ( 幸 ) = 6\/2 

at t = I. At the endpoints, f(—3,0) = —6 and f(3,0) = 6. The absolute minimum is f(—3,0) = —6 when 

t = 丌 ； the absolute maximum is f , \/5) = 6\/2 when t = |. 

(ii) On the quarter ellipse, at the endpoints f(0,2) = 6 and f(3,0) = 6. The absolute minimum is f(3,0) = 6 

and f(0, 2 ) — 6 when t = 0, | respectively; the absolute maximum is f — when t = |. 

(b) 餐 =_ 菩 + _ 室 =y 當 + x 室 =(2 sin t)(— 3 sin t) + (3 cos t)(2 cos t) = 6 (cos 2 1 — sin 2 1) = 6 cos 2t = 0 
t = I, ^ for 0 < t < 7T. 

(i) On the semi-ellipse, g(x, y) = xy = 6 sin t cos t. Then g ， \/^) = 3 when t = | ， and 

g (- ^ 2 ^? = _ 3 when t = 誓 . At the endpoints, g(—3,0) = g(3,0) = 0. The absolute minimum is 

g (— \/2) = —3 when t = 孕 ； the absolute maximum is g V^) = 3 when t = |. 

(ii) On the quarter ellipse, at the endpoints g(0,2) = 0 and g(3,0) = 0. The absolute minimum is g(3,0) = 0 

and g(0,2) = 0 at t = 0, I respectively; the absolute maximum is g = 3 when t = | • 
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(c) 盖 = 费营 + 鸯餐 = 2x 奢 + 6y 餐 =(6 cos t)(—3 sin t) + (12 sin t)(2 cos t) = 6 sin t cos t = 0 
=> t = 0, 1,7r for 0 < t < 7r, yielding the points (3,0), (0,2), and (—3,0). 

(i) On the semi-ellipse, y > 0 so that h(3,0) = 9, h(0,2) = 12, and h(—3,0) = 9. The absolute minimum is 
h(3,0) = 9 and h(—3,0) = 9 when t = 0,7r respectively; the absolute maximum is h(0,2) = 12 when 



(ii) On the quarter ellipse, the absolute minimum is h(3,0) = 9 when t = 0; the absolute maximum is 
h(0,2)= 12 when t = f . 


SS df_afdx,5fdy_ v dx, Y dy 
dt — dx dt 卞 dt _ y dt 卞入 dt 

(i) x = 2t and y = t + 1 差 =(t + 1)(2) + (2t)(l) = 4t + 2 = 0 => t= — | x = —1 and y = \ with 

f (— 1 ， I) = ~ l ■ The absolute minimum is f (—1, = — ^ when t = — |; there is no absolute 

maximum. 

(ii) For the endpoints: t = _1 => x 二 —2 and y 二 0 with f(—2,0) = 0;t = 0 => x = 0 and y = 1 with 

f(0,1) = 0. The absolute minimum is f (—1, |) = — ^ when t = — |; the absolute maximum is f(0,1) = 0 
and f(—2,0) = 0 when t = —1,0 respectively. 

(iii) There are no interior critical points. For the endpoints: t = 0 => x = 0 and y = 1 with f(0,1) = 0; 

t = 1 => x = 2 and y = 2 with f(2,2) = 4. The absolute minimum is f(0,1) = 0 when t = 0; the absolute 
maximum is f(2, 2) = 4 when t = 1. 


56. (a) 


df_afdx,afdy_ 9Y dx, 9 _. dy 
dt — 办 dt 卞办 dt — 厶人 dt 卞厶 > dt 


(i) x = t and y = 2 — 2t ^ f = (2t)(l) + 2(2 - 2t)(—2) = 10t-8 = 0 泠 t = .泠 x=!andy = 
f (I ， I) — H ^ f • The absolute minimum is f (|, f) = | when t = |; there is no absolute 


with 


maximum along the line. 

(ii) For the endpoints: t = 0 x = 0 and y = 2 with f(0,2) = 4; t = 1 => x=l and y 二 0 with f(l, 0) = 1. 
The absolute minimum is f (|, |) =fat the interior critical point when t = |; the absolute maximum is 


(b) 


f(0,2) = 4 at the endpoint when t = 0. 


dg 

— dg dx _ 

L dy _ 

—2x 

dx , 

—2y 

dt 

— dx dt 

h dt — 

|_( X 2+y2) 叫 

dt 十 

L(x 2 +y 2 )^J 


(i) x = t and y 二 2 - 2t 泠 x 2 + y 2 = 5t 2 — 8t + 4 今 f = - (5t 2 - 8t + 4) 一 2 [(-2t)(l) + (-2)(2 - 2t)(-2)] 
=—(5t 2 — 8t + 4)— 2 (—lOt + 8) = 0 => t 二 I x = I and y = | with g (|, |) = -^y = |. The absolute 
maximum is g (|, f) = | when t = . ; there is no absolute minimum along the line since x and y can be 


as large as we please. 

(ii) For the endpoints: t = 0 x = 0 and y = 2 with g(0,2) = |;t=l x = l and y = 0 with g(l ， 0) = 1. 
The absolute minimum is g(0, 2) = ^ when t = 0; the absolute maximum is g (|, | when t = 鲁 . 


57. 


m = 


( 2 )(- 1 )- 3 (- 14 ) 
( 2 ) 2 - 3 ( 10 ) 


- and 


b = I [—1 一 ( 一苕)⑵] = 告 
今 y = — i x + 苔； y | x=4 = — 吾 


58. m = 


( 0 )( 5 )- 3 ( 6 ) — 
( 0 ) 2 - 3 ( 8 )— 


and 


b = ! [5 - I (0)] = I 
今 y=?x + f ； y| x=4 = ^ 


mm 


tmm 


x k y k 

as 



fmm 

-2 




mm. 

0 

a 



'mm. 

-12 

E 

2 

-l 

mm 

-14 


k 

x k 

Yk 

X? 

x k y k 

1 

-2 

0 

4 

0 

2 

0 

2 

0 

0 

3 

2 

3 

4 

6 

E 

0 

5 

8 

6 
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59. m 


(3)(5)-3(8) _ 3 „ nH 
(3) 2 - 3(5) _ 2 dllU 


b = ^ |_5 

今 y = 


(3)] 


x + s；y 


6 

x =4 




60 - = ^and 


立 (5)] 


14 


^ y = i4 x + I? 


^;y| 


15 

14 

= M 

x =4 — 14 


61. m 
b 

令 y 


_ (162)(41.32)-6(1192.8) 


« 0.122 and 


(162) 2 -6(5004) 

i [41.32-(0.122)(162)] « 3.59 
0.122x + 3.59 



m _ (0.001863)(91)-4(0.065852) 〜叼 
”厶 . 111 — (0.001863) 2 —4(0.000001323) 〜 

and b = i (91 - 51,545(0.001863)) « -1.26 
泠 F = 51,545 4 - 1.26 


k 

x k 

Yk 

X? 

x k y k 

1 

0 

1 

0 

0 

2 

2 

2 

4 

4 

3 

3 

2 

9 

6 

E 

5 

5 

13 

10 


■ 


Yk 

mm 


m 

mm 

0 




WMm 

2 

mm 


画 

'SWi, 

3 



E 

3 

5 

5 

8 


k 

( 善 ) k 

F t 

( 士 ) k 2 

( 士 ) a 

1 

0.001 

51 

0.000001 

0.051 

2 

0.0005 

22 

0.00000025 

0.011 

3 

0.00024 

14 

0.0000000576 

0.00336 

4 

0.000123 

4 

0.0000000153 

0.000492 

E 

0.001863 

91 

0.000001323 

0.065852 


k 

x k 

Yk 

x k 2 

x k y k 

1 

12 

5.27 

144 

63.24 

2 

18 

5.68 

324 

102.24 

3 

24 

6.25 

576 

150 

4 

30 

7.21 

900 

216.3 

5 

36 

8.20 

1296 

295.2 

6 

42 

8.71 

1764 

365.82 

E 

162 

41.32 

5004 

1192.8 



{Aouonbse u. 
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63. (b) m 


(3201)(17,785)- 10(5,710,292) 
^(3201) 2 - 10(1,430,389)^ 


« 0.0427 and b = 為 [17,785 — (0.0427)(3201)] 


« 1764.8 4 y = 0.0427K+ 1764.8 



Kochel numbers 

(c) K = 364 ^ y = (0.0427)(364) 

^ y = (0.0427)(364) + 1764.8 « 1780 


k 

K k 

y k 

K 2 

K k y k 

1 

1 

1761 

1 

1761 

2 

75 

1771 

5625 

132,825 

3 

155 

1772 

24,025 

274,660 

4 

219 

1775 

47,961 

388,725 

5 

271 

1777 

73,441 

481,567 

6 

351 

1780 

123,201 

624,780 

7 

425 

1783 

180,625 

757,775 

8 

503 

1786 

253,009 

898,358 

9 

575 

1789 

330,625 

1,028,675 

10 

626 

1791 

391,876 

1,121,166 

E 

3201 

17,785 

1,430,389 

5,710,292 


64. m = 


(123)(140)- 16(1431) 
(123) 2 - 16(1287) 


« 1.04 and 


b = 為 [140 — (1.04)(123)] « 0.755 


^ y = 1.04x + 0.755 


k 

x k 

Yk 

X k 2 

x k y k 

1 

3 

3 

9 

9 

2 

2 

2 

4 

4 

3 

4 

6 

16 

24 

4 

2 

3 

4 

6 

5 

5 

4 

25 

20 

6 

5 

3 

25 

15 

7 

9 

11 

81 

99 

8 

12 

9 

144 

108 

9 

8 

10 

64 

80 

10 

13 

16 

169 

208 

11 

14 

13 

196 

182 

12 

3 

5 

9 

15 

13 

4 

6 

16 

24 

14 

13 

19 

169 

247 

15 

10 

15 

100 

150 

16 

16 

15 

256 

240 

E 

123 

140 

1287 

1431 


65-70. Example CAS commands: 

Maple: 

f := (x,y) -> x 八 2+y 八 3-3*x*y; 
x0,xl := -5,5; 
y0,yl := -5,5; 

plot3d( f(x,y), x=x0..xl, y=y0..yl, axes=boxed, shading=zhue, title="#65(a) (Section 14.7)’，）; 
plot3d( f(x,y), x=x0..xl, y=y0..yl, grid=[40,40], axes=boxed, shading=zhue, style=patchcontour, title="#65(b) 
(Section 14.7 )’’）； 

fx:=D[l](f); #(c) 

fy:=D[2](f); 

crit 一 pts := solve( {fx(x,y)=0,fy(x,y)=0}, {x,y}); 


fxx : 

=D[l](fx); 

#(d) 

fxy : 

=D[2](fx); 


fyy : 

=D[2](fy); 



discr := unapply( fxx(x,y)*fyy(x,y)-fxy(x,y) A 2, (x,y)); 
for CP in {crit_pts} do # (e) 

eval( [x,y,fxx(x,y),discr(x,y)], CP); 
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end do; 

# (0,0) is a saddle point 

# ( 9/4 ， 3/2) is a local minimum 
Mathematica: (assigned functions and bounds will vary) 

Clear[x,y,f] 

f[x_ ， y 」 :=x 2 + y 3 - 3x y 

xmin= —5; xmax= 5; ymin= —5; ymax= 5; 

Plot3D[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}，AxesLabel — {x, y, z}] 

ContourPlot[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}，ContourShading ^ False, Contours —> 40] 
fx= D[f[x ， y] ， x]; 
fy= D[f[x ， y] ， y]; 

critical=Solve[{fx==0, fy==0},{x, y}] 
fxx= D[fx, x]; 
fxy= D[fx, y]; 
fyy=D[fy, y]; 

discriminant= fxx fyy — fxy 2 
{{x, y}, f[x, y], discriminant, fxx} /.critical 

14.8 LAGRANGE MULTIPLIERS 


1. ▽ f = yi + xj and ▽ g = 2xi + 4yj so that v f — ^ V g ^ yi + xj = A(2xi + 4yj) => y 二 2xA and x = 4yA 

^ x = 8xA 2 4 A = zb ^ or x = 0. 

CASE 1: If x = 0, then y = 0. But (0,0) is not on the ellipse so x ^ 0. 

CASE 2: X #0 今 A=± 幸今 x=± v^y 今 (士 V^y) 2 + 2y 2 = 1 今 y = ± 1. 

Therefore f takes on its extreme values at(±^,|)and ( 土 # . The extreme values of f on the ellipse 

are 士幸 . 


2 . 


▽ f = yi + xj and ▽ g = 2xi + 2yj so that v f ^ V g ^ yi + xj = A(2xi + 2yj) => y = 2xA and x = 2yA 
=> x = 4xA 2 => x = 0orA = 士臺 . 

CASE 1: If x = 0, then y = 0. But (0,0) is not on the circle x 2 + y 2 — 10 = 0 so x # 0. 

CASE 2: x 0 =>• A = 士士 => y = 2x(d=D= 士 x => x 2 + ( 士 x) 2 — 10 = 0 => x = 士 \/5 => y = 士 y/~5. 


Therefore f takes on its extreme values at 


(士 V"?) and (士 ^/5,-V^) 


The extreme values of f on the 


circle are 5 and —5. 


3. ▽ f = -2xi — 2yj and ▽ g = i + 3j so that ▽ f = A ▽ g => -2xi — 2yj = A(i + 3j) x = — | and y = —琴 
=> (― I) + 3 (— 警 ） =10 => A = —2 x = 1 and y = 3 f takes on its extreme value at (1, 3) on the line. 

The extreme value is f(l, 3) = 49 — 1 — 9 = 39. 

4. ▽ f = 2xyi 4 - x 2 j and ▽ g = i + j so that ▽ f = A ▽ g 2xyi + x 2 j = A(i +j) =>• 2xy = A and x 2 = A 
=> 2xy = x 2 => x = 0 or 2y = x. 

CASE 1: If x = 0, then x + y = 3 => y = 3. 

CASE 2: If x 0, then 2y = x so that x + y = 3 2y + y = 3 y=l => x = 2. 

Therefore f takes on its extreme values at (0,3) and (2,1). The extreme values of f are f(0,3) = 0 and 
f(2,1) = 4. 
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5. We optimize f(x, y) = x 2 + y 2 , the square of the distance to the origin, subject to the constraint 

g(x, y) = xy 2 — 54 = 0. Thus ▽ f = 2xi + 2yj and ▽ g = y 2 i + 2xyj so that ▽ f = A ▽ g 2xi + 2yj 
=A (y 2 i + 2xyj) ^ 2x = Ay 2 and 2y = 2Axy. 

CASE 1: If y = 0, then x = 0. But (0,0) does not satisfy the constraint xy 2 = 54 so y / 0. 

CASE 2: If y / 0, then 2 = 2Ax => x = ^ 2 ⑴ =Ay 2 => y 2 = 丢 . Then xy 2 = 54 (^)( 丢 ） =54 

=> A 3 = ^ => A = I =>• x = 3 and y 2 = 18 => x = 3 and y = 士 3\/2. 

Therefore (3, 士 3\/2^ are the points on the curve xy 2 = 54 nearest the origin (since xy 2 = 54 has points 
increasingly far away as y gets close to 0, no points are farthest away). 


6. We optimize f(x, y) = x 2 + y 2 , the square of the distance to the origin subject to the constraint g(x, y) 

=x 2 y — 2 = 0. Thus ▽ f = 2xi + 2yj and ▽ g = 2xyi -f x 2 j so that ^7 f = A v § ^ 2x = 2xyA and 2y = x 2 A 
=> A = _ ， since x = 0 => y = 0 (but g(0,0) 7 ^ 0). Thus x # 0 and 2x = 2xy ( 衾 ) x 2 = 2y 2 

=> (2y 2 ) y — 2 = 0 => y = \ (since y > 0) => x = 士 \fl. Therefore (士 1) are the points on the curve 

x 2 y = 2 nearest the origin (since x 2 y = 2 has points increasingly far away as x gets close to 0, no points are 
farthest away). 

7. (a) ▽ f = i + j and ▽ g = yi + xj so that v f — ^ V g ^ i + j = A(yi + xj) => 1 = Ay and 1 = Ax => y = 士 and 

x=^ => + = 16 => A = 士 Use A = I since x > 0 and y > 0. Then x = 4 and y 二 4 => the minimum 

value is 8 at the point (4,4). Now, xy = 16, x > o,y > 0 is a branch of a hyperbola in the first quadrant 
with the x-and y-axes as asymptotes. The equations x + y = c give a family of parallel lines with m = — 1. 

As these lines move away from the origin, the number c increases. Thus the minimum value of c occurs 
where x + y = c is tangent to the hyperbola's branch. 

(b) ▽ f = yi + xj and ▽ g = i + j so that v f — ^ V g ^ yi + xj = A(i+j)=>y = A = xy + y=16=>y = 8 

=> x = 8 => f(8,8) = 64 is the maximum value. The equations xy = c (x > 0 and y > 0 or x < 0 and y < 0 

to get a maximum value) give a family of hyperbolas in the first and third quadrants with the x- and y- 
axes as asymptotes. The maximum value of c occurs where the hyperbola xy = c is tangent to the line 
x + y = 16. 

8. Let f(x, y) = x 2 + y 2 be the square of the distance from the origin. Then ▽ f = 2xi + 2yj and 

▽ g = (2x + y)i + (2y + x)j so that vf=Avg 4 2x = A(2x + y) and 2y = A(2y + x) = A 

^ 2x= ( 告 ） ( 2x + y) 4 x(2y + x) = y(2x + y) 4 x 2 = y 2 y = ±x. 

CASE 1 : y = x => x 2 + x(x) + x 2 — 1=0 4 x = ± and y = x. 

CASE 2: y = —x 4 x 2 + x(—x) + (—x) 2 — 1=0^ x = 士 1 and y = —x. Thus f ( 含 ， = | 

= andf(l,^l) = 2 = f(-l,l). 

Therefore the points (1 ，一 1) and (—1 ， 1) are the farthest away; 
points to the origin. 

9. V = 7rr 2 h => 16 丌 = 7rr 2 h => 16 = r 2 h =4> g(r, h) = r 2 h 16; S = hrrh + 27rr 2 => ▽ S = (27rh + 47rr)i + 27rrj and 

▽ g = 2rhi + r 2 j so that ▽ S = A ▽ g => (27rrh + 47rr)i + 27rrj = A (2rhi + r 2 j) => 27rrh + 4 灯 = 2rhA and 
27rr = Ar 2 => r = 0orA=_. But r = 0 gives no physical can, so r ^ 0 => A = _ => 27rh + Am 

= 2rh ( 亨 ) =>• 2r = h => 16 = r 2 (2r) => r = 2 =>• h = 4; thus x = 2 cm and h = 4 cm give the only extreme 
surface area of 24tt cm 2 . Since r = 4 cm and h = 1 cm => V = 16 丌 cm 3 and S = 407r cm 2 , which is a larger 
surface area, then 24tt cm 2 must be the minimum surface area. 


(夂 由) and (—$，-$) 


are the closest 



Section 14.8 Lagrange Multipliers 911 


10. For a cylinder of radius r and height h we want to maximize the surface area S = 27rrh subject to the constraint 


g(r, h) 
2tty = 

令 h 


: r 2 + (|) 2 -a 2 =0. Thus vS 


Ah f = A and 27rr = (f) (|) 今 4r 2 = h 2 h = 2r ^ r 2 1 4r2 


T 


^ S = 2tt(*) (a^2) 


27rhi + 27rrj and ▽ g = 2ri + | j so that ▽ S = 

^ = a 2 ^ 2r 2 

27ra 2 . 


A ▽ g => 27rh = 2Ar and 

= a2 ^ r = 75 . 


11. A = (2x)(2y) = 4xy subject to g(x, y)=^ + 誓一 1=0; ▽ A = 4yi + 4xj and ▽ g = ! i + 警 j so that ▽ A 
= A V g ^ 4yi + 4xj-A(|i+|j) ^ 4y = (|) A and 4x = (f) A ^ A = 苧 and 4x = (f)( 苧 ) 

=> y = dz I x => + =1 =>x 2 = 8=>x=zb 2\f2. We use x = 2\/~2 since x represents distance. 

Then y = | (2\/^ = ， so the length is 2x = A\fl and the width is 2y = 3y/2. 


P = 4x + 4y subject to g(x, y)= 

• x 2 

—P 

+ ^ - 1 

= 0; ▽ P = 4i + 4j and ▽ g 

= |i+ 

^ j so that V p 二 

= Avg 

泠 4= (.) Aand4 = 

=( 該) 入 


入 =¥ 

and4= ( 替 )( 竽 ） ^ y = ( 


? + ^ = l 

.x 2 , b 2 x 2 
4 7 + 了 

= 1 (a 2 + b 2 ) x 2 = 

: a 4 今 

X = 

a 2 

since x > 0 => y=( 妄 ) x = 

b 2 

width = 2x = 

2a 2 

Va 2 +b 2 ’ 

Va 2 +b 2 

Va 2 +b 2 


and height = 2y = =>• perimeter is P = 4x + 4y =a 2 + b 2 


13. ▽ f = 2xi + 2yj and ▽ g = (2x — 2)i + (2y — 4)j so that ▽ f = A ▽ g = 2xi + 2yj = A[(2x — 2)i + (2y — 4)j] 
=> 2x = A(2x - 2) and 2y = A(2y — 4) => x = and y = 菩 , A ^ 1 => y = 2x x 2 — 2x + (2x) 2 — 4(2x) 
= 0 => x = 0 and y = 0, or x = 2 and y = 4. Therefore f(0,0) = 0 is the minimum value and f(2,4) = 20 is the 
maximum value. (Note that A = 1 gives 2x = 2x — 2 or 0 = —2, which is impossible.) 


14. 


▽ f = 3i — j and ▽ g = 2xi + 2yj so that ^7 f = A v g ^ 3 = 2Ax and —1 = 2Ay =4> A = ^ and —1 = 2( 盖 ） y 
今 y=-| ^ x 2 + (-|) 2 =4 ^ 10x 2 = 36 ^ x= ^ x= ^ and y = 一為 ， orx = 一為 and 

y = Therefore f — + 6 = 2\/l0 + 6 ~ 12.325 is the maximum value, and 



=-2^/10 +6^ ^ —0.325 is the minimum value. 


15. 


▽ T = (8x — 4y)i + (—4x + 2y)j and g(x, y) = x 2 + y 2 — 25 = 0 $ ▽ g = 2xi + 2yj so that ▽ T = A ▽ g 
4 (8x — 4y)i + (—4x + 2y)j = A(2xi + 2yj) 々 8x — 4y = 2Ax and —4x + 2y = 2Ay ^ y = ^ , A ^ 1 
8x — 4 (jz\) = 2Ax x = 0, or A = 0, or A = 5. 

CASE 1: x = 0 => y = 0; but (0,0) is not on x 2 + y 2 = 25 so x — 0. 

CASE 2: A = 0 今 y = 2x 令 x 2 + (2x) 2 = 25 今 x = 士 and y = 2x. 

CASE 3: A = 5 => y=f = — - =>x 2 +(— |) 2 = 25$x = 士 2\/~5 => x = and y = -\/5, or x = —2\/~5 
and y = yj~5 . 

Therefore T (V% 2^ = 0。 = T -2^) is the minimum value and T (2y^，- =125 。 


=T (-2^5, v^) 


is the maximum value. (Note: A = 1 => x = 0 from the equation — 4x + 2y = 2Ay; but we 


found x ^ 0 in CASE 1.) 


16. The surface area is given by S = 4nr 2 + 27rrh subject to the constraint V(r, h) = 17rr 3 + 7rr 2 h = 8000. Thus 
▽ S = (87rr + 27rh)i + 27rrj and ▽ V = (47rr 2 + 27rrh) i + 7rr 2 j so that ▽ S = A ▽ V = (87rr + 27rh)i + 27rrj 
=A [(47rr 2 + 27rrh) i + 7rr 2 j] =>• 87rr + 27rh = A (47rr 2 + 2 丌 rh) and 2tty = 入丌 r 2 => r = 0 or 2 = rA. But r # 0 
so 2 = rA => A = ^ 4r + h = . (2r 2 + rh) => h = 0 => the tank is a sphere (there is no cylindrical part) and 

f ?rr 3 = 8000 今 r = 10(|) 1/3 . 
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17. Let f(x ， y ， z) = (x — l) 2 + (y — l) 2 + (z — l) 2 be the square of the distance from (1,1,1). Then 

▽ f = 2(x — l)i + 2(y — l)j + 2(z — l)k and ▽ g = i + 2j + 3k so that ▽ f = A ▽ g 

2(x - l)i + 2(y - l)j + 2(z - l)k = A(i + 2j + 3k) 2(x - 1) = A, 2(y - 1) = 2 入， 2(z - 1) = 3A 

今 2(y — 1) = 2[2(x - 1)] and 2(z - 1) = 3[2(x -l)]^x=^^>z + 2 = 3 ( 爭 ) or z = thus 
+ 2y + 3 (- 3y ^— 13 = 0 => y = 2 => x = | and z = 善 . Therefore the point (! ， 2, ！）is closest (since no 
point on the plane is farthest from the point (1 ，1 ,1)). 

18. Let f(x, y, z) = (x — l) 2 + (y + l) 2 + (z — l) 2 be the square of the distance from (1 ，一 1 ， 1). Then 

▽ f = 2(x — l)i + 2(y + l)j + 2(z — l)k and ▽ g = 2xi + 2yj + 2zk so that vf=Avg=>x—l = Ax, y+l = Ay 

and z — 1 = Az 泠 x = 古 ， y =— 古 ， and z = 古 for A # 1 今 (t^a)^ + (t^a)^ + (t^a) 2 = 4 

^ = ± 75 ^ x= 泰 ， y = — 

occurs where x < o，y > 0, and z < 0 or 

19. Let f(x, y, z) = x 2 + y 2 + z 2 be the square of the distance from the origin. Then ▽ f = 2xi + 2yj + 2zk and 

V g = 2xi — 2yj — 2zk so that ▽ f 二 A ▽ g => 2xi + 2yj + 2zk = A(2xi — 2yj — 2zk) 2x = 2xA, 2y = — 2yA, 
and 2z = —2zA => x = 0orA=l. 

CASE 1 : X = I 2y = —2y => y = 0; 2z = —2z => z = 0 x 2 — 1 = 0 => x = 士 1 and y = z = 0. 

CASE 2: x = 0 => — y 2 — z 2 = 1, which has no solution. 

Therefore the points on the unit circle x 2 + y 2 = 1, are the points on the surface x 2 + y 2 — z 2 = 1 closest to the origin. 
The minimum distance is 1. 

20. Let f(x, y, z) = x 2 + y 2 + z 2 be the square of the distance to the origin. Then ▽ f = 2xi + 2yj + 2zk and 

▽ g = yi + xj _ k so that ^7 f = A v g ^ 2xi + 2yj + 2zk = A(yi + xj — k) => 2x = Ay, 2y = Ax, and 2z = —A 

=> x=_ => 2y = A ( 字 ) => y = 0orA = d= 2. 

CASE 1: y 二 0 => x = 0 —z+l=0 z= l. 

CASE 2: A = 2=>x = y and z 二 —1 => x 2 — (—1) + 1 = 0 => x 2 + 2 = 0, so no solution. 

CASE 3: A = —2 x = —y and z = 1 => (—y)y —1 + 1= 0 今 y = 0, again. 

Therefore (0,0,1) is the point on the surface closest to the origin since this point gives the only extreme value 
and there is no maximum distance from the surface to the origin. 

21. Let f(x, y, z) = x 2 + y 2 + z 2 be the square of the distance to the origin. Then ▽ f = 2xi + 2yj + 2zk and 

▽ g = —yi — xj + 2zk so that ▽ f = A ▽ g 2xi + 2yj + 2zk = A(—yi — xj + 2zk) => 2x = —yA, 2y = —xA, and 

2z = 2zA =>• A = 1 or z = 0. 

CASE 1: A = 1 => 2x = —y and 2y = —x y = 0 and x = 0 => z 2 — 4 = 0 =>• z = 士 2 and x = y 二 0. 

CASE 2: z = 0 ^ — xy — 4 = 0 => y = — ^ . Then 2x = => A = y , and — | = —xA =>• — | —x ( 誓） 

=> x 4 = 16 x = 士 2. Thus, x = 2 and y = —2, or x = —2 and y = 2. 

Therefore we get four points: (2, —2,0), (—2,2,0), (0,0,2) and (0,0, —2). But the points (0, 0, 2) and (0, 0, —2) 
are closest to the origin since they are 2 units away and the others are 2\pl units away. 

22. Let f(x ， y ， z) = x 2 + y 2 + z 2 be the square of the distance to the origin. Then ▽ f = 2xi + 2yj + 2zk and 

▽ g = yzi + xzj + xyk so that ^7 f = X g => 2x = Ayz, 2y = Axz, and 2z = Axy =4> 2x 2 = Axyz and 2y 2 = Ayxz 
=> x 2 = y 2 => y = ± x =>• z = 士 x => x( 士 x)( 士 x) = l => x = 士 1 the points are (1 ， 1,1) ，（ 1 ，一 1 ，一 1 )， 

(—1 ， —1 ， 1)，and (—1,1 ， —1). 

23. ▽ f = i — 2j + 5k and ▽ g = 2xi + 2yj + 2zk so that ▽f=Avg=>i — 2j + 5k = A(2xi + 2yj + 2zk) => 1 = 2xA, 
—2 = 2yA, and 5 = 2zA => x = 去 ， y = 一女 =_2x, and z = ; = 5x => x 2 + (_2x) 2 + (5x) 2 = 30 =>• x = 士 1. 


at the point 


2 

73 ' 


-含， y: 

2 

73 ： 


73- 


2 

73 * 


The largest value of f 


Ts) 


on the sphere. 
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Thus, x = 1， y = —2, z = 5 or x = —1, y = 2, z = —5. Therefore f(l, —2,5) = 30 is the maximum value and 
f(—1,2, —5) = —30 is the minimum value. 


24. 


▽ f = i + 2j + 3k and ▽ g = 2xi + 2yj + 2zk so that vf=Avg=>i + 2j + 3k = A(2xi + 2yj + 2zk) 4 1 = 2xA, 
2 = 2yA, and 3 = 2zA => x = 去， y=^=2x ， and z = 去 = 3x => x 2 + (2x) 2 + (3x) 2 = 25 => x = 士 

Thu S ， x= 赤， y= 为， z=^ OTX = 一赤， y=— 为， z= — 為 . Therefore f ^ 


5^ is the maximum value and f ( 


10 

7i4 ’ 


is the minimum value. 


25. f(x, y, z) = x 2 + y 2 + z 2 and g(x, y, z) = x + y + z — 9 = 0=> v f — 2xi + 2yj + 2zk and ▽g = i+ j + kso that 
▽ f = A ▽ g 2xi + 2yj + 2zk = A(i + j + k) => 2x = A, 2y = A, and 2z = A#x = y = z=>x + x + x — 9 = 0 
=> x = 3, y = 3, and z = 3. 


26. f(x ， y, z) = xyz and g(x, y ， z) = x + y + z 2 — 16 = 0=> v f — yzi + xzj + xyk and ▽ g = i + j + 2zk so that 


Vf= a vg — 7^ yzi + xzj + xyk — I J + 2zk) — ^ yz — xz — 入 , and xy — 2z<\ > yz — x.z — ^ z — 0 or y — x. 
But z > 0 so that y = x => x 2 = 2zA and xz = A. Then x 2 = 2z(xz) => x = 0 or x = 2z 2 . But x > 0 so that 


x = 2z 2 => y = 2z 2 =>• 2z 2 + 2z 2 +z 2 = 16 => z = ± ^ . 


We use z 


75 


since z > 0. Then x 


f and y ： 


32 

5 


which yields f(f, 譬 ,$)= 器 . 


27. V = 6xyz and g(x, y, z) = x 2 + y 2 + z 2 — 1 = 0 今 ▽ V 二 
▽ V 二 A ▽ g => 3yz = Ax, 3xz = Ay, and 3xy = Az 

4 X 2 + X 2 + X 2 = 1 4 X 


二 6yzi + 6xzj + 6xyk and ▽ g = 
3xyz = Ax 2 and 3xyz = Ay 2 => 


since x > 0 => the dimensions of the box are by 
volume. (Note that there is no minimum volume since the box could be made arbitrarily thin.) 


2xi + 2yj + 2zk so that 
y = 士 x z = 士 x 
by for maximum 


28. V = xyz with x, y, z all positive and ^ ^ ^ = 1; thus V = xyz and g(x, y, z) = bcx + acy + abz — abc = 0 

=> ▽ V = yzi + xzj + xyk and ▽ g = bci + acj + abk so that ▽V = A^g => yz = Abe, xz = Aac, and xy = Aab 
4 xyz 二 Abcx, xyz = Aacy, and xyz = A abz => A ^ 0. Also, Abcx = Aacy = A abz bx = ay, cy = bz, and 
cx = az 今 y=^xandz=^x. Then | + X + | = 1 ^ f ^ x ) + x ) = 1 ^ T = 1 ^ x =f 
^ y = (^) (I) = I andz = (l) (f) = § V = xyz =( 音 )(!)( 音) = 奢 is the maximum volume. (Note that 
there is no minimum volume since the box could be made arbitrarily thin.) 


29. ▽ T = 16xi + 4zj + (4y — 16)k and ▽ g = 8xi + 2yj + 8zk so that ▽ T = A ▽ g 今 16xi + 4zj + (4y — 16)k 
—— A(8xi + 2yj + 8zk) 16x = 8xA, 4z = 2yA, and 4y — 16 = 8zA =>■ A = 2 or x = 0. 

CASE 1: A = 2 4z = 2y(2) =^> z = y. Then4z — 16 = 16z => z= — ! => y = — •. Then 

4x 2 + (- I) 2 +4(- I) 2 = 16 => x = =b I. 

CASE 2: x = 0 泠 A = _ 泠 4y — 16 = 8z (_) 泠 y 2 - 4y = 4z 2 令 4(0) 2 + y 2 + (y 2 — 4y) — 16 = 0 
=> y 2 — 2y — 8 = 0 => (y — 4)(y + 2) = 0 => y = 4ory = —2. Now y = 4 => 4z 2 = 4 2 — 4(4) 

^ z = 0 and y = —2 4 4z 2 = (― 2) 2 — 4(-2) z = ± ^3. 

The temperatures are T (士 ||= 642 | 。， T(0, 4, 0) = 600。， T (0, 一 2, v^) = (600 - 24 a/^) , and 
T (0, 一 2, 一 = (600 + 24\/3^ « 641.6°. Therefore ( =b ||are the hottest points on the space probe. 

30. ▽ T = 400yz 2 i + 400xz 2 j + 800xyzk and ▽ g = 2xi + 2yj + 2zk so that ▽ T = A ▽ g 

=> 400yz 2 i + 400xz 2 j + 800xyzk = A(2xi + 2yj + 2zk) => 400yz 2 = 2xA, 400xz 2 = 2yA, and 800xyz = 2zA. 
Solving this system yields the points (0, 士 1,0 ) ，（士 1 ， 0,0), and (士 士 |，士 穿 ) .The corresponding 
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temperatures are T (0 ， 士 1,0) = 0, T (士 1,0,0) = 0, and T (士 士 士 #) = 士 50. Therefore 50 is the 
maximum temperature at (| ，去，士 f) and 士 幸 ) ；一 50 is the minimum temperature at 

(* ， _ * ，士 and (_ I ， I, 士 ¥) • 

31. v U = (y + 2)i + xj and ▽ g = 2i + j so that ▽ U = A ▽ g => (y + 2)i + xj = A(2i + j) => y + 2 = 2A and 
x = A =>• y + 2 = 2x =>• y = 2x — 2 => 2x + (2x — 2) = 30 => x = 8 and y = 14. Therefore U(8,14) = $128 
is the maximum value of U under the constraint. 

32. ▽ M = (6 + z)i — 2yj + xk and ▽ g = 2xi + 2yj + 2zk so that ▽ M = A ▽ g 4 (6 + z)i — 2yj + xk 

=A(2xi + 2yj + 2zk) 6 + z = 2xA, —2y = 2yA, x = 2zA =>■ A = —lory = 0. 

CASE 1: A = —1 => 6 + z= — 2x and x = —2z 6 + z = —2(—2z) => z = 2 and x = —4. Then 

(_4) 2 + y 2 + 2 2 — 36 = 0 4 y = 士 4. 

CASE 2: y = 0, 6 + z = 2xA，and x = 2zA => A = ^ 6 z = 2x => 6 z + z 2 = x 2 

=> ( 6 z + z 2 ) + 0 2 + z 2 = 36 z = —6 or z = 3. Now z = — 6 今 x 2 = 0 => x = 0;z = 3 

=> x 2 = 21 x = 士 3\/3. 

Therefore we have the points (士 3\/5, 0, 3) ， （ 0,0, — 6 ), and (—4, 士 4,2). Then M (3\/^ ， 0, 3) 

= 27a/3 + 60 « 106.8, M (-3 V% 0,3) = 60-27^3 « 13.2, M(0,0, - 6 ) = 60, and M(-4,4,2) = 12 
=M(—4, —4,2). Therefore, the weakest field is at (—4, 士 4, 2). 

33. Let gi(x, y ， z) = 2x — y = 0 and g 2 (x, y ， z) = y + z = 0 = 2i — j ， ▽ g 2 = j + k, and ▽ f = 2xi + 2j — 2zk 

so that ▽f=Avg 1 +"vg 2 => 2xi + 2j — 2zk = A(2i — j) + M(j + k) => 2xi + 2j — 2zk = 2Ai + (" — A)j + /ik 

=> 2x = 2A, 2 = n — X, and —2z = " => x = A. Then 2 = —2z — x x 二 —2z — 2 so that 2x — y = 0 
4 2(—2z — 2) — y = 0 => — 4z — 4 — y = 0. This equation coupled with y + z = 0 implies z = — ! and y = |. 

Then x = | so that |is the point that gives the maximum value f |= (|) 2 + 2 (|) — (— |) 2 

_ 4 
_ 3 • 

34. Let gi(x, y, z) = x + 2y + 3z - 6 = 0 and g 2 (x, y ， z) = x + 3y + 9z — 9 = 0 => V gi = i + 2j + 3k, 

▽ g 2 = i + 3j + 9k, and ▽ f = 2 xi + 2 yj + 2 zk so that ▽ f = A ▽ gi + p ▽ g 2 > 2 xi + 2 yj + 2 zk 

=A(i + 2j + 3k) + fi(i + 3j + 9k) 4 2x = A + ", 2y = 2A + 3", and 2z = 3A + 9". Then 0 = x + 2y + 3z — 6 
— -(A + ") + (2A + 3") +( 臺 A + 孕"） - 6 7A + 17" = 6 ; 0 = x + 3y + 9z — 9 

^ I (A + /x) + (3A + |") + (yA + 警 /x) — 9 =>• 34A + 9lfi = 18. Solving these two equations for A and " gives 
A = 攀 and "=— 惡 => x = = || ， y = 2A | 3 " = — ， and z = 3A ^ 9/i = 嘉 . The minimum value is 

M 5 W 5 ~ 592 = 晋 . (Note that there is no maximum value of f subject to the constraints because 

at least one of the variables x, y，or z can be made arbitrary and assume a value as large as we please.) 


35. Let f(x, y, z) = x 2 + y 2 + z 2 be the square of the distance from the origin. We want to minimize f(x, y, z) subject 
to the constraints gi(x, y, z) = y + 2z — 12 = 0 and g 2 (x, y, z) = x + y — 6 = 0. Thus ▽ f = 2xi + 2yj + 2zk, 

▽ gi = j + 2k ， and V g 2 = i + j so that ▽ f = A ▽ gi + " ▽ g 2 4 2x = "， 2y = A + ", and 2z = 2A. Then 
0 = y + 2z — 12 = (舍 + 夸 )+ 2 入 一 12 => |A + ^/x=12 => 5A / j , = 24; 0 = x + y — 6 = 2 + ( 会 + 2 ) —6 

^ I A + " = 6 => X-\-2/j, = 12. Solving these two equations for A and ^ gives A = 4 and " = 4 => x=|=2, 
y = —^ = 4, and z = A = 4. The point (2,4,4) on the line of intersection is closest to the origin. (There is no 
maximum distance from the origin since points on the line can be arbitrarily far away.) 

36. The maximum value is f |= | from Exercise 33 above. 
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37. Let gi(x,y,z) = z - 1 = 0 and g 2 (x, y ， z) = x 2 + y 2 + z 2 - 10 = 0 = k ， ▽ g 2 = 2xi + 2yj + 2zk, and 

▽ f = 2xyzi + x 2 zj + x 2 yk so that ▽f=Avg 1 +"vg 2 2xyzi + x 2 zj + x 2 yk = A(k) + "(2xi + 2yj + 2zk) 
=> 2xyz = 2x[i, x 2 z = 2y/x, and x 2 y = 2z" + A 4 xyz = x/x => x = 0oryz = // => M = y since z = l. 

CASE 1: x = 0 and z = l =>y 2 — 9 = 0 (from g 2 ) => y = 士 3 yielding the points (0, 士 3, 1). 

CASE 2: " = y x 2 z = 2y 2 x 2 = 2y 2 (since z = 1) => 2y 2 + y 2 + 1 — 10 = 0 (from g 2 ) => 3y 2 — 9 = 0 

=> y = 士 \f^ => x 2 = 2 ( 士 \/^) => x = 士 yj~6 yielding the points (士 \/6, ± 1). 

Now f (0, 士 3,1 ) 二 1 and f (士 \/^， 士 1) = 6 ( 士 + 1 = 1 土 6y / 3. Therefore the maximum of f is 

1 + 6^/3 at (士 \/6, \/3, l \, and the minimum of f is 1 _ 6\/3 at ( 士 y^6, —-\/3, l). 


38. (a) Let g^x ， y ， z) = x + y + z — 40 = 0 and g 2 (x, y,z) = x + y- z = 0 4 Vgi = J +j + V g 2 = i + j - k, and 
▽ w = yzi + xzj + xyk so that v w — ^Vgi+MV §2 => yzi + xzj + xyk = A(i + j + k) + /i(i + j - k) 

=> yz = A + ", xz = A + "， and xy = X — fi =>• yz = xz => z = 0 or y = x. 

CASE 1: z = 0 ^ x + y = 40 and x + y 二 0 => no solution. 

CASE 2: x = y => 2x + z — 40 = 0 and 2x — z = 0 => z = 20 => x=10 and y = 10 =>• w = (10)(10)(20) 

= 2000 


(b) n = 



=—2i + 2j is parallel to the line of intersection => the line is x = — 2t + 10, 


y = 2t + 10, z = 20. Since z = 20, we see that w = xyz = (—2t + 10)(2t + 10)(20) = (—4t 2 + 100) (20) 


which has its maximum when t = 0 => x=10 ， y=10, and z = 20. 


39. Let gi(x, y ， z) = y — x = 0 and g 2 (x ， y ， z) = x 2 + y 2 + z 2 _ 4 = 0. Then ▽ f = yi + xj + 2zk ， ▽ gi = —i + j ， and 

V g 2 = 2xi + 2yj + 2zk so that ▽ f = A ▽ g；L + " ▽ g 2 => yi + xj + 2zk 二 A(-i + j) + "(2xi + 2yj + 2zk) 

今 y = — A + 2x^l, x = A + 2y", and 2z = 2z/i => z = 0 or ^ = 1. 

CASE 1: z = 0 x 2 + y 2 — 4 = 0 => 2x 2 — 4 = 0 (since x = y) x = 士 \J~2 and y = 土 \J~2 yielding the points 

± 72 , 0 ). 

CASE 2: /a = 1 ^ y = —A + 2x and x = A + 2y => x + y = 2(x + y) => 2x = 2(2x) since x = y=^>x = 0 今 y = 0 
=> z 2 — 4 = 0 =>■ z = 士 2 yielding the points (0,0, 士 2). 

Now, f (0,0 ， 士 2) = 4 and f (士 士 v^ ， 0) = 2. Therefore the maximum value of f is 4 at (0,0, 士 2) and the 
minimum value of f is 2 at ^ 士 士 \/~2^ 0 ^ . 

40. Let f(x, y, z) = x 2 + y 2 + z 2 be the square of the distance from the origin. We want to minimize f(x, y, z) subject 

to the constraints gi(x, y, z) = 2y + 4z _ 5 = 0 and g 2 (x, y, z) = 4x 2 + 4y 2 — z 2 = 0. Thus ▽ f = 2xi + 2yj + 2zk, 

V gi = 2j + 4k, and ▽ g 2 = 8 xi + 8 yj — 2zk so that ▽ f = A ▽ g；L + " ▽ g 2 4 2xi + 2yj + 2zk 

=A(2j + 4k) + "( 8 xi + 8 yj — 2zk) 2x = 8 x" ， 2y = 2A + 8 y"，and 2z = 4A — 2z" => x = 0or"=*. 

CASE 1: x = 0 泠 4(0 ) 2 + 4y 2 - z 2 = 0 泠 z = 士 2y 令 2y + 4(2y) - 5 = 0 令 y=|,or2y + 4(-2y) -5 = 0 
=> y = — I yielding the points ( 0 , 全， 1 ) and ( 0 , 一 |，|) • 

CASE 2: 1^=1 ^>y = A + y^>A = 0^2z = 4(0) — 2z ⑴ # z 二 0 4 2y + 4(0) = 5 4 y = | and 
(0 ) 2 = 4x 2 + 4 (I ) 2 => no solution. 

Then f (0, 1) = | and f (0, — |) = 25 ( 秦 + 去） = 署 => the point (0, l) is closest to the origin. 


41. ▽ f = i + j and ▽ g = yi + xj so that f = \ \/ g => i + j = A(yi + xj) => 1 = yA and 1 = xA => y = x 

=> y 2 = 16 => y 二 士 4 => (4,4) and (— 4 , —4) are candidates for the location of extreme values. But as x ^ 00, 
y — >• 00 and f(x, y) ^ 00; as x — > —00, y — > 0 and f(x, y) —00. Therefore no maximum or minimum value 
exists subject to the constraint. 
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42. Let f(A, B, C) = E (Ax k + By k + C — z k ) 2 = C 2 + (B + C - l) 2 + (A + B + C - l) 2 + (A + C + l) 2 . We want 

k=l 

to minimize f. Then f A (A, B ， C) = 4A + 2B + 4C, f B (A, B ， C) = 2A + 4B + 4C - 4, and 

f c (A, B ， C) 二 4A + 4B + 8C — 2. Set each partial derivative equal to 0 and solve the system to get A = — ^ ， 

B = I, and C = — ^ or the critical point of f is (一 |, ■，一 去 ). 


43. (a) Maximize f(a ， b, c) = a 2 b 2 c 2 subject to a 2 + b 2 + c 2 = r 2 . Thus V f = 2ab 2 c 2 i + 2a 2 bc 2 j + 2a 2 b 2 ck and 
▽ g = 2ai + 2bj + 2ck so that ▽ f = A ▽ g 2ab 2 c 2 = 2aA, 2a 2 bc 2 = 2bA, and 2a 2 b 2 c = 2cA 
^ 2a 2 b 2 c 2 = 2a 2 A = 2b 2 A = 2c 2 A ^ A = 0 or a 2 = b 2 - c 2 . 

CASE 1: A = 0 泠 a 2 b 2 c 2 = 0. 


CASE 2: a 2 = b 2 = c 2 令 f(a ， b ， c) = a 2 a 2 a 2 and 3a 2 = r 2 令 f(a ， b ， c) = i 
(b) The point (\/^ ， \/c^ is on the sphere if a + b + c = r 2 . Moreover, by part (a), abc = f 

a+ o + c ， as claimed. 


is the maximum value. 


< 


(y) ^ (abc) 1 / 3 < I 


44. Let f(xi,x 2 ,... ,x n ) 二 ^ ajXj = aiXi + a 2 x 2 + ... + a n x n and g(xi,x 2 ,... ,x n ) = x? + xf + •.. + x! — 1. Then we 


want ▽ f = A ▽ g ^ 3-1 — A(2xj), 3.2 — A(2x2), ... , a n = A(2x n ), A ^ 0 =^- Xj = ^ - =^- 


A 


1/2 


# 4A 2 = a? 4 2A 

i=l 

the maximum value. 


E a ? => f(xi,x 2 , •" ,x n )= 乙响 =E a i ( 轰) = 去 E a ? = E a ? 


1/2 


is 


45-50. Example CAS commands: 

Maple: 

f := (x,y,z) -> x*y+y*z; 
gl := (x ， y ， z) _> x 八 2+y 八 2-2; 
g2 := (x ， y ， z) -> x 八 2+z 八 2_2; 

h := unapply( f(x,y,z)-lambda[ 1 ]*g 1 (x,y,z)-lambda[2]*g2(x,y,z), (x,y,z,lambda[l],lambda[2])); # (a) 

hx := diff( h(x,y,z,lambda[l],lambda[2]), x ); #(b) 

hy := diff( h(x ， y,z,lambda[l] ， lambda[2]), y ); 

hz := diff( h(x,y,z,lambda[l],lambda[2]), z ); 

hll := diff( h(x,y,z,lambda[l],lambda[2]), lambda[l]); 

hl2 := diff( h(x,y,z,lambda[l] ， lambda[2]), lambda[2]); 

sys := { hx=0, hy=0, hz=0, hi 1=0, hl2=0 }; 

ql := solve( sys, {x,y,z,lambda[l],lambda[2]} ); # (c) 

q2 := map(allvalues,{ql}); 

for p in q2 do # (d) 

eval( [x,y,z,f(x,y,z)], p); 

Vv =evalf(eval( [x,y,z,f(x,y,z)], p)); 
end do; 

Mathematica: (assigned functions will vary) 

Clear[x, y, z, lambda 1, lambda2] 
f[x_ ， y_ ， z」:=x y + y z 
gl[x— ， y— ， z 」 :=x 2 + y 2 — 2 
g2[x_,y_,z_]:= x 2 + z 2 - 2 

h = f[x, y, z] — lambda 1 gl[x, y, z] — lambda2 g2[x, y, z]; 

hx=D[h ， x]; hy=D[h ， y]; hz= D[h,z]; hLl=D[h, lambdal]; hL2= D[h, lambda2]; 

critical=Solve[{hx==0, hy==0, hz==0, hLl==0, hL2==0, gl[x,y,z]==0, g2[x ， y ， z]==0 }， 
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{x, y ， z, lambda 1, Iambda2}]//N 
{{x, y, z}, f[x, y, z]}/.critical 

14.9 PARTIAL DERIVATIVES WITH CONSTRAINED VARIABLES 


1. w = x 2 + y 2 + z 2 and z = x 2 + y 2 : 

/x = x(y,z)\ 


2x^+2y 今 0 = 2x 瓷 +2y 今瓷 =—f 今 


穿、 = ^|5 + ^|y + ^|5 ； ^ = 0and^=2x|5+2y^ 

oy J z ox oy oy oy oz dy ’ ay oy ay J ay 

= (穿乂 = (2x) (— ■) + (2yXl) + (2z)(0) = —2y + 2y = 0 


(b) (U — ^y = y(x,z)J - w ^ + f | + H| ； |=0and|=2x|+2y| 

^ — ( 替 ) x = (2x ) ⑼ + (2y) ( 去 ) + (2z)(l) = 1 + 2z 

/',、 / x = x(y, z) \ 

⑹ ( y z ) - l y y = y ) — w 今 （ f) y= ff + 鸯 | + f_ ; | = 0 an d_ = 2 X | + 2 y| 

^ l=2x| ^ | = ± ^ (H) y = (2x)(i) + (2y)(0) + (2z)(l) =l + 2z 
2. w = x 2 + y — z + sin t and x + y = t: 


⑻ y 


y = y w ^ = |»^ + |»|y + |«^ + 9w|i ； |x = o, 1^=0, and 

2 — z y ay J xz ox oy oy oy oz oy ot oy ? oy ? oy 

\t = x + y y 

( 鸯 ) t = (2x)(0) + (1)(1) + (-1)(0) + (cos t)(l) = 1 + cos t = 1 + cos(x + y) 


(b) : 


x = t — y 

y = y 


f dw \ — 5w dx I dy . dw dz , dw di. dz — rv „ nr i dt — a 

、务人 t _ 瓦％ 卞 务苏卞瓦 苏卞 I 兩，^ _ U dliU dy 


| = |-| = - 1 ^ ( 鸯 ) zt = (2x)(-l)+ ⑴ (l) + (-l)(0) + ( COS t)(0) = l—2(t-y) = 1 + 2y 


(C) y 


w => (f ) x , y = ^l + fl + fl + tl ； l=0and|=0 


( 莹 ) =(2xX0) + (1X0) + (-1)(1) +(cos t)(0) = -l 




x = t — y 

y = y 


w 今 (t) y , t =f l + t I 十棠 g + 蝥瓷 ; |=0and|=0 


( 替 ) =(2x)(0) + (1)(0)* (-1)(1) +(cos t)(0) = —1 


(e) z 


y = t — x 


w 今 (f) x , z =f l + tl + f | + f |;f =0and|=0 


( 莹 )„ = (2x)(0) + (1)(1) + (-1)(0) +(cos t)(l) = 1+cost 
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(f) 

3. U: 

(a) 

(b) 

4. w : 

⑻ 

(b) 


5. w : 
(a) 


(b) 


6. y = 


x = t — y \ 

\Z\ — w 今 （ f) y , z =f f + 鸯 t + t t + f l;t =0and l = 0 


^ ( 棠 ) yz = (2x)(1) + ⑴ (0) + (-1X0) + ( cos t)(l) = cost + 2x = cos t + 2(t - y) 


P 、 

V 


f(P, V, T) and PV = nRT 
P = P 
V = V 

T — PV 

、丄一忑， 

. (dV\ 

dP ^ \dTJ \nRj 

'P 

V 、 ， 

T 


nRT ' 

可 

V = V 


T = T 

(i) (f) + § 


u 今 ( If)v = 輩羃 + 籍瓷+銲鼗 = 澤+ (靜 )( o ) + ( It ) (®) 


u 今 （ f)' 


au ap , au 9v 

<9P 3T 卞 3V 3T 


It ir = (fp) ( 咢 ) + (iv) (°) + It 


x 2 + y 2 + z 2 and y sin z + z sin x 
x = x 

y = y 

Z = Z(x, y) 


0 


w ^ (lr) y =lrl + f | + HI ； S= 0 and 

dz _ -7T _ 


(ycosz)|+(sinx)|+zcosx = 0 ^ | = yc ~™ x - At(0 ， lj)，_ 
今（瓷 ) y i (。切 =(2x)(1)+(2 y )(0) +( 2z ) ⑻ I ( 。糾 = 2 兀 2 


7 T 


x = x(y, z) 

y = y 


^ (la 


dw dx 
dx dz 




I + t |=(2x)|+(2y)(0) + (2z)(l) 


(2x ) 瓷 + 2z. Now (sin z ) 茫 + y cos z + sin x + (z cos x) 瓷 = 0 and 茫 = 0 


=> y cos z + sin x + (z cos x) 瓷 = 0 4 瓷 

^ ( 餐 ) w | (。》 = 2 (0 ) ⑴ + 2?r ~ 2?r 

6 


-y cos z — sin x 

Z COS X 


.At (0, l,7r), 


1-0 
⑻ (1) 


x 2 y 2 + yz — z 3 and x 2 + y 2 + z 2 

X = X 

y = y I w 
=Z(x, y) 

_ I 


( - 

_ <9w _|_ 

dw dy 


_ 瓦兩卞 

~dy dy 

3?) _ : 

= 2x 2 y + 

z+ (y 


1=0 ^ 2y + (2z) az 


0 泠 


dz 


dy ~ ^ — 

[(2)(2) 2 (1) + (-1)] + [1-3(-1) 2 ](1) 
x(y, z)' 


dz dy 

3z 2 ) 

At(w,x,y,z) = (4,2,1,-1), 


dx 


dz 


dz 

dy 


- (t), 


( 4 , 2 , 1 ,- 1 ) 


y = y 
Z = Z 


w => 


谷 w 

5 ) 


dw dx I dw dy 
~d^ dy ~dy dy 


dw dz 
dz dy 


(2xy 2 ) 枭 + (2x 2 y + z) (1) + (y - 3z 2 ) (0) = (2x 2 y ) 菪 + 2x 2 y + z. Now (2x ) 藍 + 2y + (2z) 藍 = 0 and 


dz - 0 ^ (2x) |+2y 




0 ^ 


dx 


^ -r y -r Z,. inuw ^ 

x* At (w,x,y, z) = (4,2,1, — 1), ^ 


(t) ; 


dy 
( 4 , 2 , 1 ,- 1 ) 


⑵ (2) ⑴ 2 ㈠） + (2X2) 2 (1) + (-1) = 5 


uv 1 = v fi + u x = u 2 + v 2 and I 5 


0 ^ 0 = 2u| lI +2v^ 


dv 


dy 


dy 


dv 

% 


(-9 


du 

dy 




y 劈 


du\ 

d^J 


V-u 2 


劈 4 劈 


- At(u,v) = (\/2, l) > 


du 


.㈣ 
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， as claimed. 


,as claimed. 


of dz I of dw 


12. Let x and y be independent. Then f(x, y, z, w) = 0, g(x, y, z, w) 


Oand 砮 


v df dx I I dz I df dw 

? dxdx'dyd\'dzdx'dw~d\ 


di i df dz 
dx ^ dz dx 


dxd\^~dydx^~dzdx^~ 


_l_ 


0 imply 


dz I df dw — 

dz d\ ' ~dx ~ 

dg dz I dg 5w __ 

dz dx ' dw ~d\ ~ 


di_ 

dx v 

di 


df 

df 

~ m. 

dw 

一扭 

dx 

dg 

dw 

df 

df 

dz 

dw 

dg 

dz 

dg 

dw 


I dz dw I 

Likewise, f(x, y ， z ， w) = 0, g(x, y, z ， w) = 0 and 劈 

df , df dz , (9f «9w . .1 i__\ ds. , c 


dl dl dz 
dy 弋 di dy 


_dl dg 
dx dw 

4_ af 

' d\ dw 

df dg 
— dx dw 

df §g - 

dz dw 

_ §g df_ 
dz 3w 

~ df dg 

dz dw 

： 0 => 

df dx 
dx dy 

i df dy , 
f ^ ^ + 

dz , d ： 
% 卞茨 

g 5w _ 
n dy — 

: 0 imply 


df dw ― 
dw dy _ 


dg dz I dg dw 


_ df dg , dg m 
3z 3y 卞 3z 5y 
— §1 dg _ dg df_ 
dz dw ~ dz dw 


⑻， 1 

7. ⑴ ^ (yZ^ff) 今 （ t) e = COS 0 ;X 2 +y 2 =r 2 今 2x + 2y|=2 r f and|=0 4 2x = 2r| 

^ _ x , /5r\ _ x 

dx _ r \dx/y _ y/ x 2 _|_ y2 

8. Ifx,y,andzare independent, then ( 营 ) yz = 瓷 _ + 驽 | + 瓮 _ + 莹 1 

=(2x)(1) + (-2y)(0) + (4)(0) + (1) (§) =2x+|. Thus x + 2z +1 = 25 l+0+| 二 0 => § =-1 

=> (|^) yz = 2x — 1. On the other hand, if x, y, and t are independent, then (|^) yt 

= fi + tl + fl + fl = ㈤ ⑴ + (-2y)(0) + 4 I+ ⑴⑼ = 2x + 4|. Thus, x + 2z + t = 25 
^ l+2|+0 = 0 ^ | = ^ ( 瓷 ) yt = 2x + 4( — *)=2 X —2. 

9. If x is a differentiable function of y and z, then f(x, y, z) = 0 => + 募窠 + 藍瓷二 ◦=> 羞 + 炉室 = 0 

=> ( 劈 )=— . Similarly, if y is a differentiable function of x and z, ( 室 ) =—and if z is a 
differentiable function of x and y, (§^) y ― — |||^. Then ( 鸯 )( 室 )( 窘 ) y 

-(-m) (-m) (-m)-- 1 - x 

10. z = z + f(u) and u = xy => _ = 1 + 蛊 |^ = l+ y 盖 ; a ^ so _ 二 0 + 盏劈 = x^so that x 瓷 一 y _ 

= x(l + y^)^y(x^)=x U X U U 7 U X 

11. If x and y are independent, then g(x, y, z) = 0 ^ 瓷鸯 + __ + §!_=◦ and 鸯 = 0=> 穿 + 窒炉 = 0 

^ (|) =-H|，as claimed. 


14.10 TAYLOR S FORMULA FOR TWO VARIABLES 

1. f(x, y) = xe y => f x = e y , f y = xe y , f xx = 0, f xy = e y , f yy = xe y 

泠 f(x, y) s f(0,0) + xf x (0,0) + yf y (0,0) + i [x 2 f xx (0,0) + 2xyf xy (0,0) + y 2 f yy (0,0)] 
= 0 + x- l+ y- 0+ ^(x 2 -0 + 2xy • 1 + y 2 • 0) = x + xy quadratic approximation; 

fxxx = 0, fxxy = 0, f xyy = e y ， fyyy = XC Y 


s- X s- z 
313313 

afllafll 
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令 f(x, y) s quadratic + \ [x 3 f xxx (0,0) + 3x 2 yf xxy (0,0) + 3xy 2 f xyy (0,0) + y 3 f yyy (0,0)] 

=x + xy + I (x 3 • 0 + 3x 2 y • 0 + 3xy 2 • 1 + y 3 • 0) = x + xy + ! xy 2 , cubic approximation 

2 . f(x, y) = e x cos y => f x = e x cos y, f y = — e x sin y, f xx = e x cos y, f xy = — e x sin y, f yy = —e x cos y 

令 f(x, y) s f(0,0) + xf x (0,0) + yf y (0,0) + i [x 2 f xx (0,0) + 2xyf xy (0,0) + y 2 f yy (0,0)] 

=l+x.l+y.0+|[x 2 .l + 2xy . 0 + y 2 • (— 1)] = 1 + x + | (x 2 — y 2 ), quadratic approximation; 
fxxx = e x cos y, f xxy = —e x sin y, f xyy = -e x cos y, f yyy = e x sin y 
泠 f(x, y) s quadratic + \ [x 3 f xxx (0,0) + 3x 2 yf xxy (0,0) + 3xy 2 f xyy (0,0) + y 3 f yyy (0,0)] 

=1 + x + i (x 2 - y 2 ) + i [x 3 • 1 + 3x 2 y • 0 + 3xy 2 • (-1) + y 3 • 0] 

— 1 + x + I (x 2 — y 2 ) + J (x 3 — 3xy 2 ), cubic approximation 

3. f(x, y) = y sin x f x = y cos x, f y = sin x, f xx = —y sin x, f xy = cos x, f yy = 0 

今 f(x, y) « f(0,0) + xf x (0,0) + yf y (0,0) + i [x 2 f xx (0,0) + 2xyf xy (0,0) + y 2 f yy (0,0)] 

= 0 + x- 0 + y- 0+ ^(x 2 •()-(- 2xy • 1 + y 2 • 0) = xy, quadratic approximation; 
f xxx = _y cos x, f xxy = - sin X ， f xyy = 0, f yyy = 0 

泠 f(x, y) s quadratic + \ [x 3 f xxx (0,0) + 3x 2 yf xxy (0,0) + 3xy 2 f xyy (0,0) + y 3 f yyy (0,0)] 

=xy + ! (x 3 • 0 + 3x 2 y - 0 + 3xy 2 • 0 + y 3 • 0) = xy, cubic approximation 

4. f(x ， y) = sin x cos y => f x = cos x cos y ， f y = — sin x sin y, f xx = — sin x cos y, f xy = — cos x sin y, 

fyy = - sin X cos y => f(x, y) « f(0,0) + xf x (0,0) + yf y (0,0) + ^ [x 2 f xx (0,0) + 2xyf xy (0,0) + y 2 f yy (0,0)] 

二 0 + x- l+y-0+!(x 2 -0 + 2xy • 0 + y 2 * 0) = x, quadratic approximation; 
fxxx = — cos x cos y, f xxy = sin x sin y, f xyy = — cos x cos y, f yyy = sin x sin y 
泠 f(x, y) « quadratic + \ [x 3 f xxx (0,0) + 3x 2 yf xxy (0,0) + 3xy 2 f xyy (0,0) + y 3 f yyy (0,0)] 

=x + g [x 3 • (—1) + 3x 2 y • 0 + 3xy 2 - (—1) + y 3 • 0] = x — g (x 3 + 3xy 2 ), cubic approximation 

5. f(x, y) = e x ln(l + y ) 泠 f x = e x ln(l + y) ， f y = 南， f xx = e x ln(l +y), f xy = 南， f yy = - 

^ f(x,y)«f(0,0) + xf x (0,0) + yf y (0,0)+i [x 2 f xx (0,0) + 2xyf xy (0,0) + y 2 f yy (0,0)] 

= 0 + x- 0 + y.l + g[x 2 .0 + 2xy • 1 + y 2 - (—1)] = y + | (2xy — y 2 ), quadratic approximation; 

fxxx = e X In (1 + y)，fxxy = r+y > ^xyy = ^ (1 + y )2 ， fyyy = (1 +y)3 

泠 f(x, y) « quadratic + \ [x 3 f xxx (0,0) + 3x 2 yf xxy (0,0) + 3xy 2 f xyy (0,0) + y 3 f yyy (0,0)] 

=y+ i (2xy — y 2 ) + * [x 3 • 0 + 3x 2 y - 1 + 3xy 2 • (—1) + y 3 • 2] 

=y + (2xy — y 2 ) + g (3x 2 y — 3xy 2 + 2y 3 ), cubic approximation 

6. f(x, y) = In (2x + y + 1 ) 今 f x = 2x + y + J ， fy = 2x + y + 1 ’ fxx = ( 2 x + y 4 + l) 2 ， = (2x +y+ l ) 2 ， 

fyy = (2x ^ f(x,y)«f(0,0) + Xf x (0,0) + yf y (0,0) + i [x 2 f xx (0,0) + 2xyf xy (0,0) + y 2 f yy (0,0)] 

= 0 + x- 2 + y- l + i[x 2 - (-4) + 2xy - (-2) + y 2 - (-1)] = 2x + y + i (-4x 2 - 4xy - y 2 ) 

=(2x + y) — 善 (2x + y) 2 , quadratic approximation; 

f — _16 -p — _8_ f — _4_ -p — _2 

ixxx — (2x + y + l) 3 ， kxy — (2x + y + l) 3 ， kyy — (2x + y + l ) 3 ， ^ ~ (2x + y + l) 3 

令 f(x, y) s quadratic + \ [x 3 f xxx (0,0) + 3x 2 yf xxy (0,0) + 3xy 2 f xyy (0,0) + y 3 f yyy (0,0)] 

=(2x + y) - i (2x + y) 2 + 秦 (x 3 • 16 + 3x 2 y • 8 + 3xy 2 • 4 + y 3 • 2) 

=(2x + y) - ^ (2x + y) 2 + I (8x 3 + 12x 2 y + 6xy 2 + y 2 ) 

=(2x + y) — - (2x + y) 2 + I (2x + y) 3 , cubic approximation 

7. f(x, y) = sin (x 2 + y 2 ) => f x = 2x cos (x 2 + y 2 ) ， f y = 2y cos (x 2 + y 2 ) ， f xx = 2 cos (x 2 + y 2 ) — 4x 2 sin (x 2 + y 2 ) ， 

f xy = —4xy sin (x 2 + y 2 ) ， f yy = 2 cos (x 2 + y 2 ) — 4y 2 sin (x 2 + y 2 ) 
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今 f(x, y) « f(0,0) + xf x (0,0) + yf y (0,0) + - [x 2 f xx (0,0) + 2xyf xy (0,0) + y 2 f yy (0,0)] 

= 0 + x- 0 + y*0+|(x 2 -2 + 2xy • 0 + y 2 • 2) = x 2 + y 2 , quadratic approximation; 
f xxx = — 12x sin (x 2 + y 2 ) — 8x 3 cos (x 2 + y 2 ), f xxy = —4y sin (x 2 + y 2 ) — 8x 2 y cos (x 2 + y 2 ), 

f xyy = —4x sin (x 2 + y 2 ) — 8xy 2 cos (x 2 + y 2 ), f yyy = — 12y sin (x 2 + y 2 ) — 8y 3 cos (x 2 + y 2 ) 

泠 f(x ， y) s quadratic + \ [x 3 f xxx (0,0) + 3x 2 yf xxy (0,0) + 3xy 2 f xyy (0,0) + y 3 f yyy (0,0)] 

=x 2 + y 2 + 去 （ x 3 • 0 + 3x 2 y • 0 + 3xy 2 • 0 + y 3 • 0) = x 2 + y 2 , cubic approximation 

8. f(x, y) = cos (x 2 + y 2 ) 4 f x = -2x sin (x 2 + y 2 ), f y = -2y sin (x 2 + y 2 ) ， 

f xx = —2 sin (x 2 + y 2 ) — 4x 2 cos (x 2 + y 2 ) ， f xy 二 —4xy cos (x 2 + y 2 ), f yy = —2 sin (x 2 + y 2 ) — 4y 2 cos (x 2 + y 2 ) 

令 f(x, y) « f(0,0) + xf x (0,0) + yf y (0,0) + | [x 2 f xx (0,0) + 2xyf xy (0,0) + y 2 f yy (0,0)] 

=l+x-0 + y*0+|[x 2 -0 + 2xy • 0 + y 2 • 0] = 1, quadratic approximation; 
fxxx = -12x cos (x 2 + y 2 ) + 8x 3 sin (x 2 + y 2 ) ， f XX y = —4y cos (x 2 + y 2 ) + 8x 2 y sin (x 2 + y 2 ) ， 

f xyy = -4x cos (x 2 + y 2 ) + 8xy 2 sin (x 2 + y 2 ) ， fy y y = — 12y cos (x 2 + y 2 ) + 8y 3 sin (x 2 + y 2 ) 

=>■ f(x, y) ^ quadratic + \ [x 3 f xxx (0,0) + 3x 2 yfxxy(0,0) + 3xy 2 f xyy (0,0) + y 3 f yyy (0,0)] 

=1 + * (x 3 • 0 + 3x 2 y • 0 + 3xy 2 • 0 + y 3 • 0) = 1, cubic approximation 

9. f(x ， y) = ! _x-y ^ (1 -x-y)2 = fy，fxx = (1 - x 2 _ y)3 — fxy = fyy 

泠 f(x, y) s f(0,0) + xf x (0,0) + yf y (0,0) + i [x 2 f xx (0,0) + 2xyf xy (0,0) + y 2 f yy (0,0)] 

=1 + x • 1 + y • 1 + ! (x 2 • 2 + 2xy • 2 + y 2 • 2) = 1 + (x + y) + (x 2 + 2xy + y 2 ) 

=1 + (x + y) + (x + y) 2 , quadratic approximation; f xxx = (1 _ x 6 _ y)4 = f xxy = f xyy = f yyy 

^ f(x,y)« quadratic + \ [x 3 f xxx (0,0) + 3x 2 yf xxy (0,0) + 3xy 2 f xyy (0,0) + y 3 f yyy (0,0)] 

=1 + (x + y) + (x + y) 2 + - (x 3 • 6 + 3x 2 y - 6 + 3xy 2 • 6 + y 3 • 6) 

=1 + (x + y) + (x + y) 2 + (x 3 + 3x 2 y + 3xy 2 + y 3 ) = 1 + (x + y) + (x + y) 2 + (x + y) 3 , cubic approximation 

io ffx v、=_ _ _ f = _ 1 ~ y_ f — _ 1 - x _ f — _ - y) 2 _ 

} ~ 1 - x-y+ xy 9 X — (l_x_y + xy) 2 ，丄 y _ (1 - x - y + xy) 2 ，丄 xx _ (l _ x - y + xy) 3 ， 

f — _1_ f — 2(1 _ x) 2 

丄 xy — (1 _ x - y + xy) 2 ，丄 yy — (1 - x - y + xy) 3 

4 f(x, y) « f(0,0) + xf x (0,0) + yf y (0,0) + i [x 2 f xx (0,0) + 2xyf xy (0,0) + y 2 f yy (0,0)] 

二 l+x-l+y-l + |(x 2 -2 + 2xy • 1 + y 2 • 2) = 1 + x + y + x 2 + xy + y 2 , quadratic approximation; 

f — 6(1 - y ) 3 r [-4(1 - x - y + xy) + 6(1 - y)(l - x)](l - y) 

丄 xxx — (1 - x - y + xy) 4 ? 丄 xxy _ (1 - x - y + xy) 4 ， 

f — [~4(1 - x - y + xy) + 6(1 - x)(l - y)](l - x) f _ 6(1 - x) 3 

ix yy (1 - x-y + xy) 4 ， A yyy ~ (l - x - y + xy) 4 

泠 f(x ， y) s quadratic + \ [x 3 f xxx (0,0) + 3x 2 yf xxy (0,0) + 3xy 2 f xyy (0,0) + y 3 f yyy (0,0)] 

=1 + x + y + x 2 + xy + y 2 + * (x 3 • 6 + 3x 2 y . 2 + 3xy 2 • 2 + y 3 .6) 

=l+x + y + x 2 +xy + y 2 +x 3 +x 2 y + xy 2 + y 3 , cubic approximation 

11. f(x, y) = cos x cos y => f x = — sin x cos y, f y = — cos x sin y, f xx 二一 cos x cos y, f xy = sin x sin y, 

fyy = - cos X cos y f(x, y) « f(0,0) + xf x (0,0) + yf y (0,0) + - [x 2 f xx (0,0) + 2xyf xy (0,0) + y 2 f yy (0,0)] 

=1 + x • 0 + y * 0 + I [x 2 * (—1) + 2xy • 0 H- y 2 • (—1)] = 1 — y — y , quadratic approximation. Since all partial 
derivatives of f are products of sines and cosines, the absolute value of these derivatives is less than or equal 
to 1 ^ E(x,y) < \ [(0.1) 3 + 3(0.1) 3 + 3(0.1) 3 + 0.1) 3 ] < 0.00134. 

12. f(x ， y) = e x sin y => f x = e x sin y ， f y = e x cos y, f xx = e x sin y, f xy = e x cos y, f yy = — e x sin y 

今 f(x, y) « f(0,0) + xf x (0,0) + yf y (0,0) + ! [x 2 f xx (0,0) + 2xyf xy (0,0) + y 2 f yy (0,0)] 

= 0 + x - 0 + y * l + !(x 2 -0 + 2xy • 1 + y 2 • 0) = y + xy, quadratic approximation. Now, f xxx = e x sin y, 
f xxy = e x cos y, f xy y = — e x sin y, and f yyy = — e x cos y. Since |x| < 0.1, |e x sin y| < |e 01 sin 0.11 « 0.11 and 
|e x cos y| < |e 0 1 cos 0.11 ~ 1.11. Therefore, 
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E(x,y) < \ [(0.11)(0.1 ) 3 + 3(1.11)(0.1 ) 3 + 3(0.11)(0.1 ) 3 + (1.11)(0.1) 3 ] g 0.000814. 

CHAPTER 14 PRACTICE EXERCISES 


1. Domain: All points in the xy-plane 
Range: z > 0 


Level curves are ellipses with major axis along the y-axis 
and minor axis along the x-axis. 


2. Domain: All points in the xy-plane 
Range: 0 < z < oo 


Level curves are the straight lines x + y = In z with 
slope — 1 ，and z > 0 . 


3. Domain: All (x, y) such that x ^ 0 and y ^ 0 
Range: z 7 ^ 0 

Level curves are hyperbolas with the x- and y-axes 
as asymptotes. 

4. Domain: All (x, y) so that x 2 — y > 0 
Range: z > 0 

Level curves are the parabolas y = x 2 — c, c > 0. 


5. Domain: All points (x, y, z) in space 
Range: All real numbers 


Level surfaces are paraboloids of revolution with 
the z-axis as axis. 




1 

1 1 1 

~\ z = 9 

1 1 1 > 

-ll 

1 

: J 



y 





y 
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6. Domain: All points (x ， y, z) in space 
Range: Nonnegative real numbers 

Level surfaces are ellipsoids with center (0,0,0). 

x 



7. Domain: All (x, y, z) such that (x, y, z) ^ (0,0,0) 
Range: Positive real numbers 


Level surfaces are spheres with center (0,0,0) and 
radius r > 0. 


8. Domain: All points (x, y, z) in space 
Range: (0,1] 

Level surfaces are spheres with center (0,0,0) and 
radius r > 0. 



z 



1 

2 


9 . 


10 . (x ， y) %’ 0 ) 


1L ^ 

x# 士 y 


('yfti，” ㈣“) 

±y 




12 . 


lim 


x 3 y 3 - 


(x,y 卜 （ 1,1) W- 


lim 

(x,y) — (1,1) 


(xy-l)(x 2 y 2 +xy+l) 


xy- 


(XV+Xy+1) 


1 2 * 1 2 + 1*1 + 1 


13. lim In |x + y + z| = In 11 + (—1) + e| = In e = 1 

(l,-l,e) 

14. lim tan— 1 (x + y + z) = tan— 1 (1 + (_1) + (—1)) = tan -1 (—1) = — f 


15. Let y = kx 2 , k # 1. Then lim = Jim which gives different limits for 

y t^x 2 

different values ofk => the limit does not exist. 


16 - Lety = kX ' M °- 与 2 S#)%。,。）^ = ^which gives different limits for 

xy^O 
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different values ofk the limit does not exist. 


17 - Lety = kx . Then (x ， y) ，_ 


^y 2 = ^^ 2 x 2 = which gives different limits for different values 


ofk =>■ the limit does not exist so f(0,0) cannot be defined in a way that makes f continuous at the origin. 


18. Along the x-axis, y = 0 and lim , v 

(x,y)^(0,0) l x + yl 

=> f is not continuous at (0,0). 

19. ^ = cos 0 + sin || = —r sin 0 + r cos 0 


=^0 W 


1 , x > 0 
-1, x < 0 


,so the limit fails to exist 


x-y 


on — if 2x \ ___ 

~ 2 、 x 2 +y 2 ) T i + (Z) 2 — x 2 +y 2 — x 2 +y 2 — x 2 +y 2 ， 


di 


2y 


⑴ 


x + y 


dy ~ 2 丁 l + — PTF ~ 


21 . 


df 


di 


di 


— — ~Rf 


22. h x (x, y, z) = 2tt cos (2ttx + y — 3z), h y (x, y, z) = cos (2ttx + y — 3z), h z (x, y, z) = —3 cos (27rx + y — 3z) 


23. 


d? 


RT 


5P _ nT 5P _ nR dP 
dR ~ ^ Wf ~ , dW 


nRT 


24. f r (r, £， T ， w) = — 士 V 点， ff(r, T, w) = — ^2 a / ^ , f T (r, T, w) = ( 


V T7tw — 4r£T 


4rlw 



: ， f w (r, & T, w) = (^) \/f (- 5 w - 3/2 ) 

_ 1 ^g_i_JL 0 ^ 2 g — 2x d 2 g __ d 2 g _ _ 丄 

d^.~y , dy~ l ~f ^ W ~ df ~ f ' dydi ~ d^dy ~ ~ f 

26. g x (x, y) = e x + y cos x, g y (x, y) = sin x 泠 g xx (x, y) = e x - y sin x, gjx, y) = 0, g xy (x, y) = gyx(x, y) = cos x 


27 - M = 1 + y — 15x2 + w + j ，募 =x 今 H = —30x + (= x 1)2 ， p = 0 , 鞋 = 録 


28. f x (x, y) = -3y, f y (x, y) = 2y — 3x — sin y + 7e y 今 f xx (x, y) = 0, ^(x, y) = 2 - cos y + 7e y , f xy (x, y) = ^(x, y) 
=—3 


29. 瓷 =y cos (xy + 7T), 鸯 =x cos (xy + tt ), 莹二 e 1 ，f = + 

4 棠 =[y cos (xy + 7r)]e l + [x cos (xy + 7r)] ( 击 ) ；t = 0 4 x = 1 and y = 0 
^ ^lt=0 = 0 - 1 + [1 • (-1)1 (giy) = -1 

30. 瓷 =e y ，鸯 =xe y + sin z, = y cos z + sin z ， 莹 =t -1 / 2 , 室 =1 + 十 ， | = tt 

=> ^ = e y t _1 / 2 + (xe y + sin z) (1 + I) + (y cos z + sin z)tt; t = 1 => x = 2, y = 0, and z = tt 
=> 祭 | t=1 = l.l + (2-l-0X2) + (0 + 0)7r = 5 

31. 替 = 2 cos(2x — y) ， 营 =-cos(2x ^ y), f = 1, | = cos s, | = s, | = r 

营 =[2 cos (2x — y)](l) + [— cos (2x — y)](s); r = tt and s = 0 x = 7r and y = 0 
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(if^ - ^Tl) ( 2e ° cos v)；u = v = 0 ^ x = 2 ^ 瓷 |( 。，。 )= ( 蒼 —i) ( 2) = f; 
(ifF-^Tl) (-2e u sin v) > 赘 | = (| — *) ⑼ = 0 


33 - 菪 =y + z ， 募 = x + z ， 1 = y + x ， 莹 


•sin t, ^ = cos t, f t 




df 
dt 
df I 


-(y + z)(sin t) + (x + z)(cos t) — 2 (y + x)(sin 2 t); t : 


—2 sin 2 t 

=> x = cos 1 , y = sin 1 , and z = cos 2 


^ ft 


—(sin 1 + cos 2 )(sin 1 ) + (cos 1 + cos 2 )(cos 1 ) — 2 (sin 1 + cos l)(sin 2 ) 


34- 尝 = 砮 |= ⑶砮 — 鸯 = 莹 | = ( 1) 


dw — dw <9w 

ds — ds dx 




5 瓮 —5^=0 


35. F(x, y) = 1 _ x _ y 2 _ sin xy 4 F x 


—y cos xy and F y = — 2 y — x cos xy => 空 =—& 


dx 


Fy 


—1 — y cos xy 
—2y — x cos xy 


今 at(x,y) = ( 0 ,l)wehaveg 


( 0 , 1 ) 


l + l 
-2 


36. F(x ， y) = 2xy + e x+ y — 2 泠 F x = 2y + e x+ ^ and F y = 2x + e x+ y 今处 




at (x ， y) = ( 0 , In 2 ) we have ^ 


(0,ln2) 


L y 

2 In 2 + 2 
0 + 2 


dx 


Fx 

Fy 


2y + e x+ y 
2x4 - e x+ y 


-(In 2 + 1 ) 


37. ▽ f = (—sin x cos y)i — (cos x sin y)j => ▽ f I (14) = — ! i — I j > I V f I — \J(~ \Y + ( — = ~^2 = ^ 

u = j^i = — ^i—-^j f increases most rapidly in the direction u = — ^i—-^j and decreases most 
rapidly in the direction -u 二 f i + ^ j ; (D u f) Po = | ▽ f | = ^ and (D_ u f) Po = - 

u i = M = 义 2 + 么 2 = |i + U 今 (D Ul f) Po = v f *ui = (- (I) + (- l) {t) = -jo 

38. V f=2xe-^i-2xV^j ^ ▽ f| ⑽ = 2i - 2j 令 | ▽ f| = + (_2 ) 2 = 20; u = 晶 = 士 i — 士 j 

=> f increases most rapidly in the direction u = 士 i — ^75 j and decreases most rapidly in the direction 


—u = — i + j ； (D u f) P 。= I ▽ fI = 2y/2 and (D_ u f) Po = \ ui 

(D Ul f) P 。= ▽ f • Ui = (2) ( 夫 ) + (_2) ( 泰) = 。 


V 


i+j 


r = = 十 


39. 


2x + 3y + 6z , 


2x + 3y + 6z , 


2x + 3y + 6z 


k ^ Vf| ( 


1 - 1 , 1 ) 


= 2i + 3j + 6 k; 


2i + 3j + 6k 


Ml _ x/2 2 + 3 2 +6 2 


孕 j + - k => f increases most rapidly in the direction u=ii+|j + fk and 


decreases most rapidly in the direction — u = — |i—.j — |k; (D u f) Po = | ▽ f | =7, (D_ u f) Po 
Ui = M = fi+fj + fk ^ (D U| f) P 。 =(D u f)p 。 =7 


-7; 


40. vf=(2x + 3y)i + (3x + 2)j + (l—2z)k 泠 vf| 


( 0 , 0 , 0 ) 


2 j + k; u 




75 J+ 75 


k => f increases most 


rapidly in the direction u 




k and decreases most rapidly in the direction —u : 


(D u f)p 0 = I V f l = \/5 and (D— u f ) P 。 
今 (D Ul f) Po = V f -ui 


-\/ 5 ; 


7! j 




k; 


Ul 


W 


i + j + k 


\/l 2 + l 2 + l 2 

( 0 ) ($) + ( 2 ) (★) + ( 1 ) ($) = ^4 




4 窠 I M) = (2 cos 27T) - (cos 27r)(0) = 2; 餐 =[2 cos (2x — y)](cos s) + [— cos (2x - y)](r) 
^ 窠 I = (2 COS 27r)(C0S 0) — (cos 27r)(7r) = 2 — 7T 


cslaucglav 
dwldxdwldx 

cllaucllav 

2 * 

3 
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41. r = (cos 3t)i + (sin 3t)j + 3tk 4 v ⑴ =(—3 sin 3t)i + (3 cos 3t)j + 3k ^ v (|) = —3j + 3k 

=> u = — 士 j + ^jk; f(x,y ， z) = xyz => ▽ f = yzi + xzj + xyk; t = | yields the point on the helix (—1,0,7r) 

今 V f l(-i,o,„) =-Trj ^ vf- u = (-7rj)- (-^j+:^ k ) = ^2 

42. f(x ， y, z) = xyz => S7 f = yzi + xzj + xyk; at (1,1,1) we get ▽f = i+ j + k the maximum value of 
D uf I (!,!,!) = I Vf| = \/3 

43. (a) Let S7 f = ai + bj at (1,2). The direction toward (2,2) is determined by Vi = (2 — l)i + (2 — 2)j = i = u 

so that ▽f-u = 2 今 a = 2. The direction toward (1 ， 1) is determined by V 2 = (1 — l)i + (1 — 2)j = —j = u 

so that ▽ f • u = —2 —b = —2 => b = 2. Therefore ▽ f = 2i + 2j ; f x (l, 2) = f y (l, 2) = 2. 

(b) The direction toward (4,6) is determined by y 3 = (4 — l)i + (6 — 2)j = 3i + 4j u = | i + | j 
- V f * u — y • 

44. (a) True (b) False (c) True (d) True 

45. ▽ f = 2xi + j + 2zk => 

V f |(o,-i,-i) = j - 2k ， 

▽ f I (0,0,0) = j ， 

V f I ( 0 - 1 , 1 ) — j + 2k 


46. ▽ f = 2yj + 2zk 4 

▽ f I (2,2,0) = 4j ， 

Vf 1(2,-2,0) = - 4 j ， 

▽ f I (2,0,2) = 4k , 

▽ f|(2,0，-2) = _ 4k 


▽ 竹 (2, 。 .-2)*- 4k 

47. ▽ f = 2xi — j — 5k 泠 ▽ f| (2 _ M) = 4i - j — 5k 泠 Tangent Plane: 4(x - 2) - (y + 1) - 5(z - 1) 二 0 

=> 4x — y — 5z = 4; Normal Line: x = 2 + 4t, y = —l — t，z = 1 — 5t 

48. ▽ f = 2xi + 2yj + k => ▽ f | (1 i 2) = 2i + 2j + k Tangent Plane: 2(x — 1) + 2(y — 1) + (z — 2) = 0 

=> 2x + 2y + z — 6 = 0; Normal Line: x = l+2t, y = l+2t, z = 2 + t 

49 - l = ?f? ^ 11(0,1,0) = 0and | = ?f? ^ || (0 , 0) = thus the tangent plane is 
2(y — 1) — (z — 0) = 0 or 2y — z — 2 = 0 
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50 - _ = — 2x (x 2 + y 2 )" 2 ^ lx I (i ， U) = - I and g = -2y (x 2 + y 2 ) -2 今 _ ("” = 一 • ； thus the tangent 
plane is — ^ (x — 1) — | (y — 1) — (z — = 0 or x + y + 2z _ 3 = 0 

51. ▽ f = ( - cos x)i+j => ▽ f I (tt ， i) = i + j the tangent 
line is (x — 7 r) + (y — 1) = 0 =>■ x + y = 7 r + 1; the 
normal line is y — 1 = l(x — 7 r) =>• y = x — 丌 +1 



52. ▽ f = -xi + yj 4 ▽ f I (i, 2 ) = —i + 2j 4 the tangent y 2 - x 在 3 

line is — (x — 1) + 2(y — 2) = 0=>y = | x + |; the normal 
line is y — 2 = — 2(x 一 1) => y = —2x + 4 



53. Let f(x ， y ， z) = x 2 + 2y + 2z — 4 and g(x, y ， z) = y — 1. Then ▽ f = 2xi + 2j + 2k| ^ { ^ = 2i + 2j + 2k 

i j k 

and v g = j ^ vf x V§— ^ 2 2 = —2i + 2k => the line is x = 1 — 2t，y = 1， z = | + 2t 

i 0 10 

54. Let f(x, y, z) = x + y 2 + z _ 2 and g(x, y, z) = y — 1. Then ▽ f = i + 2yj + k| i 圣 ） =i + 2j + k and 

i j k 

▽ g= j=> v f x V g — 1 2 1 = —i + k => the line isx=| — t, y=l,z=-+t 

0 10 — 

55. f (! ， f) = ! ， fx (f ， f) = cos x cos y| ( 咖 /4) = | ， f y ( 牙， f) = - sin x sin y| (，，，= -• 

4 L(x, y)=| + |(x_f) — I(y_f) = | + |x—f xx (x, y) = - sin x cos y, f yy (x, y) = - sin x cos y, and 

f xy (x, y) = — cos x sin y. Thus an upper bound for E depends on the bound M used for |f xx |, |f xy |, and |f yy |. 

With M = ^ we have |E(x,y)| < i ⑼ (：|x - || + |y - f |) 2 < ： #(0.2) 2 < 0.0142; 

withM= 1, |E(x,y)| <|(l)(|x-fj*|y-5|) 2 = 1 (0.2) 2 = 0.02. 

56. f(l, 1) = 0, fxd,l) = y| (M) = 1, f y (l, l) = x-6y| (11) = —5 泠 L(x, y) = (x - 1) - 5(y - 1) = x - 5y + 4; 

fxx(x, y) = 0, f yy (x, y) = —6, and f xy (x, y) = 1 => maximum of |f xx |, |f yy |, and |f xy | is 6 =>• M = 6 

=> |E(x,y){ < I ⑹ (|x — 1| + |y — 1|) 2 = I (6)(0.1 + 0.2) 2 = 0.27 

57. f(l ， 0,0) = 0, f x (l ， 0,0) = y - 3z| (100) = 0, f y (l ， 0,0) = x + 2z| (100) 二 1 ， f z (l ， 0,0) = 2y - 3x| (100) = —3 

今 L(x,y,z) = 0(x — l) + (y-0)-3(z —0) = y —3z;f(l ， l ， 0)= l,f x (l ， l ， 0)= l ， f y (l,l,0)= l,f z (l ， l,0) = -l 

=> L(x, y, z) = 1 + (x - 1) + (y - 1) - l(z - 0) = x + y - z - 1 


58. f (0,0, ?) = 1, f x (0,0, f) = - \fl sin x sin (y + z) = 0, f y (0,0, f) = \flcosx cos (y + z) =: 

( 0 , 0 , 1 ) ( 0 , 0 , 1 ) 

f z (0,0,1) = a/2 COS x cos (y + z) = 1 => L(x, y ， z) = 1 + l(y — 0) + 1 (z - |) = 1 + y + z - 牙； 

(o,o,|) 

f [7L 1L n 、一 f f 7L 1L f (7r 7T a\ _ y/2 f (K 7L 

1 V 4 5 4 5 — 2 5 A x V4 ? 4 ? U / — 2 5 A y W 5 4 5 — 2 ? A z V4 5 4 ? — 2 

4 L(x )y ,z)=f (x-|) + f (y^|) + f (z-0)=fx+^y+f z 
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59. V = ?rr 2 h 泠 dV = 27rrh dr + 7rr 2 dh dV| (1 5 5280 ) = 2?r( 1.5)(5280) dr + tt( 1.5) 2 dh = 15,840 丌 dr + 2.25 丌 dh. 
You should be more careful with the diameter since it has a greater effect on dV. 


60. df = (2x — y) dx + (—x + 2y) dy =>• df | (12) = 3 dy =>• f is more sensitive to changes in y; in fact, near the point 
(1 ， 2) a change in x does not change f. 

61. dI=idV-^dR ^ dl| M = 志 dV - 畚 dR 4 dl| dV= — MR= — 20 = -0.01 + (480)(.0001) = 0.038, 

or increases by 0.038 amps; % change in V = (100) (— ~ —4.17%; % change in R = (— 盖 ) (100) = —20%; 

I = 盖 = 0.24 => estimated % change in I = y x 100 = x 100 « 15.83% more sensitive to voltage change. 

62. A = 7rab => dA = 7rb da + 7ra db => dA| (1016) = 16tt da + 107r db; da = 士 0.1 and db = 士 0.1 

4 dA= 士 26tt( 0.1)= db 2.6 tt and A = tt(10)(16) = 160tt ^ x 100| = | 盖 x 100 卜 1.625% 


63. (a) y = uv => dy = v du + u dv; percentage change in u < 2% =>• |du| < 0.02, and percentage change in v < 3% 
^ |dv| < 0.03; I = vdu + udv =专 +专今 I x 100 = I^ x 100 + f x 100| < |^ x 100| + x 100| 

< 2% + 3% = 5% 

(b) z = u + v ^ ^ = ^u_ + ^ <( iu + dv ( since u > o, v > 0) 

v J Z U+V U+V U+V — U V v ’ ’ 

^ If x 100| < |^ x 100 + ^ x 100| = f x 100 


64. 


c = 


7 

71.84w 0 - 425 h 0 - 725 


=> C w = 


(-0.425)(7) 
71.84w 1 - 425 h 0 - 725 


and Ch = 


(-0.725)(7) 
71.84w 0 - 425 h 1 - 725 


dC= 71 84 ~ 2 i ； 42 7 5 5 h d .723 dw + 7184 ~ 0 ； 42 7 5 5 h i .725 dh; thus when w = 70 and h = 180 we have 


dC| ( 7 。 18 。）s —(0.00000225) dw — (0.00000149) dh => 1 kg error in weight has more effect 


65. f x (x, y) = 2x — y + 2 = 0 and f y (x, y) = —x + 2y + 2 = 0 => x = —2 and y 二 —2 => (—2, —2) is the critical point; 
f xx (— 2, —2) = 2, f yy (—2, —2) = 2, f xy (—2, —2) = —1 => f xx fyy — f^y = 3 > 0 and f xx > 0 => local minimum value 
off(-2,-2) = —8 


66. f x (x, y) = lOx + 4y + 4 = 0 and f y (x, y) = 4x — 4y — 4 = 0 => x = 0 and y = —1 => (0, —1) is the critical point; 

f xx (0, — 1) = 10, f yy (0, 一 1) = -4, f xy (0,-1) = 4 ^ fxxfyy - fxy = —56 < 0 泠 saddle point with f(0, -1) = 2 

67. f x (x, y) = 6x 2 + 3y = 0 and f y (x, y) = 3x + 6y 2 = 0 y = — 2x 2 and 3x + 6 (4x 4 ) = 0 x (1 + 8x 3 ) = 0 

=> x = 0 and y 二 0, or x = — | and y = — ^ =>- the critical points are (0,0) and (—!,_!). For (0,0): 
fxx(0,0) = 12x| _) = 0, fyy(0,0) = 12y| (0 0) = 0, f xy (0, 0) = 3 ^ f xx f yy - f x 2 y = -9 < 0 ^ saddle point with 

f(0,0) = 0. For (- I l): f xx = —6, f yy = —6, f xy = 3 f xx f yy - = 27 > 0 and f xx < 0 => local maximum 

value off(-i.-i) = i 

68. f x (x, y) = 3x 2 — 3y = 0 and f y (x, y) = 3y 2 — 3x = 0 4 y = x 2 and x 4 — x 二 0 => x (x 3 — 1) = 0 the critical 

points are (0,0) and (1,1). For (0,0): f xx (0,0) = 6x| (0 0) = 0, f yy (0,0) = 6y| ( 0 0 ) = 0, f xy (0,0) = -3 

泠 fxxfyy - fxy = _9 < 0 泠 saddle point withf(0,0)= 15. For (1,1): f xx (l, 1) = 6, f yy (l, 1) = 6, f xy (l, 1) = -3 

4 fxxfyy — f^y = 27 > 0 and f xx > 0 =>■ local minimum value of f(l, 1) = 14 

69. f x (x, y) = 3x 2 + 6x = 0 and f y (x, y) = 3y 2 — 6y = 0 => x(x + 2) 二 0 and y(y 2) = 0 =4> x = 0 or x = —2 and 
y 二 0 or y = 2 the critical points are (0,0), (0,2), (—2,0), and (—2,2). For (0,0): f xx (0,0) = 6x + 6| ( 0 0 ) 

= 6, f yy (0,0) = 6y — 6| ( 00 ) = —6, f xy (0,0) = 0 => f xx f yy — ff y = —36 < 0 4 saddle point with f(0,0) = 0. For 
(0,2): f xx (0,2) = 6, f yy (0,2) = 6, f xy (0,2) = 0 fxxfyy — f^y = 36 > 0 and f xx > 0 local minimum value of 
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f(0,2) = -4. For (-2,0): f xx (-2,0) = — 6, f yy (-2,0) = -6, f xy (-2,0)= 0 ^ f xx f yy - f x 2 y = 36 > 0 and f xx < 0 
=> local maximum value of f(—2,0) = 4. For (—2,2): f xx (— 2, 2) = —6, f yy (—2,2) = 6, f xy (—2,2) = 0 
=> f xx fyy — fxy = —36 < 0 saddle point with f(—2,2) = 0. 

70. f x (x, y) = 4x 3 — 16x = 0 4 4x (x 2 — 4) = 0 =>• x = 0, 2, —2; f y (x, y) = 6y — 6 = 0 => y = 1. Therefore the critical 
points are (0,1), (2,1), and (-2,1). For (0,1): f xx (0,1) = 12x 2 — 16| ( 01 ) = -16, f yy (0,1) = 6, f xy (0,1) 二 0 
泠 fxxfyy - f x 2 y = —96 < 0 今 saddle point with f(0,1) = -3. For (2,1): f xx (2,1) = 32, f yy (2,1) = 6 ， 
f xy (2,1) = 0 => fxxfyy — f^y = 192 > 0 and f xx > 0 => local minimum value of f(2,1) = —19. For (—2,1): 
fxx(—2,1) = 32, fyy(— 2, 1) = 6, f xy (—2,1) = 0 => fxxfyy — fxy — 192 > 0 and f xx > 0 => local minimum value of 
f(-2,l) = —19. 


71. (i) On OA ， f(x, y) = f(0, y) = y 2 + 3y for 0 < y < 4 

^ f(0,y) = 2y + 3 二 0 4 y = - | • But (0,— 昼） 
is not in the region. 

Endpoints: f(0,0) = 0 and f(0,4) = 28. 

(ii) On AB, f(x, y) = f(x, -x + 4) = x 2 - lOx + 28 
for 0 < x < 4 => f’(x, —x + 4) = 2x — 10 = 0 

x = 5, y = —1. But (5, — 1) is not in the region. 

Endpoints: f(4,0) = 4 and f(0,4) = 28. 

(iii) On OB, f(x,y) = f(x, 0) = x 2 — 3x for 0 < x < 4 =»• f’(x, 0) = 2x — 3 今 x = | and y 二 0 4 ( 暑， 0) is a 
critical point with f (|, 0) = — |. 

Endpoints: f(0,0) = 0 and f(4,0) = 4. 

(iv) For the interior of the triangular region, f x (x, y) = 2x + y — 3 = 0 and f y (x, y) = x + 2y + 3 = 0 => x = 3 
and y = — 3. But (3, —3) is not in the region. Therefore the absolute maximum is 28 at (0,4) and the 
absolute minimum is — ^ at (|, 0). 



72. (i) On OA ， f(x, y) = f(0, y) = -y 2 + 4y + 1 for 

0 < y < 2 =>• f’(0, y) = — 2y + 4 = 0 => y = 2 and 
x = 0. But (0,2) is not in the interior of OA. 

Endpoints: f(0,0)=1 and f(0,2) = 5. 

(ii) On AB, f(x, y) = f(x, 2) = x 2 - 2x + 5 for 0 < x < 4 

f’(x, 2) = 2x — 2 = 0 => x=l and y = 2 
(1,2) is an interior critical point of AB with 
f(l,2) = 4. Endpoints: f(4,2) = 13 and f(0,2) = 5. 

(iii) On BC,f(x,y) = f(4, y) = -y 2 + 4y + 9 for 0 < y < 2 今 f’(4, y) 
(4,2) is not in the interior of BC. Endpoints: f(4,0) = 9 and f(4,2) 



-2y + 4 = 0 4 y = 2 and x 二 4. But 


13. 


(iv) On OC, f(x, y) = f(x, 0) = x 2 - 2x + 1 for 0 < x < 4 f’(x, 0) = 2x - 2 = 0 令 x= 1 and y = 0 (1,0) 

is an interior critical point of OC with f(l ， 0) = 0. Endpoints: f(0,0) = 1 and f(4,0) = 9. 

(v) For the interior of the rectangular region, f x (x, y) = 2x — 2 = 0 and f y (x, y) = — 2y + 4 = 0 => x=l and 
y = 2. But (1,2) is not in the interior of the region. Therefore the absolute maximum is 13 at (4,2) 


and the absolute minimum is 0 at (1,0). 
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73. (i) On AB, f(x, y) = f(-2, y) = y 2 - y - 4 for 

—2 < y < 2 => f’(—2, y) = 2y — 1 => y = ^ and 
x = —2 => (—2, is an interior critical point in AB 
with f (— 2, 1) = _ 导 . Endpoints: f(—2, —2) = 2 and 
f(2,2) = -2. 

(ii) On BC, f(x, y) = f(x ， 2) = -2 for -2 < x < 2 

f’(x ，2 ) = 0 => no critical points in the interior of 
BC. Endpoints: f(-2,2) = -2 and f(2,2) = -2. 

(iii) On CD ， f(x ， y ) 二 f(2, y) = y 2 - 5y + 4 for 
—2 < y < 2 => f’(2, y) = 2y — 5 = 0 => y = | and x = 2. But (2, •) is not in the region. 

Endpoints: f(2, -2) = 18 and f(2,2) = -2. 

(iv) On AD, f(x, y) = f(x, —2) = 4x + 10 for —2 < x < 2 => f’(x, —2) = 4 ^ no critical points in the interior 
of AD. Endpoints: f(—2, —2) = 2 and f(2, —2) = 18. 

(v) For the interior of the square, f x (x, y) = —y + 2 = 0 and f y (x, y) = 2y — x — 3 = 0 => y = 2 and x = 1 

=> (1,2) is an interior critical point of the square with f(l, 2) = —2. Therefore the absolute maximum 
is 18 at (2, —2) and the absolute minimum is — 孕 at (—2, |). 

74. (i) On OA ， f(x, y) = f(0, y) = 2y - y 2 for 0 < y < 2 

=>• f’(0, y) = 2 — 2y = 0 => y = 1 and x = 0 
(0,1) is an interior critical point of OA with 
f(0,1)=1. Endpoints: f(0,0) = 0 and f(0,2) = 0. 

(ii) On AB, f(x ， y) = f(x ， 2) = 2x — x 2 for 0 < x < 2 

f’(x ，2 ) = 2 — 2x = 0 => x=l and y = 2 
=> (1,2) is an interior critical point of AB with 
f(l, 2) = 1. Endpoints: f(0,2) = 0 and f(2,2) = 0. 

(iii) On BC, f(x, y) = f(2, y) = 2y - y 2 for 0 < y < 2 

=>• f’(2, y) = 2 — 2y = 0 =>• y = 1 and x = 2 
=> (2,1) is an interior critical point of BC with f(2,1)=1. Endpoints: f(2,0) = 0 and f(2,2) 二 0. 

(iv) On OC, f(x,y) = f(x,0) = 2x - x 2 for 0 < x < 2 ^ f’(x ， 0) = 2 - 2x = 0 令 x= 1 and y = 0 4 (1,0) 
is an interior critical point of OC with f(l, 0) = 1. Endpoints: f(0,0) = 0 and f(0,2) = 0. 

(v) For the interior of the rectangular region, f x (x, y) = 2 — 2x 二 0 and f y (x, y) = 2 — 2y = 0 => x=l and 
y=l => (1,1) is an interior critical point of the square with f(l, 1) = 2. Therefore the absolute maximum 
is 2 at (1,1) and the absolute minimum is 0 at the four corners (0,0) ，（0 ,2) ，（2 ,2), and (2,0). 

75. (i) On AB, f(x, y) = f(x, x + 2) = -2x + 4 for 

—2 < x < 2 => f’(x, x + 2) = —2 = 0 => no critical 
points in the interior of AB. Endpoints: f(_2,0) = 8 
and f(2,4) = 0. 

(ii) On BC ， f(x, y ) 二 f(2, y) = -y 2 + 4y for 0 < y < 4 

f’(2, y) = —2y + 4 = 0 => y = 2 and x = 2 
=> (2,2) is an interior critical point of BC with 
f(2,2) = 4. Endpoints: f(2,0) = 0 and f(2,4) = 0. 

(iii) On AC, f(x, y) = f(x ， 0) = x 2 - 2x for -2 < x < 2 

f’(x, 0) = 2x — 2 x = 1 and y = 0 => (1,0) is an interior critical point of AC with f(l ， 0) = —1. 
Endpoints: f(—2,0) = 8 and f(2,0) 二 0. 

(iv) For the interior of the triangular region, f x (x, y) = 2x — 2 = 0 and f y (x, y) = —2y + 4 = 0 => x=l and 

y = 2 => (1,2) is an interior critical point of the region with f(l ， 2) = 3. Therefore the absolute maximum 
is 8 at (—2,0) and the absolute minimum is —1 at (1,0). 
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76. (i) 


(ii) 


(iii) 


On AB ， f(x, y) = f(x, x) = 4x 2 — 2x 4 + 16 for 
^2 < x < 2 f’(x, x) = 8x — 8x 3 = 0 泠 x = 0 

and y = 0, or x 二 1 and y = 1, or x = —1 and y = — 1 
=>• (0,0) ，（ 1 ， 1), (—1 ，一 1) are all interior points of AB 
with f(0,0) = 16,f(l,l) = 18, andf(-l,-l)= 18. 
Endpoints: f(—2, —2) = 0 and f(2,2) = 0. 

On BC,f(x,y) = f(2, y) = 8y — y 4 for -2 < y < 2 
泠 f (2, y) = 8 — 4/ = 0 泠 y = \/2 and x = 2 


y 



^ (2, 3 v^) 

f(2, 3 0) = 


is an interior critical point of BC with 
6 Vi Endpoints: f(2, -2) = 一 32 and f(2,2) = 0. 


X 


On AC, f(x, y) = f(x ，一 2) = — 8x — x 4 for —2 < x < 2 => f’(x ， —2) = —8 — 4x 3 = 0 => x = and y = —2 



is an 


interior critical point of AC with f ( 3 \/— 2, -2) = 6 \/2. Endpoints: 


f(-2, -2) = 0 and f(2, 一 2) = -32. 

(iv) For the interior of the triangular region, f x (x, y) = 4y — 4x 3 = 0 and f y (x, y) = 4x — 4y 3 二 0 => x = 0 and 

y = 0, or x = 1 and y=lorx = —1 and y = — 1 • But neither of the points (0,0) and (1 ， 1), or (—1, —1) are interior 
to the region. Therefore the absolute maximum is 18 at (1,1) and (-1,-1)，and the absolute minimum is —32 at 
( 2 , - 2 ). 


77. (i) On AB, f(x, y) = f(-l,y) = y 3 - 3y 2 + 2 for 

—1 < y < 1 l,y) = 3y 2 _6y = 0 y = 0 

and x = —l,ory = 2 and x = — 1 =>• (—1,0) is an 
interior critical point of AB with f(—1,0) = 2; (—1,2) 
is outside the boundary. Endpoints: f(—1, — 1) = —2 
andf(-l,l) 二 0. 

(ii) On BC, f(x, y) = f(x ， 1) = x 3 + 3x 2 - 2 for 

—1 < x < 1 => f’(x ， 1) = 3x 2 + 6x = 0 4 x = 0 
and y = 1, or x = —2 and y = 1 (0,1) is an 

interior critical point of BC with f(0,1) = —2; (—2,1) is outside the boundary. Endpoints: f(—1,1) = 0 and 
f(l,l) = 2. 

(iii) On CD, f(x, y) = f(l, y) = y 3 — 3y 2 + 4for—l<y<l => f’(l, y) = 3y 2 — 6y = 0 => y = 0 and x = 1, or 
y = 2 and x = 1 =>■ (1 ， 0) is an interior critical point of CD with f(l, 0) = 4; (1,2) is outside the boundary. 
Endpoints: f(l, 1) = 2 and f(l, —1) = 0. 

(iv) On AD, f(x, y) = f(x, — 1) = x 3 + 3x 2 —4for— 1<x<1 => f’(x ， _1) = 3x 2 + 6x = 0 => x = 0 and y = — 1, 
or x = —2 and y = —1 =>• (0, —1) is an interior point of AD with f(0, — 1) = —4; (—2, — 1) is outside the 
boundary. Endpoints: f(—1, — 1) = —2 and f(l ，一 1) = 0. 

(v) For the interior of the square, f x (x, y) = 3x 2 + 6x 二 0 and f y (x, y) = 3y 2 — 6y = 0 => x = 0orx = —2, and 

y 二 0 or y = 2 (0,0) is an interior critical point of the square region with f(0,0) = 0; the points (0,2), 

(—2,0), and (—2,2) are outside the region. Therefore the absolute maximum is 4 at (1,0) and the 
absolute minimum is —4 at (0, — 1). 
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78. (i) OnAB,f(x ， y) = f(—l,y) = y 3 -3yfor—1 <y < 1 

=> f ’ (一 1, y) = 3y 2 _3 = 0=>y = 士 1 and x = — 1 
yielding the corner points (—1 ，一 1) and (—1,1) with 
f (一 1 ， -1) = 2 and f(-l, 1) = -2. 

(ii) On BC, f(x, y) = f(x, 1) = x 3 + 3x + 2 for 
—1 < x < 1 => f’(x, 1) = 3x 2 + 3 = 0 no 
solution. Endpoints: f(—1,1) = —2 and f(l, 1) = 6. 

(iii) On CD, f(x, y) = f(l, y) = y 3 + 3y + 2 for 
—1 < y < 1 => f’(l ， y) = 3y 2 + 3 = 0 no 
solution. Endpoints: f(l, 1) = 6 and f(l, —1) = —2. 

(iv) On AD, f(x, y) = f(x, — 1) = x 3 — 3x for — 1 < x < 1 => f’(x, — 1) = 3x 2 — 3 = 0 x = 士 1 and y = — 1 

yielding the corner points (—1 ，一 1) and (1 ， _1) with f(—1, — 1) = 2 and f(l, — 1) = —2 

(v) For the interior of the square, f x (x, y) = 3x 2 + 3y 二 0 and f y (x, y) = 3y 2 + 3x = 0 =>• y = — x 2 and 

x 4 + x = 0 泠 x = 0 or x = _ 1 => y = 0 or y = — 1 => (0,0) is an interior critical point of the square 
region with f(0,0) = 1; (—1, —1) is on the boundary. Therefore the absolute maximum is 6 at (1,1) and 
the absolute minimum is —2 at (1, —1) and (—1,1). 

79. ▽ f = 3x 2 i + 2yj and ▽ g = 2xi + 2yj so that ▽ f = A ▽ g 4 3x 2 i + 2yj = A(2xi + 2yj) => 3x 2 = 2xA and 
2y = 2yA => A = 1 or y = 0. 

CASE 1: A = 1 => 3x 2 = 2x => x = 0orx=-;x = 0 4 y = 士 1 yielding the points (0,1) and (0, — 1); x = | 

=> y = 士 幸 yielding the points (| ，幸 ) and (! , _ 幸 ) . 

CASE 2: y = 0 => x 2 — 1 = 0 =>• x = 士 1 yielding the points (1,0) and (—1,0). 

Evaluations give f (0, 士 1) = l ， f(|, 士 #) = || ， f(l ， 0)= 1, and f(—1,0) 二 一 1. Therefore the absolute 
maximum is 1 at (0, 士 1) and (1,0), and the absolute minimum is —1 at (—1 ， 0). 



80. ▽ f = yi + xj and ▽ g = 2xi + 2yj so that v f ^ V g ^ yi + xj = A(2xi + 2yj) ^ y = 2Ax and 
xy = 2Ay => x = 2A(2Ax) = 4A 2 x => x = 0 or 4A 2 = 1. 


CASE 1: x = 0 4>y = 0 but (0,0) does not lie on the circle, so no solution. 

CASE 2: 4A 2 = 1 => \ =^ or X = — For A = |,y = x => l=x 2 +y 2 = 2x 2 =>• x = y = 士表 yielding the 
points ( 夫， *) and (―夫 ， _ 夫 ) • For A = - ! ， y = -x > 1 = x 2 + y 2 = 2x 2 4 x = 士古 and 
y = —x yielding the points (— ^ ， *) and (*’-*). 


Evaluations give the absolute maximum value f 




=! and the absolute minimum 


valuef (-忐，忐） =f (忐，-忐 ）= -l 


81. (i) f(x, y) = x 2 + 3y 2 + 2y on x 2 + y 2 = 1 4 ▽ f = 2xi + (6y + 2)j and ▽ g = 2xi + 2yj so that ▽ f = A ▽ g 

=> 2xi + (6y + 2)j = A(2xi + 2yj) => 2x = 2xA and 6y + 2 = 2yA => A = 1 or x = 0. 

CASE 1: A=1 => 6y + 2 = 2y => y = — - and x = ± ^ - yielding the points (士 誓 ， —|). 

CASE 2: x = 0=>y 2 = l =>y=d=l yielding the points (0, 土 1). 

Evaluations give f (士 ^ ，一臺 ) =^ ， f(0 ， l) = 5, and f(0, 一 1) = 1. Therefore \ and 5 are the extreme 
values on the boundary of the disk. 

(ii) For the interior of the disk, f x (x, y) = 2x = 0 and f y (x, y) = 6y + 2 = 0 => x = 0 and y = — ^ 

=> (0, — I) is an interior critical point with f (0, — Therefore the absolute maximum of f on the 

disk is 5 at (0,1) and the absolute minimum of f on the disk is — | at (0, — |). 



Chapter 14 Practice Exercises 933 


82. (i) f(x, y) = x 2 + y 2 — 3x — xy on x 2 + y 2 = 9 => ▽ f = (2x — 3 — y)i + (2y — x)j and ▽ g = 2xi + 2yj so that 
▽ f = A ▽ g => (2x — 3 — y)i + (2y — x)j = A(2xi + 2yj) 4 2x — 3 — y = 2xA and 2y — x = 2yA 

4 2x(1 — A) — y = 3 and —x + 2y(l — A) 二 0 4 1 — 入=悬 and (2x) ( 会 ) —y = 3 4 x 2 — y 2 = 3y 
x 2 = y 2 + 3y. Thus, 9 = x 2 + y 2 = y 2 + 3y + y 2 4 2y 2 + 3y - 9 = 0 (2y — 3)(y + 3) = 0 

=> y = —3, I. For y = —3, x 2 + y 2 = 9 x = 0 yielding the point (0, —3). For y = |, x 2 + y 2 = 9 

4x 2 + |=9=>x 2 = ^ => x = ± ^ - . Evaluations give f(0, —3) = 9, f (― ^^ ，昼 ) = 9 + 

« 20.691，and f ，昼 )= 9 - ^ « 一 2.691. 

(ii) For the interior of the disk, f x (x, y) = 2x — 3_y = 0 and f y (x, y) = 2y_x = 0 => x = 2 and y = 1 

=> (2,1) is an interior critical point of the disk with f(2,1) = —3. Therefore, the absolute maximum of f on 

the disk is 9 + at (— > l) and the absolute minimum of f on the disk is —3 at (2,1). 


83. vf=i—j + k and ▽ g = 2xi + 2yj + 2zk so that vf=Avg i— j + k = A(2xi + 2yj + 2zk) => 1 = 2xA, 
—1 = 2yA, 1 = 2zA => x = —y = z = j . Thus x 2 + y 2 + z 2 = 1 => 3x 2 = 1 => x = 士 泰 yielding the points 


(75 5 

f (* 


TI'Tl) 


and 


(- 含，表， - 表 ). Evaluations give the absolute maximum value of 
= \[l) and the absolute minimum value off (- 含 ， *,- 含 ) = 



84. Let f(x, y, z) = x 2 + y 2 + z 2 be the square of the distance to the origin and g(x, y, z) = z 2 — xy — 4. Then 

▽ f = 2xi + 2yj + 2zk and ▽ g = —yi — xj + 2zk so that v f — ^ V § ^ 2x = —Ay, 2y = —Ax, and 2z = 2Az 
=> z = 0 or A = 1. 

CASE 1 : z = 0 xy = —4 =4> x = — ^ and y = — ■ => 2( - _) = —Ay and 2 ( - •) = —Ax => 要 =y 2 and | = x 2 

=> y 2 = x 2 =>■ y = ± x. But y = x x 2 = —4 leads to no solution, so y = —x => x 2 = 4 => x = 士 2 
yielding the points (— 2 , 2 , 0 ) and ( 2 , — 2 , 0 ). 

CASE 2: A = 1 2x = —y and 2y = —x=>2y = — (—!)=>4y = y=>y = 0=>x = 0=> z 2 — 4 = 0 z = 士 2 
yielding the points ( 0 , 0 , — 2 ) and ( 0 , 0 , 2 ). 

Evaluations give f(—2,2,0) = f(2, —2,0) = 8 and f(0, 0, —2) = f(0,0,2) = 4. Thus the points (0,0, —2) and 
( 0 , 0 , 2 ) on the surface are closest to the origin. 


85. The cost is f(x, y, z) 二 2axy + 2bxz + 2cyz subject to the constraint xyz = V. Then ▽ f = A ▽ g 

=> 2ay + 2bz = Ayz, 2ax + 2cz = Axz, and 2bx + 2cy = Axy => 2axy + 2bxz = Axyz, 2axy + 2cyz = Axyz, and 

2bxz + 2cyz = Axyz => 2axy + 2bxz = 2axy + 2cyz =>• y = (^) x. Also 2axy + 2bxz = 2bxz + 2cyz =>• z = (^) x. 

Thenx(^x) (®x)=V ^ f ^ width = x = ^ Depth = y = (^)( 穿 ) ": 、 ( 穿 )"' and 

He lgh t = z = (^)(^) 1 / 3 =(g ) 1/3 

86 . The volume of the pyramid in the first octant formed by the plane is V(a, b, c) = | (| ab) c = ^ abc. The point 
( 2 , 1 , 2 ) on the plane =» 1 + 1 + 1 = 1. We want to minimize V subject to the constraint 2bc + ac + 2ab = abc. 

Thus, v ^ ^ i + ^ j + ^ k and ▽ g = (c + 2b — bc)i + (2c + 2a — ac)j + (2b + a — ab)k so that ▽ V = A ▽ g 

^ = A(c + 2b — be), ^ = A(2c + 2a — ac), and 皆 =A(2b + a — ab) ^ = A(ac + 2ab — abc), 

^ = A(2bc + 2ab — abc), and , = A(2bc + ac — abc) => Aac = 2Abc and 2Aab = 2Abc. Now A 7 ^ 0 since 
a 7 ^ 0, b 7 ^ 0, and c 7 ^ 0 => ac = 2bc and ab = be =>• a = 2b = c. Substituting into the constraint equation gives 
! + ! + 善 =1 => a = 6 => b = 3 and c = 6 . Therefore the desired plane is | + 3 + | — lorx + 2y + z = 6 . 

87. ▽ f = (y + z)i + xj + xk, ▽ g = 2xi + 2yj ， and ▽ h = zi + xk so that ▽f=Avg + "vh 

(y + z)i + xj + xk = A(2xi + 2yj) + "(zi + xk) 4 y + z = 2Ax + "z，x = 2Ay, x = "x 4 x = 0 
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or /i = 1. 


CASE 1: x 二 0 which is impossible since xz = l. 

CASE 2: " = 1 y + z = 2Ax + z => y = 2Ax and x = 2Ay => y = (2A)(2Ay) =>• y = 0 or 

4A 2 = 1. If y = 0, then x 2 = 1 4 x = 士 1 so with xz = 1 we obtain the points (1,0,1) 

and (—1,0, —1). If 4A 2 = 1, then A = 士 !. For A = — | ， y = —x so x 2 + y 2 = 1 => x 2 = | 

=> x = 士 with xz = 1 z = 士 and we obtain the points ( 夫 and 


x : 


dz -U with xz 


75 


= *’ f (-.$，*，- W ) 


(- 如如 -^) . For A = • ， y = x 今 x 2 
and we obtain the points , \/^) an d (- 表 ,- 夫， -V^). 

Evaluations give f(l ， 0, 1) = 1 ， f(— 1 ， 0, 一 1) = 1， f (泰 

f ( ★ ，彔 ，^) = l»andf(-^ ! -^,- v /2)= 

(^7i 5 ^2 5 and ^, an d the absolute minimum is | at (— 

(忐，-忐， W ). 


=> z 


士 \/^， 


^ . Therefore the absolute maximum is 羞 at 


73 ? 75 ' 




and 


88. Let f(x ， y, z) = x 2 + y 2 + z 2 be the square of the distance to the origin. Then ▽ f 二 2xi + 2yj + 2zk, 

▽ g = i + j + k, and v h = 4xi + 4yj — 2zk so that => 2x = A + 4x/x, 2y = A 十 4y "， 

and 2z = X — 2z(i 4 A = 2x(1 — 2/j) = 2y(l — 2") 二 2z(l + 2") => x = yor" = 善 . 

CASE 1: x = y => z 2 = 4x 2 => z = 士 2x so that x + y + z= l => x + x + 2x=lorx + x_2x=l 
(impossible) => x = ^ => y = ^ and z = | yielding the point ^ . 

CASE 2: = \ =>A = 0=>0 = 2z(l + 1) => z = 0 so that 2x 2 + 2y 2 = 0 x = y = 0. But the origin 

(0, 0, 0) fails to satisfy the first constraint x + y + z = 1. 

Therefore, the point Q , $ ， -) on the curve of intersection is closest to the origin. 


89. (a) y, z are independent with w = x 2 e yz and z = x 2 _y 2 => 鸯=瓷鸯 + 鸯鸯 + 瓷鸯 

= (2x6^) + (zx 2 e yz ) (1) + (yx 2 e yz ) (0); z = x 2 — y 2 => 0 = 2x 劈 — 2y => 劈 therefore, 

( 劈 ) =(2xe yz ) (!) + zx 2 e yz = (2y + zx 2 ) e 5 " 2 

(b) z, x are independent with w = x 2 e yz and z = x 2 - y 2 =^> 瓷 = 瓷瓷 + 穿室 + 替堯 

= (2x6^) (0) + (zx 2 e yz ) 室 + (yx 2 e yz ) (1); z = x 2 — y 2 =>• 1=0 — 2y_ % = ~ T therefore, 

(||) x = (zx 2 e yz )( - 忐 ） + yxV z = xV (y - 最） 

(c) z, y are independent with w = x 2 e yz and z = x 2 — y 2 => = 替瓷 + 茫室 + 甓瓷 

= (2X6^) If + (zx 2 e yz )(0) + (yx 2 e yz ) (1); z = x 2 — y 2 今 l=2x_—0 今 _ = -; therefore, 
( 甓 ) y = ( 2xeyz ) (▲) + yx 2 # = (1 +x 2 y)e yz 


90. (a) T, P are independent with U = f(P, V, T) and PV = nRT => 
=( 篇 )(o) + ( 藉 )( 劈 )+ ( 藉 )(1); PV = nRT 今 p 鼗 = 

_ /au\ (nR\ I au 
\dTJp ~ \dw) \ P ) ^ dT 


dT — 

: nR 


dP dT 




dW 

dT 


dv dy_ , mi dr 

d\ dT ^ dT dT 

学； therefore, 


(b) V, T are independent with U = f(P, V, T) and PV = nRT 今鷄=輩募 +鷄劈 +藉籍 

= ( 鼗 )( 蔫 ) + ( 鼗)⑴ + (W) (0); PV = nRT > V 蔫 + P = ( nR ) ( 蒜 ) = 0 # 黑 =- g ; therefore, 

(d]l) = f 匹彳 (-P) 

V dW / t V 5P / V V / ' dV 


91. Note that x = r cos 0 and y = r sin ^ => r = ^/x 2 + y 2 and 0 

5w — 5w dr 丄 5w d0^ — ( dvj \ ( x 、丄 ( dw \ ( —y 、— 
亇 WX — \~dF) \ y / x 2 +y 2 ^ /卞 \~de) \^ x 2 + y 2 ) _ 


=tan -1 (I) . Thus, 
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dv/ _ 

_ dw dr 1 
_ 瓦兩卞 

dw 

80 _ fdw\ 

(y 

\ , /5w\ / x 

(sin 0) 

dw 1 ( cos 6 \ 

dw 


W " 

d6 dy ~ \ dr / 

V V x2 + y 2 

)^ \ d9) \x 2 +y 2 J - 

瓦 十 \~r) 

M 

92. 

Z x — 

:f u|+fv 

dw . 
' 

=af u + af v , and z y = 

: f u , + f v _=bf u — 

bf v 



93. 

du _ 
苏 一 

=b and 藭 

=a 


dw <9u — 
du dx — 

a 竽 and 竽 =_ 空 

du oy du oy 


、• 1 dw 
a dx — 

: dw ^ 1 _ dw 

du b dy du 



1 dw _ 1 
a dx — b 

dv/ 

4 b 莹 : 

_ a <9w 

- a w 






94 .瓷 


2x 


2(r + s) 


x 2 + y 2 + 2z — (r + s) 2 + (r — s) 2 + 4rs 


2(r + s) 


2 (r 2 + 2rs + s 2 ) 


and 


<9w — _2 

— x 2 + y 2 + 2z 


1 

(r + s) 2 






d\ 
~dx dr 


&w dy 
~dy aF 


_ dw _ 
s ， dy 一 

dz 
~di di 


2y 


2(r — s) 


x 2 + y 2 + 2z _ 2(r + s) 2 _ (r + s) 2 




dw dx 
dx ds 


dw dy 
dy ds 


dw dz 
dz ds 


r + s (r + s) 2 


(r + s) 2 


(2r) 


(T+S? 
2 

r + s 


+ 


1 

(r + s) 2 


(2s) 


_ 2r + 2s 


95. e u cos v — x = 0 => (e u cos v ) 勢 一 (e u sin v) 監 =1; e u sin v — y = 0 => (e u sin v ) 费 + (e u cos v) 瓷 = 0. 
Solving this system yields 费 =e _u cos v and 尝二 —e _u sin v. Similarly, e u cos v — x = 0 
=> (e u cos v) 舞 — （ e u sin v) 鸯 = 0 and e u sin v — y = 0 => (e u sin v ) 劈 + (e u cos v) 舞 =1 • Solving this 

second system yields 劈 =e _u sin v and 鸯 =e _u cos v. Therefore (费 i + 劈 j) • ( 瓷 1+ 鸯 』) 

=[(e _u cos v) i + (e _u sin v) j] • [(—e _u sin v) i + (e _u cos v) j] 二 0 the vectors are orthogonal => the angle 
between the vectors is the constant |. 


96 - m = MW + % m = (- f sin ^ 1 ) ii + ( r cos e ) % 

今 w = (- rsin61 ) (0 if + 晶靠 ) —( r cos 0 ) M + ( r cos 0 ) (晶 if + 0 當 )—( r sin 0 ) _ 

=(—r sin 0) (|| + 塞 )—(r cos 0) + (r cos 0 ) (塞 + 塞 )—(r sin 0) 

=(—r sin 0 + r cos 6)(—r sin 0 + r cos 6) — (r cos 0 + r sin 0) = (—2)(—2) — (0 + 2) = 4 — 2 二 2 at 
M)= (2,f). 


97. (y + z) 2 + (z — x) 2 = 16 => ▽ f = — 2(z — x)i + 2(y + z)j + 2(y + 2z — x)k; if the normal line is parallel to the 
yz-plane, then x is constant => 瓷 = 0 今 —2(z — x) = 0 => z = x (y + z) 2 + (z — z) 2 = 16 => y + z = 士 4. 
Let x = t => z = t y = —t 士 4. Therefore the points are (t, _t 士 4, t), t a real number. 


98. Let f(x, y, z) = xy + yz + zx — x — z 2 = 0. If the tangent plane is to be parallel to the xy-plane, then ▽ f is 

perpendicular to the xy-plane 4 ▽ f. i = 0 and v f * j — 0. Now ▽ f = (y + z _ l)i + (x + z)j + (y + x — 2z)k 
so that vf.isy + z—1=0 y + z= l => y=l — z, and ▽f-j = x + z = 0 => x = —z. Then 
—z(l — z) + (1 — z)z + z(—z) — (—z) — z 2 = 0 => z — 2z 2 = 0 => z = | or z = 0. Now z = 垂 =>■ x = —去 and y = ^ 
=> (― I, I, I) is one desired point; z = 0 => x = 0 and y = 1 => (0, 1 ， 0) is a second desired point. 


99. ▽ f = A(xi + yj + zk)=> 瓷 =Ax 4 f(x, y, z) = | Ax 2 + g(y, z) for some function g => Ay = 鸯 = 窘 

4 g(y, t) = \ Ay 2 + h(z) for some function h => Az = 差 = 塞 =h’(z) => h(z) = | Az 2 + C for some arbitrary 
constant C => g(y, z) = ^ Ay 2 + Q Az 2 +C) => f(x, y, z) = ^ Ax 2 + \ Ay 2 + \ Az 2 + C f(0,0, a) = - Aa 2 + C 
and f(0,0, -a) = \ A(-a) 2 + C 令 f(0,0, a) = f(0,0, —a) for any constant a, as claimed. 


100 _ 


fio + su 1; o + su. 2 , o + su, 3 )—f(o, 0 , 0 ) § > 0 
s 4 0 s … 


s^0 


^s^ + s^ + s^-O 


,s > 0 
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s^O 


+U2+ U 3 


however, ▽ f : 


y/ X 2 + y2 + Z 2 y/ X 2 _)_ y2 _|_ Z 2 J + y2 + 乙 2 


si% H 

j 


1； 


k fails to exist at the origin (0,0,0) 


101. Let f(x, y，z) = xy + z _ 2 => ▽ f = yi + xj + k. At (1,1,1), we have ▽f=i + j + k 4 the normal line is 
x=l+t, y=l+t, z=l+t,soatt = —1 => x = 0, y = 0，z = 0 and the normal line passes through the 
origin. 

102. (b) f(x, y, z) = x 2 - y 2 + z 2 = 4 

▽ f = 2xi — 2yj + 2zk at (2, —3,3) 
the gradient is ▽ f = 4i + 6j + 6k which is 
normal to the surface 
(c) Tangent plane: 4x + 6y + 6z = 8 or 
2x + 3y + 3z = 4 

Normal line: x = 2 + 4t, y = —3 + 6t, z = 3 + 6t 



CHAPTER 14 ADDITIONAL AND ADVANCED EXERCISES 


By definition, f xy (0,0) = 


f x (0,h)-f x (0,0) 

h 


so we need to calculate the first partial derivatives in the 


numerator. For (x, y) ^ (0,0) we calculate f x (x, y) by applying the differentiation rules to the formula for 


f(x, y): f x (x, y) = 


㈣ ( Mg ); 芯鲁) =每+綠 


f x (0, h) = — ^ —h. 


For (x ， y) = (0,0) we apply the definition: f x (0,0) = lim f(h, Q) ~ f(0 , 0 ) = lim = 0. Then by definition 
" " h — 0 n h —> 0 ft J 


f xy (0,0) = h li m 0 ~ h h~ Q — — 1 - Similarly, fyx(0,0) = ^lim^ fy(h, Q) ~ fy(Q, Q) , so for (x, y) ^ (0,0) we have 
f y (x,y)= ^ f y (h, 0)= I = h;for (x,y) = (0,0) we obtain f y (0,0) = 即 ’ h ) h _) 

=^lim^ = 0. Then by definition 心 (0, 0) = ^lim^ ^-=-^ = 1. Note that f xy (0,0) ^ f yx (0,0) in this case. 


2. 裝 =1 + e x cos y w = x + e x cos y + g(y); = —e x sin y + g,(y) = 2y — e x sin y =>• g^y) = 2y 

=> g(y) = y 2 + C; w = In 2 when x = In 2 and y = 0 4 In 2 = In 2 + e ln2 cos 0 + 0 2 + C => 0 = 2 + C 
=> C = —2. Thus, w = x + e x cos y + g(y) = x + e x cos y + y 2 — 2. 


3. Substitution of u + u(x) and v = v(x) in g(u, v) gives g(u(x), v(x)) which is a function of the independent 
viable x. Then, g(u,v) = / ； f(t) = +/ ； f(t) dt ) 惡 + ( 基 / ； f(t) dt) g 

= (一 ll £肋 dt ) 费 + ( 基 / >> dt ) S = —f(u(x )) 费 + f(v(x)) g = f(v(x)) I - f(u(x)) 


4. Applying the chain rules, f x 


df dr 、• f 
dr dx ^ 


L dr 2 


fzz 


k dr 2 


)( 


)(ir 


+ 釜 0 . Similarly ， fyy : 


,dr 2 


)(|) 2 + S0and 


5rV 

dz) 


0 . Moreover , 盖 




4 


X 2 +z 2 


dh _ 

研 _ (Vx 2 + y 2 + z 2 ) ： 
^dr 2 ^ ^x 2 +y 2 +z 2 J 


;and| 


(fr) 


y/x 2 +y 2 +7? 
y 2 +z 2 

(x/P + F+C 


a/ x 2 + y 2 + z 2 

^ I? : 




d 2 r 


y 2 +z 2 


(•y/x 2 + y 2 +z 2 ) 


di 

dy 


x 2 +y 2 


d^f 
,dr 2 


(y x 2 +y 2 +z 2y 

)(x 2 +i+z 2 ) H 


• NeXt ， f XX + fyy + f ZZ 

Vdr； J 


-\/x 2 + y 2 + z 2 

0 
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剛 


x 2 + y 2 + z 2 


(I) 


x 2 +y 2 


(Vx 2 + y 2 + z 2 ) J 


0 泠 


0 


、 x/x 2 + y 2 + z 2 y 


df 

d? 


0 泠 


d 2 f I 2 df 

7 dF 


= 0 


=> A (f)=( - 營） f，，Where f 7 = g ^ 誓 = - 亨 => In f，= -2 In r + In C 今 f’ = Cr- 2 , or 
^ = Cr -2 => f(r)= — 警 + b= p H- b for some constants a and b (setting a = —C) 


(a) Let u = tx, v = ty, and w = f(u, v) = f(u(t, x), v(t, y)) = f(tx, ty) 
independent variables. Then nt n_1 f(x, y )= 穿 


t n f(x, y), where t, x, and y are 
x^+y^. Now, 


<9w 5u 谷 w d\ 

f = f l + f l = (f)W+(l7)(0) = tf ^ f = (I) (f ) - Likewise, 




谷 w dn 
dy 


dw d\ 
57 dy 


(kv 


aw )(0)+(|f)(t) ^ 

nt-f(x,y) = xf+yf = (f)(f) + (|) 


<9w 


= ⑴ ( 驽 ) .Therefore, 

When t = l,u = x, v = y, and w = f(x, y) 

普 = 瓷 and 繁 = 羞 nf(x, y) = x 瓷 + y 募 , as claimed. 

(b) From part (a), nt n_1 f(x, y) = x 普 + y 替 . Differentiating with respect to t again we obtain 

n(n-l)t»-f(x,y) = x^ f + x f + y f + y ^ f = ^ + 2xy |^ + ^ . 

Also from part (a), ❹ ^ | ( 窘 )= 蠢 ( t 瓷 ) = t 祭 | + 1 為 | = f 00 = 昜 （ 驽） 


|(t^) 


a 2 w 

dy 


t d\ 
d\ 2 dy 


t 2 繇 ， and 


d 2 w 

dyK 


d (dw\ 
\d^) 


ay V du J 


a 2 w du 
du 2 




f 占 2 w dw 
' L dy 


=i2 ^ (?) I? = I?' (?) I# = > and (?) ^ = 

=> n(n-l)t-f(x,y)=(f) ⑽ ）+ ( 宇 ) (0) 

+ y. \afj 


《) {w) for 1 ^ When 1 


1 , w = f(x, y) and 


we have n(n - l)f(x, y) = x 2 ( 篇 ）+ 2xy + v 2 f S) as claimed. 


(a) lim = lim 〒 =1 ， where t = 6r 

r — 0 6r t — 0 1 

(b) f r (0,0) = lim f ( 0 + h ’ = - f ( 0 , 0 ) ^ lim (,)] = lim sin6 ^ 2 ~ 6h = lim 6co % 6 . h ~ 6 

w rV 5 7 h — o h h — 0 h h — o 6h h — o 12h 

=^lim^ - 36 芑 n 6h =0 (applying rHopital's rule twice) 

(c) f,(r,6>)= lim ㈣ + h )-_ = li m ( 穿 ) ： ( 穿 ) =lim g = 0 

w 0V 5 7 h — 0 h h — o h h^O h 


(a) r = xi + yj + zk => r = |r| = >/x 2 + y 2 + z 2 and ▽ r = ^ X 2 + X y 2 +Z 2 1 + y x 2 + y y 2 +z 2 j + y x 2 + Z y 2 +z 2 

—r 

_ r 

(b) r n = (^/x 2 + y 2 + z 2 ) n 

4 ▽ (r 11 ) = nx (x 2 + y 2 + z 2 )( n/2)_1 i + ny (x 2 + y 2 + z 2 )( n/2)_1 j + nz (x 2 + y 2 + z 2 ) (n/2)_1 k 
=nr n_2 r 

(c) Let n = 2 in part (b). Then | v (r 2 ) = r => ▽ (| r 2 ) = r 香 =| (x 2 + y 2 + z 2 ) is the function. 

(d) dr = dxi + dyj + dzk => r • dr = x dx + y dy + z dz，and dr — r x dx + r y dy + r z dz = 營 dx + ^ dy + - dz 

=> r dr = x dx + y dy + z dz = r • dr 

(e) A = ai + bj + ck => A • r = ax + by + cz ▽ (A • r) = ai + bj + ck = A 

f ( g ( 0, h ⑼ =c ^ 0=^ = | g + |^ = (|i+|j)-(|i+^j), where |i+^jisthe tangent vector 
=> ▽ f is orthogonal to the tangent vector 


f(x ， y, z) = xz 2 — yz + cos xy — 1 => ▽ f = (z 2 _ y sin xy) i + (—z — x sin xy)j + (2xz — y)k => ▽ f(0, 0, 1) = i — j 
=> the tangent plane is x — y = 0; r = (In t)i + (t In t)j + tk =>• r’ = (}) i + (In t + l)j + k; x = y = 0, z = 1 
=> t = 1 =>• r’(l) = i+ j + k. Since (i + j + k) • (i — j) = r’(l) • ▽ f = 0, r is parallel to the plane, and 
r(l) 二 Oi + Oj + k => r is contained in the plane. 
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10. Let f(x, y, z) = x 3 + y 3 + z 3 — xyz ▽ f = (3x 2 — yz) i + (3y 2 - xz) j + (3z 2 — xy) k 今 ▽ f(0, —1,1) = i + 3j + 3k 

=> the tangent plane is x + 3y + 3z = 0; r = (| — 2) i + (》一 3) j + (cos (t — 2)) k 

=> r’ = ( 誓 ) i - (I) j - (sin(t - 2))k; x = 0, y =-1, z = 1 t = 2 r’(2) = 3i - j. Since 

〆 ⑵ . vf =0 r is parallel to the plane, and r( 2 ) = —i + k => r is contained in the plane. 

11. g = 3x 2 — 9y = 0 and 炉 = 3y 2 - 9x = 0 今 y = i x 2 and 3 (I x 2 ) 2 — 9x = 0 今 i x 4 — 9x = 0 

4 x (x 3 — 27) = 0 => x = 0 or x = 3. Now x = 0 4 y = 0 or (0,0) and x = 3 => y = 3 or (3,3). Next 

0 = 6 x, 0 = 6 y, and ^ = -9. For (0,0), 0 0 -( 翁 ) =-81 4 no extremum (a saddle point), 
and for (3,3), 0 0 -( 翁 ) = 243 > 0 and 祭 =18 > 0 a local minimum. 

12 . f(x, y) = 6 xye _ ( 2x+3y ) 4 f x (x, y) = 6 y(l - 2 x)e _ ( 2x+3y ) = 0 and f y (x, y) = 6 x (1 — 3 y)e—( 2x+3y ) = 0 x = 0 and 
y 二 0, or x = ! and y = ^ . The value f(0,0) = 0 is on the boundary, and f (|, |)= 去 . On the positive y-axis, 
f(0, y) = 0, and on the positive x-axis, f(x, 0) = 0. As x —>• oo or y ^ oo we see that f(x, y) —> 0. Thus the 
absolute maximum of f in the closed first quadrant is ^ at the point (!，！）. 

13. Let f(x, y ， z)=_ + $ + 妄 _1 => ▽f=^i+ 替 j + _k an equation of the plane tangent at the point 
Po(xo ， yo ， y。) is ( 学 ) x+ ( 警 ) y + ( 争 ) z=^ + ^ + ^ = 2or ( 晋 ) x+ (p) y + ③) z = 1. 

The intercepts of the plane are ( 盖， 0,0) ， (0, 盖， 0) and (0,0, 言 ). The volume of the tetrahedron formed 

by the plane and the coordinate planes is V = (!)(|)( 盖 )( 盖 )(€) ^ we need to maximize 
V(x, y, z) = (xyz ) -1 subject to the constraint f(x, y,z)= _ + _ + _ = 1. Thus, 

[-f ] ( 為 ） =I A ， [ 一宇 ] ( 表 ） =I A, and [- ( 泰 ） =_ A. Multiply the first equation 

by a 2 yz, the second by b 2 xz, and the third by c 2 xy. Then equate the first and second a 2 y 2 = b 2 x 2 
=> y = g X， x > 0; equate the first and third =>■ a 2 z 2 = c 2 x 2 =>• z = ^ x, x > 0; substitute into f(x, y, z) = 0 

^ x = 73 ^ y = ^ z = 75 ^ v = ^ abc - 

14. 2(x _ u) = —A, 2(y — v) = A，— 2(x _ u) = ", and — 2(y _ v) = —2^v => x_u = v_y，x — u =— 专 ， and 
y — v = "v=> x — u = —"v = —I => \ = I or /j, = 0. 

CASE 1 : /1 = 0 ^ x = u, y = v, and A = 0; then y = x+ l => v = u+ l and v 2 = u v = v 2 + 1 
v 2 — v+l =0 => v = l± ^~ A => no real solution. 

CASE 2: v = ! and u = \ 2 ^ u=^;x—^ = y and y = x+ l => x—| = —x—| 2x = — ^ 

= — Then f (— | ， = (U ) 2 + (U ) 2 = 2 (|) 2 今 the minimum distance 

is I \pl. (Notice that f has no maximum value.) 

15. Let (xq, yo) be any point in R. We must show lim f(x ， y) = f(xo, yo) or, equivalently that 

" " (x ， y) — (x 0 ,y 0 ) ' ^ ^ 

,、lim |f(x 0 + h, y 0 + k) - f(x 0 , y 0 )| = 0. Consider f(x 0 + h, y 0 + k) - f(x 0 , y 0 ) 

(h ， k) — (0,0) 

=[f(x 0 + h, y 0 + k) — f(x 0 , y 0 + k)] + [f(x 0 , yo + k) — f(x 0 , y 0 )]. Let F(x) = f(x, y 0 + k) and apply the Mean Value 

Theorem: there exists ( with xq < ^ < xq + h such that F’(0h = F(xq + h) — F(xq) =>• hf x (^, yo + k) 

=f(x 0 + h, y 0 + k) - f(x 0 , y 0 + k). Similarly, kf y (x 0 , r/) = f(x 0 , y 0 + k) - f(x 0 , y 0 ) for some 77 with 
yo < " < yo + k. Then |f(x 0 + h, y 0 + k) - f(x 0 , y 0 )| < |hf x ( 《 ,y 0 + k)| + |kf y (x 0 , r/)| • If M, N are positive real 
numbers such that |f x | < M and |f y | < N for all (x, y) in the xy-plane, then |f(xo + h, yo + k) — f(Xo, yo)| 

<M|h|+N|k|. As(h,k) -> 0, |f(x 0 + h,y 0 + k) - f(x 0 ,y 0 )| 0 ^ lim |f(x 0 + h, y 0 + k) - f(x 0 , y 0 )| 

(h,k 卜 （ 0,0) 
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= 0 => f is continuous at (xq, yo). 

16. At extreme values，▽ f and y = ^ are orthogonal because g = • 营 = 0by the First Derivative Theorem for 
Local Extreme Values. 

17. 篕 = 0 4 f(x ， y) = h(y) is a function of y only. Also, 穿 = 篕 = 0 g(x ， y) = k(x) is a function of x only. 

Moreover, 募 = 瓷 h’(y) = k’(x) for all x and y. This can happen only if h’(y) = k’(x) = c is a constant. 

Integration gives h(y) = cy + c! and k(x) = cx + C 2 , where ci and C 2 are constants. Therefore f(x, y) = cy + ci 
and g(x, y) = cx + C 2 . Then f(l, 2) = g(l, 2) = 5 ^ 5 = 2c + Ci = c + C 2 , and f(0,0) = 4 Ci = 4 =>• c = \ 

^ c 2 = § . Thus, f(x, y )= 臺 y + 4 and g(x, y) = ^ x + | • 

18. Let g(x,y) = D u f(x, y) = f x (x, y)a + f y (x, y)b. Then D u g(x,y) = g x (x, y)a + g y (x, y)b 

=f xx (x, y)a 2 + fyx(x, y)ab + f xy (x, y)ba + fyy(x, y)b 2 = f xx (x, y)a 2 + 2f xy (x, y)ab + fyy(x, y)b 2 . 

19. Since the particle is heat-seeking, at each point (x, y) it moves in the direction of maximal temperature 
increase, that is in the direction of ▽ T(x, y) = (e _2y sin x) i + (2e _2y cos x) j . Since ▽ T(x, y) is parallel to 
the particle's velocity vector, it is tangent to the path y = f(x) of the particle 泠 f'(X) = ^ 2y S : X X — ^ COt X. 

Integration gives f(x) = 2 In |sin x| + C and f (|)= 0 ^ 0 = 21n |sin f I+C 今 C = —2 In f = In ( 士 ) 2 
=In 2. Therefore, the path of the particle is the graph of y = 2 In |sin x| + In 2. 

20. The line of travel is x = t, y = t, z = 30 — 5t, and the bullet hits the surface z = 2x 2 + 3y 2 when 

30 — 5t = 2t 2 + 3t 2 => t 2 + t — 6 = 0 => (t + 3)(t — 2) = 0 => t = 2 (since t > 0). Thus the bullet hits the 
surface at the point (2, 2, 20). Now, the vector 4xi + 6yj — k is normal to the surface at any (x, y, z), so that 
n = 8i + 12j — k is normal to the surface at (2,2,20). If v = i + j — 5k, then the velocity of the particle 

after the ricochet is w = v - 2 proj n v = v- ( 諸 ) n = v - (■) n = (i + j — 5k )- (黑 i + 黑 j — 盖 k) 

_ _ 191 ; 391 : _ 995 k 

_ 209 209 J 209 

21. (a) k is a vector normal to z = 10 — x 2 — y 2 at the point (0,0,10). So directions tangential to S at (0,0,10) will 

be unit vectors u = ai + bj • Also，▽ T(x, y ， z) = (2xy + 4) i + (x 2 + 2yz + 14) j + (y 2 + 1) k 

=> V T(0, 0, 10) = 4i + 14j + k. We seek the unit vector u = ai + bj such that D u T(0,0,10) 

=(4i + 14j + k) • (ai + bj) = (4i + 14j) • (ai + bj) is a maximum. The maximum will occur when ai + bj 
has the same direction as 4i + 14j ， or u = (2i + 7j). 

(b) A vector normal to S at (1,1,8) is n = 2i + 2j + k. Now, ▽ T(1 ， 1,8) = 6i + 3 lj + 2k and we seek the unit 
vector u such that D U T(1,1,8)= ▽ T • u has its largest value. Now write ▽ T = v + w, where v is parallel 
to ▽ T and w is orthogonal to ▽ T. Then D U T = ▽T*u = (v + w)-u = v- u + w- u = w-u. Thus 
D U T(1,1,8) is a maximum when u has the same direction as w. Now, w 二 ▽ T — n 

=(6i + 31 j + 2k) — () (2i + 2j + k) = (6 - 宇 ) i + (31 - 爭 ) j + (2 - f) k 

= -fi+f j-fk ^ =— ^(981—127j +58k). 

22. Suppose the surface (boundary) of the mineral deposit is the graph of z = f(x, y) (where the z-axis points up 
into the air). Then —盖 i — 募 j + kisan outer normal to the mineral deposit at (x, y) and 盖 i + 募 j points in 
the direction of steepest ascent of the mineral deposit. This is in the direction of the vector i + 募 j at (0,0) 

(the location of the 1st borehole) that the geologists should drill their fourth borehole. To approximate this 
vector we use the fact that (0,0, — 1000), (0,100, —950), and (100,0, —1025) lie on the graph of z = f(x, y). 

The plane containing these three points is a good approximation to the tangent plane to z = f(x, y) at the point 
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(0,0,0). A normal to this plane is 0 100 

100 0 


k 

50 = -2500i + 5000j - 10,000k, or -i + 2j - 4k. So at 

-25 


(0,0) the vector i + j is approximately —i + 2j . Thus the geologists should drill their fourth borehole 
in the direction of 夫 (—i + 2j) from the first borehole. 


23. w = e rt sin 丌 x => w t = re rt sin ttx and w x = 7re rt cos 7rx => w xx = — 7r 2 e rt sin 丌 x; w xx = ^ w t , where c 2 is the 
positive constant determined by the material of the rod =>• — 7r 2 e rt sin nx = ^ (re rt sin 丌 x) 

=> (r + c 2 7r 2 ) sin 7rx 二 0 => r = —c 2 7r 2 ^ w = e— c2?r2t sin ttx 


24. w = e rt sin kx => w t = re rt sin kx and w x = ke rt cos kx => w xx = — k 2 e rt sin kx; w xx = 表 w t 

4 —k 2 e rt sin kx = ^ (re rt sin kx) => (r + c 2 k 2 ) e rt sin kx = 0 => r = — c 2 k 2 => w = e _c2k2t sin kx. 

Now, w(L, t) = 0 => e _c2k2t sin kL = 0 => kL = n7r for n an integer k = f => w = e -c 2 n 2 7r 2 t/L 2 s ^ n (f x). 
As t — oo, w — 0 since |sin x) | < 1 and e _c2n27r2t / L2 ^ 0. 
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15.1 DOUBLE INTEGRALS 


(4 — y 2 ) dydx : 


4y 


_ y! - 


dx 


Tj 0 dx=16 



/O J-2 、 
o3 


2. /„ 丨 2 ((x 2 y — 2xy) dydx = 

3 (4x- 2x 2 ) dx = [2x 2 -竽 


穿 -xy 2 


dx 


〆〆〆>•/〆■〆〆/ 


… 1 (3,-2) 


3. f, r(x + y+l)dxdy 


y + yx + x 


dy 


,(2y + 2)dy= [y 2 + 2y]( 


l _[ 

(-1,-1) -1| ~ (1，-1) 


X 27T r»7T r»27T 

J o (sin x + cos y) dxdy = J [(— cos x) + (cos y)x] q dy 
=f (7T cos y + 2) dy = [7r sin y + 2y] ^ = 2tt 


w. 


(Jc.2jc) 




r»7r n\ r»7r 

5 - Jo Jo (xsiny)dydx = Jo [- xcos y]( 


dx 


上 (x - x cos x) dx 

i+2 


~1 


— (cos x + x sin x) 


{TT, Tr) 


n sinx r*TT 

ydydx = 丄 


dx 


I sin 2 x dx 


上 （1 - cos 2x) dx = I [x — ^ sin 2x] ( 
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pin 8 r»Iny pln8 r*ln8 

7 .丄 丄 e X+y dxd y = 丄 [e x+y ] (T dy = 丄 （ ye y — e y ) d y 

=[(y _ l)e y - e y ]f 8 = 8 (ln 8 - 1 ) 一 8 + e 
= 8 In 8 — 16 + e 


8 . 


/ 1 T dxd y = / 1 V-y) d y=[^^ 

=( 暑 — 2 ) - （！ 一 I ) = ! = i 


9 . /: /: 3 y 3 e^dxdy =/ o 1 [ 3 y 2 e^]f dy 

= 上 ( 3 y 2 e y3 — 3 y 2 ) dy = e y3 — y 3 = e — 2 

10 - /:/, |e y/ ^dydx= dx 

=i (e - 1 ) y/x dx = [§(e- 1 ) (|) x 3 / 2 ] \ = l(p- 1 ) 



11 


•丄 J ^ dy dx = 丄 [x In y]，dx = (In 2 ) 丄 xdx=|ln 2 


12 . 


-dy dx 




Min 2 - In 1 ) dx = (In 2 ) dx = (In 2) 2 


i3. r.r x (x 2 +y 2 )dyd X = r[x2 y+ g 


dx 


X 2 (l - X) + ^ 


dx 


x 2_ x 3 + 0^! 


dx 


X 3 X 4 (1-X) 4 

T _ T \2~ 


(U - o) - (0-0 - 忐） 


14 . J 0 J 0 y COS xy dxdy = 丄 [sin xy]: dy = 丄 sin Try dy = [- * cos Try] 。 = — * (-1 - 1 ) 


15 ' fofc U ( v ~V U ) dvdu = fo [t 

=r(*- u +*- ui/2 + u3/2 ) 




du 


- ^(1 - U) 


du 


du 




+ hi + l = -l + 


丄 

10 
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n int p2 n2 

e s In t ds dt = 丄 [e s In t] 二 1 dt = (t In t — In t) dt = 
=(2 In 2 — 1 — 2 In 2 + 2) -（— ^ + l) = ^ 


^lnt — tlnt + t 



20 - 2 ° 孕 d V d U =/ o 3[ ¥ ] :— 2u d U 

=(3 — 2u) du = [3u — u 2 ] o = 0 


V 
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23 - fo£ d y dx 

24 - foL dxd y 


25. 



dxdy 



dy dx 


27. J o 9 J o 5v/5= "l6xdxdy 


f*4 n \/4-x 

28 - Jo Jo ydydx 



y 



y 



■ v = 9-4jc 2 

X 

0 3 


y 
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pi n \J 1—x 2 

29 - J Jo 3 ydy dx 


r v/4-y 2 

30. J」 o 6x dx dy 


3L fo L ^ d y dx = fo fo dxdy = f g sin y dy 


32. J 2y 2 sin xy dydx = 2y 2 sin xy dx dy 

= f 0 [-2y cos xy] y 0 dy = £ (-2y cos y 2 + 2y) dy 
= [- sin y 2 + y 2 ] o = 4 - sin 4 

33. f 0 f y ^ 2 e xy dxdy = £ £ x 2 e xy dydx = J o '[xe xy ]^ dx 

= x)d X =[^ — 誓]: = 守 


34. 


_ x 2 e 2 y 

.2(4^) 


■ V^y 


dy 



-»y/ln3 

e x ' dx dy 

/y/2 J 

2xe x dx 


e x2 dydx 


[ e x-] 


-yin3 


e ln3 






= 4 


y 





y 
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36 - JT/f ey3 办 dx = foT ey3dxd y 
=X 3y 2 e J， dy = [e^]J =e- 1 



广 1/16 广 1/2 广 1/2 nx 4 

37. J。J i/4 cos (167 tx 5 ) dxdy = J 。 J。cos (167rx 5 ) dy dx 


、 l/2 


X 4 COS (167TX 5 ) dx 


1 (167TX 5 ) 


80tt 


1/2 


80tt 


38 - fcf^ y^l d y dx = fo£ y^l dxd y 

= / 0 2 y 4dy=Hln(y 4 + l)]o = Il l 12 



39. // (y- 2x 2 ) dA 

=/—X + —> - 2x2 ) dy dx + JX—> — 2x2 ) dydx 

=/—' [• y 2 - 2 x 2 y] dx + /: [• y 2 — 2 X 2 y] :: dx 

=[5 (x + l ) 2 - 2 x 2 (x + 1 ) _ 1 (-x — l ) 2 + 2 x 2 (-x- l)]dx 
+ J: [i (1 — x ) 2 — 2x 2 (1 -x)- i(x- l ) 2 + 2 x 2 (x - 1 )] dx 

广 0 nl 

=-4 (x 3 + x 2 ) dx + 4 / (x 3 - x 2 ) dx 



4 t 3 


+ 4 


x 4 x 3 

T _ T 


(-D 4 , (-D 3 

4 T 3 


+ 4 Q — i) = 8 ( 咅一岳 )=— 


12 


r n p2/3 p2x nl n2-x 

40. J J xydA = J q J x xydydx + J 2/3 J x xydydx 

R 

= / ； / 3 [ixy^rdx + / 2 ； 3 [Ixy^]rdx 

=JT ( 2x3 _ I x 3 ) dx + / 二 [ix(2-x)2-I x 3] dx 
=/o ' |x 3 dx +/ 2 ' 3 ( 2 x-x 2 )dx 



[暑 X 4 ] r + [x 2 - |x 3 ] 2 /3 = (I) (gf) + (l ^ I) - [§ - (I) ( 务) ]= 咅 + 飪 一 (If — If) 


If 


41. V 


42. V 


= Jo Jx (x 2 +y 2 )dydx = J o [x 2 y + 

(I — H — E) — (0 _ 0 — B) = f 




dx 


2x 2 -军 + # 


dx 


2 x^ 

丁 


¥ 


(2-x) 4 

12 


r»2-x 2 


x 2 dy dx = J_jx 2 y]r x2 dx = f^(2x 2 — x 4 — x 3 ) dx = [| x 3 - 圣 x 5 — | x 4 ] ^ 


(i - 卜 i) 


T 


孕 ）= (1 


— _ — — — I 1 — 1 — — ； — — —. 

60 60/ V 60 ^ 60 60 / — 60 — 20 
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43. V= /_ 4 / 3 " " (x + 4)dydx = J—:[xy + 4y 匕 — x2 dx = J jx (4 - x 2 ) + 4 (4 - x 2 ) - 3x 2 - 12x] dx 
=/^(-x 3 - 7x 2 一 8x + 16) dx = [- I x 4 - I x 3 - 4x 2 + 16x] J_ 4 = (- i - | + 12) - (f - 64) 


157 1 _ 625 
3 4 ~ 12 


r»2 p v/4-x 2 


44 - v = Jo Jo (3-y)dydx = j o 


3y- y 


\/4—x 2 


dx 


3^4-x 2 - 


dx 


§ x\/4 - x 2 + 6 sin— 1 (!) - 2x + 誓 = 6 (|) - 4 + | = 37r 




45. V 


(4 - y 2 ) dxdy= I [4x-y 2 x]^ dy = I (12 - 3y 2 ) dy = [12y — y 3 ]g = 24 


16 


n 4—x 2 pz r 2 

,(4 —x 2 - y)dydx= j 。 (4-x 2 )y-f 


/o Jo 
4 


4-x 2 疒 2 

„ dx = X^ 


(4 - x 2 ) 2 dx= J (8-4x 2 + 誓 ） dx 


[8x-fx3 + I Lx^ = 16 


32 丄 32 _ 480-320+96 _ 128 


T ^ 10 


30 — 15 


47. V 


(12 —3y 2 )dydx= / [12y - y 3 ]o' x dx = / [24 - 12x - (2 - x) 3 ] dx 


24x - 6x 2 + 


20 


48. V 


^0 r»x+l 

J J 一 (3~3x)dydx 


(3 — 3x) dy dx = 6 / (1 — x 2 ) dx + 6 / (1 — x) 2 dx = 4 + 2 = 6 


49 - v = /i 2 /-i/ X x (x + 1)dydx = /jxy + yl-i% dx = J ^ 1 + ^ - (- 1 - D] = 2 f'i 1 + D dx 


50 


: 2 [x + In x] 1 =2(1+In 2) 


n »sec x r*7r/3 

o (l+y 2 )dydx = 4j o 


dx = 4 I (secx+^^Odx 


q 1 sec x / >7r/3 / 

y+ 3] 0 dX = 4 X ( 

I [7 In I sec x + tan x| + sec x tan x] J’ 3 = | 7 In (2 + \/5) + 2^/3 


n l _ noo r, 


■»l/y/l-x 2 
-1/y/l-x 2 ' 


52. I I ,.^(2y+l)dydx= / Jy 2 +y] 


dx =r-(^) dx -^ h i i m 0O [ ⑴二 - 上： (s- 1 ) 

— [ 如 _1 < 




dx 


-l/(l-x 2 ) v 


4 lim [sin -1 b — 0] = 2n 


b 


53 - rJlw+W¥W)- dxdy = 2 r (y^r) (b 1 ! 11 ^ tan- 1 b-tan- 1 o)dy = 2'!^ 


)(X 2 +1)( y2 + 1) - 

2n ^lim tan -1 b — tan _1 o) = (2tt) (|) = 7r 2 


to f+i 


dy 


54 - IT- 侧 ㈣ 卜 /)— Vi: [-xe--e-^dy = / ； e- b lim o 

= / ； e^dy=i lim (-e^ + 1) = 1 


.e_ b + 1) dy 


55 - // f ( x ，y) dA « ^ f (- 1,0) + I f(0,0) + I f (i , 0) + ^ f Q , 0) + i f (- I, ^) + I f (0,1) + I f (^ , I) 


( _ l + l +0 ) + H°+5 + i + !) = 


16 
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56 - / R / f ( x ， y) dA w 5 [ f (?>!) + f (!>!) + f (?>T) +f (?!T) + f (?>T) + f (T>T) + f (l>T) + f (i>T) 

+ f U ， T) + f (T ， f) + f G ， T) +f (l ， T)] 

=i (25 + 27 + 27 + 29 + 31 + 33 + 31 + 33 + 35 + 37 + 37 + 39) = ^ = 24 


57. The ray 0 = | meets the circle x 2 + y 2 = 4 at the point ^ \/3,1^ =>• the ray is represented by the line y 


Thus ， J/f(x,y)dA= /,/ x = dy dx = / 广 [(4 - x 2 ) _ 含 ^4-x 2 


dx 


4x- 


誓 


75- 

(4-x^l ^ 
3^/3 



58 - r/o (^(y-DVs dyd X = J7 [ 3 |^] 0 2 dx=/ 2 "(^ + ^) dx = 6 £ ^ 

= 6 lim f (七 - -)dx = 6 lim [In(x - 1) — In x]= 二 6 lim [In (b — 1) — In b — In 1 + In 2] 

b^c» J 2 vx— 1 x/ b —oo b —oo 

= 6 lim In (l — M + In 2 = 6 In 2 
Lb —oo v hJ 」 


59. V 


(x 2 + y 2 ) dy dx 


x 2 y+( 


2x 2 


7x 3 丄 (2-x) 3 


dx 


2x 3 


7x1 

12 


dx 

X 

(2-x) 4 


12 


(I — n — 為 ) 一 (o — 0 — 苕 ) = 



60. J o 2 (tan- 1 7rx-tan- 1 x)dx= /:/: X 点 dy dx = £ f : 点 dxdy + J 广 J 二点 dxdy 

= /。 2 香 dy + r^ d y=(^r) [ln(l+y 2 )]^+ [2tan-i y + ^ In (1 + y 2 )] f 
=In 5 + 2 tan - 1 2 兀 一 去 In (1 + 47r 2 ) — 2 tan -1 2 + 士 In 5 
= 2 tan" 1 2 丌 一 2 tan" 1 2 -去 In (1 + 4 tt 2 ) + ^ 


61. To maximize the integral, we want the domain to include all points where the integrand is positive and to 
exclude all points where the integrand is negative. These criteria are met by the points (x,y) such that 
4 — x 2 — 2y 2 > 0 or x 2 + 2y 2 < 4, which is the ellipse x 2 + 2y 2 = 4 together with its interior. 


62. To minimize the integral, we want the domain to include all points where the integrand is negative and to 
exclude all points where the integrand is positive. These criteria are met by the points (x, y) such that 

x 2 + y 2 — 9 < 0 or x 2 + y 2 < 9, which is the closed disk of radius 3 centered at the origin. 

63. No, it is not possible By Fubini's theorem, the two orders of integration must give the same result. 
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64. One way would be to partition R into two triangles with the 
line y = 1. The integral of f over R could then be written 
as a sum of integrals that could be evaluated by integrating 


first with respect to x and then with respect to y: 


ff f(x ， y)dA 
R 


n 2-(y/2) 

: 2y f(x,y) dxdy + 
Partitioning R with the line x 


r 2 r 2 -(y/ 2 ) 

i, J y l f(x,y)dxdy. 

=1 would let us write the 


integral of f over R as a sum of iterated integrals with 


order dy dx. 



r b r b 2 , r b r b _2 2 

65. J b J b e _x _y ^ dxdy = J b J b e _y e _x dxdy = 



(/ b 〆 dx) 


2 e x dx 


e _x dx j ; taking limits as b ^ oo gives the stated result. 


66 - Jo fo dy dx = X X dxd y = 




Lb 


lim (b- 1) 2 /3 _(_ i)i/3 


lim 


-b - 


r 3 i 

[x 3 1 

Jo (y-l) 2 /3 

3 


dy = 


dy 

(y_ 1)2/3 


= b lim [(y - l) 1 ^] Q b + ^ iim + [ (y ^ 1)1/3] ^ 

(b — l) x /3 - (2)1/3] =(0+1)- (0- V^) = l + 3 ^/2 


67-70. Example CAS commands: 

Maple: 

f：= (x,y) -> 1/x/y; 

ql := Int( Int( f(x,y), y=l..x ), x=1..3 ); 
evalf( ql ); 
value( ql ); 
evalf( value(ql)); 


71-76. Example CAS commands: 

Maple: 

f := (x,y) -> exp(x 八 2); 
c,d := 0,1; 
gl := y - >2*y; 
g2 := y -> 4; 

q5 := Int( Int( f(x,y), x=gl(y)..g2(y)), y=c..d ); 
value( q5 ); 

plot3d( 0, x=gl(y)..g2(y), y=c..d, color=pink, style=patchnogrid, axes=boxed, orientation=[-90,0], 
scaling=constrained, title="#71 (Section 15.1 )”）； 
r5 := Int( Int( f(x,y), y=0..x/2 ), x=0..2 ) + Int( Int( f(x,y), y=0..1 ) ， x=2..4 ); 
value( r5); 
value( q5-r5 ); 


67-76. Example CAS commands: 

Mathematica: (functions and bounds will vary) 

You can integrate using the built-in integral signs or with the command Integrate. In the Integrate command, the 
integration begins with the variable on the right. (In this case, y going from 1 to x). 
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Clearfx, y, f] 
f[x_, y_]:=l/(xy) 

Integrate[f[x, y], {x, 1,3}, {y, l,x}] 

To reverse the order of integration, it is best to first plot the region over which the integration extends. This can be done 
with ImplicitPlot and all bounds involving both x and y can be plotted. A graphics package must be loaded. Remember to 
use the double equal sign for the equations of the bounding curves. 

Clear[x, y, f] 

〈〈 Graphics 、 ImplicitPlot 、 

ImplicitPlot[{x==2y, x==4, y==0, y==l},{x, 0, 4.1}, {y, 0, 1.1}]; 
f[x_, y_]:=Exp[x 2 ] 

Integrate[f[x, y], {x, 0, 2}, {y, 0, x/2}] + Integrate[f[x, y], {x, 2, 4}, {y, 0, 1}] 

To get a numerical value for the result, use the numerical integrator, NIntegrate. Verify that this equals the original. 
Integrate[f[x, y], {x, 0, 2}, {y, 0, x/2}] + NIntegrate[f[x, y], {x, 2, 4}, {y, 0, 1}] 

NIntegrate[f[x, y], {y, 0, 1 },{x, 2y, 4}] 

Another way to show a region is with the FilledPlot command. This assumes that functions are given as y = f(x). 

Clear[x, y, f] 

«Graphics 、 FilledPlot 、 

FilledPlot[{x 2 , 9},{x, 0,3}, AxesLabels ^ {x, y}]; 
f[x_, y_]:= x Cos[y 2 ] 

Integrate[f[x, y], {y, 0, 9}, {x, 0, Sqrtfy]}] 

67. dydxs 0.603 

69. X X tan_1 x y dy dx « 0.233 


68. J 1 jV( x2+y2 ) dydx « 0.558 


疒 1 n y 1-x 2 - 

70. J J o 3 - x 2 - y 2 dydx« 3.142 


71. Evaluate the integrals: 

X7 2 4 / dxd y 

n * 72 2 r 4 r 1 2 

, e x dydx + J 2 J o e-dydx 

=—^ + i (e 4 — 2^ erfi ⑶ + 2,/tt erfi(4)) 


« 1.1494 x 10 6 


The following graphs was generated using 
Mathematica. 

y 



12 3 4 
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72. Evaluate the integrals: 

X / X 2 x cos(y 2 )dydx = f Q f 广 x cos(y 2 )dxdy 
« -0.157472 


sin(81) 
~ 4 ~ 


73. Evaluate the integrals: 

xf) dxd y= f:f: ( 亡 - xy 2 )dydx 


_ 67,520 
— ~ 693 ~ 


« 97.4315 


74. Evaluate the integrals: 


n 4—y 2 n4 n \/4—x 

: e^dxdy = /J o 


e xy dy dx 


« 20.5648 


The following graphs was generated using 
Mathematica. 

y 


The following graphs was generated using 
Mathematica. 

y 


The following graphs was generated using 
Mathematica. 
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75. Evaluate the integrals: 

= /oT^ dxd y+/X^ dxdy 

-1 +ln(f) « 0.909543 


76. Evaluate the integrals: 

r/Jviyf dxd y = r/^7^yl dy dX 

« 0.866649 


15.2 AREAS, MOMENTS, AND CENTERS OF MASS 


lo Jo dydx= J o (2-x)dx 


2x 


X 2 




n 2-y 

， dxdy 


(2 - y) dy = 2 


2 . 


f:Jl d y dx= _/。 2 (4 - 2x) dx = [4x -X 2 ] 2 0 ^4, 

n y/2 n4 

,dxdy = j Q I dy = 4 


3 - rj y S dxdy= fj- y2 - y+2)dy 

— y! _ y! _i_ 2vl 1 

— 3 - 2 + 2y 」 _ 2 

= (— 1 _备 + 2 )_ ( 暑一 2 _ 4 ) = i 


The following graphs was generated using 
Mathematica. 

y 



The following graphs was generated using 
Mathematica. 

y 

2.5 



y 






X 
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4 . / o T> dy =/: (2y - y2)dy = y2 - 誓 




x»y—y y■-x 


pin2 ne x r»ln2 

5 .丄 Jo d y dx = Jo e x dx=[e x ] 。 =2-1 = 1 


y = e 

u 


(In 2, 2) 


n 2 lnx nt 

dy dx = 丄 In x dx = [x In x — x] ® 
=(e _ e) — （0 — 1) = 1 


/O Jy 2 


办 ― y — dxdy = /: 吻 - 2y 2 ) dy = [y 2 - | y 3 ]； 



8 . 


LC-l dxd y = L (y 2 - 1 — 2y 2 + 2) dy 


,(1 一 y 2 )dy: 


y!' 


9. 誓 ) 办 = 卜 《: 

= 36 -〒 =12 




r*2x-x 2 


10 . J J_ X 办 dx = Jo (3x-x 2 )dx=[|x 2 -ix3] 


27 9 _ 9 


T 


y 一 x \ 


y - 2x - x 
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11 . 


dy dx 




J o (cos x — sin x) dx = [sin x + cos x] 

(^ + ^) -(0+i) = v^-i 


7r/4 

0 


12 . 


r»2 ny+2 


dx dy 


,(y + 2 —y 2 )dy 




(2 + 4-|)-(I-2+i)=5 


13. 



dydx + 



=/——f)dx 

=X+ tL + I s - ~ (-1 + I) + (2-D = 1 


p2 nO ^4 

14 - JoL/y^+JoJo ^ 

=£ 2 (4 -X 2 ) dx + f Q y}! 2 dx 
= 4x—f]:+ [|x3/ 2 ] ： =(8^|) + f = f 



nn nir pTv 

15. (a) average = 去 J 0 J 0 sin(x + y) dydx 二去丄 [-cos(x + y )]〖 dx = 去 


[— COS (X + 7T) + COS X] dx 


=;[—sin (x + 7r) + sin x]== 去 [(— sin 2 兀 + sin 7r) — (— sin 7r + sin 0)] = 0 

⑼ average = 由 /:/: 〜 n(x+y)dydx = 吾 +y)] f dx y 

= 吾 [- sin (x + I) + sin x] := 丢[(一 sin f + sin 7T) — (一 sin f + sin 0)] = 去 


16. average value over the square 二丄 
average value over the quarter circle 

=\ /'(x - X 3 ) dx = I 


xy dydx = 丄 

1 nl f v/l-x 2 

' ⑴ Jo Jo 


xy 2 


dx 


/ o |dx=I=0.25; 


xy dy dx 


xy^' 


\j 1—X 2 


dx 


2^ 


« 0.159. The average value over the square is larger. 


17. average height 


Cr(x 2 + y 2 ) dydx=i/ ； [x^y +fl/x=l/ ； (2x^ + |)dx 


x 3 I 4x 

T + T 
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18. average 


f2]n2 n2]n2 


dy dx 


i / \hl 

(In2)2 Jin2 X 


dx 


I 厂 2 In 2 工 
(In 2) 2 Jin2 X 


(In 2) 2 Jin2 Jln2 xy 

f* 2 ln 2 

(In 2 + In In 2 - In In 2) dx = ( 占） 人 2 f =( 占） [l n x ] 


21n2 

ln2 


(i^) (In 2 + In In 2 - In In 2) 


19 - M= f:f: * 3 dydx = 3/ o *(2 - x 2 - x) dx = I; M y = £ £ * 3xdydx = 3 £ [xy] x w dx 

= 3 fj2x 一 x 3 - x 2 ) dx = 聲 ;M x = J:f:— X —3 y dydx=| / q * [y 2 ]^ dx = | £' (4 - 5x 2 + x 4 ) dx = f 


^ X = ^ and y 


1 


20. M 

J y 二 


dy dx = 5 I 3 dx = 9S; I x 


y 2 dy dx 


y!' 


dx = 27 占; R x = \/fe — 


x 2 dy dx 


[x 2 y] 3 0 dx = 6 f 3x 2 dx = 27S; R y = = ^3 


n 4-y 

，/ , dxd y 


[ 4 — y - 引 dy = ☆ M y = £ f= xdxdy=i/； ㈣二 dy 


^16-8y + y 2 -^)dy： 


128 


15 ；Mx _ Jo Jf /2 


0 Jy 2 /2 

2 n4-y 尸 2 


ydxdy= J o (4y - y 2 -誓) dy 


10 

T 


=> x = H and y 


22. M： 


dy dx = I (3 — x) dx 


9 . 


Jo Jo J Jo 

=> x = 1 and y = 1, by symmetry 


dydx = J o [xy]^ x dx= J o (3x-x 2 )dx 


_ 9 
_ 2 


23. M： 


n y/l-x 2 


dydx = 2 = 2 ⑴ =f ; M x = 2 dydx = 


=J„ (! - x2 )dx 

24. M = ^ ; M y =( 


x—# 


^ ^ y = y- and x = 0, by symmetry 


M x 


n 6x—x 2 

xdydx: 

6x-x 2 ^ r5 

ydydx- 2 Jo 


I [xy]r* dx = Sj g (5x 2 -x 3 )dx=«f ； 

[y 2 ] 6 ^ 2 dx = § J:(35x 2 — 12x 3 + x 4 ) dx = ^ ^ x = | and y ： 


n i/a 2 —x 2 o r*a n\/!L z —x z r*a 

dydx=^;M y = JJ o xdydx=J o [xy] 

4a 
3^F 


\J a 2 —x 2 


•\J a 2 —x 2 


dx 


J o x\/ a 2 - x 2 


dx 


T 


=> 叉 =y = 夢， by symmetry 


r»7r r»sinx p7r 

26. M = J o J o dy dx = J。sin x dx = 2; M x = 」 
=^ f o (1 — cos 2x) dx = I x = I and y : 


X y dydx= i Jjy 2 ]f x dx = i £sin 2 x dx 


n2 n ^4-x 2 

27 - ^ = LI y 2d y dx 

I 0 = I X + Iy = 87T 


y!' 


\/4—x 2 

—@ dx = L 2 、 


(4 — x 2 ) 3 / 2 dx = 47r; I y = 4 tt, by symmetry; 


J 、 27r r» (sin 2 x)/x 2 

… L X 2 dydx 


(sin 2 x - 0) dx 


(1 — cos 2x) dx = I 


p0 pe x pO nO 

29. M = I I dy dx = / e x dx = lim / e x dx 

oodO J —oo b — ^ — 00 J b 


b —> —oo 


lim / xe x dx = lim [xe x — e x ] ^ — 1 — lim (be b — e b ) = — 1; M x 

b —oo b —> —oo b —oo 


r»0 pe x r*0 

I x dy dx = / xe x dx 

_I-W-V ml (\ tJ — OO 

.0 ne x 

」„ y d y dx 
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e 2x dx 


bI im oo i e " dX = 5 


x = —1 and y : 


noo r»er^l 2 

30. M y = J o J o x dy dx 


b^oo XV2dX= -bt [忐一 i 


f*2 ry-y 3 

31. M = J o J (x + y) dx dy = 

L = r.f?V(x + y)d X dy 


y 2 

T + x y 


Rx 


y-r 
-y 

x ^+xy 3 


dy = £( 誓 -2y 3 +2y 2 ) dy 


y-y 2 


dy 


- 2y 5 + 2/) dy 


/ _ / j. ?y! 
10 2 T 3 

64 . 

105 ? 


吾； 


2 A /i 


X y/ 3/2 ry /l 2 ^ 4 f 广0/2 

—屑上 5xd X dy = 5/^ /2 


vW dy= § f :(12 — 4y 2 — 16y 4 ) dy = 23^3 


4y2 


33. M = f 0 f x 2 (6x + 3y + 3) dydx = £ [6xy + | y 2 + 3y] dx = f g \l2 - 12x 2 ) dx = 8; 


x(6x + 3y + 3) dy dx = / (12x — 12x 3 ) dx = 3; M x 


y(6x + 3y + 3) dy dx 


(14 - 6x - 6x 2 - 2x 3 ) dx = 号 x = | and y 


17 

16 


34. M 


r»2y-y 2 


t0 Jy 2 


(y + 1) dxdy= / (2y-2y 3 ) dy = i ; M x 


^2y-y 2 


/0 Jy 2 


y(y + 1) dxdy = J 。 (2y 2 — 2y 4 ) dy = ^ ; 


-2y-y 2 


^ JO Jy 2 

2 f(y 3 -y 5 )dy 


x(y+l)dxdy= / (2y 2 - 2y 4 ) dy 


^ x = and y : 


；Ix 


r*2y-f 


y 2 (y + 1) dx dy 


35. M = 丄 J 。 (x + y + 1) dxdy = 丄 (6y + 24) dy = 27; M x = J 。 J 。 y(x + y + 1) dxdy = 丄 y(6y + 24) dy = 14; 
M y = f o f Q x(x + y + 1) dx dy = (18y + 90) dy = 99 ^ x = y and y = ^ ; I y = f 


x 2 (x + y + 1) dxdy 


216/ 0 G + 导 ） dy = 432;R y 


^=4 


36. M 


_ _ x! _ xl 
,6 _ T 2". 


dx 


i ； M y 


: :(y + 1) dy dx = — / 二(誓 + x 2 - 1) dx = ff ; M x = /'JjyCy+l) dy dx = 

=J'Jj x(y + 1) dy dx = / -y-x 3 ) dx = 0 ^ x = 0 and y = ^ ; I y = f: 工 x 2 (y + 1) dy dx 


3x 2 x 6 

"2 y 


-x 4 j dx = ||; R y 


T d^=lf 


37. M = J'J 0 X (7y+l) dy dx = /' (字 +x 2 ) dx = fl; M, = f:J: y(7y + 1) dydx : 

M y = f\f: x(7y + 1) dydx = (誓 + x 3 ) dx = 0 今 X = 0 andy = ; I y = f\£ x 2 (7y + 1) dydx 

+ x 4 ) dx = 姜 ; R y = 


7x 6 


r»20 pi r*20 p20 r»l r*20 / 2 

38 - M= Jo L( 1 + 55) d y dx= Jo (2+ig) dx = 60 ； M x = J 0 L y(l + i)dydx= J o [(1 + ^) 

p20 r*\ p20 / 2 \ p20 pi 

M y = J 0 l 1 x(l + i)dydx=J o 2x+fg dx=?f> ^ x=f>andy = 0;I x = J o J — 丄 y 2 (1 + 会 ） dy dx 


dx = 0; 


r*20 


(1 + 壳 ） dx = 20; R x = 
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39. M = f^f jy+1) dxdy = J:(2y 2 + 2y) dy = f ; M x = £ f y(y +l)dxdy = 2 / (y 3 + y 2 ) dy = ^ ; 

y y 0 

M y = f g J Y y x(y+ ljdxdy = J q 0 dy = 0 ^ x = 0 andy = ^ ; I x = f g y 2 (y + 1) dxdy = J 。 (2y 4 + 2y 3 ) dy 
= To ^ ^ = ^/b = ; ly = X /—y x2 (y + 1) dxdy = ^f 0 (2y 4 + 2y 3 ) dy = 盖 => R y = ; 

lo = I x + I y = I => R o = ^ 

40. M = £f y y (3x 2 + 1) dxdy = f:(2y 3 + 2y) dy = |; M x = /:/: y (3x 2 + 1) dxdy = £' (2y 4 + 2y 2 ) dy = |f ; 
M y = /:/ 二 x (3x 2 + 1) dxdy = 0^x = 0andy=|;I x = /:/: y 2 (3x 2 + 1) dx dy = /: (2y 5 + 2y 3 ) dy = f 

今 = /I = ^ ； ^ = /o' f-y x2 ( 3x2 + 1) dx dy = 2 /； (f y5 + i y3) dy = |i ^ Ry = ^ = ^ ； 

lo = Ix + Iy = f => Ro = 

41- fj] dy dx = 10,000 (1 ^ e ~ 2 ) 广 ^ = 10,000 (1 — e- 2 ) 

=10,000(1 -e- 2 ) [-2 In (l - f)]° 5 + 10,000(1 - 」 e- 2 ) [2 In (1 + .)]; 

=10,000(1 -e~ 2 ) [21n(l+|)] + 10,000(1 -e~ 2 ) [21n(l + §)] = 40,000 (1 — e— 2 ) In (|) w 43,329 

42. / o 7 y f— r i00(y+l)dxdy= £ [100(y + l)x]^ dy = J^lCMXy + 1) (2y — 2y 2 ) dy = 200 £ (y - y 3 ) dy 
= 200 [ 誓 一 幻 :=(200) (!) = 50 


43. M= f: (… dy dx = 2a 

f (l_x 2 )dx 

= 2a 

x 3 



na (l—x 2 ) 

Jo y d y dx 

= 誓 f 0 (l~ 2x 2 + x 4 ) dx = 

a 2 x — 字 + 

x 5 l 1 

了 Jo: 


⑼ 

二警 . The angle 9 between the 


x-axis and the line segment from the fulcrum to the center of mass on the y-axis plus 45° must be no more than 
90。 if the center of mass is to lie on the left side of the line x = 1 =>■ ^ + | < | =>• tan- 1 (y) < | => a < |. 
Thus, if 0 < a < § ,then the appliance will have to be tipped more than 45° to fall over. 


44. f(a) = I a = 工 f 0 (y~ a ) 2 dy dx = J (2 ~ a)3 + 誓 dx = | [(2 — a) 3 + a 3 ] ; thus f ’(a) = 0 => —4(2 — a) 2 + 4a 2 

= 0 => a 2 — (2 — a) 2 = 0 4 —4 + 4a = 0 4 a=l. Since f" ⑻ = 8(2 — a) + 8a = 16 > 0, a = 1 gives a 
minimum value of I a . 



pi / »l/\/1—X 2 

45 - M = Jo d y dx 


lo 7T=? dx 


0 \J 1—x 2 
2(1-x 2 ) 1/2 


dx = [2 sin_i x] 0 
1 = 2 ^ x = ^ and y 


2 (I - 0) = 7T ； M y = £ /— 1 二 ^ x dy dx 


0 by symmetry 


46 .⑻ ^ R =\ / ¥^=^5 

(b) I = />x 2 dx=f ^ R=] /f7T = ^ 

47- (a) l=M = f o 1 f^ f Sdxdy = 26f o 1 ( y - y 2) dy = 2<5 [^ - ^ = 2<5 (I) = f ^ 石二 \ 
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C fT" 2 (y+l)dxdy (I) ^ 

(b) average value = \ 2 _ 2 - = | = 占 ， so the values are the same 

^ /cJ y r dxdy \v 

48. Let (x i5 yi) be the location of the weather station in county i for i = 1， .. • ， 254. The average temperature 

254 

E T(Xi, yi ) AiA 

in Texas at time to is approximately —— ^ - , where T(xi, yi) is the temperature at time to at the 

weather station in county i, AjA is the area of county i, and A is the area of Texas. 


49. (a) x= ^ =0 




f f xS(x, y) dy dx = 0 


(b) I L = J J (x - h) 2 ^(x, y) dA = f f x 2 6(x, y) dA — J f 2hx ^(x, y) dA + f f h 2 S(x,y) dA 
R R R R 

= I y -0-hh 2 ff S(x, y) dA = I c nL + mh 2 

R 


50 .⑻ I cm . =I L -mh 2 ^ I x=5/7 = I y - mh 2 - f - 14 (f) 2 = |； I y=11/14 = I x - mh 2 = 12 - 14 
(b) I x =i = I x =5" + mh 2 = || + 14 (I) 2 = I ； I y =2 = Iy=ii/i4 + mh 2 = 吾 + 14 (||) 2 = 24 


47 

14 


51 - M ^u P 2 = //ydA! + //ydA 2 =M Xl +M X2 ^ x= ； likewise, y = ； 

1 


Ri 

thus c = xi + yj 


R 2 

l 


mi + m2 


[(M Xl +M X2 )i+(M yi +M y2 )j] 


mi + rri2 


[(mixi + m 2 x 2 ) i + (miy! + m 2 y 2 ) j] 


mi +m2 


[mi (xj + yj) + m 2 (x 2 i + y 2 j)] 


miCi +1112C2 
mi + m2 


52. From Exercise 51 we have that Pappus's formula is true for n = 2. Assume that Pappus's formula is true for 


n = k — 1, i.e., that c(k — 1) 


D miCi 
i=l 
k-1 


.The first moment about x of k nonoverlapping plates is 


E J/ydAi +//ydA k = M Xc ( k _D +M Xk ^ x = ； similarly, y = ^ 


k-1 

thus c(k) 


R k 


X] m i + m k 


E m i 


^ + yj = ~r— [(H^ + M Xk ) i + (My c(k l) + M yk ) j] 
E ^ 

i=l 

J] mi ) x c + m k x k ) i + ( ( E m i ) Fc + m k y k ) j 


mi + m k 


m i 


X ； m ； (x c i + y c j) +m k (x k i + y k j) 


c(k-l)+m k c k 

k^l 


= _==:: + 二 = 舰 ， and b mathematical induction the statement follows. 


53 .⑻ c= 8a + 3j) + 2(3i + 3.5j) = 141 + 31J ^ x = ^ and y - 31 


(b) c 

(c) c: 

(d) c ： 


8+2 

10 

8(i + 3j) + 6(5i + 2j) _ 

38i + 36j _ 

14 

14 

2(3i + 3.5j) + 6(5i + 2j) 

36i+19j 


10 

亨 and y = 學 

9 


19 


8 _ 8 ， 八 — 2 

8(i + 3j) + 2(3i +i 3.5j) + 6(5i + 2j) ^ 44i_M3j ^ x = ^ y ： 


x = I and y—-g- 

l i^y = fe 


54. c 


_ 15 (li + 7j)+48(12i+j) _ 15(3i + 28j) + 48(48i + 4j) _ 2349i +612j _ 261i + 68j 


4 X : 


15+48 

哿 andy=^ 


4.63 


4-63 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 
































Section 15.3 Double Integrals in Polar Form 959 


55. Place the midpoint of the triangle's base at the origin and above the semicircle. Then the center of 
mass of the triangle is (0, |) , and the center of mass of the disk is (0, 一 赛 ） from Exercise 25. From 


Pappus's formula, c 


(ah)(|j)+| 


(-赛 j)( 


(ah+ 学 

) 

jah+ 竽 ) 


， so the centroid is on the boundary 


if ah 2 — 2a 3 = 0 h 2 = 2a 2 => h = a\/2. In order for the center of mass to be inside T we must have 
ah 2 — 2a 3 > 0 or h > a\/2- 

56. Place the midpoint of the triangle's base at the origin and above the square. From Pappus's formula, 

c = 2 )(3 +1( ~ — ? so the centroid is on the boundary if 誓一誓 = 0 => h 2 — 3s 2 = 0 => h = s\/3. 

v^ +s2 J 

15.3 DOUBLE INTEGRALS IN POLAR FORM 

pl n \/l-X 2 


dydx= r f r drd9= |= | 

U-luo J Jo Jo ^ Jo 2 

nl p \/1—x 2 p27v nl f»2-K 

LLv^ dydx= L Jo rdrd0 = Uo d0=n 

fo f 广 (x 2 +y 2 ) dxdy = / ； 7 ； r3drd0=i/ ； /2 d0=| 

r»l n v/l—y 2 r*27r nl nlir 

L JW x2+y2)dXdy= io Jo r3drd0 =Uo d0 = f 

( J o r dr = I - J q dO = 7ra 2 

>f 0 ^ ( x2 + dxd y = /o 2 / 0 r3 drd ° = 4 ST d0 = 2lT 


2 . 


3. 


4. 


5. 


6. 


r6 ny 

Jo Jo xdxd y 


r 2 cos ^ dr = 72 j cot 0 esc 2 0 d6 = —36 [cot 2 6] ^ = 36 


r*2 n\ r»7r/4 r*2 sec 6 nir/A 

8. J q J o y dy dx = 丄丄 r 2 sin 0 drdO 二曼丄 tan 6 / sec 2 0 dO 


9. 


r*0 nO 

J —y/l—X 2 1 - 


l + y/\ 2 +y 2 

(1 - In 2 )tt 


dy dx 


^3?r/2 


1 i 
0 1 +r 


X 37r/2 pi r»37v/2 

— Jo ^~ih) drde = 2 l (1—In2)d0 


10 . 


47T — 7T 2 


dxd y = LTfo 1TF drd0 = 4 X77o 1 ( 1 -T^)drd0 = 4 £f(l - f) 


d6 


广 In 2 f/(In 2) 2 -y 2 广——可 fV 2 r ln2 广 7 V 2 

11. j 。 j 。 e^^dxdysj 。 j 。 re r drd6» = j 。 (2 In 2 - 1) d6> = | (2 In 2 - 1) 

12 - X fo^ e-(^) dydx = £ /2 f o I re^drdd=-l f:% - l) dd = ^ 

=[0+^ + sin 2 叫 。" /2 = 宇 =| + 1 


de 
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14. 


/ 0 J-^/l-Cy-DS 
•»1 n \/l — y 2 


J 7r/2 


a 2 sin & r»7r 

sin 2 6 cos ^ r 4 dr = y J 2 sin 7 9 cos 0 d9 = ^ [sin 8 0] \ 

15. / . / In (x 2 + y 2 + 1) dxdy = 4 J:" J: In (r 2 + 1) r drd6> = 2 f: 2 (In 4 - 1) d6> = 7r(ln 4-1) 


16. 


(1+ 』 + W dydX = 4 f: /2 f: (IW drd0 = 4 iT [— T 


o 


r< 


d 沒 = 2 I d 汐 = 7T 


17 


r»7r/2 p2y/2 — sin 20 r»7r/2 

.丄上 r dr d6> = 2 上 （2 — sin 26>) d6> = 2(?r — 1) 

n l + cos 6 r»7r/2 。 

r dr = J q (2 cos 0 + cos 2 6) dO = ^ 

r 6 p 12 cos 30 pn/6 

rdrd6» = 144 cos 2 39 d6» = 12 tt 
Jo Jo 

e 2 ae = ^ 

21- A= £ /2 f o 1 + Sm \drdd=^ 2 £ /2 (l +2sin0-^)d0=f+ 1 
/o^/o* 008 9 r drd0 = 2 f: 2 (i -2 cos 61+ d(9 = f - 4 


J 、 27r p46/3 „ p27r 

rdrd6> 

o Jo 


9 


22. A = 4 


n l—cos 6 niv 

3r 2 sin d Ax AO — J fl (1 — cos 0) 3 sin 9 d6 


24. I x 

Io 


y 2 [k (x 2 + y 2 )] dydx = k f: £ r 5 sin 2 6» drd0 = 誓 J 厂 l -^ s2l> d0 = 宇 : 
k(x 2 + y 2 ) 2 dydx = k f:£i: 5 drd6» = 誓 J^dd 


ka 6 7r 


25. M 

= 2 X/6 J 

^6 sin 6 

3 drd6> = 

: 2 J^ 2 (6 sin 6» - 3) d6» = 6 [- 

2 cos 6» - eyJH = — 

- 27T 

26. I 0 : 

n3n/2 r»l 

Jtt/ 2 Jl 

—cos 6 

rdrd6> 二 

=- J' J (cos 2 ^ — 2 cos 6) dO : 

=■ [亨 + f - 2 sin 0 

]：；f = 2+l 

27. M 


+ cos 6 

rdrd6> 

= fj(l + cos ef d0 = 誓； m 5 

r»7r r» 1 + cos 6 

'= 2 J 。 J 。 r 2 cos 6 dr dO 

= 

2 f n ( 4c 3 se + 24 + cos 20 sin 2 0 cos 6» + cos 4 49 ) dd 

=^ ^ x = | and y = 

二 0, by symmetry 


28. I 0 


r»2x n 1 + cos 6 n2n 

0 Jo r 3 drd0 =3 Jo (1+COS0) 4 d0 = 帶 


29. average = ^ J 0 ^ f 0 r\/a 2 — r 2 drd0 = J' g / a 3 d0 = ^ 

3 0. average = ^ f g ^ £r 2 drdd= 点 £’ 2 a 3 dO = f 

y^+7 dydx =^££ r 2 drd0 


31. average 


7ra 2 


tJ 0 d0 =f 
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32. average = i // [(1 -x) 2 +y 2 ] dydx= i / 广 ([(1 — r cos 6») 2 + r 2 sin 2 6»] r drd6» 

R 

rf o 1 (r 3 -2^cos0 + r)drd0=^ /: (聲 ^ M) d0 = I [1 0 _ 2 ^] - = | 

33 - nf(¥) rdrd0= rdrd0 = 2 /jr In r - r]f d0 = 2；"^ [(i ^ l) + l] d0 = 2n(2-^) 

34- / o 2 T(¥)*d0 = /:7:( 甲 ） drcW = J> nr) 2 ]; ⑽ =£dd = 2n 

广 7r/2 pl+cos 6 p7r/2 

35. V = 2 J o r 2 cos 0 drd0 = | 丄 （3 cos 2 0 + 3 cos 3 6 + cos 4 0) dO 

=I [if + sin 26» + 3 sin 9 - sin 3 6 + ^ = | + f 


— cos 2 6) sin 6 d6 


(W 


36. V = 4 £ /4 £ 一 21 ' r\/2-r 2 drd0 = — | [(2 - 2 cos 20) 3 / 2 — 2 3 / 2 ] 

一一 — [^ - COS ^ l ； /4 = ^4072-64 


37 .⑷ I 2 = /:/fe-W) dxdy = /:’7: (e_ 勹 r drd0 = / 广 

=」 iTbH (>- b2 -!) d0= 5 f: 〜 =5 ^ I= # 

赤 r e_t2 dt = fe) (f) = 1 - part ⑻ 


o 

re dr 

0 


(b) lim dt 

\ / X ^ OO Jo y/'K 


de 


38. 


(1 +x 2 +y 2 ) J 


^7t/2 poo 

dxd y = io Jo ☆ 祕 =f 


b^oo Jo _ 


dr ： 


t+?]! 


b — oo 


? b^oo ^ iw) = ? 


39. Over the disk x 2 + y 2 < |: f f r 


x 2 -y 2 


dA 


t n \/3/2 

Jo r- 


drdO 




(—每 In I) d 沒 =(In 2) J q d6 = n\n 4 


Over the disk x 2 + y 2 < 1: f f 


x 2 — y 2 


dA ： 


r»27r r»l 

/o Jo 


drdO 


fo 


dr 


d(9 


X Z7T 

、 lim [― I In (1 — a 2 )] d6 = 27T • lim [— | In (1 — a 2 )] = 27r • oo, so the integral does not exist over 
x 2 + y 2 < 1 


n f(0) r»p 

( r dr = J 

where r = f(0) 


m , rP „ 

d6» = i f 2 (0) dd 

0 z Ja 


^r 2 d6>, 


41. average 


[(r cos 0 — h) 2 + r 2 sin 2 0]r drd0 = ^ J* o J q (r 3 — 2r 2 h cos 0 + rh 2 ) drdO 


a 4 2a 3 h cos 0 _i_ a 2 h 2 
,4 3^ 


(a 2 + 2h 2 ) 


2 J d0= n Jo \4 


a2 - + ) d g 


d?6 2ah sin 6 \ h 2 6 
~4~ 3^ + j 
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44-46. Example CAS commands: 

Maple: 

f := (x ， y) -> y/(x 八 2+y 八 2); 
a，b := 0,1; 
fl := x -> x; 
f2 := x -> 1; 

plot3d( f(x,y), y=fl(x)..f2(x), x=a..b, axes=boxed, style=patchnogrid, shading=zhue, orientation= [0,180], title="#43(a) 
(Section 15.3) M ); # ⑻ 

ql := eval( x=a, [x=r*cos(theta),y=r*sin(theta)]); # (b) 

q2 := eval( x=b, [x=r*cos(theta),y=r*sin(theta)]); 
q3 := eval( y=fl(x), [x=r*cos(theta),y=r*sin(theta)]); 
q4 := eval( y=f2(x), [x=r*cos(theta),y=r*sin(theta)]); 
theta 1 := solve( q3, theta ); 
theta2 := solve( ql, theta ); 
rl := 0; 

r2 := solve( q4, r); 

plot3d(0,r=rl..r2, theta=thetal..theta2, axes=boxed, style=patchnogrid, shading=zhue, orientation:[-90,0 ]， 
title="#43(c) (Section 15.3 )，’）； 

fP := simplify(eval( f(x ， y) ， [x=r*cos(theta),y=r*sin(theta)])); # (d) 

q5 := Int( Int( fP*r, r=rl..r2 ), theta=theta 1..theta2 ); 
value( q5 ); 

Mathematica: (functions and bounds will vary) 

For 43 and 44, begin by drawing the region of integration with the FilledPlot command. 

Clearfx, y, r, t] 

〈〈 Graphics 、 FilledPlot 、 

FilledPlot[{x, 1}, {x, 0, 1}, AspectRatio —> 1, AxesLabel —> {x,y}]; 

The picture demonstrates that r goes from 0 to the line y=l or r = 1/ Sin[t], while t goes from 丌 /4 to 7r/2. 
f:= y / (x 2 + y 2 ) 

topolar={x —^ r Cos[t], y ^ r Sin[t]}; 

fp= f/.topolar //Simplify 

Integrate[r fp, {t, 7r/4, 7 t/ 2}, {r, 0, 1/Sin[t]}] 

For 45 and 46, drawing the region of integration with the ImplicitPlot command. 

Clear[x, y] 

《 Graphics 、 ImplicitPlot 、 

ImplicitPlot[{x==y, x==2 - y, y==0, y==l}, {x, 0, 2.1}, {y, 0, 1.1}]; 

The picture shows that as t goes from 0 to 丌 /4, r goes from 0 to the line x=2 — y. Solve will find the bound for r. 
bdr=Solve[r Cos[t]==2 — r Sin[t], r]//Simplify 
f:=Sqrt[x + y] 

topolar={x —^ r Cos[t], y ^ r Sin[t]}; 

fp= f/.topolar //Simplify 

Integratedfp, {t ， 0,7r/4}, {r, 0, bdr[[l, 1, 2]]}] 
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15.4 TRIPLE INTEGRALS IN RECTANGULAR COORDINATES 


F(x ， y, z) dy dz dx 


/ 0 JO J x+z 

" 「〔 1-X)-X(1 - X)-¥ 


dy dz dx 


dx 


、 (l-x) 2 


dx 


lo Jo 

(l~x ) ： 


(1 — x — z) dz dx 


2 - Jo Jo Jo dzd y dx 

r»3 pi nl 


a 2 r*l n2 pi r*3 r*3 f*2 n\ p2 p3 pi 

t 3 dydx = J o 6 dx = 6, J o J o J g dzdxdy, J o J g J g dxdydz, J g J g J g dxdzdy, 


lo Jo Jo dydxdz, j o j o J 0 dydzdx 


r>2-2x n3-3x-3y/2 


10 JO JO 
nl n2-2x 


3. I I I dz dy dx 

。 - ~'(3-3x-§y)dydx 
=/: [3(1 -x)-2(l-x)-|-4(l-x) 2 ] dx 
= 3 f g \l - x) 2 dx=[-(l-x ) 3 ]； = l, 

n l-y/2 广 3-3x-3y/2 nl 广 3—3x 疒 2-2x-2z/3 

I 丄 dzdxdy, J o J q J o dydzdx, 

a l-z/3 广 2-2x-2z/3 广 2 广 3-3y/2 pl-y/2-z/3 

, 丄 dydxdz, I / .1 dxdzdy, 


r»2-2z/3 pl-y/2—z/3 



dx dy dz 


4. 


\/4—x 2 


/o Jo Jo 
r»3 r*2 n 4—x 2 

lo Jo Jo 


dz dy dx 


x 2 dydx = 3 \/4 — x 2 


dx 


4 — x 2 + 4 sin -1 I 


dz dx dy, 


r»2 p \/4-x 2 


dy dz dx, 


r>2 n y/4-z 2 


dy dx dz, 


广 3 广 \/4-z 2 


dx dy dz, 


二 6 sin -1 1 = 37r, 

r»2 广 \J 4—z 2 

/ dx dz dy 


广 2 广 \J 4—x 2 r»8—x 2 —y 2 
- \J 4—x 2 J x 2 + 
r»2 n \/4-x 2 


5 . J J dzdydx = 4 Jo 


r»2 py/4-\ 2 nS-x 2 -y 2 


/ X 2+y2 


dz dy dx 


/O JO 

广 2 r \/4-x 2 


[8-2(x 2 + y 2 )] dydx 
(4 — x 2 — y 2 ) dy dx 

n7r/2 p2 n7r/2 

8 J o J o (4 一 r 2 )rdrd6» = 8 丄 
32 f: 2 d0 = 32 (!) : 16tt, 


2r 2 -^ 


d6» 


厂 2 nS-x 2 -^ 2 

dzdxd y ， 


py/z-y 2 

j y2 j — ^/z—y 2 
rV z ~y 2 


dx dz dy 


2 n^/S-z-y 2 

dxdzd y ， 



dx dy dz 


nS 广 a/8-z n 

J 4 J-y/s^zJ - 


\/8-z-y 2 


dx dy dz, 


fo j-y/z j -y/z-y 2 J 一 ' J A J -^/8-z-y 2 

a y/z n a/ z—x 2 r*8 \Jh r* 8—z—x 2 

Vi dydxdz + 丄 J ^J ^-^dydxdz 


r»2 n4 n z—x 2 

J -2 Jx 2 J - \/z-x 2 


n2 r»8—x 2 8—z—x 2 

dydzdx + J_J 4 dydzdx, 
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964 Chapter 15 Multiple Integrals 

6. The projection of D onto the xy-plane has the boundary 
x 2 + y 2 = 2y 4 x 2 + (y — l) 2 = 1， which is a circle. 
Therefore the two integrals are: 

n2 p^/2y-y 2 n2y pi pl+\/l-x 2 


t 0 J - i/2y— y' 2 J x 2 +y 2 


dzdxdy and J i 


- \/l — x 2 J x 2 +y 2 


dz dy dx 



z = x + y 


(x 2 + y 2 + z 2 ) dzdydx= f Q f Q (x 2 + y 2 + *) dy dx = 上 （ x 2 + !) dx : 


f3y r 8-x 2 -y 2 

8. / / / dz dx dy 

Jo Jo J x 2 +3y 2 J 


/,/ 广 ( 8 _ 2x2 — 4y 2 ) dx dy = // [ 8x _ i X 3 - 4xy 2 ] dy 


"(24y - 18y 3 - 12y 3 ) dy = [12y 2 - f y 4 ] 广 = 24 _ 30 = -6 

ne ne ne ft ~\ e nt pe ft 

9. I I I 丄 dxdydz = I I & dy dz = / / 丄 dydz= | 

Jl Jl Ji xyz J Ji Ji yz J Ji Ji yz J J \ 


In y 


D 


dz = 丨 - dz 


n 3—3x r»3—3x—y 

I Jo dzdydx: 

= 一臺 [(l-x) 3 ]h 曼 


X (3 - 3x - y) dy dx = J: [(3 — 3x) 2 — | (3 — 3x) 2 ] dx = | f o '(l-x) 2 dx 


11 - Jo Jo Jo ysinzdxdydz= J o 


12 - + y + z) dydxdz = f j ^xy +iy 2 +zy] ^ dxdz 

=I 4z dz = 0 


7ry sin z dy dz = y sin z dz = y (1 — cos 1) 

J i(2x + 2z) dx dz = i [x 2 + 2zx] dz 


^»3 r> \/9 —x 2 n \/9 —x 2 r»3 p \/9 —x 2 /- n3 

13. /„ /„ /„ dz dy dx = / / \/9 — x 2 dy dx = I (9 — x 2 ) dx 


/O JO JO 


9x- ^ 


18 


14. 


2x+y 尸 2 

dz dx dy 


/0 J-^/4-y 2 JO JO 

2 


;(2x + y) dx dy = £ [x 2 + xy] dy = £(4 — y 2 ) 1/2 (2y) dy 


§ (4 一 y 2 ) 


3/2 


§ ⑷ 3 / 2 = f 


n 2—x p2—x—y 

, Jo dzdydx 


:(2 — X — y) dy dx = J: [(2 - x) 2 - | (2 - x) 2 ] dx = i £(2 - x) 2 dx 


H(2_x)H + 暑 


n l—x 2 ^»4—x 2 —y r*l pi—x 2 

,I xdzdydx = J o J o 


x(l -X 2 — y) dydx = / X (1 - x 2 ) 2 - i (1 - x 2 ) dx = / |x(l - x 2 ) 2 dx 


12 


(l-x 2 ) 3 


12 


r»7r nn r*iv pn pn 

17. I I I cos (u + v + w) du dv dw = j j [sin (w + v + 7r) — sin (w + v)] dv dw 
= [(— cos (w + 2tt) + COS (W + 7r)) + (cos (w + 7r) — cos w)] dw 
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= [— sin (w + 2tt) + sin (w + 7r) — sin w + sin (w + 7r)] J = 0 
18 •工工工 In r In s In t dt dr ds = (In r In s) [t In t — t]; dr ds = 上 (In s) [r In r — r] ® ds = [s In s — s] ® = 1 

r»7r/4 pin sec v r»7r/4 

(e 2t — e b ) dtdv = 丄丄 e 2t dtdv = 丄 e 2Insecv — dv 


r 4 pin sec v r»2t r*Tr/A p\ 

I I e x dxdtdv= / 

Jo J -oo Jo JO 


In sec v 


lim 

b — —oo 


r /4 (^-0 dv= [ 


tan v — vl 开 /4 


p2 广 \/4-q 2 

20 - Jo Jo Jo F^dpdqdr ： 

= SJnS = 8 j n 2 


2] 0 - 5 - 8 

7 


to Jo r+1 


dq dr 


1 


/o 3(r+l) 


一 （4 - q 2 ) 


2 、 3/2’ 


dr ： 


3 Jo r+1 


dr 


21. (a) 

(d) 

22. (a) 

(d) 

23. V 二 


^l-x 2 


2 dy dz dx 

(b) 

/y 

dx dz dy 

(e) 

dy dz dx 

(b) 

dx dz dy 

(e) 

dz dy dx = 

f ,y 2 dydx = | 


ri ri 

J 0 J — 1 /1 —z J X 2 


dy dx dz 
dz dx dy 

fofof-f d y dxdz 

dz dx dy 

dx = I 


n i-z r^/y 

,dxdydz 


(c) 


dx dy dz 


n l—x p2—2z 

J o dydzdx ： 


(2 — 2z) dzdx = J 。 [2z - z 2 ]: _x dx = 丄 （1 _ x 2 ) dx : 


x-f 


n \/4—x p2—y 

) J o dzdydx 



(¥) dx 


[一 I (4 — x)3 /2 + i(4-x) 2 ]；=| ⑷ 3/2 ^I(16)=f-4=f 


26 - v = 2 / n 7 二 T^r dzd y dx = - 2 


y dy dx = I (1 — x 2 ) dx 


27. V 


r»2-2x 广 3-3x-3y/2 


JO Jo Jo 

' 3(1 - x) 2 dx= [-(1 -x) 3 ] 


dzdydx= £ f: 2X (3 — 3x — § y) dy dx = [6(1 - x) 2 - | • 4(1 - x) 2 ] 


dx 


n l-x pcos(7rx/2) pi nl-x nl 

丄 dz dy dx = 丄丄 cos ( 晉） dydx — 丨 77 


0 l cos T 


:cos(f) dx-/ ； xcos(f) 


dx = - sin 


TJ 0 _ P 


)(1 - x) dx 

du = 兰一去 [cos u + u sin u]: 


U COS U … 1 - 2 4 ” 丄 ” ,il x /2 


2 4 


(f-1) 


4 


-»1 p \/ 1—x 2 ny/l—\ 2 

29. V = 8 /_ I I dzdydx : 


/o Jo Jo 


n y/ 1—x 2 

I 


\/l —x 2 dy dx = 8 f (1 — x 2 ) dx 


T 


30. V 


r»2 r*4-x 2 n4-x 2 -y 


/0 JO JO 
n2 


dz dy dx 


r*2 / »4-x 2 


(4 一 x 2 _ y) dydx = f — (4 — x 2 ) 2 - i (4 - x 2 ) 


dx 


(4 - x 2 ) 2 dx= J (8 -4x 2 + ^) dx = ^ 
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n (v / 16-y 2 )/2 n4-y 

, in dxdzdy ： 


a (-v/l6-y 2 )/2 

I 


(4-y) dzdy = J o 4 vS ( 4 _ y) dy 


、 3/2_ 


二 f 。 2^16-y 2 dy —全 J 。 y^/l6-y 2 dy = [y/16 - y 2 + 16 sin] + \ (16-y 2 ) 

=16(f)-I (16)3/2 = 8 兀一 f 

p2 n \j 4—x 2 r»3—x r*2 n \J 4—x 2 r»2 /- 

H J J v^Jo dzdydx= J_J^(3 -x)dydx = 2 J 2 (3 - W4- X 2 dx 

= 3 J 2\J 4 — x 2 dx — 2 J 2 x \/4 — x 2 dx = 3 x\/4 - x 2 + 4 sin -1 | + | (4 — x 2 ) 3 ’ 2 

=12 sin- 1 1 — 12 sin" 1 (-1) = 12(f) - 12(- |) = 12 tt 


^»2 n2—x p4—2x—2y 

33. /_ L I • , dz dy dx 


/o Jo J(2-x-y)/2 
r»2 


a 2—x , 

I 


( 3 -f-f)dydx 

r[3(l-f)(2-x)-i(2-x)2]dx 


6 - 6x + ^ 


3(2-x) 2 

4 


dx 


6x _ 3x 2 + 誓 + 2^1 


(12 — 12 + 4 + 0) — i = 2 



34. V = J* o J dxdydz = J* (8 — 2z) dy dz = 上 (8 - 2z)(8 — z) dz = (64 — 24z + 2z 2 ) dz 


[64z-12z 2 + | z 3 ] 卜〒 


r»2 n^4-x 2 /2 px+2 

-2 JO 


2 nx+2 n2 n 4—x 2 /2 t-i. , - 

35. V = 2 / . /_ J o dzdy dx = 2 J 2 j 。 （x + 2) dy dx = | o (x + 2)y 4 — x 2 dx 


sin 


J 2\J 4 — x 2 dx + J 2 x\/ 4 - x 2 dx = 4 — x 2 + 4 si 

4(1)-4(-f) =4 tt 


n l-y 2 r»x 2 +y 2 pi / ^1-y 2 

,Jo dzdxdy = 2/ 0 / 0 (x 2 +y 2 )dxdy = 2^ 


y + xy 2 


(4 - x 2 ) 3 , 2 . 


dy 


2 f 0 U - y 2 ) [l^-y 2 ) 2 + y 2 \ dy = 2 J 0 (i-y 2 )Q + |y 2 + |y 4 ) dy = |/ o (1 — y 6 ) dy 

: (i) (f) = i 


y-4 


37. average = I 

38. average = \ 


fff 


(x 2 + 9) dz dy dx 


f 2 f 2 


(2x 2 + 18) dydx = I fj(4x 2 + 36) dx = f 


(x + y — z) dz dy dx 


(2x + 2y — 2) dy dx 


T 


(2x - 1) dx = 0 


39. average = + y 2 + z 2 ) dzdydx= f:f:(x 2 + y 2 + •) dydx = £(x 2 + |) dx ： 

40. average = 


r»2 r*2 r»2 r»2 n2 

n .L.L xyzdzdydx= 1 J q J g xydydx ： 


2 Jo 


x dx = 1 


41. 


4 cos 

/o Jo 』 2 y 2W 


? dxdydz = f:f: dydxdz 


lo Jo a/z 


i^dxdz= / o 4 (5|4)z- 1 /2 


dz 


[(sin ^z 1 / 2 ] 0 = 2 sin 4 
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42. 12xz e zy2 dydxdz = 上上 J": 12xz e zy2 dxdydz = 工上 6 yz e zy2 dydz = 上 [3e zy2 ] dz 

= 3 上 (e z — z) dz = 3 [e z — 1] J = 3e — 6 

« - L%r dx d y d Z = /；/； ^idydz= /；/； dzdy 

=J o 47ry sin (7ry 2 ) dy = [—2 cos (7ry 2 )]J = —2(—1) + 2(1) = 4 

44 - dydzdx= ^dzdx= f:f 广 (f^)xdxdz = f 。 4 ( 拷 ) i(4-z)dz 

= [一 I C0S 2z] J = [- i + i sin 2 z ] 卜亨 

n 4—a—x 2 r»4—x 2 —y r»l r»4—a—x 2 

,I dzdydx=A ^ JJ o (4-x^y-a)dydx=A 

今 £ [(4 _ a_ x 2 ) 2 一 i (4 — a _ x 2 ) 2 dx = ^ ^ i J o *(4-a- x 2 ) 2 dx = 咅今 J:[(4 — a) 2 — 2x z (4 — a) + x 4 ] dx 

=A 今 [ ( 4 — a ) 2 x - § x 3 (4 — a) + 誓 : = 吾今 （4 _ a) 2 _ | (4 — a) + | = 吾今 15(4 _ a) 2 — 10(4 一 a) _ 5 = 0 
今 3(4 — a) 2 — 2(4 — a) — 1 = 0 今 [3(4 - a) + 1][(4 - a) - 1] = 0 ^ 4-a = -ior4-a=l^-a=fora = 3 

46. The volume of the ellipsoid ^ + ^ + ^ = lis so that 4(1 〒 c)7r = 8 丌 => c = 3. 

47. To minimize the integral, we want the domain to include all points where the integrand is negative and to 
exclude all points where it is positive. These criteria are met by the points (x, y, z) such that 
4x 2 + 4y 2 + z 2 — 4 < 0 or 4x 2 + 4y 2 + z 2 < 4, which is a solid ellipsoid centered at the origin. 

48. To maximize the integral, we want the domain to include all points where the integrand is positive and to 
exclude all points where it is negative. These criteria are met by the points (x, y, z) such that 
1 — x 2 — y 2 — z 2 > 0 or x 2 + y 2 + z 2 < 1, which is a solid sphere of radius 1 centered at the origin. 

49-52. Example CAS commands: 

Maple: 

F := (x,y ， z) -> x A 2*y A 2*z; 

ql := Int( Int( Int( F(x ， y ， z), y=-sqrt(l-x A 2)..sqrt(l-x A 2)), x=-l..l ), z=0"l ); 
value( ql ); 

Mathematic a: (functions and bounds will vary) 

Due to the nature of the bounds, cylindrical coordinates are appropriate, although Mathematica can do it as is also. 

Clear [f, x, y, z]; 
f:= x 2 y 2 z 

Integrate^ {x ， —1,1}, {y,-Sqrt[l - x 2 ], Sqrt[l - x 2 ]} ， {z, 0, 1}] 

N[%] 

topolar={x —> r Cos[t], y ^ r Sin[t]}; 

fp= f/.topolar //Simplify 

Integrated fp, {t, 0, 2 丌 } ， {r, 0, 1 },{z, 0, 1}] 

N[%] 
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15.5 MASSES AND MOMENTS IN THREE DIMENSIONS 


r»c/2 /»b/2 r»a/2 P^/2 nb/2 pc/2 

l ^ = LJ— W J—Jy 2 + z2 ) dxdy dz = a f_ c/ J_ b/2 (y 2 + z 2 ) dydz = a/ c/2 
= a /- c / /2(n + bz2 ) 


y! 


+ yz J 


b/2 

-b/2 


dz 


dz = ab 


I2 Z + T 


c/2 

-c/2 


ab ( ll + 12 , 


脊 (b 2 + c 2 ) 


苕 (b 2 +c 2 ); 


R x = -w b2 二 & ; likewise R y 


I a 2 + c 2 


12 and R z 


a2 &b 2 , by symmetry 


2. The plane z = is the top of the wedge ^ I x 


4 _ 2y ; c r\"F tVi<^ rr/=» — T — ^ ^ ^ (y2 + dZ dy dX 

一 f dx = 208;I y = /—I 4 2 /—= 3 2yV3 (x 2 + z 2 ) dzdydx 

(4 ^ 3 + + ^ + |] dydx = f^(l2x 2 + f) dx = 280; 

Iz = 4 J— (: y)/ V + y 2 ) dzdydx = f'Jjx 2 +y 2 )(l-f) dydx= 12 fjx 2 + 2) dx = 360 



abc (b 2 +c 2 ) 
3 


(b 2 + c 2 ) where M = abc; I y = y (a 2 + c 2 ) and I z = y (a 2 + b 2 ), by symmetry 


-x p 1—x—y 


、1 


4. (a) M = J g J o J g " dzdydx =J n J n (1 - X — y) dydx = /„ (萼一 x+* j dx : 

n l—x r»l—x—y 

,Jo 


X 


pi pl—x nl 

dz dydx = 丄丄 x(l — x — y) dy dx = | 丄 （ x 3 — 2x 2 + x) dx 


24 


n l—x r» 1—x—y 

, J o (y 2 + z 2 ) dzdydx 


2 _ ',3 丄 (1-x-y) 3 


y 2 — xy 2 — y 3 + 


dydx 


6 


(1 — x) 4 dx = ^ 4 I y = I x = ^ , by symmetry 


(b) R x = ^ 0.4472; the distance from the centroid to the x-axis is ^/o 2 + 長 + 長 =^ 

« 0.3536 


5 . M = 4 IofoC dzd y^ = 4 rj> 一 4y 2 ) dy dx = 16 X i dx = f ; M xy = 4 dzdydx 

= 2 J o J o (16 - 16y 4 ) dy dx = 爭 J o dx = 爭 z = ^ , and x = y = 0, by symmetry; 


L = 4 riX(y 2 +z 2 ) dzdydx 
l y = 4 IllX^ 2 + ^ dzdydx 


4 


4832 

63 

16 


(4y 2 + f) - (4/ + 字 )] dydx = 4；；^ dx =:; 
(4x 2 + f) - (4x 2 y 2 + 字 )] dy dx = 4 £ (I x 2 + 〒）dx 
； I Z =4 / 。 7 。 7 二 (x 2 + y 2 ) dzdydx =16 ££(x 2 - x 2 y 2 + y 2 - y 4 ) dydx 


B dx 


256 

"45" 


6. (a) M ： 


r* 2 厂 (\/4-x 2 ), 

-2 J (-V4-X2) 

厂 2 厂 (y4-x 2 ), 
J -2 J (-V4-X 2 ) I 

n2 / 


、 (\A-x 2 ), 


dz dydx = ^ 

X 

x dz dy dx 

X 

y dz dy dx 


1((—3^ ( 2 — x) dydx= /-: (2 — x) (V 4 -x 2 ) dx = 4,r； 

l/ (( —'SC x(2 — x ) 办办 = /—' x(2 _ x) (V 4 - x2 ) dx 

y(2-x)dydx 


-2 丌 ; 


,(2-x) 


4—x 2 4—x 2 


dx = 0 =>• x = — ^ and y = 0 
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(b) M xy = f 2 2 f ( [ V ^ 2 f 0 2 X z dzdy dx = i J— 2 J ( ( —二 3) 二 （ 2 — X)2 dy dx = ! / 二 (2 — x) 2 (V^-d) dx 
= 5n ^ z = I 

r»2 n \! 4—x 2 n4 n7r/2 f*2 r»A p7r/2 r»2 p7r/2 

7. (a) M = 4 / / I dz dy dx = 4 I / / rdzdrd 沒 = 4 / / (4r — r 3 ) drd9 = 4 / 4 = 87r; 

、 ’ Jo Jo J x 2 +y 2 J Jo Jo Jt 2 Jo Jo v y Jo 

M xy = f:£f: zr dzdrd0= f:f: § (16 - r 4 ) drd6» = f dd = ^ z = |, and x = y = 0, 

by symmetry 

(b) M = 8?r 今 4tt = f^f^J^rdzdrdffs / 广 / 广 （cr — r 3 ) drd6» = ^ dd = ^ ^ c 2 = 8 ^ c = 2^2, 

since c > 0 


8. M = 8; M x , 


z dz dy dx 


dy dx = 0; M y; 


x dz dy dx 


= 2 f f 3 xdydx = 4 x dx = 0; J dzdy dx = 2 f —丄 y dydx= 16 f t dx = 32 

^ x = 0, y = 4, z = 0; I x = f'J 3 5 fjy 2 + z 2 ) dzdydx = fj' (2y 2 + |)dydx=| f \l00 dx = ； 

!y = /U7—> + A dzdy dx = (2x 2 + |)dydx=f fj3x^ + 1) dx = f ; 

Iz = /—'JT/—' (X 2 + y 2 ) dzdydx = 2 /—'//(x 2 + y 2 ) dydx = 2 f^(2x 2 + f) dx = ^ R x = R z = -/f 


and R y 


9. 


广 2 疒 4 n(2-y)/2 

The plane y + 2z = 2 is the top of the wedge => t = J J J , [(y-6) 2 + z 2 ] dzdydx 


=l [ fy ~ 6) 3 (4 ~ y) + + *] dy dx; let t = 2 — y 今 I L = 4 (響 + 5t 2 + 16t + f) dt = 1386; 


M= i ⑶⑹⑷ = 36 今 R L = 



广 2 n4 r(2-y)/2 

10. The plane y + 2z = 2 is the top of the wedge => Il = JJJ, [(x-4) 2 +y 2 ] dzdydx 

=i J 2 2 / 4 2 (x 2 — 8x + 16 + y 2 ) (4 - y) dy dx = f](9x 2 - 72x+ 162) dx = 696; M= i ⑶⑹⑷ = 36 

^ r l = /fe = \/f 


11 - M = 8;I l = f 0 4 f g 2 fjz 2 + (y — 2) 2 ] dzdydx = f:£(y 2 - 4y + f) dydx = f/> = f 



12. M = 8; I L = fJfJfjCx » 4) 2 + y 2 ] dzdy dx = f^fjCx - 4) 2 + y 2 ] dy dx = £ [2(x - 4) 2 + f ] dx = if 



r»2 r*2—x p2—\—y n2 p2—x r»2 

13. (a) M = J J J 2xdzdydx = J J (4x-2x 2 - 2xy) dy dx = J (x 3 - 4x 2 + 4x) dx = | 

(b) M xy = ££ "/o' X ^xz dzdydx = f:f: \(2 — x — y) 2 dydx = dx = ^ ; M xz = ^ by 

n 2—x 广 2—x—y p2 n2—x n2 ? 

、 J 0 2x 2 dz dy dx = 上 J 。 2x 2 (2 — x _ y) dy dx = 丄 (2x _ x 2 ) dx = {f 
x = j , and y = z = ^ 
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14. (a) M = XU * ㈣ dz dydx = k /:/ 广 xy (4 — x 2 ) dydx= | /:(4x 2 — x 4 ) dx = 管 

(b) M yz = fH dydx = k £f/\ 2 y(4 一 x 2 ) dydx= | £(4x 3 - x 5 ) dx = f 

^ x = I ; M xz = JH。 4 — X — kxy 2 dz dy dx = k J^/^xy 2 (4 - x 2 ) dydx= | £ (4x 5 / 2 - x 9 / 2 ) dx 
= ^ y = ^ ; M xy = /:/ 广上 “㈣ dzdydx= xy (4 - x 2 ) 2 dydx 

=| £(16x 2 - 8x 4 + x 6 ) dx = ^ z= f 

15 . ⑻ M = /:/:/: (x + y + z+l)dzdydx = /:/: (x + y + 曼 ） dy dx = /: (x + 2) dx = | 

(b) M xy = /:/:/: z(x + y + z+l)dzdydx= i f:f: (x + y + f) dy dx = 1 fjx + f) dx = | 

=> M xy = M yz = = I, by symmetry x = y = z = ^ 

(C) I z = f^fofo^ 2 + y 2 ) (X + y + Z + 1) dzdydx = X'X* ( x2 +y 2 ) (x + y+l)dydx 
=£ (x 3 + 2x 2 + i x + I) dx = ^ => I x = I y = I z = 呈 ， by symmetry 



16. The plane y + 2z = 2 is the top of the wedge. 

f 1 r 4 r( 2 -y)/ 2 r l r 4 , 

⑻ M = LLL ( X +D dzdy dx = JJjx+l)(2 



x(x + 1) dzdy dx 


)dydx = 18 
x(x+ 1) (2 — I) dydx : 


y(x + 1) dzdydx = J 2 y(x + 1) (2 — |) dydx = 0; 


z(x + 1) dzdydx 


(x + 1) (# — y) dy dx = 0 > x = ^ , and y = z = 0 


(C) I x = (x+l)(y 2 + z 2 ) dzdy dx = fjjx+l)[2y 2 + i ^ ^ | (l ^ |) 3 ] dydx = 45; 

Iy = /'/ 二 /」:— y)/2 (X + 1) (X 2 + z 2 ) dzdy dx = /'/ 二 (x + 1) [2x 2 + i — 宇 + I (1 一 I) 3 ] dydx = 15; 
Iz = / 二 / 二/」广 /2 (X + 1) (x 2 + y 2 ) dzdy dx = J'Jjx + 1) (2 — |) (x 2 + y 2 ) dy dx = 42 


(d) R x = 




17 - M = / 0 7 二 7/^ + 5 ) dy dxdz = XX,(Z + 5^dxdz = / o 1 2 (z + 5^) (1 - z) dz 
= 2 /: (5z" 2 + z — 5z 3 / 2 - z 2 ) dz = 2[f z 3 / 2 + i z 2 - 2z 5 / 2 - i z 3 ] J = 2 (f - |) = 3 


n2 n\j 4—x 2 p 16—2 (x 2 +y 2 ) _ r*2 n\j 4—x 2 _ 

18 - M = V^ + Y 2 dz dy dx = J J ^ Vx 2 +y 2 [16-4(x 2 +y 2 )]dydx 


= 4 /o7o 2r ( 4 - r2 ) rdrd0 = 4 r[x-T 


dd = 4 f 2 ^ dO = 

Jo 15 


512?r 


19. (a) Let AVj be the volume of the ith piece, and let (x i5 y i? Zi) be a point in the ith piece. Then the work done 

by gravity in moving the ith piece to the xy-plane is approximately Wi = rriigZi = (xj + yi + + l)g AVi z { 

^ the total work done is the triple integral W = J^J^J^(x + y + z+ l)gz dz dy dx 
=g fofo il xz2 + I y z2 + I z3 + I z2 ] i dy dx = g / 0 7 0 ' (i x + I y + I) dydx = g/ o 1 [ixy+iy 2 + |y] 
= g/o 1 G x +ll) dx = g[T + li x ]o = g(Tf) = |g 
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(b) From Exercise 15 the center of mass is ( 吾 , 吾，吾 ) and the mass of the liquid is I ^ the work done by 
gravity in moving the center of mass to the xy-plane is W = mgd = (|) (g) (^) = | g, which is the same as 
the work done in part (a). 


20. (a) From Exercise 19(a) we see that the work done isW = gJ o 二 ’ kxyz dz dy dx 

=kg i xy (4 - X 2 ) 2 dydx=^ £x 2 (4 - x 2 ) 2 dx = 竽 J q 2 (16x 2 - 8x 4 + x 6 ) dx 

_ kg r 16 Y 3 _ 8 Y 5 , 1 Y 71 2 _ 256k g 
— 4 L 3 A 5 a -r y a j Q — 105 

(b) From Exercise 14 the center of mass is ( ^ , 旱 ) and the mass of the liquid is ^ the work done by 


256kg 


gravity in moving the center of mass to the xy-plane is W = mgd =( 眷 ）（ g) (f) — 10 5 

21. (a) x = ^ = 0 ^ f f f x^(x,y,z) dx dy dz = 0 = 0 

R 

(b) I L = /// |y - hi| 2 dm = fff |(x — h) i + yj| 2 dm = fff (x 2 - 2xh + h 2 + y 2 ) dm 
D D D 

= fff (x 2 + y 2 ) dm - 2h fff x dm + h 2 /// dm = I x - 0 + h 2 m = I cm . + h 2 m 


22. I L = I c m . + mh 2 = I ma 2 + ma 2 


：ma 


23. (a) (x,y,z) 


fa b c 


2 ? 2) ^ ~ Ic.m. + abc f v /^： + J ^ I c .m. — h - 4 


abc (a 2 +b 2 ) 


abc (a 2 +b 2 ) abc (a 2 +b 2 ) — abc(a 2 +b 2 ) . p 
3 4 = 12 ； Kc , 


/ Ic.m.. 

V T . 


/ a 2 +b 2 
~12~ 


(b) lL = Ic.m.+abc(yf+ (|-2b) 2 ) = abc( f 2 +b2) 


abc (4a 2 + 28b 2 ) 

12 


abc (a 2 + 7b 2 ) • 


_ / a 2 + 7b 2 


-f 


疒 3 疒 4 / >(4-2y)/3 广 3 疒 4 疒 3 

24 . M = JJ J 4/3 dzdy dx = j 3 i 2 l( 4 — y)dy dx = i 3 

X = y = z = 0 from Exercise 2 4 I x = I c . w . + 72 (\/0 2 + 0 2 ) = I c . m . > II = Ic., 
= 208 + 72(^) = 1488 


dx = 12 I dx = 72; 


72 


’16+f 


25. M yZBiUB2 = fff x dVi + fff x dV 2 = M (yz)l + M (yz)2 ^ x = M (yz)l + M (yz)2mi+m2 ; similarly, 
Bi B 2 

y ~ M(xz)i M( xz ) 2mi + m2 and z = -^(xy)i M( X y) 2mi + m2 4 c = xi + yj + zk 
~ mi + m 2 [(^(yz)i M(yz) 2 ) i + (M ㈣ 工 + M ㈣ 2 ) j + (M( xy ) 1 + M( xy ) 2 ) k] 

- 1 [(miXi + m 2 x 2 )i+ (miy 1 + m 2 y 2 )j + (miZi + m 2 z 2 ) k] 


mi +m2 
1 

mi +m2 


[mi (xii + yj + zik) + m 2 (x 2 i + y 2 j + z 2 k)] 


mi Ci +m2C2 
mi +m2 


26. (a) c= 12(i+|j + k) + 2(ii + 4j + ik)l2 + 2= ^ x = i|, y = M ； g = i| 

(b) c=12 (i+ |j + k) +12(i+^j-|k)l2+12= M+i 11 ^ x=l,y=l ， z=\ 

(c) c = 2(|i + 4j + lk) + 12(i+^j-ik)2+12= ^+74J-5k ^ x=||,y= f ,z = ^^ 

(d) c = 12 (i+ j j + k) + 2(|i + 4j + ik) + 12 (i + y j — | k) 12 + 2 + 12 = 251 + ^ + 7k => x = y = y|, z 


_ 7 
— 26 
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27. (a) c 


㈣ (? k )+(¥)(-1 k ) — (•)( 


h 2 -3a 2 , 


mi + m 2 mi + 

h ~ 二 0, or h = a\/3, then the centroid is on the common base 
(b) See the solution to Exercise 55, Section 15.2, to see that h = a\/2- 


， where mi = 辛 and m 2 = 亨 ； if 


28. c 


( 夺） Q-k) + s 3 (-Ik) — (||) [(h 2 -6s 2 )k] 


,where mi = 夸 and m 2 = s 3 ; if h 2 — 6s 2 = 0, 


mi + m2 mi + m2 

or h 二 \/6s, then the centroid is in the base of the pyramid. The corresponding result in 15.2, Exercise 56, is h 


15.6 TRIPLE INTEGRALS IN CYLINDRICAL AND SPHERICAL COORDINATES 


p2ir n \J 2—r 2 f*2i: n 1 

I I dzrdrd6>= / / 

to Jo Jr Jo Jo 

4tt (x/2-l) 


r(2-r 2 ) 1/2 _r 2 


drd6> 




d6 




dO 


f*27r r*3 n \/ 18—r 2 r*3 

2. dzrdrd0= / 

Jo Jo Jr 2 /3 Jo Jo 

9?r (8\/^-7) 


.(18_r 2 ) 1/2 _f 


drd(9 


(l 8 _ r 2)3/2_ ri 


d6 


3. 


r»2iY nd/2TT r»3+24r 2 


dz r drd0 = /:7: /2 '3r + 24P) drd0 = /: [I P + 6r 4 ]= • /: (备 + 黑)⑽ 


/O JO JO 


e 3 , 

十 207? 


17tt 


n 9/-K p3y/ 4—r 2 

I , —— z dz r dr 

J - V4-r 2 


r»6/iz r»7r f*6/iz 

i [9 (4 - r 2 ) - (4 - r 2 )] r drd6> = 4 (4r - r 3 ) drdO 


4 


f ； 


2r 2 - r j 


6/tt 


■10 


4 / ( 客 - 羔） d0=^ 


p27r pi n (2—r 2 ) -1 ^ 2 

5. / / I 3 dz r dr 

Jo Jo Jt 

r»27r . 


r*27r nl 

lo Jo 


•(2-r 2 )' 1/2 -r 2 


drd6> = 3 


_(2_r 2 ) 1/2 -誓 


d6 


6. 


= 3 d0 = 7 ： (6^2 - s) 

f:f: J^ 2 /2 (r 2 sin 2 e + z 2 ) dz rdrd0 = (r 3 sin 2 9 + jj) drd9 


/T (宇 + 去 ) d0 = f 


f »27r p3 pz/3 

I r 3 drdzd0 

0 Jo Jo 


fo So 4 a dzd0 = fo ^ d6> = TO 


pi r*2ir /*»l+cos 6 

8. / 4r drd6>dz 

J-lJo Jo 


2(1 + cos O) 2 d6dz= / 6tt d6 = 127r 


9.X ( r2 cos2 ~ + z 2 ) r d 沒 dr dz : 


I 


夸 + ^f^-+z 2 0 


27T pi P y/z 

r dr dz = / I (7rr 3 + 27rrz 2 ) drdz 


竽 + 7rr 2 z 2 ] 广 dz = J : (宇 + 7tz 3 ) dz = [窨 + 宇 


r»2 n \J 4—r 2 p27r n \J 4—r 2 

10. / / I (r sin ^ + l)r d^dzdr = / / 27rr dz dr = 27r / 

JO Jr-2 JO ’ JO Jr-2 Jo 

= 2tt [- i (4 - r 2 ) 3/2 一 $ + r 2 ] 2 = 2 tt [-曼 + 4 + i (4) 3 / 2 ] = 8 tt 


(4-r 2 ) 1/2 -r 2 +2r 


dr 
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r»7r/2 ncos d r»3r 2 

13 - L /2 Jo Jo Kr,e,z)dzrdrde 

r»7r/2 r»l /*»r cos 6 r»7r/2 pi ^7r/2 

14. / / I r 3 dz dr = I / r 4 cos ^ dr = i / cos ^ | 

J-?r/2 Jo Jo J -tt/2 Jo ■> J -tt/2 j 


n 2 sin 0 r»4—r sin 0 

•L f(r ， 0 ， z)dzrdrd0 


16. 


r»7r/2 cos 0 p5—r cos 0 

L /2 Jo Jo f(r,0,z) dzrdrd0 


r»7r/2 广 1. 

1 • J -tt/2 J 1 


■^1+cos 0 

17. / / I f(r, 沒 , z) dz r drd 沒 


18. 


广 ?r/2 广 

J —7r/2t/ ci 


2 cos 0 n3—r s: 


f(r, z) dz r dr 


r»7r/4 r»sec 6 p2—i sin 6 

19. /„ /„ /„ f(r, z) dz r drd^ 


/O JO JO 


20 . 


r»csc 0 r»2—r sin 6 


f(r, 0, z) dz r dr 


21 . 


「:/: Sm % 2 sin 々 dp d ㈣ =I ££ sin 4 d& = I £ ( 
rr sin2 棒 e =f: [沒 -¥]>=/> 册 =? 


sin 3 (j) cos (j) 


Isin 2 (j) d(/>) d0 


22 . 


- fo X X (pcos^)p 2 sm<?idpd^d0= f g J^cos^sin 々 = / 0 P sin V] : /4 


d0 = Jo d6 ^ 2n 


23 


p27T r»7T p(l—COS ^>)/2 厂 》 27T 厂 >7T f»2TT 

.丄 Jo Jo P 2 sin0dpd0d0= 去丄丄 （1 一 cos 0) 3 sin 沴 d0 d<9 = 矗丄 [(1 -cos^) 4 ] 0 d6 


96 Jo 
^3tt/2 


(24 — 0) ^ = i//d0 = i(2 7 r) = f 

sin 3 (j) d(j)d6 


niixjL nix nl 

24. 丄 丄丄 5p 3 sin 3 0 dpd(/) d6 

, r 37r /2 


f.37r/2 


i3tt/2 . 


4 Jo 


4 Jo 


sin 2 cj) cos cj) 
3 


sin (j) d0) d 沒 


6 Jo 


[— cos 4>] q 


^3tt/2 

o ⑽ =f 
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25 


.X X / 工 3p 2 sin cj) dp dcj) (8 — sec 3 0) sin cf> d(/)d9 = J q [—8 cos (j) — \ sec 2 </>] d6 


fo 


[(-4 * 2) - (-8 - i)] d6 


/o 


= 5n 


pin r*Tr/4 nsec <f> n2TT nn/4 n2n 

26. J o J o J o p 3 sin (f> cos (j) ApAcj) d9 = \ J g J o tan 0 sec 2 </> d(9 = j J 0 [| tan 2 必 ] 0 ’ d6> 

J 、 2n 

„ d0 =? 



27. r r 厂 ’V sin 20 d(t)dddp= f 0 2 f [p 3 dedp= /:/ 二 f d0dp = f : 夸 dp 


28. 


14 丌 


r»27r r»7r/3 f*2 esc 小 p7r/3 - , 

0 p 2 sin</»d0dpd</» = 27rX /6 J csc0 p 2 sin dpd</» = f £ /( . [p 3 sin 0] d«/» 

/:csc 2 ㈣ =泰 


29 


pi nn n-^/A r*l nn ( 

Jo Jo Jo 12psinVd^d0dp =JJ 0 ( 12p 


- sin 2 (j) cos cf) 


7r/4 

0 


+ 8p sin 多 ) d0 dp 


^ - 8p [cos <f>] ； /4 ) de dp = ££ (8p - 表 ) d0 dp = 兀 /。 1 (8 P - 罢 ） dp = 7T [V 


(44-5) 

^ I 


30. 


rV 2 r 2 

— -k/iJ esc (, 


p7r/2 r»7r/2 r»7r/2 ^7r/2 

5p 4 sin 3 (j) dp d6 dcj) = J /6 J /2 (32 — esc 5 (j)) sin 3 (/) d6d(j) = J /6 J /2 (32 sin 3 0 — esc 2 </>) dO dcj) 


j ^ (32 sin 3 0 — esc 2 ♦) dcj) 


32 sin 2 cj) cos 0 


tt/2 

7t/6 


647t 


/ 二 2 sin</>d</> + 兀 [cot 糾攻 


= 7T ( 穿） — 苧 [⑽別 :; 6-^(73)=^ 7T+(^) (#)=¥ = ll-V^ 

31. (a) x 2 + y 2 = 1 => p 2 sin 2 ♦ = \，and p sin </> = 1 4 p = esc 0; thus 

r»2-K o-k/ 6 n2 r»2ir r»7r/2 pese ♦ 

Jo Jo Jo P 2 sin ^ d P d0 + Jo X/6 Jo P 2 sin ^ d( ^ d0 

r*2-K n2 r»sin _1 (1/p) r»27r r»2 ni：/6 

(b) 丄丄丄 /6 P 2 Sin cf> dcj) dp d0 + J o J o J o p 2 sin </» d</» dp d0 


r»27r /»7r/4 r»sec (j) 

32 -⑻丄丄丄 P 2 sin<pdpd(j)de 


to Jo Jo 


o2tt pi Otv/A 

( b ) 丄丄丄 P 2 <A (!</» dp d0 

广 2tt n\fl n-rv/4 

+ Jo Ji L-hi / p / sin^d^dpd^ 



33. V 


r fD sin <f>dpd^>d0=l /。 2 "/。" /2 (8 — cos 3 </)) sin<H </> 册 


8 cos </> + ^ dd= I £ (8 - i) d6» = (fi) (2 tt) 


3l7T 


r»27T 广 7r/2 r*l+COS ((> 

34. V = I j。Ji p 2 sin (j) dp dcj) dO 


T( 


3 cos 0 + 3 cos 2 0 + cos 3 (j)) sin (j) d<p dO 


5 Jo l~ 1 cos2 ^ - cos3 ^ ^ ? cos4 ^ T d9 = 5 Jo (i + 1 + ?) d0 


2T -3 J o 2 ^ =( n )(27r)= n, 
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f*2Tr r»7r r»l—cos (j) r*2TT pn 

35. V = J o 丄 J 。 p 2 sin (/) dp d(j)dO = | J o J q (1 — cos 0) 3 sin (j) dcj) d6 
=1^ 2 ) 4 / 广册 =_(2 兀 )=| 


(1 — COS <j)) A 

A~~ 


dO 


36 


J 、 27T /»7t/ 2 r»l—COS (j) p27T r»7r/2 

。丄 J 0 P 2 sin^>dpd(/)d6» = | J 0 J g (1 - cos ^)) 3 sin 0 d0d6 / 


(1 — COS (p) 4 

4~~ 


tt/2 


dO 


h Jo = T 2 ( 2?r ) = i 


2n r»x/2 p2 cos (j) _ 

I I cin /-A rl ^ H/-A —— — I I /^r\c^ 

)Jtt/4 Jo 


37. V = I I I p 2 sin (j) dp dcj) dO 

(I) (l^) fo d0 = ■ ( 2 丌 ) =f 


7T p7r/2 
7r/4 


cos 3 (j) sin (j) dcj) dO 


COS 4 (j) 

~r~ 


n/2 

7r/4 


dO 


38 - V = /:7:/ 0 V sin 必 dp # 册 =I /:/:sin 0 # cW = I / 广 [ _ cos CO = f J\o = f 

r»7r/2 ^»7 t/2 p2 ^»7r/2 p2 n \J 4—r 2 

39 - ⑷ 8 上 J 。 J 0 P 2 sir^dp#d0 (b) 8 丄丄上 


dz r dr d6 


(c) 8 


r*2 n\/4—x 2 r*y/4—x 2 —y 2 


^0 Jo Jo 


dz dy dx 


40. (a) 


3/y/2 n \/9-r 2 


广 /2 n3/y/2 n 

JO J 0 Jr 


dz r dr d9 


r»7r/2 r»7r/4 ^»3 

(b) Jo Jo Jo P 2 sin</>dpd^>d0 


疒 tt/ 2 r»7r/4 p7r/2 广 tt/4 广 tt/2 / \ 9 开 (2— 

⑹丄 X J 0 P 2 sin(t>dpd^d0 = 9 J g J o S in0_ = -9j o - l) d0 = 4 


41 .⑻ V = iTiTil。/ 2 sin 分 如 # d0 

、\J 3—x 2 n \/4—x 2 —y 2 

-V3-x 2 J 1 


J »27r p \/3 P V 4—r 2 

0 Jo J, dzrdrd0 


(C) v 


dz dy dx 


⑹ v =m( 4 - r2 ) i/2 


dvdO 




dd : 


fo ( _ I _ 2 + ^) d6) 


I Jo d0 =f 


42. (a) I z 


f»27r r»l 1—r 2 


,0 Jo Jo 

r»27r 


r 2 dz r dr d 沒 


n2iv p7r/2 pi 

(b) I z = J J o J 。 (p 2 sin 2 0) (p 2 sin 0) dp dcj) dO, since r 2 = x 2 + y 2 = p 2 sin 2 (j) cos 2 0 p 2 sin 2 (j) sin 2 0 


p 2 sin 2 (j) 


⑹ Iz = foVJ~I sin3< ^ d ^ d() 


r 

sin 2 (j) cos (p 

Jo l 

3 


tt/2 


广 tt/2 、 

J 0 sin (j) d</> 


de =T5 In [- C0S ^0 /2 dd 


(2tt) 


47T 


43. V = 4 / 0 X Xl； 412 dz r drd0 = 4 j^r — 4r 3 — r 5 ) drd0 = 4 /^(f - 1 - i) d6» 

“IT 肋 

44 - V = 4f ； /2 £f^dz rdrd0 = 4 / ； 7 ； (r — r 2 + ry^) = 4 — f — * (1 - rf， 2 ] : d 0 

d * + D d0 = 2/ ； /2 d0 = 2(|)= 7 r 
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45. V 


[*2tv f*3 cos 6 n-r sin 6 pin p3 cos 6 nliv 

。 dz r dr = 丄 /2 丄 —r 2 sin 沒 drd 沒二 丄 /2 (—9 cos 3 沒 ）（sin 沒） d 沒 


J3tt/2» 

[x = i- o = ! 


Otv p—3 cos 6 nr pn / 3 cos 6 Ott 

46. V = 2 / I I dz r dr = 2 I / r 2 drd^ = | / —27 cos 3 ^ 

Jtt/2JO JO Jtt/ 2JO j Jtt/2 

/: 2 cos 6> d6>) = -12 [sin 6>] : /2 = 12 


-18 


cos 2 6 sin 6 


tt/2 


47. V 


r*7r/2 r»si 

J 0 Jo 


•» V l-r 2 


dz r 


r»7r/2 psin 6 /- r»7r/2 

drd0 = j 。 j 。 rVl-r 2 drd0 = J 。 _ i (1 — r 2 ) 


/: /2 [ (1 —sinf 


I [sin 列「 /2 丄 2 ：— 二 


d6> 


J: /2 (cos 3 6>- 1) 


d6 


3/2 
cos 2 0 sin 0 


de 


tt/2 


r 


cos 0 d0 ) + 


Jo 卞 6 

r>3y/l^ 


18 


r»7r/2 pcos 6 p3yl—r 2 /»7r/2 pcos 6 /- p7r/2 

48. V = j o j o J o dzrdrd0 = 丄丄 3iV 1 _r 2 drd6> = j 。 一（ l_r 2 ) 


、3/2. 


d0 


£ /2 [-(l - cos 2 ef n 


de 


J: /2 (l - sin 3 9) dd : 


e + 


sin 2 9 cos 6 


tt/2 




sin 6 dO 


l + l 


[cos = 1-1 = 3^ 


J >27t n2n/2> r»a p27r p27r/3 o o p27r o /*? q ^»27t 

0 L /3 L # sin 小 dp_ = f o Jl /3 ~sin 小 d(t>de =ff 0 [-cos(/>]^ dO=^f o 


50 


C*tt/6 r*7r/2 na o p7r/6 p7r/2 o nir/6 

-V = X X X P 2 sin 0 dp# 册 =“ / o sin 小邮 d0=~f 。 d0 


a 3 7 T 

IF 


5L v =C ST Si, p 2sin ^ A p^ dd 

、 广 7r/3 

/ (8 sin (j) — tan (j) sec 2 0) d</> d 沒 

7r/3 


/o 

f*27T 


,0 

r»27r 


-8 cos ♦ — \ tan 2 0 ] 二 d 沒 


I 。 [-4-i(3) + 8] de 


r»27r 


L I d0 = |( 2 ^) = f 



r»x/2 p7r/4 sec (j> p7r/2 n7r/4 

52. V = 4 丄丄 J 诊 p 2 sin cj) dp dcf) dO =| 丄丄 (8 sec 3 (j) — sec 3 0) sin cj) d(f> d6 

=f £ /2 £ /4 sec 3 (f) sin 《 # d0 = f / 广 /: tan 沴 sec 2 (pd^dd = f / 广 [ 辜 tan 2 0]: /4 d6» 
-Tfo /2 ^= 7 f 

r»7r/2 pi pr 2 r»7r/2 r»l p7r/2 

53. V = 4 dzrdrd 6 » = 4 r 3 drd0 = / d0 = f 

Jo Jo Jo Jo Jo Jo 上 

r»7r/2 pi pr 2 +l r»7r/2 pi p7r/2 

54. V = 4 I / dzrdrd 6 > = 4 I rdrd 6 > = 2 I d 6 > = tt 

Jo Jo Jr 2 Jo Jo JO 

55. V = 8 f:" f 广 f: dz r drd0 = 8 f:’’- f 广 r 2 drd0 = 8 f:" d0 = 4?r ( 2 f - 1 ) 

56. V= 8 f:’ 2 f 广 f^dz r drd 6 » = 8 f:" 以 2 — r 2 drd 6 » = 8 / ^ 5 (2 - r 2 ) 3/2 ' 广 d0 

° 1 ° 1 
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Section 15.6 Triple Integrals in Cylindrical and Spherical Coordinates 977 


广 27t 广 2 r»4—r sin 6 nl-K n2 p2-rr 

57. V = 丄丄丄 dzr drd0 = 丄丄 （ 4r — r 2 sin 6») drd6» = 8 丄 (1 - 甲 ) d0 = 16 tt 


J >27t f»2 p4—i cos d—i sin 6 n2n p2 

。丄丄 dzrdrd0 = J o J Q 


[4r — r 2 (cos 6 + sin 0)] dr d 沒二 | J (3 — cos 6 — sin 6) d6 = 16 丌 


59. The paraboloids intersect when 4x 2 + 4y 2 = 5 — x 2 — y 2 4 x 2 + y 2 = 1 and z = 4 




V = 4 m— r dz r drd0 = 4 £ '£ (5r - 5r 3 ) drd6» = 20 r /2 Mi>= 5 i>=f 


60. The paraboloid intersects the xy-plane when 9 — x 2 — y 2 = 0 => x 2 -\-y 2 = 9 =^ 


/»7r/2 n3 p9—r 2 p7r/2 r»3 r»7r/2 

V = 4 丄■丄丄 dzrdrd0 = 4 丄 丄 （ 9r — r 3 ) drd0 = 4 丄 ■ 

广 tt/2 

= 64 j 。dO = 32tt 


9r^ _ il 
2 4 


d6> 


4 £ /2 ( 8 i-T) ^ 


J »27r n\ n \j 4—r 2 p27r p 1 

/ / dzrdrd6> = 8 / 
o Jo Jo Jo Jo 


r(4-r 2 ) 1/2 drd6» 


(4 - r 2 ) 


3/2’ 


d6 


r (3 3 / 2 - 8) dO 


4?r 8- 


3\/3) 


62. The sphere and paraboloid intersect when x 2 + y 2 + z 2 =2 and z = x 2 + y 2 ^ z 2 + z — 2 = 0 

=> (z + 2)(z — 1) = 0 4 z=lorz = —2 # z = 1 since z > 0. Thus, x 2 + y 2 = 1 and the volume is 

-»y/2-i 2 


given by the triple integral V = 4 X dz r dr = 4 r (2 — r 2 ) 1 , 2 — r 3 

「 (8 々 -7) 


drdO 




0 dff = 4 £ /2 ( 2 -f-r 2 ) ^ 


63. average =i r 2 dzdrd0=i /"/； 2r 2 drd0 


37T 


dO : 


64. average 


2^ 


广 27t 广 1 v 1 — r 2 _ r»27r r» 1 /- 

(f) Jo Jo 5w^ r2 dzdrd0 = ^ Jo Jo 2r 2 v / T^drd0 


r- 备 r\/l -r 2 (l - 2r 2 ) 


d6> 


167T 


Jo (f + 0) = 啬上 d0 =( 蠢 )(2tt) = 


27T PTT 尸 1 ~ ^ 


65 - avera g e = JfJ Jo Jo Jo P sin 


/ o "sin0d0d^= ^ £、 = i 


66. average 


if) 


t 广 1 V 2 r 1 o o r 27r rV 2 ^ 产 

J 。 丄 〆 cos 0 sin </)dpd0d0= ^ J o J o COS sin 分 = 忐丄 


tt/2 


d6> 


167T 


67. M = 4 


X d(9 = (▲) ( 2 丌 ) = • 

厂 /2 广 [ T dzvdvde = 4 f ^ 2 f l r 2 drde = l 

Jo Jo Jo Jo Jo 3 Jo 


d0=f; 


z dz r dr d6 


lo Jo r 3 drd0=I 


d0= I ^ z = ^ = (I) ( 嘉 ） =§ , and x = y = 0, by symmetry 


68. M= r /2 f 2 fdzrdrd^ = Tr 2 drd6» = | 厂 々 (W = f ; M yz = 厂 " 厂 fxdzrdrd6» 

Jo Jo Jo Jo Jo .5 Jo -3 y Jo Jo Jo 

^7t/2 pi ^* 冗 /2 r»7r/2 / >2 r»7r/2 r»2 

=J o J 。 r 3 cos 沒 drd 沒 = 4 J 。 cos 沒 d 沒 = 4; Mxz = j 。 J 。 J。y dz r drd0 = J 。 J 。 r 3 sin ^ dr dO 

= 4 /, sin edd = 4-,M xy = / ； 7„ 2 £ ^zrdrd9=l /: 上 r 3 drd0 = 2= tt ^ x = ^ = | ( 
y=^ = i,andz=^ = l 
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978 Chapter 15 Multiple Integrals 


69. M 


警； M xy = 二 2 /:zp 2 sin 4> dpd^de = ££ p 3 cos </> sin (j) dp dcj) d9 = 4 £ cos 0 sin ⑽ 


>in 2 cj) 


?r/2 

7t/3 


de 


dO = 4 J o (^ — I) = I J 0 d6 = tt ^ z = ^ = (7r) (^：) = I, and x = y = 0, 


by symmetry 

M = CirioP 2 sin <^dpd0d0= f 小 # f: 2 二 ^d0= ； 

X ’ X P 3 sin 少 cos (t>dpd(f)de = ^ f g jj sin 0 cos (j>A<j)d6 = ^ f g d6> = 誓 

3 (2+0) a 


M X y = 
令 z 


M X y _ ( 7ra 4 、 

~W ~ ) 


7ra 3 (2- 


V 2 ) 


(I ) (明 


and x = y = 0, by symmetry 


71. M 


72. M ： 


dz r dr d 沒 


p27v r»A 

lo Jo 


r 3 / 2 drd0 = f d0= 


r»27r r»4 n 


fo JO JO 


z dz r dr d 沒 


r*27r n4 

Jo Jo Jo 

f: f:r 2 drd6» = f f:d0 = 宇 ^ z = = |, and x = y = 0, by symmetry 

r r f^Zdz rdr d 0 = r r 2r v^ 由⑽ = 广 3 — # /2 1 1 册 

J -tt/3 j 0 J -V^l-r 2 J-tt/ 3 Jo J -tt/3 3 、 7 」 0 

£!>=(1)(^ = f = 5ZSJ% X2 C0S ^zdrd0 = 2 /^/； V / T^ cos 0 drd0 


2 厂 " 

J —7r/3 


* sin-i r _ I rv / T^(l-2r2)] ^ cos 0 d0 = | / 二 cos _ = f [sin 0] 二 =(f) ( 2 - f) = ^ 


=> x = , and y = z = 0, by symmetry 


r»2TV 02 


73. I z = J Q JJ q (x 2 +y 2 ) dzrdrd0 = 4 

" Z, r2 4r drd6> = 广 6 d6> = 12 tt 4 R z = '/ 备 


o2tv p2n p2 f*4 

r 3 drd0= 15 d0 = 30 tt; M = dzrdrd6» 

0 J 1 Jo Jo Jl Jo 


to J 1 


lo 


n2x r*l n\ n2n p 1 n2ir 

74. (a) l = J o JJ / dzdrdO = 2 £ £ r 3 drd0 = I £ dd = tt 

(b) l x = jy f o f t (r 2 sin 2 0 + z 2 ) dzrdrd(9 = 2 f Q "/ q (2r 3 sin 2 6» + f) drdd 


[0 _ sin 26 I 0 

/T — ~q 卞 T 


7T I 27T — In 

2 T ~ ~6 


L 


75. We orient the cone with its vertex at the origin and axis along the z-axis => 0 = |. We use the the x-axis 

n27r n 1 nl 

which is through the vertex and parallel to the base of the cone I, = J J J r (r 2 sin 2 6 + z 2 ) dz r drd6» 
fr 3 sin 2 0-r 4 sin 2 0 + | - ^) drd0 = T + i) d0 = [|j - ^ 


n2n 

lo Jo 


Jo v 20 10 > 


10」 0 _ 20 


o2tt pa \/a 2 -r 2 

76. I z = J q J Q f r 3 dz dr dO 

— y/ a 2 —r 2 


2r 3 \/a 2 — r 2 dr 


f - 菩 ） (a2 -f 


d6 


77. 


r*2Tv na nh r*2-K h 

L = X X /( 〜 (x 2 +y 2 ) dz rdrd0 = /„ fo f L r3 


2n pa ^ f»h _ p2iv 

dz dr dO , 

Jo 


J: (hr 3 — 竽） drd6> 


rl _ ri 
4 5a 


de =r h (i-& ds =wC^=^ 
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r»27r 


78. (a) M = J o J 。 J 。 z dz r dr dO 

J 、 2k o2ty 

0 J o r 7 drd0=i/ o d9=f 2 

nl nr 2 r*2iv nl 

I z = /- I. I. zr 3 dzdrd^ = ^ l_ L r 7 drd^ 


r»27r pi n2TT 

0 X |r 5 drd0=i/ o d0 = |; 


r^r 2 


JO JO JO 

=> z = I, and x = y = 0, by symmetry; 


z 2 dzr drd0 


/o Jo Jo 
(b) M = J": f: f: r 2 dzdrd6» 

^2tt pi 

r 6 drd6» 


2 Jo Jo 

r»2n 


16 Jo 

n2n 


A9=l ^ R z 




r 4 drd6»= i I d0 = 譬； M xy = |； L I zr 2 dzdrd^ 


r*2-K nl ni 2 

lo Jo Jo 


2 Jo Jo 

p27T 


14 Jo 

2tv 


dO = ^ ^ Z = 吾 ， and x = y = 0, by symmetry; I z 

0 .r 6 *d0 = • J ； d9 = ^^R z =/fe = /f 


/o Jo Jo 


r 4 dz dr d6 


79. (a) M ： 


/o Jo 

p2tv / »1 


/o Jo 

r2n pi 


r:i: 


(b) M 


2 Jo Jo 

r»27r /M 


28 


to 


J r zdzrdrd0= i J o J o (r-r 3 )drd^ = i J Q d0 = f ; M xy 

X 27T 

d 沒 = 晉 => z = I, and x = y = 0, by symmetry; I z 
(r 3 -r 5 ) drd0 _ 去 f:d0 = ^ ^ R z 
z 2 dz r drd 沒 =! from part (a); M xy : 

I, and x = y = 0, by symmetry; I z 

/T _ [ 

14 


z 2 dz r dr d 沒 

= r r r 

Jo Jo Jr 


zr 3 dz dr 


Jo Jo 

J *2n 

o 2 d0 

rlW d8 = 告今 R z 


Cf ： 


z 


z 3 dz r dr d 沒 

n2n r*l 

Jo Jo 


? Cl! (r-r 5 )drd0 
z 2 r 3 dzdrd(9 = * 广广 （ r 3 — r 6 ) drdO 


80. (a) M = f o f Q f Q p 4 sin(/)dpd(/)dO 

T r 2 - r r « .... 


a 5 


t C£ sin( f >d( f >d0 =f 

n2w pn /»a ~ f»2iv 

^ = Jo Jo Jo P 6 Sin 3 ^dpd0d0= ^ 


o2tt 


'd9=^; 


y 


工 。 (1 — cos 2 (j)) sin cj) d(j)dO = y — cos (j) + 


dO 


A 4 Cd6=^ 


R z 

o 21 L Y J 

(b) M= J o f g f g p 3 sin 2 ^)dp#d6» 

/*• 9 -7T /"»TT 八 a 




Iz 


a 6 


： 6 Jo 

.a 6 7T 2 


—, -”。 — 

f J P 5 sin 4 (/) dp d(/> dO = ^ J sin 4 (j) d(f> dO 


Jo 4 7 


- sin 3 cj) cos (f) 
4 


81. M 


=> R z 

y/ a 2 —r 2 


/iz = _a_ 
M _ W 


r»27r na 

/ / dzrdrd6> 

0 Jo Jo 

°"4d6»= : 


U *70 do 

: £ sin 2 </> dO=^ 


^ r\/a 2 — r 2 dr dO 

a 




(a 2 - r 2 ) 


3/2' 


d6> 




o 3 

p27V 


^-{]A0=^ ^ z ： 


宇 


z dz r dr ^ (a 2 r — r 3 ) dr d 沒 

)(shk) = I h, and x = y = 0, by symmetry 


82. Let the base radius of the cone be a and the height h, and place the cone's axis of symmetry along the z-axis 


with the vertex at the origin. Then M 


7ra 2 h 


and M x , 


4)r 


z dz 


h 2 

广 27T 

•r 2 


2 

Jo 

2 ~ 

4a 2 


如 = d9= i fj；de = i ^ 


rdrd6»= i £' £ (h 2 r - g r 3 ) dr d0 
(^) = lh,and 


x = y = 0, by symmetry ^ the centroid is one fourth of the way from the base to the vertex 


83. M 


/O Jo Jo 

n27r pa nh 


(z + 1) dz r drd0 = f:f: + h) r drd0 = 

(z^+z)dzrdrd0 = /；7；( 


lo d6 ~ 2 


7ra 2 (h 2 +2h) 


誓 + 誓 ) rdrd0= a2(2h ^ 2 +3h2) f:d0= TO2(2h 6 3+3h2) 


令 z 


\a 2 (2h 3 +3h 2 )' 

2 

6 

7ra 2 (h 2 +2h) 


, and x = y = 0, by symmetry; 
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(z + l)r 3 dzdrd 沒 


V+2h 、 


7>册=(明（誓: 


d6 


7ra 4 (h 2 +2h) 


7ra 4 (h 2 + 2h) 2 

4 7ra 2 (h 2 + 2h) 


T2 


84. The mass of the plant’s atmosphere to an altitude h above the surface of the planet is the triple integral 
M(h) = £ £ f R /j, 0 e~ c(p ~ R) p 2 sin (f> dpd^dO = f R f g f g /x 0 e^ c(p ~ R) p 2 sin (j> Acj) dddp 
= f R f 0 ["oe _c(p_R V(-cos 0)] I dddp = 2 f R £ " 0 e cR e~ cp p 2 dddp = 47r/x 0 e cR / r s~ cp p 2 dp 
= 47r/Li 0 e cR - - — ^ r (by parts) 

= 4 啊 # (一 - 宇一亨 + 午 + 亨 + 亨 )_ 

The mass of the planet’s atmosphere is therefore M = lim M(h) = 47r/xo ( — + + 4 ) • 

h — oo V c c c / 


85. The density distribution function is linear so it has the form 6{p) = kp + C，where p is the distance from the 
center of the planet. Now, ^(R) = 0 => kR + C = 0, and 6{p) = kp — kR. It remains to determine the constant 

k: M = 上上 (kp — kR) p 2 sin </> dp d(/> dff = k ^ — kR y sin 4> dcj) d6 

= X 2 T k (? —T) sin ^d^dd= £ - ^ R 4 [- cos ^} ； de= - I R4 d 0 = ^ ^ k = -黑 

4 6 (/>)= —黑 P + : R • At the center of the planet p = 0 ^ 6(0)= ( 黑 ） R = 黑 . 

86. x 2 + y 2 = a 2 => (p sin cj) cos 0) 2 + (p sin 0 sin 0) 2 = a 2 =>■ (p 2 sin 2 0)(cos 2 0 + sin 2 0) = a 2 => p 2 sin 2 0 = a 2 

p sin (j) = a. or p sin cj) = —a p sin = a or p = a esc 0， since 0 < 0 < 7r and p > 0. 


87. (a) A plane perpendicular to the x-axis has the form x = a in rectangular coordinates r cos 9 = 3. ^ r = 

=> r = a sec 9, in cylindrical coordinates. 

(b) A plane perpendicular to the y-axis has the form y = b in rectangular coordinates =>rsin^ = b=^r = 
今 r = b esc 6, in cylindrical coordinates. 

88. ax + by = c a(r cos 6) + b(r sin 0) = c => r(a cos ^ + b sin 0) = c r = a cos ^ + b sin ^ • 


89. The equation r = f(z) implies that the point (r, 0, z) 

=(f(z), 0, z) will lie on the surface for all 0. In particular 
(f(z), 6 7r,z) lies on the surface whenever (f(z), 9, z) does 

^ the surface is symmetric with respect to the z-axis. 


z 



90. The equation p = f(0) implies that the point (p, (j), 6) = (f(</>), 0, 0) lies on the surface for all 6. In particular, if 

小 , ff) lies on the surface, then (f>, 6 tt) lies on the surface, so the surface is symmetric wiith respect to the 

z-axis. 

15.7 SUBSTITUTIONS IN MULTIPLE INTEGRALS 

1. (a) x — y = u and 2x + y = y => 3x = u + v and y = x — u => x = | (u + v) and y = | (—2u + v); 
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2 . 


(b) 


⑻ 


The line segment y = x from (0,0) to (1,1) is x — y = 0 
u = 0; the line segment y = —2x from (0,0) to 
(1, —2) is 2x + y = 0 => v 二 0; the line segment x = 1 
from (1,1) to (1, —2) is (x — y) + (2x + y) = 3 
4 u + v = 3. The transformed region is sketched at the 
right. 

x + 2y = u and x — y = v ^ 3y = u — v and x = v + y => y 


v 



(u + 2v); 


^(x,y) 

d(u,w) 




(b) The triangular region in the xy-plane has vertices (0,0), 
(2,0), and (|, |) . The line segment y = x from (0,0) 
to (I, I) is x — y = 0 =>• v = 0; the line segment 
y = 0 from (0,0) to (2,0) =>• u = v; the line segment 
x + 2y = 2 from (|, |) to (2,0) => u = 2. The 
transformed region is sketched at the right. 



3. (a) 3x + 2y = u and x + 4y = v 4 一 5x = —2u + v and y = | (u — 3x) x = i (2u — v) and y 


To 


(3v 


^(x,y) 

d(u,v) 


2 _ 1 
5 5 

1 3 

10 10 


_6_L 

50 50 


10 


(b) The x-axis y = 0 => u = 3v; the y-axis x = 0 
^ v = 2u; the line x + y = 1 
今 5 (2u - v) + ^ (3v - u) = 1 
4 2(2u — v) + (3v — u) = 10 4 3u + v = 10. The 
transformed region is sketched at the right. 



4. (a) 2x — 3y = u and —x + y 二 v 4 —x = u + 3v and y = v + x =>• x = —u — 3v and y = —u — 2v; 


巩 x , y ) = —丄 一*3 
5(u,v) _ — 1 _2 


(b) The line x = —3 => —u — 3v = —3 or u + 3v = 3; 
x 二 0 => u + 3v = 0;y = x => v 二 0;y = x+ l 

v = 1. The transformed region is the parallelogram 
sketched at the right. 


v 



5. rxrv i) ㈣ =/: [ 誓 - C 1 dy =u 4 [(•+ i)2 - ® 2 -( 卜 o ” (f) 和 

=! £(y + 1 - y) dy = i £dy = I (4) = 2 


u )； 
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982 Chapter 15 Multiple Integrals 


6. ff(2^ —xy — y 2 ) dx dy = f f (x — y)(2x + y) dx dy 
R R 

i!| dudv =i//uvdud V; 

G 

We find the boundaries of G from the boundaries of R, 
shown in the accompanying figure: 


//- 


y 



xy-equations for 

the boundary of R 

Corresponding uv-equations 

for the boundary of G 

Simplified 

uv-equations 

y = —2x + 4 

5 (-2u + v) = - | (u + v) + 4 

v = 4 

y = —2x + 7 

i (—2u + v) = - | (u + v) + 7 

v = 7 

y = x — 2 

| (-2u + v) = | (u + v) - 2 

u = 2 

y = x + 1 

| (-2u + v) = | (u + v) + 1 

u = —1 


=> I f f uv du dv 
G 


uv dv du 


r 2 n 

_v 2 _ 

i-l u 

_T 


du 


li 

T. 


: udu=( 号 ) 





7. // (3x 2 + 14xy + 8y 2 ) dxdy 
R 

二 ff(3x-h 2y)(x + 4y) dx dy 
R 

= // uv | i ^ l dudv = ^-(/ uvdudv； 

We find the boundaries of G from the boundaries of R 
shown in the accompanying figure: 


xy-equations for 

Corresponding uv-equations 

Simplified 

the boundary of R 

for the boundary of G 

uv-equations 

y= - 豊 x+l 

i (3v - u) = - ^ (2u - v) + 1 

u = 2 

y = _ ! x + 3 

為 (3v — u)=— 备 (2u — v) + 3 

u = 6 

y = - 

^ (3v - u) = - i (2u - v) 

v = 0 

y=x+l 

為 (3v — u) = _ 士 (2u — v) + 1 

v = 4 


^ i//uvdudv=i / 2 7 ；uv dvdu=i/ ； u[fl^du= lf 2 6 udu^(l) [f]® = (1)(18-2)=f 

G L J u L J z 


y 



8. f f 2(x — y) dx dy = J f —2v du dv = f f —2v dudv; the region G is sketched in Exercise 4 




f f — 2v du dv 


—2v du dv 


f o —2v(3 — 3v + 3v) dv = —6v dv = [—3v 2 ]( 


9. x = $ and y = uv | = v 2 and xy = u 2 ; 綜宰 =J(u, v) 

y = x => uv=g v=l, and y = 4x =>■ v = 2; xy =: 

^+^)dxdy= f'f^y + u)^) dvdu = 


v _1 u + v _1 u 


2u 


v —uv 

V u 
u = 1, and xy = 9 u = 3; thus 



2u 


dvdu = f' [2uv + 2u 2 In v] f du 


t (2u + 2u 2 In 2) du = [u 2 + | u 2 In 2] ^ = 8 + f (26)(ln 2) = 8 + f (In 2) 
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10. (a) 聽 =J(u ， v) 


u, and 


v u 

the region G is sketched at the right 


(b) x = 1 u 二 1, and x = 2=>u = 2;y=l=>uv= v =i; thus, 


a 2 p2 f*2/\x 

x d y dx = /J 1 /u (T)^vdu 


uv dv du 



u ⑸ du=|[lnu]^ = |ln2;J i J_ | dydx 


If 


dx 


dx 


I [In x] ^ = I In 2 


11. x = ar cos 6 and y = ar sin 沒 4 = J(r, 6) 


a cos 6 —ar sin 6 

b sin 0 br cos 0 


abr cos 2 6 + abr sin 2 0 = abr; 


I 0 = // (X 2 + y 2 ) dA = J: J:r 2 (a 2 cos 2 9 + b 2 sin 2 6») |J(r,6»)| drdO 


r»2-K n 1 

to Jo 


abr 3 (a 2 cos 2 6 -\-b 2 sin 2 0) dr d 沒 


ab 

T 


(a 2 cos 2 6> + b 2 sin 2 6) d6 = f a ' d ' a2sin20 1 b20 b2 sin20 
a 0 


ab7r (a 2 +b 2 ) 
4 


0 b 


12 - §^ =J ( U ， V ) 

= 2ab f u 2 du = 2ab 


ab; A = J J dy dx = f f ab dudv = f f , —- ab dv du 

R G _1 _Vl_u2 


5 Vl — u 2 + \ sin -1 u 


ab [sin -1 1 — sin - 1 (—1)] = ab [| — (— |)] = ab7r 


13. The region of integration R in the xy-plane is 
sketched in the figure at the right. The 
boundaries of the image G are obtained as 
follows, with G sketched at the right: 


y 



v 



xy-equations for 

Corresponding uv-equations 

Simplified 

the boundary of R 

for the boundary of G 

uv-equations 

x = y 

i (u + 2v) = | (u - v) 

v = 0 

x = 2 — 2y 

| (u + 2v) = 2 - | (u - v) 

u = 2 

y = 0 

0 = i (u - v) 

v = u 


Also, from Exercise 2, = J(u ， v) = — | 4 

= 5 /: u [_ e —IS du = ! / 0 2 u(l-e-)du= i 
=i (3e- 2 + 1) « 0.4687 


nr 

u(u + e _u ) - y + e _l 


(x + 2y) e (y_x) dx dy 
2 
o 


f 0 Jo ue- v |—*|dvdu 
[2 (2 + e -2 ) — 2 + e _2 — 1] 
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—p sin 6 sin 0 


p cos cp cos 9 
p cos 4> sin 6 
—p sin (j) 


984 Chapter 15 Multiple Integrals 


14. x = u + g and y = v => 2x — y = (2u + v) — v = 2u and 


驗 = W ) 


0 1 


1; next, u = x — 


=x — I and v = y, so the boundaries of the region of 
integration R in the xy-plane are transformed to the 
boundaries of G: 


今 Iol!T +2 y 3(2x — y) e (2x ~ y)2 dxdy 
2 




e 16 - 1 



a 4u 2 


dv ： 


V(e 16 _ 1) dv 


o 


15. (a) x = u cos v and y = u sin v => 
(b) x = u sin v and y = u cos v 


5(x,y) _ 

COS V 

—u sin v 

5(u,v) 

sin v 

u cos V 

-9(x,y) _ 

sin v 

u cos V 

5(u,v) 

cos V 

—u sin v 


u cos v 


+ u sin 2 v = u 


-u sin" v — u cos v = —u 


16. (a) x = u cos v, y 


: usinv,z = w ^ 


cos v —u sin v 0 
sin v u cos v 0 
0 0 1 


(b) x = 2u - 1, y = 3v - 4, z = i (w - 4) 


u cos 2 v + u sin 2 v 


(2)(3) Q) 


17. 


(cos (j)) 


p cos (j) cos 6 —p sin (j) sin 0 
p cos (j) sin 6 p sin (j) cos 6 


sin cj) cos 6 —p sin (j) sin 6 
sin (j) sin 9 p sin (p cos 6 


= (p 2 cos cj)) (sin (j) cos (j) cos 2 0 + sin 0 cos (j) sin 2 0) + (p 2 sin 0) (sin 2 (j) cos 2 6 + sin 2 (j) sin 2 0) 
=p 2 sin cj) cos 2 (j) p 2 sin 3 (j) = (p 2 sin 0) (cos 2 (j) + sin 2 (j>) = p 2 sin (j) 


18. Letu = g(x) 4 J(x) 


du 


g'> / f(u) du 


r*g(b) 


f(g(x))g’(x) dx in accordance with Theorem 6 in 


dx oJa ^g(a) 

Section 5.6. Note that g’(x) represents the Jacobian of the transformation u = g(x) or x = g _1 (u). 


19 . 厂厂 

Jo Jo Jy/2 \ 


2x-y , z 
2 3 


(y+l) 2 _ , yz 

4 4 ^ 3 


)dxdydz 

4 

o 


_ xy I xz 

2" — T T 


l+(y/2) 
y/2 


dy dz 


rr 

to Jo 


：(y + 1) - I + I] dydz 


dz =/o 3 (! + f-|)dz = / 0 3 (2+f) dz= [2z+f 


12 


a 0 0 
0 b 0 
0 0c 


abc; the transformation takes the ellipsoid region ^ + g + 妄 < 1 in xyz-space 


20. J(u, v, w) 

into the spherical region u 2 + v 2 + w 2 < 1 in uvw-space (which has volume V = | 丌 ) 


2 0 0 
0 3 0 
0 0 i 


+ (p sin (j)) 




xy-equations for 

Corresponding uv-equations 

Simplified 

the boundary of R 

for the boundary of G 

uv-equations 

X = 2 

U + 2 

― V 
_ 2 

u = 0 

x= !+2 

U + 2 

= 1+2 

u = 2 

y = 0 

v = 0 


v = 0 

y = 2 

v = 2 


v = 2 


s 

o 

c 

0 o 

n 

si 

p 




s 1 
oin 
c s 
0 0s 
nlnc 
sisi 
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V = f f f dx dy dz = f f f abc du dv dw 
R G 


47rabc 


21. J(u, V, w) 


a 0 0 
0 b 0 
0 0c 


abc; for R and G as in Exercise ^9, f f f |xyz| dxdydz 

R 

f f f a 2 b 2 c 2 uvw dw dv du = 8a 2 b 2 c 2 J J f (p sin 多 cos 9)(p sin 4> sin 6)(p cos (j>) {p 2 sin (f>) dp dcj) dO 
G 

4a2 f 2c2 f 0 f 0 sin 6 cos 0 sin 3 0 cos (j) dcj) dO = 1 sin 6 cos 0 d6 = 


22. u = x，v = xy, and w = 3z x = u，y = :, and z = | w => J(u, v, w) 


1 0 0 

- 4^0 

u z u 

0 0 i 


3u : 


Iff (x 2 y + 3xyz)dxdydz = fff [u 2 ⑴ +3u ⑸ （ f)] |J(u, v,w)| dudvdw 
R G 

n3 p2 p3 


(v + vw In 2) dv dw 


(1 + w In 2) 


(3 + § In 2) = 2 + 3 In 2 = 2 + In 8 


2 o r 3 ^ 

dw = I J 。 (1 + w In 2) dw = I 


(v+ dudvdw 

3 
0 


w + ^ In 2 


23. The first moment about the xy-coordinate plane for the semi-ellipsoid , 装 + $ + 妄 =1 using the 

transformation in Exercise 21 is, M xy = J J f z dz dy dx = ///cw |J(u, v, w)| du dv dw 

D G 

=abc 2 fff w du dv dw = (abc 2 ) • (M xy of the hemisphere x 2 + y 2 + z 2 = 1, z > 0) = ; 

G 


the mass of the semi-ellipsoid is 


2abc7r 


泠 Z 


abc 2 7r 


j ( 2abc7r) 


24. A solid of revolutions is symmetric about the axis of revolution, therefore, the height of the solid is solely a function of r. 
That is, y = f(x) = f(r). Using cylindrical coordinates with x = r cos 0,y = y and z = r sin 9, we have 


V = fff rdyd6>dr 
G 


pb p2n nf(r) 


r dy dO dr : 


r»b n2-rr 
a JO 


[ry]g (r) d0dr ： 


f»b r»27r 

a JO 


rf(r)d6>dr= I [r6>f(r) dr 


J 27rrf(r)dr. In the last integral, r is a dummy or stand-in variable and as such it can be replaced by any variable name. 
Choosing x instead of r we have V = f 27rxf(x)dx, which is the same result obtained using the shell method. 


CHAPTER 15 PRACTICE EXERCISES 



1 NOT TO SCALE 
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986 Chapter 15 Multiple Integrals 

2. e y / x dy dx = x [e y / x ] : dx 



广 3/2 p\/9-4t 2 广 3/2 V9-4t 2 

3' Jo t ds dt = J q [ts] dt 

=/ o 3/2 2t\/9 - 4t 2 dt = — “9-4t 2 ) 3/2 二 /2 

=-1 (03/2 _ 9 3/ 2) = f = I ^ 


y 




r 1 r 2 ~Vy r 1 「 x 2 ] 2 ~Vy 

4 . Jo xydxdy = J o y dy 

=I XV(4 —V^ + y-y) dy 

= / 0 1 (2y-2y^)dy=[y ^-^]； 


y 


x 2 



5. 


r»4-x 2 


dy dx = J 2 (—x 2 - 2x) dx 


- ‘ 一 x 2 


一（！ _4) 


r*4 广 (y-4)/2 


'-\/4-y 


dxd y = fo( y -^ + ^ zr y) d y 


t_ — 
2 

-4 + 


. 2y- 1(4-y) 

16 _ 4 
T — 3 


3/2 


4 一 8 + I . 4 3/2 


6 - /o7^V / ^dxdy=/ o 1 [fx3/2]fdy 

= !/o 1 (y 3 / 4 -y 3/2 )dy = l[^y 7 / 4 -fy 5/2 ]： 

=I ( 争一營 )= 盖 

f:f: v /xdydx= J o x 1/2 (x - x 2 ) dx = £ (x 3/2 - x 5/2 ) dx 





y dy dx = 



(1/2) 彳 9- 叉 2 

dx 

0 


= £|(9-x 2 ) dx= [H] 3 _ 3 

_ /27 _ 27\ _ 27 , 27A _ 27 _ 9 
— V"8" _ 24/ — V "8" 24 / — 6" — 2 
p3/2 Oy/9^4f n3/2 _ 

Jo J-^y dxd y = Jo 2 yV^dy 


;(9_4y 2 ) 


3/2 

0 


1 q3/2 _ 27 _ 9 

6.7 _ 6 — 2 
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8 . fofo x 2x d y dx = £ l 2 x y]o 4_x2 dx 

= f 2 (2x(4 - x 2 )) dx = 厂 (8x-2x 3 )dx 


= 4x 2 — ‘ =16 

Z 」 ◦ 

16 

~ Y ~ 

py/4-y 

Jo Jo 2xdxd y = 

XV]c 

=/ 0 4 (4 - y) dy = 

4y-^ 


16 -譬 


|r 


4 -x 


9. ) o J 2y 4 cos (x 2 ) dxdy 


n x/2 
I 


4 cos (x 2 ) dy dx = / 2x cos (x 2 ) dx 二 [sin (x 2 )] q = sin 4 


10. X X/ 2 〆 d x dy = X X 〆 dy dx = 2xe x2 dx = [e x2 ] J = e — 1 


11 - Xi^/TT dydx 


12 - 


In 17 


^ldxdy=| j o ^dy=^ 


2yr S1 ^ X ^ dy dx = f 27tx sin (7tx 2 ) dx = [— cos (7rx 2 )] J = —(—1) — (—1) = 2 


f*0 f>4 — x 2 pO 

13 - a =LL + 4 dydx = Jj-x2-2x) 


dx 


14 - A = dxdy= /^(^-2 + y) dy 


37 

6 


15. V 


16. V 


(x 2 + y 2 ) dy dx = f x 2 y + ^ 


dx 


2x 2 


(2-x) 3 


誓 ] dx= I '誓 




/^_ 丄 — — 1 
V3 12 12 / ^ 12 — 3 

: f:J:— X 、 2 dydx= £[x 2 y]:- x2 dx = £(6x 2 - x 4 - x 3 ) dx : 

' xy^' 


125 

4 


17. average value = J q J q xy dy dx 


, d ^ = Jo l dx 


n \/l — X 2 广 1 

… ( xydydx=- J Q 


xy 2 


\/l — x 2 


dx 


(X — X 3 ) dx= i 


19 - M = /:/ 二 办 dx = / 广 (2 — ■) dx = 2 — In 4; M y = xdydx = J\ (2 - =) 

M » = Lf^ ydydx=/ i 2 (2-^)dx=l ^ x = y= ^4 


dx = 1; 


m M = /；rr dxdy = / ： (4y-y 2 )dy=f;M x = J ； J ：： y dxdy = / o V - y 3) d y 鲁誓 


64 . 
3 


21. I 0 


/X 、 dxdy =/: [ 宇 ， 2 

f n 2 fjx 2 +y 2 )(3)dydx = 3 " 2/ 


dy 


10 2 


f ^ ^=s = -T and y= t = 2 


4x 2 + f _ 字 


dx = 104 


22. (a) I 0 = f_ 2 Jjx 2 +y 2 ) dydx= f j2x 2 + |) dx ： 


f 


⑻ 1 X = rj b b y 2 dydx=£ f dx=^;I y = f b X X 2 dxdy 


f dy 


4a 3 b 


^ I 0 = I X + Iy 
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23- M = ,5 f:f: /3 dydx = ^/ o 3 |dx = 35;I x =<5 £ y 2 dydx = |f/V dx = (|f) (^) = 2<5 ^ R x = 

24. M = / o '£(x+l) dydx = fjx - x 3 ) dx = i ; M x = J:£y(x +l)dydx= | fjx 3 - x 5 + x 2 - x 4 ) dx = 
My = X 1 J>( X + 1) dydx = XV-x 4 )dx=^ ^ x=^andy=i|;I x = ££y 2 (x+l) dydx 

= 5 XV-x 7 + x 3 -x®)dx=^ ^ R x = yi = ^ ； I y = XX x'x + 1) dydx = fjx^-x^dx 

~ T2 今 Ry = \[^a = \j\ 

25. M = /'/' (x 2 +y 2 + i) dydx = fj2x 2 + |)dx = 4;M x = y (x 2 +y 2 +|) dydx = /' 0 dx = 

My = x(x 2 + y 2 + I) dydx = (2x 3 + ■ x) dx = 0 


26. Place the AABC with its vertices at A(0,0) ， B(b, 0) and C(a, h). The line through the points A and C is 

ph p(a-b)y/h+b 

y = 登 x; the line through the points C and B is y = (x — b). Thus, M = I / 6 dx dy 

=M /:(1 — D dy = f ; I x = r.C: b)y/h+b yM dxdy = M £(y 2 — Q dy = 喾 ； R x 


f0 J ay/h 


lx = _h_ 
M _ \/6 


27. 


、1 广 v/l-X 2 


l-y/T^ (l+x 2 +y 2 ) 


d y dx = io Ja ow drd0 


l+r 2 J 0 


d6 


2 Jo 



In (x 2 + y 2 + 1) dx dy = j 。 
(2 ln2 — l)d6> = [In(4) - 1 ]tt 


rln (r 2 + 1) drd6> 


In u du d 沒 


2 Jo 


[u In u — u] ^ 


29. M = f: /3 f: rdrd0 = \ d0 = 3?r; M y = J: r 2 cos 6»drd6» = 9 f: cos 6» d0 = 9 v^3 x = , 

and y = 0 by symmetry 

30. M= J:’ 2 J: rdrd0 = 4 f 广 d0 = 2w; M y = £ 2 f' r 2 cos 0drd0 = f cos 6» d0 = f 泠 x = ||, and 
y = H by symmetry 


rdrd6> 


rV 2 r 

3i .⑷ M = 2 f o I 

= / ； /2 (2cos0+i±f^ 


2Q\ 




O l 

. 


(r cos 6) r dr dO 


J 1 ^ ^cos 2 6 + cos 3 6 + 


32+15?r 


X : 


15tt + 32 


24 i 八 — 6?r + 48 

0 by symmetry 


cos 4 e y 
丁 ) 

,and 


dO 


⑻ 





32. (a) M = f £ rdrd0= f d0 = a 2 a; M y = £ (r cos 0) r drd0 = J 二 d9 = 

=> x = , and y = 0 by symmetry; ^ lim _ x = a lim_ =0 


13 _ . 
120 ? 
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(b) x=^andy = 0 



33. 


(x 2 + y 2 ) 2 — (x 2 — y 2 ) = 0 4 r 4 — r 2 cos 2 沒 = 0 4 r 2 = cos 2 沒 so the integral is J / /4 f 0 

V cos2d f 丌 /4 / n V ! p/ 4 / 

◦ ^= \ - 1+cos 2d) ^ = 2 


y/ COS 26 


(l+r 2 y 


drdO 


广 /4 

J —7r/4 

1 r /4 

2 J —7r/4 


2(1+r^) 
i sec 2 6 


+ cos 26 / _ 2 

tan 61 ^/ 4 _ 7T—2 


2 cos 2 6 


) dd 


2 严卟 H 4 


34 .⑻ // 


(1 +x 2 +y 2 )' 


dxdy 


厂 /3 厂 
J o Jo 


drdO 


f»7r/3 


r 


2 2(1 +sec 2 6) 


0 (1 +r 2 )' 

2 Jo 1 + sec 2 6 d 化 


de = l f o n/3 sec20 


2(l+r2) 

u = tan 9 
du = sec 2 9 dO 


dO 


1 ^ 

2 Jo 2+u 2 


L75 tan_ 75J 


^2 


tan - 


r p , r^/ 2 r°° rV 2 

(b) ff ( TT ^ TW dxdy = f o f o ^drd0 = X 


厂 "lim 

b — > oo 


2(l+b 2 ) 


(l+r 2 ) 2 

m =i r dd =i 


2(1+r 2 ) 


dO 


f*TV f*TV f*TV r*TT pTT 

35. J o 丄丄 cos(x + y + z)dxdydz = 丄丄 [sin(z + y + tt) - sin(z + y)] dydz 

= 上 [— COS (Z + 2tt) + COS (Z + 7T) — COS Z + COS (Z + 7r)] dz = 0 


J »ln 7 pin 2 pin 5 r»ln 7 /»ln 2 

ta6 Jo L e(X+y+Z) dzdydx = 又 6 J 。 e ( 叶 ) dydx 


e x dx 


f-fjdydx 


37 - Jo Jo Jo (2x-y-z) dzdydx = 

38. 工上上 _ dy dz dx = ^ dz dx = In x dx = [x In x — x] ® = 1 

r»7r/2 pO n—2x p7r/2 r»0 r»7r/2 

39. V = 2 I / I dz dxdy = 2 丨 / —2x dxdy = 2 丨 cos 2 y dy 

J 0 J - cos y ^ 0 J JO t/ - cos y J J 0 J J 


I) dx = M 


y 丄 sin 2y 

2 ^ r~ 


7r/2 


40. V = 4 


dz dy dx = 4 


2 (4 — x 2 ) dy dx = 4 f:(4 - x 2 f /2 dx 


(4 — x 2 ) 3 / 2 + 6x>/4 — x 2 + 24 sin - 


24 sin— 1 1 = 12 丌 


41. average = | J g f o f g 30xza/x 2 +y dzdydx = | f g f g 15x^/x 2 + y dy dx = | 丄丄 15x^/x 2 + y dxdy 

5(x 2 + y) 3/2 l 1 dy = i £ [5(1 + y) 3 / 2 — 5y 3 / 2 ] dy = i [2(1 + y) 5 / 2 - 2y 5 / 2 ] ^ = i [2(4) 5 / 2 — 2(3) 5 / 2 


i [2(31 - 3 5 / 2 )] 
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990 Chapter 15 Multiple Integrals 

42 - average = ^ £ / 0 £ P 3 sin (/) dpdcj)d0 = ^ c/>dc/>d0=^ f:d0 = 学 


43. (a) 


-»y/l-y 2 n^4-x 2 -y 2 


/2.J -y/2-y 2 J v /x 2 +y 2 


3 dz dx dy 


nli: p7r/4 r»2 

(b) X Jo X 3p 2 sin«HP#d0 


(c) 


^ \J 4—r 2 


江 r \/2 

J o J 3dzrdrd6> 

r 2 X (_ 2 3/2_ 2 3/2 + 4 3 /2) d 0 ： 


C 7 / V - r2 ) 1/2 - r2 


drd6> = 3 


(4 - r 2 ) 


3/2 — 亡 ’ 




d(9 


8-4 、 


d6> = 2 tt 8 - 4 


V2) 


44. (a) J i /2 X f 2 21( r cos ^)(r sin 0) 2 dz r dr / 2 X X - 21r 3 cos 0 sin 2 ^ dz r dr 

(b) J / 2 f Q J r 。 21r 3 cos 6 sin 2 ^ dz r dr = 84 / r 6 sin 2 0 cos 0 dr d 沒 =12 

r»27r p7r/4 r»sec ^ 

45. (a) J o J o J o p 2 sin<j)dpd(j)de 

n27r /^tt/ 4 nsec (j) n2n nivjA n2n /. n2n 

(b) Jo Jo Jo p2sin </>dpd</.d0= i J o J o (sec 勿 (sec 0 tan <f>) dcj) d0 = ^ J g [i tan 2 此 ’ ⑽ =| J 。 cW 

n \J 1—x 2 r»\/x 2 +y 2 r»7r/2 /»1 nr 

, 丄 (6 + 4y) dzdydx ( b) 丄丄丄 （6 + 4 r sin 60 dz r dr d0 

(c) J ; 4 f 。 (6 + 4p sin (j) sin 0) (p 2 sin (p) dp d(j) Ad 

(d) JJH (6 + 4r sin 6») dz r dr d0 = f: f: (6r 2 + 4r 3 sin 9) drd9 = J； /2 [^ + rUine)U8 
= (2 + sin 6) d6 = [26 — cos 6]^ 2 =7r-\-l 

pi n \/3-x 2 n^/4—x 2 —y 2 p \/3 n a/3—x 2 n ^4—x 2 —y 2 

47 - JoJyi^Ji Z 2 yx dzdydx+J_ J q 丄 z 2 yx dzdydx 


48. (a) 

(b) 


Bounded on the top and bottom by the sphere x 2 + y 2 + z 2 = 4, on the right by the right circular 
cylinder (x — l) 2 + y 2 = 1, on the left by the plane y = 0 



dz r dr d9 


49. (a) V 


r»2?r n2 p \/8-r 2 


JO JO J2 

r*2n 


dz r c 


i(8- r 2 ) 3/2 - r 2 

(4^-5 


drdd = / 0 "/ 0 (r\/8 - r 2 — 2r) drd6» 

—J 0 卜 I ⑷ 3/2 -4+5 (8) 3/2 ] de = f:l (-2 - 3 + 2^/s) d9 = | 

(b) V = / 广 / 广 / 二 P 2 sin (pdpdc/uid = | ( 21/2 sin cj) - sec 3 (j) sin <^j d(j)d6 

= I f 0 f 0 ( 2 V2 sin 分 一 tan 0 sec 2 分 ) d^d6» = | / 0 


dd 


2tt 87t(4v/$-5) 

d0 = —^~~ )- 


(-2 _ * + 2\/5) 


dO 


5+4x/i ) 


de - 


cos (\> — \ tan 2 < 
8?r (40-5) 


7r/4 


dO 


50 


• Iz = fo f(/ fo (p sin 奶 2 (p2 sin 約 dpd( ^ d0 = /o /o 7 fo p4 sin3 ^ d P d( ^ d0 


f 


rr r»7r/3 

Jo ( sin 4- 


cos 2 (j) sin cj)) dcj) d6 


32 

T t 


— COS (f) + 


cos 3 0 


7r/3 


d6> = f 
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p2n f*7v nb 

51. With the centers of the spheres at the origin ， I z = J 。 J o J S(p sin 0 ) 2 (p 2 sin (/)) dp dcj) d6 
= f(b5 ~ a5) f:f: sin 3 </>d(/>d0 = 哗 5 〆) f:f: (sin 0 — cos 2 sin (p) d(/)d9 


^(b 5 -a 5 ) 


— COS (j) + 


cos 3 (j) 


d6 


4<5 (b 5 - a 5 ) 
15 


dO 


8tt 6 (b 5 - a 


f*2n r*7v r»l—cos d r»2n nn /»1—cos 6 

52 . Iz = Jo Jo Jo (p sin 4>f (p 2 sin (j>) dpdc/) d6 = J q J q J q p 4 sin 3 0 dp d0 d6> 
= 5 X J* 0 (1 - cos 沴 ) 5 sin 3 (p d(/)d9 = J q J q (1 — cos </>) 6 (l + cos (j>) sin dcj) d6; 


u = 1 — COS (j) 

du = sin cf) dcj) 


5 Jo Jo 


u 6 (2 —u) dud 6 » 


d d 0 =iiT d0 =t 


2 u[ _ 

~T "8 


d0 =Uo T (7-s) 28 ^ 


53. x = u + y and y = v => x = u + v and y = v 


^ J(u, v) 


0 1 


1 ; the boundary of the 


image G is obtained from the boundary of R as 
follows: 



餐獻 


xy-equations for 

Corresponding uv-equations 

Simplified 

the boundary of R 

for the boundary of G 

uv-equations 

y = x 

V = U + V 

u = 0 

y = 0 

v = 0 

v = 0 




;_ sx f(x _ y, y) dy dx = J: J 二 e - s ( u+v ) f(u, v) dudv 


54. If s = ax + /?y and t = 7 X + 占 y where — (5^) 2 = ac — b 2 , then x = , y 

5 -13 


a 6 — /?7 


and J(s, t) 


1 

(a6 - /? 7) 2 

2n 


-7 a 


1 

a6 — (3-y 




厂 r e-(s^) i^ dsdt 

J —00 d —00 V ac — b 2 


Vi 


n27v noo 
c — ^0 Jo 


re' 1 " drd 6 > 


2y/ ac — b 2 Jo 


d9 


y/ac — b 2 


V ac - 

.Therefore, 


\/ac — b 2 


1 => ac — b 2 = 7r 2 . 


CHAPTER 15 ADDITIONAL AND ADVANCED EXERCISES 


1 . (a) V 
(c) V 


r»2 ^j*6—x 2 

r»2 n6-x 2 

-3 Jx 


x 2 dy dx 
x 2 dy dx 


nl r*6—x 2 

⑼ V =J— 丄 丄 dzdydx 


2 「 

( 6 x 2 — x 4 — x 3 ) dx = l 2 x 3 - 


X 5 X 4 

y _ 4 ： 


125 

4 


2. Place the sphere's center at the origin with the surface of the water at z = — 3. Then 

9 = 25 — x 2 — y 2 => x 2 + y 2 = 16 is the projection of the volume of water onto the xy-plane 
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992 Chapter 15 Multiple Integrals 


J '»27r 3 o2tt n4 

0 i ^ dzrdrd0 = Jc 1 (rV25-r^-3r)drdO 


1(25 —r 2 ) 


3/2 —晏 r2 


AO 


[- i (9 ) 3 / 2 -24+ i (25) 3 / 2 ] dd 


f d6> = 宇 


r»27r pi n2—T(cos8+smd) p2ir r>l 

/ dzrdrd6> = / I 

/o Jo Jo Jo Jo 


3. Using cylindrical coordinates, V 

=(1 — I cos 0 — I sin 0 ) d6 = [6 — ^ sin 9 ^ cos 6\ ^ = 2n 

f:m r ㈣ = 4 r7: ( 心 - 令⑽ =4/: [ ， 4) 

r(— 卜 |+ ¥)^( 宇 )]>=^1 


( 2 r — r 2 cos 0 — r 2 sin 0) dr 


4. V = 4 
= 4 


3/2 _ ^ 


d6 


5. The surfaces intersect when 3 — x 2 — y 2 = 2x 2 + 2y 2 => x 2 + y 2 = 1. Thus the volume is 

pl py/l-x 2 广 3—x 2 —y 2 ptt/2 尸 1 尸 3-r 2 


V = 4 


/ 2x 2 +2y 2 


r»x/2 pi p3—r 2 r»x/2 nl r»7r/2 

dzdydx = ^ J 0 J 0 J 2r , dz r drd 沒 = 4 丄丄 （ 3r — 3r 3 ) drd 沒 = 3 丄 ⑽ _ 


p7r/2 广 tt/2 广 2 sin 珍 广 tt/ 2 r»7r/2 

6 . V = 8 丄 j 。 丄 p 2 sin 0 dpd(/)d^ = y J q 丄 sin 4 (j) dcj) d9 

J * 7 ^ 2 o ； n 3 A, nr,c A ^^ 


f 


7 + | / ； /2 sin^ ^ d0 = 16 f； /2 [I ^ f d0 = 4,r J^dO = 2^ 


7. (a) The radius of the hole is 1, and the 
radius of the sphere is 2 . 


(b) y = 2 




\/4—z 2 


r dr dz dO 


p2Tv r> v/3 

L Jo ( 



8 . V 


■» \/9-r 2 


dz r drdO 


0 , - p7T 

r\/9-r 2 drd 6 > = J q — | (9 - r 2 ) 


、 3/2. 


dO 


/: [- |(9 - 9 sin 2 ef ,2 + I (9) 3 / 2 ] d6> = 9 J: [1 — (1 — sin 2 6>) 3/2 l dO = 9 f:(l - cos 3 6>) d6> 
(1 — cos 6 + sin 2 6 cos 6) dO = 9 6 — sin 9 ^ 


9. The surfaces intersect when x 2 + y 2 = x2 + y 2 + 1 x 2 + y 2 = 1. Thus the volume in cylindrical 

. . 疒 ?r/2 厂 1 /»(r a +l)/2 

coordinates is V = 4 I I I, dz r dr = 4 

=*r /2 叫 




r 2 i 4 
4 ~ 8 


dO 


10. V 


/ »tt/2 n2 r^r 2 

J 0 J 1 Jo 


dz r 


n 2 r»7r/2 

r 3 sin 6 cos 6 dr dO = 

Jo 


sin 0 cos 9 d9 


f f: 2 sin 0 cos 0 d6> = f 


sin 2 0 


tt/2 


15 

8 
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11. r^^dx 

Jo X 


lim 

: ^ oo 


poo r»b 

J。X e_xy dy dx 


e _xy dxdy 


dy 


lim 


e-y 1 


• oo \y 


dy 


广 

/ay 


t?i m oc J„ e^dxjdy 

idy=[lny] ： =ln(^) 


12. (a) The region of integration is sketched at the right 

a sin/3 n y^a 2 — y 2 




r 




,y cot 


In(x 2 + y 2 ) dxdy 


Jo J 

u = r 2 
du = 2 r dr 

= I r 

2 Jo 


r In (r 2 ) drd 沒； 


2 Jo J 
[u lnu-u]J 2 dO 


In u du 



r»f3 


⑼ £ 


2 Jo 

cos /3 n (tan /3)x 

lo 


2 a 2 lna-a 2 - t limtln 


dO = j (2 In a — 1) = a 2 /3 (in a — |) 


pa p \J a 2 —x 2 

In (x 2 + y 2 ) dy dx + 丄丄 ln(x 2 +y 2 ) dydx 


13. / 0 X / 0 U e m(x_t) f(t) dtdu = J o X J^e m ( x-t )f(t)dudt= — t)e m ( x-t) f(t) dt; also 

fgfgfg ^( 卜 ^ £^1 (^= 上上工 gtllfX-t) ^ ^ ^ ^ ^ — 咖 " 1 ( 卜 ^ 助 

= / fl X [i(v- t) 2 e m ( x-t ) f(t)] : dt = / e m(x-t) f(t) dt 

14. f 。 f(x) (£ g(x-y)f(y) dy) dx = / o / o g(x-y)f(x)f(y) dy dx 

=f 。 f y g(x-y)f(x)f(y) dxdy = J 。 f(y) (J y g(x-y)f(x) dxj dy; 

f 0 f 0 g(|x-y|)f(x)f(y) dxdy = f g f g g(x-y)f(x)f(y) dydx + / 0 f x g(y-x)f(x)f(y) dydx 


/0 Jy 


f 0 Jy 


g(x-y)f(x)f(y) dxdy + 


g(y-x)f(x)f(y) dydx 


/0 Jy 


g(x-y)f(x)f(y) dxdy + J Q J g(x-y)f(y)f(x) dxdy 
、 y _ > 

simply interchange x and y 
variable names 

»i 

g(x—y)f(x)f(y) dx dy, and the statement now follows. 


r»x/a 2 


15. Ua )= 丄 J 。（ x 2 + y 2 ) dy dx = [x 2 y + $ 

a - 丄 1 0 —2. 


x/a 2 


dx 


£ (i + 


dx 


X 4 , x 4 
硕卞湿 


T + 吾 a_2 ; I 二 ⑻ = \ \ a_3 — 0 a 4 = ^ 4 a= \j \ = ' Since I: ⑻ =! + ! a— 4 〉 0, the 

value of a does provide a minimum for the polar moment of inertia I 0 (a). 


16. I 0 


(x 2 +y 2 )(3)dydx = 3 / (4x 2 


14x J , 64 


f j dx = 104 
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994 Chapter 15 Multiple Integrals 


17. M = 厂 厂 r drd6>= 厂（誓 一 y sec 2 o) dO 

J -dJbsecd J -e\ ^ 」 ) 

=a 2 6» - b 2 tan 6» = a 2 cos— 1 ( 替 ) _ b 2 

=a 2 cos— 1 — b^-b 2 ; I。 = f:J b : ， 3 <h.d0 
=i H(a 4 + b 4 sec 4 0) d9 
=I J" ^ [a 4 + b 4 (1 + tan 2 9) (sec 2 9)] d9 
=i |a 4 0 _ b 4 tan 6» _ 6 

L 」 一0 

_ _ b 4 tan d _ b 4 tan 3 d 


y 



=I a 4 cos -1 (^) — I b 3 \/a 2 — b 2 — ^ b 3 (a 2 — b 2 ) 3 〆 2 


18. M = 


r r (y 2 / 2 ) dxdy= 

J_ 2 Jl-(y2/4) J 



y-i2 



My =r r (m 

y J_2 J l-(y 2 /4) 


x dxdy 


=£ [ fl :— (=) dy = 》 ( 4 一 y2) dy = 盖 /二 ( 16 — 办 2 +y 4 ) 办 =M 16y+ flo 

= ^(32-f + f) = (^) ( 警） = 菩今元 = 瓷 =( 菩 ）（ 暑 ） = f,andy = 0 by symmetry 


19. £ f 0 b s max(bV,!l2y2) dydx = £ f 0 bX/：1 e bV dydx+ / e a2y2 dxdy 


= / o a (^)e b 2 x 2 dx+/ o b (^y)e a V dy = 

= 盖 ( 夕 _ 1) 


2ab 


,b 2 x 2 



0 






0 


20 


「「 

yo xq 


种 (x ， y) 

dxdy 


dxdy 


翁 ]>/: 


^F(xi,y) 

~d^~ 


卵 (xo ， y) 

~d^~ 


dx=[F(x 1)y )-F(x 0) y)]« 


=F(xi,yi) - F(x 0 ,yi) - F(xi,y 0 ) + F(x 0 ,y 0 ) 


21. (a) (i) Fubini's Theorem 


(ii) Treating G(y) as a constant 

(iii) Algebraic rearrangement 

(iv) The definite integral is a constant number 


(b) 

(c) 


2 


e x cos y dy dx 


7 


dxdy 


7 


dy 


e x dx 
x dx 


(r 


cos y dy 


(/—: 


=(e 1112 — e°) (sin | — sin 0) = (1)(1) = 1 

x = ( _ 5 + ! ) G ^ I) = 0 


22 . (a) V f = xi + yj => D u f = uix + U 2 y; the area of the region of integration is \ 

^ average = 2 f g f o (uix + u 2 y) dy dx = 2 J q [uix (1 - x) + 1 u 2 (l - x) 2 ] dx 

= 2 U! (y - y) - (|u 2 ) o = 2 (I Ui + 1 u 2 ) = 5 (ui + u 2 ) 

(b) average = ^//(uix + u 2 y) dA = ^ //x dA + ^//y dA = Ul + u 2 (^) = Ul x + u 2 y 
R R R \ / 

noo noo nn/2 noa nn/2 广 b 

23 -⑻ 1 = Jo Jo e ( ^)dxdy=J o J o (^)rdidO = J o ^lim^ J 0 re- drj d9 

=~l JTbH ( e — W — 1 ) 仙 M £ /2 d0 =1 ^ I=# 

(b) r (i) = f g r 1 / 2 e _t dt= f g (y 2 )' 1 / 2 e _y 2 ( 2 y) dy = 2 f g e _y3 dy = 2 (f) = v^’ where Y = \A 
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24. Q 


kr 2 (l - sin ^)drd6> 


(1 - sin 6) d6 


kR J 


[6 + cos 0 ]； 




25. For a height h in the bowl the volume of water is V = 

f* Wh p\/h — x 2 p2tv p \/h 

=/—vJ—P( h — x 2 _y 2 )dy dx= X X ( h — r2 ) 


^ \/h —x 2 
-\/h — x 2 


/ x 2 +y 2 


rdrd6> 


dz dy dx 


n2n 

hr 2 

r 4 ' 

Jo 

2 

4 




h 2 7T 

~2~ 


Since the top of the bowl has area 107r, then we calibrate the bowl by comparing it to a right circular cylinder 


whose cross sectional area is 10 丌 from z = 0 to z = 10. If such a cylinder contains 孕 cubic inches of water 


to a depth w then we have 107rw 
rain, w = 3 and h = ^/60. 


h 2 7T 


=> W 


20 


.So for 1 inch of rain, w = 1 and h = -\/20; for 3 inches of 


26. (a) An equation for the satellite dish in standard position 
is z = 臺 x 2 + I y 2 . Since the axis is tilted 30°, a unit 
vector v = Oi + aj + bk normal to the plane of the 
water level satisfies b = v • k = cos (!) 


71 

2 


4 a = 




4 z 


-\/l -b 2 = - 

(y - i) + # ( 


4 V = 

D =0 


j J 


^3 


k 


73 


y+U 


75 ) 


is an equation of the plane of the water level. Therefore 

* /// 严 



the volume of water is V 


，壶 x 2 +!y 2 


dz dy dx, where R is the interior of the ellipse 


x 2 + y 2 — I y — 1 


2 

75 


0. When x = 0, then y = a or y = /3, where a 




and )3 = - 

(b) x = 0 => z 




泠 V 






ix^+Iy^ 


1 dz dx dy 


f y 2 and I 


y;y 




dz 

dy 


^ the tangent line has slope 1 or a 45 0 slant 


^ at 45° and thereafter, the dish will not hold water. 


27. The cylinder is given by x 2 + y 2 = 1 from z = 1 to 00 => 


fff z(r 2 +z 2 ) _5/2 dV 

D 


(r 2 +z 2 ) 5/: 


dz r dr 


(r 2 + z 2 ) 5 - 


dz dr d6 


=a 1 ^ JTX [(_ I) : drd0 = a 1 丄 m oo /:/:[(_•) + dTdd 

=aH JT [W + a2 )" 1/2 — * ( r2 +『"I > = aH JT[* (丄 + a 2 )， — W~ 1 ' 2 ) - \ ( a2 ) _1/2 + 

=a'iPoo 2?r 3 ( x + a 2 )~ 1/2 - 5 ( 穿 ) -Hi) + I = 27r T~ (3) - 


d6 


28. Let's see? 

The length of the "unit" line segment is: L = 2 上 dx = 2. 

n \/l — X 2 

dy dx = 7r. 

rl n\/l-x 2 广 V1 _x 2 _y 2 

The volume of the unit sphere is: V = 8 J 。 J 。 J 。 dz dy dx = ! 丌 . 

Therefore, the hypervolume of the unit 4-sphere should be: 

1—x 2 n \/l—x 2 —y 2 ny/l—x 2 —y 2 —z 2 

: Jo Jo dwdzdydx. 

Mathematica is able to handle this integral, but we'll use the brute force approach. 
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996 Chapter 15 Multiple Integrals 


1 p \J 1— x 2 Oy/l—\ 2 —y 2 n \/l—x 2 —y 2 — z 2 r*l n \J 1— x 2 p \/l—x 2 —y 2 

I / dw dz dy dx = 16 I I 

./ n . / n J .1 r\ .In 


hyper = !6j 0 J Q J Q J 0 

pl r»y/l-x 2 -y 2 _ 

16 L l_ L y/1 - X 2 - y 2 ^/l 


16 


/o Jo Jo 

-1 p\/l-x 2 


dz dy dx 

(1 — x 2 — y 2 ) J /2 ~V 1 - cos 2 沒 sin 0 d6 dy dx = 16 


r l-x 2 -y 2 _ 

^/l - x 2 - y 2 - z 2 dz dy dx 

= cos0 


/o Jo 

n y/ 1—x 2 

,|(l-x 2 -y 2 ) dydx = 4 


dz = —yj 1 — x 2 — y 2 sin 6 

^1 r» \J 1—x 2 

0 JO v J ' Jtv/2 

3/2 


(1 - x 2 - y 2 ) J 二 -sin 2 0 d 6 » dy dx 


-x 2 — xVl -x 2 一 |(1 — x 2 ) ) dx 


4 兀 Jo VI 


.x 2 [ (1 — x 2 ) - ] dx = fvr £ (1 - x 2 ) 3/2 


dx 


x = cos U 
dx = —sin 0 dO 


-Itt I sin 4 6 »d 6 » 


'1 — cos 26 、 


dO = — |7r J /2 (1 — 2 cos 26 + cos 2 20)d^ — J /2 (| — 2 cos 26 + cos 2 4d> jd6 


T 
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CHAPTER 16 INTEGRATION IN VECTOR FIELDS 


16.1 LINE INTEGRALS 

1. r = ti + (1 — t)j 4 x = t and y=l—t => y = 1 — x => (c) 

2. r = i+j + tk 今 x = 1， y = 1, and z = t ^ (e) 

3. r = (2 cos t)i + (2 sin t)j =>• x = 2 cos t and y = 2 sin t x 2 + y 2 = 4 4 (g) 

4. r = ti 4 x = t, y = 0, and z = 0 4 (a) 

5. r = ti + tj + tk 4 x = t, y = t，and z = t => (d) 

6. r = tj + (2 — 2t)k => y = t and z = 2 — 2t => z = 2 — 2y (b) 

7. r = (t 2 - 1) j + 2tk 泠 y = t 2 - 1 and z = 2t 泠 y = 专 -1 泠 （ f) 

8. r = (2 cos t)i + (2 sin t)k => x = 2 cos t and z = 2 sin t x 2 + z 2 = 4 (h) 

9. r(t) = ti + (l-t)j,0<t< 1 ^ f =i—j 泠 |f| = v/2j;x = tandy=l-t ^ x + y = t + (l-t)=l 

^ f c f(x,y,z) ds = 1 — t ， 0) I dt = f:(l) (W) dt = [^21] ^ 

10. r(t) = ti + (1 — t)j + k, 0 < t < 1 => 奢 =i — j 4 | 莹 | = y/2; x = t, y = 1 — t, and z=l => x — y + z — 2 

= t-(l — t)+1 — 2 = 2t_2 4 J c f(x,y,z) ds = (2t - 2) i/2 dt = i/2 [t 2 - 2t] J = - \/2 

11. r(t) = 2ti + tj + (2 — 2t)k, 0 < t < 1 ^ 塞 =2i + j — 2k => I 塞 I = \/4 + 1 + 4 = 3; xy + y + z 

— (2t)t +1 + (2 — 2t) J* c f(x 5 y, z) ds = 上 (2t 2 — t + 2) 3 dt = 3 [f t 3 — 11 2 + 2t] J = 3 (| — 垂 + 2) = y 

12. r ⑴ =(4 cos t)i + (4 sin t)j + 3tk ， —2n < t < 27r =>■ 塞 =(—4 sin t)i + (4 cos t)j + 3k 

^ I 塞 I = *y/l6 sin 2 1 + 16 cos 2 1 + 9 = 5; -\/x 2 + y 2 = \/16 cos 2 1 + 16 sin 2 1 = 4 => 工。 f(x, y, z) ds = J ^ (4)(5) dt 

= [20t]X = 80 兀 

13. r(t) = (i + 2j + 3k) + t(-i-3j-2k) = (l-t)i + (2-3t)j + (3-2t)k,0<t< 1 | =-i - 3j - 2k 

令 HI = 0+9 + 4= v^;x + y + z = (l -t) + (2-3t) + (3-2t) = 6-6t 今 / c f(x,y,z)ds 

= 二 (6 _ 6t) \f\A dt = 6\/l4 t — j ^ (|) = 3\/14 

14. rO；) = ti + tj + tk, 1 < t < oo ^=i + j + k 4 | 室卜 ; x 2 + ^? +z 2 = p+f+p = 

>/ c f(x ， y ， z)ds = 上 ( 益 ) v^dt= [- t]T = b 1 if^ 0 (~ S + ! ) = 1 
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15. Q: r ⑴ =ti +1 2 j, 0 < t < 1 => 荖 =i + 2tj => | _ | = 1 + 4t 2 ; x + y/y - z 2 = t + — 0 = t + |t| = 2t 

since t>0 ^ J c f(x, y, z) ds = dt = [“1 + 4t 2 ) 3/2 ] : = | (5) 3 / 2 - | | (5 力 一 1); 

C 2 : r(t) = i+j + tk, 0 < t < 1 ^ =k ^ I 莹 | = i ;x+v /^ — z 2 = 1 + v /I - t 2 = 2 — t 2 

今 /c., f(x ， y ， z ) ds = X ( 2 一 t2 ) ⑴ dt = [ 2t 一 5 t3 U = 2 — 5 = 營 ；therefore J c f(x ， y ， z) ds 

= fc t f(x> y> z) ds + fc 2 f(x> y> z) ds = f + I 

16. Ci ： r(t) = tk,0 < t < 1 ^ ^ = k ^ | 塞 |=1; 乂 +^ — z 2 =0+V^ —t 2 = —t 2 

^/ c f(x,y,z)ds = f:(—t 2 ) ⑴ dt = [— f ] : = - ！； 

C 2 : r(t) = tj+k, 0<t<l =>■ ^ = j => I ^ I = 1; x + yjy — z 2 = 0 + \/t — 1 = \/i — 1 
fc, f ( x > y, z) ds = f o (0 - l) (1) dt = [| t 3/2 = l = 

C 3 ： r(t) = ti + j + k,0<t< 1 ^ I =i ^ ||| = 1^+^- 2 2 = 1+0"-1=1 

^f c f(x,y,z) ds = £(t)(l) dt =[!]: = ! 今 / c f(x, y, z) ds = I f ds + 儿 f ds + /。 f ds = — • + (— |) + | 


17. r(t) 






f(x, y, z)ds = f a (i) \/3 dt = \/3 In |t| = In ( 会 )， since 0 


I < a < b 


18. r ⑴ = (a cos t) j + (a sin t) k, 0 < t < 27r ^ 塞 =(—a sin t) j + (a cos t) k | 寮 | = \j a 2 sin 2 1 + a 2 cos 2 1 = |a|; 

— \/x 2 + Z 2 = -\/o + a 2 sin 2 1 = <[—|[^ 二:’二 f ^ f 二 ^ f c f ( x > Y> z ) ds = |a| 2 sin t dt + £ | a| 2 sin t dt 

=[a 2 cos t] q — [a 2 cos t] = [a 2 (—1) — a 2 ] — [a 2 — a 2 (—1 )] 二 —4a 2 


19. r(x) = xi + yj=xi+f j,0<x<2 ^ g = i + xj ^ |g| = ; f(x, y) = f (x, f) 

= £(2x)^1+x 2 dx= I (1 + x 2 ) 3/2 ^ = § (5 3 / 2 _ 1) = 10v f~ 2 


=t^t = 2x ^ 



20. r(t) = (l-t)i+i(l-t) 2 j,0<t<l ^ HI = ^1 + (1 - t) 2 ; f(x,y) = f ((1 - t), 1(1 - t) 2 ) = 

’1 + (1 - t) 2 dt = 上 ((1 _ t) + |(1 _ t) 4 ) dt = —!(1 — t) 2 — 士 (1 _ t) 


4 J c fds 


■ 0 —(—] 


20 ) 


M (l-t) + j(l-t) 4 

0 \/l + ( 1-t ) 2 

_、 一 u 
20 


21_ r ⑴ =(2 cos t) i + (2 sin t) j, 0 < t < I =>■ 著 = (—2 sin t)i + (2cost)j =>• | ^ | =2; f(x, y) = f(2 cos t, 2 sin t) 
= 2 cos t + 2 sin t => f ds = / (2 cos t + 2 sin t)(2) dt = [4 sin t — 4 cos t]= 4 - (—4) 二 8 


22. r(t) = (2 sin t) i + (2 cos t) j, 0 < t < | ^ 寮 =(2 cos t) i + (—2 sint)j ^ | ^ | =2; f(x, y) = f(2 sin t, 2 cos t) 
= 4 sin 2 1 — 2 cos t =>• f ds = J' / (4 sin 2 1 — 2 cos t) (2) dt = [4t — 2 sin 2t — 4 sin t] f’ 4 
= tt-2(1 + 々 
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23. r(t) = (t 2 -l)j+2tk,0<t< 1 I 


2tj + 2k^ If] =2^/t 2 + l；M 


<5(x,y,z) ds 


/ >)(2# 


1 dt 




1 dt ： 


(t 2 + l) 


3/2 


2 3/2 — i = 2 ^ 2 - 1 


24. r(t) = (t 2 -l)j + 2tk,-l<t<l ^ f =2tj + 2k 


I 塞 I 


2\J t 2 + 1; M = f S(x, y, z) ds 

c 

£(15, 一 1) + 2) (2 V / ?TT) dt 

f\30(t 2 + 1) dt 


30 ( ( +1 


M xz 


y6(x, y, z) ds 


f l 30(t 4 -l) dt ： 


30 


= —48 今 y=^ = -l = -|;M yz = 
independent of z) =» (x,y,z) = (0, - 1,0) 


60 Q + 1) = 80; 
(t 2 -l)[30(t 2 + l)]dt 
60( 卜 1) 

二 L x^(x, y, z) ds 



0 ^ ds = 0 =>• x = 0; z = 0 by symmetry (since 6 is 


25. r(t) = Wti + v^tj + (4 — t 2 ) k, 0 < t < 1 




dr 

dF 


^/2i + V^j - 2tk 


4 


I 蒂 I 


⑻ M = J c 6ds= J o (3t) (2/1+t 2 ) dt = 

2 (1 + t 2 f /2 

(b) M = / c <5 ds = / 。⑴ (2^1+t 2 ) dt = 

t\/l +1 2 + In 

= V^ + ln(l + v^) 


r(t) = ti + 2tj + | t 3 / 2 k,0 <t<2 ^ | =i 

+ 2j + t x / 2 k 

M = / c <5ds = / o (3^5TT)(v / 5T^)dt = i 

( 2 3(5 + t)dt: 


x/2 + 2 + 4t 2 = 2^1 + t 2 ; 


一 （0 + lnl) 


I 塞 I 


1 + 4 + t = \/5 + t; 


M. 


[f t 2 + t 3 ] 


30 + 8 = 38; 


,= f c xS ds= f o t[3(5 + t)] dt= / o (15t + 3t 2 )dt 
,=/ c #ds= / Q 2 2t[3(5 + t)] dt = 2 £(15t + 3t 2 )dt = 76;M xy = / c z<5 ds = £ 11 3 / 2 [3(5 + 1)] dt 
/ o 2 (lOt 3 / 2 + 2t 5 / 2 ) dt = [4t 5 / 2 + f t" 2 ] J = 4(2) 5 /2 + 4 ⑵ 7/2 = 16v ^ + 32^ = 144^ ^ X = ^ 

and z = ^ = 1 w = 7 


M - 19 v - Mxz 
36 — 18 , 〉 — M 


76 _ 19 
36 — 9 


27. Let x = a cos t and y = a sin t, 0 < t < 27r. Then 营 =—a sin t，g = a cos t, ^ = 0 


4 


m 2 


dy > 
.dt > 


( 奢 ) 2 dt = a dt; I z = J (x 2 + y 2 ) ^ ds = J (a 2 sin 2 1 + a 2 cos 2 1) a6 dt 


a 3 6 dt = 27r^a 3 ; M = J c 6(x, y, z) ds 


Sa dt = 27r^a => R z 


' 27ra 3 <5 
27ra<5 


a. 


28. r(t) = tj + (2 - 2t)k，0 <t<l 今 ^ = j-2k ^ ||| = ^5; M = f c Sds= f o 's^/5dt = 6^5; 

Ix = / c (y 2 +z 2 )5ds = J:[t 2 +(2-2t) 2 ] 占 = £(5t 2 - 8t + 4) 6^dt = 6^/5 [|t 3 -4t 2 +4t]J = |«5 ^； 
I y = J c (x 2 +z 2 ) 5 ds = fjO 2 + (2 — 2t) 2 ] <5^^ = J:(4t 2 - 8t + 4) dt = S^5 [ft 3 -4t 2 + 4t] J = | 

Iz = /c (x 2 + y 2 ) ^ ds = (0 2 + 1 2 ) 6^/5 dt = 6\/5 V 0 = 5 今 Rx = = \/l" ， R y = = = 75 

and R z = ^ ^ 
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1000 Chapter 16 Integration in Vector Fields 


29. r(X) = (cos t)i + (sin t)j + tk, 0 < t < 27r =>• 室 =(—sin t)i + (cos t)j + k | 罢 | = \/sin 2 1 + cos 2 1 + 1 = \/2; 
(a) M = S ds = 6^/2 dt = 27r5\/2; I z = (x 2 + y 2 ) 6 ds = (cos 2 1 + sin 2 1) 8^/2 dt = 2n6^/2 



(b) M = S(x,y, z) ds = 上 6^/2 dt = 47tS^/2 and I z = 上 (x 2 + y 2 ) 6 ds = 6y/2 dt = 4tt6^/2 



30. r ⑴ =(t cos t)i + (t sin t)j + t 3 ’ 2 k, 0 < t < 1 ^ 著 = (cos t — t sin t)i + (sin t + t cos t)j + k 

=» HI = V(t+D 2 = t+lforO<t<l;M= Jjds = / o '(t+l)dt= [I(t+l) 2 ]J = l(2 2 -l 2 ) = I ； 

M xy = / c Z<5ds = / ； ( 2 #t^) (t +l)dt= dt= ^ [2 t 7/2 + 2 t 5 / 2] ； 

=¥ ( 争 + 1) = ¥(■) = ¥ (1) = _4 = ]> 2 +作出 

= f o \t 2 cos 2 1 + 1 2 sin 2 1) (t + 1) dt = f g \t 3 +1 2 ) dt = [^ + I] ^ = i + I = ^ ^ Rz = = yi 

31. 占 (x, y, z) = 2 — z and r(t) = (cos t)j + (sin t)k, 0 < t < 7r => M = 2 丌 一 2 as found in Example 4 of the text; 
also I 蒈 I = 1; I x = f c (y 2 + z 2 )6ds = f Q (cos 2 1 + sin 2 1) (2 — sin t) dt = f Q (2 - sin t) dt 二 2 丌 - 2 今 R x = 

=1 

32. r(t) = ti + ^ t 3 / 2 j + |k,0<t<2 ^ I =i+v^t^j+tk ^ HI = ^1+21 + 1 2 = ^(1+1) 2 = 1+tfor 

0 < t < 2; M = ^ ds = (^j) (1 + t) dt = dt = 2; = J^xS ds = f g t ) (1 + t) dt = ^ 。 = 之； 

M xz = f c y6 ds = J o 羊 t 3/2 dt = 雙 t 5/2 。 = f|; M xy = / c ds = /。 | dt = f 。 = | =^1=^ = 1, 
y = ^ = if ^ 31111 z = ^ = f ； lx = / c (y 2 + z 2 ) 5 ds = J q (I t 3 + j t 4 ) dt = |t 4 + ^ 。 = f + f = 署 ; 

I y = / c (x2 + z^)^ds = / o 2 (t2 + It^)dt=[f + | ) ]^| + l = f|;I z = / c (x2 + y^) ( Sds 

=X (t 2 + 暑 t 3 ) dt = f + l t4 0 = l + f = f ^ R x = \/b = I \/f^ R y = \j\ = \[% ' ^ 

Rz = \J\ = I 

33-36. Example CAS commands: 

Maple: 

f := (x,y,z) -> sqrt( 1+30*x A 2+10*y); 
g := t -> t; 
h := t -> t A 2; 
k := t -> 3*t A 2; 
a,b := 0,2; 

ds : =( D(g) 八 2 + D(h) A 2 + D(k) A 2 ) A (l/2): 

Us’ = ds(t)*’dt ’； 

F:=f(g,h,k): 

'F(t)' = F(t); 

Int( f, s=C..NULL ) = Int( simplify(F(t)*ds(t)) ， t=a"b ); 

、、 =value(rhs(%)); 

Mathematic a: (functions and domains may vary) 

Clearfx, y, z, r, t, f] 
flx_,y_,zj:= Sqrt[l + 30x 2 + lOy] 


#(a) 

#(b) 

#(c) 
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{a,b!={0,2); 
x[t」:=t 

y[U：= t 2 

Z[t_]:=3t 2 

r[tj:={x[t] >y [t],z[t]} 

v[t_]:=D[r[t],t] 

mag [ vector 」 :=Sqrt[ vector, vector] 
Integrate[f[x[t],y[t],z[t]] mag[v[t]], {t, a, b}] 
N[%] 


16.2 VECTOR FIELDS, WORK, CIRCULATION, AND FLUX 


1. f(x,y,z) = (x 2 +y 2 +z 2 )- 1/2 
| = -y(x 2 +y 2 +z 2 )- 3/2 an 


J di 

d di 


1 


=—Z 


-i (x 2 + y 2 + z 2 ) _3/2 (2x) = -x (x 2 + y 2 + Z 2 ) _3/2 ; similarly, 
(x2+y2 + zT 3/2 ^ 


2. f(x,y,z) = ln ^x 2 + y2 + z 2 = I In (x 2 + y 2 + z 2 ) 今 | = \ (2x) = x . +y x 2+z . 


similarly, 


df 


y onH — z 
x 2 +y 2 +z 2 di — x 2 +y 2 +z 2 


令 V f; 


xi + yj + zk 
x 2 + y 2 + z 2 


3. g(x,y,z) = e z -ln(x 2 +y 2 ) ^ | 


^ Vg 


—2x 

、 x 2 +y 2 ' 




dx 

j + e z k 


2x 

x 2 +y 2 5 dy 


击 and =e z 


4. g(x, y, z) = xy + yz + xz 4 & 


灰 —y + z ，_ = x- 


+ z, and = y + x 4 ▽ g = (y + z)i + (x + z)j + (x + y)k 


5. |F| inversely proportional to the square of the distance from (x, y) to the origin (M(x, y)) 2 + (N(x, y)) 2 

y 


x 2^ y2 , k > 0; F points toward the origin F is in the direction of n 


=> F = an, for some constant a > 0. Then M(x, y) 
今 \! (M(x, y)) 2 + (N(x, y)) 2 = a > a = ^2 


\/x 2 + y 2 

泠 F - 七 


+ y 2 

and N(x, y) — — 


^/ X 2 | y 2 


J 


ky 


( x 2 +y 2)3/2 ( x 2 +y 2) 


\A 2 +y 2 

3/2 j , for any constant k > 0 


6. Given x 2 + y 2 = a 2 + b 2 , let x = \/a 2 + b 2 cos t and y = — \/a 2 + b 2 sin t. Then 

r = (\/a 2 + b 2 cos i — (\/a 2 + b 2 sin t) j traces the circle in a clockwise direction as t goes from 0 to 2n 

v = (—+ b 2 sin t) i - ^\/a 2 + b 2 cos t) j is tangent to the circle in a clockwise direction. Thus, let 


4 


F = v 4 F = yi — xj and F(0,0) = 0. 


7. Substitute the parametric representations for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector 
field F, and calculate the work W = F * ^ . 

(a) F = 3d + 2tj + 4tk and f = i + j + k =>• F - f = 9t ^ W = J*9t dt = | 

(b) F = 3t 2 i + 2tj + 4t 4 k and ^ = i + 2tj + 4t 3 k 今 F • 盖 = 7t 2 + 16t 7 今 W = J o '(7t 2 + 16t 7 ) dt = [| t 3 + 2t 8 ] J 

_ Z , 2 _ 13 
一 3 十 z 一 3 

(c) r x =ti + tjandr 2 =i+j+tk;F 1 =3ti + 2tjand^=i+j ^ F x - ^ = 5t ^ Wi = dt = |; 

F 2 = 3i + 2j + 4tk and 眢 =k # F 2 • 蝥 = 4t 今 W 2 = fUt dt = 2 ^ W = W! + W 2 = 善 
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1002 Chapter 16 Integration in Vector Fields 

8 . Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector 
field F, and calculate the work W = J c F • 奢 . 

⑻ F = ) jand^=i+j + k => F * ^ = w+i ^ W = f 0 dt = [ tan_1 = I 

(b) F=( ? i- r )j a ndf =i + 2tj+4t 3 k ^ F ■ | ^ ^ W = £ ^ dt = [In (t 2 + 1)] J = In 2 

(c) ri = ti + tj and r 2 = i + j + tk; Fj = (▲) j and 莹 =i + j => F x - ^ ; F 2 = | j and 蝥 =k 

4 F 2 -f =0 ^ W=/ o 1 t ^ T dt=^ 

9. Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector 
field F, and calculate the work W = f c F • ^ . 

(a) F = v/ti - 2tj + v^k and I = i + j + k ^ F • I = 2^t - 2t ^ W = £ (2^/t - 2t) dt = [| t 3 / 2 - t 2 ] J 

(b) F = t 2 i — 2tj + tk and 罢 =i + 2tj + 4t 3 k 泠 F • 罢 = 4t 4 — 3t 2 泠 W = f o \4t 4 - 3t 2 ) dt = [• t 5 — t 3 ] J = 

(c) ri = ti + tj and r 2 = i + j + tk ; Fi = — 2tj + v^k and ^- = i + j => Fi • ^- = -2t Wi = f o -2t dt 

=-1; F 2 = - 2j + k and ^ = k ^ F 2 -签 =1 今 W 2 = £dt = 1 W = W : + W 2 = 0 

10. Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector 
field F, and calculate the work W = F - ^ . 

(a) F = t 2 i + t 2 j + t 2 k and I = i + j + k ^ F • | = 3t 2 W = J o *3t 2 dt = 1 

(b) F = t 3 i - t 6 j + t 5 k and f = i + 2tj + 4t 3 k => F - | = t 3 + 2t 7 + 4t 8 ^ W = f o \t 3 + 2t 7 + 4t 8 ) dt 

- [4 + 4 + 9 1 

(c) Fl =ti + tjandr 2 =i + j + tk;F 1 =t 2 iand^ =i + j ^ Fj - ^ = t 2 ^ W x = f\ 2 dt = |; 

F 2 = i + tj + tk and 莹 =k 今 F 2 . 莹 =t => W 2 = f\dt= ^ W = Wi + W 2 = | 

11. Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector 
field F, and calculate the work W = 上 F • 莹 . 

(a) F = (3t 2 — 3t) i + 3tj + k and 罢 =i + j + k 泠 F - 罢 = 3t 2 + 1 今 W = £(3t 2 + 1) dt = [t 3 + 1 ] J = 2 

(b) F = (3t 2 — 3t) i + 3t 4 j + k and 害 =i + 2tj + 4t 3 k • F - f = 6 t 5 + 4t 3 + 3t 2 - 3t 

今 W = J:( 6 t 5 + 4t 3 + 3t 2 - 3t) dt = [t 6 + t 4 + 1 3 - § t 2 ] J = § 

(c) ri =d + tjandr 2 =i+j+tk;Fi = (3t 2 - 3t)i + kand ^ = i + j =>• Fi - ^ = 3t 2 - 3t 

冷 Wi = 上 (3t 2 - 3t) dt = [t 3 - § t 2 ] J = - I; F 2 = 3tj + k and ^=k => F 2 -^- = l W 2 = f g dt 

泠 w = Wi + W 2 = 5 


12. Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector 
field F, and calculate the work W = J c F • 莹 . 

(a) F = 2ti + 2tj + 2tk and I = i + j + k 今 F • | = 6t 今 W = / o *6t dt = [3t 2 ] J = 3 

(b) F = (t 2 + 1 4 ) i + (t 4 + t) j + (t +1 2 ) k and I = i + 2tj + 4t 3 k 今 F ■差 = 6t 5 + 5t 4 + 3t 2 

泠 W = J o 1 (6t 5 +5t 4 + 3t 2 )dt= [t 6 +1 5 +1 3 ] J = 3 
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(c) r x = ti + tj and r 2 = i + j + tk; F x = ti + tj + 2 tk and ^ = i +j => Fx • ^ = 2 t =>• W x = J o 2 t dt = 1 ; 

F 2 = (1 + t)i + (t + l)j + 2k and 智 =k 泠 F 2 . 穿 = 2 泠 W 2 = J: 2 dt = 2 泠 W = Wi + W 2 = 3 

13. r = ti + t 2 j + tk, 0 < t < 1, and F = xyi + yj - yzk F = t 3 i + t 2 j - t 3 k and 室 =i + 2tj + k 

今 F . 莹 = 2t 3 今 work = £ 2t 3 dt = ^ 

14. r = (cos t)i + (sin t)j H- | k, 0 < t < 2n, and F = 2yi + 3xj + (x + y)k 

4 F = (2 sin t)i + (3 cos t)j + (cos t + sin t)k and 蒂 =(—sin t)i + (cos t)j + | k ^ F •塞 

r»27r 

= 3 cos 2 1 — 2sin 2 t + - cos t + ^ sin t =>• work = 丄 （3 cos 2 1 — 2 sin 2 t + | cos t + | sin t) dt 
=[I t + I sin 2 t — t + ^ sin t — ^ cos t] ^ = 7 r 

15. r = (sin t)i + (cos t)j + tk, 0 < t < 2n, and F = zi + xj + yk F = ti + (sin t)j + (cos t)k and 

n2n 

奢 =(cos t)i — (sin t)j + k =>• F - ^ = t cos t — sin 2 1 + cos t 4 work = j。(t cos t — sin 2 1 + cos t) dt 
=[cos t + t sin t — I + + sin t] ^ = — 7 r 

16. r = (sin t)i + (cos t)j H- | k, 0 < t < 2n, and F = 6 zi + y 2 j + 12xk => F = ti + (cos 2 t)j + (12 sin t)k and 
奢 =(cos t)i — (sin t)j + ^ k => F • 室 =t cos t — sin t cos 2 1 + 2 sin t 

=> work = (t cos t - sin t cos 2 1 + 2 sin t) dt = [cos t + t sin t + | cos 3 1 — 2 cos t] ^ = 0 

17. x = t and y = x 2 = t 2 4 r = ti + t 2 j, -1 < t < 2, and F = xyi + (x + y)j F = t 3 i + (t + t 2 ) j and 

I = i + 2tj ^ F • 莹 =t 3 + (2t 2 + 2t 3 ) = 3t 3 + 2t 2 今 J c xydx + (x + y)dy = £ F • ^ dt = f\ (3t 3 + 2t 2 ) dt 

= [!t 4 + lt 3 ] 2 _ 1 = (i2 + ^)-(|^|) = f + f = f C C 1 

18. Along (0,0) to (1,0): r = ti, 0 < t < 1, and F = (x — y)i + (x + y)j => F = ti + tj and ^ = i ^ F • 奢 =t; 

Along (1,0) to (0,1): r = (1 — t)i + tj, 0 < t < 1, and F = (x — y)i + (x + y)j ^ F = (1 — 2t)i + j and 

室 =— i+j $ F.!= 2 t; 

Along (0,1) to (0,0): r = (1 — t)j, 0 < t < 1, and F = (x — y)i + (x + y)j =>• F = (t — l)i + (1 — t)j and 

l = _j 今 F .f =t — 1 今 / c (x-y)dx + (x + y)dy = /Jt dt +/> dt +/> - 1) dt = / o '(4t - 1) dt 

=[ 2 t 2 - t] J = 2 - 1 = 1 

19. r = xi + yj = y 2 i + yj , 2 > y > -1, and F = x 2 i - yj = y 4 i - yj ^ | = 2yi + j and F - | = 2y 5 - y 

今 / c F-Tds = / ； 1 F-|dy = / ； I (2y 5 ^y)dy=[Iy 6 -ly2 ] 2 - 1 = (I-I)-(f-|)=|-f = -f 

20. r = (cos t)i + (sin t)j , 0 < t < |, and F = yi — xj => F = (sin t)i — (cos t)j and 蒂 =(—sin t)i + (cos t)j 

今 F- f = - sin 2 1 - cos 2 1 = -1 => J c F - dr = f: (-1) dt = - | 

21. r = (i + j) + t(i + 2j) = (1 + t)i + (1 + 2t)j, 0 < t < 1, and F = xyi + (y — x)j 4 F = (1 + 3t + 2t 2 ) i + tj and 

|=i + 2j ^ F-f = l+5t + 2t 2 今 work= / c F-f dt= /:(1 + 5t + 2t 2 ) dt = [t+1 1 2 + f t 3 ] J = f 

22. r = (2 cos t)i + (2 sin t)j, 0 < t < 2n, and F 二 ▽ f = 2(x + y)i + 2(x + y)j 

=> F = 4(cos t + sin t)i + 4(cos t + sin t)j and • = (—2 sin t)i + (2 cos t)j 4 F •塞 
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=—8 (sin t cos 14 - sin 2 1 ) + 8 (cos 2 1 + cos t sin t) = 8 (cos 2 1 — sin 2 1 ) = 8 cos 2 t ^ work = J c ▽ f - dr 
= 上 F •羞 dt = 上 8 cos 2t dt = [4 sin 2t] q 77 = 0 

23. (a) r = (cos t)i + (sin t)j, 0 < t < 2n, Fi = xi + yj, and F 2 = —yi + xj => 室 =(—sin t)i + (cos t)j, 

Fi = (cos t)i + (sin t)j, and F 2 = (— sin t)i + (cos t)j =>■ Fi • 塞 = 0 and F 2 • 塞 =sin 2 1 + cos 2 1 = 1 

r*2ir n27r 

Circi = 0 dt = 0 and Circ 2 = J o dt = 2 丌 ； n = (cos t)i + (sin t)j => Fi . n 二 cos 2 1 + sin 2 1 = 1 and 

F 2 • n = 0 => Fluxi = dt = 27r and FI 11 X 2 = 0 dt = 0 

(b) r = (cos t)i + (4 sin t)j, 0 < t < 27r => 害 =(_ sin t)i + (4 cos t)j ， Fi = (cos t)i + (4 sin t)j, and 
F 2 = (—4 sin t)i + (cos t)j => Fi • ^ = 15 sin t cos t and F 2 • 室 = 4 =>• Circi = 15 sin t cos t dt 

=[y sin 2 1 ] t = 0 and Circ 2 = £ 4 dt = 8 vr; n =( 为 cos t) i + (方 sin t) j 4 Fi - n 

=^ cos 2 1 + sin 2 1 and F 2 • n =— 為 sin t cos t 今 Fluxi = f g (Fi - n) |v| dt = £ ( 方 ) \/l7 dt 

= 87 r and Flux]= 上 （ F 2 - n) |v| dt = 上 ( 一 -^= sin t cos \/l7 dt = [—穿 sin 2 1 ] = 0 

24. r = (a cos t)i + (a sin t)j, 0 < t < 27r, Fi = 2xi — 3yj, and F 2 = 2xi + (x — y)j => 塞二 (—a sin t)i + (a cos t)j, 
Fi = (2a cos t)i — (3a sin t)j, and F 2 = (2a cos t)i + (a cos t — a sin t)j n |v| = (a cos t)i + (a sin t)j, 

Fi • n |v| 二 2a 2 cos 2 1 — 3a 2 sin 2 1 , and F 2 • n |y| = 2a 2 cos 2 1 + a 2 sin t cos t — a 2 sin 2 1 

今 Fluxi = J Q 27 r (2a 2 cos 2 1 — 3a 2 sin 2 1 ) dt = 2a 2 [! + 亨 ] f _ 3a 2 [! — ^ = - 7 ra 2 , and 

FI 11 X 2 = 上 (2a 2 cos 2 1 — a 2 sin t cos t — a 2 sin 2 1) dt = 2a 2 [| + ^ + y [sin 2 1] ^ - a 2 [ 臺 — ^ = 7 ra 2 

25. Fi = (a cos t)i + (a sin t)j, 普 =(—a sin t)i + (a cos t)j => Fi • 眷 = 0 =>■ Circi = 0; Mi = a cos t, 

Ni = a sin t, dx = -a sin t dt, dy = a cos t dt => Fluxi = 上 Mi dy — Ni dx = 上 （ a 2 cos 2 1 + a 2 sin 2 1 ) dt 

=a 2 dt = a 2 7r; 

F 2 = ti, ^ = i ^ F 2 • 醬 =t 4 Circ 2 = f t dt = 0; M 2 = t, N 2 = 0, dx = dt, dy = 0 => Flux 2 

=M 2 dy — N 2 dx = J' 0 dt = 0; therefore, Circ = Circi + Circ 2 = 0 and Flux = Fluxi + Flux 2 = a 2 7 r 

26. Fi = (a 2 cos 2 1 ) i + (a 2 sin 2 1 ) j, ^ = (—a sin t)i + (a cos t)j => Fi • 智 =—a 3 sin t cos 2 1 + a 3 cos t sin 2 1 

4 Circi = (—a 3 sin t cos 2 1 + a 3 cos t sin 2 1 ) dt = — 亨 ； Mi = a 2 cos 2 1 , Ni = a 2 sin 2 1 , dy = a cos t dt, 

dx = —a sin tdt Fluxi = 上 Mi dy _ Ni dx = 上 (a 3 cos 3 1 + a 3 sin 3 1 ) dt = | a 3 ; 

F 2 = t 2 i , 普二 i 泠 F 2 • 警 =t 2 泠 Circ 2 = f \ 2 dt = 竽； M 2 = t 2 , N 2 二 0, dy = 0, dx = dt 
4 FI 11 X 2 = 上 M 2 dy — N 2 dx = 0; therefore, Circ = Circi + Circ 2 = 0 and Flux = Fluxi + FIUX 2 = f a 3 

27. Fi = (—a sin t)i + (a cos t)j ，普 =(—a sin t)i + (a cos t)j =>• Fi • 香 =a 2 sin 2 1 + a 2 cos 2 1 = a 2 
^ Circi = a 2 dt = a 2 n ; Mi = —a sin t，Ni = a cos t, dx = —a sin t dt, dy = a cos t dt 

=>• Fluxi = 上 Mi dy — Ni dx = 上 (—a 2 sin t cos t + a 2 sin t cos t) dt = 0; F 2 = tj, ^ = i => F 2 • 普 = 0 
^ Circ 2 = 0; M 2 = 0, N 2 = t, dx = dt, dy = 0 => Flux 2 = M 2 dy — N 2 dx = J' —t dt = 0; therefore, 

Circ = Circi + Circ 2 = a 2 7 r and Flux = Flux! + Flux 2 二 0 
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28. Fi = (—a 2 sin 2 1) i + (a 2 cos 2 1) j, ^ = (—a sin t)i + (a cos t)j Fi • 督 =a 3 sin 3 1 + a 3 cos 3 1 

4 Circi = 上 （ a 3 sin 3 1 + a 3 cos 3 1) dt = ! a 3 ; Mi = -a 2 sin 2 1, Ni = a 2 cos 2 1, dy = a cos t dt, dx = —a sin t dt 

=>■ Fluxx = Mx dy — Ni dx = (—a 3 cos t sin 2 1 + a 3 sin t cos 2 1) dt = | a 3 ; F 2 = t 2 j, ^ = i F 2 • ^ = 0 

=>• Circ 2 = 0; M 2 = 0, N 2 = t 2 , dy = 0, dx = dt => FI 11 X 2 = f c M 2 dy — N 2 dx = J ^ —t 2 dt = — | a 3 ; therefore, 

Circ = Circi + Circ 2 = f a 3 and Flux = Fluxi + Flux 2 = 0 

29. (a) r = (cos t)i + (sin t)j , 0 < t < 7 r, and F = (x + y)i — (x 2 + y 2 )j =>• 塞 =(—sin t)i + (cos t)j and 

F = (cos t + sin t)i — (cos 2 1 + sin 2 t)j => F • 寮 =—sin t cos t — sin 2 1 — cos t => F • T ds 

=(— sin t cos t — sin 2 1 — cos t) dt = [—全 sin 2 1 _ | + — sin t] ^ | 

(b) r = (1 - 2t)i,0 < t < 1, and F = (x + y)i - (x 2 + y 2 ) j 令室 =-2i andF = (1 - 2t)i — (1 - 2t) 2 j ^ 

F- 莹 =4t —2 今 / c F-Tds = /:(4t-2)dt= [2t 2 —2t]; = 0 

(c) n = (1 - t)i - tj , 0 < t < 1, and F = (x + y)i - (x 2 + y 2 ) j 泠穿 =—i 一 j and F = (1 — 2t)i — （1 — 2t + 2t 2 ) j 

4 F • 蝥 =(2t — 1) + (1 — 2 時 2t 2 ) = 2t 2 今 Flowi = f c F - ^ = /:2t 2 dt = |; r 2 =-ti + (t - l)j, 

0 < t < 1， and F = (x + y)i — （ x 2 + y 2 ) j 今普 =—i + j and F = -i — (t 2 + t 2 — 2t + 1) j 
=-i 一 （ 2t 2 — 2t+l)j 泠 F •皆 =1 — (2t 2 — 2t + 1) = 2t — 2t 2 泠 Flow 2 = / c F • 尝 =J o '(2t-2t 2 ) dt 
=[t 2 - 11 3 ] J = ! 今 Flow = Flowi + F1 ow2 = | + 5 = 1 


30. From (1,0) to (0,1): rj = (1 - t)i + tj , 0 < t < 1, andF = (x + y)i - (x 2 + y 2 ) j ^ ^ = -i + j, 

F = i — (1 — 2t + 2t 2 ) j, and ni |vi| = i + j =>• F - ni |vi| = 2t — 2t 2 =>■ Fluxi = 上 (2t - 2t 2 ) dt 

=[ t2 — I t3 ] ^ = 3 ; 

From (0,1) to (-1,0): r 2 = -tf + (1 - t)j, 0 < t < 1, and F = (x + y)i - (x 2 + y 2 ) j 警 =- i-j ， 

F = (1 - 2t)i - (1 -2t + 2t 2 ) j ， and n 2 |v 2 | = —i + j 今 F • n 2 |v 2 | = (2t — 1) + (-1 + 2t — 2t 2 ) = —2 + 4t — 2t 2 

4 F1ux 2 = £ (—2 + 4t — 2t 2 ) dt = [—2t + 2t 2 — f t 3 ] J = — | ; 

From (-1,0) to (1,0): r 3 = (-1 + 2t)i, 0 < t < 1, and F = (x + y)i - (x 2 + y 2 ) j 智 = 2i, 

F = (— 1 + 2t)i — (1 — 4t + 4t 2 ) j , and n 3 |y 3 | = — 2j F - n 3 |y 3 | = 2 (1 — 4t + 4t 2 ) 

=> FIUX 3 = 2 (1 — 4t + 4t 2 ) dt = 2 [t — 2t 2 + 1 1 3 ] J = I =>• Flux = Fluxi + Flux〗+ Fluxs = | — | + | = | 


31. + 

at (2,0)，F = j ; at (0,2)，F = -i;at (-2,0), 

F = —j ; at (0, —2), F = i; at (\/^, \/^) = — 

at (\/^’ ~V^j = ^i+|j;at (—\/5 ) ， 

F = — |j;at ? p — i _ I j 


y 
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F 二 

二 xi + yj on x 2 + y 2 = 

二 1 ; at (1,0)，F 二 

at(-l,0), F = -i;at(0, 1), F = j ; at (0, 

F = 

= -j ； at (5 ： 4)， F : 

= 5 i+ fj; 

at( 


+ fj ； 

at( 

、*，- 幸) ’F = |i- 

fj ； 

at( 


• i_ 幸 j . 



33. (a) G = P(x, y)i + Q(x, y)j is to have a magnitude \/a 2 + b 2 and to be tangent to x 2 + y 2 = a 2 + b 2 in a 

counterclockwise direction. Thus x 2 + y 2 = a 2 + b 2 2x + 2yy’ = 0 => y’ = — - is the slope of the tangent 

line at any point on the circle ^ y / = — ^ at (a, b). Let y = —bi + aj ^ |v| =v ^ 2 + b 2 , with y in a 
counterclockwise direction and tangent to the circle. Then let P(x ， y) = —y and Q(x ， y) = x 

G = —yi H-xj => for (a, b) on x 2 + y 2 = a 2 + b 2 we have G = —bi + aj and |G| = \/a 2 + b 2 . 

(b) G= ( v / x 2 +y 2 )F= (vWb 2 )F. 

34. (a) From Exercise 33, part a, —yi + xj is a vector tangent to the circle and pointing in a counterclockwise 

direction yi — xj is a vector tangent to the circle pointing in a clockwise direction G = j :「 + XJ ; 2 

is a unit vector tangent to the circle and pointing in a clockwise direction. 

(b) G = -F 

35. The slope of the line through (x, y) and the origin is ^ v = xi + yj is a vector parallel to that line and 
pointing away from the origin F = — J ^ 2 + + y ^ 2 is the unit vector pointing toward the origin. 

36. (a) From Exercise 35, — is a unit vector through (x, y) pointing toward the origin and we want 

|F| to have magnitude y^x 2 + y 2 => F = -\/x 2 + y 2 (- ) = —xi - yj . 

(b) We want |F| = where C # 0 is a constant ^ F= ( - = C ). 

37. F = —4t 3 i + 8 t 2 j + 2k and 盖 =i + 2tj 今 F- | = 12t 3 ^ Flow = £ 12t 3 dt = [3t 4 ] I = 48 

38. F = 12t 2 j + 9t 2 k and 塞 = 3j + 4k 今 F- ^ = 72t 2 今 Flow = J o *72t 2 dt = [24t 3 ] J = 24 

39. F = (cos t — sin t)i + (cos t)k and 塞 =(—sin t)i + (cos t)k ^ F •莹 =—sin t cos t + 1 

=> Flow = (— sin t cos t + 1) dt = cos 2 1 + 1 ] ^ = (| + 7r) — (| + 0) = 7r 

40. F = (—2 sin t)i — (2 cos t)j + 2k and 塞 =(2 sin t)i + (2 cos t)j + 2k ^ F . 室 =—4 sin 2 1 — 4 cos 2 1 + 4 = 0 

^ Flow = 0 

41. Ci ： r = (cos t)i + (sin t)j + tk, 0 < t < | => F = (2 cos t)i + 2tj + (2 sin t)k and 菩 =(—sin t)i + (cos t)j + k 

=> F ♦ ^ = —2 cos t sin t + 2 t cos t + 2 sin t = — sin 2 t + 2 t cos t + 2 sin t 
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=> Flowi = 上 / (— sin 2t + 2t cos t + 2 sin t) dt = [- cos 2t + 2t sin t + 2 cos t — 2 cos t] = — 1 + 丌； 

C 2 ： r=j + f(l-t)k,0<t<l # F = 7 r(l-t)j + 2kand| = —|k 4 = — 7 T 

F10W2 = —7T dt = [_7Tt] J = —7T ； 

C 3 : r = ti + (1 - t)j, 0 < t < 1 ^ F = 2ti + 2(1 - t)k and f = i - j ^ F • f = 2t 
=> FI 0 W 3 = 2t dt = [t 2 ] q = 1 => Circulation = (— 1+ 丌）一 7 T +1 = 0 

42. F-f +y^+z| = f f+ || + ||,wheref(x,y,z)=i(x 2 +y 2 + x 2 ) ^ F.| = |(f(r(t))) 

by the chain rule => Circulation = 上 F •莹 dt = 工 基 (f(r(t))) dt = f(r(b)) — f(r(a)). Since C is an entire ellipse, 
r(b) = r(a), thus the Circulation = 0. 

43. Let x = t be the parameter y = x 2 = t 2 and z = x = t => r = ti + t 2 j + tk, 0 < t < 1 from (0,0,0) to (1,1,1) 

泠 I = i + 2tj + k and F = xyi + yj - yzk = t 3 i + t 2 j — t 3 k 泠 F - f = t 3 + 2t 3 — t 3 = 2t 3 泠 Flow = / 0 * 2t 3 dt 

= 1 
_ 2 

44 . ⑻ F= v (xy 2 z 3 ) 今 F-| = f| + | 室 + || = f，where f(x,y,z) = xy 2 z 3 ^ £ F • | dt 

= 塞 (f(r(t))) dt = f(r(b)) — f(r(a)) = 0 since C is an entire ellipse. 

(b) / c F - I = m (xy 2 z 3 ) dt = [xy 2 z 3 ] 肚 = (2)(1) 2 (-1 ) 3 - (1)(1) 2 (1 ) 3 = -2 — 1 = -3 

45. Yes. The work and area have the same numerical value because work = J^F • dr = yi - dr 

=f b [f(t)i] - [i+ f j] dt [On the path, y equals f(t)] 

b 

f(t) dt = Area under the curve [because f(t) > 0] 

46. r = xi + yj = xi + f(x)j ^ 裝 =i + f’(x)j ; F = ^ x2 k + y2 (xi + yj) has constant magnitude k and points away 

from the origin 今 F . 盏 =^r=? + 忠 x y ) 2 = = k 盖 \A 2 + [f(x)] 2 , by the chain rule 

今 £ F-Tds = / c F • g dx = /\£^2 + [f(x )]2 d x = k [^x 2 + [f(x)] 2 ]' 

=k [y/b 2 + [f(b )] 2 — -y/a 2 + [f(a)] 2 ) ， as claimed. 

47-52. Example CAS commands: 

Maple: 

with( Linear Algebra );#47 
F := r -> < r[l]*r[2] 八 6 I 3*r[l]*(r[l]*r[2] A 5+2) > 
r := t -> < 2 *cos(t) I sin(t) >; 
a，b := 0,2*Pi; 
dr := map(diff,r(t),t); 

F(r(t)); 

ql := simplify( F(r(t)). dr) assuming t::real; 
q 2 := Int( ql, t=a..b ); 
value( q 2 ); 

Mathematic a: (functions and bounds will vary): 

Exercises 47 and 48 use vectors in 2 dimensions 
Clear[x, y, t, f, r, v] 
f[x_, y_]:= {X y 6 , 3x (x y 5 +2)} 


#00 

#(b) 

#(c) 
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{a ， b}={ 0 , 2 tt}; 
x[t_]:= 2 Cos[t] 
y[t_]:=Sin[t] 
r[U ： ={x[t],y[t]} 
v[t_]:=rTt] 

integrand: f[x[t], y[t]] . v[t] //Simplify 
Integrate [integrand, {t, a, b}] 

N[%] 

If the integration takes too long or cannot be done, use NIntegrate to integrate numerically. This is suggested for exercises 
49 - 52 that use vectors in 3 dimensions. Be certain to leave spaces between variables to be multiplied. 

Clearfx, y, z, t, f, r, v] 

f[x 一， y 一， z_]:= {y + y z Cos[x y z] ， x 2 + x z Cos[x y z], z + x y Cos[x y z]} 

{a ， b}={ 0 , 2 tt}; 
x[t_]:= 2 Cos[t] 
y[t_]:=3Sin[t] 
z[t_]：= 1 

r[U ： ={x[t],y[t], z[t]} 
v[t_]:=rTt] 

integrand= f[x[t], y[t],z[t]] . v[t] //Simplify 
NIntegrate [integrand, {t, a, b}] 

16.3 PATH INDEPENDENCE, POTENTIAL FUNCTIONS, AND CONSERVATIVE FIELDS 

1 . |=x= 罃，瓷 =y= 藍 ， f =z=f 今 Conservative 

2. ■ = x cos z = 豐，爱 =y cos z = 藍，藍 =sin z = 爱 4 Conservative 

3 - f = - 1 ^ 1 = f ^ Not Conservative 4. f = 1 ^ -1 = ^ ^ Not Conservative 

5. 監 = 0 弄 1 = 鸯 4 Not Conservative 

6 - | = 0=f =0=f = -e x siny=f ^ Conservative 

7. 盖 = 2x 4 f(x ， y ， z) = x 2 + g(y ， z) ^ 募 =_ = 3y 4 g(y ， z )= 誓 + h(z) 4 f(x ， y ， z) = x 2 + 誓 + h(z) 

^ % = h’ ⑵ = 4z 4 h ⑻二 2z 2 + C 4 f(x ， y ， z) = x 2 + 誓 + 2z 2 + C 

8 . § = y + z > f(x ， y ， z) = (y + z)x + g(y,z) => § =x+ ^ =x + z ^ 劈 =z =>• g(y,z) = zy + h(z) 

4 f(x, y, z) = (y + z)x + zy + h(z) ^ 羞 =x + y + h’(z) = x + y h’(z) = 0 => h(z) = C => f(x, y, z) 

=(y + z)x + zy + C 

9. I = 4 f(x,y,z) = x e y +2z + g(y ， z) ^ | = xe^ +2z + |= xe^ 2z ^ |=0 ^ f(x,y,z) 

=xe y+2z + h(z) || = 2xe y+2z + h’(z) = 2xe y+2z =>■ h’(z) = 0 h(z) = C f(x, y, z) = xe y+2z + C 

10. 羞 =y sin z 4 f(x ， y ， z) = xy sin z + g(y ， z) > |^=xsinz+|^=xsinz 4 = 0 ^ g(y ， z) = h(z) 

=> f(x, y, z) = xy sin z + h(z) ^ = xy cos z + h r (z) = xy cos z => h’(z) = 0 => h(z) = C ^ f(x, y, z) 

=xy sin z + C 
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11- % = ^2 ^ f(x,y,z) = \ In (y 2 +z 2 ) + g(x,y) 襞 = 鼗 =In x + sec 2 (x + y) ^ g(x, y) 

=(x In x _ x) + tan (x + y) + h(y) 4 f(x, y, z) = - In (y 2 + z 2 ) + (x In x - x) + tan (x + y) + h(y) 

^ % = + sec 2 (x + y) + h’(y) = sec 2 (x + y) + ^2 ^ h’(y) = 0 h(y) = C 4 f(x, y ， z) 

=\ ln(y 2 + z 2 ) + (x In x — x) + tan (x + y) + C 

12 - M = l+x 2 y 2 ^ f( x ， y， z ) = tan _i ( x y) + g(y , z ) ^ % = + y / l l y 2 Z 2 

4 骞 = ^ l l y 2 z 2 ^ g(y ， z) = sin -1 (yz) + h(z) 4 f(x ， y, z) = tan -1 (xy) + sin- 1 (yz) + h(z) 

^ ~ y/i-y^z 2 + h’(z) = Z y 2 z 2 + z ^ h’(z) = * 4 h ⑵ =In |z| + C 

^ f(x ， y, z) = tan -1 (xy) + sin -1 (yz) + In |z| + C 

13. LetF(x,y 5 z) = 2xi + 2yj + 2zk g = 0 = 蓥，甓 = 0 = f ，鼗 = 0 = 繫 4 Mdx + Ndy + Pdzis 
exact; § =2x f(x ， y ， z) = x 2 + g(y ， z) 今募 = 舞 = 2y 4 g(y, z) = y 2 + h(z ) 泠 f(x ， y, z) = x 2 + y 2 = h(z) 

差 =h’ ⑵ = 2z 4 h ⑻ =z 2 + C 4 f(x, y ， z) = x 2 + y 2 + z 2 + C 4 JJ: 。。）） 2x dx + 2y dy + 2z dz 
=f(2, 3, -6) - f(0,0,0) = 2 2 + 3 2 + (-6) 2 = 49 

14. Let F(x, y, z) = yzi + xzj + xyk ^ 劈 =x= 罢，豐 =y= 襞，鬻 =z= : => M dx-H N dy + P dz is 
exact; 菪 =yz 4 f(x ， y ， z) = xyz + g(y ， z) => g=xz+_=xz# 窘 = 0# g(y ， z) = h(z) > f(x ， y ， z) 

=xyz + h(z) =>• 藍 =xy + h’(z) = xy => h’(z) = 0 h(z) = C f(x, y, z) = xyz + C 

r(3,5,0) 

4 I 、 yz dx + xz dy + xy dz = f(3,5,0) — f(l, 1,2) = 0 — 2 = —2 

15. LetF(x,y jZ ) = 2xyi + (x 2 -z 2 )j- 2yzk ^ f = -2z=f,f=0=f,f=2x=f 

=> M dx + N dy + P dz is exact; ^ = 2xy =» f(x, y 5 z) = x 2 y + g(y, z)=> 募 =x 2 + 劈 =x 2 - z 2 4 劈 =-z 2 

=>• g(y, z) = —yz 2 + h(z) => f(x, y, z) = x 2 y — yz 2 + h(z) 4 瓷 =—2yz + h’(z) = —2yz ^ h’(z) = 0 ^ h(z) = C 

/ »(1,2,3) 

( 。。。） 2xy dx + (x 2 — z 2 ) dy — 2yz dz = f(l, 2,3) — f(0,0,0) = 2 — 2(3) 2 = —16 

16. LetF(x ) y ) z) = 2xi-y^j-( T ^)k^ |=0=f,f =0=|,f =0=f 

M dx + N dy + P dz is exact; 藍 = 2x 泠 f(x, y, z) = x 2 + g(y, z) 4 募 = 劈 =—y 2 4 g(y ， z) = - ^ + h(z) 

4 f(x ， y, z) = x 2 - f + h(z) # 差 =h\z) = - y ^2 ^ h( ； z) = —4 tan -1 z + C 4 f(x, y ， z) 

=x 2 — 爷 一 4 tan -1 z + C 4 Jj_) 2x dx — y 2 dy — dz = f(3, 3, 1) — f(0, 0, 0) 

=(9 - f - 4 • I) - (0 - 0 - 0) = -7T 


17. Let F(x,y,z) = (sin y cos x)i + (cos y sin x)j + k =>• |?=0 = 營，瓷 = 0= 羞,營 =cos y cos x = 繫 

=> M dx + N dy + P dz is exact; 瓷 =sin y cos x => f(x, y ， z) = sin y sin x + g(y, z) 4 鸯 =cos y sin x + , 

=cos y sin x 4 劈 = 0 4 g(y, z) = h(z) => f(x, y, z) = sin y sin x + h(z) = h’(z) = 1 => h(z) = z + C 

=> f(x, y, z) = sin y sin x + z + C 00) sin y cos x dx + cos y sin x dy + dz = f(0,1,1) — f(l, 0, 0) 

=(0 + 1 ) - (0 + 0 ) = 1 

18. LetF(x,y,z) = (2 cos y)i + () - 2x sin y) j + ⑴ k 今 | = 0 = f ，豐 = 0 = 叢 ， f = -2 sin y = f 

=> M dx + N dy + P dz is exact; 瓷 = 2 cos y => f(x ， y ， z) = 2x cos y + g(y, z) |^ = — 2x sin y + 鸯 
=^ - 2 x sin y ^ 劈 =i > g(y, z) = In |y| + h(z) ^ f(x, y, z) = 2 x cos y + ln |y| + h(z) %= h\z) = * 
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=> h(z) = In |z| + C 4 f(x ， y ， z) = 2x cos y + In |y| + In |z| + C 

今 ’） 2 cos y dx + - 2 x sin y) dy + * dz = f ( 1 , f, 2 ) - f( 0 , 2 , 1 ) 

=(2 • 0 + In f + In 2 ) - (0 • cos 2 + In 2 + In 1 ) = In I 

19. Let F(x, y, z) = 3x 2 i + (|) j + (2z In y)k ^ f = | = f , f = 0 = f , f = 0 = f 

=> M dx + N dy + P dz is exact; 藍 = 3x 2 => f(x, y, z) = x 3 + g(y, z)=> 露 =,= 专 => g(y, z) = z 2 In y + h(z) 

=> f(x, y, z) = x 3 + z 2 In y + h(z)=> 羞 = 2 z In y + h’(z) 二 2 z In y 4 h’(z) = 0 4 h ⑵ =C ^ f(x, y, z) 

X (1,2,3) 2 

111} 3x 2 dx + t dy + 2z In y dz = f(l, 2,3) - f(l, 1,1) 

=(1 + 9 In 2 + C) — (1 + 0 + C) = 9 In 2 

20. Let F(x, y, z) = (2x In y - yz)i + (^ - xz) j ^ (xy)k ^ | = -x=f,f = -y=f,f = |- z= f 

=> M dx + N dy + P dz is exact; 藍 = 2x In y — yz => f(x ， y, z) = x 2 In y — xyz + g(y,z) =>• 募 =f - xz + _ 

= y- xz^^= 0 ^> g(y ， z) = h(z) ^ f(x, y, z) = x 2 In y - xyz + h(z)=> 菪 =—xy + h’(z) = -xy => h’(z) = 0 

4 h(z) = C f(x, y, z) = x 2 In y — xyz + C 4 JJ: 2 ”) (2x In y — yz) dx + (y — xz) dy _ xy dz 

= f(2,1,1) - f(l 5 2,1) = (4 In 1 - 2 + C) - (In 2 - 2 + C) = - In 2 

21 . LetF(x )y) z)=(i)i+(l-A)j-(i)k ^f = -i = f,f= 0 =f,f=-^ = f 
今 Mdx + Ndy + Pdzisexact;f = 1 =>- f(x,y,z) = ^ + g(y,z) ^ | =- 爹 + 寿=*~旁 

^ % = g(y,z) = I +h(z) 4 f(x,y,z) = ■ + \ + h(z) || =- 备 + h’(z )= -吞令 h’(z) = 0 => h(z) = C 

^ f(x ， y ， z) = $ + * + C 4 f (w) * dx+ ( 壶一僉 ) dy - 备 dz = f(2, 2, 2) - f(l ， 1,1) = (| + | + C) - (y + y + C) 
= 0 


22 - Let F( X) y, z) = ( and let p 2 = x 2 + y 2 +z 2^ | = ，， | = ，， | = ，) 

今 | = — ^ = f ，甓 = —，= !，f = — ? = Mdx + Ndy + Pdz is exact; 

蔫 = x 2 + y? + z 2 今 f(x ， y ， z) = In (x- + y 2 + z 2 ) + g(y ， z) => _ = x 2 + 这 + z2 + _ = x 2+》? +z 2 
泠 _ = 0 泠 g(y, z) = h(z) ^ f(x, y, z) = In (x 2 + y 2 + z 2 ) + h(z) 泠 ■ = x 2 + y' + z o + h’(z) 
= K 2 + y2 + z 2 今 h’(z) = 0 h(z) = C 今 f(x, y, z) = In (x 2 + y 2 + z 2 ) + C 

今 1^,-1) 2xd 7+y^ 2ZdZ = f(2,2,2) - f(-l,-l,-l) = In 12 — In 3 = In 4 


23. r = (i+j + k) + t(i + 2j - 2k) = (1 + t)i + (1 + 2t)j + (1 - 2t)k, 0 < t < 1 ^ dx = dt, dy = 2 dt, dz = -2 dt 
今 ” ydx + xdy + 4dz = £ (2t+l) dt + (t + 1)(2 dt) + 4(-2) dt = £(41 — 5) dt = [2t 2 -5t]J = -3 


24. r = t(3j + 4k), 0 < t < 1 ^ dx = 0, dy = 3 dt, dz = 4 dt 4 0 +yzdy+ ⑷ dz 
=/: (12t 2 ) (3 dt) + (f) (4 dt) = J: 54t 2 dt = [18t 2 ]o = 18 

25. 劈 = 0= 璧，豐 =2z=|^ ，鬻 = 0= 樂 =>• M dx + N dy + P dz is exact => F is conservative 


=> path independence 


26. 


OP = _ yz 

d y ~ (v/x 2 +y 2 +z 2 ) 3 


_ dN dM — 
~ ~di ' ~di ~ 


_xz_ 

(a/x 2 +y 2 +z 2 ) 3 


_ d? dN __ 
— 瓦，瓦 — 


xy 

(- v/x 2 +y 2 +z 2 ) 3 


舰 

W 
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=> M dx + N dy + P dz is exact => ¥ is conservative => path independence 

27. 筹 = 0= 營 ，璧 = 0= 瓷，鬻 = 一与 = 营 => Fis conservative => there exists an f so that F = ▽ f; 

I = f ^ f(x,y) = f+ g(y ) 今 § = - _ + g ， (y) = ^ 今 g ， (y )= .泠 g(y) = -^ + c 

今 f(x,y)=f^i+C ^ f= v(^) 

28. = cos z=^ ，爱 = 0= 费 , 鬻 = 安 = 繫 F is conservative => there exists an f so that F = ▽ f; 

= e x In y => f(x, y, z) = e x In y + g(y,z) ^ § = f + § = y + sinz 鸯 = sin z 今 g(y, z) 

― y sin z + h(z) f(x, y, z) = e x In y + y sin z + h(z)=> 藍 =y cos z + h’(z) = y cos z ^ h’(z) = 0 
=> h(z) 二 C => f(x, y, z) = e x In y + y sin z + C => F = ▽ (e x In y + y sin z) 


29. 筹 = 0= 營，繫 = 0= 藍，瓷 =1 =當 Fis conservative ^ there exists an f so that F = ▽ f; 

f = x 2 + y ^ f(x,y,z) = ix 3 + xy + g(y,z) ^ g=x+g=y 2 +x ^ g=y 2 今 g(y,z) = 1 y 3 + h(z) 

4 f(x, y, z) = i x 3 + xy + I y 3 + h(z) # 差 =h’(z) = ze z => h(z) = ze z — e z + C 4 f(x, y, z) 

=I x 3 + xy + ! y 3 + ze z — e z + C 4 F = ▽ (| x 3 + xy + | y 3 + ze z — e z ) 

(a) work = J: F • I dt = £ F • dr = [i x 3 + xy + 1 y 3 + ze z - e z ] JjJJJ = Q+ 0 + 0 + e-e)-Q+0 + 0-l) 


(b) work = £ F • dr = [1 x 3 + xy + i y 3 + ze z - e z ] [JJJj = 1 

(c) work = £ F • dr = [1 x 3 + xy + 1 y 3 + ze z - e z ] [jjjj = 1 


Note: Since F is conservative, 


F • dr is independent of the path from (1,0,0) to (1,0,1). 


30 . 劈 =xe yz + xyze yz + cos y = ■ ，瓷 =ye yz = 需，監 =ze yz = 驚 ^ F is conservative => there exists an f so 
that F = ▽ f; 羞 =e yz f(x, y, z) = xe yz + g(y, z) |^ = xze yz + _ = xze yz + z cos y 劈 =z cos y 

=> g(y, z) = z sin y + h(z) =>• f(x, y, z) = xe yz + z sin y + h(z) > 毚 =xye yz + sin y + h’(z) = xye yz + sin y 

=> h’(z) = 04 h(z) = C => f(x, y, z) = xe yz + z sin y + C F = ▽ (xe yz + z sin y) 

(a) work = J a F • dr = [xe yz + z sin y] 士 ^ 2 )’ 0 ) = (1 + 0) — (1 + 0) = 0 

(b) work = J a F * dr = [xe yz + z sin y] 以公 0 ) = 0 

(c) work = J a F • dr = [xe yz + z sin y] { 冗 2 )’ 0 ) = 0 

Note: Since F is conservative , 又 F • dr is independent of the path from (1,0,1 ) to (1 , |, 0) . 


31. (a) F = ▽ (x 3 y 2 ) => F = 3x 2 y 2 i + 2x 3 yj ; let Ci be the path from (—1,1) to (0,0) ^ x = t — 1 and 
y =-t+l,0<t<l ^ F = 3(t - l) 2 (-t + l) 2 i + 2(t - l) 3 (-t + l)j = 3(t - l) 4 i - 2(t - l) 4 j 

and ri = (t — l)i + (—t + l)j => dri = dti — dtj => F • dri = [3(t — l ) 4 + 2(t — l) 4 ] dt 

= 上 5(t — l ) 4 dt = [(t — l) 5 ] J = 1 ; let C 2 be the path from (0, 0 ) to ( 1 , 1 ) ^ x = t and y = t, 

0 < t < 1 =>■ F = 3t 4 i + 2t 4 j and r 2 = ti + tj => dr 2 = dti + dtj 今 i F _ dr 2 =r( 3t4 + 2t4 ) dt 

= /> 4 dt=l ^/ c F-dr=/ c F.dr 1 + / c F.dr 2 = 2 

(b) Since f(x, y) = x 3 y 2 is a potential function for F, } ^ F * dr = f(l, 1) — f(—1,1) = 2 
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32. 寒 =0= 營，尝 =0= 盜，踅 =-2xsiny = 當 4 F is conservative there exists an f so that F = vf; 

鑑 = 2x cos y 今 f(x ， y ， z) = x 2 cos y + g(y,z)=> 募 =—x 2 sin y + 舞 =-x 2 sin y 今鸯 = 0 令 g(y ， z) = h(z) 
=>• f(x ， y ， z) = x 2 cos y + h(z) = h’(z) = 0 h(z) = C ^ f(x ， y ， z) = x 2 cos y + C => F = ▽ (x 2 cos y) 

⑻上 2x cos y dx — x 2 sin y dy = [x 2 cos y] q| = 0 — 1 = — 1 

(b) J c 2 x cos y dx — x 2 sin y dy = [x 2 cos y] &?) 冗 ) =1 — (— 1 ) = 2 

(c) 2 x cos y dx — x 2 sin y dy = [x 2 cos y] [t?)o) = 1 - 1=0 

(d) J c 2 x cos y dx — x 2 sin y dy = [x 2 cos y] q] = 1 — 1=0 

33. (a) If the differential form is exact, then 霉 = 瓷 2ay = cy for all y 4 2a = c ，罢 = 叢 4 2cx = 2cx for 

all x，and 棠 = 驚 ^ by = 2 ay for all y => b = 2 a and c = 2 a 
(b) F = ▽ f =>• the differential form with a = 1 in part (a) is exact =>• b = 2 and c = 2 

(x y z) r* (x y z) 

34. F= V f ^ g(x,y,z) = J (ooo) F.dr=J(_ ▽ f • dr = f(x,y,z) — f( 0 , 0 , 0 ) 今 | = f - 0 , | = | - 0 , and 
If = 菪 _ 0 4 ▽ g = ▽ f = F，as claimed 


35. The path will not matter; the work along any path will be the same because the field is conservative. 


36. The field is not conservative, for otherwise the work would be the same along Ci and C 2 . 


37. Let the coordinates of points A and B be (xa, Ya, za) and (xb, Yb, zb), respectively. The force F = ai + bj + ck is 
conservative because all the partial derivatives of M, N, and P are zero. Therefore, the potential function is 
f(x, y, z) = ax 十 by + cz + C, and the work done by the force in moving a particle along any path from A to B is 
f(B) — f(A) = f (x B , yB ， z b) — f( x A ， yA ， z a) = ( ax B + bye + cz B + C) — (ax a + byA + cza + C) 

=a(x B — x A ) + b(y B — y A ) + c(z B - z A ) = F • BA 


38. (a) Let -GmM = C 泠 F = C 


372 J - ! - 




dP 


-3yzC 


务 — (x 2 +y 2 +z 2 ) 5/2 
r df 

some I ； ^ 
yc 


_( x 2+y2+ z 2 严 （ x 2 +y 2 +z 2 ); 

3xzC _ d? dN 
dx 5 dx 


dN dM 
dz 9 dz 


( x 2 +y 2+ z 2). 


572 


( x 2 +y 2 +z 2)3/2 

-3xyC 

( x 2 +y 2 +z 2)5/2 


f 


▽ f for 


( x 2 +y 2+ z 2). 


3/2 


4 f(x,y,z) 


c 




( x 2 +y 2 +z 2) 
df 


i/2 


+ g(y ， z) 


df 


yc 


(x2+y2+z ^ + | 


zC 


+ h’O)= 


zC 


(x 2 +y2+z 2p 泠％ =0 泠 g(y ， z) = h(z) 泠 g- z = (x2+y2+z2)3/ 2 丁 (x2+y2+z2) 3/2 

4 h(z) = Ci => f(x, y ， z) = _ ——— f ~ -172 + Ci. Let Ci = 0 ^ f(x, y ， z) = G ! nM 1/2 is a potential 


(x 2 +y 2 +z 2 ) 


( x 2 +y 2 +z 2) 


function for F. 


(b) If s is the distance of (x, y, z) from the origin, then s = ^/x 2 + y 2 + z 2 . The work done by the gravitational field 


F is work 


F-dr 


GmM 


_ ^/x 2 + y 2 + z 2 ■ 


GmM 

s 2 


GmM 

Sl 


GmM! 


,as claimed. 


16.4 GREEN S THEOREM IN THE PLANE 


1. M = —y = —a sin t, N = x = a cos t, dx = —a sin t dt, dy = a cos tdt 藍 = 0, 炉 =— 1 ，鬻 = 1 ， and 

f = 0 ； 

n r*2-K n2TT 

Equation (11): f M dy — N dx = I [(—a sin t)(a cos t) — (a cos t)(—a sin t)] dt = / 0 dt = 0; 


If (f+ f)dxdy=//0dxdy = 0, 


Flux 
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r* n2n nlir 

Equation (12 ): 先 Mdx + Ndy=J。[(—a sin t)(—a sin t) — (a cos t)(a cos t)] dt = J q a 2 dt = 27ra 2 ; 
fj ( 踅 - 哿 ) dxd y = / 二 /— 2 dy dx = /:4\/a 2 - X 2 dx = 4 [f Va 2 - X 2 + f sin- 1 f ] 二 
= 2a 2 (f + f ) — 2a 2 7r, Circulation 

2. M = y = a sin t, N = 0, dx = —a sin t dt, dy = a cos t dt =>• 豐 =0, 繫 =1 ，鬻 =0, and 驚 = 0; 

Equation (11): ^ M dy — N dx = a 2 sin t cos t dt = a 2 \_\ sin 2 1] ^ = 0; f f 0 dx dy = 0, Flux 

R 

Equation (12 ): 无 M dx + N dy = 上 (—a 2 sin 2 1) dt = —a 2 [| — ^ = —7ra 2 ; f f ( 鬻 — 繫 ) dx dy 

R 

= J J — 1 dxdy = 上上 —r drdd = J q — ^ d0 = — 7ra 2 , Circulation 


3. M = 2x = 2a cos t, N = —3y = —3a sin t, dx = —a sin t dt, dy = a cos tdt => 樂 = 2, : = 0, 鬻 = 0, and 

dy — 

Equation (11): ^ M dy — N dx = [(2a cos t)(a cos t) + (3a sin t)(—a sin t)] dt 

=(2a 2 cos 2 1 — 3a 2 sin 2 1) dt = 2a 2 [| + ^ — 3a 2 [| — ^ = 27ra 2 — 37ra 2 = —7ra 2 ; 

//(f + f)=//-ldxdy = /:/: -r drd0 = /: — f 册 = —兀 a 2 ， Flux 

Equation (12): ^ M dx + N dy = [(2a cos t)(—a sin t) + (—3a sin t)(a cos t)] dt 

= 上 (—2a 2 sin t cos t - 3a 2 sin t cos t) dt = —5a 2 sin 2 1] ^ = 0; f f 0 dx dy = 0, Circulation 


4. 


5. 


-a sin t dt, dy = a cos t dt 


M = —x 2 y = —a 3 cos 2 1, N = xy 2 = a 3 cos t sin 2 1, dx 
^ T = —2xy ， 勞 =—X 2 , f = y 2 , and f = 2xy; 

Equation (11): ^ M dy — N dx = (—a 4 cos 3 1 sin t + a 4 cos t sin 3 1) 


j cos 4 1 + j sin 4 1 


2tt 


0； 


// ( 瓷 + f) dxdy = 


f f (—2xy + 2xy) dxdy = 0, Flux 
R 


Equation (12): ^ M dx + N dy = (a 4 cos 2 1 sin 2 1 + a 4 cos 2 1 sin 2 1) dt = (2a 4 cos 2 1 sin 2 1) dt 

= r^ 4 sin 2 2tdt=^ X%in 2 udu=^[i-^]^=^;//(f-f)dxdy = //(y 2 +x2) dxdy 

R \ / R 


=f:f:r 2 -rdrd6» = f: ^ d6» = ^ , Circulation 

M = x —y，N = y-x 今瓷 = 1 ，黉 =-1，f = — I， f = 1 =>■ Flux = J J 2 dxdy = f^/^2 dxdy = 2; 

R 

Circ = (-1)] dxdy = 0 

R 


6. M = x 2 +4y,N = x + y 2 ^ 瓷 = 2x ， 瓷 = 4, 鼗 = 1， f = 2y 今 Flux = // (2x + 2y) dxdy 

R 

= f 0 f 0 (2x + 2y) dxdy = £ [x 2 + 2xy] J dy = f g (1 + 2y) dy = [y + y 2 ] J = 2; Circ = J f (1 - 4) dxdy 

= /o7 0 1 - 3dxd y = - 3 
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7. M = y 2 - x 2 , N = x 2 + y 2 o 瓷 = 一 2x ， 繫 = 2y ， 鼗 = 2x ， 翯 = 2y 4 Flux = ff (~2x + 2y) dxdy 

= ££(—2x + 2y) dydx= £(-2x 2 +x 2 ) dx = [- | x 3 ] J = -9; Circ = // (2x - 2y) dxdy 

R 

=/ 。 3 />^- 办）办血 =/> 2 啦 = 9 

8. M = x + y，N = — (x 2 + y 2 ) 令營 = 1 ，脊 = 1， f = —2x，f = —2y 今 Flux = // (1 - 2y) dxdy 

R 

=/o fo (! - 2y) dydx = f o (x - X 2 ) dx = i ; Circ = J f (-2x - 1) dxdy = f g f g (—2x _ 1) dydx 

=r(- 2x2 _ x ) dx =-^ 


9. M = x + e x sin y，N = x + e x cos y f = 1 + e x sin y, 繁 =e x cos y ， 鬻 =1 + e x cos y, 驚 = —e x sin y 


4 Flux 


tt/4 — 2 


ff dxd y = / 二 4 4 //1〜 drd0 = r!/A 2 cos20 ) d0 = [? sin20 ] _C 

Circ = // (1 + e x cos y — e x cos y) dxdy = / J dxdy = /: 二 drd0 = / 二 cos 20) 


dO 


dM 


R 

-y 


dN _ 2x aN 


2y 


10. M = tan 1 I, N = In (x 2 + y 2 ) — — , 瓦-，瓦 _ WTf 

今 Flux = //(^ + xI f F )dxdy = / ； / ； ( 宇 ) r drcW = /；sin 0 M = 2; 

Circ = _) 办办 =IT (^)rdrd0 = /；cos ㈣ = 0 


11. M = xy,N = y 2 ^ ^ = y, ^ = x, f = 0, f = 2y ^ Flux = // (y + 2y) dydx= J 0 /J 3y dydx 

R 


( 3x 2 3x 4 、 


/o V 2 


dx 


;Circ = f J —x dy dx 


-x dy dx 


(—x 2 + x 3 ) dx =— 


12 


dN 


12. M = — sin y, N = x cos y 豐 =0, 當 =— cos y ， 藍 =cos y ， 每 


-x sin y 


T 


4 Flux = J J (—x sin y) dx dy = 上 / 上 〆 (—x sin y) dx dy = 上 〆 (―誓 sin y) dy 

R 

Circ = f f [cos y — (— cos y)] dx dy = / jj 2 cos y dxdy = J^7r cos y dy = [7r sin y] 


13. M = 3xy - ☆ ， N = e x + tan- 1 y 令 ^ = 3y - ^ , % 


^ Flux 




TTF I+y2 


dxdy 


If 


3y dx dy 


1 + y 2 

^27r pa(l + cos 6) 


(3r sin 9)rdrd6 


a 3 (l + cos 0) 3 (sin 6) d6 = — ^(1 + cos 6) A = —4a 3 — (—4a 3 ) = 0 


2tt 


14. M = y + e x In y, N = f ^ f = l + f-f = f ^ Circ = //[f 

dy dx = — J—: [(3 - x 2 ) - (x 4 + 1)] dx = J— : (x 4 + x 2 - 2) dx 


1 + f j dxdy = //(-l)dxdy 
/J R 


广 3-x 2 

*x 4 + l 


44 

15 


15. M = 2xy 3 , N = 4x 2 y 2 > 當 = 6xy 2 , 瓷 = 8xy 2 => work = ^ 2xy 3 dx + 4x 2 y 2 dy = f f (8xy 2 — 6xy 2 ) dxdy 

R 

= /„7„ xa2x y 2d y dx = /„ 1 I xl0dx = ^ 
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16. M = 4x — 2y, N = 2x — 4y => 當 =—2 , 繁 = 2 4 work = j> c (4x — 2y) dx + (2x — 4y) dy 

= J J [2 — (—2)] dx dy = 4 f f dx dy = 4(Area of the circle) = 4(7r • 4) = 167r 
R R 

17. M = y 2 , N = x 2 今繁 = 2y ， 營 = 2x ^ £ y 2 dx + x 2 dy = J/(2x - 2y) dy dx 

R 

= f 1 f l X (2x-2y)dydx = f\-3x 2 + 4x - 1) dx = [-x 3 + 2x 2 - x] J = -1 + 2 - 1 = 0 


18. M = 3y，N = 2x 今 驚 = 3, 踅 = 2 £ 3y dx + 2x dy = // (2 — 3) dxdy = /;/ 厂 — 1 dydx 




sin x dx = —2 


19. M = 6y + x ， N = y + 2x 泠當 = 6, 營 = 2 泠尤 （ 6y + x) dx + (y + 2x) dy = J/(2 — 6) dydx 

R 

=—4(Area of the circle) = — 16 丌 


20. M = 2x + y 2 , N = 2xy + 3y 今 : = 2y ， 鼗 = 2y 今 £ (2x + y 2 ) dx + (2xy + 3y) dy = / / (2y - 2y) dxdy = 0 

R 

21. M = x = a cos t, N = y = a sin t => dx = —a sin t dt, dy = a cos t dt =>• Area = ! 炎 x dy - y dx 
= ^ f 0 (a 2 cos 2 1 + a 2 sin 2 1) dt = | a 2 dt = 7ra 2 


22. M = x = a cos t, N 二 y = b sin t 4 dx = —a sin t dt, dy = b cos t dt =>• Area = 


(ab cos 2 1 + ab sin 2 1) dt 


ab dt = 丌 ab 


^ x dy — y dx 


23. M = x = a cos 3 1, N 二 y 二 sin 3 1 => dx = —3 cos 2 1 sin t dt, dy = 3 sin 2 1 cos t dt => Area = |^ x dy — y dx 

=I (3 sin 2 1 cos 2 1) (cos 2 1 + sin 2 1) dt = ^ (3 sin 2 1 cos 2 1) dt = | 上 sin 2 2t dt = 吾上 sin 2 u du 

3「u sin2u1 4vr 3 ^ 

= 16 12 - 丁 Jo = 8^ 

24. M = x = t 2 ，N = y= 誓 —t# dx = 2t dt, dy = (t 2 — 1) dt => Area = | ^ x dy — y dx 

=l/—w t 2 (t 2 _ i) — （f — t) ( 2t ) dt = !/—4(! t 4 + t 2 ) dt = Hb t5 + - 5 t 3 ] = B ( 9 \/3 + 15 \/3) 

25 . ⑻ M = f(x)，N = g(y) > : = 0, 罃 = 0 今 £ f(x) dx + g(y) dy = // ( 瓷 — 繁 ) dxdy 

R 

=f I 0 dx dy = 0 

R 

(b) M = ky, N = hx ^ 縈 =k ，鼗 =h ^ £ ky dx + hx dy = // ( 鼗 - 縈 ) dxdy 

R 

= J f (h — k) dx dy = (h — k)(Area of the region) 

R 

26. M = xy 2 , N = x 2 y + 2x => : = 2xy, 豐 = 2xy + 2 £ xy 2 dx + (x 2 y + 2x) dy = // ( 踅 — 爱 ) dxdy 

R 

=f f (2xy + 2 _ 2xy) dx dy = 2 J f dx dy = 2 times the area of the square 
R R 
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27. The integral is 0 for any simple closed plane curve C. The reasoning: By the tangential form of Green's 
Theorem, with M = 4x 3 y and N = x 4 , 炎 4x 3 y dx + x 4 dy = J(x 4 )— 悬 (4x 3 y) dxdy 

=ff ^(4x 3 - 4x 3 )^ dxdy = 0. 

0 


28. The integral is 0 for any simple closed curve C. The reasoning: By the normal form of Green's theorem, with 


M = x 3 and N = —y 3 , ^ — y 3 dy + x 3 dx = f f 


d (x 3 ) 


0 0 


dx dy = 0. 


29. Let M = x and N = 0 ^ 繫 =1 and 鸯 = 0 => ^ M dy — N dx = // (豐 + 鸯 ） dx dy ^ x dy 

R 


f f (1 + 0) dxdy => Area of R = f f dx dy = ^ x dy; similarly, M = y and N = 0 繫 =1 and 


aN 


0 4 £ M dx + N dy = J J (踅 + :) dy dx £ydx = f f (0- l)dydx - £ydx 


J J dxdy = Area of R 
R 


30. I f(x) dx = Area of R =— 令 y dx, from Exercise 29 


31. Let 占 (x,y) 


4 




f f x6(x,y) dA f f xdA f f x dA 


f f <5(x,y) dA ff dA 




Ax = J J x dA = J f (x + 0) dx dy 


y dy, Ax = J J x dA = J J (0 + x) dx dy = — f xy dx, and Ax = J J x dA = ff (| x + | x) dxdy 


^ x 2 dy — ^ xy dx =>• 每令 x 2 dy = — xy dx 


x 2 dy — xy dx = Ax 


32. If^(x,y) = 1, then I y 二 J f x 2 6(x, y) dA = f f x 2 dA = // (x 2 + 0) dydx = ^ S x 3 dy, 

R R R C 

f f X 2 dA = ff (0 + X 2 ) dy dx = - ^ x 2 y dx, and // x 2 dA = ff (|x 2 + | x 2 ) dydx 

R R C R R 

=♦ I x 3 dy — i x 2 y dx = 辜爹 x 3 dy — x 2 y dx =>• ^ f x 3 dy = — f x 2 y dx = | 令 x 3 dy — x 2 y dx = I y 


M 二 

= |，N = — I - 

^ dM 
dy - 

. d 2 f 
' W '■ 

dN _ d 2 f v 

，況 一 — 紀 ^ , 


dy: 

curves C 






M 二 

=| x 2 y + i y 3 , N : 

=X => 

dU 

W " 

小 2 + y 2 ，f 二 

=1 => Curl = 

dN 


d 2 f 


dH 

W y 


dx dy = 0 for such 


the ellipse | x 2 + y 2 = 1 =>• work = J^F • dr = J J^(l — ^x 2 — y 2 ) dxdy will be maximized on the region 

R 

R = {(x, y) I curl F } > 0 or over the region enclosed by 1 = i x 2 + y 2 


35. (a) vf 


2x 


2y 


泠 M 


x 2 ^ y2 ， N = x 2 ^ y2 ； since M, N are discontinuous at (0,0)，we 


Jy 


x 2 +y 2 J ' 、 x 2 + y 2 / 

compute 上 ▽ f • n ds directly since Green's Theorem does not apply. Let x = a cos t，y = a sin t dx = —a sin t dt, 

dy = a cos t dt, M = \ cos t ， N = | sin t, 0 < t < 2n, so 上 ▽ f • n ds = 上 M dy — N dx 

r*2n n2ir 

= 丄 [(I cos t) (a cos t )— (菩 sin t) (—a sin t) ] dt = 丄 2(cos 2 t + sin 2 t)dt = 4n. Note that this holds for any 
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a > 0, so 上 ▽ f • n ds = 4 丌 for any circle C centered at (0, 0) traversed counterclockwise and 上 ▽ f • n ds = —4tt 
if C is traversed clockwise. 


(b) If K does not enclose the point (0,0) we may apply Green's Theorem: J^vf-nds = J^Mdy — Ndx 

= + w) dxdy = //( 2 (S+y'f + K) ) dxd y = If 0 dx dy = 0. If K does enclose the point 
(0,0) we proceed as in Example 6: 

Choose a small enough so that the circle C centered at (0,0) of radius a lies entirely within K. Green's Theorem 
applies to the region R that lies between K and C. Thus, as before, 0 = // (豐 + 鸯 ) dxdy 

= 又 M dy - N dx + 上 M dy - N dx where K is traversed counterclockwise and C is traversed clockwise. 


Hence by part (a) 0 
J K Vf-nds ： 


M dy - N dx 


— 4 丌 => 4 丌 =M dy — N dx = 上 ▽ f • n ds. We have shown: 


0 if (0,0) lies inside K 
4n if (0,0) lies outside K 


36. Assume a particle has a closed trajectory in R and let Ci be the path Ci encloses a simply connected region 
Ri => Ci is a simple closed curve. Then the flux over Ri is 无 F • n ds = 0, since the velocity vectors F are 

tangent to Ci. But 0 = ^ F * n ds = ^ M dy — N dx = // (碧 + 勞 ) dxdy => M x + N y = 0, which is a 

Ri 

contradiction. Therefore, Ci cannot be a closed trajectory. 

J »g 2 (y) r»d r»g 2 (y) nd 

營 dxdy = N(g 2 (y) ， y) — N(gi(y),y) ^ J 丄狀（罃 dx) dy = 丄 [N(g 2 (y),y) - N(g!(y),y)] dy 
= X N(g 2 (y), y) dy - J c N(gi(y),y) dy = f c N(g 2 (y),y) dy + f d N(gi(y),y)dy = f c N dy + f c N dy 
= £dy 今 / c Ndy=//f dxdy 

38. X X : dy dx = 上 [M(x, d) — M(x, c)] dx = 工 M(x, d) dx + 工 M(x, c) dx = Mdx — M dx. 
Because x is constant along C 2 and C 4 , 上 M dx = 上 M dx = 0 

- (J c M dx + f c M dx + f c M dx + J c M dx) = - £ M dx ^ £ f d ■ dy dx = -£ M dx. 


39. The curl of a conservative two-dimensional field is zero. The reasoning: A two-dimensional field F = Mi + Nj 
can be considered to be the restriction to the xy-plane of a three-dimensional field whose k component is zero, 
and whose i and j components are independent of z. For such a field to be conservative, we must have 
鬻 = 繫 by the component test in Section 16.3 => curl F = 棠-驚 = 0. 


40. Green's theorem tells us that the circulation of a conservative two-dimensional field around any simple closed 
curve in the xy-plane is zero. The reasoning: For a conservative field F = Mi + Nj, we have 營 = 當 
(component test for conservative fields, Section 16.3, Eq. (2)), so curl F = 藍一劈 = 0. By Green's theorem, 
the counterclockwise circulation around a simple closed plane curve C must equal the integral of curl F over the 
region R enclosed by C. Since curl F = 0, the latter integral is zero and, therefore, so is the circulation. 

The circulation 无 F • T ds is the same as the work 炎 F • dr done by F around C, so our observation that 
circulation of a conservative two-dimensional field is zero agrees with the fact that the work done by a 
conservative field around a closed curve is always 0. 
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41-44. Example CAS commands: 

Maple: 

with( plots );#41 
M := (x,y) -> 2*x-y; 

N := (x,y) -> x+3*y; 

C := x A 2 + 4*y A 2 = 4; 

implicitplot( C, x=-2..2, y=-2..2, scaling=constrained, title="#41(a) (Section 16.4 )’’）； 
curlF_k := D[1](N) - D[2](M): # (b) 

'curlF_k' = curlF_k(x,y); 

top,bot := solve( C, y); # (c) 

left,right := -2, 2; 

ql := Int( Int( curlF_k(x,y), y=bot..top ), x=left..right); 
value( ql ); 

Mathematica: (functions and bounds will vary) 

The ImplicitPlot command will be useful for 41 and 42, but is not needed for 43 and 44. In 44, the equation of the line 
from (0, 4) to (2, 0) must be determined first. 

Clear[x, y, f] 

〈〈 Graphics 、 ImplicitPlot 、 
f[x_, y_]:={2x-y,x + 3y} 
curve: x 2 + 4y 2 ==4 

ImplicitPlot[curve, {x, —3, 3},{y, —2, 2}, AspectRatio —> Automatic, AxesLabel —^ {x, y}]; 
ybounds: Solve [curve, y] 

{yl, y2}=y/.ybounds; 

integrand:=D[f[x,y][[2]],x]- D[f[x ， y][[l]], y]//Simplify 
Integrate[integrand, {x, -2,2}, {y, yl, y2}] 

N[%] 

Bounds for y are determined differently in 43 and 44. In 44, note equation of the line from (0, 4) to (2, 0). 

Clear[x, y, f] 

fix— ， y_]:= {X Exp[y], 4x 2 Log[y]} 
ybound = 4 — 2x 

Plot[{0, ybound}, {x, 0,2. 1}, AspectRatio ^ Automatic, AxesLabel —> {x, y}]; 
integrand:=D[f[x, y][[2]], x] - D[f[x, y][[l]], y]//Simplify 
Integrate [integrand, {x, 0, 2}, {y, 0, ybound}] 

N[%] 

16.5 SURFACE AREA AND SURFACE INTEGRALS 


1. p = k，▽ f = 2xi + 2yj - k 4 I ▽ f| = ^ (2x) 2 + (2y) 2 + (— l) 2 = 4x 2 + 4y 2 + 1 and | ▽ f • p| = 1; 



2. p = k, ▽ f = 2xi + 2yj — k 4 I ▽ f I = 4x 2 + 4y 2 + 1 and | v f * Pi — 2 < x 2 + y 2 < 6 
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3. p = k, vf = i + 2j + 2k =>• I ▽ f I = 3 and | ▽ f • p| = 2; x 二 y 2 and x = 2 — y 2 intersect at (1,1) and (1, —1) 
^ S = //^Ji dA = //| dxdy = J'X f l dxdy = £(3 - 3y 2 ) dy = 4 


4. 


p = k, vf = 2xi — 2k 4 I vf| = V^x 2 + 4 = 2^/x 2 + 1 and | V f*p| =2 ^ S = ff dA 

R 

=ff 2 ^ / f+ J dxdy = J^/Vx 2 + 1 dydx = f^x^/x 2 + 1 dx = [ i (x 2 + 1) 3/2 1 ^ = i ⑷ 3 / 2 - i = | 

R 00 ° 1 - Jo、 11 


5. p = k, v f = 2xi - 2j - 2k => | V f I = \/( 2x ) 2 + (-2) 2 + (—2) 2 = \/4x 2 + 8 = 2y/x 2 + 2 and | ▽ f • p| =2 

^ S = ff0ll dA = ff h/ P^dxdy= X'/o'Vx 2 + 2 dydx= /^x^x 2 + 2 dx = [(x 2 + 2) 3/2 ] ^ 

R R l 」 u 

二 6 a /6 — 2\fl 

6. p = k, ▽ f = 2xi + 2yj + 2zk > | ▽ f | = 4x 2 + 4y 2 + 4z 2 = \f% = 2\[l and | ▽ f. p| = 2z; x 2 + y 2 + z 2 = 2 and 

z = V x2 + y 2 ^ x 2 +y 2 = l;thus, s = // ^ dA = ff ^ dA= ^2 JJ I dA 

=^2// v/2-^ + y^) dA= = \/2 £(-l + v^) d0 = 2^ (2 - \/2) 

R 


7. p = k ， vf=ci — k>|vf| = \/c 2 l and |v f *Pl = l ^ s = f f dA = f f ^ c 2 \ dx dy 

= f:f: Vc 2 +l rdrd0 = Zp d0 = ttVc 2 + 1 

8. p = k ， ▽ f = 2xi + 2zj ^ I v f I — V (2x) 2 + (2z) 2 =2 and | ▽ f • p| = 2z for the upper surface, z > 0 

今 s = ff dA = ff i dA = If d y dx = 2 f l/2 f 0 d y dx = /— 1/2 dx 

K K K 

=[ 血一 1^ 2 /2 = f — = | 

9. p = i ， ▽ f = i + 2yj + 2zk | ▽ f | = y^l 2 4 - (2y) 2 + (2z) 2 = 1 + 4y 2 + 4z 2 and |vf-p| = l;l 仝 y 2 + z 2 <4 

S = J J d dA = f f 1 + 4y 2 + 4z 2 dy dz = 上上 \/1 + 4r 2 cos 2 9 + 4r 2 sin 2 0 r dr dO 

R R 

=JT/Vl+W — = /"[i (l+4r2) 3 / 2 ]'d0 = /"i (lTV^-S^s) dd=l (17^17-5^5) 


10. p = j , ▽ f = 2xi + j + 2zk 4 I ▽ f I = yj 4x 2 + 4z 2 


thus，S = //MdA= //V4x2+4z2 


1 dx dz 


1 and I v f * Pi — 1 ； y = 0 and x 2 + y + z 2 = 2 => x 2 + z 2 = 2; 




13 

T 


11. p = k, ▽ 【 =(2x — I) i + V~^i — k 今 I VfI — Y (^x — -) 2 + (V^^) + (—l) 2 = 4x 2 + 8 + ^ = \J (2x + |) 2 

= 2x+|,onl < x < 2 and | v f" Pi — 1 ^ S = J J d dA = f f (2x + 2x _1 ) dxdy 
\ R iv pi R 

=X X (2x + 2x _1 ) dx dy = [x 2 + 2 In x] ^ dy = 上 (3 + 2 In 2) dy = 3 + 2 In 2 


12. p = k, ▽ f = 3-^x1 + 3y/yj - 3k ^ | ▽ f| = ^/9x + 9y + 9 = S^x + y + 1 and | ▽ f • p| = 3 
^ S = // 黑 dA = //v^TTT dxdy = f:f: v^+y+T dxdy=f o 1 [| (x + y + 1 )^] ； dy 

R R 


=J o 1 [|(y + 2) 3 / 2 - I (y + I) 3 / 2 ] dy = [A (y + 2 )5/2 - A (y+ 1 ) 5 / 2 ] J = ^ [⑶ 5 / 2 — ( 2) 5 / 2 - ( 2) 5 / 2 + l] 
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= ^(973-8^+1) 


13. The bottom face S of the cube is in the xy-plane => z = 0 => g(x, y, 0) = x + y and f(x, y ， z) = z = 0 4 p = k 

and v f — ^ I V f| — 1 and | ▽ f • p| = 1 4 da = dxdy => f f g da = f J (x + y) dx dy 

S R 


/ o 7 ；(x + y)dxdy = /；(f + ay) dy = a 3 . Because of symmetry, we also get a 3 over the face of the cube 


in the xz-plane and a 3 over the face of the cube in the yz-plane. Next, on the top of the cube, g(x, y, z) 

二 g(x, y ， a) = x + y + a and f(x, y, z) = z = a p = k and f = k | v f I — 1 and | ▽ f • p| = 1 dcr = dxdy 


ffgda = // (x + y + a) dxdy = f f (x + y + a) dxdy = f f (x + y) dxdy + f f a dxdy = 2 a 3 . 
S R 

Because of symmetry, the integral is also 2a 3 over each of the other two faces. Therefore, 
f J\x + y + z) dcr = 3 (a 3 + 2a 3 ) 二 9a 3 . 

cube 


14. On the face S in the xz-plane, we have y 
▽ f = j # I ▽ f I = 1 and I ▽ f. p| = 


0 4 f(x, y, z) 
da 


y = 0 and g(x, y, z) = g(x, 0 , z) 


dxdz => //gd ( r = //(y + z) da 

s s 


z ^ p = j and 
f 1 f 2 zdxdz= f 2z dz 


On the face in the xy-plane, we have z = 0 => f(x, y, z) = z = 0 and g(x, y, z) = g(x, y ， 0) = y => p = k and 

▽ f= k => I v f I — 1 and |vf*P| — 1 ^ dcr = dxdy f f gda = J J y da = J J y dx dy = 1. 

On the triangular face in the plane x = 2 we have f(x, y, z) = x = 2 and g(x, y ， z) = g(2, y ， z) = y + z 4 p = i and 

▽ f= i 4 I v f| — 1 an d | ▽ f • p| 二 1 4 dcr = dz dy f f g da = f f (y + z) da = J f y (y + z) dz dy 

= / o 1 i(l-y^)dy=i. 


On the triangular face in the yz-plane, we have x = 0 => f(x, y, z) = x = 0 and g(x, y ， z) = g(0, y, z) = y + z 

^ p = i and f = i ^ | v f| — 1 and | ▽ f • p| = 1 # da = dz dy f J g da = J J (y + z) dcr 

s s 


(y + z) dz dy : 


Finally, on the sloped face, we have y + z = 1 => f(x, y, z) = y + z = 1 and g(x, y, z) = y + z= l 4 p = k and 

▽ f = j + k => I v f l = y/2and | ▽ f • p| = 1 dcr = dxdy => f f gda = f f (y-h z) da 

S S 

=X X 0 dx dy = 2\/2. Therefore, f f g(x, y ， z)dcr=l + l + | + |+ = f + 2\/2 

wedge 


15. On the faces in the coordinate planes, g(x, y, z) = 0 the integral over these faces is 0. 

On the face x = a, we have f(x, y ， z) = x = a and g(x, y, z) = g(a, y, z) = ayz p = i and ▽fsi | v f I — 1 

and I v f * Pi — 1 do* = dy dz =>• f Jg da = f f ayz da = ayz dy dz = . 

S S 0 0 ^ 

On the face y = b, we have f(x, y, z) = y = b and g(x, y, z) = g(x, b, z) = bxz => p = j and ▽ f = j 4 | ▽ f | = 1 
and I v f * Pi — 1 ^ da = dx dz =>■ J J gda = J f bxz da = J J bxz dx dz 二 . 

S S 00 4 

On the face z = c, we have f(x, y, z) = z = c and g(x, y, z) = g(x, y, c) = cxy ^ p = k and sy f = k ^ | v f I — 1 
and I v f * Pi — 1 ^ dcr = dy dx => J J gda = J J cxy da = J J cxy dxdy = . Therefore, 

S S oo 

//g(x,y ， Z )da= abc(ab+ 4 ac + bc) . 

s 
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16. On the face x = a, we have f(x, y ， z) = x = a and g(x, y, z) = g(a, y, z) = ayz > p 二 i and f = i | v f I — 1 

and I vf_p| = 1 => da = dz dy =>■ f f g da = f f ayz da = J ayz dz dy = 0. Because of the symmetry 

s s - b - c ■ 

of g on all the other faces, all the integrals are 0, and f f g(x, y, z) dcr = 0. 


17. f(x,y,z) = 2x + 2y + z = 2 ▽ f = 2i + 2j + k and g(x,y,z) = x + y + (2 — 2x — 2y) = 2 — x — y 4 p = k, 

I ▽ f I = 3 and | v f * Pi — 1 ^ dcr = 3dydx;z = 0 => 2x + 2y = 2=>y=l— f J g da = J J (2 — x — y) da 

' s s 


= 3 X X ( 2 — X - y) dy dx = 3 J o [(2 - x)(l - x) — * (1 — x) 2 ] dx = 3 f Q (| - 2x + 誓 )dx = 2 


18. f(x, y, z) = y 2 + 4z = 16 4 ▽ f = 2yj + 4k 4 | ▽ f | = i/4y 2 + 16 = 2^/y 2 + 4 and p = k ^ | v f * Pi — 4 
da = dxdy ^ ffgda = /—:XWy 2 +4) (^4^) dxdy = dxdy 

=(y 2 + 4) dy = i [^ + 4y] ^ = i (f + 16) = f 


19. g(x, y, z) = z, p = k 4 ▽ g = k 4 I ▽ g| = 1 and I ▽ g • p| = 1 => Flux = f f F -nda = / J (F • k) dA 

S R 

= lT3d y dx=18 


20. g(x ， y,z) = y，p =-j 4 Vg=J I ▽ g| = 1 and | ▽ g • p| 


4 Flux = // F - n dcr = //(F • — j) dA 
S R 


2 dz dx 


2(7 - 2) dx = 10(2 + 1) = 30 


21- V g = 2xi + 2yj + 2zk ^ | ▽ g| = _ + 4y2 + 4。 = 2a; n = = ^4^ 今 F.n= 香； 

I ▽ g • k| = 2z > dcr = 嬖 dA > Flux = ff (j) (f) dA = f f z dA = ff y^ 2 — (x 2 +y 2 ) dxdy 

一 R V 7 R R 

=/: /2 / 0 Va 2 - r 2 r drd6» = 誓 

22. V g = 2xi + 2yj + 2zk ^ | ▽ g 卜 + 4P = 2a; n = => F • n = f 

= 0; I ▽ g • k| = 2z 今 dcr = I dA ^ Flux = f f F ■ n da = f f 0 da = 0 

z s s 

23. From Exercise 21, n = ^ + + and da = 竺 dA 4 F • n = 登一登 + 》 =; 4 Flux = f f (^) (^) dA 

£L Z Q SL SL SI U U \3 / \Z/ 

= // ld A=¥ " 

R 

24. From Exercise 21 ， n = xi±d± ^ and da = ? dA =»• F ■ n = ^ + ^ + ^ = z ( x2+y2 + z2 ) = az 

’ a z a 1 a 1 a a J 

Flux = f f (za) ( 登 ) dxdy = //a 2 dxdy = a 2 (Area of R) = \ 7ra 4 
R Z R 


25. From Exercise 21, n = xi + yj + zk an( j 加=登 dA 4 F-n=f + S + # = a Flux 

=j/ a (z) dA = // f dA = //^-(x^ + rf dA= £ / 2 foW^ rdrdd 

R R R 

= 厂 "a 2 [-Va 2 -r 2 l" d0 = ^ 

J o !_ 」 o 2 
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1022 Chapter 16 Integration in Vector Fields 


26. From Exercise 21, n 


xi + yj + zk 


and dcr = - dA => F - n 


㈤- 


^£1 


y x 2 +y2 + z 2 


— (誓）_⑸ 




Flux = //|dxdy = //- 7p 


^-(x^y 2 ) 


dxd y = r7o a 7fe rdrd0 = ^ 


2yj + k 


27. g(x, y, Z) = y 2 + Z = 4 今 ▽ g = 2yj + k 今 | ▽ g| = v % 2 + 1 ^ n ~ ^2 
^ F n= 2 ^7 3z t ;p = k 泠 I vg'Pl = 1 =^dtT= vV + 1 dA => Flux 


R 


vw~- 

2xy — 3z 


) ^ 4y 2 + 1 dA = ff (2xy — 3z) dA; z = 0 and z = 4 — y 2 y 2 = 4 


4 Flux = / / [2xy -3 (4 - y 2 )] dA 
R 


LX 


(2xy -12 + 3y 2 ) dydx= I [xy 2 _ 12y + y 3 ] % dx 


、1 


-32 dx = -32 


28. g(x, y ， z) = x 2 + y 2 - z = 0 4 ▽ g = 2xi + 2yj — k 4 | ▽ g| = y/4x 2 + 4y 2 + 1 = ^4 (x 2 + y 2 ) + 1 

;p = k 4 I v g * Pi = 1 dcr = 74 (x 2 +y 2 ) + 1 dA 


4 n 


2xi + 2yj — k 
y/4 (x 2 + y 2 ) + 1 


=>■ F • n 


8x 2 + 8y 2 - 2 • 

y/4 (x 2 + y 2 ) + 1 


4 Flux 




8x 2 + 8y 2 - 2 


、 i/4 (x 2 + y 2 ) + l 

^ X 2 + y 2 = 1 => Flux = (Sr 2 - 2) r drd(9 = 2?r 


) y/4 (x 2 + y 2 ) + 1 dA = ff ( 8 x 2 + 8 y 2 - 2) dA; z = 1 and x 2 + y 2 


29. g(x,y,z) = y_e x = 0> V g = _e x i+j 4 I ▽ g| = \/e 2x + 1 n 
4 I V g * Pi — eX dcr = V e : +1 dA 4 Flux 

=f f —4dA = J o J i ~4 dy dz = —4 


eXi ~J 今 f n- _ 2eX _ 2y 
\J e 2x + 1 \/e 2x + 1 


// (舗學卜 //: 


•2e x - 2e x 


dA 


30. g(x,y ， z) = y-lnx = 0 4 ▽g = -^i+j 4 | Vg| 


去 + 1 = V 1 广 x 2 since 1 < x < e 


4 n 


(~^+j 



-i + xj 


=> F • n 


； P=J ^ I Vg*Pl = 1 ^ da = 


dA 


4 Flux 


//(7TT?) dA = f o £ 2y dxdz = £/ 0 21nxdzdx=/ i e 2 In x dx 


2 [xlnx-x ] e 1 = 2 (e - e) - 2(0 - 1 ) = 2 


31. On the face z = a: g(x, y, z) = z => g = k => | v §1 — n — ^ ^ F-n = 2xz = 2ax since z = a; 
da = dxdy => Flux = f f 2ax dxdy = 工上 2ax dxdy = a 4 . 

On the face z = 0: g(x, y,z) = z => vg = k => | v g| — n — —k 4 F . n = —2xz = 0 since z = 0; 

da = dx dy => Flux = f f 0 dx dy = 0. 

R 

On the face x = a: g(x, y ， z) = x => v § — ^ ^ | v g| — n — ^ ^ F - n = 2xy = 2ay since x = a; 

r»a 

dcr = dy dz =>• Flux = j j 2ay dy dz = a 4 . 

On the face x = 0: g(x, y, z) = x g = i ^ | v g| — n — — 1 ^ F-n 二 —2xy = 0 since x 二 0 


令 Flux = 0. 


On the face y = 
da = dz dx 


a: g(x, y,z) = y Vg=j 

Fiux= rr 2azdzdx=a4 _ 




On the face y 二 0: g(x, y, z) = y ^ ▽g=j> 
=> Flux = 0. Therefore, Total Flux = 3a 4 . 


I V §1 — n = j ^ F.n = 2yz = 2az since y = a; 

I V §1 — n — — j ^ F • n = —2yz = 0 since y = 0 
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Section 16.5 Surface Area and Surface Integrals 1023 


32. Across the cap: g(x, y, z) = x 2 + y 2 + z 2 = 25 ▽ g = 2xi + 2yj + 2zk 4 I ▽ g| = 4 x 2 + 4y 2 + 4z 2 = 10 

4 n = j^|i = xl + yj + zk zz> F*n=^ + ^ + |;p = k | v g * Pi — 2z since z > 0 da = ^ dA 


^ Flux cai 


ff F-nda = J/(t + 夺 + f ) (-) dA = ff(x^ + y 2 + l)dxdy = /:7> + 1) r drcW 


=| 72 d(9 = 144 tt. 

Jo 

Across the bottom: g(x, y,z) = z = 3=> ▽g = k=^|vg| = l=>n = —k =>Fn = —l;p = k=>|vg*P| — 1 

=> dcr = dA => Flux bottom = f f F * n dcr = f /—1 dA = — 1 (Area of the circular region) = —16[ Therefore, 

bottom R 

Flux = Flux cap + Flux bottom = 1287T 

33. ▽ f = 2x i + 2yj + 2zk 4 | ▽ f | = 4x 2 + 4y 2 + 4z 2 = 2a; p = k | ▽ f • p| = 2z since z > 0 4 dcr = _ dA 

= 登 dA; M = f f S da = ^ (surface area of sphere) = ; M xy = f f z8 da = 6 f fz (|) dA 


a 占 


ff dA = a 6£ /2 £rdrdO=^ ^ ^ = ^ = (^)( 忐） 


I. Because of symmetry, x = y 


4 the centroid is |. 


34. Vf=2yj + 2zk 4 I ▽ f I = yj 4 y 2 + 4 Z 2 — ^4 (y 2 + z 2 ) 二 6; p = k 4 | ▽ f. k| = 2z since z > 0 ^ dcr 


2z 


dA 


菩 dA; M = f f 1 da 


dx dy 


3 


;(!) dxdy = 54; M xz = f f y da 
S 


Jo y/9-y 2 

r»3 r»3 

-3 JO 


dx dy = 97 t; M xy = J J zda 

S 


y (f) dxdy 


M yz = f f xda 


'-3 Jo y/9-y 2 


3x dx dy = y 7r. Therefore, x : 


97T 


fo dXdy = 0； 


,y = 0,andz= g = f 


35. Because of symmetry, x = y = 0; M = J J 6 da = 6 J J da = (Area of S)^ = 37Yy/26; ▽ f = 2xi + 2yj — 2zk 
" " " s s ^ 


I V f| — V 4x 2 + 4y 2 + 4z 2 = 2^/x 2 + y 2 + z 2 ; p = k | ▽ f. p| = 2z 4 dcr 


2y/x 2 + y 2 + z 2 


dA 


y/x 2 +y 2 + (x 2 +y 2 ) 


dA ： 


A / 2 y /^+7 


dA ^ M xy = S ff z 




泠 z 


dA 


( 147ta/2 , 


4 


JJ V2 ^/x 2 + y 2 dA = 6 J 2 "/' V^r 2 drd0 = , 

R ° 1 

(x,y,z) = (0,0, 孕） . Next, I z = f f (x 2 +y 2 ) S da = f f (x 2 +y 2 ) ( v ^ v f T7 ) <5 dA 


3tt\/25 _ "9~ 


6^/2 // (x 2 + y 2 ) dA : 


s 

r»2ir n2 


r 3 drd6» = ^ R z 


\/To 


36. f(x ， y, z) = 4x 2 + 4y 2 — z 2 = 0 ▽ f = 8xi + 8yj — 2zk | ▽ f | = yj 64x 2 + 64y 2 + 4z 2 

= 16x 2 + 16y 2 + z 2 = 2\J 4z 2 + z 2 = 2^/5 z since z > 0; p = k => | ▽ f. p| = 2z 4 dcr 


^ I z 


f f(x 2 -h y 2 ) 6 da = f f (x 2 + y 2 ) dxdy = Sy/5 J [ / 2 f 0 r 3 drdP = h/^. 


2y/5z 

2z 


dA = W dA 


37. (a) Let the diameter lie on the z-axis and let f(x, y, z) = x 2 + y 2 + z 2 = a 2 , z > 0 be the upper hemisphere 

^ ▽ f = 2xi + 2yj + 2zk | ▽ f | = yj 4x 2 + 4y 2 + 4z 2 = 2a, a > 0; p = k 4 | ▽ f • p| = 2z since z > 0 


# d( T = 營 dA 今 I z = // <5 (X 2 + y 2 ) ⑴ da = a<5 f f ,/!：/ 2) dA = aS f:f: ^J-^rdrdff 


aS 


-rVa 2 — r 2 - § (a 2 - r 2 ) 


3/2’ 


R 

2tv 


d6 = sl6 J I a 3 ^ a 4 6 => the moment of inertia 


is 


a 4 6 for 
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1024 Chapter 16 Integration in Vector Fields 


the whole sphere 

(b) II = Ic.m. + nih 2 , where m is the mass of the body and h is the distance between the parallel lines; now, 

dy dx 


Ic.m. = f a 4 <5 (from part a) and f = ff 6 da = 6fJ (?) dA = a<5 // 

-y/a 2 - (x 2 +y 2 ) 

r»2n />a p2TY 

=did / I -J== r dr = dib / 

J 0 J 0 yj g? — 0 

泠 I L = 警 a 4 占 + 47ra 2 6a 2 = — a 4 5 


-\/ a 2 — r 2 


o dd = a6 Jo ad0 = 2^andh = a 


38. (a) Let ^— \ \/x 2 + y 2 be the cone from z = 0 to z = h, h > 0. Because of symmetry, x = 0 and y = 0; 

=> f(x,y,z)= |(x 2 +y 2 )-z 2 = 0 ^ vf=^i+^j-2zk 




dA 


lvf| = V^ + ^ + 4z2 = 2 v / ? (x2 + y2) + ^ (x2 + y2) = 2 V / (?) (x2 + y 2 H? + 1 ) 

2yJ z 2 = ( 譬 ) \J h 2 + a 2 since z > 0; p = k =>• | v f' Pi = 2z =>• da = ^ ^ + - d 

d A; M = //da = //dA = ( 丌 a 2 ) = Wh 2 + a 2 ; 

.y = J/zda = J/z(^)dA= g v^T^dxdy = f:f 。、 2 ㈣ 


27rah\/h 2 + => z = ^ = y 今 the centroid is (0,0, y) 


(b) The base is a circle of radius a and center at (0, 0, h) (0,0, h) is the centroid of the base and the mass is 
M = //d. = 7ra 2 . In Pappus’ formula, letci = y k, C 2 = hk, mi = 7ra\/h 2 + a 2 , and m 2 = 7ra 2 


^ c : 


- - ~ dis fo,o, 


(c) If the hemisphere is sitting so its base is in the plane z = h, then its centroid is (0,0, h H- |) and its mass is 
27ra 2 . In Pappus' formula, let Ci = 警 k ， C 2 = (h + |) k ， mi = Tra/h 2 + a 2 , and m 2 = 27ra 2 
Wt?Ta^|^ + 2 d (h+|)k = 2 hv^+g+ 6 ah + 3a^ k 泠 the centroid is 

Tra^h 2 + a 2 + 27ra 2 3 (^y/h 2 + a 2 + 2a) 


^ C : 


(0,0, l_ 6ah ^ 3a2 J . Thus, for the centroid to be in the plane of the bases we must have z = h 

^ 2J T^f£f= h > 2h^a 2 + 6ah + 3a-3h V 1^Ta 2 + 6ah^ 3 a- 


9a 4 = h 2 (h 2 + a 2 ) 泠 h 4 + a 2 h 2 - 9a 4 = 0 h 2 


(y^7-l)a 2 


(the positive root) 4 h 


^ 2 ^ 37-2 


39. f x (x ， y) = 2x, f y (x, y) = 2y => 、 /f x 2 + f y 2 + 1 = ^ 4x 2 + 4y 2 + 1 => Area = f f \/ 4x 2 + 4y 2 + 1 dx dy 


7 ,細 rdrd0= | (13_- 1; 


40. f y (y, z) = —2y, f z (y, z) = —2z ^ wf y 2 + f z 2 + 1 = 4y 2 + 4z 2 + 1 => Area = f f \/ 4y 2 + 4z 2 + 1 dy dz 


o2tv n 1 

*0 Jo 


V^ + lrdrcW = | (5^/5- 


41. f x (x, y) = ^ x 2 X +y 2 ， fy( X ?y) = ^J +y 2 ^ + fy + 1 = Y ^ 2^2 + ^^2 I = 

=> Area = f f dxdy = \/2(Area between the ellipse and the circle) = — 7r) = 57r\/2 

Rxy 
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Section 16.6 Parameterized Surfaces 1025 


42. Over R xy : z = 2—|x — 2y => f x (x, y) = — |, f y (x ， y) = —2 4 ^/f^ + f y + 1 = 1 + 4 + 1 = | 

=> Area = // | dA = | (Area of the shadow triangle in the xy-plane) = (|) (|) = |. 

Rxy 

Over R xz : y=l — ^x—=>• f x (x ， z) = — ^ , f z (x ， z) = — ^ => + 1 = \J ^ \ - \ = \ 

=> Area = f f I dA = ^ (Area of the shadow triangle in the xz-plane)= ⑸ （ 3) = !. 

Rxz 

Over R yz : x = 3-3y-|z ^ f y (y ， z) = — 3, f z (y, z) = — | 4 f y 2 + f z 2 + 1 = ^9+^ + 1 = \ 
=> Area = //| dA = ^ (Area of the shadow triangle in the yz-plane) = Q) (1) = |. 


43. y = § z 3 / 2 => f x (x, z) = 0, f z (x, z) = z 1 / 2 => ^/f2 + f z 2 + 1 = y / z~+T; y = y => T = 昏 z 3 ^ 2 => z = 4 

=> Area = J q \/z + 1 dxdz = + 1 dz= | (5 75 — 1) 

44. y = 4 — z => f x (x, z) = 0, f z (x, z) = —1 + f z 2 + 1 = yfl => Area = f f dA = J o J o \[l dx dz 

Rxz 

二办 f 0 2 (4-z 2 )dz=^f 

16.6 PARAMETRIZED SURFACES 


_ o 

1. In cylindrical coordinates, let x = r cos 沒 ， y = r sin 沒 , z = (-y/x 2 + y 2 ) = r 2 . Then 

r(r, 6) = (r cos 0)\ + (r sin 6>)j + r 2 k, 0 < r < 2, 0 < 6> < 2 tt. 

2. In cylindrical coordinates, let x = r cos 沒 ， y = r sin 沒 ， z = 9 — x 2 _ y 2 = 9 — r 2 . Then 

r(r, 0) = (r cos 0)\ + (r sin 6>)j + (9 - r 2 ) k; z > 0 9 - r 2 > 0 r 2 < 9 ^ -3 < r < 3, 0 < 6> < 2 tt. But 

—3 < r < 0 gives the same points as 0 < r < 3, so let 0 < r < 3. 

3. In cylindrical coordinates, let x = r cos 沒 , y = r sin 沒 ， z = y2 => z = ^ . Then 

r(r, 6) = (r cos 0)i + (r sin 9)\ + (|) k. For 0<z<3, 0<|<3 => 0 < r < 6; to get only the first octant, let 
0 < 6> < f . 

4. In cylindrical coordinates, let x = r cos 沒 , y = r sin 沒 ， z = 2^x 2 + y 2 => z = 2r. Then 

r(r, 6) = (r cos 0)i + (r sin 9)\ + 2rk. For 2<z<4, 2<2r<4 => 1 < r < 2, and let 0 < ^ < 2tt. 

5. In cylindrical coordinates, let x = r cos 沒 ， y = r sin 沒 since x 2 + y 2 = r 2 z 2 = 9 — (x 2 + y 2 ) = 9 _ r 2 

=> z = yj9 , z > 0. Then r(r, 6) = (r cos 6)\ + (r sin 沒 ) j + v^9 — r 2 k. Let 0 < 9 < 2tt. For the domain 

of r: z = ^x 2 + y 2 and x 2 + y 2 + z 2 = 9 4 x 2 + y 2 + +y 2 ) 2 =9 => 2 (x 2 + y 2 ) = 9 今 2r 2 = 9 

6. In cylindrical coordinates, r(r, 9) = (r cos 0)i + (r sin d)j + \/4 — r 2 k (see Exercise 5 above with x 2 + y 2 + z 2 = 4 ， 
instead of x 2 + y 2 + z 2 = 9). For the first octant, let 0 < ^ < |. For the domain of r: z = ^x 2 + y 2 and 

x 2 + y 2 + z 2 = 4 4 x 2 + y 2 + (^x 2 + y 2 ) 2 =4 2 (x 2 + y 2 ) = 4 4 2r 2 = 4 4 r = \fl. Thus, \Qt^2<r <2 

(to get the portion of the sphere between the cone and the xy-plane). 
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1026 Chapter 16 Integration in Vector Fields 


7. In spherical coordinates, x = p sin (j) cos 6,y = p sin (j) sin 0, p = -\/x 2 + y 2 + z 2 ^ p 2 = 3 ^ p= 

=> z = \/3 cos (j) for the sphere; z = ^- = \/3 cos (j) ^ cos (f> = \ => — ^ =>• — ^ = cos cj) 

=> cos 命 =— * 0 = 夸 . Then r(0, 沒 ） =(\/^ sin 0 cos 沒 ) i + (\/^ sin </> sin 沒 ) j + (\/5 cos 0) k ， 

I < 0 < ^ and 0 < 0 < 2tt. 

8. In spherical coordinates, x = p sin (j) cos 6,y = p sin (f> sin 6, p = -\/x 2 + y 2 + z 2 ^ p 2 = 8 p = \/8 = 2y/2 

=> x = 2y /2 sin (j) cos 0,y = 2^/2 sin (j) sin 6, and z = 2^/2 cos 0. Thus let 
r(0, 6) = (2\/5 sin 0 cos 沒 ) i + ^2\/2 sin 0 sin 沒 ) j + (2^/5 cos (/>) k; z = —2 4 —2 = 2y/2 cos (j) 

=> cos ^ 0 = 誓 ； z = 2\fl ^ 2-\/2 = 2\/2 cos (j) ^ cos (f> = 1 ^ 0 = 0. Thus 0 < 0 < ^ and 

0 < 6> < 2tt. 

9. Since z 二 4 — y 2 , we can let r be a function of x and y r(x, y) = xi + yj + (4 — y 2 ) k. Then z = 0 

=> 0 = 4 — y 2 4 y = 士 2. Thus, let —2 < y < 2 and 0 < x < 2. 

10. Since y = x 2 , we can let r be a function of x and z => r(x, z) = xi + x 2 j + zk. Then y 二 2 

=> x 2 = 2 =>■ x = 士 yjl. Thus, let —\/2 < x < \J~2 and 0 < z < 3. 

11. When x = 0, let y 2 + z 2 = 9 be the circular section in the yz-plane. Use polar coordinates in the yz-plane 

y = 3 cos 6 and z = 3 sin 6. Thus let x = u and 0 = w ^ r(u,v) = ui + (3 cos v)j + (3 sin v)k where 
0 < u < 3, and 0 < v < 27r. 

12. When y = 0, let x 2 + z 2 = 4 be the circular section in the xz-plane. Use polar coordinates in the xz-plane 

=> x = 2 cos 6 and z = 2 sin 6. Thus let y = u and 0 = w ^ r(u ， v) = (2 cos v)i + uj + (3 sin v)k where 
—2 < u < 2, and 0 < v < 7r (since we want the portion above the xy-plane). 

13. (a) x + y + z= l=>z=l—x — y. In cylindrical coordinates, let x = r cos 0 and y = r sin 0 

=> z = 1 — r cos 0 — r sin 6 ^ r(r, 0) = (r cos 6)\ + (r sin ^)j + (1 — r cos 沒 一 r sin 沒 ) k , 0 < 0 < 2n and 

0 < r < 3. 

(b) In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let 
y = u cos v，z = u sin v where u = ^y 2 + z 2 and v is the angle formed by (x, y, z), (x, 0, 0)，and (x, y, 0) 
with (x ， 0, 0) as vertex. Since x + y + z= l 4 x = l — y — z => x=l—u cos v — u sin v, then r is a 
function of u and v => r(u, v) = (1 — u cos v — u sin v)i + (u cos v)j + (u sin v)k, 0 < u < 3 and 0 < v < 2n. 


14. (a) In a fashion similar to cylindrical coordinates, but working in the xz-plane instead of the xy-plane, let 

x = u cos v, z = u sin v where u = \/x 2 + z 2 and v is the angle formed by (x, y, z), (y, 0,0), and (x, y, 0) 
with vertex (y, 0,0). Since x — y + 2z = 2 4 y = x + 2z — 2, then r(u, v) 

=(u cos v)i + (u cos v + 2u sin v — 2)j + (u sin v)k, 0 < u < and 0 < v < 27r. 

(b) In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let 
y = u cos v, z = u sin v where u = i^/y 2 + z 2 and v is the angle formed by (x, y, z), (x, 0,0), and (x, y, 0) 
with vertex (x, 0,0). Since x — y + 2z = 2 4 x = y — 2z + 2, then r(u, v) 

=(u cos v — 2u sin v 十 2)i + (u cos v)j + (u sin v)k, 0 < u < \/~2 and 0 < v < 27r. 

15. Let x = w cos v and z = w sin v. Then (x — 2) 2 + z 2 = 4 x 2 — 4x + z 2 = 0 w 2 cos 2 v — 4w cos v + w 2 sin 2 v 
= 0 4 w 2 — 4w cos v = 0#w = 0orw — 4 cos v = 0 w = 0orw 二 4 cos v. Now w = 0 4 x = 0 and y = 0, 
which is a line not a cylinder. Therefore, let w = 4 cos v =>■ x = (4 cos v)(cos v) = 4 cos 2 v and z = 4 cos v sin v. 
Finally, let y = u. Then r(u, v) = (4 cos 2 v) i + uj + (4 cos v sin v)k ，— | < v < | and 0 < u < 3. 
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cos 0 sin 6 
—r sin 6 r cos 0 


16. 


2 v)k ， 


17. 


2 丌 


18. 




IdO = 4ny/2 


19. Let 
r(r ， 




-f (r cos 9)] 


r\/5 


20. Let 
r(r ， 


4 r r x r e 


1 6 )\ + (r cos 6)\ 

=(—! r cos 9) i — Q r sin ^)j + (r cos 2 0 + r sin 2 9) k 


(— I r cos 沒 ) i — (全 r sin 沒 ) j + rk 4 |r r x r^| = ^/^r 2 cos 2 ^ ^ r 2 sin 2 0 -\-r 2 = yj ^ = T -^ 


21 . 


> < 2tt. Then 


/cos 2 0 + sin 2 6 = 1 


|r r x r^| = V f2 + r2 = 1'V^ => A : 


r \/2 drd6> 


n2ir 

VVT 

Jo 

2 


0 d9 = i 


T 2v^ 


x = r cos 0 and y = r sin ^ =>■ z = 2-y/x 2 + y 2 = 2r, 1 < r < 3 and 0 < ^ < 2n. Then 
0) = (r cos 0)\ + (r sin 0)j + 2rk => r r = (cos 6)\ + (sin 0)} + 2k and = (—r sin 6)i 

k 

=(—2r cos 0)\ — (2r sin 0)} + (r cos 2 9 -\-r sin 2 6) k 


r r x r e 


cos 0 sin 0 2 

-r sin 6 r cos 6 0 


(—2r cos 0)\ — (2r sin 0)} + rk =>• |r r x r^| = cos 2 6 + 4r 2 sin 2 0 -\-r 2 = : 


A =/cT r V^drd0 


rV5' 

2 


d6 


* 4 ^ dO = Sn^/5 


x = r cos 6 and y = r sin ^ => z = y2 = |, 3 < r < 4 and 0 < ^ < 2tt. Then 
0) = (r cos 0)\ + (r sin 0)j + (|) k =>■ r r = (cos 0)\ + (sin 0)] + Q) k and = (—r sii 


Let y = w cos v and z = w sin v. Then y 2 + (z — 5) 2 = 25 ^ y 2 + z 2 — lOz = 0 
=> w 2 cos 2 v + w 2 sin 2 v — lOw sin v = 0 => w 2 — lOw sin v = 0 => w(w — 10 sin v) = 0 => w = 0 or 
w = 10 sin v. Now w = 0 y = 0 and z = 0, which is a line not a cylinder. Therefore, let w = 10 sin v 
=> y = 10 sin v cos v and z = 10 sin 2 v. Finally, let x = u. Then r(u, v) = ui + (10 sin v cos v)j + (10 sin 
0 < u < 10 and 0 < v < 7r. 


Let x = r cos 0 and y = r sin 9. Then r(r, 0) = (r cos 6)i + (r sin 6)} + ( 2 ~ r 2 sin ^) k, 0 < r < 1 and 0 < ^ < 
4 r r = (cos 0)i + (sin 6>)j - (^)kand r e = (-r sin 0)i + (r cos 6>)j - k 


泠 r r x r e 


4 |r r x r 0 | 


cos 6 sin 6 

_ sin 6 

—r sin 0 r cos 6 

r cos 9 

2 

i (sin0)(rcos0 )、： | , 

(r sin 2 6 , 

和 2 厂十 1 

l 2 + 


+ r 2 = 孕 ^ A ： 


r cos 2 6 、 
n2n nl 

*0 Jo 


I j + (r cos 2 9 -\-r sin 2 沒 ） k = | j + rk 

孕 drd0 =r [半 i>=/> 


ny/5 


Let x = r cos 6 and y = r sin ^ z = —x = —r cos 0 < r < 2 and 0 < ^ < 27r. Then 
r(r, 6) = (r cos 0)\ + (r sin 6)\ — (r cos 0)k ^ r r = (cos 9)\ + (sin 0)j — (cos ^)k and 
= (—r sin 0)\ + (r cos 0)} + (r sin ^)k 

j k 

=> y y x re = cos 0 sin 6 — cos 6 

r sin 6 r cos 6 r sin 9 




(r sin 2 沒 + r cos 2 i + (r sin 6 cos 沒 一 r sin 汐 cos 沒 ) j + (r cos 2 ^ + r sin 2 沒 ） k = ri + rk 


=>■ A 


drd<9 


p2TT 


Jo 

6 


d6 




77T-/10 


Let x = r cos 9 and y = r sin ^ =>• r 2 = x 2 + y 2 = 1, 1 < z < 4 and 0 < 6 
r(z, 6) = (cos 0)\ + (sin 0)j + zk => r z = k and = (— sin 6)\ + (cos 6)\ 

k 

=(cos Q)\ + (sin 6>) j ^ \r e x r z | = > 


4 x r z 


— sin 6 cos 6 0 

0 0 1 


k 1-3 0 
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1028 Chapter 16 Integration in Vector Fields 


A : 


r»2n n4 r*2n 

1 drdO = / 3 d6> = 6 tt 


22. Let x = u cos v and z = u sin v => u 2 = x 2 + z 2 = 10, — 1 < y < 1, 0 < v $ 2 兀 . Then 
r(y, v) = (u cos v)i + yj + (u sin v)k = ^\/l0 cos v) i + yj + (sin v) k 




r v = (- \/l0 sin v) i + (V^ cos v) k and r y = j => r v 


x r y = 


k 


-cos v) i - ^\/l0 sin v) k 4 |r v x r y | = ^/l0 
'2 dv = 4?r\/l0 


4 A : 


- \/l0 sin v 0 cos v 

0 1 0 
>1 , —— f»2TV 


lo j_yiodudv=j o 


yiou 


dv 


23. z = 2 — x 2 — y 2 and z = -\/x 2 -j-y 2 => z = 2 — z 2 => z 2 -h z — 2 = 0 => z = —2 or z = 1 • Since z = ^/x 2 -\-y 2 >0, 
we get z = l where the cone intersects the paraboloid. When x = 0 and y = 0, z = 2 => the vertex of the 
paraboloid is (0, 0, 2). Therefore, z ranges from 1 to 2 on the “cap" ^ r ranges from 1 (when x 2 + y 2 = 1) to 0 
(when x = 0 and y = 0 at the vertex). Let x = r cos 9,y = r sin 6, and z = 2 _ r 2 . Then 
r(r, 6) = (r cos 沒 ) i + (r sin 沒 ) j + (2 — r 2 ) k, 0 < r < 1, 0 < ^ < 27r r r = (cos 0)\ + (sin 沒 ) j — 2rk and 

i j k 

cos 0 sin 6 — 2r 

-r sin 9 r cos 6 0 


Yq = (—r sin 0)i + (r cos 0)j ^ r r x r 设 


(2r 2 cos 沒 ) i + (2r 2 sin j + rk => |r r x r^| = \/ 4r 4 cos 2 6 + 4r 4 sin 2 0 -\-r 2 = r\/ 4r 2 + 1 


=> A : 


/4r 2 + 1 drd6> 


12 


(4r 2 + 1) 3/2 


dO 


'5^/5-1 


de 


6 


(5V"5 


24. Let x = r cos 沒 ， y = r sin 沒 and z = x 2 + y 2 = r 2 . Then r(r, 0) = (r cos 0)\ + (r sin 6)i + r 2 k, 1 < r < 2, 
0 < 0 <27r => r r = (cos 0)i + (sin 6)\ + 2rk and = (—r sin 沒 ) i + (r cos 沒 ) j 

k ( 

'(-2r 2 cos 9) i - (2r 2 sin 6>)j + rk ^ |r r x r^| 


4 r r x r e 


cos 9 sin 0 2r 
-r sin 0 r cos 0 0 


\J 4r 4 cos 2 0 + 4r 4 sin 2 6 -\-x 2 = x\/ 4r 2 + 1 => A : 
J:( 17v ^ 2 -5v/ 5 ) ( 17v /I7 一 5^5) 


I: iV4r 2 + 1 drd6» = 丄 n (4r 2 + 1) 


、 3/2. 


d<9 


25. Let x = p sin </) cos 0, y = p sin (/) sin 9, and z = p cos (j) ^ p = -\/x 2 + y 2 + z 2 = \fl on the sphere. Next, 


x 2 + y 2 + z 2 = 2 and z = ^/x 2 + y 2 ^ z 2 -\-z 2 = 2 => z 2 = l ^ z=l since z > 0 => 
portion of the sphere cut by the cone, we get (j> = [ Then 


.For the lower 


4 


sin (f 

b cos i + sin (j) sin j 

-f (\/5cos 0) 

i^s/2 cos (/ 

b cos 沒 ) i + ^ \[2 cos (j) sin O^j j 

- (\/5 sin 0) 


2tt 


=> x = yjl cos ♦ cos 6 cos (f) sin 6 — \/2 sin cj) 

— \[2 sin (j) sin 6 \/~2 sin cj) cos 6 0 

(2 sin 2 cj) cos 0) i + (2 sin 2 (j) sin 0) j + (2 sin (j) cos 0)k 


|r^ x r^| = yj 4 sin 4 (j) cos 2 6 + 4- sin 4 (j) sin 2 6 4 sin 2 (j) cos 2 (j) = yj A sin 2 ♦ = 2 |sin (f)\ = 2 sin (j) 
^ A= f 0 2 JJ /4 2sin 4>d^d9 = J" (2+ v / 2)d0=(4 + 2 v ^) 7 r 


26. Let x = p sin (j) cos 6,y = p sin (j) sin 0, and z = p cos (j) ^ p = a/x 2 + y 2 + z 2 = 2 on the sphere. Next, 

z = —\ ^ —1=2 cos 0 cos (f) = — \ ^ 0 = 警 ； z = a/3 ^ y/3 = 2 cos <j) => cos ^ 0 = | • Then 
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Section 16.6 Parameterized Surfaces 1029 


r(0, 0) = (2 sin <p cos 0)i + (2 sin cj) sin 0)j + (2 cos 0)k, | < (j) < ^,0 < 6 <2 tt 
=> = (2 cos (j) cos 6)\ + (2 cos (j) sin 0)j — (2 sin 0)k and 

ro = (—2 sin (j) sin 6)\ + (2 sin 0 cos 0) j 

i j k 

今犷小 x yq = 2 cos (j) cos 0 2 cos (j) sin 汐 —2 sin 0 

—2 sin sin 6 2 sin (j) cos ^ 0 

=(4 sin 2 cj) cos 沒 ) i + (4 sin 2 0 sin 沒 ) j + (4 sin 0 cos 0)k 

|r^, x r^| = 16 sin 4 (j) cos 2 9 16 sin 4 (j) sin 2 0 16 sin 2 (j) cos 2 (j) = 16 sin 2 (j) = 4 |sin (j)\ = 4 sin (j) 

今 A = So SZ' 4 sin </)d(/)d6» = f: (2 + 2 0) d0 = (4 + 4^) tt 


27. Let the parametrization be r(x, z) = xi + x 2 j + zk 4 r x = i + 2xj and r z = k ^ r x x r z 


2xi + j =>■ |r x x r z | = \/4x 2 + 1 =>■ J f G(x, y, z) da = J q x\/4x 2 + 1 dxdz 


i j k 

1 2x 0 
0 0 1 


h (4x 2 + 1) 3/2 ' 


dz 


(17#- 1) dz 


iiy/ri-i 

4 


28. Let the parametrization be r(x, y) = xi + yj + \j 〜一 y 2 k, —2 < y < 2 r x = i and r y 




泠 r x x r y 


1 0 
0 1 


k 

0 


\/4-y 2 


泠 //G(x, y, z) dcr 
S 


^yjj + k ^ l r x X r y | 

^ dy dx = 24 


! y 2 


+ 1 




y. 


,\/4-y 2 . 


29. Let the parametrization be r(0, 沒 ） =(sin (j) cos 0)\ + (sin (j) sin 6)\ + (cos <^)k (spherical coordinates with p = 1 
on the sphere), 0<(/><7r, O<0<27r => = (cos (j) cos 6)\ + (cos (j) sin 9)j — (sin 0)k and 


= (— sin (j) sin 6)\ + (sin (j) cos 沒 ) j => r^, x 


i j k 

cos 0 cos 0 cos (/> sin 6 — sin 0 

— sin (j) sin 6 sin (j) cos 6 0 


(sin 2 (j) cos 沒 ） i + (sin 2 0 sin 汐 ) j + (sin (j) cos 0)k => |r 沴 x nl = y sin 4 (j) cos 2 0 + sin 4 (j) sin 2 0 + sin 2 0 cos 2 (j) 
sin x = sin 0 cos 0 ^ G(x ， y ， z) = cos 2 6 sin 2 cf> ^ J fG(x, y, z) da = (cos 2 0 sin 2 (j)) (sin (j)) d(j) dO 


(cos 2 ^)(1— cos 2 (j)) (sin cj)) dcj) dO; 


s 

U = COS (j) 

du = — sin (j) dcj) 


f o (cos 2 0) (u 2 — 1) dud 沒 


(cos 2 6) 




d0 =u 。 — cos2 _=![f+ 亨 ] r=f 


30. Let the parametrization be r(0, 0) = (a sin (j) cos 6)\ + (a sin (j) sin 沒 ) j + (a cos 0)k (spherical coordinates with 
p = a, a > 0, on the sphere), 0 < (^ < | (since z>0),0<6<2tt 
=> r 沴 =(a cos cj) cos 0)\ + (a cos (j) sin 0)j — (a sin 0)k and 


re = (—a sin (j) sin 6)i + (a sin cj) cos 6)\ => x Ye 


i j k 

a cos (j) cos 0 a cos (j) sin 0 —a sin (j) 

—a sin 6 sin ^ a sin 6 cos ^ 0 


(a 2 sin 2 cj) cos 0) i + (a 2 sin 2 cj) sin 0) j + (a 2 sin cj) cos 0)k 


=> |r^ x i*6/| = a 4 sin 4 0 cos 2 沒 + a 4 sin 4 (j) sin 2 沒 + a 4 sin 2 (j) cos 2 (j) = a 2 sin 0; z = a cos 0 
=>■ G(x, y, z) = a 2 cos 2 (/) => f f G(x, y, z) da = J q (a 2 cos 2 (j>) (a 2 sin (j>) d(j)d6 = 17ra 4 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 






































1030 Chapter 16 Integration in Vector Fields 


31. Let the parametrization be r(x, y) = xi + yj + (4 — x — y)k =>■ r x = i — k and r y 

k 

.+j + k ^ |r x x r y | = ^ // F(x,y,z) da 


r x x r y 


1 0 
0 1 


(4 — x — y) \/?> dydx 




4y - xy -誓 


dx 


~ x ) dx = y/3 


3^3 


32. Let the parametrization be r(r, 6) = (r cos 0)\ + (r sin ^)j + rk, 0 < r < 1 (since 0 < z < 1) and 0 < ^ $ 2 丌 

i j k 

r r = (cos 6)\ + (sin ^)j + k and = (—r sin 6)\ + (r cos 沒 ) j r r x = cos 0 sin 6 1 

—r sin 0 r cos 6 0 

=(—r cos 0)\ — (r sin 沒 ) j + rk |r r x r^| = \J (—r cos 6) 2 + (—r sin 0) 2 + r 2 = r\/2 ； z = r and x = r cos 6 
=> F(x, y, z) = r — r cos 9 => / / F(x, y, z) dcr = f Q J。（r — r cos 60 (r\/5) drd6 / = \[l £ / 0 (1 - cos 9) r 2 drd6» 

_ 2ny/l 


33. Let the parametrization be r(r, 0) = (r cos ^)i + (r sin ^)j + (1 — r 2 ) k, 0 < r < 1 (since 0 < z < 1) and 0 < ^ < 27r 


r r = (cos 6)\ + (sin 0)j — 2rk and Yq = (—r sin 6)\ + (r cos 9)} r r x 


i j k 

cos 6 sin 6 — 2r 

-r sin 6 r cos 6 0 


=(2r 2 cos 沒 ） i + (2r 2 sin 沒 ) j + rk 4 |r r x r^| = y (2r 2 cos 6) 2 -\- (2r 2 sin 0) -\-r 2 = r\/l + 4r 2 ; z 二 1 — r 2 and 
x = r cos 6 =>• H(x, y ， z) = (r 2 cos 2 0) \/1 + 4r 2 => J f H(x, y, z) da 


p2-K n 1 

lo Jo 


(r 2 cos 2 0) (\/l + 4r 2 ) (r^\/l + 4r 2 ) dr ⑽ = 上 J q r 3 (1 + 4r 2 ) cos 2 ^ dr = 劈 


34. Let the parametrization be r(0, 0) = (2 sin (j) cos 0)i + (2 sin (j) sin 6)} + (2 cos 0)k (spherical coordinates with 

p = 2 on the sphere), 0 < 0 < |;x 2 +y 2 + z 2 =4 and z 二 ^/x 2 + y 2 =>• z 2 + z 2 = 4 =>• z 2 = 2 => z = \/2 (since 
z > 0) 2 cos (j) = y/l ^ cos (j) = ^ ^ (j) = ^ , 0 < 6 < 2 tt; = (2 cos 0 cos 0)\ + (2 cos (j) sin ^)j — (2 sin 0)k 

„ k 

and yq = (—2 sin (j) sin 0)i + (2 sin (j) cos 沒 ) j x 


2 cos (j) cos 6 2 cos (j) sin 0 —2 sin (j) 

—2 sin (j) sin ^ 2 sin cos 6 0 


(4 sin 2 (j) cos 0) i + (4 sin 2 (j) sin 0) j + (4 sin (j) cos (j))k 


=> |r《x “I = \J 16 sin 4 (j) cos 2 0 + 16 sin 4 (j) sin 2 0+16 sin 2 (j) cos 2 (j) = 4 sin 0; y = 2 sin 0 sin 9 and 

n p r 2 ^ r ^/ 4 . 

z = 2 cos (j) => H(x, y, z) = 4 cos (j) sin ^ sin 0 =>• J J H(x, y ， z) dcr = 」。 J。(4 cos (j) sin (j) sin 0)(4 sin 0) d(j) d6 
=X X / 16 sin 2 0 cos 0 sin 6 d(f)d6 = 0 

35. Let the parametrization be r(x, y) = xi + yj + (4 — y 2 ) k, 0 < x < 1, —2 <y<2;z = 0 0 = 4 — y 2 

„ k 

=> y = 士 2; r x = i and r y = j — 2yk ^ r x x r y 


1 0 0 
0 1 -2y 


2yj + k => F ♦ n dcr 


F • |r x x r y | dydx = (2xy — 3z) dydx = [2xy — 3(4 — y 2 )] dydx f Jf - n dcr 


: (2xy + 3y 2 -12) dydx = fjxy 2 + y 3 - 12y] 2 _ 2 dx = £ - 


s 

32 dx = -32 
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Section 16.6 Parameterized Surfaces 1031 


36. Let the parametrization be r(x, y) = xi + x 2 j -fzk,—l<x<l,0<z<2 r x = i + 2xj and r z = k 

•i k 


r x x r z 


1 2x 0 
0 0 1 


^ f f F ' nda 

s 


2xi — j ^ F • n da = F • 


-x 2 dz dx 


|r x xr z | 


I r x x r z I dz dx = —x 2 dz dx 


37. Let the parametrization be r(</>, 6) = (a sin (j) cos 0)i + (a sin (j) sin 6)\ + (a cos cf>)k (spherical coordinates with 
p = a, a > 0, on the sphere), 0 < 0 < | (for the first octant), 0 < 0 < | (for the first octant) 

=>• =(a cos (j) cos 0)i + (a cos (j) sin 0)j — (a sin 0)k and = (—a sin (j) sin 9)i + (a sin (j) cos 6)\ 


^ x r e 


k 


a cos (j) cos 9 a cos (j) sin 0 —a sin 4> 

—a sin (j) sin 6 a sin 0 cos 0 0 

(a 2 sin 2 (f) cos 沒 ） i + (a 2 sin 2 sin 沒 ) j + (a 2 sin 0 cos (j)) k F • n dcr = F • |r^ x r^| dOdcj) 

a 3 cos 2 (j) sin (j) d6 dcj) since F = zk = (a cos 0)k f JF . n da = J o a 3 cos 2 (f) sin (j) d(j)d6 


7ra 3 

~6~ 


38. Let the parametrization be r(0, 6) = (a sin (j) cos 0)i + (a sin (j) sin 6)\ + (a cos 0)k (spherical coordinates with 
P = a, a > 0, on the sphere), 0<(j)<7T,0<6<27r 

==> = (a cos cj) cos 6)\ + (a cos (j) sin 0)j — (a sin 0)k and = (—a sin (j) sin 0)i + (a sin (j) cos 0)j 


^ x g = 


• j k 

a cos (j) cos 6 a cos (j) sin 0 —a sin (j) 
—a sin (j) sin 0 a sin 0 cos 9 0 


=(a 2 sin 2 (j) cos 沒 ） i + (a 2 sin 2 0 sin 沒 ) j + (a 2 sin 0 cos 0) k => F * n da = F - ! 工 : |r^ x r^| 

= (a 3 sin 3 (j) cos 2 0 + a 3 sin 3 (j) sin 2 0 + a 3 sin (j) cos 2 (j)) d6 dcj) = a 3 sin 0 dO dcj) since F = xi + yj + zk 
=(a sin cf) cos 6)\ + (a sin (j) sin ^)j + (a cos 0)k f fF • n da = a 3 sin (/) d(/)d^ = 47ra 3 


39. Let the parametrization be r(x, y) = xi + yj + (2a — x — y)k ,0<x<a, 0<y<a =>■ r x = i — k and r y = j — k 

k 

i+j + k > F - nda = F - |r x x r y | dydx 


令 r x x r y 


1 0 -1 

0 1 -1 


[2xy + 2y(2a — x — y) + 2x(2a — x — y)] dy dx since F = 2xyi + 2yzj + 2xzk 

2xyi + 2y(2a — x — y)j + 2x(2a — x — y)k =>■ //F-nd. 

s 

J o [2xy + 2y(2a — x — y) + 2x(2a — x — y)] dy dx = 上上 (4ay — 2y 2 + 4ax — 2x 2 — 2xy) dydx 

/ ； (4 a 3 + 3a 2 x _ 2ax2)dx=( 4 + i _2 )a 4 = l^ 


40. Let the parametrization be r(0, z) = (cos 6)\ + (sin ^)j + zk, 0 < z < a, 0 < ^ < 27r (where r = ^/x 2 + y 2 = 1 on 

„ k 

the cylinder) = (— sin 0)i + (cos G)j and r z = k => Yq x r z 


— sin 6 cos 0 0 

0 0 1 


(cos 6)\ + (sin ^)j 


=> F ♦ n dcr = F - |r^ x r z | dz = (cos 2 6 + sin 2 9) dz = dz d^, since F = (cos 0)\ + (sin 0)j + zk 

=> f fF • nda = J* o J q 1 dzd6 = 27ra 
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1032 Chapter 16 Integration in Vector Fields 


41. Let the parametrization be r(r, 0) = (r cos 6)\ + (r sin 0)j + rk, 0 < r < 1 (since 0 < z < 1) and 0 < 9 <27t 

i j k 

r r = (cos 6)\ + (sin 0)} + k and = (—r sin 0)i + (r cos 沒 ) j x r r = —r sin 0 r cos 6 0 

cos 9 sin 6 1 

=(r cos 9)\ + (r sin 6>)j — rk 4 ¥ n da = ¥ \r e x r r | d6>dr 二 （ r 3 sin 6> cos 2 0 + r 2 ) d6>dr since 

F = (r 2 sin 6 cos 沒 ) i — rk 4 ff F - nda ^ fo Vo (r 3 sin 9 cos 2 9r 2 ) dr d9 = J q (^sin^ cos 2 6 d6 


[—占 cos 3 6>+ f] 


Z7V _ 2tt 

o _ T 


42. Let the parametrization be r(r, 0) = (r cos 6)\ + (r sin 6)] + 2rk, 0 < r < 1 (since 0 < z < 2) and 0 < 6 <2ir 


r r = (cos 6)\ + (sin 6)\ + 2k and = (—r sin 6)\ + (r cos ^)j ^ yq x r r 


i j k 

-r sin 9 r cos 6 0 
cos 6 sin 0 2 


=(2r cos 0)i + (2r sin <9)j - rk ^ F • n da = F • \r e x r r | d6>dr 
=(2r 3 sin 2 0 cos 9 + 4r 3 cos 沒 sin 沒 + r) d 沒 dr since 

F = (r 2 sin 2 6>) i + (2r 2 cos(9)j -k ff F - nda = fo fc (2r 3 sin 2 6 cos 6 + 4r 3 cos 0 sin 9 r) dr d6 


Q sin 2 0 cos 0 + cos ^ sin ^ d9 = sin 3 Q sin 2 ^ | ^ 


43. Let the parametrization be r(r, 6) = (r cos 6)\ + (r sin 沒 ) j + rk, 1 < r < 2 (since 1 < z < 2) and 0 < 6 <27t 

i j k 

r T = (cos 6)\ + (sin 6)\ + k and = (—r sin 6)i + (r cos 0)i => re x r r = —r sin 9 r cos 6 0 

cos 6 sin 6 1 

=(r cos 6)\ + (r sin 6)\ — rk 今 F -° d - = F -S |r^ x r r | d^dr = (—r 2 cos 2 9 — r 2 sin 2 ^ — r 3 ) dr 
=(—r 2 — r 3 ) d^dr since F = (—r cos 6)\ — (r sin 0)\ + r 2 k =>• f f F • n da = 工 0 (—r 2 — r 3 ) drdO = — ^ 


44. Let the parametrization be r(r, 6) = (r cos 0)\ + (r sin ^)j + r 2 k, 0 < r < 1 (since 0 < z < 1) and 0 < 6 < 27t 

v k 

=> r r = (cos 6)\ + (sin 9)j + 2rk and yq = (— r sin 0)i + (r cos 6)j => yq x r r 


(2r 2 cos 沒 ) i + (2r 2 sin j — rk => F - n dcr = F ■ 


(8r 3 — 2r) d 沒 dr since F = (4r cos 0)\ + (4r sin 0)} + 2k =>• //F.nda 

s 


-r sin 6 r cos 0 0 

cos 6 sin 6 2r 

|r e x r r | d6»dr= (8r 3 cos 2 9 + 8r 3 sin 2 9 - 2r) d6 dr 
"'(8r 3 -2r)drd6» = 27r 


r*2ir 

lo Jo 


45. Let the parametrization be 0) = (a sin (j) cos 6)\ + (a sin <p sin ^)j + (a cos 0)k ,0<^)<|,0<0<| 
=>■ = (a cos (j) cos 6)\ + (a cos (j) sin 汐 ) j — (a sin 0)k and = (—a sin (j) sin 6)\ + (a sin (j) cos 6)} 

i i k 


a cos (j) cos 0 a cos (j) sin 6 —a sin 0 
—a sin 6 sin 0 a sin 6 cos 9 0 


4 x r e 

— (a 2 sin 2 (j) cos 0) i + (a 2 sin 2 (j) sin 0) j + (a 2 sin (j) cos 0) k 


=> |r^ x r^| = \J a 4 sin 4 (j) cos 2 沒 + a 4 sin 4 0 sin 2 沒 + a 4 sin 2 (j) cos 2 (j) = a 4 sin 2 (f) = a 2 sin (j). The mass is 

M = J J da = f ^ J s i n (/)) d(j)d9 = ^ ; the first moment is M yz = f fx da 

s 

= I the centroid is located at (|, |, |) by 

symmetry 


J 0 J 0 ^ (a sin (/> cos 6) (a 2 sin cj>) d(/> d0 = ^ 


4 x : 
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46. Let the parametrization be r(r, 0) = (r cos 6)\ + (r sin 0)j + rk ， 1 < r < 2 (since 1 < z < 2) and 0 < 6 < 2n 

i j k 

r r = (cos 6)\ + (sin 0)} + k and = (—r sin 0)i + (r cos 沒 ) j ^ x r r = —r sin 0 r cos 6 0 

cos 0 sin 9 1 

=(r cos 6)i + (r sin 6)\ — rk => |r^ x r r | = \J r 2 cos 2 6 -\-r 2 sin 2 0 -\-r 2 = r\f2. The mass is 


M = f f 6 da 


(^l4^/2jn6 


^ Z 


(30) ?n5 

moment of inertia is I z = J J 6 (x 2 + y 2 ) dcr 

S 

R z = \[h = \[\ 


^ 6 x\J~2 drd^ = (3 V^) 7r<5; the first moment is M xy = J J 6z da = J q <5r(r\/5) 

(14 @7^ 

y => the center of mass is located at (0,0, y) by symmetry. The 

7 15\/2) 


drdO 


c V ㈣ 


drd9 


^ the radius of gyration is 


47. Let the parametrization be r(0, 6) = (a sin (j) cos 6)\ + (a sin (j) sin 0)j + (a cos (f>)k ,0<(j)<7r,0<6<27r 
=>■ Yff, = (a cos (j) cos 0)i + (a cos (j) sin 6)\ — (a sin 0)k and = (—a sin 0 sin 6)\ + (a sin (j) cos 6)} 


^ x r e = 


i j k 

a cos (j) cos 0 a cos (j) sin 6 —a sin 0 

—a sin cj) sin 6 a sin 0 cos 9 0 


=(a 2 sin 2 (j) cos 0) i + (a 2 sin 2 (j) sin 0) j + (a 2 sin (j) cos (j>) k 

=> |r 沴 x rd = \J a 4 sin 4 0 cos 2 沒 + a 4 sin 4 (j) sin 2 沒 + a 4 sin 2 (j) cos 2 (j) = \J a 4 sin 2 (j) = a 2 sin (j). The moment of 

inertia is I z = f f 6 (x 2 -h y 2 ) da = J' J 6 [(a sin (j) cos 6) 2 + (a sin (j) sin 9) 2 ] (a 2 sin (j)) d(j) d6 
S 00 

=X 上 <5 (a 2 sin 2 0) (a 2 sin (/)) dc/) dO = Sa 4 sin 3 (/> dc/)d9 = 6a 4 [(— | cos 0) (sin 2 0 + 2)] ^ 


48. Let the parametrization be r(r, 0) = (r cos 6)\ + (r sin ^)j + rk, 0 < r < 1 (since 0 < z < 1) and 0 < 0 <2n 

i j k 

r T = (cos 0)i + (sin 6)\ + k and = (—r sin Q)\ + (r cos 0)i => x r r = —r sin 0 r cos 9 0 

cos 9 sin 9 1 

=(r cos 6)\ + (r sin 0)] — rk => |r^ x r r | = r 2 cos 2 9 -\-r 2 sin 2 0 + r 2 = r\/2. The moment of inertia is 


Iz = // <5(x 2 +y 2 )da 

s 


r»27r /»1 

lo Jo 


Sr 2 (r^) 


drd6> 


2 


49. The parametrization r(r, 6) = (r cos 6)\ + (r sin 0)} + rk 
at P 0 = ( 2 ) ^ 9 = ^ ,r = 2, 

r r = (cos 6)\ + (sin 0)j + k = ^ i + ^ j + k and 
yq = (—r sin 沒 ) i + (r cos 0)\ = - \/2\ + y/l\ 


^ r r x re = 



J ： k 

^2/2 1 
\fl 0 


z 



= — \[2\ — \/2j + 2k =>■ the tangent plane is 

0 = (— + 2k) • (x — \/2) i + (y — j + ( z - 2)k => y/2x + \/2y - 2z = 0, or x + y - \flT — 0. 

The parametrization r(r, 0) ^ x = r cos 沒 ， y = r sin 沒 and z = r x 2 + y 2 = r 2 = z 2 => the surface is z = /x 2 + y 2 . 
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1034 Chapter 16 Integration in Vector Fields 

50. The parametrization r(0, 0) 

=(4 sin cj) cos 6)\ + (4 sin (j) sin 6)\ + (4 cos 0)k 
at Po = ( \/^， p = 4 and z = 2^/ 3 

= 4 cos 0 =>• 0=|; also x = \/2 and y = \[2 
0 = ^ . Then 

=(4 cos 4> cos 6)\ H- (4 cos (j) sin 0)j — (4 sin 0)k 
= yj~6\ + - 2k and 

Ye = (—4 sin cj) sin 6)\ + (4 sin (j) cos 6)} 

i j 

= \pl\ + at P 0 => x r6/ = \/6 

-\/2 

= 2\/2i + 2\/2j + 4\/3k => the tangent plane is 



k 

-2 

0 


(2 々 + 2V^j + 4#) • [(x - 0) i + (y — 0) j + (z - 20) k] = 0 ^ ^2x+ V^y + 20Z = 16, 

or x + y + y/6z = 8\/ 2. The parametrization => x = 4 sin 多 cos 6,y = 4 sin cj) sin 6,z = 4 cos (j) 

=> the surface is x 2 + y 2 + z 2 = 16, z > 0. 


51. The parametrization r ( 沒， z) = (3 sin 29)i + (6 sin 2 沒 ) j + zk 
at Pq = ’ I ’ 0) ^ ^ = I and z = 0. Then 


r d = (6 cos 26)i + (12 sin 0 cos ^)j 
=—3i + 3\/3j and r z = k at Pq 


4 x r z = 


i j k 

-3 3^/3 0 =3v^i + 3j 
0 0 1 


^ the tangent plane is 

(3+ 3j) . (x — i + (y _ 臺 ) j + (z _ 0)k = 0 
=> \/3x + y = 9. The parametrization => x = 3 sin 26 


z 



and y = 6 sin 2 (9 ^ x 2 + y 2 = 9 sin 2 26 + (6 sin 2 6) 2 

= 9(4 sin 2 6 cos 2 0) + 36 sin 4 6 = 6{6 sin 2 6) = 6y =>• x 2 + y 2 — 6y + 9 = 9 ^ x 2 + (y — 3) 2 = 9 


52. The parametrization r(x, y) = xi + yj — x 2 k at 

Po = (1,2, —1) => r x = i — 2xk = i — 2k and r y = j at P 。 


^ r x x r y = 


i j k 

1 0 -2 
0 1 0 


= 2i + k 4 the tangent plane 


is (2i + k) • [(x - l)i + (y - 2)j + (z + l)k] = 0 
^ 2x + z = 1. The parametrization =>• x = x，y = y and 
z = —x 2 ^ the surface is z = — x 2 


z 


y 



53. (a) An arbitrary point on the circle C is (x, z) = (R + r cos u, r sin u) (x, y, z) is on the torus with 
x = (R + r cos u) cos v, y 二 (R + r cos u) sin v, and z = r sin u, 0 < u < 2tt, 0 < v < 27t 
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Section 16.7 Stoke’s Theorem 1035 


(b) r u = (—r sin u cos v)i — (r sin u sin v)j + (r cos u)k and r v = (—(R + r cos u) sin v)i + ((R + r cos u) cos v)j 


r u x r v = 


i j k 

—r sin u cos v —r sin u sin v r cos u 

—(R + r cos u) sin v (R + r cos u) cos v 0 


=—(R + r cos u)(r cos v cos u)i — (R + r cos u)(r sin v cos u)j + (—r sin u)(R + r cos u)k 
4 |r u x r v | 2 = (R + r cos u) 2 (r 2 cos 2 v cos 2 u + r 2 sin 2 v cos 2 u + r 2 sin 2 u) =>• |r u x r v | = r(R + r cos u) 

A = (rR + r 2 cos u) du dv = 27rrR dv = 47r 2 rR 


54. (a) The point (x, y, z) is on the surface for fixed x = f(u) when y = g(u) sin (| — v) and z = g(u) cos — v) 

x = f(u), y = g(u) cos v, and z = g(u) sin v => r(u, v) = f(u)i + (g(u) cos v)j + (g(u) sin v)k, 0 < v < 2 丌， 
a < u < b 

(b) Let u = y and x = u 2 =>• f(u) = u 2 and g(u) = u =>• r(u, v) = u 2 i + (u cos v)j + (u sin v)k, 0 < v < 27r, 0 < u 


55. (a) Let w 2 + _ = 1 where w = cos 0 and ■ = sin 沴 => 



=cos 2 




=cos (j) cos 0 and ^ = cos 0 sin 6 


x = a cos 6 cos (/>, y = b sin 0 cos 0, and z = c sin </> 

=>• r(6, (j)) = (a cos 0 cos (j>)\ + (b sin 0 cos 0)j + (c sin </>)k 
(b) = (—a sin 0 cos (j))\ + (b cos 6 cos </>)j and r 冷 =(—a cos 6 sin (j>)\ — (b sin 9 sin 0)j + (c cos 0)k 


4 r e xr (f) = 


i j k 

—a sin 9 cos (j) b cos 6 cos (j) 0 

—a cos 6 sin (j) —b sin 0 sin (p c cos (j) 


— (be cos 0 cos 2 0) i + (ac sin 9 cos 2 0) j + (ab sin cf) cos 0)k 

4 |r^ x r^| 2 = b 2 c 2 cos 2 0 cos 4 4> + a 2 c 2 sin 2 0 cos 4 0 + a 2 b 2 sin 2 0 cos 2 (j), and the result follows. 

A # X X l r ^ x r ^l ^ — X f 0 l a 2 b 2 sin 2 cf) cos 2 0 + b 2 c 2 cos 2 9 cos 4 0 + a 2 c 2 sin 2 6 cos 4 (j)} 1/2 d(f> d6 


56. (a) r(0, u) = (cosh u cos 6)\ + (cosh u sin 9)} + (sinh u)k 

(b) r(0, u) = (a cosh u cos 6)i + (b cosh u sin 0)j + (c sinh u)k 

57. r(6, u) = (5 cosh u cos 6)\ + (5 cosh u sin 6)j + (5 sinh u)k yq = (—5 cosh u sin 6)i + (5 cosh u cos 6)} and 
r u = (5 sinh u cos 0)i + (5 sinh u sin 0)] + (5 cosh u)k 

i j k 

=> x r u = —5 cosh u sin 6 5 cosh u cos 9 0 

5 sinh u cos 6 5 sinh u sin 6 5 cosh u 

=(25 cosh 2 u cos 沒） i + (25 cosh 2 u sin 沒 ) j — (25 cosh u sinh u)k. At the point (xq, yo, 0), where xg + yg = 25 
we have 5 sinh u = 0 u = 0 and xq = 25 cos 9, yo = 25 sin 0 ^ the tangent plane is 
5(x 0 i + y 0 j) • [(x - x 0 )i + (y- y 0 )j + zk] = 0 令 x 0 x - xg + y 0 y - yg = 0 令 x 0 x + y 0 y = 25 

58. Let 多 一 w 2 = 1 where ■ = cosh u and w = sinh u => w 2 = ^ + p- ^ = w cos 6 and ^ = w sin ^ 

=> x = a sinh u cos 6,y = b sinh u sin 0, and z = c cosh u 

=> r(0, u) = (a sinh u cos 0)\ + (b sinh u sin 0)j + (c cosh u)k, 0 < 0 < 2tt, —oo < u < oo 


16.7 STOKES’ THEOREM 


1. curl F = ▽ x F 



i 

J 

k 



d 

d 

d 


_ 

dx 

dy 

dz 

— 


X 2 

2x 

z 2 



= Oi + Oj + (2 — 0)k = 2k and n = k curl F • n = 2 ^ da = dxdy 


=> J> c F • dr = f f 2 dA = 2(Area of the ellipse) = 4n 
R 
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5. curl F = ▽ x F 


i J k 

AAA 

dx dy dz 

y 2 + z 2 x 2 + y 2 x 2 + y 2 


2yi + (2z — 2x)j + (2x — 2y)k and n = k 


=> curl F • n = 2x — 2y ^ da = dxdy 夕。 F • dr 


,(2x 


2y)dxdy = [' [x 2 - 2xy] ^ dy 


/_! -4y dy = 0 


6. curl F 二 ▽ x F 


curl F • n 


i j k 

AAA 

dx dy dz 

x 2 y 3 1 Z 


- x 2 y 2 z; da 


Oi + Oj — 3x 2 y 2 k and n 


2xi + 2yj + 2zk — xi + yj + zk 
2y/x 2 + y 2 + z 2 4 


dA (Section 16.5, Example 5, with a = 4) ^ ^ F * dr 


ff (~4 x 2 y 2 z) ( 會 ） dA = —3 /厂 J; (r 2 cos 2 0) (r 2 sin 2 6») r drd0 


(cos 6 sin 0) 2 dO 


-32 丄 Isin^ede 


-4 I sin 2 u du 


-4 [I 


sin zu 

J 0 


-87T 


3 cos t and y = 2 sin t => F = (2 sin t)i + (9 cos 2 1) j + (9 cos 2 1 + 16 sin 4 1) sin e \/( 6sintcost Ko)k at the 


base of the shell; r = (3 cos t)i + (2 sin t)j => dr = (—3 sin t)i + (2 cos t)j => F 


dr 

* dT 


-6 sin 2 1 + 18 cos 3 1 


4 J f v x F * n dcr 

s 


(—6 sin 2 1 + 18 cos 3 1) dt = [—3t + | sin 2t + 6(sin t) (cos 2 1 + 2)] 


2?r 

0 


— 67T 


令 n = and p = j ^ | V f*p| = 1 ^ da = dA = | ▽ f | dA; ▽ x F • n = 南 (-2j . ▽ f )= 扁 

4 V x F * n dcr = -2 dA =>• ffv x F • n dcr = J J —2 dA = —2(Area of R) = — 2 (丌 • 1 • 2) = —47r, where R 

S R 

is the elliptic region in the xz-plane enclosed by 4x 2 + z 2 =4. 


8. curl F = ▽ x F 


—2j ; f(x, y, z) = 4x 2 + y + z 2 =>• ▽f=8xi+j + 2zk 


4. curl F 二 ▽ x F 


(2y — 2z)i + (2z — 2x)j + (2x — 2y)k and n = 


=> curl F • n = * (2y — 2z + 2z — 2x + 2x — 2y) = 0 ^ F - dr = J J Oder = 0 


3. curl F 


f (z — l)k and n = 1+ ^| k curl F • n 


73 


： F-dr = ff *(-3x + z-1)0 


dA 


-fo(l + 3X - 7 2 x2 ) dX 


… :— X (-4x-y)dydx= £- [4x(1 - x) + i (1 - x) 2 


dx 


2. curl F = ▽ x F 


4 


£ 〜 


Oi + Oj + (3 — 2)k = k and n = k => curl F • n = 1 da = dxdy 


F • dr = J J dxdy = Area of circle = 9n 
R — 


▽ x F 



i 

j 

k 



d 

d 

d 


— 

dx 

dy 

dz 

— 


y 

xz 

X 2 



=—xi — 2xj - 

(-x — 2x + z — 1) => da = ^ dA £ 
f 1_X [-3x + (1 _ X _ y) - 1] dy dx = f [ 


k alaz 


X 

y 




alcg 


y 

kAazH- 
2 
X 

2 

z 

jAcg* + 




z 

+ 


k 羞 —z 

jA^y3x 
i Acs2y 
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d_ d_ 

dx dy 

y — z z — x 


f J ▽ x F * n dcr = f f ( 2 ry 3 cos 6 — rx 2 ) drd^ = 


ie Exercise 13 above) 
( 2 r 4 sin 3 0 cos ^ — r 3 cos 2 0) dr d6 


13. ▽ x F 


4 r r x r e 


5i + 2j + 3k; r r = (cos 0)\ + (sin 0)} — 2rk and = (—r sin 0)i + (r cos 0)} 


i j k 

cos 0 sin 6 — 2 r 

-r sin 6 r cos 6 0 


( 2 r 2 cos 6) i + ( 2 r 2 sin 6>)j + rk;n= and da = |r r x r^| drd 6 > 


4 ▽ x F • n da = ( ▽ x F) • (r r x n) dr = (10r 2 cos 6 + 4r 2 sin 9 + 3r) drd^ =>• J/vxF-nda 

s 

=f: f Q (10r 2 cos 0 + 4r 2 sin 0 + 3r) drd9 = f Q " [f r 3 cos 0 + f r 3 sin 6> + | r 2 ] ^ d6 
=J (y cos ^ + y sin ^ + 6 ) = 6(27r) = 127r 


14. v x F 


— 2 j — 2 k; r r x = ( 2 r 2 cos 沒 ) i + ( 2 r 2 sin 沒 ) j + rk and 

< F * n dcr 


> 


10 . ▽ x (yi)= 


_k;n= ivff = 2^x2 d: = xi + yj + zk 


=> ▽ x (yi) • n = —z; da = * dA (Section 16.5, Example 5, with a = 1) //Vx(yi).nd. 

s 

=J f (—z) (i dA) = — J J dA = — 7 r, where R is the disk x 2 + y 2 < 1 in the xy-plane. 

R Z R 

11. Let Si and S 2 be oriented surfaces that span C and that induce the same positive direction on C. Then 

IIVXF ■ nx f F ■ dr = f f v x F • n 2 da 2 

Si s 2 


12 . ffv x F - nda = ffv x F • n da + f J ▽ x F - n dcr, and since Si and S 2 are joined by the simple 
S Si S 2 " 

closed curve C, each of the above integrals will be equal to a circulation integral on C. But for one surface 
the circulation will be counterclockwise, and for the other surface the circulation will be clockwise. Since the 
integrands are the same, the sum will be 0 => ffv X F • n dcr = 0. 


9. Flux of v x F = ffv x F • n dcr = 9 F - dr, so let C be parametrized by r = (a cos t)i + (a sin t)j, 
' jj j c ■ 

0 < t < 27r ^ 蒂 = (—a sin t)i + (a cos t)j ^ F •塞 =ay sin t + ax cos t = a 2 sin 2 1 + a 2 cos 2 1 = a 2 

^ Flux of v x F = ^ F • dr = J a 2 dt = 27ra 2 


▽ x F • n dcr = ( ▽ x F) - (r r x r^) drd9 (see Exercise 13 above) JJ V > 

s 

上 (—2r 2 cos 6 — 4r 2 sin 6 — 2r) drd9 = [— | r 3 cos 0 — | r 3 sin 0 — r 2 ] 


/o Jo 

n2n 


(—18 cos 6 > - 36 sin - 9) d9 = — 9(2tt) = -18 丌 


15. ▽ x F 



i 

J 

k 


i 

— 

d 

dx 

d 

dy 

d 

dz 

— —2y 3 i + Oj — x 2 k ； r r x — 

cos 6 


x 2 y 

2 y 3 z 

3z 


—r sin 


sin 6 


(—r cos 6)\ — (r sin 0)\ + rk and ▽ x F • n dcr = ( ▽ x F) - (r r x r^) drd^ (se 


z 

k 基 + 

X 


k 1 o 


k 务 o 

jA C& o 

iAaxy 


k ales ^ 
j 悬 3X 

i5C 62 Z 
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1038 Chapter 16 Integration in Vector Fields 



sin 3 9 cos 0 — 


^ cos 2 沒 )sin 4 0 — 


l (0 \ Sin 26 \ ] 2?r _ 

4 V2 4~ /J 0 ' 


7T 

4 



i j 

k 


i j 

k 

16. ▽ x F = 

d d 

dx dy 

d 

di 

=i+j + k;r r x r 0 = 

cos 6 sin 0 

-1 


x — y y — z 

z — X 


—r sin 0 r cos 0 

0 


=(r cos 6)\ + (r sin 0)} + rk and ▽ x F • n dcr = ( ▽ x F) - (r r x r^) drd^ (see Exercise 13 above) 




J J V x F • n da = 

s 



(r cos ^ + r sin ^ + r) dr = 


f Q (cos 沒 + sin 0 + 1 ) 会 


5 

◦ d6> = (f) (2 tt) = 25tt 



i j k 



17. ▽ xF = 

d_ d_ d_ 

dx dy dz 


= 0i + 0j-5k; 


3y 5 — 2x z 2 — 

i 

2 

j k 

r (f) xr e = 

COS (j) cos 0 

•\/3 cos (j) sin 6 — ^/3 sin (f) 


—yj 3 sin cj) sin 9 

\/3 sin (j) cos 0 0 


=(3 sin 2 (j) cos 沒 ） i + (3 sin 2 (j) sin 沒 ) j + (3 sin (j) cos 0)k; ▽ x F • n da = ( ▽ x F) - (r^, x r^) dcj) d6 (see Exercise 
13 above) => f f ▽ x F • n da = f Q f Q —15 cos (j) sin (/> d(/)d9 = ^ cos 2 0] d0 = J q — y = —157r 


18. v x F 


x r e 


d_ 


d_ 


d_ 

dz 


-2zi 


2yk; 


k 


2 cos (j) cos 6 2 cos (j) sin 6 —2 sin cj) 

—2 sin (j) sin 6 2 sin cj) cos 6 0 


=(4 sin 2 (j) cos 沒 ） i + (4 sin 2 (j) sin 沒 ) j + (4 sin (j) cos 0)k; ▽ x F • n dcr = ( ▽ x F) - (r^, x r^) d0 (see Exercise 

13 above) => f f v xF-nd<j = f J (—8z sin 2 (j) cos 6 — 4 sin 2 0 sin 沒 一 8y sin 0 cos 沒 ） d0 d 沒 
S R 

X 27T 广 7r/2 

J 。(—16 sin 2 cj) cos (j) cos 9 — 4 sin 2 0 sin ^ — 16 sin 2 (j) sin 0 cos 0) d0 
= [-竽 sin 3 0cos^-4(f - 亨 ）（sin 的 —16 ( 鲁 -(sin 6 cos 0)] ^ d6 
=X (~ y cos 0 — n sin 6 — 4n sin 6 cos 6) dO = [—孕 sin 0 + 7r cos Q — 2tt sin 2 = 0 


19. (a) F = 2xi + 2yj + 2zk => curl F = 0 =>• ^ F • dr = f f ▽ x F - n dcr = J f 0 da = 0 

c S S 

(b) Let f(x, y, z) = x 2 y 2 z 3 => ▽xF=^x curl F = 0 4 £ F • dr = // V xF-nda 

s 

= f f 0da = 0 

S 

(c) F = ▽ x (xi + yj + zk) = ()=>▽ xF = 0 ^ F-dr 二 // ▽ x F * n dcr = f f 0 da = 0 

(d) F=v f ^ xF = \/x\/f=0^^F -dr = ff ▽xF-ndcr = JJOdcr = 0 

’ 、 s s 

20. F = V f= -I(x 2 +y 2 + z 2 )' 3/2 (2x)i — | (x 2 + y 2 + z 2 )' 3/2 (2y)j - | (x 2 + y 2 + z 2 )' 3/2 (2z)k 
=—x (x 2 + y 2 + z 2 )' 3/2 i — y (x 2 + y 2 + z 2 )' 3/2 j - z (x 2 + y 2 + z 2 )' 3/2 k 

(a) r = (a cos t)i + (a sin t)j, 0 < t < 27r => 塞 =(—a sin t)i + (a cos t)j 

# F • f = -x (x 2 + y 2 + z 2 ) _3/2 (-a sin t) - y (x 2 + y 2 + z 2 ) 一 3/2 (a cos t) 

= (— (—a sin t) — (a cos t) = 0 ^ F • dr = 0 
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v x F * n = -2 ^ 2y dx + 3z dy - x dz = £ F • dr = If V xF-nda = ff -2 da 
=—2 f f da, where f f dcr is the area of the region enclosed by C on the plane S: 2x + 2y + z = 2 


22. v x F 


23. Suppose F = Mi + Nj + Pk exists such that ▽ xF=( 霉 — 養 ^i+ (瓷一 f)j + ( 翯 - 繫 ): 


xi + yj + zk. Then 


d dP dN 




(X) 4 


d 2 P 


d 2 N 


.d 2 M _ d 2 ? 
dydz dydx 


1 and 


d_ dN 
dz I dx 


dM\ 

W) 


dxdy dxdz 


di 


(z ) 今 


a 2 N — d 2 M 
dzdx dzdy 


1. Likewise, 悬 ( 瓷 — f) = 悬 (y) 

1. Summing the calculated equations 


4 


d 2 P 


d 2 P 


d 2 N 


i + ( — ) = 3 or 0 = 3 (assuming the second mixed partials are 

equal). This result is a contradiction, so there is no field F such that curl F = xi + yj + zk. 


24. Yes: If v x F = 0, then the circulation of F around the boundary C of any oriented surface S in the domain of 

F is zero. The reason is this: By Stokes's theorem, circulation = • dr = f f ▽xF-ndcr = If 0 • n dcr 

。 f s s 

= 0 . 

25. r = V x2 + y 2 今 r 4 = (x 2 + y 2 ) 2 今 F = ▽ (r 4 ) = 4x (x 2 + y 2 ) i + 4y (x 2 +y 2 )j = Mi + Nj 

今 £ ▽ (r 4 ) • n ds = £ F . n ds = £ M dy — N dx = // (瓷 + 鸳 ) dxdy 

二 ff [4 (x 2 + y 2 ) + 8x 2 + 4 (x 2 + y 2 ) + 8y 2 ] dA = f f 16 (x 2 + y 2 ) dA = 16 // x 2 dA + 16 // y 2 dA 
R R R R 

=16I V + 16I X . 


26. t=0,f =0,f =0,f 


dy 


(5 二 yV ，當 =(5 二 yV 泠 CUrl F = 
=> r = (cos t)i + (sin t)j => 塞 =(—sin t)i + (cos t)j 


y 2 -x 2 
_ (x 2 +y 2 ) 2 


y 2 -x 2 

(x2+y2) 2 _ 


k = 0. 


However, x 2 + y 2 二 

4 F = ( — sin t) i + (cos t) j ^ F • 塞 =sin 2 1 + cos 2 1 
not zero. 




F-dr 


1 dt = 2 丌 which is 


16.8 THE DIVERGENCE THEOREM AND A UNIFIED THEORY 


F 


-yi+xj 
\/x 2 + y 2 


O divF 


xy-xy — n 

( x 2 +y 2)3/2 - 


2. F = xi + yj ^ divF 


3. F 


GM(xi + yj + zk) 


(x 2 +y 2 +z 2 ) 


3/2 


O divF ： 


-GM 


(x 2 +y 2 + z 2 ) 3/2 -3x 2 (x 2 + y 2 + z 2 ) 1/2 
(x 2 + y 2 +z 2 ) a 


GM 


(x 2 +y 2 + z 2 ) 3/2 -3y 2 (x 2 + y 2 + z 2 ) 1/2 
(x 2 +y 2 +z 2 ) 3 


GM 


(x 2 +y 2 + Z 2 ) 3/2 - 3z 2 (x 2 +y 2 + z 2 ) 1/2 
(x 2 +y 2 +z 2 ) 3 


21. Let F = 2yi + 3zj — xk =>• ▽ x F 


—3i + j — 2k; n 


2i + 2j + k 
3 


(b) 


F-dr ： 




x F • n da 




x ▽ f • n da 




0 • n dcr 


f s f0d -° 


k 羞 z 

jA^yy 

•1Acgx 


k 羞 ― X 

jA% 3 Z 

i Acs2y 
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1040 Chapter 16 Integration in Vector Fields 

_ [3 ( 祝 + 卹」 (X 2 +y 2 +z2) (X 2 +y2+z2) 1 

- _GM (x 2 +y 2 +z 2)V2 J - 0 

4. z = a 2 — r 2 in cylindrical coordinates z = a 2 — (x 2 + y 2 ) ^ v = (a 2 — x 2 — y 2 ) k ^ div v = 0 

5. 羞 (y — x) = — 1 ， 矣 (z — y) = -1 ， 羞 (y - x) = 0 今 ▽ • F = -2 4 Flux = f—J—J—r 〗 dxdydz = -2 (2 3 ) 
=-16 


6 . i (X 2 ) = 2 x ， 暴 (y 2 ) = 2 y ， 蠢 (z 2 ) = 2z ^ V • F = 2x + 2y + 2z 


(a) Flux 


(b) Flux 


(2x + 2y + 2z) dx dy dz : 


[x 2 + 2x(y + z)] 0 dy dz 



[y(l + 2z) + y 2 ] 0 dz = J q (2 + 2z) dz = [2z + z 2 ] 0 = 3 

(2x + 2y + 2z) dx dy dz = i [x 2 + 2x(y + z)] ^ dy dz : 


(1 + 2y + 2z) dy dz 


(4y + 4z) dy dz 


[2y 2 + 4yz] dz = J 8z dz = [4z 2 ] : 


0 


(c) In cylindrical coordinates, Flux = f f f (2x + 2y + 2z) dx dy dz 

D 

n P (2rcos ^ + 2r sin ^ + 2z) r dr dz = f J [| r 3 cos ^ | r 3 sin ^ + zr 2 ] ^ dz 


to JO JO 
n\ n2n 


(y cos 0 + y sin 0 + 4z) d0 dz 


「16 


in 沒 一 y cos 沒 + 4z^] q'' dz = J 87tz dz = [47rz 2 ] J = 47t 


矣 (y) = 0, 悬 (xy) = x ，羞 (—z) — — 1 => ▽ - F = x—l;z = x 2 +y 2 => z = r 2 in cylindrical coordinates 




Flux = f f f (x — 1) dz dy dx 


n2n r»2 

lo Jo »- 


(r cos 0 — 1) dz r dr d0 = (r 3 cos 0 — r 2 ) r drd0 


^ cos 6> - ^ 


dO 


F (f cos 0-4) dO=[f sin 9 - 40] ^ = -8tt 


8 . 




(X 2 ) = 2x ， 悬 (xz) = 0, 基 (3z) 




V • F = 2x + 3 ^ Flux = III (2x + 3)dV 


D 


2 r»27r pn 「4 I 2 

(2/9 sin 4> cos 0 + 3) (p 2 sin </>) dp dcf) 66 二丄 J。y sin 0 cos 0 p 3 sin (j) dcj) dd 


JO 

32tt 


上 （8 sin 0 cos 0 + 8) sin (p d(/)d0 = J q [8 ( 畫一 cos 6 — S cos cf)\^ d9 = J q (47t cos 6 + 16) d9 


9 . 桌 (x 2 ) = 2x ， 务 (-2xy) = -2x ， 羞 (3xz) = 3x => Flux = fff 3x dxdydz 

D 

= 上上 〆 上 （ 3p sin 0 cos 沒 )(p 2 sin 0) dp d</> = 上 〆 上 〆 12 sin 2 (j) cos 6 dcj) d6 = 3n cos 6 dO = 3n 

10. 矣 (6x 2 + 2xy) = 12x + 2y ， 悬 (2y + x 2 z) = 2, 羞 (4x 2 y 3 ) = 0 4 ▽•F=12x + 2y + 2 
=>• Flux = J J J (12x + 2y + 2) dV = 上上上 (12r cos 0 + 2r sin 0 + 2)r dr d 沒 dz 

=X X / (32 CQS ^ + y sin ^ + 4) d0dz = (32 + 2 丌 + y) dz = 112 + 6 兀 


11 . 


桌 (2xz) = 2z, 务 (_xy) = -x ， 基 (—z 2 ) = —2z 4 • F = -x $ Flux = /// -x 

n 


n \/l6 — 4x 2 广 4 — y 

I Jo 


dV 


—x dz dy dx 


p2 n\/l6-4x 2 


/o Jo 


(xy — 4x) dy dx 


▲ x (16 - 4x 2 ) — 4x^16 - 4x : 


4x 2 - i x 4 + i (16 - 4 x 2 ) 3/2 


f 


dx 
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12. 羞 (x 3 ) = 3x 2 , 易 (y 3 ) = 3y 2 , 赢 (z 3 ) = 3z 2 今 ▽ - F = 3x 2 + 3y 2 + 3z 2 今 Flux = /// 3 (x 2 + y 2 + z 2 ) dV 
= 3 /:/; XV (〆 sin ⑹ dp # d0 = 3 /:/: f Sin 柯 d0 = 3 f: 2 ~f d0 = ¥ 

13. Let^^+^+z 2 - Then 髮 =，，| = 卜髮 = 言今是 (px)= ( 塞 ) x + p = 专 + p ， | (py) = (|) y + p 
= + P，§1 (z° z )= ( 瓮 ) z + P=j + P V - F = x 2 + p + z ' + 3p = 4p, since p = y^+yS + z 2 

4 Flux = fff 4p dV = / 广 (4p) (p 2 sin 0) dp # d0 = f:£ 3 sin (f> d(f>d6 = 6 d6 = 12 丌 


14. Let p = -\/x 2 + y 2 + z 2 . Then 


dp 

dy 


dp 

dz 




d_ 


⑴: 

^ Flux 


d 


and 


di 


⑴ 


⑴ = 卜 (a 


dp 


7' 


Similarly, 


UP ， 


x 2 +y 2 +z 2 — 2 
^ ^ — 一 P 

r»27r 


- j 4 ▽ -F = 

〔 ⑴ (〆 sin — d6> = 3 sin $ d0 d(9 


6 d 0 = 12tt 


15 • 矣 (5x 3 + 12xy 2 ) = 15x 2 + 12y 2 , 悬 (y 3 + e y sin z) = 3y 2 + e y sin z ， 羞 (5z 3 + e y cos z) = 15z 2 — e y sin z 

4 • F = 15x 2 + 15y 2 + 15z 2 = I5p 2 =>• Flux = fff 15p 2 dV = £ f g (15p 2 ) (p 2 sin 4>) dpd(j)dd 

=£'£ (120 — 3) sin c/)d(/>dd= f: (24 W — 6 ) d 6 » = (48v^ — 12) ?r 


16. I [ln(x 2 +y 2 )] = ^ 4 (-ftan-i |) = (-f) 


息 


2z d 


x 2 + y2 ， Q z 


(z^/x 2 +y 2 ) = Vx 2 + y 2 


^ V • F = 為 - 為 + V x2 + y 2 今 Flux = III (ft? 一； ^ + V x2 + y 2 ) dzdydx 


r»27r p \Jl r>2 nli: Oy/2 

r2rcos9 2z +r dzrdrdfil = / f 


/0 J 1 

r»27T ' 

/ 6 
to 




(6 cos (9 - f + 3r 2 ) drdO 


- 1 ^) cos 6 >-3 In a /2 + 2^/2 


d6 = 2n ' 


In 2 + 2y/2 - 


17. (a) G = Mi + Nj + Pk 4 

V x G = curl G = 

. (a? _ dN\\A. (m - 

y dy dz J ' V 

■I)k+(f - 

-W) k 今 ▽ • ▽ X G 

=div(curl G)= 

d ( dP 
dx \dy 

_ dN\ , d_ (dM _ 
dz J ' dy \ dz 

dP\ , d f dN dM\ 

d^) di ~ ~dy J 



_ d 2 P d 2 N , 

— d\dy dxdz ' 

d 2 M _ 
dydz 

d 2 P , 护 N _ d 2 M 
dydx ' dzdx dzdy 

= 0 if all first and second partial derivatives are continuous 


(b) By the Divergence Theorem, the outward flux of ▽ x G across a closed surface is zero because 

outward flux of v xG = f f (▽ x G) • n dcr 

S J 

=J J J ▽.▽xG dV [Divergence Theorem with F = ▽ x G] 

D 

=fff (0) dV = 0 [by part (a)] 

D 


18. (a) Let Fi 二 Mii + Nij + Pik and F 2 = M 2 i + N 2 j + P 2 k => aFi + bF 2 
=(aMi + bM 2 )i + (aNi + bN 2 )j + (aP x + bP 2 )k 4 • (aFi + bF 2 ) 

=(a 蝥 +b 黉 ) + (af+ b t)+ ( a t+bt) 

= a(^ + t + ^)+ b (^ + t + t)=a(VF 1 ) + b(vF 2 ) 

(b) Define Fi and F 2 as in part a => ▽ x (aFi + bF 2 ) 

=:0t + bt)-(a 蝥 + b 昝 )] i+[(a 警 + b 蝥 )-(at +b t)]j 
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+ [(，+b 警 )—(a 勢 +b 費 )] k = a [( 繁 - 警 ) i+ ( 警 - 爱 ) j+ ( 赞 — 賢 ) k 
+ b[(f - 警 ) i+ ( 警 - 管 ) j+ ( 誉 - 賢 ) k]=av xF 1 + b V xF 2 


i j k 

(c) Fi x F 2 = Mi Ni Pi 

M 2 N 2 P 2 


=(NiP 2 - PiN 2 )i - (MiP 2 - PiM 2 )j + (MiN 2 - NiM 2 )k • 见 x F 2 ) 


=▽ • [(NiP 2 - PiN 2 )i - (MiP 2 - PiM 2 )j + (M!N 2 - NiM 2 )k] 

= 基 (N!P 2 - PiN 2 ) - I (MiP 2 - PiM 2 ) + I (MiN 2 - NiM 2 ) = (P 2 警 + N! 紮 -N 2 蝥 -h 警 ) 
- ^ f +P 2 警贄 - M 2 f) + ⑽蝥 +N 2 蝥 -K 黉 —M 2 蝥） 

= M 2 (管-黉) + N 2 ( 黉—爱) + P 2 (警—彆 ) +Ml (警 — f) +Nl (管一黉） 

+ Pi (^ - = F 2 - V X Fx - F! • V X F 2 


19 .⑻ div(gF) = v -gF=i(gM)+|(gN) + |(gP)=(gf+M|) + (gf+N|) + (gf+P|) 
= (M|+N| + P_)+g(f+ f+ f)=g V .F+ Vg'F 
(b) V x (gF) = (gP) - I (gN)]i+[| (gM) - I (gP)] j + [| (gN) - I (gM)] k 

= ( P _+gf — N _-gf)i+(M_+gf _P_—gI)j+(N| +g f—M__gf)k 

= ( p |- N l) i +(g|^gf) i +( M |- p l)j + (gf-sI)j + ( N |- M |) k 

+ (g 鼗 - g 鸷 ） k = gV x F+ vg x F 


20. Let Fi = Mii + Nij + Pik and F 2 = IV^i + N 2 j + P 2 k. 

(a) Fi x F 2 = (NiP 2 - PiN 2 )i + (PiM 2 - M!P 2 )j + (MiN 2 - NiM 2 )k ▽ x (F! x F 2 ) 

='I (MiN 2 — NxM 2 ) ^ I (PiM 2 - M^)] i + [ 羞 (NiP 2 - PiN 2 ) - | (MiN 2 — NiM 2 )] j 
+ (PiM 2 - MxP 2 ) - I (NiP 2 - P!N 2 )] k 

and consider the i-component only: 悬 (M 1 N 2 — N ： Mo) — ^ (P 1 M 2 — MiPo) 

= N 2 fi+M 1 ^-M 2 ^-N 1 ^-M 2 ^-P 1 ^+P 2 ^ + M 1 ^ 

=(N 2 哿 + P 2 黉 )- (N^+P! 黉 )+ ( 脊 + 管 ) Ml 一 (榮 + 警 ) M 2 
= (M 2 蝥 +N 2 蝥 +P 2 警 ） -(Mi 黉 +K 賢 蝥 ）+ ( 黉 + 絷 + f ) Mi 
—( 警 + 腎 + 蟄 ) Now ’ i_ comp of (f 2 • ▽ )Fl = (M 2 I + N 2 I + P 2 1) Mi 
=(M 2 警 + N 2 賢 + P 2 警 ) ； likewise, i-comp of 恥 • ▽ )F 2 = (M ! 警 + 〜曾 + P! 警)； 

i-comp of( V - F 2 )F !=( 警 + 費 + 絷 ) and i-comp of (▽- =( 豐 i + 腎 + 蛰 ) M 2 . 

Similar results hold for the j and k components of ▽ x (Fi x F 2 ). In summary, since the corresponding 
components are equal, we have the result 

V x (Fi x F 2 ) = (F 2 - V )Fi - (Fi - ▽ )F 2 + (▽ • F 2 )Fi - ( ▽ • Fi)F 2 

(b) Here again we consider only the i-component of each expression. Thus, the i-comp of ▽ (Fi • F 2 ) 

=|(M 1 M 2 +N 1 N 2 +P 1 P 2 )= (m 1 ^+m 2 ^+n 1 ^+n 2 ^+p 1 ^+p 2 ^) 

i-comp of (Fi • v )F 2 = (Mi ^ + Ni ^ + P x , 

i-comp of (F 2 • ▽ ) 込 =(M 2 警 + N 2 勢 + P 2 警)， 

i-comp ofF! x (v x F 2 ) = N : ( 管一費 ) —R ( 警一管 ）， and 
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i-comp of F 2 x ( ▽ x FJ = N 2 ( 蝥 — 勢 ) 一 P 2 ( 警 - 砦 ). 

Since corresponding components are equal, we see that 

▽ 见 • F 2 ) = (Fi • v ) f 2 + (F 2 - V ) F i + F i x (V x F 2 ) + F 2 x (v x Fi), as claimed. 


21. The integral's value never exceeds the surface area of S. Since |F| < 1, we have |F • n| = |F| |n| < (1)(1) = 1 and 


Iff V'Fda =//F.nda 

D S 

< // |F . n| da 

<// ⑴加 

s 

=Area of S. 


[Divergence Theorem] 
[A property of integrals] 

[|F-n|<l] 


22. Yes, the outward flux through the top is 5. The reason is this: Since ▽ • F = ▽ • (xi — 2yj + (z + 3)k 
=1—2+1=0, the outward flux across the closed cubelike surface is 0by the Divergence Theorem. The flux 
across the top is therefore the negative of the flux across the sides and base. Routine calculations show that 

the sum of these latter fluxes is —5. (The flux across the sides that lie in the xz-plane and the yz-plane are 0, while the flux 
across the xy-plane is —3.) Therefore the flux across the top is 5. 

23. (a) 蠢 (x)=l, 昜 (y) = l，| ⑵ =1 今 v 'F = 3 ^ Flux =/// 3 dV = 3///dV 

D D 

= 3 (Volume of the solid) 

(b) If F is orthogonal to n at every point of S, then F • n = 0 everywhere ^ F1 ux=J 7 F • n dcr = 0. 

^ " s 

But the flux is 3(Volume of the solid) — 0, so F is not orthogonal to n at every point. 

24. ▽ • F = — 2x — 4y — 6 z + 12 => Flux = (—2x — 4y — 6 z + 12) dzdydx 

=X X (—2 X — 4y + 9) dy dx = (—2xb — 2b 2 + 9b) dx = —a 2 b — 2ab 2 + 9ab = ab(—a — 2b + 9) = f(a ， b); 

= — 2ab - 2b 2 + 9b and = —a 2 — 4ab + 9a so that 羞 = 0 and 瓷 = 0 4 b(—2a — 2b + 9) = 0 and 
a(—a — 4b + 9) = 0 => b = 0 or —2a — 2b + 9 = 0, and a = 0 or —a — 4b + 9 = 0. Now b = 0 or a = 0 
=> Flux = 0; —2a — 2b + 9 = 0 and —a — 4b+ 9 = 0 4 3a — 9 = 0 4 a = 3 4 b=.so that f (3, |) = y is the 
maximum flux. 


25- ff F • n da = Iff V -FdV = fff 3dV => Iff F • n dcr = f f f dV = Volume of D 
S D DSD 

26. F = ▽•F = 0> Flux = f f F.nd(j = fff v * F dV = fff 0dV = 0 

S D D 

27. (a) From the Divergence Theorem, f f ▽ f • n dcr = fff v - VfdV = fff V 2 fdV = ///0dV = 0 

S D D D 

(b) From the Divergence Theorem, f f f^/f-nda = fff V * f V f dV. Now, 

S D 

fvf=(fl)i+(f|)j + (fl)k^ V • fVf = [f0 + (I) 2 ] + [f0 + (I) 2 ] + [f0 + (I) 2 

=f ▽ 2 f + I ▽ f | 2 = 0 + I ▽ f | 2 since f is harmonic ^ ff fVf-nda = //J I Vf| 2 dV, as claimed. 

S D 

28. From the Divergence Theorem, f f ▽ f • n dcr = fff ▽•▽fdV = fff (錄 + 综 + 0) dV. Now, 

S D D \ x y z 乂 

f(x ， y， z ) = In \A 2 + y 2 + Z 2 = I In (x 2 + y 2 + z 2 ) 4 瓷 = x 2 + y2 + z 2 ，募 = ，瓷 = x 2 + y Z 2 +z 2 
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姓 _ -x 2 +y 2 + z 2 d 2 f _ x 2 -y 2 +z 2 _ x 2 +y 2 -z 2 d 2 f , d 2 f , ^ 2 f 

^ ~ ( X 2 + y 2 + z 2)2 ， df - ( x 2 + y 2 + z 2^ ’ 职— ( x 2 + y 2 + z 2)^ ’ ^ 职十研十涵 

== xf+TO ^ If Vf-nda = /// x 2+ d y I +z 2 =////£ dpd^dO 
=f: /2 f:" asin d</> d6» = J^ 2 [-a cos </>] n J 2 dd = £'\ dd = f 

29. ff f Vg -nda = fff V •f V gdV = /// ▽ • (f _ i + f , j + f _ k) dV 

S D D V 7 

~ J J J V ax 2 十 ax ax 十 1 % 2 十 ay dy ^ L dz 2 ^ dz ^ U V 

=III f (S + 0 + &) + (fj|f + §lf + lsf) dV = III ( f V 2 g+ V f • V g) dV 

30. By Exercise 29, f f f\/g-nda = f f f (f V 2 § + V f * V §) dV and by interchanging the roles of f and g, 

S D 

// svf * n dcr = f f f (g V 2 f + V § * V f) dV. Subtracting the second equation from the first yields: 

S D 

// (f ▽ g — g ▽ f) • n dcr = J J f (f ▽ 2 g — g ▽ 2 f) dV since v f * V g = V g - V f - 

S D 

31. (a) The integral f f f p(t, x, y, z) dV represents the mass of the fluid at any time t. The equation says that 

D 

the instantaneous rate of change of mass is flux of the fluid through the surface S enclosing the region D: 
the mass decreases if the flux is outward (so the fluid flows out of D), and increases if the flow is inward 
(interpreting n as the outward pointing unit normal to the surface). 

( b ) Iff f dv = S Iff P dV = — J J pv . n da = - fff ▽ • pv dV 今餐 =-▽ • pv 

D D S D 

Since the law is to hold for all regions D, ▽ • pv + 餐 = 0, as claimed 

32. (a) ▽ T points in the direction of maximum change of the temperature, so if the solid is heating up at the 

point the temperature is greater in a region surrounding the point => ▽ T points away from the point 
▽ T points toward the point 4 一 ▽ T points in the direction the heat flows. 

(b) Assuming the Law of Conservation of Mass (Exercise 31) with —k ▽ T = pv and cpT = p, we have 

£ f f f cpT dV = — J f v T • n dcr => the continuity equation, ▽ • (—k ▽ T) + 瓷 (cpT) = 0 

D s 

泠 cp 瓷 =—▽ • (-k ▽ T) = k ▽ 2 T 泠 % = ▽ 2 T = K ▽ 2 T，as claimed 

CHAPTER 16 PRACTICE EXERCISES 

1. Path 1: r = ti + tj + tk x = t, y = t, z = t, 0<t<l f(g(t), h ⑴ , k ⑴) = 3 — 3t 2 and 養 = 1 ，箸 = 1 ， 

1 = 1 ^ +(l) 2 + (l) 2 dt=73dt ^ / c f(x,y,z)ds = / o 'y3(3-3t 2 ) dt = 2^ 

Path 2: ri = ti + tj , 0 < t < 1 ^ x = t, y = t, z = 0 => f(g(t), h(t), k(t)) = 2t - 3t 2 + 3 and f = 1, ^ = 1, 


dz 

dF = 

o ^ 知 2 + i 

㈤ 2 + ( 奢 ) 

2 dt = \pl dt / f(x, y, z) ds = (2t — 3V 

! + 3) dt=3^2; 

r 2 = 

i + j + tk => x = 

=l，y = l，z : 

二 t 今 f(g(t),h(t), k(t)) = 2 - 2t and | = 0, 1 = 

o>l = i 

4 

\/ ( 箸 ) 2 + ㈤ 2 - 

卜⑼ 2 也〕 

dt f c f(x, y, z) ds = f g (2 - 2t) dt = 1 



J c f(x,y,z)ds = J c f(x,y,z)ds + / Q f(x, y ， z) 二 3 + 1 
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2. Path 1: n = ti 泠 x = t，y = 0, z = 0 泠 f(g(t), h ⑴， k(t)) = t 2 and 莹 = 1，餐 = 0, f = 0 

今 \J (^) 2 + {t) 2 + (ff dt = dt ^ £ f(x, y, z) ds = £ t 2 dt = i ; 

r 2 = i + tj ^ x=l,y = t, z = 0 f(g(t),h(t),k(t)) = 1 +1and f = 0, f = 1, g = 0 

今 \/(l) 2 +(^) 2 + (l) 2dt = dt 今 / C2 f(x,y ) z)ds = / o 1 (l+t)dt=|; 
r 3 =i+j+tk ^ x=l，y=l，z = t 分 f(g(t)，h(t),k(t)) = 2 - t and f = 0, f = 0, f = 1 

今 /( 奢 广 +( 菩 ) 2 + (f) 2 dt = dt 今 / c f(x,y,z)ds = / o 1 (2-t)dt=| 

^ /pathi f(x > y> z) ds = f 0 f(x, y, z) ds + f c f(x, y, z) ds + f c f(x, y, z) ds = f 
Path 2: r 4 = ti + tj x = t, y = t, z = 0 今 f(g(t), h ⑴， k(t)) = t 2 +1 and 莹 = 1，荖 = 1，莹 = 0 

今 \j (®) + (*) + (®) dt = \/ 歹 dt 今 / Q f ( x ,y,z)ds = \/2(t 2 + t) dt = I \fl\ 

r 3 = i 十 j + tk (see above) => / f(x, y, z) ds = | 

今 /娜 2 f ( x ， y ， z) ds = / C3 f ( x ， y ， z) ds + / C4 f ( x ， y ： z)ds = §\/2+§ = 

Path 3: r 5 = tk ^ x = 0, y = 0, z = t, 0 < t < 1 ^ f(g(t), h(t), k(t)) = -t and | = 0, | = 0, | = 1 

今 \/(f) 2 +(^) 2 + (l) 2 dt = cit 今 / Cs f(x,y,z)ds = / o 1 -tdt=-i； 

r 6 = tj + k^x = 0,y = t,z=l,0<t<l ^ f(g(t), h(t), k(t)) = t - 1 and | = 0, | = 1, f = 0 
今 \/( 5 ) 2 +(l) 2 +(l) 2 dt = dt 今 / c f(x ) y,z)ds=/ o 1 (t^l)dt=-i; 

r 7 = ti + j + k 今 x = t, y=l,z=l,0<t<l f(g(t),h(t),k(t)) = t 2 and 莹 =1,. 綮 = 0,莹 = 0 

^ \/(l) 2 +(^) 2 +(l) 2 dt = dt 今 / c f(x,y,z)ds = /； t 2 dt=I 

今 X ath3 f(x ， y， z) ds = / Cs f(x , y, z) ds + / C8 f(x ， y， z) ds + 九 f ( x , y, z ) ds = — I —! +! = — I 

3. r = (a cos t)j + (a sin t)k ^ x = 0, y = a cos t, z = a sin t => f(g(t), h(t), k(t)) = \J a 2 sin 2 1 = a |sin t| and 
^=0, |=-asint, | = acost ^ ^(^) 2 + (|)' + (|) 2 dt = a dt 

X p2n pTY p27T 

’ f(x, y, z) ds = J。a 2 |sin t| dt = J。a 2 sin t dt + J —a 2 sin t dt = 4a 2 


4. r = (cos t +1 sin t)i + (sin t — t cos t)j 4 x = cos t + t sin t, y = sin t — t cos t, z = 0 

=>■ f(g(t), h(t), k(t)) = yj (cos t +1 sin t) 2 + (sin t — t cos t) 2 = -\/1 +1 2 and 奢 =—sin t + sin t +1 cos t 

=t cos t, ^ = cos t - cos t + t sin t = t sin t, f = 0 ^ y (f ) 2 + (*) + (f ) 2 dt 

= \/ 1 2 cos 2 1 + t 2 sin 2 1 dt = |t| dt = t dt since 0 < t < y^3 => f(x, y, z) ds = 上 \\]\ + t 2 dt = | 


5- | = -i(x + y + zr 3 / 2 = f,f = -i(x + y + zr3/2 = i>f = _i (x + y + z )-3/ 2 = f 

今 M dx + N dy + P dz is exact; | = ^J y+z => f(x, y, z) = 2^ + y + z + g(y, z ) 今 | = Vx + y+z + g 
=^x+y + z ^ I =° ^ g(y ， z) = h ⑵泠 f(x,y,z) = 2^/x + y + z + h(z) => 1 = Vx + y + z + ^(z) 

= y/x + y + z 今 h’(x) = 0 今 h(z) = C f(x,y,z) = 2^/x + y + z + C 今 Jj — ⑽ 

= f(4, —3,0) - f(-l,l,l) = 20"-2/f=O 
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1046 Chapter 16 Integration in Vector Fields 


6 - f = - 2 Vyz = f.f=0=f,f=0=f^ Mdx + Ndy + Pdzisexact;| = l ^ f(x,y,z) 

=x + g(y, = = g(y ， z) = -2^/jl + h(z ) 泠 f(x, y, z) = x — 2^/yz + h(z) 

今 1 = - ^ + h ’( z ) = ~\f\ ^ h ’ ⑵ = 0 今 h(z) = C ^ f(x, y, z) = x - 2^/yz + C 

r (10,3,3) 「 r- 

令 J (w) dx-yfdy-dz = f(10,3,3)-f(l,l,l) = (10-2.3)-(l-2.1) = 4+l=5 

7 . 豐 =—y cos z ^ y cos z = F is not conservative; r = (2 cos t)i + (2 sin t)j — k, 0 < t < 27r 

^ dr = (—2 sin t)i — (2 cos t)j 令 X F - dr =r [—(—2 sin t)(sin(— 1))(—2 sin t) + (2 cos t)(sin(— 1))(—2 cos t)] dt 

r»2Tv 

二 4 sin(l) J 。 (sin 2 t + cos 2 t)dt = 8 - 7 T sin(l) 

8 . 驛 = 0= 踅，瓷 = 0= f ，踅 = 3x 2 = ^#Fis conservative ^ / c F • dr = 0 


9. 


Let M = 8 x sin y and N = — 8 y cos x ^ 當 = 8 x cos y and ^ = 8 y sin x => 

« p n-rv/2 pTr/2 nir 

=J J ( 8 y sin x — 8 x cos y) dy dx = 丄丄 （ 8 y sin x — 8 x cos y) dy dx = 丄 


-7T 2 + 7T 2 = 0 


上 8x sin y dx — 8y cos x dy 

2 

(7r 2 sin x — 8x) dx 


10. Let M = y 2 and N = x 2 4 : = 2y and 營 = 2x 4 J c y 2 dx + x 2 dy = // (2x - 2y) dxdy 

R 


( 2 r cos 0 — 2r sin r dr y 


16 (cos 9 — sin 9)d6 = 0 


11. Let z = l — x — y => f x (x, y) = — 1 and f y (x, y) = — 1 # '/f x 2 + f y 2 + 1 = Surface Area = f f \/3 dx dy 


=\/^(Area of the circular region in the xy-plane) = 7 r \/3 
12. vf= -3i + 2yj + 2zk,p 


4 Surface Area = f f ^ 9 + 4 J 2+4 — dy dz 


=> I ▽ f j = y/9 + 4y 2 + 4z 2 and I ▽ f • p| 

r 27r f^V9±^ 

o Jo 


rdrd6» 


d0 = f (7v^I-9) 


13. ▽ f = 2xi + 2yj + 2zk, p = k => | ▽ f | = yj 4x 2 + 4y 2 + 4z 2 = 2>/x 2 + y 2 + z 2 = 2 and | ▽ f • p| = |2z| = 2z since 

r»27r n\/y/2 


z > 0 => Surface Area = f f ^ dA = J J ^ dA = f f 


f ： [-心 


l/y/2 


d0 


72 ) 


R R 

d6 = 2 tt ' 


y/l —x 2 —y 2 

72 ) 


dxdy 


7 ib rdrd0 


14. (a) ▽ f = 2xi + 2yj + 2zk, p = k => | ▽ f | = 4x 2 + 4y 2 + 4z 2 = 2^/x 2 + y 2 + z 2 二 4 and | v f" Pi = 2z since 

z > 0 Surface Area = J J ^ dA = J f ~ dA = 2 J J / 2 2 r dr d 沒 = 4 兀 一 8 

R R 00 V4-i- 

(b) r = 2 cos 0 => dr = —2 sin 6 d9\ ds 2 = r 2 dO 2 + dr 2 (Arc length in polar coordinates) 

ds 2 = (2 cos 0) 2 d6 2 + dr 2 = 4 cos 2 6 dO 2 + 4 sin 2 6 d6 2 = 4 d9 2 ^ ds = 2 d 沒； the height of the 
cylinder is z = \/4 — r 2 = \/4 — 4 cos 2 6 = 2 |sin 0\ = 2 sin ^ if 0 < ^ < | 

hds = 2 £ n (2 sin (9)(2 dO) = 8 


=4> Surface Area 


pTv/2 

J -tt/2 
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15. f(x ， y,z) =營 + ^ + 營 =1> V f — (i) i + (s) J + (c) k ^ I V f I — V ? + p + ? anci p = k 4 | ▽ f • p| 
since c > 0 => Surface Area 


r r 

J r J ~0T 


dA 二 c' 


^ + ^ + ^//dA=iabc^ + i + ^ 


since the area of the triangular region R is ^ ab. To check this result, let v = ai + ck and w = —ai + bj; the area can be 
found by computing -|v x w|. 

16. (a) ▽ f = 2 yj — k ， p = k I ▽ f I = 4y 2 + 1 and | ▽ f • p| = 1 => dcr = \J 4y 2 + 1 dx dy 

今 ff g(x, y, Z) da = /4y 2 + ldxdy = J7 y (y 2 - 1) dxdy = /^/^(y 3 - y) dxdy 

SR R 


; (y 3 - y) dy = 3 


4 2 


0 


(b) //g(x,y,z)da = /J V 4 y 2 + 1 dxdy = 7 ^ £(y 2 - 1 ) dxdy = f^3 (y 2 - 1 ) dy 


y! 


17. v f = 2yj + 2zk, p = k => I ▽ f I = yj 4y 2 + 4z 2 = 2^/y 2 + z 2 = 10 and | ▽ f • p| = 2z since z > 0 


=> dcr 


dxdy = f dxdy = //g(x, y, z) da = ff (x 4 y) (y 2 + z 2 ) (f ) dx dy 


ff 咖 25)( 


dxdy 


T&xMxdy 


25y 


dy = 50 


18. Define the coordinate system so that the origin is at the center of the earth, the z-axis is the earth's axis (north 
is the positive z direction), and the xz-plane contains the earth’s prime meridian. Let S denote the surface 

-| jc\ 

which is Wyoming so then S is part of the surface z = (R 2 — x 2 — y 2 ) 7 . Let R xy be the projection of S onto 


the xy-plane. The surface area of Wyoming is f f 1 da = f f 

S Rxy V 


dA 


u 


X 2 


y 2 


R 2 — x 2 — y 2 ' R 2 — x 2 — y 2 


1 dA 


u 


( R 2— x 2— y 2) 


1/2 


dA ： 


r»0 2 pRsin49° 


fffj JRsin45° 


R(R 2 -r 2 ) _ 1 / 2 rdrd0 


(where 6\ and O 2 are the radian equivalent to 104°3 / and 111°3 / , respectively) 


-R (R 2 - r 2 ) 


1/2 


R (R 2 - R 2 sin 2 45 。) 1/2 - R (R 2 - R 2 sin 2 49 °) 1/2 d0 


=( 6*2 - 0i)R 2 (cos 45° - cos 49 。）= 盖 R 2 (cos 45° - cos 49 。） 
^ 97,751 sq. mi. 


180 


(3959) 2 (cos 45° - cos 49°) 


19. A possible parametrization is r(0, 6) = (6 sin (j) cos 6)\ + (6 sin cj) sin 6)] + (6 cos 0)k (spherical coordinates); 


now p = 6 and z = —3 ^ —3 = 6 cos (j) => cos ♦ 
^ cos 6 = ^- ^ 




and z = 3 3 = 6 


cos < 


I => I < (/> < also 0 < 0 < 2n 


20. A possible parametrization is r(r, 6) = (r cos 9)\ + (r sin 0)} — k (cylindrical coordinates); 

now r = *y/x 2 + y 2 z = — j and —2 < z < 0 —2 < — ^- < 0 => 4 > r 2 > 0 => 0 < r < 2 since r > 0; 

also 0 < 0 < 2n 


21. A possible parametrization is r(r, 0) = (r cos 9)i + (r sin 6)} + (1 + r)k (cylindrical coordinates); 
now r = ^/x 2 + y 2 ^ z = 1 + r and 1 < z < 3 => l<l+r<3 =>• 0 < r < 2; also 0 < 0 < 2n 

22. A possible parametrization is r(x, y) = xi + yj + (3 — x — !) k for 0 < x < 2 and 0 < y < 2 
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1048 Chapter 16 Integration in Vector Fields 


23. Let x = u cos v and z = u sin v, where u = \/x 2 + z 2 and v is the angle in the xz-plane with the x-axis 

=> r(u, v) = (u cos v)i + 2u 2 j + (u sin v)k is a possible parametrization; 0 < y < 2 2u 2 < 2 => u 2 < 1 

=> 0 < u < 1 since u > 0; also, for just the upper half of the paraboloid, 0 < v < 7r 


24. A possible parametrization is (\/T5 sin (/> cos 沒 ) i + ^\/l0 sin (j) sin 沒 ) j + ^\/l0 cos 0) k, 0 < 0 < | and 


0 < < f 


25. r u = i + j ， r v = i - j + k 4 r u x r v 


j k 

1 0 
-1 1 


— 2k |r u x r v | = 


=> Surface Area 


II 


|r u x r v | dudv : 


V^6 du dv = 


26. f f (xy — z 2 ) da 


[(u + v)(u — v) — v 2 ] du dv 


(u 2 — 2v 2 ) du dv 


2uv 2 


dv=x/6/ o 1 (|-2v 2 ) dv = ^6 [i v - § v 3 ] J = - ^ 


27. r r = (cos 6 )\ + (sin 0)j, = (—r sin 0)\ + (r cos 0)j + k ^ r r x yq 


i j k 

cos 6 sin 0 0 

-r sin 9 r cos 9 1 


(sin 0)i — (cos 6 )\ + rk => |r r x r^| = \J sin 2 9 + cos 2 9 + r 2 = \/l + r 2 => Surface Area = f f |r r x re\ dr 


yj\ -\-y 2 dr d6 - 

V^ + ln(l +W) 


Rr 0 


§ \/l +r 2 + ^ In I 


■\/l + r 2 ) 


d6 


+ 臺 In (1 + \/2^ 


dO 


28. J J ^/x 2 + y 2 + 1 dcr = \/ r 2 cos 2 6 - \-r 2 sin 2 6 - 1 \/1 + r 2 dr d6 

r»27r 




dO 


r» 27 r r»l 

lo Jo 


(1+r 2 ) drd6» 


/o 


d6> 


9Q OF _ rt _ c^JN O'M _ f 


=> Conservative 


30- I 


-3zy 


'y ~ (x 2 +y 2 +z 2 )" 5/2 


5N 5M 
dz * dz 


~3xz _ 9P 5N _ ~3xy — 

(x 2 +y 2 +z 2 )- 5/2 — 况 ’ 瓦 — (x 2 + y 2 + z2) - 5/2 ~ ^ Conservative 


31. 


d? 


0 / ye z = 營 4 Not Conservative 


32. 


dP 


dN dM 


dP dN 


dM 


dy — (x + yz) 2 — dz 7 dz _ (x + yz) 2 _ dx ? dx _ (x + yz) 2 — dy 


^ Conservative 


33. § = 2 ^ f(x,y,z) = 2x + g(y ， z ) 泠 g = g=2y + z 令 g(y ， z) = y 2 + zy + h(z) 

4 f(x ， y, z) = 2x + y 2 + zy + h(z) > 篕 =y + h’ ⑵ =y + 1 > h’(z) = 1 4 h(z) = z + C 
4 f(x, y, z) = 2x + y 2 + zy + z + C 


34. 藍 =z cos xz 泠 f(x ， y ， z) = sin xz + g(y, z) 泠募 = 劈 =e y 泠 g(y, z) = e y + h(z) 

f(x, y, z) = sin xz + e y + h(z) ^ = x cos xz + h’(z) = x cos xz => h’(z) = 0 =>■ h(z) = C 

=> f(x ， y, z) = sin xz + e y + C 
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38. (a) F = ▽ (x 2 ze y ) => F is conservative <p F • dr = 0 for any closed path C 


(b) J c F • dr ： 




^ ( 1 , 0 , 0 ) 


V (x 2 ze y ) - dr = (x 2 ze y )| (1A2jr) - (x 2 ze y )| (10 0) = 2tt - 0 = 2tt 


39. ▽ x F 


— 2 yk; unit normal to the plane is n = = — |k 


|yf| 


dA = I dA 


4 ▽xF.n=|y;p = k and f(x, y, z) = 2x + 6 y — 3z I Vf-Pl =3 da — 

今丰 F • dr = // f y dcr = f f (f y) (| dA) = // 2y dA = sin 0 r drd0 = 厂 | sin 6 » d 6 » = 0 

C R R R oo 


/o 


40. x F = Qi qi = 8 yi; the circle lies in the plane f(x, y ， z) = y + z = 0 with unit normal 

n=-^j + -^k=> v x F • n = 0 => 无 F.dr 二 f J ▽ x F • n da = f f 0 da = 0 


41. (a) r = -\/2ti + \/2tj + (4 — t 2 ) k, 0 < t < 1 => x = y/2t, y = z = 4 — t 2 => 奢 = \/2, ^ 


dz 

dt 


- 2 t 


^ V(f) 2 

= 40-2 


f) + (I) dt= V4 + 4t 2 dt ^ M = J c 〜 x ， y ， z)ds = 丄 31^4 + 4t 2 dt = [ 盖 (4 + 4t) 3 , 2 ] 


35. Over Path 1: r = ti + tj + tk,0<t<l =>■ x = t，y = t，z = t and dr = (i + j + k) dt F 二 2t 2 i + j + t 2 k 
泠 F-dr = (3t 2 + 1) dt ^ Work = f o '(3t 2 + 1) dt = 2; 

Over Path 2: ri = ti + tj, 0 < t < 1 x = t，y = t, z = 0 and dri = (i + j) dt =>• Fi 二 2t 2 i + j + t 2 k 
=> Fi - dri = ( 2 t 2 + 1 ) dt =>• Worki = J ( 2 t 2 + I)dt=|;r 2 =i+j + tk, 0 <t<l => x=l, y=l, z = t and 


dr 2 


k dt 4 F 2 = 2i + j + k => F 2 - dr 2 = dt 4 \V 0 rk 2 


dt = 1 4 Work = Worki + Work 2 


36. Over Path 1: r = ti + tj + tk,0<t<l =>• x = t，y = t，z = t and dr = (i + j + k) dt F 二 2t 2 i + t 2 j + k 
4 F-dr = (3t 2 + 1) dt 4 Work = J^(3t 2 + 1) dt = 2; 

Over Path 2: Since f is conservative , 炎 F • dr = 0 around any simple closed curve C. Thus consider 
f F • dr = f F • dr H- f F-dr, where Ci is the path from (0,0,0) to (1,1,0) to (1,1,1) and C 2 is the path 

o curve o Ci J C 2 

from (1,1,1) to (0,0,0). Now, from Path 1 above, f F • dr = —2 0 = f F * dr = f F.dr + (—2) 

J C 2 J curve J Cj 


4 


l 


F • dr = 2 


37. (a) r 二 (e l cos t) i H- (e 1 sin t) j ^ x = q 1 cos t, y = e l sin t from (1,0) to (e 2?r ,0) ^ 0 < t < 27r 
4 塞 =(e l cos t — e l sin t) i + (e l sin t + e l cos t) j and F — xl + y j 


(x 2 + y 2 ) 3 / 2 (e 2t cos 2 1 + e 2t sin 2 1)_ 


S/2 


( 学 ) i+ ( 孛 ) j > F.| 


cos 2 1 
e l 


sin 2 t 
e l 


^ Work 


e _t dt : 


-2n 


(b) F ： 


xi + yj 


(x 2 +y2 -j372 泠况 — (x 2 +y2) 3/2 Ty ) 丁趴 : V, ~ W 苏 — (x 2 +y2) 3/2 丁 ^ 

- 1 - => g(y, z) = C f(x, y, z) = — (x 2 + y 2 ) - " 2 is a potential function for F 4 f F-dr 


df 


f(x, y, z) 


(x 2 +y 2 )- 1/2 + g(y,z) ^ § 


y 




( x 2 +y 2)3/2 

f(e 2 ' 0 ) -f(l ， 0 ) = 1 -e— 2?r 


d_ 


d_ 

% 


d_ 

dz 


y 2 —y 3z 2 


k 羞 

jA^y 

iAcg 


2 

y 

y 

+ 

X 

y 

+ 
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(b) M ： 


△(X ， y ， z)ds = f Q \/4 + 4t 2 dt = t\/l + t 2 + In (t + V 1 + t 2 ) ◦ = 0 + In (1 + \/^) 


42. r = ti + 2tj + I t 3 / 2 k，0 <t<2 x = t, y = 2t, z = 11 3 / 2 餐 =1, 餐 = 2, 


dz 

dt 


t l/2 


4 


m 2 


%\ Z , ， dz、2 




/t + 5 dt M 


^(x, y, z) ds 


3y/5 +1 v / t+~5 dt 


3(t + 5) dt = 36; M y . 


I c xS ds = J q 3t(t + 5)dt = 38;M xz 


y6 ds 


6t(t + 5) dt = 76; 


M x 


z6ds = f o 2 2t 3 / 2 (t + 5)dt=^^2 ^ x=^ = | = ||,y=^ 


M = f 


. 艺=昝 


^ 36 ^ 




43. r = ti + 


^t 3 / 2 )j+(|)k, 0 <t <2 ^ x = t,y=^t 3 / 2 ,z=f ^ I = 1 , I = 




Then M 


dy > 


S ds 


( 奢 ) dt = \/1 + 2t + t 2 dt = l) 2 dt = |t + 1| dt = (t + 1) dt on the domain given. 


J 。 (^j)(t+l)dt = J o dt = 2;M yz = J 
的 ds = £ (¥ t 3 / 2 ) ( 击 ) (t +i)dt = / o 2 ^t 3 / 2 


x6ds = fo t(^T)(t+l)dt 


t dt = 2; 


32 . 


J) (tTl) (t+ ! ) dt = Jo V 


dt : 




Y5 » ^xy — J c ds 

_ (8) _ 16 . y _ M xy 
— 2 — 15 , _ M 


( 1 ) 


；Ix 


(y 2 + z 2 ) 6 ds 


lo V 9 


t 3 + 


《 dt =f ; 


Iz = J c (y 2 + X 2 ) 6ds = J o (t 2 + |t 3 ) dt= f;R x 


l = 1 ；y = ^ 

(x 2 + z 2 ) 6 ds 


ftM dt = g; 


(|1 


⑻ 


4\/2 . 

TH ， 


R z 


(f) 


2\fl 


44. z = 0 because the arch is in the xy-plane, and x = 0 because the mass is distributed symmetrically with respect 
， the y-axis; r(t) = (a cos t)i + (a sin t)j, 0 < t < 7r ^ ds = J (^) 2 + (^j + ( 莹 ) 2 dt 
= /(— a sin t) 2 + (a cos t) 2 dt = a dt, since a > 0; M = 6 ds = (2a — y) ds = (2a — a sin t) a dt 


to 1 


2a 2 7r — 2a 2 ; M xz = J c yS dt= y(2a — y) ds = (a sin t)(2a — a sin t) dt = J (2a 2 sin t — a 2 sin 2 1) 


dt 


-2a 2 cost —a 2 (! - 甲) ] 开 


a 2 7r 


^ y ： 


卜 2 - 夺） 


_ 8 — 7T 

2a 2 7r — 2a 2 — 47r — 4 


4 (x,y,z) = (0,^,0) 


45. r ⑴ =(e l cos t) i + (e l sin t) j + e l k, 0 < t < In 2 => x = e l cos t, y = e 1 sin t, z = e l =>• 奢 =(e l cos t — e l sin t), 


| = (e t sint + e t cost),|=e t ^ + 餐 ) + (|) 2 dt 


yj (e l cos t — e l sin t) 2 + (e l sin t + e l cos t) 2 + (e 1 ) 2 dt = \J 3e 2t dt = \pb^ dt; M = 
\/3 ； M xy = f c z6 ds = f^ 2 (V^e 1 ) (e” dt = J: 2 ^ e 2t dt = ㈤ z = = 


6 ds 


2 广 

V^dt 



(x 2 + y 2 ) 5 ds = (e 2t cos 2 1 + e 2t sin 2 1) (y^e 1 ) dt = 上 e 3t dt = R z = 

^ ° ° 


Iz 


46. r ⑴ =(2 sin t)i + (2 cos t)j + 3tk, 0 < t < 27r => x = 2 sin t, y = 2 cos t,z = 3t ^ = 2 cos t, ^ = —2 sin t, 


dz 

dt 




(®) 2 +(l) 2 + (3f) 2dt =\/4 + 9 dt =V^ dt ； M = / c 6 ds = C 6y/Udt^2n8^U-, 
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M xy = f c z6 ds = /广 （3t) dt = 66n 2 y/l3; M yz = f c xS ds = (2 sin t) (5v^) dt = 0; 

M xz = yS ds = (2 cos t) (占 \/15) dt = 0 => x = y = 0 and z = ^ 二 3丌 (0, 0, 37r) is the 

center of mass 


47. Because of symmetry x = y = 0. Let f(x, y, z) = x 2 + y 2 + z 2 二 25 => ▽ f = 2xi + 2yj + 2zk 

^ I ▽ f I = -y/4x 2 + 4y 2 + 4z 2 = 10 and p = k | ▽ f • p| = 2z, since z > 0 M = f f S(x, y, z) da 

R 

= J J z ( 碧 ) dA = f f ^ dA = 5(Area of the circular region) = 807r; M xy = f f zS da = f f 5z dA 
二 fj 5/25-x2 —f dxdy = /"£( 5 ^25-^ rdrdO =/" f d0 = 2|2 tt ^ z = = f| 

今 (x 5 y,z) = (0,0, g) ； I z = ff(x 2 +y 2 )Sda = f f 5 (x 2 + y 2 ) dxdy = /:/: 5r 3 drd0 = / 二 320 即 = 6 输 ; 



48. On the face z = l: g(x, y, z) = z = 1 and p = k=> ▽g = k=>|^g| = l and | ▽ g • p| = 1 => da = dA 

p p pn/4 nsec6 

I = J J (x 2 + y 2 ) dA = 2 J J r 3 dr d0 = I; On the face z = 0: g(x, y, z) = z = 0 ▽ g = k and p = k 

I V g| — 1 I V g * Pi — 1 ^ dcr = dA I = f f (x 2 + y 2 ) dA = I; On the face y 二 0: g(x, y ， z) = y = 0 

^ Vg=jandp=j I Vg| = 1 ^ | ▽ g • p| = 1 泠 da 二 dA 4 I = / / (x 2 + 0) dA = f Q f Q x 2 dxdz = \ ; 

On the face y = 1: g(x, y ， z) = y= l => Vg=j and p = j => | V g| = 1 ^ | V g * Pi = 1 ^ dcr = dA 

I = f f (x 2 -h l 2 ) dA = J J (x 2 + 1) dxdz = I; On the face x = 1: g(x, y ， z) = x= l v g — ^ an d P = i 

I ▽ g| = 1 =>• j ▽ g • p| = 1 > dcr = dA I = J J(l 2 + y 2 ) dA = J q J q (1 + y 2 ) dy dz = |; On the face 

R 

x = 0: g(x, y, z) = x = 0 V g = i an d p = i ^ | V g| — 1 ^ | V g * Pi — 1 ^ dcr = dA 

冷 1 = //(° 2 + y 2 ) dA = f o f o y 2 dy dz = i ^ ^=| + | + l + 5 + 5 + | = T 

R 

49. M = 2xy + x and N = xy — y 今豐 = 2y + 1, 爱 = 2x, 罃 =y, 鸷 =x — 1 =>• Flux = // (爱 + 勞 ) dxdy 

=// (2y+l+x-l)dydx = £'£ (2y + x) dy dx = |; Circ =// (f - f) dxdy 
R R 

=// (y-2x)dydx= ££ (y - 2x) dydx = - | 

R 

50. M = y-6x 2 andN = x + y 2 ^ 豐 =-12x, 繫 = 1 ，營 = 1 ，絜 = 2y 今 Flux = // (豐 + 署 ) dxdy 

= ff (-12x + 2y) dxdy = J 。上 (-12x + 2y) dxdy = f g (4y 2 + 2y — 6) dy = — y ; 

Circ = // (f — f) dxdy = // (1 - 1) dxdy = 0 
R R 


51. M 


^ and N = In 


x sin y 


dxdy 



In x sin y dy - ^ dx 
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52. (a) Let M 二 x and N = y 4 繫 =1 ，繫 =0, 鼗 =0, 鬻 =1# Flux = ff (爱 + 翯 ) dxdy 

= f f (1 + 1) dxdy = 2 J f dxdy = 2(Area of the region) 

R R 

(b) Let C be a closed curve to which Green's Theorem applies and let n be the unit normal vector to C. Let 
F = xi + yj and assume F is orthogonal to n at every point of C. Then the flux density of F at every point 
of C is 0 since F * n = 0 at every point ofC 4 豐 + 鸯 = 0 at every point of C 

4 Flux = f f (豐 + 窘 ) dxdy = f f 0 dxdy = 0. But part ⑻ above states that the flux is 

2(Area of the region) => the area of the region would be 0 ^ contradiction. Therefore, F cannot be 
orthogonal to n at every point of C. 

53. £ (2xy) = 2y, £ (2yz) = 2z, | (2xz) = 2x 泠 ▽ -F = 2y + 2z + 2x ^ Flux = fff (2x + 2y + 2z)dV 

D 

= f 0 f 0 f 0 (2x + 2y + 2z) dxdydz = ££ (1 + 2y + 2z) dydz = £ (2 + 2z) dz = 3 


54 . 磊 (xz) = z ，夯 


: ，矣 (yz) = z ，羞 （ 1) = 0 => ▽ • F = 2z 今 Flux = fff 2zr drd6> dz 

D 


r»27r n4 r* \/25 - r 2 


/0 JO J3 


2z dz r dr 


r»27r r*4 

Jo Jo 


r(16-r 2 ) drd6> 


64 dO = 128tt 


55 • 蠢 (—2x) = —2, 悬 (-3y) = -3, 羞 ⑵ =1 泠 ▽ • F = -4; x 2 + y 2 + z 2 = 2 and x 2 + y 2 = z 4 z = 1 
4 x 2 + y 2 = 1 4 Flux = J J J —4 dV = -4 f:f: f 广 dz r dr d6> = -4 f:f: [v^2 - r 2 - r 3 ) drd6> 
=— 4 JT (―為 + I 0) = 17T (7 - 80) 

56. £(6x + y) = 6, 悬 (-x - z) = 0 ,羞 (4yz) = 4y ^ ▽ • F = 6 + 4y; z = v / x 2 -hy 2 = r 

=>• Flux = J J J (6 + 4y) dV = f 0 f 0 (6 + 4r sin 0) dz r dr (6r 2 + 4r 3 sin 6) dr 

=J o (2 + sin 0) d0 = 7r + 1 


57. F = yi + zj + xk • F = 0 4 Flux = //F-nda = fff v * F dV = 0 

S D 


58. F = 3xz 2 i + yj — z 3 k . F = 3z 2 + 1 — 3z 2 = 1 => Flux = ff F • ndcr = fff v -FdV 

S D 


r>^l6-x 2 /2 广 y/2 


1 dzdy dx 




dx 


x 一 ti 


59. F = xy 2 i + x 2 yj +yk 4 ▽ - F = y 2 +x 2 + 0 4 Flux = ff F * n dcr = fff v -FdV 

S D 


fff (x 2 + y 2 ) dV 
D 


r»27r pi pi o2tt nl o2tt 

I I r 2 dz r drd6» = 2r 3 drd0 = | \ A9 =-n 

to Jo J-l Jo Jo Jo 2 


60. (a) F = (3z + l)k => ▽ • F = 3 ^ Flux across the hemisphere = J J F • n dcr = fff v -FdV 

= ///3dV = 3(i)(f 7 ra 3 )=2 7 ra 3 
D 

(b) f(x, y, z) = x 2 + y 2 + z 2 — a 2 = 0 => ▽ f = 2xi + 2yj + 2zk 4 | ▽ f | = 4x 2 + 4y 2 + 4z 2 = \/4a 2 : 


a > 0 4 n 


2xi + 2yj + 2zk — xi + yj + zk 
2a _ a 


F • n = (3z + 1) (|) ; p = k =>■ ▽f-p=vf.k = 2z 


2a since 
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4 I ▽ f . p| = 2z since z > 0 => dcr 


H dA 


dA ^ ffF.nda = ff (3z + 1 ) ⑴⑴ dA 

S Rxy 

2n 


f f (3z + 1) dxdy = f f (3/a 2 — x 2 — y 2 + 1) dx dy = (3 Va 2 - r 2 + 1) r dr 

R X y Rxy ° V J 

+ a 3 ^ d0 = 7ra 2 + 27ra 3 , which is the flux across the hemisphere. Across the base we find 


I； f 


F = [3(0) + l]k = k since z = 0 in the xy-plane n = —k (outward normal) ^ F • n = —1 =>• Flux across 

the base = J f F - n dcr = J J — 1 dx dy = — 7ra 2 . Therefore, the total flux across the closed surface is 
S Rxy ' 

(7ra 2 + 27ra 3 ) — na 2 = 27ra 3 . 


CHAPTER 16 ADDITIONAL AND ADVANCED EXERCISES 


1. dx = (—2 sin t + 2 sin 2t) dt and dy = (2 cos t — 2 cos 2t) dt; Area = x dy — y dx 


[(2 cos t — cos 2t)(2 cos t — 2 cos 2t) — (2 sin t — sin 2t)(—2 sin t + 2 sin 2t)] dt 


[6 — (6 cos t cos 2t + 6 sin t sin 2t)] dt : 


(6 — 6 cos t) dt = 6n 


2. dx = (—2 sin t — 2 sin 2t) dt and dy = (2 cos t — 2 cos 2t) dt; Area 


2 Jc 


x dy — y dx 


[(2 cos t + cos 2t)(2 cos t — 2 cos 2t) — (2 sin t — sin 2t)(—2 sin t — 2 sin 2t)] dt 


[2 — 2(cos t cos 2t — sin t sin 2t)] dt 


(2 — 2 cos 3t) dt = I [2t — I sin 3t] ^ = 27r 


3. dx = cos 2t dt and dy = cos t dt; Area = x dy - y dx = | | sin 2t cos t — sin t cos 2t) dt 

=^ [sin t cos 2 1 — (sin t) (2 cos 2 1 — 1)] dt = | (— sin t cos 2 1 + sin t) dt = | [| cos 3 1 — cos t] ^ 


+ 1 


4. dx = (—2a sin t — 2a cos 2t) dt and dy = (b cos t) dt; Area 


2 Jc 


x dy — y dx 


[(2ab cos 2 1 — ab cos t sin 2t) — (—2ab sin 2 1 — 2ab sin t cos 2t)] dt 


[2ab — 2ab cos 2 1 sin t + 2ab(sin t) (2 cos 2 t — 1)] dt 


2 Jo 


(2ab + 2ab cos 2 1 sin t — 2ab sin t) dt 


[2abt — I ab cos 3 1 + 2ab cos t] 『 = 27rab 


5. (a) F(x,y, z) = zi + xj + yk is 0 only at the point (0,0,0), and curl F(x, y ， z) = i + j + k is never 0. 

(b) F(x,y, z ) 二 zi + yk is 0 only on the line x = t，y = 0，z = 0 and curl F(x, y ， z) = i + j is never 0. 

(c) F(x, y, z) = zi is 0 only when z = 0 (the xy-plane) and curl F(x, y, z) = j is never 0. 


and 2xyz = f ^ 亨 =_ = 2xy =>y 2 =x 2 =>y=±x 
x 2 + y 2 + z 2 二 R 2 => x 2 + x 2 + 2x 2 = R 2 => 4x 2 = R 2 ^ 


x= ±|. 


R R 
"2 5 2 " 5 _ 

〉_ R R 

2 5 2 




R 

2， _ 

R R 

2 " 5 2 "' 


V2R\ f_R_R y/2R\ 

2 ^ 5 y 2 ， 2 ， 2 ) ， 

4 ) 


K v - - 7 

I. Thus the points are: (f , 警 , 

V2R\ (R _ R y/2R\ 

2 J 7 \2 ^ 2 » ~2~ ) ? 


孕)， 


7. Set up the coordinate system so that (a, b, c) = (0, R, 0) 4 6(x, y, z) = ^/x 2 + (y - R) 2 + z 2 
=^/x 2 -h y 2 -h z 2 — 2Ry + R 2 = yj 2R 2 — 2Ry ; let f(x, y, z) = x 2 + y 2 + z 2 — R 2 and p = i 
^ ▽ f = 2xi + 2yj + 2zk 4 | ▽ f | = 2^/x 2 + y 2 + z 2 = 2R 4 da = |^lj- dz dy = 發 dz dy 


Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley 












1054 Chapter 16 Integration in Vector Fields 


4 


Mass = If <5(x,y,z) da = ff V 2R2 - 2R y ( 晉 ) dzdy = R// dzdy 

S Ryz Ryz 


4R 


[2 ~ y2 y/2R 2 - 2Ry 

^/R 2 — y 2 — z 2 


dzdy = 4R J^^R 2 - 2Rysin- 


t 


2ttR J_ r ]/2R 2 - 2Ry dy = 2 ttR ( 諼 )(2R 2 - 2Ry) 


16ttR 3 


2_ z 2 

Ip 


dy 


8 . r(r, 6) = (r cos ^)i + (r sin ^)j + , 0 < r < 1 , 0 < ^ < 27r =>• r r x 


i j k 

cos 6 sin 6 0 

-r sin 6 r cos 6 1 


=(sin 0)i — (cos 0)} + rk => |r r x r^| = \/l + r 2 ; 6 = 2^/x 2 + y 2 = 2\J r 2 cos 2 6 -\-r 2 sin 2 6 = 2 r 
^ Mass = ff 6(x, y, z) da = £ J o ' 2v^l+^ didd = £ [| (1 + r 2 ) 3/2 ] ^ dd = £ | (lyfl - 

(2v^_l) 


1 dd 


47T 


9. M = X 2 + 4xy and N = -6y 泠尝 = 2x + 4y and 絜 =—6 泠 Flux = f: f:(2x + 4y - 6) dxdy 

=X ( a2 + 4ay — 6 a) dy = a 2 b + 2ab 2 — 6 ab. We want to minimize f(a, b) = a 2 b + 2ab 2 — 6 ab = ab(a + 2b — 6 ). 
Thus, f a (a, b) = 2ab + 2b 2 — 6 b = 0 and f b (a, b) = a 2 + 4ab — 6 a = 0 => b(2a + 2b — 6 ) = 0 => b = 0 or 
b = —a + 3. Now b = 0 a 2 — 6 a = 0 4 a = 0 or a = 6 4 (0,0) and ( 6 ,0) are critical points. On the other 
hand, b = — a + 3 => a 2 + 4a(—a + 3) — 6 a = 0 4 —3a 2 + 6 a = 0 4 a = 0 or a = 2 4 (0,3) and (2,1) are also 
critical points. The flux at (0,0) = 0, the flux at ( 6 ,0) = 0, the flux at (0,3) = 0 and the flux at (2,1) = —4. 
Therefore, the flux is minimized at (2,1) with value —4. 


10. A plane through the origin has equation ax + by + cz = 0. Consider first the case when c ^ 0. Assume the plane is given 
by z = ax + by and let f(x, y, z) = x 2 + y 2 + z 2 = 4. Let C denote the circle of intersection of the plane with the sphere. 

By Stokes's Theorem, F - dr = f f ▽ x F * n dcr, where n is a unit normal to the plane. Let 

S 

„ k 

r(x, y) = xi + yj + (ax + by)k be a parametrization of the surface. Then r x x r y 


1 0 a 

0 1 b 


—ai — bj + k 


da = |r x x r y | dxdy = v ^ 2 + b 2 + 1 dxdy. Also, ▽ x F 


i j k 

AAA 

dx dy dz 

z x y 


i + j + k and n 


ai + bj-k 
\/a 2 + b 2 + 1 


// V xF.„da = //-±^ •\/a 2 + b 2 + 1 dxdy = j f (a + b — 1) dxdy = (a + b — 1) f f dx dy. Now 

S Rxy Va +b ^ + 1 Rxy Rxy ’ 

x 2 + y 2 + (ax + by ) 2 = 4 ^ (_) x 2 + (*^) y 2 + (f)xy = 1 ^ the region R xy is the interior of the 


ellipse Ax 2 + Bxy + Cy 2 = 1 in the xy-plane, where A 


a 2 + l 


,B = y , and C = . By Exercise 47 in 


2n 


47T 




Section 10.3, the area of the ellipse is , -- — ^ —— ^ —— , 

v \/4AC _ B 2 Va 2 +b 2 + l Jc 
(a + b — l) 2 . — 2(a + b — 1) (b 2 + 1 + a — ab) 

a 2 + b 2 + 1 da 


47r(a + b — 1 ) 


•\/a 2 + b 2 + 1 


Thus we optimize H(a, b) 


5 H _ 2 (a + b — 1 ) (a^ + 1 + b — ab) 

瓦 — (a 2 +b 2 + l ) 2 


F-dr = h(a, b) 

= 0 and 

ab = 0 and a 2 + l+ b — ab = 0 


(a 2 +b 2 + l) z 

0 ^ a + b — 1 = 0 , orb 2 + l+ a 

=> a + b — 1 = 0 , or a 2 — b 2 + (b — a) = 0 4 a + b — 1 = 0 , or (a — b)(a + b — 1 ) = 0 ^ a + b_l= 0 ora = b. 
The critical values a + b — 1 = 0 give a saddle. If a = b, then 0 = b 2 + l + a — ab a 2 + l+ a — a 2 = 0 

=> a=—l ^ b = —1. Thus, the point (a, b) = (—1, —1) gives a local extremum for 心 F . dr =>■ z = —x — y 


1. Thus, the point (a, b) = (-1,-1) gives a local extremum for 夕 c F • dr =4^ z 
=> x + y + z = 0 is the desired plane, if c 7 ^ 0 . 

Note: Since h(—1, —1) is negative, the circulation about n is clockwise , so — n is the correct pointing normal for 
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the counterclockwise circulation. Thus f J ▽ x F • (—n) dcr actually gives the maximum circulation. 

S … 

If c = 0 , one can see that the corresponding problem is equivalent to the calculation above when b = 0 , which does not 
lead to a local extreme. 


11. (a) Partition the string into small pieces. Let A t s be the length of the i* piece. Let (x i? yj) be a point in the 
i* piece. The work done by gravity in moving the 产 piece to the x-axis is approximately 
Wi = (gXiyiAiS)}^! where Xiy^AiS is approximately the mass of the i th piece. The total work done by 


gravity in moving the string to the x-axis is E W\ 二 E gXiy^AiS ^ Work = I gxy 2 ds 
- " i i J c 

n nTv/2 - - r*7r/2 

(b) Work = J c gxy 2 ds = J g (2 cos t) (4 sin 2 1) y 4 sin 2 1 + 4 cos 2 1 dt = 16g J q cos t sin 2 1 dt 


[16g ( 誓 : 


(c) x 


x(xy) ds 
「 xy ds 


tt/2 
0 

and y : 




y(xy) ds 
「 xy ds 


;the mass of the string is / xy ds and the weight of the string is 


g J c xy ds. Therefore, the work done in moving the point mass at (x, y) to the x-axis is 



12. (a) Partition the sheet into small pieces. Let Ajcr be the area of the i th piece and select a point (x i5 y i? Zi) in 

the i* piece. The mass of the 产 piece is approximately XiyAcr. The work done by gravity in moving the 

i* piece to the xy-plane is approximately (gx i y i A i cr)z i = gXiyiZiAiCr ^ Work = f f gxyz da. 

" ' s 

(b) // gxyz dcr = g // xy(l — x - \ +(-l ) 2 + (-l) 2 dA = V% f 。 f 。 (xy - x 2 y - xy 2 ) dydx 

S R X y 

=/: [W 2 - • xV - hy 3 ] r dx=v / ^g/ 0 I [ix-h 2 + b 3 -ix 4 ] dx 
=\/3g [吾 x 2 — I x 3 + I x 4 — 盖 x5 U = V^S (b ~ ^) = ^ 

(c) The center of mass of the sheet is the point (x, y, z) where z = 甘 with M xy = f f xyz da and 
M = f J\y da. The work done by gravity in moving the point mass at (x, y, z) to the xy-plane is 
gMz = gM ( 杂） =gM xy = // gxyz dcr = 參 

13. (a) Partition the sphere x 2 + y 2 + (z — 2 ) 2 = 1 into small pieces. Let Aid be the surface area of the I th piece 

and let (x i? y i5 z t ) be a point on the i th piece. The force due to pressure on the 1 th piece is approximately 

w(4 — Zi)AiCr. The total force on S is approximately E w(4 — z i )A i cr. This gives the actual force to be 

i 

J f w(4 — z) dcr. 

S 

(b) The upward buoyant force is a result of the k-component of the force on the ball due to liquid pressure. 

The force on the ball at (x, y, z) is w(4 — z)(—n) = w(z — 4)n, where n is the outer unit normal at (x, y, z). 
Hence the k-component of this force is w(z — 4)n • k = w(z — 4)k - n. The (magnitude of the) buoyant force 

on the ball is obtained by adding up all these k-components to obtain J f w(z — 4)k • n dcr. 

^ s 

(c) The Divergence Theorem says J J w(z — 4)k ♦ n dcr = f f f div(w(z — 4)k) dV — /// w dV, where D 

S D D 

is x 2 + y 2 + (z — 2) 2 < 1 =>• J f w(z — 4)k • n da = w f f f 1 dV = 1 7 rw, the weight of the fluid if it 

S D 

were to occupy the region D. 
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14. The surface S is z = ^/x 2 + y 2 from z = 1 to z = 2. Partition S into small pieces and let AjCr be the area of the 
i A piece. Let (x i? y i? z { ) be a point on the 产 piece. Then the magnitude of the force on the i th piece due to 
liquid pressure is approximately = w(2 — z i )A i (j ^ the total force on S is approximately 

. ^dA 


X 2 


= S w(2 - Zi)AiCr => the actual force is f f w(2 - z) da = f f w (2 - ^x 2 + y 2 ) y 1 -r 丁 

2w [r 2 - i r 3 ] ^ d6> = d6 


S R xy 

2 tt n2 /— nli: 


J f y/l w (2 — yjx 2 -\- y 2 ) dA = J q J i \/2w(2 — r) r dr d6 

Rxy 


4\/27rw 
^3~ 


15. Assume that S is a surface to which Stokes's Theorem applies. Then ^ E • dr = //(▽ x E) • n da 


// - f • n dtT 


s 

蒼 t J f B - n da. Thus the voltage around a loop equals the negative of the rate 
S ^ ^ 


of change of magnetic flux through the loop. 

16. According to Gauss's Law, f f F • n dcr 二 47rGmM for any surface enclosing the origin. But if F = ▽ x H 
then the integral over such a closed surface would have to be 0 by the Divergence Theorem since div F = 0. 


17. £ f ▽ g • dr = // ▽ x (f v g) • n dcr 

=// (f V x Vg+ Vf x V g) • n dcr 

s 

=ff [(f)(0) + Vfx Vg]-nda 
s 

= ff (Vfx V g) • n dcr 

s 


(Stokes's Theorem) 

(Section 16.8, Exercise 19b) 
(Section 16.7, Equation 8) 


18. v x Fi = v x F 2 => V x (^2 — Fi) = 0 4 F 2 — Fi is conservative F 2 — F ： = ▽ f; also, ▽ • Fi = ▽ • F 2 

• (F 2 — Fx) = 0 =>• S 7 2 f = 0 (so f is harmonic). Finally, on the surface S, sy f • n = (F 2 — - n 

=F 2 • n — Fi • n = 0. Now ， ▽ • (f v f) — V f * ▽f+fvYso the Divergence Theorem gives 

fff lvf| 2 dV + ///f V 2 fdV = /// v -(fvf)dV = //fvf- n dcr = 0, and since ▽ 2 f = 0 we have 
D D D S 

fff lvf| 2 dV + 0 = 0 => fff I F 2 - Fi| 2 dV = 0 泠 F 2 - F x = 0 F 2 = F 1; as claimed. 

D D 


19. False; let F = yi + xj ^ 0 ^ • F 


羞 (y) + 悬 ⑻ = 0 and ▽ x F : 


Oi + Oj + 0k = 0 


20. |r u x r v | 2 = |r u | 2 |r v | 2 sin 2 6> = |r u | 2 |r v | 2 (1 - cos 2 6>) = |r u | 2 |r v | 2 - |r u | 2 |r v | 2 cos 2 6 = |r u | 2 |r v | 2 - (r u - r v ) 2 
=> |r u x r v | 2 = \J EG — F 2 ^ da = |r u x r v | dudv = EG — F 2 dudv 


21. r = xi + yj + zk# ▽• r =l + l + l = 3# fff ▽.rdV = 3///dV = 3V#V=!/// v-rdV 


D 


f f r • n da, by the Divergence Theorem 
S ° 、 


k 羞 o 

j 5-% y 

iAc§ X 
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